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Motion by curvature and large deviations for an interface
dynamics on Z?

Benoit Dagallier

Courant Institute of Mathematical Sciences, New York University.
E-mail: bd2543@nyu.edu

Abstract: We study large deviations for a Markov process on curves in Z? mimicking the motion
of an interface. Our dynamics can be tuned with a parameter [, which plays the role of an inverse
temperature and coincides at § = oo with the zero temperature Ising model Glauber dynamics,
where curves correspond to the boundaries of droplets of one phase immersed in a sea of the other
one. The diffusion coefficient and mobility of the model are identified and correspond to those
predicted in the literature. We prove that contours typically follow a motion by curvature with an
influence of the parameter S and establish large deviation bounds at all large enough 5 < oco.

1 Introduction

A basic paradigm in non-equilibrium statistical mechanics is the following. Consider a system with
two coexisting pure phases separated by an interface, undergoing a first-order phase transition
with non-conserved order parameter. Then, macroscopically, the interface should evolve in time
to reduce its surface tension, according to a motion by curvature. For microscopic models on
a lattice, some trace of the lattice symmetries should remain at the macroscopic scale and the
resulting motion by curvature should be anisotropic. The following general behaviour, known as
the Lifshitz law, is expected: if a droplet of linear size N > 1 of one phase is immersed in a sea of
the other phase, then it should disappear in a time of order N?. (Anisotropic) motion by curvature
should correspond to the limiting dynamics, when N is large, under diffusive rescaling of space
and time. Phenomenological arguments in favour of this picture go back to Lifshitz |Lif62] and
can be summarised as follows. Consider a model with surface tension t = t(IN), which depends
on the local inwards normal N to an interface. We work in two dimensions to keep things simple.
The surface energy associated with a curve v separating two phases reads:

FOo) = [ N(s)s, (11)
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where s is the arclength coordinate on . The postulate is then that the local inwards normal
speed v to the interface reads:

Above, §F'/d~ is the variational derivative of F', defined informally below. The quantity p = p(IN)
is the mobility of the model, computed by Spohn in [Spo93| using linear response arguments. Let
us relate and motion by curvature. The change 0F = JF(IN) in energy induced by the
motion of a length ds in the normal direction N is equal to (¢(IN)/R(N))ds, which can be written
dF/éy = t(N)/R(N), with R(N) the radius of curvature at N. As such:

v=ptk =:ak, with: a(IN) = pu(IN)t(IN) the anisotropy and k& = 1/R the curvature.  (1.3)

A closed curve satisfying ((1.3)) is said to evolve according to anisotropic motion by curvature. A
bounded set with boundary following this equation is known to shrink to a point in finite time for
a wide range of anisotropies a, see e.g. [LST14al] and references therein.

The paper [Spo93], already cited, is a landmark in the rigorous study of interface motion
starting from microscopic models. Ideally, one would like to start from a microscopic model with
short-range interactions, with at least two different phases initially segregated on a macroscopic
scale, and derive motion by curvature of the boundaries between the phases in the diffusive
scaling. To this day however, results on microscopic models are scarce. A major difficulty is
to understand how to decouple, from the comparatively slower motion of the interface, the fast
relaxation inside the bulk of each phase. Indeed, in a diffusive time scale and at least for models
with local interactions, one expects the bulk to behave as if at equilibrium. Let us provide a
(non-exhaustive) account of works on the subject.

In models where the interface is the graph of a function of a one-dimensional parameter, mo-
tion by curvature has been proven for a number of interacting particle systems. Motion by cur-
vature usually boils down to the heat equation in this case, and the Lifshitz law is related to
freezing/melting problems, see [Spo93| [CS96, [CKO08| [CK12|, as well as [Lacl4] and the mono-
graph [CMGP16].

For one-dimensional interfaces in two dimensions, a landmark is the proof of anisotropic motion
by curvature for the Glauber dynamics of the zero temperature Ising model (henceforth zero-
temperature Glauber dynamics). The drift of the interface at time 0 was computed in [CLO7] for
several types of initial conditions, before the full motion by curvature was proven in [LSTT4Db]-
ILST14al]. Their proof crucially relies on monotonicity of the Glauber dynamics.

More is known on another type of microscopic models for which some sort of mean-field
mesoscopic description can be achieved. This comprises the so-called Glauber+Kawasaki pro-
cess [MELS86| (see also [BBP1§| for an account of works on the model), which has local evolu-
tion rules, and models with long range interactions such as the Ising model with Kac potentials
[Com87, MOPT93, MOPT94, [KS94]. For these models, studied in any dimension, the derivation
takes place in two steps: first deriving a mean-field description of the dynamics, then rescaling
space-time to derive motion by curvature. As a result, lattice symmetries are blurred and the
resulting motion by curvature is isotropic. A series of recent works [FT19, [EvMST22, [FvMST23]
consider a Glauber+Kawasaki dynamics (see also [KFHT20| for Glauber+Zero-range). In these
works, the existence of an interface between regions at high- and low-density is established, and



motion by curvature for this interface is obtained directly from the microscopic model, suitably
scaling the Glauber part of the dynamics.

A last category of models comprises the so-called effective interface models. In these models,
an interface between phases is represented by the graph of a function, with which an "interfacial”
cost is associated. Only the interface is relevant, and the phases it separates are not described.
Effective interface models comprise the Ginzburg-Landau model in any dimension, see [FS97], and
more recently Lozenge-tiling dynamics in dimension three [LT18].

To better understand the structure of interface dynamics, another related line of investigation
concerns large deviations of the motion of an interface around motion by curvature. Assuming
Gaussian-like fluctuations around the mean behaviour (1.3, the rate function describing the cost
of observing an abnormal trajectory v. = (7;):<r should read:

I(v) = /OT dt /Yt % ds, (1.4)

with s the arclength coordinate on ;. In the assumption of Gaussian fluctuations leading to ,
one of the difficulties is that it is not even clear how the noise should be incorporated into the
deterministic equations describing the interface motion. Extensive work to address this question
and obtain rate functions of the form has been carried out in the last decades on several
models. We discuss them below and refer to the recent works [BBP17b|-|[BBP18|-|[HR18| and
references therein for a more complete picture.

One particularly studied class of model involves the stochastic Allen-Cahn equation, see [Fun16l,
Chapter 4] for an introduction. It is known that, in the diffusive (or sharp interface) limit, solutions
to the (deterministic) Allen-Cahn equation satisfy motion by mean curvature in some sense, see
[Im93, [ESS92, BSS93|. One can then study large deviations around motion by curvature by
starting from the Allen-Cahn equation perturbed by a small noise, then taking suitable limits in all
parameters involved: regularisation of the noise if any, temperature and sharpnes of the interface.
The addition of a noise term in the equation leads to very different solution theories depending on
the regularisation and strength of the noise, with the equation for instance becoming ill-posed in
dimension d > 1 for space-time white noise. At the level of the large deviations however, this ill-
posedness does not affect the rate functions at least in a suitable region of the regularisation, noise
strength and interface sharpness as mentioned in [KORVEQT7] and discussed in detail in [HW14].

Rate functions of the form have been obtained from the stochastic Allen-Cahn equation
taking various orders in the limits involved, see the seminal work [KORVEQT| where the order of the
limits ensures well-posedness of the stochastic Allen-Cahn equation and the more recent [BBP17b]|
where a joint limit in all parameters is considered, with corresponding regularity estimates on
solutions established in [BBP17al]. The rate function obtained as upper bounds in these papers is
a more general version of that coincides in simple cases, such as for a droplet trajectory with
smooth boundary. More general trajectories that may feature nucleation events are also treated.
A different way of adding noise to the Allen-Cahn equation and associated large deviations are
considered in [HR1S|.

Microscopic models have also been considered. In [BBP18]|, upper bound large deviations are
proven for the aforementioned Glauber+Kawasaki process and Ising model with Kac potentials.
The rate function is proven to be the correct one for smooth trajectories and extensions to



more general paths are discussed.

To the best of our knowledge however, no results on large deviations from motion by curvature
for microscopic interface dynamics with local interactions have yet been published. In particular
the question of large deviations for the zero temperature Ising Glauber dynamics is still open.

In this work, we present a family of interface dynamics that we call the contour dynamics. In the
scaling limit, this dynamics typically evolves according to motion by curvature and we characterise
the large deviations. The contour dynamics is closely related to the zero temperature Glauber dy-
namics for the Ising model: it has the same updates, except that additional moves depending on
a parameter 5 > 0 are allowed. This parameter 3 plays the role of an inverse temperature acting
on local portions of the contours. The model at each 8 > 0 has reversible dynamics and, contrary
to the Glauber dynamics for the zero temperature Ising model, the dynamics is not monotonous.
When = oo, the update rules of the contour dynamics are exactly the same as the Ising ones.
Large deviations for the contour dynamics are studied using the method initiated by Kipnis, Olla
and Varadhan in [KOV89| (see also Chapter 10 in [KL99|). There are substantial difficulties as
we are dealing with curves, i.e. one-dimensional objects, evolving in two-dimensional space. One
of the advantages of the method is that we no longer rely on monotonicity of the dynamics as
in [LST14a]. Monotonicity appears difficult to use for large deviations in any case, as atypical
events, such as closeness to some atypical trajectory, are in general not monotonous. At each large
enough 5 > 0, we prove that the dynamics approaches anisotropic motion by curvature in the large
size limit, with a dependence on the parameter 8. At the formal level, the § = oo case indeed
corresponds to anisotropic motion by curvature in the sense of [LST14b]. We then obtain large
deviations for the model, with a rate function that agrees with for sufficiently nice trajectories.

The rest of this article is structured as follows. In Section 2] we introduce the microscopic model
and fix notations. The dynamics is introduced in details using the zero temperature Glauber
dynamics as comparison, while useful topological facts are collected in Appendix [Bl The main
results of the paper are listed in Section [2] with Section presenting the structure of the proof as
well as a connection of the contour dynamics with the exclusion process, a guideline of the paper.

In Section [3] following the large deviation approach of [KOV89], we compute Radon-Nikodym
derivatives for a large class of tilted dynamics. Under the assumption that trajectories live in a nice
enough space, we show how motion by curvature emerges from the microscopic computations as well
as the influence of the parameter 5. The computations of the Radon-Nikodym derivatives are then
used to prove large deviations, with the upper bound in Section @ and the lower bound in Section
A number of technical results and sub-exponential estimates are postponed to Section [6] and
Appendices In particular, Section [6]is a collection of estimates that are genuinely particular
to our model, concerning the dynamical behaviour of the poles, i.e. the sections of the contours
on which the parameter 3 affects the dynamics.



2 Model and results

2.1 Zero temperature Glauber dynamics for the Ising model

The contour dynamics studied in this paper is closely related to the Glauber dynamics of the
zero temperature, two-dimensional Ising model on (Z*)? (henceforth zero temperature Glauber
dynamics), with Z* := 1/2 + Z the dual graph of Z. Looking at (Z*)? rather than Z? is meant to
ensure that contours are lattice paths on Z2, see below. Let us first define this zero temperature
Glauber dynamics.

On the space ¥ := {—1,1}(2*)2 of all spin configurations o = (0());cz-)2 € X, define the
dynamics as follows: each site i € (Z*)? is updated independently at rate 1. The spin o (i) at site
i takes the same value as the majority of its neighbours, where spins o(j),o(k) are neighbours
for j,k € (Z*)? if |7 — k|| = 1. If spin o(i) has exactly two neighbours of each sign, then: with
probability 1/2, o(i) remains unchanged; with probability 1/2, it is flipped, i.e. changed to —o(i).
A spin with three or more neighbours of the same sign is not changed, while a spin with three or
more neighbours of opposite sign is flipped instantaneously, and the process is repeated until no
such spin remains. This is summarised in the following jump rates (see also Figure : for each
configuration o and each i € (Z*)?,

0 if o(7) and at least three neighbours have the same sign,
c(o,0') =< 1/2 if o(7) has two neighbours of each sign, (2.1)
+00 if o(7) has at least three neighbours with opposite sign.

Above, the configuration o¢ is the same as o, except that the spin at i has been flipped:

Vi€ (@) \{i},  o'()=0(),  o'(i)=—ali). (2:2)

Rather than spins, the zero temperature Glauber dynamics can alternatively be defined in terms

of blocks: a block is a subset of R? of the form i + [—1/2,1/2]%, with i € (Z*)? the centre of the
block. Flipping a spin amounts to changing the colour of the corresponding block. The colour
of a block (red or white in Figure [1]) is determined by the sign of the spin at its centre. This
alternative terminology will be used preferentially throughout the article. In fact, we will consider
configurations of the type depicted in Figure [T, where all red blocks form a bounded connected
region (that we call a droplet, see next paragraph) surrounded by white blocks. We will then not
even focus on colours and instead say that a block is added /deleted to mean that the new droplet
contains one more/one less block.

An important property of the zero temperature Glauber dynamics is that a large region of —
spins surrounded by + spin shrinks: with probability going to 1 as the diameter D of a region
diverges, all spins will have become + spins after a time of order D?.

In |[LST14b]-|LST14al, the precise evolution of such a droplet was obtained in the scaling limit
(for a slightly different choice of jump rates, but the result applies to the present case ) Let
us describe their result. Let v° C R? be a Jordan curve, i.e. a closed, simple curve. Let I'° be the
droplet associated with ~°, meaning the compact subset of R? with boundary 0I'° = 4°. Assume
for simplicity that T is convex and 7° is C* (the non-convex case is treated in [LSTT4al). Fix
a scaling parameter N € Ns; and let o™? € X be the spin configuration obtained by setting
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Figure 1: Some possible updates for the zero temperature Glauber dynamics. Red squares represent —
spins and white squares + spins, assimilating a square with its centre, a point of (Z*)2. If either of
the lowest two red squares disappear (at rate 1/2, since both have two neighbours of each colour), then
the remaining square has three neighbours of opposite colour and is flipped instantaneously. Both these
squares thus become white at rate 1. After that move, the Glauber rules preclude any square of the line
from becoming red: the droplet shrinks.

o0y = —1if i € NI°, o™M0(i) = 1if i ¢ NTY. Up to adding a finite number of — spins, we
may assume that each — spin in ¢™° has at least two — neighbours as in Figure The zero
temperature Glauber dynamics (2.1)) starting from o™ is then well defined for all time.

In |[LSTT4b|, the authors prove that, rescaling space by 1/N and time by N2, the rescaled
droplet converges uniformly in time, in Hausdorff distance, to the unique solution of an anisotropic
motion by curvature starting from I'’. To state a precise result, we need some notation. A solution
(T'4)s>0 of motion by curvature (1.3) with initial condition T'° is a flow of droplets starting at I
and satisfying the following: there is a time T > 0 such that, for ¢ < T}, the boundaries (%)t<Tf
of (I't)i<1;, parametrised on the unit torus T, solve ([1.3):

Vu € T,Vt < Ty, Oy (u) = a(0(t, u)) 02y (t,u) = a(O(t,u))k(t,u)N(t,u). (2.3)

Moreover, after time 7%, each droplet I'; is reduced to a point. In , the letter s denotes the
arclength coordinate on the curve v, for t < Ty, while k(¢,u) is the curvature and 6(¢,u) is the
angle between the tangent vector at point 7;(u) and the first basis vector by := (1,0). The vector
N(¢,u) is the unit inwards normal at 7;(u). The 7/2-periodic anisotropy factor a is a quantity
with symmetries reflecting those of the square lattice. It reads:

1
2(| sin(0)| + | cos(0)])?’
Existence and uniqueness of a flow of sets solving (2.3)) is part of the results of [LST14b|-|LST14a].
For a set I' C R? and € > 0, let T(=®) (resp.: I'®)) denote its e-shrinking (resp.: e-fattening):

re=JBiwe), TI= [U Bl(x,g)r, (2.5)

zel x¢l

a(f) = 6 € [0, 27]. (2.4)




where Bj(z,¢) is the ball of centre x and radius € in 1-norm. For future reference, recall:
Y(w,v) €R%, ()l = Jul+]ol, (wv)]l: = V2 +02, [[(w,) ]l = max{Jul, [v]}. (2.6)

The main result of [LST14b] is then the following. Denote as before by (I';);>¢ the flow of droplets
satisfying (2.3) with initial condition I'°. Let P denote the probability associated with the zero
temperature Glauber dynamics starting from the configuration o, and let I'V be the notation for

a microscopic droplet of — spins. Then the rescaled droplet trajectory evolves in diffusive time
and satisfies (2.3), in the sense that:

Ve >0, A}i_rg()l[”(% >0, TV c NN, C rt@) —1 (2.7)

and:
ve>0,  lim P(Vt> T+, DV(ENY) =0) =1 (2.8)
—00
For future reference, note that (2.7) is a statement on the Hausdorff distance dy; of N ’IF,{\]IVQ and
I'; at each time ¢ > 0. The Hausdorff distance between two non-empty, compact sets A, B C R?
reads:

du(A,B) =inf {¢ >0: AC B® and B C A®}. (2.9)

The proof of (2.7)—(2.8) relies strongly on two ingredients. The first ingredient is the fact that
the zero temperature Glauber dynamics has the monotonicity property (see e.g. Section 3.3 in
[Mar99]): for two spin configurations o, 7, write ¢ < n when o(i) < (i) for each i € (Z*)?. There
is then a coupling such that, with probability 1, o, < 7, for all £ > 0.

The second ingredient is the observation that local portions of the interface can be mapped
to one-dimensional interacting particle processes, in particular to the symmetric simple exclusion

process (SSEP), which is well known. This mapping will also be used in the present paper and is
detailed in Section 2.4

2.2 The contour dynamics

In this article, we consider a microscopic interface dynamics that we call the contour dynamics. It is
closely related to the zero temperature Glauber dynamics, with a number of interesting contrasting
features. In this section, we first describe the state space, then define the dynamics. A connection
of the contour dynamics with the simple exclusion process is also presented (and further discussed
in Section . Throughout the article, this connection will be used as a guideline for the study
of the contour dynamics at both microscopic and macroscopic level.

2.2.1 The state space

We first define the state space of the contour dynamics using results of [LST14b]-[LST14a] for the
Ising model as a guide to formulate conditions on the shape of the contours we consider.

The arguably simplest yet interesting case where the scaling limit of the zero temperature
Glauber dynamics is known is when the starting droplet of — spins is (the discretisation of) a
convex droplet with smooth boundary. At the microscopic level convexity is not preserved and we
instead consider curves that can be split into four parts as defined next. Let by, b;/2 and by for
6 € [0,27] be the vectors:

by :=(1,0), b :=(0,1), by := cos()bg + sin(0)b, 5. (2.10)



Definition 2.1 (The set Q). Define Q as the set of Lipschitz closed curves v C R? surrounding 0
(including {0}) and satisfying the following condition when ~y # {0}.
The curve ~y can be split into four (intersecting) connected regions of mazimal length. In region

k with 1 < k < 4, the tangent vector T to the interface, defined with clockwise orientation, satisfies
T -b_(k-1)r/2 >0 and T -b_/2 > 0 (see Figure @

In particular all Lipschitz closed curves that are the boundary of a convex droplets belong to
Q). The advantage of (2, however, is that it also contains approximations of convex curves by closed
lattice paths, as well as much more general curves.

Convention 2.2. Interfaces in this article will always be oriented clockwise.

wggns_— A~ [ ]

region 1

Direction | region 33
of T

Figure 2: The convex interface v and the droplet I'V associated with the discretisation vV := OI'N of ~.
The four regions of both v and 7V are materialised by opening and closing brackets (for ) or parentheses
(for vV), with each region starting with an opening symbol and ending with a closing one. Note that
regions overlap at the poles. This is the case for the north pole of v and all poles of 4V as the latter
must contain at least two edges. To avoid confusion the delimiters of regions 1,3 are in grey and the other
two in black. As an example, region 2 of 4"V corresponds to the thick dashed lines. In each region, the
quarterplane to which the tangent vector T belongs is indicated by a cyan square. The spins (i.e. the
blocks) which have an edge belonging to a pole are coloured in green.

Note that, for a discrete interface, the tangent vector can only be one of the four vectors by, /o
(1 <k < 4), corresponding to £bg, by /s.

For an interface in €2, the intervals corresponding to the intersection of two consecutive regions
will play a special role. These intervals (see Figure [2)) are called poles, and can equivalently be
defined as points of the interface with extremal abscissa or ordinate. Pole k (1 < k < 4) is defined
as the intersection of regions £ — 1 and k, where by convention k£ — 1 := 4 if k = 1. We shall also
refer to poles in terms of cardinal directions: pole 1 is the north pole, corresponding to the interval



of points with maximal ordinate. Pole 2 is the east pole, made of points with maximal abscissa, etc.

We can now define the state space of the contour dynamics. In view of the hydrodynamic
behaviour (2.7)), we directly work with rescaled microscopic curves, i.e. lattice paths on (N~1Z)?
with N € N3, the scaling parameter. In the following, an edge of the graph (N~'Z)? is identified
with a segment of length 1/N between two neighbouring vertices.

N

Definition 2.3 (State space QN..). For N € Ny, the microscopic state space Q.. is the subset

of Q0 such that:

o Each curve v € QN. is a simple, closed lattice path on (N717Z)2.

mic

e FEach of the four poles of ¥V contains at least two edges, i.e. it is a segment of length at
least 2/N.

Remark 2.4. We are only interested in the shape of interfaces, not their position in R?. The

condition that elements of Q D Q. surround 0 should therefore be understood as a way to lift

degeneracies: it ensures that the state space QY. does not contain infinitely many curves that are
translations one of the other (and this is its only use). |

Notation: to avoid confusion between microscopic and macroscopic interfaces in the following,
whenever both microscopic and macroscopic interfaces are considered, microscopic interfaces are
denoted with a superscript N: 4N € Q.  with associated droplet I'V. In that case, the letters
v, I" without the N superscript are used for macroscopic objects.

2.2.2 The dynamics

We now define the contour dynamics on QY.  (see Figure [3), starting with some notations.

The segments that we call poles (see Figure are going to play an important role in the
dynamics. Take a curve v € Q and let P, = Py(v) denote its pole k (1 < k < 4). Write
Py = [Li, Ry}, where the points Ly, R, = Li(7), Ri(v) of R? are respectively the left and right
extremities of P, when ~ is oriented clockwise as always, see Figure |3| below. The length of pole k
is denoted by |Py|.

In analogy with the Ising case, the block C; with centre i € (N~'Z*)? is defined as:

e 1 _ 2
Cio=it o [-1 1% (2.11)

Consider now a microscopic curve v € Q. . We say that a block in the droplet I'V delimited by
vNis in pole k (1 < k < 4) if one of the edges in the boundary of the block is included in pole k.
Blocks in a pole are in green on Figure [2| Let p, = pr(yY) denote the number of blocks in pole k.

It is related to the length |Py| of the pole by:

With these notations, we proceed to define dynamical moves.



Let v € Q. and T'V denote the associated droplet as usual. If i € (N-1Z*)2, adding to or

deleting from TV the block C; := i 4 5i7[—1,1]? is the operation I'V — (I'V)?, with:
: 'Nuc; if i ¢ TV,
(M) =<y ifig N (2.13)
r \OZ if i € 'Y,

Define then (vV)" := 9((T'N)").

Consider now moves affecting the poles. For k with 1 < k < 4, assume that pole k of 7V
contains exactly two blocks. Define then (7")™* as the boundary of (I'V)™* where (I'V)=* is
obtained from I'V by deleting the two blocks in pole k:

(CY)~F =N\ U Ci, (Y F=0(@N)h). (2.14)

1€(N—1Z*)2:C; is in Pole k

Define conversely a transformation that makes a droplet grow at the pole as follows. Let x &€
(N7'Z)?> N P, (1 < k < 4) be any point of Py different from Ry, L. Define then (vV)™® as the
boundary of (T'V)*2 with:

(TN =TV y U G, (YM)PT=o(rN)t). (2.15)

i€(N—1Z*)2\I'N:zeC;

In words, (I'V)*2 is the droplet I'V to which the two blocks with boundary that contains z (e.g.
for the north pole, the block for which x is at the lower right corner and the block for which it
is at the lower left) and that are not in pole k have been added. We can now define the contour
dynamics, illustrated on Figure

N.. at inverse temperature 3 > 0 is defined through

N .

b C(P)/Na (VN)Z) = (1/2)1(71\’)1'69%16 fOT'i € (N—IZ*)2;
o (YN, (vM)F) = L (=2l o3y reqn , with py defined in (2.12) (1 <k < 4);

o (Growth at the poles) c(v",(vV)"*) = e for each = € (N7'Z)* N P(v") with z ¢
{Ri(7™), Le(y™M)} 1<k < 4

Definition 2.5. The contour dynamics on )
the jump rates c(vYN,4N) for curves vV, 3N € Q

o c(vV,3N) =0 for any other 4N, V.

10
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Figure 3: Some moves and associated jump rates for the contour dynamics acting on an element of Qﬁic.

Positions of the extremities Ly, R, 1 < k < 4 of the poles are represented by dark dots. Possible positions
of L, Ry after a jump are represented by light dots. Dynamical moves amount to adding or deleting
squares of side-length 1/N ("blocks"). The pole Ps contains two blocks, i.e. p3 = 2, thus both of its blocks
can be simultaneously deleted by an update.

Remark 2.6. Let us comment on Definition

e If § = 400, then the contour dynamics and the zero temperature Glauber dynamics (2.1))
act on a contour vV € Q. in the same way, provided the resulting contour is in QJ,.. In
particular, the contour dynamics at [ = +o0co is monotonous.

e At each 8 € [0, +00), the contour dynamics is not monotonous (see Figure . However, it
is built to be reversible with respect to the measure Vév , defined by:

1
v (y) = Z—éve_ﬁNVN, YN e Q.. Z} anormalisation factor. (2.16)
Recall that elements of Q.. must surround the point 0 by Definition This breaks

translation invariance so that Vé\f is well-defined as soon as § > log2 (the number of curves
of length n/N in QY. is bounded by cn?2" for some ¢ > 0 and each n € Nsy).

micC
e The regrowth moves are an important difference from the zero temperature Glauber dy-
namics , where regrowth of the droplet was not possible. This regrowth is designed
to make the dynamics reversible with respect to the measure l/év . Compared to the Dirac
at the configuration with only — spins that is invariant for the zero temperature Glauber
dynamics, the measure Vév is much more convenient to work with: it has full support, and

can be used for explicit computations. These properties make avalaible the entropy method
of Guo, Papanicolaou and Varadhan [GPV0I1].

The downside of the regrowth term is that one has to carefully control the motion of the
poles, which turns out to be the main difficulty to study the contour dynamics.
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e The contour dynamics is non-local: one cannot find p € N>, independent of N such that,
for any v € Q. and any x € 7V N (N7'Z)?, deciding whether ¢(v", (v")") > 0 require
only the knowledge of all points of the curve at 1-distance at most p/N from .

The non-locality is due to the fact that regions 1 and 3, or 2 and 4 of a curve in Q.. may

be very close to each other as subsets of R?, so that deleting a single block would create
self-intersections in the interface, which is forbidden. This point is illustrated on Figure

Figure 4: Left figure: two microscopic curves equal everywhere except at the north pole: the configuration
represented by the black line has a pole containing 2 blocks, the one with the red line a pole containing
6 blocks. Initially, the droplet delimited by the black line contains the one delimited in red. A possible
update after which the inclusion does not hold is represented in dashed red lines: the contour dynamics
at 8 < oo is not monotonous.

Right-figure: only looking at points of the interface in a neighbourhood of x, the update indicated by an
arrow should be allowed, as the corresponding block has two neighbours in and two neighbours out of

the droplet. However, this update is forbidden as the resulting curve would not belong to lec (it would
not be simple). The contour dynamics is therefore non local. The vectors ezf, er are indicated for two

points y, z of the interface. The edges [y + e, ,y] and [y, y + €] are perpendicular: a block can be added
or removed at y (in this example, added). The same situation occurs at site w: the edge [w,w + €] is
vertical, corresponding to &, = 1, while the edge [w', w] = [w + e, w] is horizontal, i.e. &, = 0.

Link with simple exclusion. The jump rates c(v", (vV)"), ¥V € Q. ., i € (N7'Z*)? appear to
involve the entire space as i € (N~'Z*)%. They however vanish when 7 is not at distance 1/(2N)
from 7" and it is in fact possible to express these jump rates only in terms of points of the interface.
This connects the contour dynamics to the Symmetric Simple Exclusion Process (SSEP for short)
as we novv explain.

For vV € Q. let V(v") denote the set of vertices of v":

V(YY) = (N'Z)* nAP. (2.17)

mic?

Ifz e V(yV), let ef = n(z,vY)—z and e, = p(z,v")—x where n(z ny) p(x,vY) are respectively
the next and previous points relative to z when going through V (yV) Clockvvlse (see Figure [4)).
Let & = &.(7V) be the state of the edge [z, z + ef], defined by:

& =1 if [,z + e]] is vertical, & =0 if [,z + e]] is horizontal. (2.18)

A block can be added/deleted to a droplet provided it has at least two neighbours of opposite
colours, see Figure [3| This means that the interface has a corner at this block, i.e. there is a point
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z € V(yV) (corresponding to the corner of the block) such that the two edges [x + e, ,z] and
[z, z+e]] are perpendicular. Orthogonality of the two edges can equivalently be stated as follows:

191' e; =0 =1 g $z+e;<1 - 59:) + 630(1 - €x+e;) = 1. (219)

Associating a site with each edge of vV and viewing £ as a configuration of particles (with e.g. &, =
1 if there is a particle at z; the precise mapping is given later in Figure [7]), the right-hand side
of says that a jump may occur in the contour dynamics when there is a particle at site
x + e, but not at site x (or vice versa). This is precisely the exclusion condition of the SSEP. If
i € (N71Z)? is the centre of the block with corner x, we can now define the curve (vV)? (involving
the point z of the interface) as the curve (vV)" of (2.13)), and set:

C(7N7 (VN)x) =1¢N )“eﬂﬁlccm<7N)a Cz(VN) = %[gx-s-e; (1—&)+&(1 - fx-;—e;)]- (2.20)
The indicator function above is related to the non-locality of the dynamics, see the right figure of
Figure [] and the second point of Remark 2.6, We will also say that "z is flipped" to mean that
the block with centre ¢ is added or deleted. The connection with the SSEP is further discussed in
Section

Recalling the jump rates at the poles in Definition the generator L3 of the contour dynamics
at 3 > 0 then acts on functions f : QY. — R according to:

\V/’)/ € Qm1c7 N2£ﬂf Z 1 TGQleCC <7N) [f((VN)x) - f(’yN)] (221)
zeV(yV)
4
T D I T 1 R R C s R DI G RO R (Cal|
k=1 xEV(viN);P(’k(V;V)
rtey €y ’YN

In (2.21)), the first line corresponds to the SSEP-like updates, and the second line to the poles, with
the last term corresponding to regrowth moves. Note the N2 factor in the generator corresponding
to a diffusive rescaling of time, which already appeared in the hydrodynamics (2.7)).

2.2.3 Initial condition of the dynamics, topology and effective state space

In this section, we explain how a suitable choice of initial condition, not restrictive at the macro-
scopic level, makes the contour dynamics local and prevents various pathologies.

The contour dynamics and state space Q.. have to be defined with great generality, which
means that the following degenerate microscopic curves have to be considered:

(i) curves with two non-consecutive regions at microscopic distance as in Figure corresponding
to self-intersecting curves in the limit;

(ii) curves with two poles at microscopic distance from one-another, corresponding to curves
which have one or more regions reduced to a point in the limit;

(iii) curves at microscopic distance from the origin 0;

13



(iv) curves with one or more poles such that the volume of all blocks at macroscopic distance
beneath that pole vanishes in the N — oo limit. This corresponds in the limit to droplets
with poles at strictly positive (possibly infinite) distance from the interior of the droplet, see
the right-hand side of Figure [0

Let us discuss how to avoid these degenerate cases.

Starting from a curve that does not feature the pathologies of items (i)-(iii), we will see in
Lemma below that a change in the volume of the droplet (i.e. order N2 blocks) is required for
any of these pathologies to arise. One expects a change in volume to require a diffusive amount
of time in analogy with the zero temperature Glauber dynamics (this is indeed the case, see
Proposition [2.11). Thus to avoid (i)-(iii) it will be enough to start from a nice enough initial
condition as defined below.

The last item is different and responsible for much of the difficulty in the study of the dynamics.
Indeed, growth at the poles can occur independently of the shape of the curves and could therefore
occur on time scales much shorter than diffusive. This is independent of the initial condition and
will have to be ruled out by a separate dynamical estimate (see Proposition .

Initial condition. We now explain how to choose the initial condition to avoid situations in items
(i)-(iii). For v € Q (see Definition [2.3))), recall that I" denotes the associated droplet. Introduce
IV C T as the largest droplet with simple boundary such that dpi(I',T") = 0 (see Figure [18|in
Appendix . When + is simple one has simply IV = I'. The volume distance dy: between bounded
sets A, B C R? is defined by:

dpi (A, B) :/ |14 — 15| dudv. (2.22)
R2

Notation: in the rest of the article, to avoid constantly alternating between interfaces and their
associated droplets, we chose as much as possible to state results in terms of interfaces v,5 € Q2
exclusively. In particular, we will use the convention:

dpi (7,7) == dp: (T, T). (2.23)

Define now ¢(v) as the distance between 0 and ~ and let 7(7y) denote the smallest vertical or
horizontal distance between consecutive poles of OIV. Define also 7/(7) as the minimum of the
distances between regions 1,3 and between regions 2, 4 of 9I" (see (B.18))—(B.19)—(B.20) for precise
definitions).

Lemma 2.7. Let vy € Q be such that q(y) > 0, r(vy) > 0 and r'(y) > 0. There is thenro = ro(y) >0
such that:

e all droplets T associated with a curve 5 € Q and such that dpi(v,7) < r2 satisfy q(7) >
q(v)/2, r() > r(7)/2 and 1'(7) > 1'(7)/2.

o The jump rates (7, ) of any ¥~ € QN with dp (v, 7)) < rZ are local: there is N(v) € Nx;

such that, for any N > N(v) and any x € V/(3N), the value of c(FV, (7)) can be determined
through the knowledge of points at 1-distance at most 3 from x.
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Note that 7'(y) > 0 is true as soon as 7 is a simple curve. Note also that r’(7) > 0 ensures the
locality of the jump rates for all microscopic curves close enough to  since it forbids the situation
in the right figure of Figure 4l Lemma is proven in Appendix [B] see Lemma

How to choose an initial condition to avoid pathologies and to have a local dynamics is now
clear and stated next.

Definition 2.8 (Initial condition of the dynamics). Let 4™ € Q be such that q(v*') > 0 and
r(y't) > 0. Assume also that 4" is a simple curve (thus r'(v*") > 0).

The dynamics is started from the microscopic curve ¥4 € QN defined as follows. Let T*HN
be the droplet obtained by discretising I'™" according to:

Frof,N — U Ch Cz =14 L[_l’ 1]2 (224)

2N
i€(N—1Z*)2:C;CIref

Then OI™YN s o simple curve for large enough N € N. Further, if N is large enough, up to
adding blocks at the poles to ensure each pole of O™ contains at least two blocks, we may
assume OT™MN ¢ QN. . We then set BN .= grrebV,

mic®

Starting from vV, proving that in the large N limit no pathology arise after a positive time

is one of the difficulties, treated in Proposition [2.11]

Effective state space. Starting from 7", we will study the dynamics on a subset of  composed
of curves that, like 4™, do not fall under the degenerate situations of items (i)—(iii). Such curves
satisfy the following property.

Property 2.9. A curve v € Q satisfies Property[2.9if (), r(7),7'(v) > 0, where these quantities
are defined informally above (2.22)) and rigorously above Lemma .

We could then carry out the study of the contour dynamics focussing on elements of 2 satisfying
Property [2.9] Results in that direction are stated in Theorem [2.19

However, this choice creates difficulties at the level of the topology. To simplify the exposition
and focus on the probabilistic aspects of the droplet evolution, we choose to study the contour
dynamics acting on curves in a small volume neighbourhood of +*f, which in view of Lemma
is enough to ensure Property still holds. In this sense, all results stated in Section apart
from Theorem [2.19) can be understood as short-time results, as we only consider interfaces close
to the initial condition of the dynamics.

Definition 2.10 (Effective state space £). The effective state space £ is the subset of 2 made of
curves v satisfying dpi (v, y) < 12, with ro = ro(y*t) the quantity in Lemma . In particular,
all curves in & satisfy Property by item 1 of Lemma [2.7]

At the microscopic level, we will consider elements of QY. NE. The jump rates of the contour

dynamics for each such curve are local by item 2 of Lemma [2.7]
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2.2.4 Test functions and tilted dynamics

In the breakthrough paper [KOV89], a powerful method was introduced to study large deviations
for interacting particle systems. As a basic ingredient, it relies on the introduction of suitable
tilted dynamics. In our case, these dynamics are defined as follows. Consider the following set C
of test functions:

C:=C2(Ry x R?). (2.25)

In , the subscript ¢ means compactly supported. We will frequently write G; for the function
r € R — G(t,z), for t > 0. For H € C, define another (time-inhomogeneous) Markov chain with
generator N?Lz y by modifying the jump rates as follows. If v € Q, recall that I" stands for the
droplet associated with v and let:

(T, Hy) = /Ht(u,v) du dv, t > 0. (2.26)
r

Then, for each vV, 3 € QN. N € and associated droplets TV, TV, the tilted jump rates are:

vVt > 0, (AN AN = e(yN, AN exp [N<fN, Ht> — N<FN, Ht>]. (2.27)

As each site is associated with a block of area 1/N?, the tilt by N<F,Ht> can be thought of as
adding a small magnetic field of size O(N~!) at each site. This magnetic field is inhomogeneous
but regular in space and time. The probability measure associated with the speeded-up generator
N?Lg y will be denoted by P}, or simply P} when H = 0 (recall that the diffusive, N* scaling is
the correct one for motion by curvature). The corresponding expectations are denoted by IE]BV o IE]BV
respectively.

2.3 Results
Our first result is a stability estimate. It states that, in the large N limit, trajectories starting

from the discretisation " of the curve 7! of Definition typically have length bounded

independently of NV and stay close to 4" in volume for short time, thereby avoiding the pathologies

of items (i)—(iv) of Section [2.2.3]

Proposition 2.11. Let § > log2 and H € C. Recall that the initial condition of the dynamics
et for N € Ny is given in Definition . Then:

1. The length of an interface is of order 1 in the following sense. For each time T > 0, there
are constants C(8, H,T),C(H) > 0 independent of v**! such that:

1
VA >0, limsupN logIP’gH<sup Y| > A) < —C(B,H, T)A+ ||+ C(H). (2.28)
t<T

N—o00
2. There is a time to(B, H, 7o, |7*'|) > 0, with ry given in Definition of €, such that:

Jim By (Ve < tof, H, ) A € €) =1 (2.29)
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Figure 5: North pole of a curve with the proportion & ; of vertical edges to the right of the pole. For

drawing convenience, fzrfN is assumed to be close to e~ (this is only shown to be true for its time average
in Proposition [2.12). The corresponding angles 6(L1)+ are also drawn.

We use item 2) in Proposition to only work with trajectories taking values in the effective
state space £ at each time (except Theorem [2.19] where general trajectories are treated).

The second result, Proposition [2.12] concerns the role of the parameter 5. This result is
perhaps the most striking feature of the contour dynamics. To state it, we need some notations.
For vV € QN. N &, ¢ € N5y and a vertex z € V(yY) = (N71Z)2 N ~Y, recall the definition (2.18)

mic
of &, and denote by £+ the local average (see Figure :
1
&= — > & (2.30)
(+1
er(vN)f;Bl (z,¢/N)
Yy=x

where Bj(z,a) is the ball of centre z and radius @ > 0 in l-norm (2.6). By y > = we mean that
y is encountered after z when travelling on vV clockwise. The parameter ¢ will always be chosen
much smaller than the number of points in V(v"), so that no vertex is counted twice in &,

We shall informally refer to £ as the slope (on the right-side of ). The slope &, on the left
of x is defined similarly by averaging over points y < x.

Proposition 2.12. Take > log2 and a time T’ > 0. Then, for any bias H € C, any test function
GeC andany d >0, if k € {1,3}:

1
limlimsupﬁlongH (‘v’t € [0,T),vY € &;

e=0 N

T
/0 Gt L) (& oy —¢7) dt‘ > 5) = —oo. (2.31)

If on the other hand k € {2,4}:

1
lim lim sup N log P} 1 (Vt c [0,T),vN € &;

=0 Nooo

('Yt

’ /T G(t, Li(v)) (1 — gijN) —e ) dt’ > 5) = —o00.  (2.32)
0

Proposition shows that, as long as trajectories remain in the effective state space &, the
time average of the slopes on either side of the poles are fixed in terms of 5. As we explain in
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: Yo

Figure 6: Portions of two curves 1,72 €  and of one element of a sequence of microscopic curves in
Qfxic, N € N> that converges to v; in Hausdorff distance. The north poles of 71,72 are point-like and
represented by the magenta dots. The black dots delimit the flat portion on which the vertical line beneath
the north poles of 41, 2 rest. This portion may (72) or may not (1) be reduced to a point. This possibility

causes difficulties at the level of the topology, in Appendix

Section Proposition [2.12] can be understood as a statement that the pole dynamics has an
effect similar to reservoirs at density e ® or 1 — e~ in the simple exclusion process.

In the following, it will be useful to rephrase the condition on the slope described in Proposi-
tion in terms of a condition that makes sense for general curves in £. We shall say that a curve
v € &€ has slope e at pole k with 1 < k < 4 (see Figure [5)) if the angle 0(Ly()+) between the
tangent vector T approaching Ly () from the left (—) or the right (4) and the vector by = (1,0)
satisfies:

(k — 1)7?) e’

i — _tan (H(Lk(v)g + (’“_—m) (2.33)

tan (8(Li(x)-) + - == )

Hydrodynamic limit
Next, we investigate the typical evolution, in the large N limit, of interfaces following the contour
dynamics with a bias H € C. We prove that they evolve according to an anisotropic motion
by curvature as in (2.3), but with an influence of the parameter 5. To prove such a result, a
suitable topology on trajectories is required. In the proof of the hydrodynamic limit for the zero
temperature stochastic Ising model in [LST14b|-|LST14al, the authors prove uniform convergence
in time for the topology associated with the Hausdorff distance . The Hausdorff distance
between sets appears as a natural distance to put on the state space. Indeed, away from each pole,
portions of the interface can be mapped to a SSEP (see Section . Hausdorff convergence of
the interface can then be shown to be equivalent to weak convergence of the empirical measure in
the associated SSEP, a topology in which hydrodynamics are known for this model. In the case
of the contour dynamics, the Skorokhod topology associated with the Hausdorff distance seems
like a suitable choice. However, this topology turns out to be too strong. Indeed, although it is
possible to control the volume of droplets pointwise in time (in terms of the volume distance d:
defined in (2.22))), a pointwise control seems out of reach for the poles. This is because poles can
grow regardless of the shape of the interface, making it very difficult to prove their macroscopic
diffusive motion.

Still, some information on the poles needs to be present in the topology as we need to char-
acterise curves with degenerate poles as in Figure [6] It turns out to be possible and sufficient to
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control the trajectory of the poles in a time-integrated way. For each T > 0, define the set:

E([0,T),9) := Dy1([0,T], Q) N {(%)tg ; /0 s dt < oo},
E([0,7],&) := E([0,T],9Q) N {(%)tg v e Eforte [o,T]}. (2.34)

Notation: we often use the subscript - (as in 7. in (2.35))) to denote a trajectory, provided the
time interval on which it is defined is clear from the context.

Let dil denote the Skorokhod distance associated with the volume distance d;: between curves
(recall the convention that the L! distance between two curves is by definition the L!
distance between the droplets they delimit), see e.g. [KL99, Chapter 4 Section 1] for the classical
construction of the Skorokhod distance. Recall also that dy is the Hausdorff distance on 2.
The set E([0,T], &) is then equipped with the distance:

T
Vv.,75. € E([0,T], &), de(v.,7.) == d3: (7., %) +/ da (e, Ye) dt. (2.35)
0

Note that, since trajectories in F([0, 7], £) have almost always finite length, the associated droplets
are almost always bounded subsets of R?, thus the Hausdorff distance in (2.35]) is almost always
well-defined. Properties of (E([0,T],€),dg) are established in Appendix

Informally stated, our hydrodynamic limit result is the following. Introduce the mobility u of

the model:
| sin(26)]

2(|sin(0)] + | cos(6)])’
The sequence (]P’JBV ) Nen, of laws of the trajectory of interfaces converges weakly to a probability
measure concentrated on trajectories in E([0,T], &) that are weak solutions, in the sense defined

below in ([2.39), of:

Oy N =ad?y-N — pH = ak — uH away from the poles,
7; satisfies (2.33) at almost every ¢ € [0, 7.

pu(0) =

0 € [0, 2x]. (2.36)

(2.37)

Above, N is the inwards normal vector, s the arclength coordinate, & the curvature. The anisotropy
a (recall (2.4)) and mobility 4 are functions of the angle (z) € [0, 27] between the tangent T(z)
at a point z € y; (¢t € [0, 7)) and the first basis vector by (recall (2.10)).

The precise hydrodynamic limit result is given next, for sufficiently short time only (see however
Remark . To state it, let « denote a primitive of the anisotropy a defined in , in the
sense that o/(0) = —a(0) for each 6 € [0,27] \ (7/2)Z:

a0 — a(0) sin(20) cos(26) _ T(0) - beT(6) - by 1 B 1
(0) 2 | sin(26)] NIRGIR [|T(6) Dol T(0) 'boJ’ (2.38)

with T(0) = cos(0)bg + sin(f)b .
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Proposition 2.13. Recall Deﬁnition of the initial condition v for N € Ns;. Let 8 > log2,
H € C and ty = to(B, H, 10, |7*|) be the time of Proposition . Then (PgH)N converges, in
the weak topology associated with dg, to a measure concentrated on trajectories in FE([0, 1], E)
that have almost always point-like poles, i.e. for a.e. t € [0,ty] and each 1 < k < 4, the pole
Pe(ve) := [Li(ve), Re(e)] is reduced to the point Li(v:) = Ri(7:). Moreover, these trajectories are
weak solutions of anisotropic motion by curvature with drift on [0,to] in the following sense: for
any t <ty and any test function G in the set C defined in ,

(Iy,Gy) — (T, G / (Ty, 0y Gy dt! —/ / 0(3))0,G(t', v (s)) ds dt’
Yo \Uk P ()
_ Z/ (5 _ e—ﬁ>G(t’, Li(ye)) dt’

/ / VHG) (v (s)) ds . (2.39)

Above, 'y is the droplet associated with vy, <Ft, Gt> is the integral of Gy on T'y as in (2.26) and s
is the arclength coordinate on 7 at time t € [0, to).

Remark 2.14. The time t, = to(3, H, 70, |7"|) until which Proposition is proven does not
make use of the structure of solutions to (2.39)), and one can in fact improve the result as follows
(this improvement is carried out in Sectio. Take H € C, T > to(83, H,|y"|) and make the
following assumptions:

1. Equation (2.39) admits only one solution on [0, 7], call it v = (4/),;<r.
2. fy,H remains in £ until time T, in the sense:

Iy >0,  Ba, (v, Cw) C B([0,T),€). (2.40)

Then (P§ ;) n, as a sequence of measures on E([0,T], ), converges weakly to the measure §_». W

Remark 2.15. The term on the second line of fixes the value of the slope at the pole of
curves to the one prescribed by Proposition . To see why, assume that the curvature (k)<
on a solution (v;)i<y, of is, say, continuous and bounded on 7; \ UpPx(7;) at each time
t < to. By definition, the tangent angle s — 6(s) = 6(y:(s)) then satisfies 0;0(s) = —k:(s) for
each arclength coordinate s corresponding to a point in 7; \ U P (7:), with the — sign due to the
clockwise parametrisation of 7. Let G € C. Integrating ad;G(t, -) by parts on each region in ({2.39))
for a fixed ¢ € [0, 1], one finds by definition of a:

/ a(0(8))0sG(t,v:(s)) ds
Ye\Ug Pr(7¢)

- Z [&(G(Lkﬂ(%)),)G(t, Li1(ve)) — @(Q(Rk(%))Jr)G(t, Rk(%)ﬂ

|
2

/ e SOONECC, () d (2.41)
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Since each pole is almost always reduced to a point, Ly(y:) = Rg(7y:) for each k and almost every

t € 0,%] and the sum in (2.41]) compensates the second line of (2.39) provided a(6(Lit1())-) =
1/4—e?/2 = —a(B(Ly(v))+). This can be shown to hold when the tangent angle on either side

of each pole satisfies (2.33)). |

Large deviations

We obtain upper-bound large deviations for the contour dynamics at each 5 > log2. Assuming
solutions of to be unique, lower-bound large deviations can also be derived. Upper and
lower bounds match for suitably regular trajectories. Specific to our model is, again, the control
of the poles of the curves.

Let T > 0 and B > log2. Given 7 as in Definition a trajectory 7. € E([0,T],&) with
associated droplets (I';);<r, define, recalling that Ly, R are the extremities of the pole Py:

o Ty, Hr) — (™, H, T, 0.H)ydt — [ d O H (t ds
(1) = (O i) - >/< v [ )

Loe? / 2 (t, Lu()) + H(t, Re()] d. (2.42)
Define also:

) = ) -2 / / VH(E w(s) dsdt, v € B(0,T],€),  (2.43)

where the mobility u is defined in (2.36).

To build the rate function, we will have to restrict the state space to control the behaviour of the
poles. Introduce thus the subset E,,([0,7],€) C E([0,T],€) of trajectories with almost always
point-like poles:

Enl(0.71.8) = {3 € B(0.7), Z / i)~ Realwdt =0},

Recall that Ry (Ly) is the right (left) extremity of pole k € {1,...,4}. Let us now define the rate
function I5(7y.]y*") for trajectories v. € E([0,7T],E):

(’Y h/ref) {SupHEC JI/?)I(7> if - € .Epp([()? T]a 8)7 (2.45)
+00 otherwise.

Remark 2.16. e [t is possible by Proposition to enforce that only trajectories with slope
e ? at the poles at almost every time have finite rate function. One would expect this
condition to already be present in , but the very weak topology at the poles makes it
more complicated to see than e.g. for a SSEP with reservoirs, as done in [BLM09].

e If 3 = 0o and 7. is a sufficiently regular trajectory in C([0, T], £) starting from 7™ (say, with

well-defined, continuous and bounded normal speed and curvature at each time ¢t € (0,77),
then setting 8 = oo in (2.45) one formally obtains:

r) % — a(@(s))k(%(s))>2
o (7-1") / / 00)) ds dt. (2.46)
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As conjectured in , the rate function I, (-|y"") thus measures the quadratic cost of
deviations from anisotropic motion by curvature. At 3 < oo, Iz(-|y*f) can also be written
in the form (2.46)), but only for trajectories that are not smooth: they must have kinks at
the poles, in the sense that they satisfy the condition (2.33]) at almost every time. |

Define the set Agr C E,,([0,T],€) of trajectories that can be obtained as a solution of the
anisotropic motion by curvature with a smooth drift H € C (2.39)):

Agp = {’y. € E,p([0,T],€) : there is a bias H € C such that (2.39) has a

unique solution in E([0, 7], &), and this solution is 7.}. (2.47)

Theorem 2.17. Let T > 0 and > log2. For any closed set C C E([0,T],&):

1
lim sup N log Py (v € C) < — igf I(-]y). (2.48)

N—oo

1[407“601)61”, fO’f' any oper set O with O C 1;([0, ] ], (‘:)
I 1 N ( N : ref

Remark 2.18. e The set Agp is expected to contain a large class of trajectories. In the
B = oo case, it would for instance contain all classical solutions of the equation v = ak — uH,
H € C, which can be studied by the method of [LST14b]|[LST14a]. When 5 < oo however,
even classical solutions of are extremely difficult to study due to the poles. A fortiori,
the study of uniqueness and regularity of solutions of the weak formulation (2.39)) is difficult.

e A possible application of Theorem [2.17]is the analysis of metastability. For instance, applying
a small, uniform field of the form /N (h > 0), one can use Theorem [2.17)to study the optimal
trajectory for a nucleated droplet to cover the whole space.

One can also ask about the typical speed at which such a droplet grows. This speed is
conjectured to be proportional to the size of the applied field [SS9§], i.e. of order 1/N. For
the contour dynamics, curves move diffusively, which readily confirms the conjecture. The
interested reader will find much more on metastability and its relation to large deviations in
the book [OVO05]. |

We conclude this section by rephrasing Theorem in a more general context. Elements of
& are, by assumption (see Definition , in a small neighbourhood of the initial condition ~**f
for the volume distance. Working with curves in £ is useful to avoid topology-related problems
and obtain a large deviation bound valid for general sets. As claimed above Definition of &,
however, it is not important that microscopic curves be close to v (i.e. in &), only that they satisfy
Property The next theorem therefore improves on Theorem for events corresponding to
small balls around a given trajectory possibly far from "', but satisfying the same Property
as 7"°f at each time.

To state it, assume that Jﬁ, is defined on the entire space E([0,T],€2) with the same expres-
sion (2.43) (rather than on E([0,T],&)). The rate function I5(-]y**f) is correspondingly given for
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v € E([0,T],0) by:

o sup Je (7. if 7. has almost always point-like poles,

Ig(y |y = { ee Tu(7) . (2.50)
400 otherwise.

Similarly, Ag 7 is now assumed to contain trajectories in E([0, 77, 2) with almost always point-like
poles and that satisfy Property at each time, rather than trajectories in E,,([0,77],&).

Theorem 2.19. Let 3 > log2 and let 4. € E([0,T],Q) be such that ¥, satisfies Property [2.9 at
each time t <T. Then:

: : 1 _ |te
lim suphmsupﬁlong(yN € Ba,(7.,€)) < —Is(7.y b. (2.51)

¢—0 N—o0

Moreover, if 7. is in Agr, then:

1
lim inf lim inf Nlog Py (v € Bay(7.,€)) = —Is(3.]7"). (2.52)

¢—0 N—oo

2.4 Heuristics on large deviations: link with the SSEP

In this section, we highlight the relationship between the contour dynamics away from the poles
and the SSEP. This relationship serves as a guideline in the proof of large deviations (the structure
of the proof is detailed in Section [2.5)). A heuristic derivation of the rate function of Theorem
is proposed below using the link with the SSEP.

Take a curve vV € Q.. (see Definition as in Figure 2] By Definition [2.1] of Q, 4V can
be split into four regions. Let 1 < k < 4. Rotating the canonical reference frame (bg, b, /) by
7/4+ (k —1)7/2, region k of the boundary is turned into the graph of a 1-Lipschitz function f™*
with derivative 1. The £ =1 case is illustrated on Figure

There is a well-known bijection between the graph of fV* and a particle configuration which
goes as follows. With each edge in region k, associate a site. Put a particle in the site if the
corresponding edge corresponds to an interval on which f™* has derivative —1 and no particle if

fNVF has derivative 1. Updates of the contour dynamics away from the poles then correspond to
SSEP updates, as remarked in (2.19).
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+ spins

+m/4 ")

Figure 7: The mapping from a portion of region 1 (left figure), delimited by the two big black dots, to
the graph of a Lipschitz function f™'! (upper right figure). This Lipschitz function is then mapped to a
particle configuration (lower right figure). Each edge of the initial interface corresponds to a possible site
for particles. In the portion of the original interface delimited by the black dots, dynamical updates (blue
arrows) do not change the length of the portion. These updates correspond to SSEP moves.

If n™Vk = (pN*(4)); denotes the particle configuration obtained in region k by the above map-
ping, with the index ¢ € N labelling particles sites with the convention that the site associated
with the first edge of region k has label 0, then n™* and f* are related through:

VR (i) = % 4 (—1)];\/§N [ka (%) B ka(ﬁﬂ (2.53)

Above, the (—1)¥ comes from the fact that the f* are defined in different referent frames (f! in
(b_ﬂ-/4,b7r/4)7 f2 in (b_gﬂ/4,b_ﬂ—/4), etc.).

Through this correspondence, the contour dynamics inside each region of an interface can be
viewed as a SSEP. The dynamics at the poles (deletion or growth of two blocks at respective rates
1 and e ?%) can then be viewed as a boundary dynamics that couples these SSEP. In Proposi-
tion [2.12] we saw that the dynamics at each pole acts like a moving reservoir, fixing the density of
particles at the extremity of each SSEP in terms of 5. As a first, informal approximation, it thus
makes sense to view the contour dynamics as four SSEP coupled with reservoirs.

This approximation is further vindicated by the fact that using large deviation results for the
SSEP on each region and rewriting them as quantities depending only on the associated curve
yields the rate function as we now explain.

From [BSGT03], the rate function for a SSEP with reservoirs, evaluated at a trajectory (pF);<r
defined at time ¢ on [af,bF] (with all these objects smoothly varying in space and/or time) and
starting from a profile (p°)*, is known explicitly and should be finite only if the value of p¥ is fixed
at a¥, bF to the value of the density of the reservoir (the argument in [BSGT03| applies only when
the interval [a¥, b¥] does not depend on time, but we assume their result extends to the present
case for the purpose of this discussion).

In view of Proposition for the SSEP associated with the contour dynamics the condition
at the extremity of the interval should be:

vt € (0,17, pr(af () =e P =1—pj(bF(w)), 1<k<A (2.54)
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For such a SSEP trajectory, the rate function of [BSGT03] reads:

bl k k
Isserk((0))i<r|(p / / af 1/4;A)f) V2 dudt. (2.55)

The /2 factor in (2.55)) is again related to the reference frame being tilted, and fF a 1-Lipschitz
function built from pf in analogy with (2.53)) at each time ¢ € [0, T] according to:

L+ (=1)*0uf*(u/V?2)
2 )

k() = u e ak,bh). (2.56)

Note that Equation (2.56) only defines fF up to a constant. For the graph of fF in an appropriate
tilted reference frame to coincide with region k of an element v, € 2 as we will use below, this
constant must be chosen as (k — 1 =4if k = 1):

ftk(af) = af_l- (2.57)

Let us now use to connect with the contour dynamics rate function obtained in Theorem[2.17]
As in the microscopic case, a macroscopic curve v € £ can be associated with "particle densities”
on each region. Indeed, for 1 < k < 4, region k is by definition of {2 D £ the graph of a 1-Lipschitz
function f* on an interval [a*(v),*(v)], where (Ryy := Ry if k = 4):

ak(f)/) = Lk : b7r/4—k7r/27 bk(’Y) = Rk+1 : b7r/4—k7r/2- (258)

The function f* is then associated with a function p* through (2.56)).

Let v. € E([0,T],&) start from 4™ and consider the associated (p*, f¥);<x<4. We focus on
k = 1. The tangent vector at a point © = ub_,,4 + f'(u)br/4 of region 1, corresponding to an
angle 0 = 0(x) € [0, 2], reads:

T(6) = cos(8)by + sin(@)by s = [1+ (0, f)?] > (b_rja + 0uf brya). (2.59)

From (2.59) one can check, as done in Section 3.3 of [LST14al, that the heat equation for f!
corresponds to anisotropic motion by curvature (2.3)) for the graph of f1. On the other hand, ([2.56)

and (2.59) yield for p'(1 — p'):

pl(l—ph) = !

\/21+ (0uf1)?]

with u the mobility coefficient obtained by Spohn [Spo93]:

sin(20)] _ |T(9) - bol|T(9) - byl
2(Jsin(9)] + [ cos(9)]) [T

(1= (0uf1)) = p(0), (2.60)

pbh—‘

u(0) == . 9elo,2r]. (2.61)

Using the relation ds = [1+(9, f')?]"/? du between z and the arclength coordinate s and generalising

the above discussion to the other three regions, (2.55)) yields for the conjectured rate function
132 (-|y*°f) of the contour dynamics:

(v — ak)?
) = X tsseraGherl)) = [ [ P o e

k=1
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This is indeed the rate function of Theorem for trajectories satisfying the boundary condi-
tions (compare with the § = oo case in , where the formula is the same, but for smooth
trajectories rather than those satisfying (2.54)).

The analogy with the SSEP thus gives the correct rate function at a formal level. To
establish Theorem we will have to look at the contour dynamics both at and away from the
poles simultaneously. The dynamics at the poles modifies the size of each of the SSEP. This makes
it difficult to directly use the analogy with the SSEP in the proofs and a more global approach is
necessary. However, this analogy is used as a guideline throughout the article.

2.5 Outline of the proof of large deviations
The proof of Theorem is structured as follows.

e Before looking at rare events specifically, an understanding of the dynamics at the poles is
required. This is perhaps the most difficult part of the paper and is the object of Section [6]
In particular, we show there that poles behave like reservoirs in the sense of Proposition [2.12]

e The proof of large deviations starts in Section [3| where we compute the Radon-Nikodym
derivative, on a bounded time interval, between the original dynamics and the dynamics
tilted by a bias H € C introduced in and express it in terms of the functional .J5
of . To avoid pathological issues with the contour dynamics such as non-locality,
the computation is carried out for trajectories with values in the effective state space & of
Definition 2101

The computation at the microscopic level is inspired by the link with the SSEP as highlighted
in Figure [{] This link is useful to perform discrete integration by parts and replacement
lemma-type estimates.

The resulting expressions are not easily interpreted as line integrals involving tangent vectors
as in JZ. This interpretation is carried out in a second time, using similar ideas to what was
done at the macroscopic level to go from SSEP to curves in Section

e Section[d]contains upper bound large deviations. The proof technique is standard and consists
in estimating the cost of tilting the dynamics by a bias H € C.

The difficulty comes from the need to control the poles. The poles in particular prevent the
functional J fp from which the rate function is built, from having nice continuity properties,
even for trajectories taking values in the effective state space £ of Definition Continuity
is recovered by proving that trajectories must have kinks similarly to Proposition 2.12] In
fact a stronger version of the statement of Proposition is needed, with the corresponding
proof carried out in Appendix [B.3]

e Section [5| contains the lower bound, which amounts to hydrodynamic limits for the tilted
processes, i.e. Proposition As a first step, we need to make sure that the (tilted) contour
dynamics takes a diffusive time to exit £ as stated in Proposition The hydrodynamic
limit results are then obtained in two steps: first in short time using the stability result of
Proposition Secondly, by extending the hydrodynamic limit to longer times through
an iteration procedure.
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3 Change of measures

3.1 Motivations

To investigate rare events, we consider tilted dynamics as in Chapter 10 of [K1.99]. Fix a time
T > 0 throughout the rest of Section 3|and introduce a magnetic field H € C (C is defined in (2.25)).
When restricted to trajectories on [0,T], Py, is absolutely continuous with respect to P (and
vice versa). Let Dgg = dP} ,;/dP}|r denote their Radon-Nikodym derivative on [0,T [mic, S0
that for any measurable set X C [0, 7]%mic:

PY (v € X) = Ef [Lvex] = EF 4 [(Dgir) " Lyvex]. (3.1)

In the following, the dependence on 7" will be clear from the context and we write DéV,  for Dévg It

acts on a trajectory vV = (v )i<r C Q.. delimiting droplets (I'V);<7, according to (see Appendix
A.7 in [KL99)):

N~Vlog DYy (vN) = (TY, Hy) — (DY, Hy)

T
_ / €_N<F2{V7Ht>(at + Nzﬁﬁ)emrévﬂt> dt. (3.2)
0

In (3.2), recall that, for a domain 'V with boundary vV € QY. and a bounded J : R? — R,

mic
<FN,J> stands for [y J(u,v)dudv. The rest of Section [3| is devoted to the computation of
NQe_NmV’Ht)EgeN(FiV’Ht) fort <T.

3.2 Action of the generator

Take an interface ¥ € QN. N E. As usual let I'V denote the associated droplet. In view of the
form of the rate function, the quantity N26_N<FN’Ht>£geN<FN’Hf> will be expressed as line
integrals on 7V, as well as boundary terms involving the poles. We obtain such an expression in two
steps. The first step relies on microscopic computations and replacement of local quantities by local
averages, guided by the link of Section with the SSEP. The second step is the interpretation of
the resulting quantities in terms of line integrals. We first state a result involving discrete sums on
vertices of a curve (Proposition . The counterpart in terms of line integrals, Proposition m
is presented and proven later.

To state Proposition , let us fix some notations. For N € N>y, € V(¥V) and € > 0, the

local density of vertical edges £V around z is defined as:

1
eN
& = BN Z &y- (3.3)
yEB1(z, )NV (vN)
The ball B;(z, ) is taken with respect to the 1-norm || - ||; (recall (2.6)). We assume that eN is an
integer for simplicity. In our case, it will be convenient to write £V as a function of the tangent
vector at z. Recall that we always enumerate elements of V(") clockwise and that el is the
microscopic tangent vector with norm 1/N given below ([2.17). The direction of e/ is fixed by the

region x belongs to, see Figure [§] For instance, if  belongs to the first region and y to the second:

Ne;_ = (1 - fz)bo - €xb7r/27 Ne;_ = _(1 - gy)bO - Sybﬂ/Q' (34)
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The following definition will be used below to keep track of the different signs depending on the
region.

Definition 3.1. For VN € QF. . recall that by (0 € [0,27]) is defined in (2.10). Define then a

mic’?

vector m(YN) 1 YN\ Up P (vY) — R? to be constant on each region, with:
(—1,-1) if x is in region 1,
—-1,1 if x 18 1n region 2,
Vo € N\ UrPe(7Y), m(z) :=m(y",z) = ( ) f o g‘ (3.5)
(1,1) if x is in region 3,
(1,-1) if T is in region 4.

If x is at 1-distance at least ¢ to the poles, then all vertices in By(z,¢) are in the same region.
Define then the averaged tangent vector tV on the ball B;(z,¢):

N
t;N = 2€N——|—1 Z e; S {Cl(l - f;N)bO + CZS;NbTr/Q : Cla CQ € {_7 +}} (36)
yEBl(I,E)ﬂV(’YN)

The signs in (3.6) only depend on the region of ¥V that x belongs to. For instance, if By (z,¢)N~yY
is included in the first region,

Ney = (1= &)by — &brpp = t57 = (16" )by — &V brp. (3.7)

We stress the fact that t&V is a unit vector in 1-norm, but not in 2-norm: |[tV||; = 1 # [[t5V]]..
This has important consequences later on when expressing discrete sums as line integrals, see
Section It will be useful to introduce the 2-norm and 2-normalised tangent vector:

Vo e V(v), viV = 1t TN = ¢V el (3.8)

T

As |[t5V]1 = 1, we get: .
M= el = (1T L) (3.9)

We may now state Proposition [3.2]

Proposition 3.2. Fiz a time T > 0 and 8 > log2. For any 6, > 0 and any trajectory (v )i<r €
E([0,T],€) of microscopic curves (the set E([0,T),E) is defined in (2.34)) ), one has:

T
l/ NQB—N(Fiv,Ht)EﬁeN(Fiv,Ht) dt
0

_ (-——) / H(t, L(3Y)) + H(t, Ry(3Y))] dt

1
+ 1y dt Z 2T - m(x)| T - VH(t, z) dt
zeVe(y)
1 T
L T Y WERIT bl TV byl +/ S(H,, 6,2,4N) db. (3.10)
zeVe(y) 0
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The vector TN and normalisation veN are defined in and m(z) = (1, £1) is the sign vector
of Definition [3.1, For vN € QN.. N &, VE(4™) C V(¥N) is the subset of vertices at 1-distance at
least € from the poles.

The quantity w(Hy, d,¢€,-) is an error term controlled as follows: there is C(H) > 0 and a set
Z = Z(B,H,6,¢) C (AN NOT] such that, for trajectories vN € Z N E([0,T),€):

mic

T T 1 T
‘/ &)(Ht,é,s,%’v)dt‘ §26+O(H)(5T+—+—/ |7tN|dt>. (3.11)
0 N N2/

Moreover, for each A > 0, the following super-exponential estimate holds:

1 B T
lim lim sup - log P} (W e Z¢n B([0,T],€) N {/ N dt < AT}) - _co. (3.12)
0

e=0 Nooo
The proof of Proposition (and the line integral version, Proposition [3.11]) takes up the rest
of this section. It is obtained as a by-product of the study of the dynamics at (Section [3.2.2)) and
away from the poles (Section [3.2.1). To lighten notation, we compute N2e~NT™He) £ oNT™,He)

at a time t € [0, 7], fixed throughout the section, with I'V the droplet associated with a curve
AV e QF. . We sometimes also omit the explicit dependence of Py, Ry, Ly, (1 < k < 4) on V.

mic*

In the following, we only compute the action of the generator on curves that additionally belong
to the effective state space £. In that way, the jump rates of the contour dynamics are local (see
the last point of Remark [2.6). Moreover, for ¥ € QN N &, each (7)™, 1 < k < 4 is still in the
state space QY. . Recalling the definition (2.21)) of the generator of the contour dynamics, one can
then write:

N2~ NIV £ NOVH) B (4N Py (4N, (3.13)

The bulk term B; contains all updates affecting a single block, corresponding to the simple exclusion
moves as discussed around (2.20). It is convenient in the computations to also include, in By,
fictitious moves that delete just a single block in a pole containing exactly two blocks, so that:

Bi(v") :% D [ (L= &) + &1 = )] [N HINEN A ] (3.14)

zeV(yN)

These fictitious moves (the last line of (3.15)) below) are not allowed in the contour dynamics, thus
their contribution is subtracted in the term P; which otherwise encompasses all contributions from
the pole dynamics. Recalling that pj, is the number of blocks in pole k (1 < k < 4), Py, reads:

4
'Pt(VN) = N? Z Z {1pk(71\’):2 [6N<(FN)7’}C’H’§>_N<FN’H’5> — 1}

k=1 ze P, (vN)NV (V)

:B+e§‘,[€Pk('yN)
4 2P [QN«FN)*I,HQ—N@N,H» _ 1] }
N? & N((TN)= Hy)—N(T'N | Hy)
D L P [N -NE ) g (3.15)
k=1 €{R(vN),Le(vV)}

29



3.2.1 Estimate of the pole terms
In this section, we estimate the pole term P,.

Lemma 3.3. For each > log2 and 6 > 0, one has:

% /O Pt(y,fv)dt:? /0 Zl[H(t,Rk(vtN))+H<t,Lk<viV>>} dt + /O wp(Hy, 6,7") dt. (3.16)

The term wp is an error term, estimated as follows: there is a constant C(H) > 0 and a set
Zp = Zp(0) of trajectories such that, for trajectories in Zp N E([0,T],€):

T
C(H)T
(/ wp(Hy, 6,7N) dt’ <94 ST (3.17)
0 N
Moreover, the following super-exponential estimate holds:
. 1 N N c
&glooﬁlogpw(y € (Zp)°NE(0,T],£)) = —cc. (3.18)

Proof. Fix a time ¢ € [0,T] and consider v € QY. N E as before. To estimate P, let us first look
at the difference ((I'V)**, H,) — (I, Hy) for one of the vertices = appearing in the sum in the
first line of (3.15). For concreteness, consider e.g. the north pole. A regrowth move 'V — (V)@

then amounts to adding the two blocks with centre 4+ N~"(b./2 £ by)/2 (recall Figure 3), so that:

(@MYt Hyy — (TN, Hy) = Hy(2)dz = th(a;) + O(N™%), (3.19)

a4+ [—1,1]x[0,1] N?
where we used the smoothness of H to obtain the second equality. A similar estimate holds for
the move vV — (y")™! through which blocks in the north pole of 4V are deleted (recall the
notation (2.14)); as well as for the other poles. As a result, the quantity P;(y") defined in ([3.15)
reads:

%R&(”YN) - Z Z 2(6726 - 1pk(7N)=2)Ht(x>

k=1 ze P, (v™)NV (V)

at+ed €Py(vV)
4
1
+ 9 Z Lp(yM)=2 Z Hy(x) +np(t, V), (3.20)
k=1 ze{Rp(vN),Lr(vN)}

where the first term in the second line corresponds to the fictitious updates and np(t,v") satisfies:

nelt.A™)] < 22 30 P (3.21)

To prove the claim of Lemma [3.3] we need to estimate the time average of the number of blocks
pr in pole k (1 < k < 4), of 1,,_» and of their difference. This is done in the following lemmas,
the proof of which are postponed to Section [6] The first lemma states that the pole contains a
number of block that scales with 3, but is independent of N, with large probability.
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Lemma 3.4. For each pole k € {1,...,4},

. 1
lim NlogIP’g{H((’yiV)th € E([0,T],&);

N—oo

1 /7
f/ e ¥ (pr(v) — 1) dt > 2) = —00. (3.22)
0
The next lemma estimates the difference between growth or deletion of two blocks.
Lemma 3.5. Let G € C.(R,. x R?) be Lipschitz in space, uniformly in time. Let WS be defined,
fort >0 and v € QN. . by:

mic’

Wo Ny =Y > [1,,(,v)=2 — € 2%] Gy (). (3.23)

k=1 ze P, (yM)NV (V)
:E+e1i eP.(vN)

Then:

1 T
Vo > 0, lim —logIP’JBVH ((’ytN)KT € E([0,T],E); / WGt(viV) dt
N—oo IV ’ 0

> 5) — 0.  (3.24)

It remains to compute the time integral of the 1, _» terms (1 < k < 4). Remarkably, this
quantity is fixed by the dynamics in terms of [, as stated in the next lemma. The proof of this
lemma, in Section [6.3] is the main difficulty of the paper at the microscopic level.

Lemma 3.6. For pole k € {1,...,4} and each § > 0:
) 1
Aim < log P5 ((%N)KT € B([0,T),£);

’/OT H(t, Lu(4")) (1, oy =2 — €77) dt‘ > 5) = —00. (3.25)

Let us conclude the proof of Lemma using the last three lemmas to define the set Zp,
which controls the error term wp of Lemma . Let BN(B) denote the set of trajectories with
poles containing less than 2e2? blocks:

BY() = {60 etom € Wi 7 / (pe(o) — 1)e ¥ dr < 2}, (3.26)

k=1

On this set, the term fOT dt >, pe(7)/N is bounded by 4(2¢*’ + 1)T/N and therefore negligible.
Define then Zp = Zp(f3,6) as:

Zp:Bg(ﬁ)ﬂ{‘/oTWtht‘ gé}

N { kz: ‘ /OT H(t, Le(3)) (L oy 2 — ) dt‘ < 5}. (3.27)
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From (3.20)), for a trajectory (v")i<r € Zp N E([0,T], ) of microscopic interfaces, we find:

1 /7 -8 ;T T
¥ [ Podyae= 0 [ RGN + B Lo ]d+ [ s (328)
0 0 0

with wp(Hy, d,-) an error term satisfying (3.17). Moreover, the last three lemmas give the following
super-exponential estimate:

1
lim —log P} (y e (Zp)° mE([O,T],S)) — . (3.29)
This completes the proof of Lemma [3.3] O

3.2.2 Estimate of the bulk terms at the microscopic level

In this section, we compute the bulk term B;, introduced in (3.14)), expressing it in terms of discrete
analogues of quantities that can be defined on a curve at the macroscopic level (such as the tangent
vector and arclength derivative). To do so, we use the link of Section between the dynamics
in each region and the SSEP to perform discrete integration by parts and obtain a replacement
lemma (Lemma . One then has to recover expressions that do not explicitly depend on the
region any more.

Lemma 3.7. Let §,e > 0. For each trajectory (7;" )iepor) € E([0,T1,E) of microscopic curves:

%/O Bt(viv)dh—;l/() ;[H(t,Lk(%fV)HH(t,Rk(%N))] dt+/0 wp(Hy, 0,7 dt

T
+—/ > 5N bl |t - by Ht, ) dt

zeVe(yN)

/ > Y m@)|N  VH(t x) dt. (3.30)

zeVe(yN)

Recall that t5N is defined in (3.6) and m(x) is the sign vector of Definition . For 3% € QN.
the subset of vertices VE(3V) C V() denotes all points of V(YY) at 1-distance at least € from
the poles of 7.

In addition, there is a set Zp = Zp(H,d,e) C E([0,T], QL. ) on which the error term wg can

mic

be controlled: for some constant C(H) > 0 and all trajectories v~ in Zg N E([0,T],€),

T 1
‘/ wi(Hy,8,2,7N) dt §(5+C(H)<5T+m/ B \dt) (3.31)
0

The following super-exponential estimates holds for Zg: for each A > 0,

lim lim sup Nlog]P)ﬁH<7 € (Zp)NE(0,T,E)N {/ VY| dt < AT}) —00. (3.32)

e—0 N—o00
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Proof of Lemma [5.7 As for the pole terms P; in Section , we work at fixed time t € [0, 7]
and fix vV € Q. N E. The starting point is the expression (3 of B;. Let us first compute the

change in (I'V, H,) when z € V(") is flipped. Recall that e], e, are the vectors with origin x
and norm 1/N defined below (2.17) (see also Figure [§). One can then write:
((tNy*, H,) — (TN H,) = gm(,yN)/ H,(2)d> (3.33)
[€,z+eg ] x[z,z+e)]
_ &)

H<m+ue + ve, )dudv
N2 /[071]2 t

Above, e, (vV) € {—1,1} is set to 1 if flipping = means adding one block to TV and to —1 if it
means deleting one (see Figure . Let us expand H; around the point x. Recall that the vectors
e; have norm 1/N. As a result, e.g. if e = b, 5/N:

0, Hi(r) = - 0uHi(x), (334
and Equation becomes:
(7Y 1 H,
((TN)*, Hyy — (DN, Hy) = c ](\72 ) (Ht(x) + 5(% + ae;)Ht(x)> + ”gvj), (3.35)

for an error term n(H;) satisfying |n(H;)| < ||V?H¢||oo- Recalling:

) 1= 5 (- )+ 60— 6,00)], (336

we find that the bulk term (3.14)) can be written as follows:

SBON =g S etMEGE Y et H()

zeV(yN) €V (yN)
L Nye (4N i (Hy) [y

+3 E;N)cm Jer (V) (O + Dot Hy() + - o (3.37)
eV (y

where 7'(H;) is bounded by a constant depending on H; and its derivatives. The first and third
sums above are bounded by |V(y")|/N, which we expect to be bounded with N at each time
for typical trajectories under the contour dynamics on E([0,T], &) (see Proposition 2.11]). At first
glance however, the second sum in the first line of appears to be of order |V (y")]. To prove
that it is in fact also of order 1 in N, we use the link with the SSEP in each region of vV to perform
integration by parts. This link is also used to compute the other terms .

To compute we are going to split V(7V) into four pieces, essentially corresponding to
the four regions of 4. In each region the mapping with the SSEP of Section will be used to
express ¢;(7V), e.(¥") in terms of the local edge states £, +e+ &x- Mirroring similar results for the
SSEP, these £ will then replaced by local averages thanks to a replacement lemma-type result,
Lemma |3.8] For points in each region at 1-distance at least € from the poles, these averages will
be rewritten as components of the microscopic tangent vector t=V (defined in (3.6])), which will
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Figure 8: Definition of the Vj, k € {1,...4} for a curve vV € QY. . The black dots are the first vertices and

mic”

the light dots the last vertices of each V. Three points are marked by empty circles, with the corresponding
value of e.(y"). The block that is deleted if y is flipped is materialised by dashed lines and the two arrows
with origin y correspond to e (left arrow) and e, (up arrow).

allow us below to recover a region-independent expression.

For 1 < k < 4, consider thus the set Vi (") C V() containing all vertices from Ry, to Ly,
(comprised), see Figure |8 with L;,, := L; if k = 4. Then V} is included in region k of 4"V and:

4

M =UwneMul ™). (3.38)

In the following, we often abbreviate Vi,(v") as V; and similarly Ry(v"), Ly(7") as Ry, Lg.
As ¢, (7Y) = 0 for each x € UpPe(vN) \ {Re(vY), Le(7™)}, all sums in (3.37) reduce to sums
on Vi, 1 <k < 4. With this splitting along the V4, (3.37) becomes:

%Bt(vN):% > ™ +ZBk+ZBk ’7 3 (3.39)

zeV(yN)

where:

1

B =) eV Hilw), B =5 ) ea(r)e(vY) 96z + O ) Hile). (3.40)

z€V) zeVy

For future reference note that, inside each Vj,, the quantity c,(v")e,(y") can be expressed in terms

of the edge state &:

¢, ifzeViUV,
2¢,(vM)e. (7)) = {5’”‘*” & Mrenuly (3.41)

£ — e Tz €UV

Let us first treat the sums BF, BF (1 < k < 4) that involve £, (V).
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1) BF terms. Using Equation (3.41), one has e.g. for k = 1:

Bl= Y alMatMH@ =5 Y ) — &)
zeVi(yN) zeVi(yN)
LY @G~ -6 - (-t )] 3.42)
zeVi(vN)

The passage from first to second line is nothing more than a symmetrisation of the expression.

Recall that V4 contains vertices between Ry and Ly (included). By definition, the edge with right

extremity R;, corresponding to [R; + ey , 1], is always horizontal: 1 — &, oz = L. Similarly,
1

&1, = 1 by definition of L,. Integrating (3.42)) by parts, some of the boundary term vanish, whence:
1

B! =
t 4

(Hy(Ry) + Hy(Ly))

+ i Z [gm [Ht(x +e) — Ht(l’)] —(1-¢&) [Ht(x +e;) - Ht(x)]]

;U€V1\{R1,L2}

— _E(Ht(Rl) + Hy(Ly))

+ i Z (6204 Hy(z) — (1 — &)0g+ Hy(2)] + ' (Hy, ™), (3.43)
ze€ViI\{R1,L2}

with n} (H;, ") an error term bounded by:

V2 Hylloo[ Vi (1)
4N?

Note that, as eX has norm 1/N, the sum in is bounded by C(H)|V;|/N for some C(H) > 0.

This is one factor of 1/N smaller than apparent in the expression of B! as desired.

The other Vi, 2 < k < 4 are treated similarly, with signs depending on the region due to
both and the fact that Ne takes values in {£bg, £b, s} as the region varies. The point is
now, from the expression of each B¥, to obtain an expression independent of the region of vV. To
do so, introduce region-dependent signs oy, 0o:

‘nl(Ht,vN)‘ < | (3.44)

(3.45)

1 fazeViuV, -1 ifzeViul,
o1 = , = . .
! 1 ifzeVuvy’ C 1 ifzeVaUV,

The idea behind is that (o1, 09) is "the direction of the tangent vector to a curve" in each
region, in the spirit of Definition of €). For instance, in the first region, the tangent vector can
be either by or —b, /9, and (01,02) = (1, —1). In region 2 where the tangent vector is either —by
or —b. /s, (01,02) = (—1,—1), etc. One can then check that:

Vo e V(y"), Nef = (1 =& )oibg + &09br ). (3.46)

Compare with m(z) in Definition which gives "the direction of the inwards normal” in the
region = belongs to:

m(z) = —(—02,01) = (02, —01) = 02bg — 01D /2. (3.47)
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With Definition and the error bound (3.44)), recalling also from (3.34) that differentiating
along el incurs a factor 1/N compared to differentiating with respect to by or by s, B! can be
written as:

B} =~ (H(Ry) + H(L»))

1
Iy > ( —&:010; + (1 — fx)0231> Hy(x) +n'(Hy, ™). (3.48)
I€V1\{R1,L2}
Recalling the sign change (3.41) between regions, one can check that the expression of the last
summand is independent from the region and obtain:

4
> 5 -
k=1

[H,(Re(v™)) + Hy(Li(v™))]

k=1

1
DY (= &onda+ (1= &)oa0n ) Hilw) + Zn (HpAN).  (3.49)
z€V (YN)\Ux P (YY)
2) BF terms (defined in -) Recall that e,(y ) is defined in (B.33). The key observation is
the following: for z € V/(7"), if o (v") # 0, then e,(v")(9,+ + 9, ) is the same whether flipping x

corresponds to adding or deleting a block and it only depends on the region of the curve. Indeed,

recall Definition (3.45]) of 01, 09. Using e, = —e;re; (see Figure [8) and the expression ({3.46) of

A~ =

+ .
e, , one has:

g1 g2
O + 00 = (Crree — &) (Nal - N@). (3.50)
Using the expression ([3.41)) for c,(v")e. ("), elementary manipulations then yield:
N
Vo € V(yY), cx(’yN)&tx(’yN)(aei +0,-) = Lﬁ( — 0201 + 0132>
N
- —C”C(]z )m(z) -V, (3.51)
with m(z) the sign vector of Definition As a result:
4
~ 1
Bi("") = —5% > e (vN)m(z) - VH,(z). (3.52)
k=1 2V (yN)\Uk Pr(vN)

For € > 0, Let V(") be the subset of V() made of vertices at 1-distance at least ¢ from each
pole. At this point the bulk term B; can be written as:

4
1 1 1
NBt(VN) =N Z (7 - ZZ [Hi(Re(Y™)) + Hy(Le(v™))]
zeVe(yN) k=1
1
-+ W ( — 510'182 -+ (1 — 5;,;)0'281)[‘[,5(37) (353)
zeVe(yN)
1
B ﬁ CI(’YN)m(x) ’ VHt(x) + n(Ht>€77N)7
zeVe(yN)
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where n(Hy, e,vV) satisfies, for some constant C(H) > 0 independent of y:

n(Hy,e,9N) — M - an(Ht,’yN)‘ < C(H)e. (3.54)

To obtain the expression in Lemma from (3.39)—(3.49)—(3.52), we will now replace £ and
c.(7Y) by local averages on boxes containing order e N vertices; then express them in terms of the
microscopic tangent vector tV defined in (3.6]).

We start by replacing c.(7Y), & by local averages. For &, an integration by parts and the
smoothness of H; yield the existence of an error term w¥ (e, +") such that:

4N Z ( - fxglag + (1 — fx)0281>[—[t(x)
zeVeE(y

1
T 4N

zeVeEN (v

< &N+ (1~ §§N)0201>Ht(:17) + WV (e, 4N),  (3.55)

with, for a constant C'(H;) > 0 involving V2H, but independent of +:
WY (e, 4M)] < C(Hy)e. (3.56)

Replacing c.(vV) by a local average is much more involved. Tt is the content of a so-called replace-
ment lemma, stated below and proven in Appendix [A]

Lemma 3.8 (Replacement lemma). Let G : R, x R? — R be bounded, A,e >0 and 1 < k < 4,
Define Wg\’,k(t, ) fort >0 by:

Wt 5 ~ 2. Gtw) [cx Ny —eN(1 —f;N)], N eal,. (3.57)

IEVk( N)

Then, for each 6 > 0, the following super-exponential estimate holds:

lim lim sup — N logPﬁH<(7t Je<r €E([0,T],€) N {sup Y < A}

€20 Nooo
\ [ Wk
0

Using Lemma we are going to conclude the proof of Lemma Define, for each bounded
function G:

> 5) — . (3.58)

T
Bg(b,¢) = {(%N)KT C QN VI <k <4, / W) dt‘ < 5/4}. (3.59)
0
By Lemma for each A,6 > 0, one has:
llmllmsup—logPBH(BG(é e)NE(0,T],E)N {supm | < A}) —00. (3.60)
e=0 Noo IV t<T
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Define then the set Zp appearing in Lemma and controlling the error terms:
ZB = ZB(H, (S, 6) = B81H<57 8) N BOQH(57 5) N BH2 ((5, E). (361)

We may now write the bulk term B, (recall (3.53))) as

1 1 13
NBt(’YN) = IN Z fiN( faN Hy(x ZZ Ht Ri(vY)) + Ht(Lk(’YN))}
zeVe(yN) k=1
1
+ m < - f;Nalaz + (1 — f;N)O'281>Ht(£B) (362)
zeVe(yN)
1 . .
o ﬁ Vz(: )gﬂz’N(l - €CCN)IH('I) ) VHt(x) + C’L)B(I—Lb (Sa 577N)a
reVe ,\/N

where wp(H;, 6, e,v") is defined, with a slight abuse of notation, by:

4
m- 2
wp(Hy, 6,6,9N) = n(Hy,e, /™) + 0¥ (e, yV) + ) [W VIR AN) + W, ’YN)} . (3.63)

k=1

In particular, for microscopic trajectories (v );<r € ZgNE([0,T], ), there is a constant C(H) > 0
such that:

T 1
]/ wi(Hy, 8,4 dt‘ g25+0(H)(5T+m/ N \dt) (3.64)
0

With the above estimate of wp(-) and the expression (3.62)) of B;, we see that the proof of Lemma/3.7]
now reduces to the third step in the program outlined below (3.37), i.e. the interpretation of &V

and m(z)-V in terms of components of the microscopic tangent vector t=, which we now perform.

Recall from (3.6) the following identity: for ¥ € Q. N €& and z € V(3V),

657 b = &Y =1~ [657 - bol. (3.65)
As a result:
1 £
2N Z éaN — M H)? = oo S0 Y bol[6Y bap Hi(a) (3.66)
z€VE(y zeVe(yN)

To establish the expression (3.30)), we therefore only need to prove:

1
AN Z (—fiNm@g—l-(l—ff;N)ag@l)Ht(x) (3.67)
xzeVe(yN)
1 € & 1 [ £
aw 2 E(Eme) V@ = g7 30 [T m@)eY Vi)
zeVe(yN) Ve(yM)
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To do so, we use the following shorthand notations:
t= =", t7=t.b;, iec{l2}. (3.68)

Recalling that rn( ) = (02, —01), the left-hand side of (3.67) reads:

[ 5101 + 21651165101) 02 + (€512 — 21651165102) 01| Ho()
1
= O |l = 1+ 200002 + 0aftS] (1 — 21t5lo02) 4] Hilo)
zeVe(yN)
- = > [ante 651 = [651)0% + o2 651 (165] — [65)01 | (@) (3.69)
zeVE(y

To obtain the third line, we used [t§| + [t5| = 1, see (3.65)). Recall from (3.45) the definition of
(01,09) and that VE(yV) C V(+") is the set of vertices at 1-distance at least ¢ to the poles to
obtain:

Vo € VE(yY), t3] := [tV - by| = o1tS, t5] == [t - by o] = oats. (3.70)

This is because all points in the 1-norm ball B;(x, ) around z are in the same region of v when
z € VE(yN), thus 01,0, are constant on V(yY) N By(x,€). As a result, the last line of (3.69) is
equal to:

1
AN > [alagtg (01t] — 09t3) Do + 001 t5 (0185 — 02133)31} Hy(x)
zeVe(yN)
1
T AN Z (02t — 0185 ] [6701 + t502] Hy(x)
zeVe(yN)
1
=iy 2. [tm@)e VH@). (3.71)
zeVe(yN)

This concludes the proof of Lemma 3.7} Indeed, the set Zp was defined in (3.61)). Equation (3.30)
then follows from the expression (3.62)) with the two identities (3.66)—(3.71)). O

Lemmas [3.3] and [3.7] yield the statement of Proposition setting:

Q(Ht767€77N> = wB(Hh(Sagv:)/N) +WP(Ht76> :)/N)a ’7 € Qm1c7 (372)
as well as (recall (3.27)—(3.61)): )
Z = ZBﬂZp; (373)

recalling also the normalisation t5V = viNT<V from (3.8).

We conclude the section with a useful bound on the Radon-Nikodym derivative, obtained as
a consequence of the computations in the proofs of Lemmas 3.7 We stress that the result
below does not require an estimate of the error terms and is therefore valid for any trajectory in
E([0,T7,€).
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Corollary 3.9. Let H € C. Recall from (4.1)) the definition of the Radon-Nikodym derivative Dé\{H
up to time T > 0. There is a constant C(H) > 0 such that, for each T > 0 and each lrajectory
(YN)i<r with values in QN. NE:

mic

1 T
~C(H) - C(H >/ wtm4<«ﬁkgz%H«%>Kﬂ<<c<>+mXHyA ] (3.7
The same bounds hold for |f0T NI N2LgeNTEH) t| without the £C(H).

3.2.3 From microscopic sums to line integrals

The goal of this section is to turn the expression of Proposition into an N-independent object,
with nice continuity properties with respect to the topology on E([0, 77, €) (defined in (2.35))). The
statement of the result, Proposition [3.11] requires some notations, which we introduce together
with an explanation of the difficulties.

_In Proposition for each T > 0, we find a set Z of trajectories such that, if (Y )i<r €
ZNE([0,T],E), the action of the generator in the Radon-Nikodym derivative (4.1]) contains terms

of the form:
T 1
/ S ftad )t (3.75)

z€V (v N
with f a bounded function that depends on a neighbourhood of the vertex z inside 7)Y at each
time ¢ € [0,T]. To make sense of such an expression when N is large, we would like:

e to prove that there is a set Z C Z on which the Replacement Lemma holds and micro-
scopic curves have length of order N at each time, so that the sum in (3.75)) is typically of
order 1 when N is large;

e to then prove that this discrete sum can be seen as the discretisation of a suitable line integral
on v} at each time t € [0, 7. Informally, this line integral should have the same continuity
property as the discrete version: if ¥V € QY. N&, a small change of vV in Hausdorff distance
should correspond to a small change in the corresponding line integral.

The first point is treated in the following lemma, proven in Section [5.2.1]
Lemma 3.10. Let 5 > log2. For each T' > 0, there is C(8, H,T") > 0 such that:

. 1
VA >0, hmsupﬁlog]P’B (sup VY| > A) < -C(p,H,T")A. (3.76)

N—oo

It will thus be enough to define Z as the intersection of Z and a set where the length is well-
controlled, as done below in (3.90]).

Let us now focus on the second point. Let ¥ € 2N & be a Lipschitz Jordan curve. Let

(3(u))uepo,1y denote a parametrisation of 4. The line integral of a continuous f : R* — R on 7 is
by definition:

/ﬁk—/f DIF ()2 du, (3.77)
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bn/4

fi(u)
A 1 Bl(XIS)
X= Ub_n/4
+ fH(u)by,
—:1/N
B u
b-TI/4

Figure 9: Left figure: a lattice path on (N ~!Z)? between the two extremities A and B of the unit square.
The path has length 2 in both one- and two-norms. It converges in Hausdorff distance to the diagonal of
the unit-square, which has 2-norm length v/2.

Right figure: neighbourhood of a point x at distance at least € from the poles in one-norm. In the ball
Bi(z,¢), the curve corresponds to the graph of a function f! in the reference frame (b_r/45br/4).

where s denotes the arclength coordinate on 4. Assume that ¥ = " with v~ € QY. N E. In this
case, 7'(u) is proportional to either by or b,/ and the line integral reads:

(fas= Y f@sete) —sl=y X f) (3.78)

For a microscopic curve, the discrete sums of Proposition could therefore be replaced with line
integrals without loss of information.

The problem with (3.78), however, is that the right-hand side is continuous in Hausdorfl dis-
tance, while this is in general not true for the left-hand side. Indeed, consider the simplest case
f = 1. Recall that |y"| is the length of vV in 1-norm and let ||y be its length in 2-norm. Then:

1
= [ ras= 5 3 1= (379
™ 2EV(yN)

It is easy to see that the length |- | in one-norm (recall (2.6)) is continuous in Hausdorff distance,
using e.g.:

Y[ =2[Li(v) = La(y)] - brjo +2[La(v) — La()] - o, v EQ (3.80)

The continuity of the above functionals is established below (B.3)). The length |- |5 in two-norm is
however not continuous in Hausdorff distance. Indeed, assume that (v")y converges in Hausdorff
distance to a curve v and suppose 7> is not a lattice path: v ¢ [Jy Q.. Then [7*°]y # [y,
see Figure [9] However if | - |, were continuous, would yield:

1 .
\700\2:/ lds = lim — > 1=y (3.81)
,YOO

N—o0
zeV (V)
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which is a contradiction. We claim that, to preserve continuity of the right-hand side of (3.78)) in
Hausdorff distance, it must be written in terms of the following line integral:

1 1 .
¥ X S0=g X - [ vt (3.52)

zeV (yN) z€V (y

where, for x € V(yV), T, is the unit vector in || - |[;-norm, tangent to the edge [z, x + e}]. The
quantity v is given by v~ := ||T||; and plays the same role as the ||7'(u)||2 term in (3.78). Note
that v is identically equal to 1 for microscopic curves, for which T, is either &by or £b,/s.

The claim that is the correct way to write the discrete sums is proven in Appendix
where it is stated that, for continuous f : R? — R:

vyeEE /fv_lds is continuous in Hausdorff distance. (3.83)
v

The argument in Appendix is actually carried out only for the integrands appearing in
Proposition but could be generalised to the above setting.

Admitting the claim , we now rewrite the expression of Proposition in terms of line
integrals. To do so, we need some notations. Let v € {2 be a macroscopic interface. For ¢ > 0,
let v(e) denote all points of v at 1-distance at least ¢ from each poles and let x € ~(g). For
definiteness, assume = be in the first region of . By Definition of €, the portion v N By(z,¢)
of 7 is the graph of a 1-Lipschitz function f' in the reference frame (b_;/4,br/4) (see Figure @:

v N By(z,e) = {wb_w/4 + Y w)bgyy :w € udt [—/V2, 6/\/5]}, wi=a-b_r/. (3.84)

The curve v has well-defined tangent vector at almost every point as it is Lipschitz. Let t and T
denote two different normalisations of the same tangent vector, so that:

t=vTl, [th=1 |[Tla=1 v=]tlla=(Th)™ (3.85)
with the tangent t at a point wb_, /4 + f*(w)b, /4 given by:

1;(w|o,,r/4 + fl(w)bﬂ/4) = \/75 (b,,r/4 + 0, fl(w)b,r/4>. (3.86)

Coming back to the point x € y(¢) in the first region of +y, define the continuous counterpart t°(z)
of the microscopic averaged tangent vector t introduced in (3.6) by:

1 u-l—a/\@
t°(x) = — t(wb_, /4 + fH(w)byy ) dw, 3.87
(@) &/H/ﬂ (whora+ ()b (387)

The corresponding object in other regions reads, for y € v(¢) in region k of :

1 Ybr/a—rs2te/V2 N
/ t <wb77/4_1m/2 + f (w)bw/4_(k_1),r/g)dw. (3.88)

t*(y) = Ve

y.bﬂ'/47k7\'/2_€/\/§
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The vector t°(x) indeed satisfies ||t°(z)||; = 1 for = € y(g). It coincides with tV if 7 is in fact in
QN and z is a vertex of v. As in (3.85]) for the tangent vectors at a single point, introduce finally

mic
a different normalisation T¢ of the vector t¢ and v¢ as follows:

1
T :=t°/|t°|]2, V°:i=[t°|a = . (3.89)
[T ]
Using ((3.88)—(3.89)) and defining, for A > 0:
ZK&E&mM:Z%H@@ﬁﬂﬁ%qu/IWMWUW} (3.90)
t<T Jo

we obtain a version of Proposition [3.2| where discrete sums are replaced with line integrals and the
tangent vectors appearing are the usual 2-normed ones.

Proposition 3.11. Let A > 0. For each §, > 0 and trajectory (v )] € E([0,T],E), one has:

/ N2 NN Ht)c eN(F JHy) dt
“iff,"
afaf”

~]

- 5/0 Z<1/2 — e M) [H(t, L(+")) + H(t, Re("))] dt, (3.91)

m (v ()] T2 VH(t, 7" (5) ds

T
\TbWTbmW@%(D@+/ w(Hy, 6, A, Y) di
0

where s is the arclength coordinate on v, v(g) is the set of points in ~y at 1-distance at least € from
the poles for each curve v € € and m = (£1,£1) is the sign vector in Definition . The vector
T¢ and v¢ are defined in . Distinguish v and v¢ in (3.91)): the factor v=' is the additional
factor of needed for continuity, while vé comes from the averaging of the microscopic tangent
vectors.

The error term w can be controlled on the set Z = Z (B, H, 6,¢, A) of (3.90): there is C(H) > 0
such that, for trajectories (v )i<r € Z N E([0,T],€), w satisfies:

A+ 1) (3.92)

T
‘/ w(Hy b2, Ay dt] < 25+ (T (e 4 200,
0
Moreover, for each 6 > 0, there is C(8,H,T) > 0 and €9(6) > 0 such that, for each A > 0,

Z =Z(B,H,b,e, A) satisfies:

sup llmsuleogIP’ﬁH<7 € Z(p,H, e, A)NE(0,T], 5))

0<e<ep(d) N—oo

<max{ -6, —C(8,HT)A}. (3.93)

Remark 3.12. To connect the line integrals in (3.91]) with those in the weak formulation ([2.39)
of anisotropic motion by curvature with drift, take a curve v € £. Notice from (3.88)) that
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lim._,o t*(z) = t(x) for almost every point x of v at 1-distance € or more to the poles. Parametrise
7 by the tangent angle 6, defined as the angle such that T = cos(6)by+sin(f)b/,. Then, for almost
every point that is not in the pole, T¢ v¢, defined in (3.89), converge a.e. to T, v respectively and:

| sin(26)|
2(|sin(0)| + | cos(9)])

This quantity is precisely the mobility (), see (2.61)). Similarly, for almost every point associated
with 6 € [0,27] \ $Z:

£\2
i | 3 | =T -
\Y

e—0

(3.94)

e—0 \Y

lim [@[Tf : m]} [T V] = [v[T-m]] [T-V] = a6),, (3.95)

where « is defined in (2.38]) and 0s; = Or is the derivative with respect to the arclength coordinate,
well-defined almost everywhere on a Lipschitz curve. |

4 Large deviation upper-bound and properties of the rate
functions

In this section, we prove upper bound large deviations, i.e. the upper bound in Theorem [2.17} This
is done by adapting the method of [KOV89| to the present case, introducing the tilted dynamics
PgH, H € C and quantifying the cost of tilting. A time 7" > 0 is fixed throughout the section, as
well as the value of 5 > log 2. Before we start, let us fix and recall some notations.

For a bias H € C, the Radon-Nikodym derivative D}y, = dP} , /dP |7 until time T reads:

N~"log DYy (7 )e<r) = (TF, Hr) — (Y, Ho)

~ N~ / NETH) (9, + N2Lg) N gy, (4.1)

For each A, d,e > 0, recall from (3.90)) the definition of:
7= Z(B, H,6,e, A), (4.2)

the set of trajectories in which error terms arising in the computations of Section [3|can be estimated.
Recall also the expression of m from Definition For a trajectory v~ = (7V);<r in E([0,T), &),
Proposition tells us that there is a function w such that D]B\{H reads:

T
N~ 1logD5H( Ny = Jf“( N)+/0 w(Hy, d,e,~Y) dt, (4.3)

with, for some C(H) > 0 and each trajectory vV € Z N E([0,T],&):

‘ /TUJ(Ht, 5,6, A, dt‘ <25+ C(H)T(a + %) (4.4)
0
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The functional JfLE is defined on trajectories v. € E([0,7],€) by (refer to Appendix for
properties of E([0,71],&)):

1 [T ve)?
Tao) =t =g [ mlm b O e asan
0 vt (e
Recall that v = ||T||;! = ||t]|2 and v¢ = ||t°||5. Moreover, for t € [0,T], v.(¢) is the set of points in
v; at 1-distance at least € from the poles, and s is the arclength coordinate. Recall also that, for a

curve v € &, the letter I' denotes the associated droplet. The functional ffm acts on trajectories
v. € E([0,T],E) according to:

T
0 () == (Dp, Hy) — (I Hy) — / (T, 0,H,) dt
0

— l T (V‘f)2 €. m s £ . S s
P SR me )] T () (1.6)

\'

e B Tl
(-5 / > [H(t L) + H(t Rulao)] ot

The proof of the upper bound large deviations in Theorem is done in two steps. In Section
we establish an upper bound on the probability of observing a given trajectory. This bound is
then used, in Section to establish an upper bound for closed sets.

4.1 Upper bound around a given trajectory

In this section, all trajectories are defined on [0, 7], so we systematically write . for (7;)i<r.
Let 7. € E([0,T],&) be fixed throughout. Let By, (7.,() denote the open ball of centre 4. and
radius ¢ > 0 in dp-distance, defined in (2.35), and let us estimate the quantity:

1
lim lim < log Py (" € Ba,(7.,0)). (4.7)

¢(—0 N—oo

To highlight the important points and difficulties, we first estimate (4.7]) in Section for "nice"
trajectories, placing convenient assumptions on 7.. General trajectories are treated in Section [£.1.2]

4.1.1 Upper bound around nice trajectories

Let us estimate (4.7). Following [KOV89|, we estimate (4.7) using the expression (4.3 of the
Radon-Nikodym derivative DY, = D7y between P, and PY for trajectories on the time-interval
[0,T]. Let us first assume that, for some ¢ > 0 henceforth fixed:

Buy(3..€) € E(0,T),€). (4.8)
Take a bias H € C. For any measurable set X, we may write:

PY (v" € By, (7)) =P§ (7" € By, (7.,Q) N X) + PY (" € By, (7..¢) N X°)
< By [(DY) M ven,, ong] + B (7 € XENE(0,7),6)). (49)
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To estimate the right-hand side of (4.9), we choose the set X to only contain trajectories on which
the expression of Proposition holds. In view of (4.3)—(4.4) set, for each A,d,e > 0:

X:=2=2(8,H,56z,A). (4.10)

With this choice, (4.9) becomes:
N (N - 3 A+1
Py (7Y € Byy(7.,¢)) < sup  exp N[ — e +20+ C(H)T(g + T)]
+PY (1 € 22N E(0,T),)) (4.11)
The first term in the right-hand side of (4.11)) is typically of size e~V for some ¢ > 0 as we shall
see. For the decomposition into Z and Z¢ to be useful, Z¢ must therefore have smaller probability.

This is the case by (3.93)) provided e is sufficiently small and A sufficiently large: there is ¢(5) > 0
and £¢(d) > 0 such that, for each A > 0:

sup limsup % log P} (ny € Z°n E([o, T],S)) <max{ -6, —c(B)A}. (4.12)

0<e<ep(d) N—oo

For each § > 0 and each ¢ < g¢(d), Equation (4.11]) thus becomes:

, 1 )
lim sup N logIP’éV (VN € Ba, (7., C))

N—oo

< max{ sup (— Jfl,s) +26 + C(H)eT, -6 1, —C(B)A}. (4.13)
Bag (7€)

To relate (4.13)) to the upper bound in terms of the functionals .J 16{ appearing in the definition ([2.45)
of the rate function I(-]y™") of Theorem [2.17, we need to know a bit more about the functional
nga. Let us momentarily make the following assumption:

For each ¢ > 0 and H € C, 7. is a point of continuity of the functional Jlﬁia. (%)

Under Assumption (), there is a modulus of continuity m%&y (¢) > 0 such that:

B SIE‘P 0 ( - Jlg,s) < _‘]Ig,a(ﬁ/) + m?[,aﬁa (C)a CI}LI}] m?{,&,"y. (C/) =0. (414)
dp Y

Thus, taking the small ¢ limit in (4.13)), then the limits in ¢, 0, A, one finds:

1
lim sup lim sup N log Py (v € By, (7.,¢)) < —J2 (), (4.15)

¢—0 N—o00

where we used lim._,o Jge(f_y.) — JP(3.), see Proposition below. Optimising on H € C then
yields the desired upper bound under Assumption (()):

1
lim sup lim sup — log P} (7" € By, (7.,¢)) < — sup JE(7.). (4.16)
(=0  Nooo N HeC
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In full generality, however, Assumption is false: the functional Jg,g is not continuous at 7. for
every H, e without further assumptions on #.. This can be seen by taking a uniform in space and
time, small enough H and a large 7', in which case the dominating contribution in the expres-
sion of J Z’E(ﬁ.) comes from the following pole term:

%/ 2(1/2 — e M) [H(t, () + H(t, R ()] dt. (4.17)
0 k=1

One can check that Ly, Ry are not continuous functionals on &£ (this is discussed in Lemma [B.2)).
The motion of the poles is thus responsible for a lack of continuity of JIE,’E on E([0,T],&), pre-

venting Assumption () from being true in general. The fact that the functionals Jg,g are not
continuous is a notable difference from the large deviations for the SSEP with reservoirs, where
continuity does hold [BSGT03].

For Assumption () and thus the upper bound (4.16) to hold, we therefore impose a further
condition on the poles of 7., namely:

for almost every t € [0,T],%; has point-like poles: Ry (7y;) = Li(y:) for each 1 <k <4. (4.18)
The sufficiency of this condition is stated next and proven in Appendix [B.2.2]

Proposition 4.1. Let H € C. For € > 0, recall the definition of the functional Jfl’e. Let
E,([0,T],€) C E([0,T],€) be the subset of trajectories with point-like poles at almost every time.
Then each . € E,,([0,T],E) is a point of continuity of Jge for the distance dg (defined in (2.35)),
thus Assumption @ holds at .. In addition, the following convergence result holds on the whole
of E([0,T],&):

V. € E([()?T]’ 5)7 lli% Jlg,a(’}/') = ij(’}/) (419)

So far, we have proven the following upper bound. If 5. € E,,([0,T1, £),

. . 1 _ - —|ate
llmsuphmsupﬁlogIPg(’y,N € BdE(%C)) < —sup Jﬁ,(y.) = Is(3.]y™")

¢—0 N—o00 HeC

, (4.20)

with the rate function I5(-|y*f) defined in (2.45). In the next section, we explain how to extend
this bound to trajectories that do not have point-like poles, thus do not satisfy (4.18)).
4.1.2 TUpper bound around a general trajectory

In Section we established upper bound large deviations around a trajectory having point-like
poles at almost every time (and, for convenience, in the interior of E([0,T],&), recall (4.8)). In
this section, we explain how to estimate the probability of a ball around a trajectory that does not
have these properties and prove:

vy. € E([0,7],€),
. . i N N _ . ~ | ~ref
lim sup lim sup N loglP5 (7" € Bay(7.,¢) N E([0,T],E) ) < —Is(3.[7"). (4.21)

(>0 N—ooo
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Figure 10: Neighbourhood of the north pole of three different curves. The position of the left extremity
L; of the pole is marked by black dots. The volume V7, at distance 1 beneath the poles is the volume of
the red area, which may vanish (left figure) if the ordinate 21 = L1 - by /o of the north pole is at distance
n or more from the interior of the droplet associated with the curve.

Note the presence of the set E([0,7],€) in the probability in to account for the fact that we
no longer work under the assumption [4.8| that a ball around 7. is in E([0, 7], ). This assumption
merely simplified notations.

If 4. has almost always point-like poles, (4.21)) is just (4.20). When 7. does not have almost
always point-like poles, one has I5(7.|y*") = +o0o by definition. Proving thus boils down to
proving:

vy. € E([0,T),€), (4.22)
7 & Epp([0,7],€) = lim hmsup%longV (7.N € By (7.,) N E([O,T],éf)) = —oo0.

(=0 Nooo
To prove (4.22)), we show that, with probability super-exponentially close to 1, microscopic trajec-
tories are close to having almost always point-like poles (the precise statement is given in (|4.28)
below). This is done in a similar spirit to energy estimates for the SSEP [BLM09|, proving that,
when N is large, the proportion of the time interval during which poles are not reduced to a point
vanishes.

Controlling the pole dynamics. We saw in Proposition that the time integrated slope at
the pole only depends on the parameter 8 with probability super-exponentially close to 1. Here,
we explain how to use an improved version of this result to define a large enough set X (in fact

a sequence of sets), on which trajectories will have almost point-like poles most of the time. This
statement is made precise in Lemma below. We then use this sequence of sets X (4.22)).

To control the poles, we start by reformulating the statement of Proposition in terms of
a bound on the volume beneath a pole (rather than on the slope at the pole). For v € Q, let
(zk)1<k<a = (2k(7))1<k<a denote the extremal coordinates of points in v (see Figure [10):
2z =sup{z-brp 2 €7}, zg = inf{z bz €},
29 =sup{z-bg: 1z €7}, zg = inf{z-bg: 2z €~} (4.23)
For n > 0 and 1 < k < 4, define then the volume V} , beneath pole k as follows (recall that I' is
the droplet with boundary ~):

{z el :|z(y) —x-brp| <n}| ifke{1,3}

[z el m(y) —z b <n}| if ke {24}, el (424)

Vien (v) = {
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Compared to the slope, the volume Vj,,, is more robust to changes in the position of the pole: it
is not hard to check that Vi, is continuous on & in Hausdorff distance dy (see (2.9)). Moreover,
informally speaking, pole k of a curve is point-like if and only if Vj,, is of order n? for n small,
see the proof of Lemma We will therefore prove by showing that the volume beneath a
pole is controlled in a sufficiently strong sense.

The basic ingredient is the following bound established in Lemma [B.I7 for each ¢,n € N5,
there is 1(q,n) = n(q,n, T,7"") > 0 such that:

1
sup limsupﬁlog}P’]ﬁV ('yN € E([0,7],&);

n<n(g;n) N—oo

1 /T _ 1 1

In words and informally, states that it is very unlikely for trajectories to spend longer than
T /n without the pole dynamics fixing the volume of a sufficiently small portion beneath each pole.
Simply by inclusion between the sets in the above probability, n — n(q,n) can be taken to be
decreasing. Up to reducing 7(q,n), we may also assume:

Vg € N>q, lim n(g,n) = 0. (4.26)
n—oo

Define then a set D, ,, with the following control of the poles:

Dy = E([0,T),€) N ﬁ {vm € {1, ..}, (4.27)
2 [ 1 {ptem Vim0 - @ - 0] > Lhar< L1

Since Vj, is continuous on & for the Hausdorff distance and the indicator function of an open
set is lower semi-continuous, the set D, is closed in E([0, 7], &) for each ¢,n € N>;. Moreover,

by (L29)

1
lim sup — log Py (v € D, N E([0,T],€)) < —q. (4.28)

N—oo

By construction, for ¢ € N>y, D, ,v C Dy, if n < n'. Asaresult, as n increases, poles of trajectories
in D,,, are controlled more and more precisely. For ¢ € N1, define then D, as:

Dy = () Dy (4.29)

n>1

As stated in the next lemma, trajectories in each D,, ¢ € Ns; not only have almost always
point-like poles (thus satisfy (4.18)) but also have kinks with slope e=” at each pole.

Lemma 4.2. Fiz q € N5y and let (v)i<r € D,. Then, for each k with 1 < k < 4:

for a.e. t € 10,7, lim inf |5 ~?Vip () — (¢” = 1) = 0. (4.30)

n—0

In particular, (v)i<r has almost always point-like poles. Note thus, for future reference, that v, is
almost always a Jordan curve.
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Before proving the lemma, let us establish the general upper bound (4.22)). For { > 0, n,q € N3,
and 3 > log 2, write using (4.28):

. 1 _
hmsupﬁ logIP’éV<'y,N € By, (7,0)N E([O,T],5)>

N—o0

1
< max { lim sup N log Pg <7N € By, (7,0)N Dq,n>, —q}. (4.31)

N—oo

By assumption, 7. does not have point-like poles. It thus does not belong to D, = N, D,, by
Lemma Since D,,, C D, for n > n', there is n, € N>; such that 4. ¢ D,,, for each n > n,.
By construction, each D, ,, is a closed set. There is thus ¢, > 0 such that:

V¢ € (0,¢),Yn>n, By, (7.¢) N Dyy = 0. (4.32)
Injecting this in (4.31]) proves the upper bound (4.22)):

1
\V/q S NZth S (07 Cq): lim sSup N IOg ]P)Jﬁv (VN € BdE (’77 C) n E([07 T]u g)) < —q. (433)

N—oo

Remark 4.3 (Upper bound in Theorem [2.19). To obtain (4.21)—(4.22)), it is nowhere necessary
that the trajectory 4. take values in £ (i.e. that it be close to 7™ in volume at each time, see

Definition [2.10). The only property of 4. that is used is that it satisfies Property 2.9 Rewriting the
proof with this more general condition, Equations (4.21)—(4.22)) correspond to the general upper
bound in Theorem 2.9 |

We conclude the section with the proof of Lemma [4.2]

Proof of Lemmal[{.4. Consider the north pole k = 1, the others being similar. Due to Definition [2.]]
of Q@ D &, a curve 4 € £ does not have point-like north pole if and only if there is ¢ > 0 (the width
of the north pole) such that, for any n > 0 smaller than some 7y(7):

Vig (%) = ne. (4.34)
In particular, 4 has point-like north pole as soon as:

lim iglf?flvlm(’y) =0. (4.35)

n—

Fix a trajectory (v:)i<r € D, and let € > 0. For each integer n > 1/¢, one has by definition of D,:

I _ 1
= / 1{\n(q,n) 2V, iam (70) — (¢ = 1)| > 5} dt < - (4.36)
0 n
Since 7(g,n) vanishes when n is large by definition (see (4.26))), this implies:
T
.. _9 (B _
11?J§f/0 {|nViy(n) — (¢’ =1)| > e} dt = 0. (4.37)

Using Fatou inequality, we find:

lixnn_jglf 17 *Vig(v) — (e —=1)| < e foraete0,T]. (4.38)
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Since € is arbitrary, . has almost always point-like north pole recalling (4.35)). Moreover, the last
equation, also valid for pole k # 1, implies that there are di,ds > 0 such that, for almost every
t € [0, 77, there is a sequence 7,(t) € (0,1) (¢ € N) converging to 0 such that:

VI<k<4VLeN,  n(t)dy < Vi () < ne(t)’da. (4.39)
For each such time ¢, the poles are point-like by (4.34) and at zero distance to the interior of the
droplet: ~; is thus a Jordan curve. O]

4.2 Upper bound on compact and closed sets

Equipped with the bound (4.21)), let us prove a large deviation bound for compact and closed sets
in £([0,77,&). The arguments are classical and reproduced here for completeness.

Upper bound for compact sets. Let first £ C E([0,7],€) be a compact set. Let n > 0.
By (4.21)), for each 4. € E([0,T7], &), there is (7.) > 0 such that:

1
lim sup < log Py (v.N € Ba, (7,¢(3)) N E([0,T], 5)) < —Ii(V ]y + 0. (4.40)

N—oo

Cover the compact set K by k, € Nx; balls By, (¥, ¢'(7.)), to find:

1 .
lim sup Nlog]%v <’yN € /C) < max ( - Iﬁ(’_Y.ZWref)) +n

N—soo 1<i<ky

< —inf Is(-]y™") +n. (4.41)

This proves the upper bound for compact sets.

Upper bound for closed sets. The upper bound for closed sets follow from the exponential
tightness of (P§ (-, E([0,T],£)), in Mi(E([0,T],£)), see Lemma 1.2.18 in [DZI0]. Establishing
exponential tightness is quite technical due to the poles, so we postpone it to Appendix and
conclude here the upper bound of Theorem [2.17]

5 Lower bound large deviations and hydrodynamic limits

In this section, we prove the lower bound in Theorem The method is classical (see [K1.99,
Chapter 10]). It consists in using Jensen inequality and an expression of the Radon-Nikodym
derivative between the unbiased dynamics and the dynamics with bias H € C on a finite time
interval to turn the proof of the lower bound into a proof of the hydrodynamic limit for the tilted
probability P¥,; (see Section .

The subtlety is that the contour dynamics is only well-controlled inside the effective state
space €. As basic ingredient to prove hydrodynamics, we thus need to know that trajectories
under tilted dynamics typically remain in the effective state space £ for short time. This is proven
in Section [5.2.1] We then prove hydrodynamics in short time (Section assuming there is
only one solution v to the weak formulation ([2.39)) with bias H € C.

If vH stays in the interior of the effective state space £ on a longer time interval, then the
hydrodynamic limit can correspondingly be extended to later time. This is carried out in Sec-

tion £5.2.3
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5.1 A first lower-bound

In this section, we reduce the proof of the lower bound to the proof of hydrodynamic limits for the
tilted processes. Recall the definition of the set Z (53, H,d,¢) for f > log2, £,6,T > 0 and H € C
from Proposition

Proposition 5.1. Let 8 > log2, T > 0, H € C and let v¥ € E,,([0,T],€) solve the weak
formulation (2.39) of anisotropic motion by curvature with drift H (uniqueness is not needed
here). Assume that v is in the interior of E([0,T],€):

3o >0, Bap (1", ¢) € E((0,T1,€), (5.1)

with Ba, (v, (o) the open ball of centre v and radius (y in dg-distance. Then:

1
lim inf lim infﬁlog JP’]BV (VN € Ba, (v, Q) = —Is(vF |y (5.2)

(=0 N—oo

1 ~
+ inf lim inf i inf i inf — log P (W € By, (V7.0)N Z(8, H,3, g)>.

6>0 e—0 ¢>0 N—o00

Proof. Let H € C be as in the proposition and (,d,e > 0. Write for short:
X =By, (v®, )N Z(B, H,0,¢). (5.3)
Then:
log PY (v € Ba, (77,¢)) = logPy (7" € X)

(Egg[wgmwex}
= log

log PY . (v € X). 5.4
Pg(’yN EX) ) + Og ﬁ,H('y- € ) ( )

Jensen inequality applied to the logarithm then yields, dividing by N:

EY [N‘l log DY 1.~ ]
8,H BHAANEX. 1
! + —log IP’]BV,H (WN €X). (5.5)

1 N(.N
_logIP’ﬁ (7 60)2— PgH(VNEX) i

N
Taking the limits and infima as in the statement of Proposition the second term already has
the desired form. Let us compute the expectation. Notice first that elements of By, (v, () have

well controlled-length. Indeed, v# € E([0,T], ) means that its length is integrable in time, so
that there is ¢(H,T) > 0 with:

/ " dt < o(HT). (5.6)

One readily checks that the length of a curve v € £ in 1-norm is given in terms of the distance
between the poles:

Y| = 2[L1(v) — Ls()] - brjz + 2[La(7) — La(7)] - bo. (5.7)
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Each functional in the right-hand side is 1-Lipschitz in Hausdorff distance (see below (B.3)), thus:

T T
V. € Buy (4, 0). /wtss / (o ) de + c(H,T) <8¢+ c(H,T).  (5.8)
0 0

Recall now the formula ([£.3) for N~"log D§',: for ¥~ € E([0,T7],€),

T

N Mog DYy0Y) = ~ 6N+ [ w8zt (5.9
0

There is moreover C'(H) > 0 such that, for each A > 0, on the set Z(3, H,6,¢) N E([0,T],€) N
{fOT |vN|dt < AT}, the quantity w satisfies:

’/OTw(Ht,é,e,yfV)dt’ < 25+0(H)T(5+%). (5.10)

In view of the bound (5.8)) on the length, the above bound on w is valid on X. Taking the lim inf
in N, the expectation in (5.5) is thus bounded from below as follows:

E]BVH [Nfl log Dé\iHl'yNeX] EEVH [( - Jf[,&‘) 1W.N6X:|
lim inf — ~ ~ > lim inf ~ ~
N—oo PB,H(V- c X) N—oo PB,H(V- c X)

— 26— C(H)eT.  (5.11)

Since v € E,,([0,T],£), it is a point of continuity of .J f],s by Proposition There is consequently
a real function mg_n g (-) > 0 such that:

sup [ .(7) = T ()] = m (), limmg g (C) = 0. (5.12)
¥.€Bap (77 ) -

As X C By, (7vF,¢), we deduce:

EY ;| N log DY 1, vex |
lim inf lim inf — ~ ~
(=0 N—oo ]P)ﬁ,H ('y c X)

> —Jp (v) =26 — C(H)eT. (5.13)

By Proposition Jg’e(yﬁ) converges to Jo (y") when ¢ vanishes. Taking the liminf in e, then
the infimum on ¢ in the last equation thus turns its right-hand side into:

inf lim inf{ — T8 (1) =26 — C(H)eT} S ) (5.14)

6>0 e—0

To establish the claim of Proposition it only remains to prove that Ji (v) = I3(v7|y™"). For
G € C, recall the definition (2.43) of J2:

M =t =5 [ [ Gt suoes) s (5,15
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where ¢2, is the functional defined in (2.42). Above, recall that, for a point v/ (s), 6(s) is the angle
of the tangent vector T(6(s)) = cos(6(s))bg + sin(f(s))b, > with the horizontal axis at 77 (s).
From the weak formulation (2.39) of anisotropic motion by curvature, one has, for each G € C:

G = [ GeAl DI ) (o) ds i (5.16)

As a result,
Is (v |y ) := sup Ja(v!)
gec
1 T 2 H 1 T 2 H
== H?(t,7/(s))u(6(s)) ds dt + sup . — = (G — H]™(t, 7 (s))u(0(s)) ds dt
2 0 'y{{ GeC 2 0 fytI{
I
5 [ [, A ) utos) ds it = T (5.17)
0 Joyff
This concludes the proof of Proposition [5.1} O

5.2 Hydrodynamic limits for the tilted processes

In this section, we prove hydrodynamics for Pg y (H € C) under a uniqueness condition, thereby
proving lower bound large deviations by showing that the probability in Proposition vanishes.

Fix 8 > log2 and H € C throughout the section. Let T'> 0 and v € E,,([0,T], &) solve the
weak formulation of anisotropic motion by curvature with drift H on [0,7]. Assume as in
Proposition [5.1] that v is in the interior of E([0,T],&): for some ¢y > 0,

By, (7", 6) € E((0,T1,€). (5.18)

Proposition 5.2. Under the above assumptions,

| )
inf lim inf lim inf lim inf — log P}’ (7,N € By, (v",0) N Z(8, H, 5, 5)) — 0. (5.19)

6>0 e—0 ¢>0 N—o00

The proof of Proposition takes up Sections to [5.2.3] We proceed as follows. First,
we get rid of the technical condition that trajectories belong to Z(ﬁ, H,d,¢), in Lemma We
then prove that trajectories typically stay in E([0,T], &) for sufficiently small time T > 0, in Sec-
tion [5.2.1] thereby proving the first item of Proposition [2.11] This result is used in Section [5.2.2] to
establish short time hydrodynamics for the tilted processes. This proves Proposition for short
time. Finally, in Section we extend the short time hydrodynamics to the whole time interval
[0, T, concluding the proof of Proposition

Let us first deal with Z(ﬁ, H,o,¢).
Lemma 5.3. With the notations of Proposition

. . . . 1 N N H 7
(1SI>1£ hran_}glf 11rg1>10nf 11NIILIOI<1)f ¥ log Ps <7, € By, (v,Q)NZ(B, H, 9, 5))

= 11r<n>10nf lﬂlgf N log P3 (7, € By, (7 ,C)) (5.20)
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Proof. Write first:
Pg{H(VN € BdE<7H7C) N Z(ﬁ>Ha 575))

=PJy (7-N € Ba, (71, O) ~-Ef [Dé\{leNeBdE('y.H,C)ﬂ(Z(B,H,é,s))C] (5.21)

Corollary bounds the Radon-Nikodym derivative for trajectories in E([0,77],€) as follows.
There is C(H) > 0 such that:

vN e E([0,T],8), DY () < exp [C(H)N + C(H)/O B dt]. (5.22)

Since By, (v",¢) € E([0,T),€) for small enough ¢ by Assumption (5.1]), the above bound is valid
for microscopic trajectories in Bg, (v, ().

For trajectories in By, (v, (), the time integral of the length in is bounded by ¢(H,T') +
8¢, see (b.8)). As a result, for 4, > 0:

Py (2 € Bag(07,0) N 2(8,H,6,2)) = P (v € Bap(57,0))|

< CUDNFCUN (D) T8O PN (V.N € Ba,(v", Q)N (Z(B, H. 5, 6))6)' (5.23)

Moreover, we know by Proposition that, for each A > 0:

T

limlimsupilogIP’]BV (’yN € E([0,T],E)N {/ 14| dt < AT} N (Z(8, H,é, 5))C> = —o0. (5.24)
e—0 N—o00 N 0

Since Assumption and the bound on the length imply By, (v#,() C E([0,T],€) N

{ fOT |ye| dt < AT} for any AT > ¢(H,T)+ 8¢, the above bound applies to estimate the right-hand

side of . Taking the logarithm, dividing by N and taking the liminf in N, then in (, then in

€ in yields the claim of the lemma. O

5.2.1 The droplet moves on a diffusive scale

In this section, we prove that trajectories typically stay in the effective state space £ on a short
diffusive time scale, corresponding to item 2 of Proposition [2.11} Recall the convention that, for
two interfaces v,y € 2 with associated droplets I', I":

dpi(v,7) = dp(T,T), with dp(I,T) = / 11r — 17| du dv. (5.25)
R2
Lemma 5.4 (Short-time stability of £). Recall that the effective state space € = By, (v, rg) is

defined in Definition|2.10. For each € < ro, there is a time t(c) = t(3, H, e, |y™|) > 0, independent
of v except through its length, such that:

]\}%OP]BVH< sup dp1 (7Y, v") < 52> =1 (5.26)

t<t(e)
For other initial conditions, for any 7 € (0,70) and each k larger than some k(H,~*") > 0, there
is a time ty = to(B, H,7, k) > 0 such that:

. . N
]\}l—r}})o ’yNEQ]\lfI.lﬁ"/N|<H Pl <7N © E<[0’t0]’g)> =1 (5:27)
d1 (el AN ) <72
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Proof. The proof of is similar to the proof of the same statement in [CMSTT1I| for the
stochastic Ising model. In both cases, the idea is that changing the volume of the droplet requires
adding or deleting a number of blocks of order N2, which takes time. The additional difficulty in
the present case comes from the pole dynamics: droplets can grow.

To deal with growth, we prove in Lemma that, under Pjﬁ\f 17> the length of a curve typically
stays of order N on a diffusive time-scale. More precisely, for each T' > 0, there is C(5, H,T) > 0
such that, for each A > 0:

. 1 N N N
_ >
lim sup N log P3 (7, € E([0,T],E)N {sup v | > A})

N—o0 t<T

< —C(8, H,T)A + |y|5. (5.28)

In the following, kg > 0 is a constant such that the right-hand side of is strictly negative.

For trajectories with length bounded by sy, we will be able to use the following result. Recall
the convention that the volume distance between two curves is the volume distance between
their respective droplets.

Lemma 5.5. Let ¢ > 0. There are functions Jy, J, € C%(R?, [0, 1)), with gradient bounded in terms
of g, |y"t| only, such that for any curve v € €& with di (v, 7" > €2 the following holds:

max ‘<F,Ji> — <Fref,Ji>‘ > e?/4,  where <F, Ji> = / Ji(u,v) du dv. (5.29)

i€{1,2} r

Let us momentarily admit Lemma established at the end of the section, and prove (5.26)).
Let € > 0, let ¢5* denote the first time ¢ > 0 such that:

da (97, 7™ > €2 (5.30)

Take € € (0,70) so that trajectories take values in € at least until time ¢5*. Introduce the dynamics
Pg’]‘}t, corresponding to P]ﬁ\CH, but stopped at time t5*. Then, for each t > 0:

PY (150 <t) =Py (¢ < t)
=5t (v € B(0.4,8) n {12 < 1})

=P (Y € B(0,4,€) 0 {sup Y| <k f 0 {12 < 1)) o). (5.31)

<t

The last equality follows from (5.28). By Lemma there are functions Ji, o, € C*(R?[0,1])
depending only on v, e, k7, such that:

Pg}? (VN € E([0,t,€) N { Sup V| < /{H} N{tt < t}) (5.32)
< Pg;f (’YN € E([0,t],€)N {sup VY| < /-@H} N { max sup {<FiY, JZ-> — <Fref, JZ>| > 52/4}>
’ t'<t i€{1,2} p<y

< Pg\{H(v,N € E([0,t],€) N {sup VY| < KH} N { max sup (T}, J;) — (", ;)| > 52/4}>.

<t i€{1,2} <y
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To estimate the last probability, let us write, for each i € {1,2} and ¢/ < ¢

. 1 1 ,
(O3, Jiy = (11, ) = < log Al + < 1o DY () uzr), (5.33)
/ dpy
with Dévlt{ g o= iﬁ;ﬁ“i the Radon-Nikodym derivative up to time ¢’ defined as in (4.1)) (setting
s 11,4 B,H t/

Ji(u, ) = J;(+) for each u > 0) and:
t/
Vi e {1,2},vt' <t, log A7 = / ]\726_]\7<F{L\r"]7‘>EﬁjHeMF{Y’J"> du. (5.34)
0

For trajectories with values in £, Corollary can be used to estimate A7 (the bound in Corol-
lary [3.9]is for L rather than Lg g but this latter case is identical): for some C;(H, ¢, |[y*f|) > 0,

1 _ !
V’Y-N S E([O,T],€)7 sup N‘ 1Og A;]’Z(’YNM < Ci(H75a |’7ref|)/ |/71£V| dt. (535)
0

V<t

As a result, for each ¢ € {1,2}, one has:
PgH(v,N € E([0,t],€) N { i}gt) V| < /-cH} N {f}g (T, J;) — (et 7| > 52/4}>

=P, (v € B([0.4,€) N {sup |1 < kg b 0 {sup DYy, > ¥/ -cititelr it L) - (5 56)
v<t 7

<t
Since (Dévg Ji)t/St is a mean-1 martingale under ]P’g 1> Doob’s maximal inequality yields:
Pjﬁ\fH(iugz Dgﬁ,Ji > 6N52/4—Ci(H,s,\'yref\)nHt> < e—N62/4+Ci(H,s,|'y“’f|)nHtEgH [ Djf;}{ n
- _ e—N62/4+Ci(H,E,|'yref|)mHt' (5'37)

Equation (5.31) and the last inequality imply that P, (t5* < t) vanishes with N as soon as

t < e?/(4ky max{Cy(H, e, |v*|), Co(H, e, |y*f])}). This proves admitting Lemma [5.5]

To prove , notice that the functions Jy, Jo built below in Lemma for y°f can be built
similarly for any v € £ with |y| < k. The only change is that the constants C;(H,e) appearing
above now depend on k.

Proof of Lemma[5.5 Let ¢ > 0 and 7 € £ be such that:
dpi(v,7") > &2 (5.38)
Let I' be the associated droplet. One has:
either |0\ T™| >¢?/2,  or [\ T|>¢e?/2. (5.39)

Let J; € C?(R%[0,1]) be a smooth approximation of 1p.r equal to 1 on ™. Tet also J, €
C2(R?,[0,1]) be a smooth approximation of 1(pwery. supported on the interior of (I'™")¢. We claim
that Ji, J, can be chosen as functions of I'™ and ¢ in such a way that:

IC\T™| >¢e%/2 = ([, J) — (™ 1) > /4,
I*\T| >e%/2 = (™, J)—(L,J;) >e"/4 (5.40)
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Indeed, consider e.g. J;. Due to the fact that 4t €  can be split into four pieces by Definition
of Q, for any curve 7 at Hausdorff distance at most n > 0 from 7™, there is a universal C' > 0 such
that the distance dp1(7y,7") is bounded by Cn|y™t|. Tt is therefore enough to ask for J; : R? — [0, 1]
to be supported on points at distance at most £2/(4C|y™f|) from '™, as this implies:

52

2

3
- — =— 5.41
a (541

2
2 4

<Fref7J1> o <F,J1> Z ‘Fref\rl o ‘F\Frefl 2

Jo is treated similarly, and we may choose the gradients of .J;, J» to be bounded in terms of e, [y

only. This concludes the proof of Lemma thus of Lemma [5.4 O

5.2.2 Short-time hydrodynamics
We can now prove hydrodynamics for short time, under an additional uniqueness assumption.

Proposition 5.6 (Short time hydrodynamics). Let 7 € [0,r], so that (recall Definition of
£):

By, (v*,7) C €. (5.42)

Let also ty = to(B,H,7,k) € (0,T] be the time of Lemma with a large enough £ > 0 in
terms of H,v*t. Assume that the weak formulation with drift H has a unique solution
v e E([0,t0], €) starting from the initial condition v*' of Deﬁm’tz’on (in other words, with the
notations of Theorem assume Y7 € Ag,, ). Let (u)n be a sequence of probability measures
on (5, dLl), converging weakly to 0.wer and such that:

dim Y (7Y = k) =0 (5.43)

Then:
. LN
w> 0t B (0 # Bup (i) ) =0 (5.44)

Proposition [5.6|is implied by the following lemma, in which hydrodynamics for (P} ;) are es-
tablished in short time thanks to Lemma 5.4/ and the uniqueness assumption on solutions of (2.39).
The proof of Lemma in particular contains the proof of Proposition [2.13]

Lemma 5.7. Let k,ty and the sequence (u™¥)n be as in Proposition . Then (PgH)N converges
to 5(%11)t<t0 in the weak topology of probability measures on (E([0,t],Q),dg), with Q the general

state space given in Definition . In particular (5.44) holds.

Proof. The complementary of the open ball By, ((7{7):<4,, ) is closed in E([0, to], ) for each ¢ > 0.
Equation (5.44)) is therefore a direct consequence of the weak convergence result, which we now
prove.

The hypothesis (5.43) on the initial law p ensures, by Lemma that:

lim P}, (W c E([(xto],e)) ~ 1 (5.45)

Under this condition, in Appendix |B.3| (see Corollary [B.14)), the sequence {]P’g]jq : N € Ny }is
proven to be relatively compact in E(]0, ¢0], €2), with limit points supported on E(][0, to], £) that are
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continuous in dp1 distance. Let P ; be one of its limit points. In view of (4.28) and Lemma
P% 5 is supported on trajectories starting from a curve 4% with dp:(7°,7™) = 0 and with almost
always point-like poles (for each ¢ € Nxq, they are in the set D, defined as in (4.29)) with ¢, instead
of T').

To prove that P ; = 6(7H)t<t , let us prove that P5 ;; concentrates on trajectories that satisfy

the weak formulation (2.39) of anisotropic motion by curvature on [0,%y]. This is sufficient to
conclude the proof of Lemma , because we have assumed that (y7);<, is the unique solution

of ‘ on [Oatﬂ]‘

To prove this concentration property, the standard idea (see e.g. Chapter 4 in [KL99]) is to
start from the following semi-martingale representation: if t > 0, G € C and (T'});>0 is as usual
the trajectory of droplets associated with microscopic curves (77" )0,

t t
(T¥,G,) = (TY, Go) + / (T, 0,G.) du + / N2Ls (TN, G du + MY, (5.46)
0 0

where (M, N’G)t is a martingale. By assumption, 73’ converges in dp:-distance to the initial condition
et of the trajectory v7. Computing the action of the generator Lsy, (defined with the jump

rates ct of - is done in exactly the same way as the computation of the Radon-Nikodym

derivative in Section [3.2] This gives, for each ¢ > 0 and G € C, the existence of £(¢) > 0 with:

Ve € (0,£0(Q)), Vt < to, lim. Py (| Xees <¢) =1, (5.47)

where for v. € E([0,%],£), and t < ¢y, recalling the definition of «, p in (2.36)—(2.38):

t
XG,{-:,)&(”Y-) = <Ft, Gt> — <Fref’ G0> —/ <Ft’7at/Gt’> dt/
1 [ ’
i L

+ Z/ 0 T (t 7Lk(’7t’)) + G<t/, Rk(%gl))} dt’

=-m(y(s))] T°- VG(t, 7 (s)) dsdt’

/ / ]TE bo||T - byal (HG) (£, 70 (s))” ds dt’. (5.48)
3%/(8

In view of the ¢ — 0 convergence results of Proposition (see more precisely the proof in
Section , if we can prove also holds under ]P 5., then we are done. This is not
immediate because X¢ .+ is not Contlnuous on E([0,t],) due to the poles. Recall however that
IP% 7 is supported on the closed set D, (defined as in 1) with ¢ instead of T there) for all ¢ larger
than some q(H, tg) as follows from the estimate and Corollary [6.2] to transfer this estimate
to IP’ - 1rajectories in D, have almost always pomt hke poles and are therefore continuity points
of XGst by Proposition {.1] E For g > q(H,to) henceforth fixed, this implies:

{’XG,s,t| < C} ND, = {|XG,5,t’ < C} N Dy, (5.49)

where U denotes the closure of a set U C E([0,to],2) for dg (defined as in (2.35) with ¢, instead
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of T'). Thus, for each € € (0,¢0) and each t < t,:

1 = timsup B ({[Xeal < }) < By ({1Xaeal < ¢F) = B ({IXaed <0 D)
—00
= P27H(]XG,€7t\ < () (5.50)

This concludes the proof of Lemma thus of Proposition [5.6] O

5.2.3 Extension to later times

In this section, we extend the hydrodynamic limit result of Proposition to the whole time
interval [0,7] on which ¥ is assumed to take values in the interior of £ in the sense of (5.I).
This concludes the proof of Proposition which together with Lemma [5.3[ and Proposition
concludes the proof of lower bound large deviations in Theorem [2.17]

Proposition 5.8. Let T > 0 and assume that there is a unique solution (v2)i<r € E([0,T],€)
of the weak formulation ([2.39)) of anisotropic motion by curvature with drift H. Assume that v
stays in the interior of £ until time T in the following sense:

Jrg > 0,Vt € [0,T], By, (v, r3) CE. (5.51)
Then:

¥C>0,  lim By (2 € B0.T),€)N Bus(2.0)) =1 (55

Remark 5.9 (Lower bound in Theorem . Proposition states that, if ¥/ stays inside £ up
to a time T larger than the time ¢y of Lemma [5.4] then hydrodynamics are valid up to time 7.
However, the only properties of £ that were used are 1) that curves in & satisfy Property
which enables us to compute Radon-Nikodym derivatives and 2) that if a curve is in £, then all
curves in a small volume neighbourhood satisfy Property[2.9) (see Lemmal[2.7)). Thus Proposition
extends to any trajectory satisfying Property[2.9]at each time. This in particular implies the general
lower bound in Theorem [

Proof. The claim of Proposition [5.8]is proven in Proposition [5.6{up to the time to(3, H, g, [7**f|) €
(0,7T) of Lemma The point here is to show that the result holds up to time 7. To do so, we
iterate the results of Section [5.2.2] on small time intervals, built so that the length and volume of
the droplet stay well controlled on each of these intervals.

The intervals are built thanks to the condition and a bound on the length as follows. By
Lemma [6.1], there is kg > 0 such that, for each t < T"

A}iinoo]P’g’H (VN € E([0,t,&)N {sup VY| > RH}) =0. (5.53)

<t

Recalling the times in Lemma and the definition of ry from (5.51)), one can then consider
intervals of length:

£ := min {t(/a, H,rw, 7)), to(8, H, 1, HH)} >0 (5.54)
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and apply Proposition on each of these intervals as we shall see. Let n:= |T/ty| + 1 and let
us prove by recursion on 1 < ¢ < n that hydrodynamics hold up to time ity, i.e.:

V¢ >0, Nllggopjﬁvlf <7N € B([0,itg],€) N BdE((%F)?&Sit;qu)) =1 (5.55)
On [0, tz], Proposition [.6] yields:

Ve 0, tim By (2 € B0, 1], €) 0 Bag (i< O)) =1, (5.56)

which is the 7 = 1 claim. Assume the claim holds up to i — 1 < n. To prove that it holds at rank
1, it is enough to prove:

V¢ >0, NhjnooPgH (E([(i — Dtg,itg],€) N BdE((Vf{)(ifl)tHgtgitmC)) =L (5.57)

To prove the last equation, we would like to use the Markov property, then apply Proposition

To do so, we need to check that the law PJAXH(V(J\ifq)tH € ) of 7(];]71)@ concentrates on curves with

bounded lengths in the sense of (5.43) and converges to 57(;_1 o for the weak topology associated
i—L)tpg

with dyi. We prove it as follows.
Equation (5.53) applied to ¢t = (i — 1)ty and the recursion hypothesis bounds the length of
supported trajectories:

lim PgH< sup ] > HH) — 0. (5.58)
t<

N—o0 (i—l)tH

Moreover, as v is continuous in dji-distance, the mapping v. € E([0,T],€) > dpi (v, v) is
continuous for the distance dg for each time ¢ € [0,7]. The hydrodynamic limit up to time
(1 — 1)ty, given by the recursion hypothesis, then yields the desired convergence (in fact also in
probability rather than only weakly):

Vn > 07 A}vlj)noo ]P)év,H </y(]¥—1)tH < BdL1 (7(13—1)@, 77)) =1 (559)

For short, write pY , for the law of 7(]2[_1)15},- As a result of the last two estimates and the Markov
property, (5.57) holds as soon as:

N .
VC > 07 ]\}1_{1(1)0 Pg?l_{l <7N € E([O,Zt}[], (‘:) N BdE ((’ytH)(ifl)tHgtSitH> C)) =1. (560)
By Assumption (5.51)), 7(13—1)15,{ satisfies the property (5.42)) demanded of v*f in Proposition
with 7 there replaced by 7. We also just checked that the initial condition u2 , satisfies the same

properties as the initial condition of Proposition with 7™ replaced by W(Iffl)m. Proposition
thus applies to prove ((5.60). This completes the induction step and the proof of Proposition . O

6 Behaviour of the poles and 1, _, terms

In this section, we focus on the specificity of the contour dynamics: the behaviour of the poles.
There are two main results. The first is the control of the length of a curve, which is the first item
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of Proposition 2.1T} The second is the proof of Proposition 2.12] which states that the regrowth,
e 2% term in the generator can be seen as the action of a moving reservoir of particles,
fixing the density of vertical edges in its vicinity (i.e. the tangent vector at each pole) in terms of
B. This fact is proven in Subsection Preliminary estimates are established in Subsection
which presents a useful bijection argument, used to both bound the pole size and establish local
equilibrium at the poles. In addition to being useful for Section these two results were used
in Sections A bias H € C is fixed throughout.

6.1 Control of the length of a curve

This section is devoted to the proof of the first item of Proposition 2.11] i.e. the control of the
supremum of the length of a trajectory. This estimate is central to the proof of large deviations: it
enables one to prove, in Corollary [6.2] that if an event has probability decaying super-exponentially
fast under IP’ZBV, then this remains true under the tilted dynamics IP’QCH, HeC.

Lemma 6.1. Let § >log2 and T > 0. There is then C(8) > 0 such that:

VA >0, hmsupﬁlogIP’ﬁ (sup VY| > A> < —C(B)A+ |y8. (6.1)

N—oo

Moreover, take a bias H € C. There are constants C(8,H,T),C(H) > 0 with t — C(B, H,t)
increasing, such that:

1
VT,A>0, lim sup — logIP’gH (E([O,TLE) N {sup VN > A})
Nooo N ’ <T

—C(B,H, T)A+ |y*'|8 + C(H). (6.2)

Proof. The proof relies on the structure of the invariant measure. We start with the H = 0 case.
First, as 3 > log2, the partition function ZJ" normalising 3" (see (2.16)) is bounded. One has,
for some ¢ > 0 such that [yN0] < |y™f| + ¢°/N for each N:

l/N
Pg(fgl; Y| > A) < vy (") 'Ry (Sup Y| > A)

< Zje BNy |+? )IP’ (sup VY| > A) (6.3)

Let b > 0 to be fixed later and split the time interval [0, 7] into N slices of length TN ~° to obtain,
using the invariance of v/}";

Py (sup VY| > A) < ZJN'e BN (Iyrefl+c )]P’ o ( sup VY| > A> (6.4)
<N~

To estimate the last probability, let us decompose |yV|: for each t > 0,

1 1
=l |+ + IOth Nlog Dy, (6.5)
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where D. is a mean-1 exponential martingale and V. is the finite variation process given by:

1 1 /[
vVt >0, N log V; := N/ e_vag‘Ngﬁ[geNhgldt (6.6)
0 Z pk 7u - 1)(62 - 1) + 1Pk(%iv):21(v y—ReQN. <6_2 - 1)]du~
k=1

To estimate the probability in , it is enough to separately estimate the probability that
|7{'] > A and the probability of the suprema of each of the other two terms in (6.5). Let us start
with [y|. Since the number of curves in Q. with n € N5, edges is bounded by cn*2" for some
¢ > 0, the following equilibrium estimate holds:

1 /
z/év<|ny] > A) < ZN Z en'2%e M = 0(eN), 0< B < B—log2. (6.7)
B n>AN

Counsider now the finite variation term (6.6). Bounding each py by C'N for some C' > 0 and using
Chebychev inequality to obtain the second line below, we find:

o 1 N N2(e2—1) (IN" 2 ANe??
]Pﬂﬁ ( sup Nlog‘/} > A) < ]Pﬁf’ <¥/0 Zpk(fyév)ds > )
k=1

t<N—bT 4

ANe?8 CTN3—b
< . TN /2
< exp [ =1 1)}6
S eCT/Qe_A]\TeQB(52—1)71/4 fOI' b Z 3 (68)

Consider finally the martingale term %log Dy in (6.5). As D, is a mean-1 positive martingale,
Doob’s martingale inequality gives:

Pﬂﬁ ( sup log D; > A) < e_ANEﬁﬁ [DNbe} =e AN, (6.9)
t<N-bT

Putting (6.7)-(6.8)—(6.9) together yields the claim of Lemma [6.1] when H = 0.

Take now H € C and let us prove ([6.2). Recall from Corollary [3.9 that there is C(H) > 0 such
that the Radon-Nikodym derivative D, = dP , /dP¥ |7 until time T satisfies, for each T' > 0:

vy € B(0,T],€),  log DY y(7™) < exp [C(H)N+(J(H)N/O I |dt} (6.10)

We will prove the following: until time t, = t.(8, H) := C(5)/(2C(H)), for each A > 0,k > 0 and
each initial condition ) € £ with length bounded by x:

_cp)A

— + B+ C(H). (6.11)

lim sup % log]P’é\fH (E([O,t*],é’) N {sup VY| > A})

N—oo

Assuming (6.11)), let us conclude the proof of Lemma Let n, € N be such that (n, — 1)t, <
T < n,t, and define a sequence (b;);en through:

% =C(B) +bi(B+1og2), ieN. (6.12)
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Write then:
N N
>
P (E(0.7.€) 0 {sup 3| > b, A} )

<Pyy (*y(n*—l)t* €&, sup || >bo A, sup || < bn*71A>

t<nyts t<(n«—1)t«

+ IPQH(E([O, (n. — DL, E) N { sup |y > bm,lAD

t<(nx—1)t«

<) Py (7(]\1‘[—1)1;* € & sup [y > A, sup || < bi—lA)
P t<it, t<(i—1)tx

+ PQH(E([o,t*],g) N {sup N > blA}). (6.13)
t<t,

The last probability is estimated by (6.11)). On the other hand, apply Markov inequality to each

term of the sum to find, for 2 < i < n,:

PYg (1. € & sup Y| = i, sup o] < bi1A)
t<it. < (i—1)tx

< sup ]P’g]\;[(sup IvN| > bl-A>. (6.14)
WeaN ne T Mt

YNV <bi-1 A

Using (6.11) and the fact that there is ¢ > 0 such that the number of curves with ¢ edges in Q2.
is less than cf*2¢, we find for 2 < i < n,:

1
lim sup N log IP’JBVH< sup VY| > b A, sup 7] < bi,lA)

N—oo t<ity t<(i—1)t«

< _C’(ﬁz)bi/l + b1 (B +1og2)A+ C(H) = —C(B)A + C(H). (6.15)

This estimate and (6.11]) corresponding to i = 1 prove (6.2) assuming (6.11), with C (8, H,T) :=
b, L.

Let us now prove the short time estimate (6.11)). Starting again from (6.10)), one has, for each
T >0:

P]’XH({ §1<171? h/tN’ > A} N E([O,TL(C/')) < eC(H)NE]ﬁV [eC(H)NTsupth l’yg\]‘lsUPf,gT \’YiN\ZA] . (616)
By (6.1)), this expectation reads:

E]ﬁv |:eC(H)NTsuPt§T hg\,‘lSUptST |'Yt‘2Ai| < / eC(H)NT)\P/J[;’V<iI<1¥ ‘fyt]\f’ > )\) d\
A <

< /OO (CUNTA=c(BINA+ BN 1y (6.17)
~Ja
Setting ¢,.(8, H) := C()/(2C(H)) concludes the proof of (6.11)), thus of Lemma O
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The following corollary explains how to use Lemma to argue that events with super-
exponentially small probability under ]P’N also have super-exponentially small probability under
the tilted dynamics IP’N for H € C. Typlcal examples are the sets (D, ), for fixed n, see (4.27)
and Z = Z(8,H,¢,0) for e <go(d) and § > 0, see (4.12)).

Corollary 6.2 (Sub-exponential estimates for tilted dynamics). For a time T > 0, let (xa1)as0 C
E([0,T],8) be a family of sets such that, for some C(B) >0

VT > 0,YA >0,  limsup N log P/ (X;,T N E([O,T],g)) < —C(B)A. (6.18)

N—oo

Then, for each H € C and each time T > 0, there are constants C(5,H,T),C(H) > 0 (different
from those of Lemma with t — C(B, H,t) increasing, such that:

1
VI, A>0, limsup NlogIP’ﬁH<XAT N E([0,T], 5)) < —C(8,H,T)A+ C(H) + |y|8. (6.19)

N—oo

Proof. Let A’ > 0 and write first, using Corollary

Py i <Xf4,T N E([OaT]7E>> < Eg[lxinﬂE([O,T] £)n{supror 1N 1<41 D, H} + P5H<Sup | > A)

< ec<H>N<1+A'T>]pg( Xar NE(0,7],€) N {sup | < A'})
+ P (sup |l > 4). (6:20)
t<T

The first probability is controlled by (6.18)), the second by the tail estimates for the length obtained
in Lemma so we conclude the proof here. O

6.2 Size of the poles and local equilibrium

In this section, we prove Lemmas 3.5 i.e. we estimate the time integral of the number of
blocks p; in the north pole P; and of the following term, for any test function G € C:

WEN) = Y (Luevmapmacan, —e )G(tx), AN e, t>0.  (6.21)
zePi(v)
:DJrefEPl('yN)

Notation: As we only work with the north pole in the following, we drop the subscript 1 and
simply write P = P; and p for its number of blocks. Moreover as we only consider microscopic
curves, we remove the superscript N on curves, writing « for 4v € QY. . We also write v for z/év .

Lemma 6.3. Let T'> 0. For each N € N>y and each 0 < a < N/2,

2Na?T
Eﬂ[exp aN/ (p(7%) 1)dt“ < exp [NCLT—I—N—QCJ’ (6.22)
so that for each A > 1:
lim —1 Py ! T*%(( )—1)dt > A) = — (6.23)
iy 1oe B (7 ) 000~ iz 4) = o -
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Moreover, for each 6 >0 and G € C,

1 ~ T
Jim = log P (‘T/o Wi () dt

By Corollary the limits (6.23)~(6.24) hold also under P, with the additional condition that
trajectories belong to E([0,T],E).

> 5) — —o0. (6.24)

The proof of Lemma relies on a bijection argument, stated in the following lemma, for
which more notations are required.
If v € QY. (recall that we drop the N superscript on microscopic curves), let p'(y) denote the
number with centre at height z(y) — 5% in the associated droplet ' (i.e. blocks directly below

those that form the poles, see Figure [11):

3
P(v) = Hblocks in [' with centre i with i - b/, = 2(7y) — ﬁ} : (6.25)
where 27 is the largest ordinate of points in a curve:
z1(7) ==sup {z - brp:z €7} (6.26)

Write E, for the expectation under the static measure v = Vév and E,, for the expectation under
fv when f is a density for v and v; denotes the associated probability. Define the Dirichlet form
Dy of the contour dynamics:
1 - \72
Dy(g) == —E, [gﬁsg} =3 S ver N —9@], g N o R (6.27)

7AEQY

mic

Lemma 6.4. Let f be a density with respect to the contour measure v. Then, for any integer
A>2,

VB - e e ] <200 (629

[Vf (p=2,7"" € Qpic. ¥ > A)
The indicator function 1-icay in the first probablity ensures that the deletion of a pole is a
dynamically allowed move (it 1s not true for all curves as the point 0 must belong to droplets
associated with curves v € QY. and deleting the north pole could make this fail).
Equation also holds with p’ < A,p < A instead of p' > A, p > A respectively in the probability
and in the expectation.

Proof. We prove the result with A = 2 (i.e. without constraint on p'), the general case is similar.

Fix a density f for v and define U on QY. as follows:

Yy e, U(M) =e*(p(y)—1). (6.29)

Let us first prove that vs(p = 2,7>! € QX)) and El,f[U] are comparable, up to an error that can

be expressed in terms of the Dirichlet form Dy (f!/?).
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A F |
Ymax-1/(2N) |---------------1 p=5
ymax'3/(2N) ------- | p|=6

Figure 11: Neighbourhood of the north pole of a curve v € QY. (thick line) and the v, n <p—1=4.
~3) is the curve 7 to Wthh the two blocks delimited by dashed lines are added. Conversely, any of the
7™M n <4isin {p =2,y € QV. } and deleting the two blocks constituting their poles turns them into

~. The curve v has p = 5 blocks in the pole, corresponding to blocks with centre at height z; — ﬁ, and
p’ = 6 blocks on the level below, i.e. with centre at height z; — %

Each v € QY. can be turned into any one of the curves 4, ..., 4P~V with two blocks added
atop the north pole, where (™ is identical to v except that two blocks sitting on the edges n,n+1
are added, counting the edges from the left extremity of the pole (see Figure . Note that the
7™ correspond to the vH* with x, x + e> € P in Definition , where n stands for the number of
the block at x.

Conversely, the north pole of each curve ¥ with p = 2 and 7! € QY. can be deleted to obtain
a curve v = (7)7! which is still in QY. . The resulting curve v has length |y| = || — 2/N. The

same curve 7 can be obtained p — 1 = p(v) — 1 times by deleting the pole of size 2 of a certain 7,
with these 7 corresponding to curves in {7 : 1 <n < p — 1}, see Figure . Thus:

Vs (p =27 € QIJXIC) = Z v()f(7)

ye{p=2,7"1eQl, }

mic

= Z Z 1{3n§p_1;@:7(n>}y(7)6726f(,y(n))

ye{p=2,7—1€Ql, }VGQN

mic mic

_ Z (7)6_2’82]“(’)/(")). (6.30)

~eQN.

mic

Add and subtract the quantities needed to bound the second line by the Dirichlet form Dy (f'/?):

vilp=27""€Q) = D (7)6‘252_: [FO™) + f () =272 () S (/™)

~eQN.

mic

=Y v - 22#/2 TERCUR) G 1Y

~eQN.

mic

67



To estimate the second line of (6.31)), apply Cauchy-Schwarz inequality to the sum Zi;i to obtain:

vi(p=2,v""€QN.) <2Dn(f*) = E,, [e*(p—1)]

+2 3 () (p— 1)V [Z i ] L (6:32)

yeQN.

mic

Recall the definition of U from (6.29) and again use Cauchy-Schwarz on the sum on v € QY. to
find:

vi(p=2.7"" € Q) < 2Dn(fY?) = B,,[U]
—28 1/2 —98 p! (n) 1/2
w2 3 e Fe- o] | X v Y 1™
YE e YEQc n=l
= 2Dn (V%) = B, [U] + 2B, [U]Pvs(p = 2.9 € Q) (633)
Putting things together yields the claim of the lemma:

=2 Q)2 _ g, 0]72] < 2Dn (7 4

Vf(p_ Y E mlc) Vf[ ] = N(f ) (63 )

O

Proof of Lemma[6.3 We now explain how to obtain Lemma [6.3] from Lemma We need to do
two things:

1. Bound from above the probabilities appearing in the claim by an expression involving the
measure vy as in (6.28)).

2. Prove that ( holds for W&, with G € C. The first point only gives the result for
1o teqn. U7 which corresponds to W1;.

The first point relies on a classical Feynman-Kac estimate. Since a similar reasoning is used re-
peatedly in the article, we present it here once and for all. The second point, however, requires
some care; in order to apply the bounds of Lemma[6.4] to integrals depending on a function G € C.

Let us explain the general idea for the first point using (6.23) as an example. We wish to
estimate:

Py (% /OT e P p(y) — 1) dt > A) : (6.35)

We do so using Feynman-Kac formula. Let a € (0,N/2) and apply the exponential Chebychev
inequality to obtain

%log]f”év (% /OT e (ply) —1)dt > A) (6.36)

1 T
< —aAT + ﬁlog]Ef@V [exp {aN/ e P p(y) = 1) dtH :
0
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Consider the generator N2Lz + aNU, with U defined in (6.29). This generator is self-adjoint for
the contour measure vz and Feynman-Kac inequality plus a representation theorem for the largest
eigenvalue of a symmetric operator (Lemma A.1.7.2 in [KL99|) yield that, with the equilibrium
measure v = v}’ as an initial condition:

E [exp {(IN /O ' U(7:) dtH < exp { /0 ' s {aNEl,f [U] — N2Dy( f1/2)} dt}. (6.37)

In the present, G =1 case, the supremum in (6.37) does not depend on time.
One can bound Pg , where the initial condition is the deterministic curve ¥V"¢/, by the probability
P starting from the equilibrium measure v:

PY () < ZePNITIPL() < e“ONPY(), (6.38)

for some constant C' > 0. Using (/6.37)—(6.38), (6.36]) becomes:

1 I
— log P (—/ U(y)dt > A) < —aAT +CB+T sup {aEVf[U] - NDN(fl/z)}. (6.39)
N T Jo >0,

Eu[f]zl

At this point, we can use Lemma to bound the supremum in the right-hand side of (6.39):

by (6.28),

2
B, (U] < [1+ @Du(f72) 2] . (6.40)
As a result, the supremum in (6.39)) satisfies (recall a < N/2):
2 2
sup {aE,,f[U] —NDN(fl/Z)} < sup {a + 2aV2u + 2au — Nu} = a + i (6.41)
£20, u>0 N —2a
Ey[fl=1

Injecting this result in (6.37)) gives (6.22). On the other hand, injecting it in (6.39)), then taking
N large, then a large concludes the proof of (6.23]).

We claim that Equation (6.24) in the G = 1 case follows similarly. Indeed, for W' using the
identity x —y = (v& — /y)(v/x + \/y) valid for x,y > 0, the quantity in the supremum in (6.39)
is now alE, [W'] — NDy(f'/?), where by definition:

W= Z [1p:277*’169ﬁic - 6_25]

zeP
x+e1i€P
== 1p:2,'y—71€QN- - (p - 1)6726 - p:27’)/_"1EQN- - U (642)

mic mic

As a result, E, [W'] can be bounded from above as follows using (6.34) and (6.40):

|E

,, W] = ‘I/f(p _ 9.4l e QN )1/2 B Eyf[U]l/Z) [I/f(p —o le QN )1/2 + B, U]Y/?

mic mic

< (2DN(fY%))2[2+ (2DN(F12)1?]. (6.43)
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Elementary computations again yield:

2a2
E, W' — NDy(f1/2 }< . 6.44
sup {aB, ) NS (6.44)
Bu{fl=1

Using this estimate in (6.39), with W there instead of U; taking the large N, then the large a
limits conclude the proof of the first point.

Let us now deal with the second point, i.e. proving for any G and not just G = 1. As
G may not have constant sign, one cannot directly use the bounds in the proof of Lemma [6.4
However, if GG is positive, it is not complicated to repeat the bijection argument of Lemma to
obtain, for each t < T

|:EVf [6—25 Z G(t,x)] 1/2 ~ L, [1”:27T’1€Qfﬁic Z G, x)} 1/2}

2

reP zeP
a+ereP ztefeP
IVGiloo
<Gl Dx (£ + RS2, U], (6.45)

where the second term in the right-hand side comes from the fact that the point at which G; is
evaluated depends on the position of the pole. Recall also that the summation on x € P such that
x + e € P is just a way of enumerating all positions where two blocks can appear atop the pole.
For general G € C, the result then follows by applying to the positive and negative parts
Gt and G~ of G, ie. G:=Gt — G~ with GT,G~ > 0. O

6.3 Convergence of the 1, _» term at fixed  and slope around the poles

This section is devoted to the proof of Proposition poles act as reservoirs that fix the value
e~ P of the slopes fi’sN, 1-— ffN at the poles.

We prove this statement in several steps. First, we explain how to use the condition that
trajectories belong to F([0,77],&) to project the contour dynamics onto a local one. This is a key
technical argument to compare the contour dynamics to simpler 1-dimensional ones.

We then prove that the 1,, — term fixes the slope around the poles, in the sense that the time
integrals of 1,, - and SLiIfN are close, see Section This should not come as a surprise if one
remembers that, in a Symmetric Simple Exclusion Process (SSEP) with reservoirs, the density
close to the reservoirs is fixed. The time average of 1, s is then proven to be equal to e™?
in Section [6.3.4] Preliminary microscopic estimates used in this computation are carried out in

Section [6.3.3]

6.3.1 Turning the contour dynamics into a local dynamics

The next lemma shows that if trajectories belong to the set E([0, 7], ) where the contour dynamics
is local (recall the discussion following Definition [2.8)), then exponential moments of time-integrated
observables can be estimated in terms of quantities defined on the effective state space £ only. This
Lemma is proven in Section [A.1]
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Lemma 6.5 (Projection onto a local dynamics in the effective state space &). Let ¢ : [0,T] X
QN — R be bounded. Then, for some C' = C(v*f) > 0:

mic

1 T
Nlog]EéV |:17?V6E([0,T},5) exp [N/ ?ﬂ(t,%N)dt”
0

< OB+ /OT sup {]E,,f [w(t, )] - NDN(f1/2)} dt. (6.46)

f>0wp(8)=1

Remark 6.6. Equation looks like a standard Feynman-Kac estimate. Note however that
the supremum in (6.46|) is on densities with full support in £. In general, if f is a v-density, there
is no way to control Dy (f'/?) by Dy (f*/?1¢). Indeed, if f = f1g, Dy (f?) contains terms of the
form:

> M AN LN + vEN N AN M), (6.47)

yNeQlN. ng

N¢e
which have a priori no reason to be comparable to differences [f(y")Y2 — f(7V)/2]2.

Note also that Lemma is not a statement about the contour dynamics conditioned to stay
inside &, but about the full dynamics. This is an important point: the jump rates of a conditioned
dynamics would be non-local, whereas we really need locality to later project the dynamics onto
1-dimensional particle dynamics. |

6.3.2 The 1,_, term coincides with the slope around the pole

Inside each region, the contour dynamics has the same updates as an SSEP, as explained in
Section and presented more thoroughly in the proof of Lemma below. Here, we treat the
poles as the extremal sites of an SSEP, viewing 1,, o as the edge state of the first (in region 1) or
last (in region 4) site of a SSEP, see below. We use this observation to prove estimates of
the slope at the pole in terms of 1,,—5. Recall that, for vV € QN.., x € V(7") and ¢ € N5;:

mic»
erl — 1 Soog, &= b Yook, (6.48)
v 041 = Y e (41 — Y
ly—z[l1<t/N ly—=[l1<t/N

Recall also the definition of the space E([0,T7],&) from (2.34). We focus on the north pole, using
the notations P := P, and p := p; as well as v := v}'. The superscript N is also dropped for
microscopic curves.

Lemma 6.7. For each T > 0, § >log2, 0 > 0 and each G € C, the slope on each side of the pole
satisfies a one block estimate:

1
lim limsupﬁlogﬁbg ('yN € E([0,T],&);

=0 Noyoo

e N 40
‘T/o G(t, L (v, ))(1p1(vtN)=2 - £L1(7{V)+2bg/N) dt| >0 | = —oo, (6.49)
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and a two block estimate:

1
lim 1111?31) ~+ los Py (7,N € E([0,T],&);
I 5
‘f/o Gt Li()) (Lpu o y=2 = €270 pabo) dt‘ > 5) = —o0.  (6.50)

Both estimates are valid under IP’JBV,H by Corollary .

Proof. The proof relies on the key observation that the quantity 1, can be controlled in terms
of the edges at the extremities Li, Ry of the poles. Indeed, abusing notations and respectively
writing L; + 2, Ry — 3 for the vertex at distance 2/N to L; clockwise and the vertex at distance
3/N from R, anticlockwise:

117:2 = §L1+2 = §R1—3' (651)

Here, we focus on the slope to the right of the pole, for which we use the identity 1,—o = &1, 40.
The slope to the left of the pole is treated similarly using 1,0 = &g, 3.

As long as no growth/deletion move at the poles occurs, 1,5 can thus be thought of as the
occupation number of the closest site to a reservoir in a SSEP, in which case 6.49f are
well-known (see [ELS90]). We first prove (6.49). Building on the observation (6.51)), define ¢; as
the function:

i
Go(7) = Erive — &4 7 € M (6.52)
To estimate the probability in (6.49), it is enough to consider, for each a > 0, the quantity:

%long (’y, € E([0,T],&); exp {aN /OT G(t, L1(7e))de(e) dt} > eXp[aNTf5]>

1 T
S —aTlé + N log Efjgv llE([O’T]’g) exXp |:CLN/O 1%65 G(t, L1 (’Yt»gﬁg(’)/t) dt:H . (653)

Let DY < Dy be the Dirichlet form of the contour dynamics excluding moves at the pole:

DEg =2 S v Y ) -] g 0N SR (6.59)

veQlN €V (7)\Uk Pr(7)

mic

If g is supported in &, then the ¢(v,~") are local (see Definition [2.10|) and:

D¥a) =5 Y v Y et a0’ (6.55)

yeQlV. €V (V)\Ur Py (7)
with: .
1) = S60 — ) + s (1 - €0)] (650
Apply Lemma [6.5] to ¢ = aG¢, to obtain that is bounded from above by:
— adT +CB + / “a swp {aE,,f [G(t, L1)e] — ND( f1/2)}. (6.57)
0 f20mp(8)=1
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Let us now compare the contour dynamics in the first region to a SSEP. To do so, we partition
curves in QY. according to their first region.

Fix ¢t € [0,7] and a v-density f with support in £. We first split the expectation in the supre-
mum in depending on the possible positions of L; so that G(t, L1) becomes deterministic.
For x € (N~'Z)?, define:

2bo } (6.58)

M(z) == {7 € Qe s La(y) + N

Note that, since v € QY. N& is associated to a droplet that is by definition in a volume neighbour-

hood of the bounded droplet I'™*f, only a finite number of M (z) are actually non-empty. Then:

B, Gt L)od = ) G(t’x_z_bo){

ze(N-1Z)2 N

> viret)| (6.59)

~yeEM (z)

In (6.59)), recall that the constraint that curves belong to £ is enforced by the density f.

In the following, for v € M (x), we refer to the edge [z, + e]] as edge 1, to the one following
it as edge 2, etc, up to edge ¢; and write & (), ..., () for the corresponding values of the edge
labels (as usual, curves are oriented clockwise). As we work with curves in € for which each region
contains a number of sites of order N at least, all these edges are in region 1. Configurations in
{0,1}* =: Qy, are denoted by the letter £. The function ¢, depends only on edges 1 to ¢, so that
the expectation in (6.59)) reads, letting f;, denote the marginal for the uniform measure on €2, of
f restricted to M (x):

2b 1
By Gt Dol = 30 v(M@)G (6w = TP )i 3 fesl©00O), (6:60)
ze(N—1Z)2 ¢ ey
where || = 2° and, if £(7y) denotes the collection & (7), ..., & () for a given v € QX |
VEEQ  ful®im i Y I2ub()I0). (0.61

VM @) erem=e
Note that we need only consider points z and densities f with vy(M(x)) > 0. This ensures that
fo» 1s unambiguously defined. Moreover, f;, is a density for the uniform measure on 2.

Let us do the same splitting on the Dirichlet form D$¥ in in order to bound it from
below by the Dirichlet form of a SSEP on configurations with ¢ sites. The mapping to go from
a portion of length ¢ of a region of a curve v € Q.. N & to an associated SSEP configuration
&(y) € Qy is represented on Figure [12] for the first region: each edge is tilted clockwise by /4,
turning the portion of v into the graph of a 1-Lipschitz function, constant on segments of the form
[(j —1)v2,7v/2], 1 < j < L. A particle is then put at site 1 < j < £ if the path goes down between
jv/2 and (j 4 1)v/2, or this site is left empty if the path goes up.
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Figure 12: On the left, a portion of region 1 of an interface v € QY. , delimited by the two black dots. On
the right, the corresponding path and simple exclusion particle configuration. The mapping is possible if
the left-extremity of the interface as well as its length are fixed.

Recall the definition (6.55) of the SSEP part of the Dirichlet form of the contour dynamics.
Define then the Dirichlet form D§* associated with the SSEP on €, (we use the same notation as
for DS¥ in (6.55)) to emphasize the analogy): for any g : Q0 — R,

Z\QAZ > Sl -6) 60 - &laE™) — (O, (6.6

£eQy 1<u<v<[
lu—v|=1

with £ the configuration where the state of sites w,v are exchanged. In view of the expres-
sion ([6.55)) of DS(g), a simple upper-bound and convexity yield:

I S D DI ZC0 NS SN 0] Folkl OO R ALK O0)

z€(N-1Z)2 yveM(x) yeV ()
<y, [ly—zl1<l-1

> v (M (@) DE(fra). (6.63)

ze(N—1Z)?

Vv

Let U, denote the uniform measure on €1, with associated expectation Ej,. Using the expres-
sions (6.60)—(6.63), the supremum in (6.57) at time ¢ € [0,7] can be bounded from above by:

o S ) [a6(rn — ) B ] - NDP ()|

f>0wp(8)=1 2e(N-12)?
2b
< s LS pone) s {a6(ue- 2Bl - N0}
f>0Vj(5) 1 ze(N-17)2 QZOZEMZ[Q}:I
< s { ¥ w0} sw  Esl (6.6
20w (8)=1 re(N-17)2 9>0:Ey,[g]=1

Dg*(9)<2al|Gllo /N

The first supremum is bounded by a||G|l~. Bounding therefore reduces to a one-block
estimate for a SSEP of size ¢, which is well known. Indeed, the expectation in satisfies (see
e.g. [ELS90]):
lim sup sup )EuZ [gqbz]’ = 0. (6.65)
N—oo  g>0:Ey,[g]=1
D§(9)<2al|Gllo /N
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This concludes the proof of the one block estimate (6.49). The two block estimate (6.50]) is proven
similarly using [ELS90]. O

Now that we know that the time integral of 1,—, and of the slope at the poles are close, it
remains to compute their common value. This is the goal of the next two sections.

6.3.3 A compactness result

In the previous section, the 1,5 term was viewed as an occupation number in a SSEP. In this
section and the next, we compute its time average by looking directly at the pole dynamics and
comparing it with well-chosen zero-range dynamics. A similar comparison is made in the proof
of the hydrodynamic limit in [LST14a| using the monotonicity of the zero temperature Glauber
dynamics (with a different zero-range dynamics as the parameter § was not present there).

Monotonicity is very useful to cut out a portion of the interface around the pole that can be
compared to a zero-range process. The lack of monotonicity in the contour dynamics makes the
definition of such a portion challenging. To do so, we give below a number of estimates on the
shape of the interface around the poles. In the SSEP picture, these estimates say that the slope
around the pole is bounded away from 0 and 1. Slope 0 and 1 respectively correspond to very
flat /very peaked curves around the pole. In terms of zero-range configurations, the estimates on
the slope in particular imply a compactness result. Indeed, they imply that the number of particles
in a zero-range process of size ¢ € N3, is bounded by C(¢) independently of the scaling parameter
N.

The first estimate is a control of the 1,5 term. As shown in Section [6.3.2} this term coincides
with the slope around each pole, so that the next result can be understood as proving that poles
are typically not flat, a statement made precise afterwards.

Lemma 6.8 (Tail estimate on the flatness of the pole). For v € QY. with associated droplet T,

let p'(7y) be the number of blocks in T' composing the next level below the north pole, as defined
in (6.25). If C > 0 and A > 2 is an integer:

1
I ( —94leql. ’>A>< . 6.66
N fzo;SEl‘ilff}:l SAN 7 mior P = ~ logA (6.66)

Dy (f'/?)<C/N
Proof. Fix a density f with Dy (f/?) < C/N throughout. By definition of QY. , one has p’ > p
(recall that p is the number of blocks in the pole). The idea is to estimate vy (p =27t ¢
QN..,p' > A) for A > 2 in terms of vy(p = A,y~! € QN,)) by a bijection argument similar to the
one of Lemma[6.4] The claim will then follow from a summation using the straightforward bound:

Rz (p =B,y e Qﬁ) <1. (6.67)

B>2

Let us present the aforementioned bijection argument. Fix an integer A > 2. A curve 7 in
{p=2,7"1€Q...p > A} can be turned into a curve F(7y) of {p = 4,7~ € Q. .} as follows.
Blocks in the north pole of vy have centre at height z () — 5 by definition. By definition there

are at least A blocks in the level below the pole, i.e. with centre at height z(v) — 5%.
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Figure 13: The mapping F for different values of A. Here, there are p’ = 10 blocks with centre at height
2z — %, in red and delimited by dashed lines. The two cyan blocks mark the position of the pole before
the mapping by F.

Add up to A—2 blocks with centre at height z;(y) — ﬁ to the left of the north pole of v in such
a way that the resulting curve is in Q2 . If exactly A — 2 such blocks can be added, an element
of {p= A,y € Q.} has been created. If B < A — 2 blocks only can fit to the left of the pole,
add the remaining A — 2 — B blocks to the right of the pole. The mapping F' is illustrated on
Figure [13]

Since p’ > A, the above procedure always makes sense. In order to compare the dynamical cost
of turning ~ into F'(), let us list properties of F.

Notice first that F' leaves the equilibrium measure v invariant: v(v) = v(F(v)). This is because
the length of v € Q. and F(v) are the same.

Notice next that the mapping F' is nearly bijective in the following sense. Label each of the
p’ blocks with centre at height z; () — % from 1 to p/, starting from the left. We shall say that
a block C' in the pole is above the block with label i if the centre of C' has the same abscissa and

ordinate higher by 1 than the centre of the block with label 1.
o Let {P > A} C Q. be the event that the first block in the pole of ~y is above a block with

label n > A. If v € {P > A}, then the leftmost block in the pole of F(v) is above the
one with label n — (A —2) > 1. In that case F(v) is different for different values of n, and

deleting the leftmost A — 2 blocks in the pole of F(y) transforms it back into .

o Let v € QY satisfy v—! € Q. and have pole of size 2. Let 1 < n < A — 1 and suppose
instead that v has pole located above the blocks with labels n,n + 1. Denote this event by
P = {n,n + 1}. Then, for any n with 1 < n < A and any v € {P = {n,n + 1}}, the
procedure described above turns v into the same F(y) € {p = A,v~* € QN..}. This F(v) is
in {P =1,..., A}, defined as the event that a curve has north pole composed of the blocks
above those with labels 1, ..., A, see Figure

We shall use the following compact reformulation of the above two cases: for each n < A — 1,
F({p=27"cop 24 P={nn+1}}) = {3 €, P={1,..4}}  (6.68)

and, more generally writing {P > n} (resp.: {P < n}) for the events that all blocks in the pole
are above blocks with labels at least (resp.: at most) n:

F({p =2 e >A P> A}) - {p — Ay leqV, P> 2}. (6.69)

mic» mic?
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The event on the right-hand side is disjoint from the event on the right-hand side of (6.68)).
We now prove . To fix ideas, consider first the case where f is the density constant equal
to 1. As F leaves the equilibrium measure v invariant,

I/(p:2,fy_’1€QN p’ZA) :y<p:2,’y_’1€QN p > A, P§A—1>

mic) mic?

—|—V(p: 2,y te QN o >A P> A>

—(A- 1>y(7—’1 e P=1{1, ...,A}) + V(p — Ay teQ) P> 2). (6.70)
Each of the above two events only contains curves with p = A, thus:
l/(p =2yt el p > A) < (A—- 1)V<p = Ayt e QinC>. (6.71)

To obtain in the f =1 case, fix an integer B > 2 and apply (6.71) to each A € {2, ..., B} to
find:

1
-1

I/(p =24t e QN > A). (6.72)

mic»

B B
1> :A, _71€Qr]r\iic >
>vlp=Aren) =3 g

A=2
For ¢ > 2, let H, = Zi:z(n — 1)~ Hy := 0 and integrate the right-hand side of the last equation
by parts:

B—-1
1>v(p=27" €Qup > B)Hp+ Y Hav(p=27" € Q' = 4) (6.73)
A=2

Equation when f =1 follows (in fact also at each N and not just in the limit):

lim sup I/(p =2t e QN > B) < Hg' < (6.74)

mic? >~
N—oo

log B’

We now prove for a general density f for v satisfying Dy(f'/?) < C/N. By the above
discussion, it is enough to prove that, up to an error that vanishes for N large, holds also
under v;. To prove this, the idea is similar to the one used in Lemma For each suitable
v € QN. | the transformation v — F(v) (defined below (6.67))) is decomposed into a succession of
dynamical moves. One then notices that the number of required moves does not depend on N. In
this way the difference between f() and f(F(v)) can be expressed in terms of the Dirichlet form.

We only carry out the argument for the {P = {1,..,A},v~' € QN } term in (6.71), the
{P > 2} term is similar. To lighten notation, defined the event EFp<4_; as follows (as well as
Ep> 4 for future reference):

EPSA—l = {p:2,’y_’1€QN p/ZA, PSA—l},

Epon = {p —o e p>A P> A}. (6.75)
Start from (6.68)) to write:
A=V (P= {1l A7 € Q) = (A1) Y Licrgpe W) (676)
aEQr]Xic
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As explained above, there are A — 1 different curves in Ep<4_; with the same image 7 by F.
Moreover, F' leaves the measure v invariant, thus:

(A= (77 € W P={Ls A}) = D Lierwoea g VDG Y ety

FeQN. YEEpP<a—1

mic

= Y v(NHE®X). (6.77)

Y€Ep<a-1
Adding and subtracting appropriate terms, (6.77)) can be written as:
2
(A - 1)Vf(/7 € Qrﬁlch: {17""14}) = Z v(7) [fl/Q(F(’Y)) _f1/2(’7)]

YE€EEp<a-1

oY, v () + 2 2(3) 2 (F ()] (6.78)

YEEpP<aA—1

Cauchy-Schwarz inequality applied to the terms involving f/2(-) fY/2(F(-)) then yields:

[(A N 1)1/2Vf <P :{17 s A}’ 7_71 € Qrﬁic) v —Vy <EP<A—1)1/2}2
< > vMIFPER) - PO (6.79)

It remains to bound the right-hand side of (6.79) in terms of the Dirichlet form. Decompose the
transformation v — F(7) into flips adding a single block to the pole: v =~y =71 = ... = Y42 =
F(v) and apply Cauchy-Schwarz inequality to find:

A-2

S vPE) = PO < A=2) Y v D [0 = S ()]" (6.80)

'YEEPSA—I VGEPSA—l 7j=1

Each transition v;_; — ~; is authorised in the contour dynamics, at rate 1/2. A given curve
corresponding to one of the v; can occur at most A—1 times in all paths v — F () for v € Ep<a_1.
As a result and since v(v;) =v(y) forall 1 <j <A —2:

1/2 2
[(A - 1)1/2Vf<P — {1, A}yl e Qﬁ) - yf(EPSA_l)”Q] < 4(A—1)2Dy(fV?). (6.81)
Similar computations give the same kind of bound for the second term in (6.71]) under v; (recall
the definition (6.75)) of Ep>a):
N 2 1/2]2 1/2
[yf(P >2p=Al e Qmm) — vy (Eps.) } < 4(A—1)Dy(fV2). (6.82)

Let us use (6.81)—(6.82) to prove that (6.71) still holds under v; with a small error in N (recall
that Dy (f'/?) < C/N). Equation (6.81)) yields:

Vf(EpgA—l)
< (A- 1)yf(P = {1,., A,y e Qﬁ) C(A)[Dn(fY*)Y? + Dy (f1?)]
<(A- 1)yf(P —{1,.., A}, e Qb

mic

) + C(A)N"V2, (6.83)
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where the constant C'(A) > 0 changes between inequalities. Similarly, (6.82]) yields:

mic

vi(Epza) Svp(P>2p= 4,97 € Q) + CLANT2, (6.84)
whence the following counterpart of (6.71]) for vy:

vy (p =277 € Qe > A) = vf(Ep<a1) +vi(Epsa)

<(A-Dyy(p=A" € Q)+ CANT2 (6.85)

mic

Equation (6.85)) is sufficient to conclude the proof of the upper bound as in the f = 1 case,

see (6.72) to (6.74). Indeed, the bound in (6.74)) requires only the use of A independent from N,
so that C(A)N~'/2 vanishes when N is large. We therefore conclude the proof here. ]

In the next two lemmas, we use Lemma to control the number of horizontal edges in a
curve as a function of the vertical distance to the north pole (Lemma as well as, conversely,
the vertical distance to the north pole as a function of the number of blocks (Lemma [6.10). More
precisely, let v € QY. N E and let n € N5y, The line y = 2,(y) — n/N contains a certain number
of horizontal edges in ~y (recall that z; is the ordinate of the highest points in v, defined in (6.26))).
Let £(n) be the number of these edges to the right of L; and ¢(—n) be the number of edges to the
left of L;. Define also £(0) := p(y) — 2. For N large enough, v € QY. N & implies that each of the

(1), il < n < N are well defined, see Figure [14]
Lemma 6.9 (Width of a curve at depth n below the pole). Forn € N5;,C > 0,A > 2,

e28

(A+1)log(A+2)

V|i| < mn, lim sup sup vy (8,6(2’) > A> <
N—oo  f>0:E,[f]=1
Dy (fY?)<C/N

(6.86)

As a result, the numbers w;f =2+ """ (i) and w;, = >, £(—1i) of blocks with centres at height
21(y) — (n+1/2)/N in a droplet T associated to v € &, respectively to the right/to the left of Ly

(see Figure [1]]), satisfy:

3e28
lim sup sup Vs (5,w,f > n2> < :
N—oo  f>0:E,[f]=1 logn
Dy (fY/?)<C/N

(6.87)

Proof. Equation follows from by a union bound. Let us prove by recursion on
li| <n.

The set &, given in Definition [2.10] as a volume neighbourhood of a fixed curve, is not stable
under the contour dynamics around the poles. Rather than work directly with £, it is convenient
to consider a subset that has this stability property. Introduce then the set @),, of curves for which
there is at least n vertical edges between pole 1 and poles 2,4 (recall that Ly/Ry is the left/right
extremity of pole k with 1 <k < 4):

Qui= {7 € Ot [Ri5) = o)) brp > 1 [Ra(0) = i) bog > o} (6:89)
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L €0)

£(2)

W+2=1O ‘~|
{(-5)

Figure 14: Definition of the §(44), £(+i), A, wE. Here wy = 10, the number of blocks to the right of L,
with centre at height z; — % The small black dots mark the centre of each horizontal edge. The shaded
areas highlight which edges make up the represented ¢(+7), §(%i). Here, ¢(—2) = §(—3) = 0.

A

mic
under any dynamical move 1) affecting points at vertical distance at most n below the pole and any
horizontal distance; 2) that do not change the height of the north pole. Moreover, for large enough
N € N, it holds that £ C @),, as £ only contains curves with positive distance between each
pole, recall Definition 2.10] Fix one such N, C' > 0 and a density f for v with Dy(f/?) < C/N
throughout. We are going to prove ({6.86)) with @), replacing £. To start the recursion, consider
2(0). Recall that p = £(0) + 2 by definition. Thus:

Note the factor 1/N as elements of QY. are rescaled by definition. Contrary to &, Q, is stable

(A -+ 1)y (Qu, €0) = A) < By, [(£0) + 1) > 1y0)2.4]
=e”E,, [(p— 1)e 1,5 a40]. (6.89)

Lemma [6.4] gives:

—9~leN >4 1/2 —28 1722 1/2
Vel\D = 4,7 € mics P 2 +2 _EVf (p_l)e 1p2A+2 SZDN(f )7

1/2

E,, [(p - 1)6_2'81p2A+2] v <1+ (QDN(fl/Q)) (6.90)

Using the identity a —b = (v/a — vb)(y/a+v/b) for a,b > 0, we then find (here Q,, plays no special
role):

‘yf (p =27l e Qﬁic,p’ > A+ 2) - E,, [(p — 1)672*811,2A+2} (6.91)
< 2Dn(F7) 22+ DN ()] <N =20 420
The bound (6.86) for ¢ = 0 then follows:
(A+ 1wy (£,000) > A) < (A+ 1wy (Qu, 0(0) > A)
E39-E-51 W
S 62Byf (p = 277_71 € Qr]Xicap/ Z A + 2) + eA]\fT
(6.66) e2P

< — 1). 92
log(A +2) on(l) (6.92)
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Assume now that, for some integer ¢ with |i| < n:
e’

)< (A+ 1) log(A+2)

lim sup sup vy (Qn,ﬁ(i) > A (6.93)

N—oo  f>0:E,[f]=1
Dn(fY?)<C/N

For definiteness, assume ¢ > 0. To show (6.93)) for i 4+ 1, we are going to prove:
” (Qn,e(z 1) > A> - yf<Qn,£(i +1)>0,0() > A> +O(Dy(f72)2 + Dy (£%).  (6.94)

Equation (6.94)) implies up to i+1, since £ C @, for large N and the Dirichlet form vanishes.

The idea behind is the following. Take a curve v € {{(i +1) > A} N Q,, (see Figure
for a representation of £(i)). One can then add at least A blocks to I' with centre at height
21(y) — (i + 1/2)/N, one above each of the edges ensuring ¢(i + 1) > A. This is where working
with curves in @, instead of £ is convenient: the resulting curve F’(7) is still in @,, although it
might not belong to £. The above procedure therefore bijectively yields a curve F’(v) € @,, with
{(i) > A. Moreover, v and F’(v) have the same length. The two events on either side of
thus have the same v-measure.

Under vy, though, the two events in (6.94) may have different probability. However, the
mapping v — F’(7) can be decomposed into a sequence of A curves v =y — ... = v4 = F'(7),
each differing from the previous one by a single block. Each curve v, (j < A) appears at most A+1
times when effecting the procedure for all curves in {£(i+1) > A} NQ,. The cost of turning -y into
F'(y) under vy is then estimated by the Dirichlet form in a very similar fashion to the bijection
argument of Lemma so we give no more details. O]

The next lemma controls the depth at fixed horizontal distance to the pole. For n € N5; and
|i| < n, define 6(¢) as the number of vertical edges with abscissa L; - by + £t that belong to either
region 4 (if i < 0) or region 1 (i > 0), see Figure Note that §(0) = 0, corresponding to the fact
that the pole contains at least two horizontal edges.

Lemma 6.10 (Height of a curve at horizontal distance n to the pole). Let > log2. Forn € N
and C' > 0,A > 1,

V1<i j<nmn, lim sup sup vy (5,5( ) > A 0(—j) > A) e 28(A-1), (6.95)
N—oo  f>0:E,[f]=1
Dn(fY/?)<C/N

Let A =3""  0(£1) be the number of vertical edges in a curve between the point Ly + bO and the
first point at horzzontal distance n+ 1 to the right (for A} ) or to the left (for A, ), see Fzgure
Then:

lim sup sup Vs <€,A:§ >n(l+2logn), A, >n(l+2log n)> < —— =o0,(1). (6.96)

N—oo  f>0:E,[f]=1
Dn(f1/?)<C/N

Proof. Let n € N3; be fixed. Equation follows from (6.95) by a union bound. The proof
of (6.95) resembles that of Lemma [6.9] We first treat the case i = j = 1. {6(1) > A,6(—1) > A}
is the event that the north pole is on top of a stack which contains two blocks in width and at
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least A blocks in height, the highest two blocks being those in the pole. With each v € {6(1) >
A,6(—1) > A} associate a curve F(y) € {6(1) > 1,5(—1) > 1} in which the top A — 1 pairs of two
blocks have been deleted. The curve F(7) has length |y| — 2(A — 1), thus has higher equilibrium
probability. In fact, if 779 denotes the curve « in which the highest ¢ € N>, groups of two blocks
have been deleted F is a bijection between the sets {5(1) > A,5(—1) > A,7~“"D € QN 1 and
{6(1) > 1,6(—1) > 1}. In addition:

y(5(1) > A,6(—1) > A,4~AD ¢ Qﬁ) - e*%(/**l)y(au) >1,5(-1) > 1) < 2541 (5.97)
In the same way as in Lemma [6.8] (6.97) holds under vy for any v-density f up to an error term

which quantifies the cost of consecutively deleting the two blocks in the pole of a curve A—1 times.
As a result:

sup vy (5(1) > A, 6(—1) > A, AD ¢ Qﬁ) < 24 L O(NTV2), (6.98)
f>0:E,[f]=1
Dn(f'/?)<C/N

AsECc {y U eql

mic

} for all large enough N, (6.95)) holds for i = j = 1.

To prove for each (4, 7) € {1,...,n}, let us first prove it for j = 1, i > 1. As for Lemma[6.9]
it is convenient to not work directly with £, which does not have nice stability properties under
the contour dynamics, but with the set Q, of curves with regions 1,4 each containing at least n
horizontal edges in addition to those in the north pole:

Q= {7 € W+ [L1() = Ru)] by > 1, [L23) = Ra()] - bo > -} (6.99)

We claim that, for each C' > 0:

lim  sup ‘yf (@n,é(z’) > A,6(—1) > A) —yf((gn,a(z— 1) > A,5(-1) > A)‘ — 0. (6.100)
N=oo 1>0:B,[f]=1
Dn(fY/2)<C/N

The idea is the same as in Lemma The set Q, ensures that §(i),|i| < n are well defined
and involve only edges in region 4 (i < 0) or 1 (i > 0). One has again £ C Q,, for large enough
N as curves in € have positive distance between each pole. In addition, (), is stable under any
dynamical move that 1) involves points at horizontal distance at most n from the north pole and
2) do not change the lateral position of the north pole.

A curve in @, with §(i) > A is transformed into one with 6(i — 1) > A by deleting A blocks
with centres at abscissa Ly - by — % + ﬁ These deletions are SSEP moves, which do not change
the length of the curve (and under which Q,, is stable). Their cost is estimated in terms of the
Dirichlet form, which vanishes with V.

Iterating (6.100) from ¢ to 1 and using (6.98)) yields (6.95) for indices (i, —1). Now if j # 1,
the same argument applies to go from —j to —1. This concludes the proof of (6.95). O

6.3.4 Value of the slope at the pole

We now have all prerequisites to prove that the motion of the north pole imposes a particle
density of e=? on each side, as stated in Lemma [6.11} The proof relies in a central way on the
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fact that the contour dynamics around the pole is irreducible, owing to the e=2? regrowth updates.
These updates are the main difference with the zero temperature stochastic Ising model and the
irreducibility is the main technical reason for the introduction of the parameter (.

Lemma 6.11. Let 8 > log2. For each T, > 0 and each test function G € C,

1 N({_N
lim NlogIP’ﬁ (7. € E([0,T],€);

- ‘% /OT G(t, Li(%")) (Lpes — e7”) dt' > 5) = —o0. (6.101)

The claim is also valid under IP’;;{H for H € C by Corollary .

Proof. The proof only deals with H = 0 as generalisations to ]P’é\{ g for H € C follow as in the proof
of Lemma [6.7 We first write the proof in the case where the test function G is equal to 1 and
explain at the end how to adapt it to non-constant G. To lighten notations, we do not explicitly
write integer parts and drop the superscript N for microscopic curves and trajectories.

The proof is structured as follows. We first use Lemma to project the dynamics inside
E. The compactness results provided by Section [6.3.3] are then incorporated to the probability
in (6.101)). This enables us to define a proper frame around the pole. After conditioning to this
frame, the quantity to estimate in can be retrieved from an equilibrium computation, which
is the last step of the proof.

Let ¢ = 1,-o — e # and a > 0. By Markov inequality and Lemma [6.5] the left-hand side
of (6.101)) without the limits is bounded from above by:

—adT+CB+T  sup {aEVf [6] — NDy( fl/Q)}. (6.102)
>0 (6)=1

It is therefore enough to estimate the supremum in (6.102)).

Step 1: definition of a suitable frame around the pole.

The first step consists in writing the expectation in as a quantity that depends only on the
dynamics around the pole. The idea is to compare the contour dynamics to a zero-range process
with two species of particles. The number of particles is given by the height difference between
consecutive columns around the pole. The species is determined by the sign of the height differ-
ence. This process is irreducible and its invariant measure can be made explicit. More is said on
this dynamics below, see also Figure [[6], To make such a comparison, we define a frame around
the pole, in which to study the pole dynamics. This is done as follows.

Fix an integer n € Ns;, which will be the typical size of the frame around the pole. In the
following, for a curve v € QY. N &, we talk of blocks at level ¢ € N to denote all blocks in T’
with centre at height z;(y) — N~!(q + 1/2), see Figure [15] With this notation, blocks at level 0
correspond to blocks in the poles.

Consider the following partition of QY. NE. For any curve v € QY. NE, let h,(v) be the smallest

mic mic
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integer such that the number of blocks in T' (the droplet delimited by ) at level z; — N ! (hn(v) —l—%)
is strictly larger than n (see Figure [15)):

hy(v) =min {q € N: Ny(v) > n}, (6.103)

where:

1/2
N,(v) = Hblocks in I" at level ¢, i.e. with centre at height z () — (CI+—/>H (6.104)

N

blocks at level h,

Figure 15: Definition of hy,, ¢, and z,,y, for a given curve. The first level of blocks with width strictly
larger than n corresponds to the filled area. In this case there are n+ 1 such blocks, with centres indicated
by black dots. The number ¢,, of blocks in the last level containing at most n blocks is equal here to n — 1.
The portion of the curve affected by the ZRP dynamics (see Figure [16| below) is delimited by dashed lines
and the segment [z, yy].

These objects are well defined for elements of QY. N E as soon as N is large enough compared

to n, which we henceforth assume. Let x,(7) < y,(7) € V() denote the extremal vertices of level
hn(y) — 1, i.e. the last level of T" with at most n blocks; and let ¢, = ¢,,() denote the number of
blocks of this level (see Figure [15)):

Ca(7) = Ny (v) — 2 (7)1 (6.105)

The rescaling by N comes from the fact that z,(v), y.(y) are points of (N7'Z)%. The quantity
l,,(7y) is thus an integer. For 2 < ¢ < n, consider the set:

mic

My={yeQN..NE:l,(y) =1} (6.106)

Then (M;)a<i<, is a disjoint family which partitions Q.

in (6.102)) thus reads, for each v-density f supported on &:

N & by construction. The expectation

EVf[¢] = Z EVf[]'MZQﬂ' (6107)

2<t<n

At this point, the splitting of curves in the different M, in (6.107)) suffers from two flaws. On the
one hand, the width ¢, which will correspond to the number of sites in a zero-range process, may
be bounded independently of n. This makes a local equilibrium argument impossible to apply. On
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the other hand, the pole may be macroscopically higher than the points x,(7), y,(7). The point
is thus to find diverging sequences hyax(n), fmin(n) such that, for any C' > 0:

lim sup sup vy (7 € &, hn(Y) > hmax(n) or £,(y) < Emin(n)> = 0,(1). (6.108)
N—oco  f>0:E,[f]=1
D (fY/%)<C/N

Lemmas [6.9}6.10] enable the construction of such sequences, as we now explain.

Consider first the height h,(7), defined in (6.103). Then either h,(y) = 0, which corresponds
to having at least n blocks in the north pole P: p(y) > n. Or h,(7y) > 1 and there are strictly less
than n blocks at level h,(y) — 1, thus strictly less than n blocks both with abscissa smaller and
larger than L;-bg at this level. In both cases, recalling from Lemmathat AT (y) (respectively:
A7 (7)) is the number of vertical edges between the pole and the first point at horizontal distance
n+1of Ly + 2 to its right (respectively: to its left), we find:

hn(7) =1 <min {A}(7), A, ()} (6.109)
Lemma then gives for each C' > 0:

limsup  sup (v € & hn(7) > hmax(n)> = 0n(1),  hmax(n) :=n(1 +2logn). (6.110)
N—oo  f>0:E,[f]=1
Dy (f'/?)<C/N

We now turn to an estimate of the number of blocks ¢, = £,(7) at level h, () — 1. Recalling the
definition of the widths w® from Lemma notice first the identity:

Ve NE L) = w4 () + i, (7). (6.111)

Let us use (6.111)) and a bound on h,, to estimate ¢,. Let a, > 0 to be chosen later, fix C' > 0 and
a v-density f with Dy (f/?) < C/N. According to (6.111)), one has:

{7 €& l,(y) < an} C {7 ce& w, (7)< an} N {7 e & wyl _4(7) < an}. (6.112)

Consider e.g. the event involving w, _;. In that event, if one travels a horizontal distance a, to
the left of Ly, it must then be that at least h,, — 1 vertical edges have been encountered, so that:

{7 ciwy ,(v) < an} c {7 €ETAL(Y) = ha(7) — 1}. (6.113)

Proceeding similarly for w; _, implies:

{7 €& (7)< an} C {7 € &:min{A; (7), A5 } > ho(y) — 1}. (6.114)

To bound the probability of the event {y € £,(,(7) < a,}, the idea is then to show that h, — 1
has to be larger than some b, > 0 with large probability, then to choose a, as a function of b,
such that {y € &, Af (y) > b,} is unlikely by Lemma To choose b, > 0, we make use of
Lemma and the following observation which holds by definition of A,,:

hy <b, = w, +w >n. (6.115)
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Lemma controls the width on either side of L;: choosing b, = v/n/2,

lim sup sup  vp(y € &, ha(y) < by)
N—oo  f>0:E,[f]=1
Dy (fY/*)<C/N

< 2limsup max sup Vf(v e & w (v) > n/2> =o,(1). (6.116)
Nooo e€{—+} f>0:E,[f]=1 "
D (f1/%)<C/N

From and one can therefore write:
{7 €&, ln(y) < an} C {7 e &min {A; (), A (7) = ha(y) — 1}
N({re&mm -12b3u{yeen)<b}). (6.117)

The event involving {h, < b,} is estimated through (6.116]), so that it only remains to bound
min{A; ,A; } when h, > b, + 1:

lim sup sup vy (”y e& l, < an)
N—oo  f>0:E,[f]=1
D (f'/?)<C/N

< lim sup sup vy (fy €& A, (V)= ha(y)—12> bn) +o,(1). (6.118)
N—oo  f>0:E,[f]=1

Dn(f'/?)<C/N
We now choose a,, as a function of b, = y/n/2 so that the probability in the right-hand side

of (6.118]) vanishes for large n. By Lemma min{A; A} } is typically smaller than a,(1 +
2log(ay,)). Tt thus suffices to take a, with a,(1+ 2log(a,)) < b,, e.g. for large enough n:

vn

. 0 (), 6.119
= Togn (n) (6.119)
With this choice of a,, = lyin(n), (6.118)) yields the desired control on £,:
lim sup sup vy (fy €& ly(7) < Emin(n)) = o,(1). (6.120)
N—oo  f>0:E,[f]=1
Dy (fY/?)<C/N

We now use the bounds (6.110)—(6.120)) on h,, and ¢, to restrict admissible configurations around
the pole, thus concluding the definition of the frame around the pole. Recall that hya(n) =
n(142logn) and lyin(n) := v/n/(4logn). From the splitting of curves in the different M,
(2 < ¢ < n) and the above discussion on bounds of h,,, ¢,,, as also ¢ = 1,_o—e# is bounded,
is bounded from above by:

N
—abT+CB+T  sup  Sa Y By [ludnchmm®] — ?DN(fl/z)} + Twn,, (6.121)
F20wpE=1 " g am)<t<n

where wy ,, satisfies, by (6.110) and (6.120)):

lim sup wy,
N—o0
< al|¢]| s lim sup sup vy (’y € &, hy > hpax(n) or £, < Zmin(n)) =o0,(1). (6.122)
N—so0 F>0:E,[f]=1

Dn(f1/?)<2[|gllca/N
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It is thus sufficient to estimate the supremum in (6.121)).

Step 2: conditioning and mapping to a two-species zero-range process.

Xn Yn

— X
pY)

Figure 16: Portion of the interface of a curve around the north pole [L;, R;] and associated path and
particle configurations. Particles are represented by red dots, antiparticles by blue dots; and empty sites
are white with a dark contour. In the particle configuration, the rightmost particle (in red) is at site
L, the leftmost antiparticle (in blue) at site R. The quantity |n;| at site 0 < j < £ is the number of
particles/antiparticles at site j, with n; > 0 for particles, n; < 0 for antiparticles. Here, one has e.g.
no = 0,m2 = 4,mr = —2. The height h,, — 1 is the total number of particles (or of antiparticles).

The grey arrows on the particle configuration correspond to jumps allowed by the contour dynamics that
conserve the particle number. A move reducing the length of the curve, materialised on the curve by the
vertical arrows, corresponds to a particle-antiparticle pair annihilation, represented by the black crosses.
No particle creation is represented here.

We now study the expectation in on each M, for {y,i,(n) < ¢ < n, where the set M, is
defined in (6.106). The goal is to obtain a local description of the contour dynamics around the
pole, rewriting the expectation in and the variables it contains in terms of quantities that
only depend on possible shapes of curves in a neighbourhood of the pole. We claim that to each
configuration in M, corresponds a unique particle configuration in Q, = Z‘*'. The mapping goes
as follows. If v € My, define, for 0 < j < /, a particle number 7; corresponding to the number
of vertical edges with abscissa z,() 4+ j/N that correspond to points above x, (), i.e. to points
z € y with ordinate [z — z,(7)] - brj2 > 0 (see Figure [16)):

1 if j/N < Ly - by,
ni =€ Z £, €= {_1 /N> L b (6.123)
zeV (y):z-bo=zn(7)-bo+j/N J 1 Do.
[z—2n(7)]'br 220
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In words, n; > 0 if j is smaller than the abscissa Ly - by of Ly and n; <0 if j is larger. If n; <0
for some j, we say that there are |n;| antiparticles at site j. Note that the (1;); are related to the
(6()); of Lemma [6.10] through:

n; = (=1)%2Ero+1§(j — 1 — Ly - by), je{l,..,0—1}. (6.124)

We prefer the parametrisation in terms of (7;); here for two reasons: we do not wish to label
points according to the position of the poles and only vertical edges at level h, — 1 count (recall
Figure towards the particle/antiparticle number whereas ¢ is not cut off.

The constraint z - by/s > z1(y) — N7'(h(y) — 1) guarantees that only the vertical edges above
zn(7), yn(7y) are counted as particles. We let n(y) denote the unique particle configuration in €,
associated with v € M, (see Figure [16). Conversely, with each 1 € Q can be associated one or
more interface in M, that are identical above x, (7). Note that, as z,(v) and y,(v) have the same
ordinate, the number of particles and antiparticles is the same. Note also, importantly, that to any
configuration n € €, corresponds a curve in M,. Said differently, the condition that configurations
are associated to curves in M, has no other effect on the resulting ZRP configurations than fixing
the number of sites.

The quantity h, corresponds to the number of particles (or equivalently of antiparticles). For
curves in My, the event {h,, < hpmax(n)} appearing in (6.121)) can thus be rewritten as:

L

2
W, = {p* < C,}, where Z =Cip = H—l(hmax(m — 1)
=0

dnlogn +2(n —1)
= . 6.125
(41 ( )

For ¢ € {{1yin(n), ...,n}, define the probability measure fi, on €2

Ve, fuln) = 2 exp [ - Bl - BZ nil] (6.126)

where Z, is a normalisation factor and Zf:o |n;| + ¢ is the number of edges in the portion of
which is mapped to the particle configuration . Though we could factor it out as it is common
to all 1, the e #* factor in the definition of fi, will be convenient later on.

Let f be a v-density supported on & with v;(M;) > 0 and define its marginal f, for ji,:

Ve R= s Y ZM@ew | =8N ==l ©120)

yeMgn=n(v)

With the above definitions, the expectation in (6.121]) can be rewritten in terms of particle con-
figurations:

By [ £ a1 Lt ] = v (M0) B | Fiwe . (6.128)

The constraint 1,,, is implicitly contained in the definition of i, as a measure on ell + 1 sites.
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From (6.128)) it follows that we know how to estimate the supremum in (6.102)) as soon as we
can estimate (recall £y (n) = /n/(4logn)):

n

sup { S avs(My) M[mmd)}——p (fl/Q)}, ¢ =1, —e P (6.129)

f>0wp(E)=1 =L pyin(n)

Step 3: local equilibrium.

We now prove that estimating the supremum in reduces to an equilibrium computation.
At this stage, the technique is the same as in [KL99]. Denote by D, the reduced Dirichlet form
on Q, defined as follows. For n € €y, let P(n) denote the vertices making up the "pole" of 7,
ie. P(n) ={L,..., R}, with L, R such that 7, is the last n; that is strictly positive (or L = 0
if there are no such 7;) and ng the first to be strictly negative (or R = ¢ if none exist). Let
also p(n) = |P(n)| — 1. For any two configurations 0,7 € Q, let 7,7 € M, respectively be two
associated interfaces and define a jump rate:

c(n,n) = c(v,7), with ¢(v,7) given in Definition [2.5 (6.130)

Since the positions of the extremal sites 0, ¢ (corresponding for curves v compatible with a given
configuration to the points z,(7),y,(7)) are unchanged by dynamical updates involving vertices
with ordinate higher than that of x, () or y,(7), the last level of v with less than n blocks, which
defines the position of z,,(7y), yn(7), is never modified. The jump rates ¢(n,n’) therefore only depend
on 1,7 and not on the rest of the curves ~,~’. For any fi,-density g, let D, denote the associated
Dirichlet form:

1/2 Z fie(n 91/2(77) _ 91/2(77)}2. (6.131)

n ey

Convexity then yields, recalling that £,;,(n) is defined in (6.119):

n

Dn(f%) > > vp(My)Do(f}"?). (6.132)

£=Lmin (n)

Injecting (6.132)) into the supremum in (6.129)), we see that it is enough to estimate:

sup { z”: v(My) [aE,—M [ﬁ1W1{¢] — gDZ( 1/2)} } (6.133)

F>0vp(€)=1 £=Limin(n)

We are nearly done with conditioning to a frame where we can compute the expectation in (6.133)).
The remaining step is to reduce the state space Q, = Z*! to something that is compact. By
definition of fy, fig, Dy in (6.127)—(6.126)—(6.131)) respectively, it is enough to delete all jumps that
increase the number of particles above what is allowed by W, (defined in (6.134])). Indeed, define
(e as a measure on W, as follows:

e WY ) = 27 exp [ - - 6Z|m} (), (6.134)

\V/T]EWg:{pegCgZI 71
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where Z; is a normalisation factor on W,. The marginal f, is correspondingly modified into a

pe-density f:

Zy 1 -
Vn € Wy, === . 6.135
n 14 fﬂ(n) Z, Eﬁ[ [felwz] ff(n) ( )

Finally, the Dirichlet form D, for the reduced dynamics reads, for any u,-density g:

Di(g"?) = > mm)e(n, g () — g"* (). (6.136)

nvf]GWZ

Since we simply restricted allowed jumps, one has:

=1/2

Dol fe'"*) = Dol £,"?) Bp [ fodw,) 20/ 20 (6.137)
Under iy, the supremum to estimate in (6.133) is then bounded from above by:

n

Zy - N 1/2

sup { > Vf(Mz)gEm [felw,] [aEue [fed] — EDK( ) )”

f>0wp(€)=1 0=Lomin(n) (4

n Ze 3

<a sup Z I/f(Mg)EEW [fglwg] sup E,, [ggb}
F20wp(€)=1 Ly == {4 920:E,,,[9]=1

Dy(g%/?)<2a||$lloc /N

n

<a max { sup Ew[ggzﬂ}x sup { > yf(Mg)%EW[ﬁle}. (6.138)

ZInin(n)gegn gZO;EHZ[g}:l fz()yf(g)zl =0 (TL)
De(g'/?)<2al¢ o0 /N -
The second supremum is bounded by 1. The proof of Lemma will therefore be concluded if
we can prove that, for fixed n and N large, the supremum on g in the right-hand side of (6.138])
is bounded by 0,(1) uniformly in ¢ with ly,,(n) < € < n.
Fix ¢ € {{nin(n),...,n}. As W, is compact, the supremum on g in (6.138) is achieved by a density
gy for each N. Up to taking a subsequence, by lower semi-continuity of D, and continuity of the
expectation in (6.138)) with respect to weak convergence, we can take the large N limit and restrict
ourselves to studying:
s B, lgd] (6.139)
g 2>0:E,, [g>°]=1
Dy((9°°)"/?)=0
By definition of Dy, the zero-range dynamics is irreducible on W,. This is the major difference
between the contour dynamics and the O-temperature stochastic Ising model, which motivated the
introduction of the temperature-like parameter 5 to allow for regrowth at the poles. Irreducibility
means that any ¢* satisfying D,(¢g>°) = 0 is constant equal to 1 and we are left with the estimate
of:
E,[¢p] with ¢=1,9—e". (6.140)

Step 4: equilibrium computations
The expectation ((6.140)) is taken under the equilibrium measure of the zero-range dynamics. Prop-
erties of the measure p, are analysed in Appendix [A.3] In particular, it is proven there that,

recalling the definition (6.119)) of £yin(n):
lim  max |E,[¢]| =0. (6.141)
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Equation (6.141) concludes the proof of Lemma when G = 1.

Let us now discuss the case G # 1. In this case we need to bound:

—adT + CB + /OT sup {aE,,f [6G(t, Ly)] — NDN(fl/Q)} dt. (6.142)

f>0wp(8)=1

Fix ¢t € [0,T] and consider the supremum at time ¢. Since G is bounded, it is still possible to
localise around the pole through bounds on h,,, £, so that it is sufficient to estimate the following
analogue of (6.121)) for each ¢ < T and v-density f supported in &:

n

Y B [1a Lny <@ G, L))
L=Lin(n)

n

— Z By, 101,10, <honan(n) Lon()=a® G(E, 30)] + on (1), (6.143)
ezgmin(n)

with an error term uniform in f, accounting for the difference G(t,L;) — G(t,x,). This error
term vanishes for N large due to the conditions ¢, < n, h, < hyax(n) which imply ||z, — Li||; <
C(G,n)/N for some C(G,n) > 0 independent of N.

To reduce to the G = 1 case, we further split the expectation depending on the position of
7,(v). The first term in the right-hand side of is then equal to:

D HGHOO’EW[1M[1hn§hmx(n)1%(7):@]’. (6.144)

l=lmin (’I’L) xe(N*12)2

At this point G dose not play a role any more and we can proceed as in the G = 1 case. Indeed, the
position of the left extremity x, () of the frame around the pole is unchanged by the zero-range
dynamics, see the discussion following . Conditioning on its position therefore does not
affect the projection on the ZRP. As such, the rest of the arguments in the proof of Lemma [6.11
go through unchanged, except that one has to rewrite everything with x fixed, e.g. to consider
My, = My N {x,(y) = z} instead of My, fi., fr. instead of f, f; for the new marginal of f under
[, fig Tespectively, etc. In particular, the supremum in is bounded at each time ¢t < T by
the following variant of (6.138)):

o S 0 2B Fuetie] 06| Bu o] - 30052

P00 =X i (n) e (N-12)2
< al|Glle max [ sup 5, (90 ”
gmin(’l’l)SZSn gEO:E,’LZ [g}ZI e |: :|

De(gl/2)<2all¢||ooIIGIIoo/N

X sup { Z Z (M) = Z M[fg,xlwé}}. (6.145)

F20p =1 Ly 0 ze(N-12)2

The second supremum is bounded by 1 and the supremum on the zero-range process is the same
quantity as in (|6.138)). [
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The method of proof of Lemma [6.11|can be used to obtain tighter estimates on the slope at the
poles. An example is given in the following corollary, used in Appendix to obtain exponential
tightness.

Corollary 6.12 (One and two block estimates for deviations from the average). Let § > log2.
For each 6,m > 0:

- 1 e
lim hmsupﬁlogﬂﬂﬁv (VN € E([0,T],&); —/0 Leta p55dt > n) = —o00. (6.146)

q—0 N0 T L1(vtN)

and:

=0 0 N—oo

1
lim limsuplimsupﬁlog]%v (ny € E([0,T],&);

1 T
T/o Lgta _pten |>6dt>77>:—oo. (6.147)

L) "L

Equations (6.146) —(6.147) are valid under IP’;;{H for H € C by Corollary .

Remark 6.13. Note that 1|§zc,q_e,5|>5 is simply a cylindrical function, which has average o,(1)
; >

under the invariant measure v. Corollary thus says no more than the usual replacement
lemmas. |

Proof. Consider first (6.147). Using Feynman-Kac inequality as usual, it is enough to prove that,
for each a > 0:
lim limsuplimsup  sup {aE,,f [llgi,q gheN |25] — NDN(fl/Q)} =0. (6.148)

9790 e50 N—oo f>0wp(E)=1 Ly(vN) L)

For each density f, the expectation is bounded above using Markov inequality by 0~'E,,, Héi%ﬂ) -

i?iVN |. At this point the proof of Equation (6.147)) boils down to the proof of a two block estimate
using only the SSEP part of the dynamics. The method of proof is then the same as in Lemma[6.7

Consider now (6.146[). By the same approach, we only need to prove:

lim limsuplimsup  sup {gEVf [|§fc(’ Ny~ e P|] - NDN(fl/Q)} = 0. (6.149)
4= 0 Nooo f20wp(E)=1 L0 Bt

Since we need to compute the exact value of the slope, we have to project on the ZRP around the
pole as in the proof of Lemma This is done as for Lemma [6.11] with the only difference that
we need to project on a frame around the pole that has at least ¢ edges to the right (for £79) or
to the left (for £77) of the pole.

To do so, it is enough to choose the parameter n in the definition of the reference frame such
that there are typically at least ¢ vertical edges (as there will then be at least ¢ edges to either
side of the pole). Written formally, we only need to prove:

lim sup sup vy (8, ho(y) —1< q) = 0,4(1). (6.150)
Nooo  f20:B,[f)=1
Dn(f/*)<C/N

This estimate was already established in (6.116]). With the only difference that n is taken large
before ¢, the proof of (6.146)) thus reduces, as in Lemma to an elementary (though more
involved) equilibrium computation under the measure fy ({pin(n) < ¢ < n) defined in (6.134). O
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A Projection of the dynamics, replacement lemma and equi-
librium estimates

A.1 Projection of the contour dynamics on the good state space

In this section, we prove Lemma [6.5] which states that the contour dynamics can be projected to
the effective state space £. We state and prove a more general result.
Let (X})i>0 be a continuous time Markov chain on a finite state space E, reversible with respect to

a measure v. If xg € F, let IP;%,]E?O be the associated probability and expectation. The jump rates

of the chain between states (z,y) € E? are denoted by c(z,y), with associated Dirichlet form:

Vg: E—=R,  D(g) = % " v@)e(zy)[g(y) — g(@)]”. (A1)

(z,y)cE?

Lemma A.1. Let BC E and o € B. Let also T >0 and ¢ : [0,T] x E — R be bounded. Then:
T
EY [hwqom,xteg} exp {/ P(t, Xy) dt”
0

o] [ e (Bl -pen)a] @)

~ v(wo F>0:0p(B)=1

Proof. As (X;)i>0 is right-continuous with left limits,

T
Ei‘é |:1{Vte[0,T],XteB} exp {/ w(t,Xt) dtH
0

T T
= li_>m EY [I{XTeB} exp [ — n/ 1x,epdt + / U(t, Xt) dt” : (A.3)
For n € NU {oo} and t € [0, 7], introduce the E x E matrix L? defined by:

—c(z,y) ife#£AyeFl
Yoepcl z) +Y(t,x) —nlyep if z=y.

Write also P/ (t € [0,77]) for the associated semigroup defined through the Chapman-Kolmogorov
equation:

Li(z,y) = { (A.4)

oP=L}P", te€]|0,T], Py (z,y) = Ly—suen, (7,y) € B> (A.5)
The right-hand side of (A.3) is then equal to:
: n . o0 _ 1500 o0 1300 o0
JLH;OZ PT(*r07 y) - Z PT (l’o, y) - H I/(ZEU)PT HLl(V) < HMPT HLQ(V)' (A6)

yeB yeB

Note that L7 is self adjoint in L?(v). If A denotes its largest eigenvalue, one has in particular
when n = oo:

o= sup {B[fUt,)] — 0B, [fLugs] - D(F)]
f20:(f)=1

= sw  {B[r(t,)] - D)} (A7)

f>0v(f1p)=1
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As a result, for t € [0, 77,

d 1 0 co||2 _ 1960 o'} 1960 o'} [e%¢} 1’0 0
il B _2EV[V(xO)Pt Lt<y(x0)Pt )] <2 etk 10, (A9)
Gronwall inequality and [|72% o POOHLQ( = v(10)~'/? conclude the proof. O

A.2 Replacement lemma

In this section, we prove the Replacement Lemma [3.8] Let us first introduce and recall some
notations. Fix a time 7" > 0 and A > 0 throughout the section, such that all trajectories considered
here will be in the set:

{OMer cOficne ssuplh < 4}, (A9)

For each ¢ > 0 and x € R2 recall that B;(z,c) C R? is the subset of points at distance less than
g to x in 1-norm. For v € QY. and z € V(7), define

¢(7N7 x) = C:c(’VN) = %[£z+e; (1 - gac) + g:}c(l - £m+e;>]' (Al())

Recall from (3.3)) that £V is the quantity

1
eN _
S T 2N +1 Z S, (A-11)
yeV (yN)NB1(z,e)
and define ¢ by: )
o(p) =p(1=p),  pel0,1]. (A.12)
Let G € C.(R. x R?) be a bounded function. By Chebychev exponential inequality and the
Projection lemma applied to the set E([0,T],&) N {sup,<r || < A}, Lemma holds if,
uniformly on ¢t > 0 and for each a > 0:

lim lim sup (A.13)
e=0 N
| ) 2
sup {E fy X ctn|onn -]} ] NDN<f1/2>} 0
205 (Ea)=1 2€V(yYN)
Above, €4 is the set:
Ex=ENn{|y| < A} (A.14)

Following [ELS90], it is sufficient to prove the following two estimates.

Lemma A.2. (One and two block estimates)

Let € > 0,0 € N>y and let (V})i1<j<s denote a partition of {—eN,...,eN} in J intervals of length ¢
(ea:cept maybe the last one that is of size at most 20), such that maxV; = min V; 1 —1 for j < J—1.
For vN € QN. . x € V(¥V) and 1 < j < J, let Vj(z) be the set of vertices in By(x,e) NV (yY),

mic’?
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with numbering relative to x corresponding to elements of V; (i.e. = corresponds to 0, x + e to
+1, ete.). Define also:

Z £, (A.15)

yGV()

S(6, V() = — IR

Vi)l &7

For any a > 0, one has then (one block estimate):

lim lim sup lim sup max
=0 250 Nooo 1S55J

s ab, |5 X [stv) - s | - Nox(rm ) <0 (a0

f20wvp(Ea)=1 2eV(yN)
and (two block estimate):

lim lim sup lim sup max
{—00 30 Nooo 1<b,e<Jd

s {am, | 3 [s@.w) - s | - xosrm ) -0 @

205 (E4)=1 2eV (yN)

Proof. Only microscopic curves occur in this proof, so we drop the superscript N and write v €
QN... All distances are in 1-norm.

The proof is written for a function ¢ of range R € N, i.e. ¢(v,x) depends only on By (z, R/N)NV ()
for each v € lec and z € V(y). It in particular applies to (A.10), for which R = 1. The
proof of (A.16)—(A.17) consists in showing that the one and two block estimates for the contour
dynamics amount to the same estimates for the SSEP, which are well known [ELS90]. We do it
for (A.16), is similar.

The first step is to discard all points in the sum in that are close to the poles so that
the pole dynamics can be neglected. Define thus, for u > 0, the set W*(y), which contains all
points of V() at distance at least u/N from each Lg(7), k € {1,...,4} (compare with V*(y), see
Figure |8 which contains points at 1-distance at least u/N from the whole poles rather than their
left extremities). For any v € Q¥

mic’

= Y [s@ v -de ) <5 X | Vi) - deien]

z€V(y) TEWeN+E+3(~)

+ O8]t (A.18)

The second term in the right-hand side of is independent of N, ¢ and vanishes for € small.
We now estimate the sum. To do so, we split curves depending on their four regions. We then use
the mapping to the SSEP for the dynamics on each region.

Let 1 < k <4 and let M}, denote the set of all lattice paths compatible with region 1 < k < 4,
defined as follows. For v € Q. let v, denote the part of v that comprises the edges between the
vertex Ly + 2eLk, and the vertex before L1, these two vertices included (with Ly, := L; when
k = 4). Define then:

My, :={pC (N'Z)*: 3y € Q1,7 = p}. (A.19)
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One can check that, e.g. when k = 1, any lattice path on (N7'Z)? allowed to only go right or
down and starting in the upper half plane z - b/, > 0 is an element of M;. A similar statement
holds for other values of k for the corresponding lattice paths directions.

Define now 4y as the marginal of the contour measure v = /3’ (defined in (2.16)) on M;:

e~ BNIpl
Vp € My, pr(p) =

=) e Nl (A.20)

pEMy,

Let f be a v-density supported on £4. Define the corresponding p,-marginal fp:

Vp € My, Te(p) =

w=pf (V¥ (7)- (A.21)

v mic

For v € QN. | if v\ v is fixed, then so are all poles. Moreover, if 7 is in &, then the contour
dynamics is local. The definition of M} then implies that dynamical updates affecting an edge of
71 correspond to SSEP moves. As a result, the Dirichlet form Dy (f'/?) is bounded from below by
convexity according to:

4

f1/2 Z Z 1i(p Z Cx(p)[ 2/2(paz,x+e;> _ 2/2(0)}2 ZDeX k( 1/2)7 (A.22)

k 1 peMy, zeV (p) k=1

where V' (p) is the set of vertices in p and, for k£ € {1,...,4} and a u-density h, the Dirichlet form
Df\’;’k corresponding to the SSEP dynamics in region k is given by:

DFB2) = 3" glp) D ealp) [ (7o) — W12 (). (A.23)

pEMy, z€V (p)

We now use the decomposition on the My, 1 < k < 4 to estimate the sum appearing in the
right-hand side of (A.18). For short, define ®; for 1 < j < .J by:

2,(7,2) = |56, V() — B[ 7 e O e V(). (A.24)

Note that ®;(v,z) depends only on the orientation (horizontal or vertical) of the edges of v at
I-distance at most ¢/N from z and in particular does not depend on the absolute position of x as
a point of R2. We thus only need to keep track of the label of z in a well chosen parametrisation
of v. We have:

B)= Y vit)y X B

’YEQN IEWSN+R+3(’Y)

mic

23 D)y S @), (A.25)

k=1 peM;, zeWeN+R(p)

where @;(p,-) is defined as in (A.24)) replacing v € QY. by a path p € M}, (1 < k < 4). Since ¢
depends only locally on the curve, this is not ambiguous for x € WeN*E(p),
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So far, we proved that the one block estimate (A.16]) holds as soon as:

lim lim sup lim sup max
=00  £50 N—ooo 1SJ<J

sup {fj@}jmwﬁ@&; > Qmw—wmw<#ﬂ}—o<A%>

[20wp(Ea)=1 \ 5 pEM, TEWEN+R(p)

The estimate for each 1 < k£ < 4 is identical, so we only do it for £ = 1. Further split paths in
M, according to their number of vertices and let M;(n) be the subset of M; of paths with n + 1
vertices. All such paths have the same probability under p;, thus the marginal of puy; on M;(n)
is the uniform measure U, on paths with n 4+ 1 vertices or, equivalently, by the correspondence
expounded in Section m (see Figure , of SSEP configurations with n sites. Define f;,, as the
corresponding U,,-marginal of f; on M;(n):

VpEMi(n),  fin(p) =By [ilane]  fi(@m(p)|Mi(n)] i B, [filan] > 0. (A27)

It is a density for U,, thus convexity of the Dirichlet form yields:

€ex, 1/2 ex, 1/2
DIMA) =3 By [Alanm | DR (£, (A.28)

n>2

where D]e\);rll is defined as in (|A.23)), but with U, instead of p; and paths in M;(n) rather than M.
Note also that, as f is supported on €4, f1, is supported on paths with at most AN edges. In
addition, for any p € M;(n) with n < 2eN + 2R, WN*E(p) is empty. Thus:

S mhb)y Y ®iea)

pEM; zEWEN+R(p)
AN
1 1
Z H1 |:f1 M1(n)} ’Ml(n)‘ Z N ](p7 ﬂ’j) ( 9)
n=2eN+2R pEM; (n) zeWeN+E(p)

Now that paths appearing in (A.29) have fixed length, it is possible to give a numerical label
i € {eN+R+1,...,n—eN — R} to each point in W¥*£(p), independent from the choice of
the path p € M;(n). One can then associate a SSEP configuration ¢ € {0, 1}" with each p (see
Figure and rewrite the quantity ®;(p, x) for x € WNTH(p) as:

Vo € WNTE(p), Q;i(p,x) = (10), (A.30)

where i € {eN + R+ 1,...,n —eN — R} is the label of the point x and 7;0(i') = (i’ — @) is the
translation operator. The average on M in (A.29) is then equal to:

AN 1 1 n—eN—R
Z Ey [ filanm) L) Z 917n(0)N | Z P,(1i0). (A.31)
n=2eN+2R oe{0,1}n i=eN+R+1

In the last line, ¢y, is defined for o € {0,1}" by g1.(0) = g1..(p(0)), with p(c) the unique
path in M;(n) corresponding to the particle configuration o, as represented in Figure . In view
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of (A.26)—(A.28)—(A.31)), to prove the one block estimate (A.16]), it is sufficient to prove:

lim lim sup lim sup max
=00 20 Nooo 155<J

n—eN—R
a
max su _En|: q)‘Ti'}—NDZX 1/2}—0. A.32
”E{QEN“R?---AN}gzO:EUF[glzl {N "’ gi:s];RJrl o) ) (4.%2)

The notation D, already used in Section [} stands for the Dirichlet form associated with a SSEP
on n sites. We are left with a usual one block estimate for a SSEP of size n, proven e.g. in [ELS90].
The size n of the SSEP becomes irrelevant in the large N limit since only the 2¢ 4 1 site closest
to each ¢ matter. This concludes the proof of (A.16). The two block estimate is proven
similarly. O

A.3 Equilibrium estimates at the pole

In this section, we investigate the equilibrium measure p, (see (6.134])) of the zero-range process
at the poles. We prove:

Proposition A.3. The sequence of the laws of the top height of a path under u, (¢ € N>y ) satisfies
a large deviation principle at speed € (equivalently: the number of particles or of antiparticles) with
good, conver rate function given by:

Vu > 0, C(u) = 28u —2ulog (14 1/(2u)) — log(1 + 2u) — log (1 — e~ 7). (A.33)
In particular, recalling that lyin(n) == /n/(4logn):

lim  max !EM [¢H =0, p=1p—p—c " (A.34)

Proof. We prove first. We say that a path is a north-east path if it goes either up or right,
a south-east path if it goes either down or right and an up-down path if it is the concatenation of
a north-east path followed by a south-east path (see Figure .

Recall that up-down paths correspond to possible configurations of the neighbourhood of the
north pole of microscopic interfaces v € QN. . In contrast, the north-east paths appearing on the
left of Figure [17] below do not have any interpretation in terms of microscopic interfaces.

We speak alternately of up-down paths or of particle/antiparticle configurations in the proof
depending on what is easier to use, the height of a path corresponding to Eszl Ne = — Zac>L1 M-
Here, the point L, is the left extremity of the pole of an up-down path. This pole and L for an
up-down path are defined analogously to the north pole of a curve vV € QX "and its left extremity
Li(7). We similarly write p for the length of the pole of an up-down path.

Fix {pin(n) < € < n throughout. Let us first study the probability to observe a given height
under py. There are exactly (2‘122_2) configurations with height ¢ € N. To see it, notice that this
is the number of north-east paths with length 2¢ + ¢ — 2 and 2q vertical edges. To each such path
p, one can associate a unique up-down path of length 2¢q + ¢ as follows (see also Figure [17)).

e Travelling on the path p from its origin, stop at the first point at height ¢, call it X, and cut
the path there in two parts p<x and p>x.
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e Add two horizontal edges to p<x immediately after X, call pxo the resulting path.

e Change p.yx into its symmetrical p-x with respect to the horizontal, i.e. change every
upwards edge into a downwards one, leaving the horizontal edges unchanged. Stitch the last
edge of px.o to the first of p-x to obtain an up-down path of height ¢ and length 2q + /.

One easily checks that this mapping is a bijection, mapping the point X onto the left extremity
L, of the pole of the up-down path, whence:

2q+10—2

% )e—wq—ﬁf /2. (A.35)

Vg < hmax(n) = n(1 + 2logn), M(Z%ZQ> _ (

J<Li

Let us investigate the dependence of this quantity in g < hpax(n):

W( S :qH)/W( S :q> _ e+ 0Cq+l-1) (A.36)

= = (2¢+2)(2¢+ 1)

This quantity increases until some value g. of ¢, given by

ge = 5(e" = 1)+ o(0) = ucl + o(0). (A.37)

In particular, due to the logarithm in the large deviation bounds for the measure p, that we are
trying to prove, only the maximum value of (2q;£72) e~209=B% will matter. One thus needs only
consider heights of order ¢ in the large ¢ limit. For fixed u > 0, elementary computations give:

élog {(2 LgugLZuT a 2> Q—Zﬂtﬁuj—ﬂé] = —B—2Bu+2ulog (1+1/(2u)) +log(1+2u) +0s(1). (A.38)

Define the function D(-) on R* by;
D(u) = 8+ 2Bu — 2ulog (1 +1/(2u)) —log(1 +2u) >0,  u > 0. (A.39)

From (A.38) and with u. = 1(e” — 1)7!, we obtain for the normalisation Z:

lim %log Zy=D(u,) = B+log (1 —e ). (A.40)

{—o0

We now turn to the large deviation principle for the height of a path. From (A.38)) and (A.40]), we
obtain

%mg (32 s = Leu)) = ~(D(u) — D(ue)) + ou(D) (A.41)

C(u) = D(u) — D(u.) > 0, u > 0. (A.42)

The function C'is C*° on R and satisfies:

Clu) =0=C"(u,), C"(u)=

o > 0 for each u > 0, (A.43)
u+2u
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so that C' is strictly convex and a good rate function. The large deviation principle follows
from (A.41)).

general case

e
q
J/
g-1
p=2
—_—
q

Figure 17: Bijection argument to count the number of up-down paths with height ¢ and length 2q + ¢,
with (bottom figure) or without (top figure) conditions on the size p of the pole. Black dots delimit
the extremities of the paths. Without conditions on p, an up-down path is obtained by transforming a
north-east path with length 2¢ + ¢ — 2 and height 2¢ (top left figure). If p = 2, then instead the length is
2¢+/¢—3 and height 2¢g —1 (bottom left figure). Dashed lines delimit the two portions p<x and psx of the
north-east paths. The red dot is the place at which the initial north-east path is split and the red, thick
lines on the right-hand side are the edges added to the initial path to obtain an up-down configuration
with height ¢ and length 2¢ + ¢ (with also p = 2 in the bottom figure).

It remains to prove (A.34). This follows from the large deviations principle and the
following observation. Constructing a path with p = 2 and height ¢ € N>, is done by building a
north-east path of length 2¢ — 1 4+ ¢ — 2 with 2¢ — 1 vertical edges, then cutting it as described
previously and taking the symmetric part of the path after the first point X at height ¢q. The only
difference is that one now sticks not just two horizontal edges after X, but two horizontal edges
followed by a vertical one hanging from below, before stitching back the two parts of the path (see

Figure . There are thus (z‘gq“ﬁ?’) configurations with p = 2 and height ¢ € N>, and:

_ 2q+0—3
_9 :) 228 ( ) A.44
w(p ,J;m q 29— 1 2q+£ ST T Zm (A.44)
As the height ¢ of a path corresponds to Engl n;, the expectation in at ¢ then reads:
&) 2>, ;
B l¢l ==+ (p =2,) = Q> D g, { EJS“ LA e—ﬁ] . (A45)

g>1 J<Ly 22 s i 02
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Let ¢ > 0. The integrand in (A.45)) is bounded and, for all ¢ large enough,

Slogpe(3 3 s ¢ lne— Gue+ () < Ol +0)/2 <0 (A.46)

J<Li

As a result, since 2u./(2u. + 1) = e ”, the expectation in (A.45)) is recast as follows:

20713 <
— J<Li 'l -8B -1
Bl = By K%_l S i+l ‘ )1“C_C§3%stm m<uerc| TOUT)

=0()+0(¢™). (A.47)

The O(() is independent of £ € {lpin(n),...,n} and lyin(n) = /n/(4logn) diverges with n. This
proves ([A.34]). O

B Topology results

At the microscopic level, elements of Q.. are simple curves. Macroscopically, however, curves may

be non-simple, for instance when the situation of Figure [6] occurs. Microscopic estimates on the
poles, such as Proposition indicate that macroscopic trajectories should have well-behaved
poles and thus be simple at almost every time.

To turn the information provided by Proposition into a property of limiting curves (e.g.
for lower bound large deviations), it is necessary to first be able to define a limiting object (for
lower bound large deviations, a limiting probability measure) on general, possibly pathological
trajectories.

This means that we have to define a topology on trajectories that is strong enough to handle
pathological cases, yet weak enough for microscopic estimates to be available (which for instance
excludes pointwise in time estimates in Hausdorff distance).

The following appendix builds this topological setting, first on curves (Section , then on
trajectories (Section [B.2)); concluding with a proof of exponential tightness (Section [B.3).

B.1 Topological properties of () and &£

In preparation for the definition of the topology on trajectories, we investigate in this section
topological properties of €2, £ for Hausdorff and volume distances, expressing the Hausdorff distance
between curves in €2 as a function of the volume distance and the distance between the poles only.
We also prove Lemma on the locality of jump rates of the contour dynamics.

The Hausdorff distance dy (A, B) between two non-empty compact sets A, B is defined in ({2.9)
and equivalently by:

dyy (A, B) = { inf ||z — g1, sup inf ||z — }:d 9A,OB). B.1
w(A, B) = max  sup inf v =yl sup inf [lz = il p = d( ) (B.1)
Recall also the convention:
VA €0, dp(v,9) ;:dLl(r,f):/ 1r — 17| du do, (B.2)
RQ
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where I', T are the droplets associated with ~, v respectively.
For 1 < k < 4, recall that the z;, = z(y) are the extremal coordinates of a curve v €  (see
Figure |18/ and recall that Ly is the left extremity of pole k):

z1 =sup{z - b :x €y} = L1 by, zz =1inf{z bz €7} = L3 by,
zog =sup{z -bg:z € v} = Ly - by, zy =inf{z-bg: 2 €y} =Ly by. (B.3)

Equation (B.1)) directly yields that the z, are 1-Lispchitz functions in Hausdorff distance. In
addition, since each curve v € €2 surrounds 0, it holds that 2z, 29 > 0 and z3, 24 < 0.

We first prove that 2, & are closed with respect to convergence in Hausdorff and/or volume
distances.

Proposition B.1. The sets Q2 and £ are closed in the topology associated with the Hausdorff
distance dy. Moreover, € is closed in Q) for the volume distance di1, defined in (B.2)). In addition,
QN A{|y| <k} is compact in Hausdorff topogy (thus €N {|y| < Kk} as well) for each k> 0.

Proof. 1If a sequence converges in Hausdorff distance, then it converges in volume distance dy:. In
particular £, defined as a closed ball in €2 in d;:-distance, is a closed subset of 2 for both volume
and Hausdorff distances. It is thus enough to prove that € is closed and QN {||v|| < K} is compact
in Hausdorff distance for x > 0. We start with the closeness.

Let 7" € Q (n € N) converge to v in Hausdorff distance. Then by definition or v
delimits a bounded region that must contain 0. The curve {0} is in Q by assumption, so let us
assume that 7 is not reduced to a point. Convergence of the (zx(7")), (1 < k < 4) guarantees
that v has poles, i.e. that regions with extremal ordinate or abscissa are connected. It thus also
makes sense to talk of the regions of v (some of them possibly reduced to a point).

Let k € {1,...,4} be such that region k of v is not reduced to a point. To prove v €
it remains to prove that its region k is a Lipschitz curve with tangent vector T of ~ satisfying
T - b_(i—1)r2 = 0 and T - b_ir/p > 0. This is equivalent to proving that region k of v is the
graph of a 1-Lipschitz function in the reference frame (b_j 4, b_kr/ayr/2) (in particular this is
true for the v"). Let x be in region k of 4. If z is in one of the poles, there is nothing to prove
since the poles are horizontal or vertical segments (possibly reduced to a point). Suppose instead
d(z, P(y)) > 0 and assume k& = 1 so that = is in the first region, the others being similar. Let
e > 0 be such that:

r-brp < z(y) -, x-by < z2(y) —e. (B.4)

Then all points y € v with:

y-b_ru€l:= {uER:qu-b_W/4+[—

2%, 2%]} (B.5)

satisfy y - br/a < 21(7) —€/2 and y - by < 22(y) — €/2. This implies that, for n large enough, all
points in I correspond to a point y™ in region 1 of 4. Write then the set of such y" € 4" as the
graph of a 1-Lipschitz function:

{y" in region 1 of 7" : y" - b_rs € I} := {ub_ /s + f"(u)brys: u € I}. (B.6)

Hausdorff convergence of 4™ to v implies uniform convergence of the f™ on I. It follows that their
limit f is 1-Lipschitz, with:

{yinregion 1 of y:y-b_ru €I} ={ub_r s+ f(u)brs:uel}. (B.7)
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L4=(Z4,W4)

Ls=(ws3,23)

Figure 18: A droplet I' associated with a curve in 2 with point-like north and east poles. The left
extremities Ly = (wg, z;) (1 < k < 4) of each pole are indicated by black dots. Here, for u,v € R, (u,v)
is the point ubg + vb; /5. The droplet I defined in Lemma corresponds to the red shaded area.

The fact that ¢ P(y) was an arbitrary point of region 1 concludes the proof: v € €.

Consider now the compactness claim. For x > 0, v € QN {]7| < x} implies that |z,(7)| < x/2
for each k with 1 < k < 4. Since v surrounds 0 by Definition of Q, the set QN {|y| < K}
is closed in Hausdorff topology in the set of non-empty compact sets in [—k/2, k/2]?, which is
compact. This concludes the proof. ]

To control Hausdorff convergence, we will need to control the position of the poles. The
next lemma characterises the continuity of the other coordinate wy of the left extremity of pole
k € {1,...,4} (see Figure[18). Continuity properties of the z;, w), are summarised on Figure [19]

Lemma B.2. Fory € Q, let wi(7y) (1 < k < 4) be the other four coordinates of the left extremities
Li(v) of each pole: wi(y) = Li(7) - bo for i € {1,3}, wi(y) = Li(7) - brya for i € {2,4}.

The function v — wi(y) (1 < k < 4) satisfies wy, € [2k—1, 2k4+1] with the convention k + 1 :=1
ifk=4and k—1:=4 if k= 1. It is not continuous in Hausdorff distance on 1, but wy is lower
semi-continuous if k € {1,4}, upper semi-continuous if k € {2,3}.

In addition, if v € Q has point-like pole k € {1,...,4}, then v is a point of continuity of wy for
the Hausdorff distance. That is, for ("), C § converging to v in Hausdorff distance:

Tim [ Ze(v") = Le() |, V [[Be(7") = Be(9)]], = 0. (B.8)
Proof. Note that the z; (1 < k < 4) are the extremal coordinates of points of an interface by
definition, see Figure E.g. for k = 1, w; is the abscissa of the left extremity L; of the north
pole while z4 is the lowest abscissa and zy the highest. Thus w; € [z4, 29] and similarly for wy, for
ke {2,3,4}.

The lack of continuity of wy, is best explained on a picture (see right picture in Figure . The
idea is the following. E.g. for the north pole k£ = 1, let v € £ be a simple curve with north pole not
reduced to a point: |Py(7y)| > 0. Then w(7) is always the abscissa of the leftmost point of the pole
by definition, but one can build a sequence (7™),, of curves with point-like north pole at ordinate
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z1(y) + 1/n and abscissa Ry(7) - by # wi(7y). Then lim, dy(y™,7v) = 0, but w(y™) converges to
Ri(y) - bo # wi(7)-

The fact that w;(y) is the abscissa of the leftmost point of the pole also implies the lower
semi-continuity of v € Q — wy(7) for the Hausdorff distance. Indeed, let 4™ € Q (n € N) converge
to v € Q for dy. Then Li(7") - by = z1(7") converges to z,(y) while w;(v") = Li(7") - by €
[24(7"), 22(7™)] is bounded. Let L := liminf, o L1(7") € 7. As L € v has maximal ordinate
21(7y), it belongs to the north pole of 7, hence L - by > wy(y) and the lower semi-continuity.

Finally, let us prove that v €  with point-like pole 1 is a point of continuity of w;. Let
(v")n, C & converge to 7 in Hausdorff distance. Recall that z; = L - b/ is continuous in
Hausdorff distance as noticed below . We just saw that w; = L; - by is lower semi-continuous.
One can similarly show that R; - by is upper semi-continuous (see Figure . Thus, since I' has
point-like pole 1:

Ly (y) - by < liminf Ly (") - by < limsup Ry (") - by < Ra(7) - bo = L1 () - bo. (B.9)
n—0co n—00
This concludes the proof of (B.8)) for the north pole. The other poles are similar. O

The last ingredient we need to compare convergence in Hausdorff distance and convergence of
the poles and volume is a control of the poles of the largest droplet at 0 volume distance of a given
droplet. This is stated next (see also Figure , together with continuity estimates in volume
distance that will be used in the proof of the locality of the dynamics in Lemma [B.6}

Lemma B.3. For v = JI' € Q with volume |I'| > 0, define I" C ' as the largest droplet with
simple boundary such that dp: (U, T") = 0. In other words, I" is the closure of the interior of I' (see
Figure @) Define then Q' C Q as the set of boundaries of all such droplets:

QO ={oI"):y=0T € Q}. (B.10)

Then, in both Hausdorff and volume distances, v € {7 € Q : |T| > 0} + 2(T") is lower semi-
continuous if k € {1,2}, upper semi-continuous if k € {3,4}. In addition v — wi(I") is upper
semi-continuous in volume distance on the same set of curves if k € {1,4}, lower semi-continuous
if k € {2,3}, and similar statements hold for the Ry, - bu_1)z/2 (1 <k < 4).

Proof. Note that upper semi-continuity of z; := v — z(I") (k € {3,4}) is the same as lower
semi-continuity of z1, 2, up to rotating all curves by m. We focus on the lower semi-continuity of
z1 on €, 2!, being similar. Since convergence in Hausdorff distance implies convergence in volume,
it is enough to work with the latter. Let 4" € Q (n € N) converge to v in volume distance. Then
either (21(~")), diverges to +oo, in which case the lower semi-continuity holds, or it is bounded
along a subsequence that we still denote by (z](7™)),. Taking yet another subsequence, we may
assume (27(7")), converges. Suppose by contradiction that its limit z] satisfies z; < 2/(vy) — ¢ for
some ¢ > (. Then, for all large enough n:

2(7") < 21(7) —¢€/2. (B.11)

The last equation implies that the intersection of the strip {(u,v) € R? : v € 2/(y) + [—¢/2,0]}
with the droplet I'" associated with 4™ has vanishing volume when n is large. On the other hand,
the volume of this strip intersected with ' (the droplet associated with ) is strictly positive. This
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i
L3(I™)=R3(I")

Figure 19: Continuity properties of the zj, wg and v — zx(I'). A droplet I' and an element I'” of a sequence
of droplets converging to I' in Hausdorff distance (I'" differs from T' in the portions materialised by red
lines) are represented. The extremities of the poles of I', '™ are given by dark dots and the positions of
Li(T"), L ((T™)") by light blue dots. Arrows indicate the evolution of I' when n is large. The convergence
at each pole illustrates different possible behaviours.

The droplet I' has point-like pole 1, thus lim,, L1 (') = L1(T"). However, on this figure, I'™ is chosen in
such a way that liminf,, 21 ((I'"™)") > 21(I'). Similarly, at pole 2 of T, I'™ is such that lim Lo(I') = Lo(T),
but inf,, zo((T"™)") > 22(I"): v+ 2;(I”) is lower semi-continuous if i € {1,2}.

At pole 3, where L3(I'™) = R3(I'™), the point L3(I'™) does not converge to L3(I'™) = L3(T"), as ws(I'™) =
L3(T'™) - bg satisfies lim,, w3(I'™) < ws(T"). The functionals R3-bg and L3 - by = w3 are respectively lower-
and upper semi-continuous (while instead wy = L1 - by is lower- and R; - by upper semi-continuous, etc.).

is absurd, since lim,, d;:(y",v) = 0 by assumption. Thus z] > 2]{(vy) — ¢ for arbitrary ¢ > 0 and
the lower semi-continuity.

We now prove that lim sup, w}(7") < w}(v) where w) := 4 — w1 (I"). We may suppose without
loss of generality that «,~" are simple, so that w;(y) = w;(I”) and idem for 4" (n € N). Suppose
first that the first region of v is reduced to a point. Then the structure of elements of {2 implies
that [N H| = 0, with H the half plane of points to the right of L;(vy). Thus lim, [[" N H| =0
which, I'" being simple, implies that lim sup,, w; (") < w; (7).

Assume now that the first region of I' is not reduced to a point and suppose by contradiction
that there is € > 0 such that wy(y") > wy(y) + € along some subsequence still denoted by n. We
can assume that ¢ is small enough that there is a point z. in region 1 of « with abscissa w;(v) +«.
Let £'(y) > 0 be the drop in height between the pole P;() and the point z.:

Te brjp = 21(y) —€'(7)- (B.12)

The lower semi-continuity of 2z and the fact that v,~™ are simple implies that z;(y™) > 2z1(v) —
e'()/2 for all large enough n. There are now two cases to consider. Define the set (see Figure [20):

A= {(u,v) eR?:ue [:L’E . bo,wl(F")],v € [xs . bﬂ/Q,zl(F”)} } (B.13)
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Ll('Y) U=8+W1(y)

e R

Figure 20: Representation of the sets A, B (shaded areas) for a curve v (solid black line), with two possible
~™ (cyan and magenta curves). The cyan curve corresponds to case 1 (liminf, [T N A| > 0), the magenta
curve to case 2 (liminf, "N B|=0, I'NB| > 0).

Then either liminf, [ N A| > 0, or liminf,, [I"™ N A| = 0. Due to the the structure of curves in
(see Definition [2.3)), it always holds that [T N A| = 0. In the first case (cyan line on Figure [20), this
fact and the convergence lim,, d;1(,~7") = 0 give a contradiction. In the second case (magenta line
on Figure , the structure of elements in €2 implies that, up to taking a subsequence, the height
of a point in I'™ with abscissa . - by (if such a point exists) is smaller than z. - b, /s +£'(7)/2 for
large enough n. Thus [I'"™ N B| = 0 for large enough n, with:

B = {(u,v) eR?:u e [wi(y), 7 by, |,v € [21(7) —'(7)/2, 21(7)] } (B.14)

However, the fact that ' is simple with first region not reduced to a point implies |I' N B| > 0.
This gives a contradiction in this case as well and concludes the proof. O

Convergence in volume is weaker than convergence in Hausdorff distance in general. For curves
in €, however, we now show that Hausdorff convergence is implied by convergence in volume,
convergence of the z; and, depending on the curves, the wy as well (1 < k < 4). We stress that
convergence of the wy is not always implied by Hausdorff convergence, hence the complicated
formula below. We refer to Figure 21] and to Remark for heuristics.

Lemma B.4. Let v : R — [0,1] be a strictly increasing continuous function such that 1(0) = 0.
Consider the distance dy on §2, defined for v,5 € Q and associated droplets I',T" by:

dy(7,7) = dp (D, 1) + Y |2r(I) — 2(D)]
k=1

n kz_: L(maX {12(T) = 2(I)], |2(D) — zk(f')|}> | (T) — wi(T)]. (B.15)

Then JH and dy are topologically equivalent on S2.
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= W1 ’Zl

FIZ(FI)' I,(l-‘4)I: F3

Figure 21: Neighbourhood of the north pole of four droplets I'¥, 1 < i < 4 assumed to be identical except
in the pictured portion. On the figure, w/’, z{ is short for wy((T%)"), 21 ((T"*)") respectively and w!, 2} is
short for w1 (I'"), 21 (I'?). Recall that e.g. (I'?) is the largest droplet with simple boundary contained in I'?
(here (I'?)" =T, ie. (I'?)is I? without the vertical red line), see also Figure 18|

Convergence in volume to the I'V (1 < i < 4) ensures that the limit differs from (I'*)" only by a vertical
segment above the north pole of (I'¥). To prove convergence in Hausdorff distance, in addition to the
volume, one must therefore control convergence of the height z; of this segment and, depending on the
limit curve, convergence of its lateral position ws.

For i € {1,3}, I'" = (I'")'. Knowing convergence of z; is then enough, because it shows that this vertical
segment is reduced to a point.

For I'? (equal to I'y except for the red part), I'? # (I'?)’ (or equivalently 2z1(I'?) > z((I'?)’)), so we in
principle need to know convergence of w;. However, since (I'?)’ has point-like pole, convergence of w;
is already controlled by the volume convergence. Thus knowing convergence in volume and of z; is still
enough.

In contrast, ['* has point-like north pole while (I'*)’ = I'3 # T'* satisfies | P ((I'*)’)| > 0. Convergence in
Hausdorff distance then requires convergence of the lateral position wy of the pole (in general only lower
semi-continuous by Lemma in addition to convergence of z; and in volume.

Remark B.5. The statement of Lemma is important. Though already discussed at length in
Figure [21]from another point of view, let us therefore take the time to explain the definition (B.15)
of CZ’H

Note first that all microscopic curves, i.e. elements of QY. . are simple. For these curves, I' = I"
and the second line of vanishes. This second line is only useful to control singularities at
the poles of elements of €.

The volume distance does not control possible singularities at the poles of elements of €2,
whereas the Hausdorff distance does. The question is then what kind of information must be
added to the volume distance so as to guarantee convergence in Hausdorff distance.

If a curve v with associated droplet T is simple in the neighbourhood of its pole k& (1 < k < 4),
then an additional control of the z; is sufficient to guarantee convergence in Hausdorff distance.
This corresponds to I't and I'* in Figure Convergence of the wy is not implied by convergence
in Hausdorff distance in that case, as illustrated in the case of I'®,I'"*. Note that in this case the
function ¢ in the second line of vanishes (this claim is established in the proof of Lemma[B.4)),
thus convergence for dy only amounts to convergence in volume and of the 2z, but does not require
convergence of the w, either.

Similarly, if 7 is not simple around pole k but I” has pole k reduced to a point, then controlling
the volume and z; is enough (as illustrated by I'? in Figure . Again in this case the second
line of vanishes, because convergence in volume implies convergence of the wj to the only
possible value wy(T).
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The last situation to consider is when a curve v has pole k reduced to a point, but pole k of
[ is not reduced to a point (this is the case for I'* in Figure . In this case convergence in
Hausdorff distance does require convergence of wy, which is why w, appears in the second line
of (and ¢ does not vanish in that situation). |

Proof of Lemma[B.4 Let (v"), C £ converge to v € § for dy;, with as usual (I'"),,, I" the associated
droplets. Then lim, d;:(I'",T") = 0, and (2x(7")), converges to zx(y) = z([') for 1 < k < 4, as
these objects are continuous in Hausdorff distance.

Suppose first zi(') = 2,(I”) for each & (1 < k < 4). Recall that z(T'™) > 2. (")) if
ke {1,2}, z(I™) < z((I™)) if k& € {3,4} by definition. Moreover, v € Q +— z,(I") is lower
semi-continuous for k € {1,2} and upper semi-continuous for k& € {3,4} by Lemma The
convergence lim,, z;(I') = 2(I") then implies lim,, |2,((I'"™)") — 2, (I'™)| = 0, thus ¢ vanishes in the
second line of d~H(7”, v), and lim,, JH('Y”, v) = 0.

If instead 2z, (I") > 2, (I") for some 1 < k < 4, then v has pole k reduced to a point and ¢ is
bounded from below at pole k (recall that ¢ takes values in [0, 1]). However, a point-like pole k
means that wy is a Hausdorff-continuous functional at v by , thus lim, wg(y") = wi(y). It
follows that lim,, dy (7", ~) = 0.

Conversely, assume (7"), C Q converges to v € Q for dy. Convergence of the (z,(7"))n

(1 < k < 4) implies convergence of the length (|7"|),, which is in particular bounded by some
C > 0. The set:

Qe={7€eQ: |3 <C} (B.16)

is compact for the Hausdorff distance by Proposition Let v denote a limit point of (™),
for dy and write I', "> for the droplets associated with v, 7> respectively. By continuity of the 2,
and volume for both ds and dy, one has:

dpi(v,7*) =0 (thus I = (™)), 2(7) = z2(v), 1<k <4 (B.17)

If 2, (I'") = 2(T") for each 1 < k < 4, then by the same is true for each pole of I'** and we can
conclude I' = I'*°. The only possibility for I', '™ to differ is thus when the situation represented
by I'* and T in Figure 21| occurs, i.e. when 2;,(T") > 2;(I") for some 1 < k < 4 and pole k of T is
not reduced to a point, so that wy(vy) may differ from wy (7).

However, as soon as z,(I') = 2zx(I'™°) > 2z,(I") = 2((I'*°)) for some 1 < k < 4, then ~,~*
have point-like pole k, thus wy is in particular continuous in Hausdorff distance at v* by :

lim, wy(7") = wi(7>) up to a subsequence. Since z(I') > z,(I") implies that ¢ is bounded
from below at pole k, we also know that lim, wg(7") = wg(y) by Definition (B.15)) of dy. Thus
wi(y) = wr(7>°), and v = °°: v is the limit of (™) in Hausdorff distance. O

We conclude the section by proving Lemma stated again as Lemma Let v € €, and
define ¢() as the distance of 0 to 7 in the following sense:

q(y) := sup {q >0:B(0,q) C F}, (B.18)

with the subscript 1 denoting the usual ||-||;-norm on R2. Let also r(v) denote the distance between
consecutive poles of the droplet IV with OV € €’ (see Lemma [B.3) associated with v (recall that
k+1:=1if k =4):

r(7) = inf {7" >0:¥1<k<4, |[Rp(T") = Lipa(I)] - by| > 1 for 6 e {O,W/Z}}. (B.19)
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Finally, let /() denote the distance between opposite regions of I in the following sense. Let
[Li(I"), Rk+1(I")]or denote region k of OI. Then, writing d;(A, B) = inf,cayep ||z — y||1 for the
distance between bounded sets A, B C R? in 1-norm:

() = sup {g >0:dy ([le), Ro(T")orr, [Ls (1), R4(F’)]ap/) > e,
d, ([LQ(F’), Ry (D)o, [La (), Rl(m]ap) > g}. (B.20)

Lemma B.6. Let v € Q2 be such that q(y) > 0, r(y) > 0 and () > 0 (i.e. v satisfies Prop-
erty . There is then € > 0 such that:

o all droplets T associated with a curve 4 € Q and such that dri(7,7) < €% satisfy q(7) >
a(v)/2, r() > r(7)/2 and () > 1'(7)/2.

o The jump rates c(~,-) of any ¥ € QN. with dp (v, 7) < &% are local: there is N(v) € Nx;

such that, for any N > N(v) and any x € V(3V), the value of c(YV, (¥V)*) can be determined
through the knowledge of points at 1-distance at most 3 from x.

Proof. The second item is a consequence of the first one since any vV € Q. satisfying Property
has local jump rates as discussed in Section 2.2.3] We therefore focus on the first item.

Notice that q(v),r(y),7'(7) are defined only in terms of volumes or the I'". This implies that
q,r,r" take the same value for v and for O(I") which is a simple curve. It is therefore enough to
work with simple curves exclusively, i.e. to assume that v is simple and prove the existence of
e > 0 such that any simple curve 7 € Q with d;:(v,7) < &2 satisfies q(7),7(7),7'(7) > 0.

Consider first r(-). The continuity results of Lemma give that 5 — [Lo(I") — Ry(I")] - by
and 7+ [Ry(I") — Ly(I")] - b,y are lower semi-continuous on the set of curves with |T| > 0, thus
in particular for simple 4. A similar statement is valid in other regions. This yields the claim for
r(+).

Consider now ¢(-). Recall the definition =% :=T"\ U.gr Bi(x,0), with Bi(z, d) the open ball
in 1-norm (6 > 0). Let us show that, for any § > 0, there is £(d) > 0 such that d;:(7,7v) < €(9)
for any simple curve 4 € Q implies I' © I'%. This will imply ¢(5) > q(7)/2 for each ¥ € Q in a
sufficiently small ball around v in volume distance. Let 6 > 0 be such that I'"% = (); otherwise
there is nothing to prove. For future reference, note that the ball B;(z,d) around a point = can
be split into four pieces corresponding to the closed sets with boundaries given by the triangles
(2, 2+ 6bk_1)r/2, +0bgr/2) (1 < k < 4). In the following we talk of an "open triangle in B (x,d)"
to refer to the interior of one such piece.

Assume by contradiction that there is a sequence of simple curves 4" € €) converging to ~ in
volume distance and points z,, € IO\ I (n € N). As I'=9 is compact, we can assume up to

taking a subsequence that (z,) converges to z € I'"%. This implies:

On the other hand, the structure of curves in Q (recall Definition and the fact that =, ¢ NG
imply that at least one open triangle in the ball B;(x,,d) does not intersect I'", thus:

~ 3 3
[By(aa, 8) NI < [By(an, )| = S|Bi(x,0)] (B.22)
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Equations (B.21)—(B.22)) and the fact that lim, x,, = x contradict lim,, dz1(v,3") = 0.
Consider finally 7/(-). Again we proceed by contradiction. Let § € (0,7(y)) and assume that

there are simple curves 4" € () and points z,,,y, € orm (n € N), say in regions 1 and 3 respectively
for definiteness, such that lim,, dz1(v,5") = 0 and ||, — y,|[1 < J. Let us prove that (z,,), (y,) are
bounded using the bound on the volume of I'". By definition of the poles one always has:

Tn - by € [W1(F"), 22(")],  Tn - brja € [Ra(7") - brja, 21(F")]- (B.23)

Similar bounds hold for y,,. The semi-continuity results of Lemma for wy, Ry -br/s then imply
that, for each € > 0, there is n(¢) > 0 such that, if n > n(e):

mn'bO Zw1<7)_57 xn'brr/Q ZR2(7)'bﬂ'/2_57
Yn * bo S IU3<’)/) + g, Yn - b7|—/2 S R4(’)/> . bﬁ/g + €. (B24)

The fact that ||z, — yn|j1 < ¢ thus implies that both (z,), (y,) are bounded. Up to taking subse-
quences, let us assume they converge to x, y respectively with ||z — y||; < J. Since z,, y, are in
4™ and due to the structure of curves in €2, at most three open triangles out of four of any ball
around x,, ¥, can be included in "

Buen QN < 2Bl 1Bl N < B0l >0 (B25)

Taking limits, this implies that z, y are not in the interior of I'. We can nonetheless locate z,y
relative to I': by the proof for ¢(-), ['=%) C I'" for each € > 0 and each n larger than some n’(g) € N.
This and (B.24) tell us that z is above and to the right of the first region of +:

Vz € [Li(7), RBe()]y, [z —2]-brju 20. (B.26)

Similarly y is below and to the left of the third region of v, i.e. [y — 2] - bsz/4 > 0 for any z in the
third region of «. This yields a contradiction, concluding the proof:

r(y) > =z —ylh = d1<[L1(7)>R2(7)M [L5(7); R4(7)]’y> > 7'(7)- (B.27)

]

B.2 The set E([0,T],€)
For T' > 0, the set E(]0,7],€) was defined in (2.34) as follows:

T

E([0,T],€) := D1 ([0, T],E) N {fy. : / |ye| dt < oo}. (B.28)
0
This set is equipped with the distance dg, defined by:
T
dp = dj, +/ dy, dt, (B.29)
0

with dil the Skorokhod distance associated with convergence in the topology induced by the
volume distance dy: (see (B.2))). For properties of the Skorokhod topology, we refer the reader to
Chapter 3 of [EK09].
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The main purpose of this section is to characterise relatively compact subsets of E([0,T],€),
in Appendix [B.2.1] to pave the way for the proof of tightness in Section [B.3] We also prove
Proposition on the continuity of the functionals appearing in the proof of large deviations, in
Section [B.2.21

To characterise compactness, we first exhibit a distance topologically equivalent to dg on
E([0,T], &), but with explicit dependence on the distance between poles. This result is the analogue
on trajectories of Lemma

Lemma B.7. Let ¢ : R — [0,1] be a strictly increasing continuous function with 1(0) = 0. Let dg
be the distance on E([0,T],&) defined for two trajectories v.,7. with associated droplets I'.,T". by:

017 = 85,02 + 3 / [20(T) — 2u(F)| at
+Z/ max {|2(Ts) — z(0))], |21 (Ts) — ]}>|wk ) — wy(Ty)|dt.  (B.30)

Then dp and dg are topologically equivalent on E([0,T7,&).
The proof of Lemma is obtained as a consequence of the following lemma.

Lemma B.8. Let F': £ — R be a continuous functional in Hausdorff distance (or, equivalently,
for dy) and assume:

3C,C" > 0, |F(v)] < Cly|+ ', veE. (B.31)

Then . — fo (v¢) dt is a continuous functional on E([0,T),E) for both the distances fOT dy dt and
fo dy dt. The conclusion of the lemma remains valid if F is replaced by a function G 0,T]x&E —
R such that G(t,-) is continuous, |G(t,v)| < Clvy| + C} with C,C} > 0 and fOT C}dt < oo.

Proof. Let F' : £ — R be a continuous functional and let (v"), C E([0,T],&) converge to 7. €
E([0,T],&) for fo dy dt (the proof is identical for dy). The key argument consists in proving
that one may work with F'(y"), F'(+.) bounded. One can then use the continuity of F' on £ and a
compactness argument to conclude.

We will use the following elementary identity: for any ¢, X > 0,

Xlxoe = clyoe +/ 1{X > )\} d>. (B.32)

Let A > 0 and let us prove that it is enough to consider curves with length bounded in terms of
A. The last equation applied with ¢ =0 and X = |F (1) — F(y)| for each t < T yields:

/| Fy)| dt = // {IFGR) = PO > A} axar
0

/ / |F(y) = F(w)| > /\} dXdt. (B.33)
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Assume A > 4C". By Assumption (B.31)) on F' and using (B.32) in the last line below, the integral
on the second line of (B.33)) can be bounded as follows:

T 00
// |F(yp) — (%)\>A}dmt§// 1{20max{|%|,|7f|}+20’>)\}d)\dt
0 A

T oo A A
< [ [ fmaxtiod ety > 5 b {be = bl < g fanae

B R R v
// y%y> }d/\dt+80/0 |7 = [l | dt. (B.34)

Since the length is Lipschitz in Hausdorff distance, one has lim,, fOT |77 = ||| dt = 0. In addi-
tion, (B.32)) implies that the first integral in (B.34]) is bounded as follows:

A
/ / el >—}d)\dt<80/ Ll > it = 0 (B.35)

To prove that lim,, fOT |F(7f) — F ()| dt = 0, it is therefore enough to prove:
T
VA,e>0, lim 1{|F(7f) — F(y)| > 5}1{ max{|y], 77|} < A} dt=0.  (B.36)

n—oo 0

For any time ¢ < T for which the integrand above does not vanish, both 7; and ;" belong to the
set E4:=EN {|7| < A}. This set is compact for the Hausdorff distance by Proposition . As F
is continuous on &4, thus uniformly continuous, there is a modulus of uniform continuity m4 > 0
such that:

\V/’}/,’? S gAu |F(ry> - F<§)| =& = d?‘l(’%ﬁ/) > TTLA(&T). (B37)

The fact that lim,, fOT dy (77, v¢) dt = 0 concludes the proof of (B.36]), thus of the first claim of the
lemma.

Consider now G : [0,7] x £ — R bounded as in the lemma. Then the argument is the same,
except that the decomposition (B.33) now reads:

/OT]Gt(’V?)—Gt(%)\dtg/T/Al {1G31) = Gulw)] > A} dnat
L -
/ / faxar (B.33)

The last integral vanishes when A is large and is independent of n. The middle integral is treated
as for F'in (B.34)). O
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Proof of Lemma[B.7. Notice that dp is topologically equivalent to dfl + fOT dy dt. To prove
Lemma it is thus enough to prove that fOT dy dt and fOT dy dt are topologically equivalent
on E([0,T],€). By Lemma , dy is a continuous functional for dy and vice-versa. It is thus
enough to check that both distances satisfy the hypotheses of Lemma Let v. € E([0,T],€).
Then:

vy eg, Fy(v) = duly, 1) < Iyl + [l (B.39)

where the last bound comes from the fact that both v,7; surround the point 0 and the defini-
tion (B.1)) of dy;. As fOT 74| dt < oo and each F; is continuous on &, the lemma applies: fOT F,dt is

continuous on E([0,7],€), in particular at .. Thus convergence for fOT dy dt implies convergence
for fOT dyy dt.

To conversely prove that convergence for fOT dy dt implies convergence for fOT dy dt, let t € [0, 7]
and define, for each v € &:

Gi() =dp (v, %) + > IILk(7) = Le(y) b < C(| + 1nl) + €, (B.40)

k=1

where the C' corresponds to the bound sup, sce dpi(7,5) < C" and the C comes from (see be-

low (B.3) and Lemma [B.2):

V1 <k <4, |2k < |91, Wi € [2k—1,2k+1] with 21 <0 < zp4q, (B.41)

with the convention z;_; = 2z4 if k =1, 2z = 21 if k = 4. Then Gy satisfies the hypothesis of
Lemma and Gy(v) > dy(7,7), hence the claim. O

B.2.1 Compact sets in F([0,7],€&)

Thanks to Lemma [B.7] we now have a distance topologically equivalent to dg that involves only the
volume distance and the distance between the poles. This is the key to the following proposition,
giving sufficient condition for compactness for dg.

Proposition B.9 (Compact sets for dg). Suppose that K C E([0,T),E) satisfies the following.
e One has:
sup sup || < oo. (B.42)

v.€eK t<T

o If m_Ll(F.) 18 the Skorokhod modulus of continuity associated with volume convergence for
trajectories in E([0,T),E) (see [Bil99, Equation (12.6)]), then:

tim sup sup {mt' (4 +Z / (26 (17n) = 20 |+ e (3) = wn (7] de f = 0. (B.43)

=0 h<n ~v. €K

Then IC is relatively compact for the topology induced by dg.
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Proof. Recall the definition of dg and let ("), C E([0,T],€) be a sequence in K. By
Lemma it is enough to prove that a subsequence of (V) converges in dp distance. This
means that it is enough to control the convergence in volume and of the time integral of the
distance between the poles.

According to the characterisation of relatively compact sets in the Skorokhod topology in
[EK09, Theorem 6.3|, K is relatively compact in the Skorokhod space Dy1([0, 7], NE) equipped
with d?,, where Q' is the subset of simple curves in Q given in (B.10). It follows that, up to a
subsequence, (™), converges in d3,-distance to a trajectory T™ € Dy1([0,T],Q NE).

Let us now control the convergence of the 2z, w, for each k£ with 1 < k < 4. Recall that the
length of a curve v € £ in 1-distance satisfies:

Iyl = 2[z1(7) — 23(7)] +2[22(7) — 24(7)]. (B.44)

Recall also that the droplet associated with v € £ must contain the point 0, thus z1(7), z2(y) >0
and z3(7), z4(7) < 0. This observation, (B.44)) and the bound (B.42)) thus translate into:

B.4
JAX, SUP Sup |26 (7¢)] < o0. (B.45)

Similarly, sup,, ; |wk(7}')] < oo as wy € [zk—1, zr+1] by Lemma (with 4+ 1 :=1if k = 4,
k—1:=4if k=1). Equation (B.43) and the Kolmogorov-Riesz theorem |Brel0, Theorem 4.26]
imply that the sets {(zx(7"))n}ns {(Ws(7"))n}n are relatively compact subsets of L'([0, T],R) for
each k. Up to a subsequence, they thus converge to z;°, wi® € L*([0,T], R) respectively.

It remains to build a limit point v of (™), for dg. Define, for each ¢t < T, the curve 75 as
the boundary of the droplet I'?°, Wlth.

(T) =T, 2(I°) :=2°(t) for 1 <k <4, (B.46)

and:
wi(T) = w,§°(t)1{z,§°(t) > 2, (0 )} + wk(FOO)1{Z,:°(t) - zk(fgo)} for 1<k <4 (B.A7)
Then v € E([0,T],£) and (7") converges to > for d up to a subsequence by construction. The
fact that dg and dg have the same converging sequences by Lemma concludes the proof. [

B.2.2 Continuity properties of the functionals JI/;E

Let g > log2 and H € C be fixed. In this section, we prove Proposition on the regularity of
the functionals Jj; . for £ > 0. Let e > 0. In view of the expression (&.5)(4.6) of J; ., we need to
prove two things.

The first is that elements of the set E,,([0,7],€) of trajectories with almost always point-
like poles are point of continuity for the distance dg of the following functionals, defined for
v. € E([0,T],€) by:

(_ _ _) Z / H(t, Ri(y)) + H(t, Ly(v)] dt, and: (B.48)

—// (v m|T* - Vthsdt——// ]T5T€|H2dsdt (B.49)
0 Ju) 4V (&)
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Recall that m is given by Definition , ve(€) is the subset of v, of points at 1-distance at least ¢
from the poles and v®, T¢ are defined in (3.89).

The second thing is the convergence lim. o J5 _(7.) = Ji(7.) for each . € E([0,T],€), which
amounts to the convergence of the functional when ¢ — 0.

Let us start by proving regularity of (B.48)—(B.49). The regularity of (B.48)) is the object of

the following lemma.

Lemma B.10 (Convergence of the poles). For n € N, let v* € E([0,T],€) and assume that (")
converges to . € E,,([0,T],E) for dg. Then:

kel d), Dim [ L) = el + 1RO = L)l [ae = 0. (B.50)

n—oo 0

Proof. By Lemma convergence for dy implies convergence for dp, defined in (B.30). As the
limiting trajectory has almost always point-like poles, convergence for dg implies convergence of
both coordinates of Ly, Ry, in the topology of L'([0,T],R), hence the result. O

Let us now show that the functional in is continuous at each point of the set &,,([0, 7], )
of trajectories with almost point-like poles. The proof is quite technical, but the idea is simple:
first, control the convergence at the poles using Lemma Then, express line integrals in each
regions as integrals on the corresponding SSEP by the correspondence presented in Section
At this point the desired regularity properties are proven as for the SSEP, see [KL.99, Chapter 10].

To prove the continuity of f, we will use Lemma relating convergence in
Hausdorff distance and convergence of the poles and volume, or more precisely the following
consequence of Lemma (B.4

Lemma B.11. Let (4"), C € and v € €. Let x € v be away from the poles in the sense that, for
some ¢ > 0, the set B' := By(x,() N~ only contains points in the same region of v as x. Then
convergence in volume implies convergence in Hausdorff distance:
lim dp,(T"NB.,TNB)=0 = limdy(I"NB,I'NB')=0. (B.51)
n—o0 n—oo
Fix 7. = (7)<t € Epp([0,T],E) and let (47),, C E([0,T], ) be a sequence converging to . for
dg. Introduce the functionals Fy, ., Fiy, . on £ as follows: for v € £,

VE 2 B VE 2
FHhE(y):/ (4> [Ts.m}TE.thds, FHt,E(y):/ (2> | TS TS| H} ds. (B.52)
ye) Y ye) 4V

To prove the continuity of the functional in (B.49) at ., we need to show:

T T

T T
lim Fu, (7)) dt = / Fy, () dt, lim Fy, (7)) dt = / Fy, () dt. (B.53)
0 0

We only deal with Fy ., FHA,E being similar. Note that there is C(H) > 0 such that:

Vy e EVt LT, |Fr,«(7)| < C(H) ] (B.54)
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L1=R1= al b-TI/4 + fl(al)bn/4

fl

bn/4
b31'[/4

L2 = bl b-l'[/4 + fl(bl)bn/4

b4
b—31'[/4 v

Ry [, R
Rs=a° by + (a%)bsy,

Figure 22: A curve in £ and associated splitting in terms of the poles and the four regions [Ry, Li+1] (with
Liy1 = Ly if k = 4) where the curve corresponds to the graph of a function f* in the reference frame
(br/a—kn/2) Prja—(h—1)r/2) (1 <k < 4). Region 1 is in magenta, regions 2 and 4 in black and region 3 in
cyan. The coordinates of Ly = Ry and Ly are written in the the first reference frame (b_r /4, b;/,) and
those of R3 in the third reference frame (bs; 4, b_37/4).

The functional F, . is not continuous on £ at each ¢t € [0, 7] because of the lack of continuity at
the poles, so we cannot directly conclude through Lemma[B.8] However, each curve with point-like
pole is a point of continuity of Fp, . for each t. The idea will be to use this fact and the above
control of the length to restrict to times where 7; has point-like pole, then mimic the argument of
Lemma for those times.

By similar arguments as in the proof of Lemma the fact that lim, fOT 72| = |wel|dt =0
implies that it is enough to prove:

T
VA>0, lim 1{\FHt,€(7;l) — Fye(w)] < A}\FHt,E(yf) — Fye(y)|dt=0.  (B.55)

n—oo 0

This allows us to only prove convergence on a subset of times with length 7'(1 — 0,,(1)), which we
chose as those times where poles of (7"), converge to those of v.. In view of Lemma [B.10] it is
enough to prove:

T
tim timsup [ 1{ o {1207) = L0l -+ IRGE) = Lol } < ¢}
X | Fr, e (W) = Fr e ()| dt = 0. (B.56)

Now that we have restricted to times where poles are well-behaved, the line integral in the defi-
nition (B.52)) will converge at each time. To prove it, we split the line integral between different
regions and map the integrand the the SSEP as in Section

Let v € £. Recall that, by definition of Q D &, region k (1 < k < 4) of « is the graph of a
1-Lipschitz function f* in a suitable reference frame (see Figure :

4 4
v = U Pk(’}/) U U {ubw/4_k7r/2 + fk(u)bﬁ/4_(k_1)7r/2 U € [ak’bk]}’ (B57)
k=1 k=1
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where the extremities a*, b* are chosen here to correspond to coordinates of Ry (7), Li11(7y) (with
Li1(v) = La(v) if k = 4):

a* = a"(7) == Ri(7) - brjansz, 0" =0(7) == Li1(7) - Brjain2- (B.58)
For 1 <k <4, let u € (a*, V%) and write y(u) for the corresponding point of :
Y(u) == ubgja—tasa + (W) bn/ae5-1)r/2- (B.59)
The derivative of w — ~y(w) at u, if it exists, is given by:

V2

> <b7r/4fk7r/2 + aufk(u)bw/4f(k71)7r/2> = t(’y(u)), (B-60)
where t is the 1-normed tangent vector, defined in (3.86]) in the first region. Recall that T :=t/v,
where v := ||t||> and the arclength coordinate s(u) satisfy:

= /14 (9uf*F ()2 du = V2v(7(u)) de. (B.61)

For each t € [0,7] and each curve v € £, one can then write for Fy, .
1 4 bk —e/\/2

F N
Ht,E(/Y) 2\/§ o1 ak+€/\/§

qfy, (1, 7) du, (B.62)

with, for u € (a* +¢/v/2,bF — ¢/v/2):
e (0,7) = (2T - m] T) (y(w) - VH, ((w). (B.63)

Recall from Definition that m = (£1,+1) has a fixed value inside each region. Recall also the
definitions of v°, T¢ and their relationship with t° from (3.89)(3.88): if u € (a' +¢/v/2,b' —£/v/2)
is in the first region for definiteness,

ute/V2
E600) =V T 0w = — [t w) e

\/§€ u—e/x/ﬁ
Vo P - P,

_b—n +
2( /4 2

(B.64)

For future reference, note that implies the continuity of q’f{t’e(u, -) on &€ in Hausdorff dis-
tance for each u € (a* + ¢/v/2,b" — ¢/v/2), in the following sense: if ("), C £,v € & satisfy
lim,, dy(7",7) = 0 and if u € (a*(v) + £/V2,0%(y) — ¢/v/2), then lim, 07, (U, ") = qf, (u, 7).
Indeed, convergence in Hausdorff distance implies uniform convergence of f* around each such
point u and the expression (B.64) (or a similar one in region k # 1) yields the continuity.

We now apply the decomposition (B.62)) to each ~;* and use the control of the pole in (B.56)
to express the integral on each region independently of a®(72), b*(y"). Thanks to the indicator
function in (B.62)), one has for each { < £/2, each time ¢t and each k with 1 < k < 4:

€ % 3

k C ki mn
N V" (1) — 3 < () — 5 S b*(7¢)- (B.65)
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Since qp, . is bounded on &:

max sup sup sup | g, (7, u)| < o0, (B.66)
1<k<4 <T ve€ u€(ak+e/v/2,bk—e//2)

it is enough to prove:

lim limsup/0 1{ max {HLk(’y[‘) - Lk(%)”l + HRk(’Y?) - Lk(%)Hl} < C}

(500 m—soo 1<k<4

L pre0-evE )

>/ b e(008) = dh ol [ dude =0, (B6T)
=1 7 a*(ve)+e/V2

At this point the dependence on the poles has been completely taken care of and it will be enough

to study qf;, .. Let I be the set of times in the first line above. To prove (B.67), we prove:

Tim gy, (u,77") = iy, <(u, ) for each (t,u) € Ie x (a" () +/V2,6" (%) —¢/V2).  (B.68)

Since ¢}, . is bounded on & for each k by (B.66)), and the dominated convergence theorem
yield (B.67).

To prove (B.68)), notice that lim, dg(7"™,~.) = 0 implies convergence in volume at almost every
time: lim,, d1 (77, 7¢) = 0 for almost every ¢. Now, by Lemma , for each point x at 1-distance
at least A > 0 from the poles, convergence in volume of 7} N By (x, A) implies convergence in Haus-
dorff distance. But we already saw below that q’ﬁlt’e(u, -) is continuous in Hausdorff distance
for any u corresponding to a point at 1-distance at least € from the poles. This implies and
concludes the proof of the continuity of (B.49).

To conclude the proof of Proposition it remains to establish:
¥y € B([0,T],€),  limJg . (v) = J5(v). (B.69)

Recalling Definition of Jg, the above statement boils down to proving convergence of the
terms in (B.A49). As . € E([0,7],€) implies that fOT || dt < oo, this is an immediate conse-
quence of the expression of the tangent vector, of the bound and of the dominated
convergence theorem. This concludes the proof of Proposition

B.3 Exponential tightness

In this section, we use the characterisation of compact sets of Proposition to prove exponential
tightness of {P} : N € N>} for each T' > 0, 8 > log 2 for trajectories in E([0,T7],&). We first give
a sufficient condition for exponential tightness, in Corollary then prove that it is satisfied in
the rest of the section. The main difficulty lies, once again, in the control of the poles. To start
with, the following characterisation of convergence in the volume distance dy: will be useful.

Lemma B.12. Let (Gy)p>1 be a family of functions of C?(R*R), dense for the uniform norm
Supgz | - | in the separable set C.(R?, R). Then dp: is topologically equivalent to the distance dp:
defined as follows: if v',+* € Q have associated droplet T't, T2,

LT Ge) = (I%,Gy)|

dp (0T =Y = . (B.70)
’ ;2“1+|<F1,Gz>—<F27Ge>\
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In the sequel, dri and dp1 are identified.

To prove exponential tightness, we replace the condition on the Hausdorff distance, in Propo-
sition by a condition on the positions of the extremities Ly, Ry, 1 < k < 4 of the poles. This
condition, stated next, is more convenient to check at the microscopic level.

Corollary B.13 (Sufficient condition for tightness). Let T' > 0. Assume that, for each G € C*(R?)
and each € > 0,

lim hmsupﬁlogIP’B <7 € E([0,T],E)N {’y. : sup (T, G) — (T4, G)| (B.71)

=0 Nooo [s—t|<n

T ) AR }) ==

h<r]k 1

Then for each H € C and q € N>1, there are compact sets K, = K,(H) C E([0,T],Q) such that:
1
SUp log Py 1 (7Y € E([0,T],€) N (K,)°) < —q. (B.72)

Proof. As also holds under IP’N for any H € C, we prove the corollary only for H = 0.
Consider a sequence Gy € C?(R?), € > 1, dense for the uniform norm. According to (B.71)), for
each ¢,n,l € N*, there is n = n(q, ¢, n) and No = Ny(n) such that:

sup %logpg (7N € E([0,T],E)N { sup [(I'y,Ge) — (I's, Go)| (B.73)

N2>No [s—t|<n
4

+ su Z/ThHL( ) — Li( i dt>l}ﬂ{su\ \<qll}><—n£
hSI’?k::l 0 o I =5 tg]E T —cp)yt) — ane.

For N < Ny, each of <FN G> Li(vY) and Ri(yY) for k with 1 < k < 4 is a cadlag function
when "V is a trajectory in the space of QY. N E N {|y| < qnl/C(B)}-valued trajectories that are
cadlag in Hausdorff distance. This set is complete and separable, as QY. NE N {|y| < gnl/C(B)}
is compact by Proposition B.1l As a result, (B.73) holds for N < Nj as Well up to choosing
' = 1'(¢,¢,n) < n, hence for all N in N»;. For G € C%(R?), let thus m* ((I,G)) be the
Skorokhod modulus of continuity associated with the trajectory (<Ft, G>)t. It satisfies:

¥9 >0, my ((I,G)) < sup [(T,G)— (I, G)|. (B.74)

|s—t]<0

Recall the control on the length obtained in Lemma in particular the definition of C'(3) > 0.
Define then K, = U,, with U, as follows:

Uy = { sup el < %}

N ﬂ { <F G5>) +SUP Z/ 1Lk () — Li(esn) 1 dt < 1} (B.75)

£, neN*
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By Proposition and Lemma K, is compact. Moreover, it satisfies by construction:

1
sup log Py (v € E([0,T],€) N (K,)°) < —q. (B.76)
NENZl
This concludes the proof of exponential tightness inside E([0,77],&). O]

We conclude the section by a proof of relative compactness of the laws of the dynamics for
short time.

Corollary B.14. Let 3 > log2, H € C and (u™)n be a sequence of probability measures on
(5, dLl) converging weakly to 0.wr. Assume further that there is to > 0 such that:

lim P4, (7Y € E([0.t0],€)) = 1. (B.77)

N—oo

Still write dg for the distance (B.29)) defined on a time interval [0,to]. Then the set {Pg]\;{ . N €
Ns1} is relatively compact in the set of probability measures on (E([0,t0],2),dg) and its limit
points are supported on trajectories in E([0,to],E) that are continuous in dp: distance.

Proof. By the direct half of Prokhorov theorem (Theorem 5.1 in [Bil99]), relative compactness is
implied by tightness. Let us therefore prove that {P} ;}x is tight in E([0,%o],€2). The proof is a
bit indirect because Corollary only gives a good control of trajectories in E([0, %], E), not in
E([0,10], ). For each measurable set B C E([0,t],€?), write:

N N N
Pt (7Y € B) =P, (vN € BN E([0,t0),€)) + P4 (v € BN E((0, 4], £)°). (B.78)
Fix n > 0. By Assumption (B.77)), there is Ny(n) € N>, such that:
YN > No(n), P (4N € B((0,10),€)°) <. (B.79)

On the other hand, the initial conditions (u")y are probability measures on &£, which is separable

and complete for d;1 (seeing & as a closed subset of L!(R?) by identifying curves with the indicator
functions of their associated droplets). It follows from the converse half of Prokhorov’s theorem
(Theorem 5.2 in [Bil99]) that (1")y is tight. For each n > 0, let thus K)) C £ be a compact set
for the distance dy1, such that:

VN eNs, Phy (ﬁ S (K,?)C> =Y ('yN € (K2)6> <. (B.80)
Then, for each ¢ € N> with e7? <5, recalling the definition of K, from Corollary [B.13

uN N 0 c

WN €Nsy, P4, (7_ e B([0,t,),€) N (KON K,) ) < 2. (B.81)

As a result, for N > Ny(n), we have:

Pl (v € (KDNK,)") <3, (B.82)
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Now, each IP"B‘JL for N < Ny(n) is a probability measure on the complete, separable set Dy ([0, to], 2)
of cadlag trajectories in Hausdorff distance with values in €. In particular, for each N < Ny(n),

P is tight: there is a compact set KN C D ([0, 0], ©2) such that:
B,H ght: p n H » L0 .
N C
P‘AH(V-N € (K,) ) <n N <Non). (B.83)

Since convergence in Dy ([0, o], Q) implies convergence for dp, each KV is also a compact set for
dg, whence the proof of tightness in E([0, ¢], Q2):

UNEN, P (v e (K9nK) TN () (K))7) <3n (B.84)

M<No(n)

It remains to check that {Pg]jq : N € N5} concentrates on trajectories that are continuous in
volume, d: distance. This is a standard consequence of the estimate (B.71), so we conclude the
proof here. ]

B.3.1 Estimate in L'(R?) topology
In this section, we prove exponential tightness in volume, i.e. in L'(R?).

Lemma B.15. Let T > 0 and G € C*(R?). Then, for each € > 0:

lim lim sup % log P} (VN € E([0,T],E) N { sup [(T)Y,G) —(TY,G)| > 6}) = —o0. (B.85)
n

=0 Nooo [t—s|<
The result also holds under IEDQZH for H € C by Corollary .

Proof. Compared to Chapter 10 in [KL99|, the only subtleties to prove Lemma are in the
introduction of the condition E([0,77],£) and in the control of the change in volume induced by
the motion of the poles. As these do not present any particular difficulty, the proof is omitted. [

B.3.2 Precise control of the slope and volume around the poles

In this section and the next, we prove the estimate on the poles appearing in (B.71). As preliminary,
we prove in this section that the volume beneath each pole is fixed by the reservoir-like behaviour
induced by the dynamics. This will be used in Section to argue that a displacement of the
poles must result in a change in volume, which is unlikely for short time by Lemma |B.15|

The estimate of the volume beneath a pole relies on the microscopic estimate of the slope at
the pole, obtained in Corollary All results are stated for IP’éV but apply to ]P’g g for H € C by

Corollary [6.2]

Lemma B.16 (Control of the deviations of the width at distance a@ > 0 below the pole). Let
B >log2. For o> 0 and vy € &, let gt () = g (a)(y) be the width of the horizontal segment of
v at height z1 () — a to the right of Li(7) (see Figure [25). Define similarly g~ () to the left of
Ly(v). For each 6,m > 0:

1 1/t
lim lim sup Nlog]}bg (’y,N € E([0,T],&) N {—/ Lo 1g% () (e#—1)[>6 At > n}) = —oco. (B.86)
0

a=0 N o T
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-:1/N

2 (1-E5N)

Figure 23: Neighbourhood of the north pole of a microscopic curve for which g*(«) is drawn (horizontal
magenta arrow). On the left figure, black dots delimit the (' N edges to the right of L1, with ¢! chosen
to ensure ¢ 1£+’<1N > o (this quantity represented by cyan arrows). On the right figure, ¢ is similarly
chosen so that ¢(267¢*N < o (in cyan arrows again). Since bounds on ¢(1éT¢'N, (26N are available in
terms of 3, g7 () can be bounded.

Proof. The proof is a formalisation of Figure 23} since the slope on both sides of the pole is fixed
by Corollary we can obtain upper and lower bounds on ¢* in terms of 3.

Take ¢!, ¢% > 0 to be determined later and # > 0 which will be small. The proof of the result is
similar for g* and g—, so we focus on g*. Tt is sufficient to prove:

1
lim sup lim sup lim sup N log ]P’g ('yN € E([0,T],E); (B.87)

¢1¢2—=0 a—0 N—o0

1 T
T/O ]—|a—lg+(a)*(eﬁ,1)|251‘§2-1,<11\7_67g|§61|§2-i<21v_675|§9 dt > 77/3) = —00.

Consider the event bearing on 5}:1’CIN. It enforces:

GV ele P -0, 40). (B.88)

Choose ¢! such that (e=® — )¢ = a. Then Qlle’clN > «a (see Figure . By definition, g7 («)
must thus be smaller than (1 — SL’CIN):

SZI’CW € [e_ﬁ —0,e P+ 6] and (e —0)(! =«
1—eP+0
= algf(a) < ﬁ = —1+0(), (B.89)
where O(0) is a positive function. Similarly, choose (2 such that (e7? + 6)¢? = a. Then g*(a) >
(1= &), thus:

SECQN cle?—0,e?+0)and (e? +0)* =
l—e? -0

:B— —
g = - 1-00). (B.90)

= a'g"(a)>

O(9) is again a positive function. Taking 6 small enough to contradict |a~tg™(a) — (e? —1)| > §
concludes the proof. O
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Lemma B.17 (Control of the deviations of the volume at distance o > 0 below the pole). For
v € € with associated droplet T', let V* = V(v) be defined as:

V() =a?{z €Tz -brp > 21(y) — o} (B.91)

Then for each 8 > log?2 and each 6,n > 0:

1 I
lim limsupﬁlog}P’/]BV (’yN € E([0,T],€)N {—/ Liya_(es_1)|>s dt > 77}) = —00. (B.92)
0

a=0 N0 T

Proof. The idea is to use Lemma [B.16| at multiple depths to prove that a droplet beneath the pole
must be approximately triangular. Fix ¢ € N5; and 6 > 0 to be chosen later. By Lemma it
is sufficient to prove:

1
lim lim sup N log P} (’yN € E([0,T],€); (B.93)

a=0 N 0o

1 T
T/O 1|Va_(eﬁ_l)‘>51VjE{1,...7£},’j%gi(ja/f)—(eﬁ—l)‘ge dt > 77/2> = —OQ.

By definition of g*(a) = g (a)(y) for @« > 0 and v € £ (see Lemma [B.16]), the quantity V(v)
satisfies:

Ve(y) = a2 / (g () + g~(w) du. (B.94)

As elements of Q have 1-Lipschitz boundaries, if a curve v € Q is such that (¢/ja)g*(ja/l) €
[ +1—6,¢% —1—0] for each 1 < j </, then:

-1 .
27 () = Lz J(ef a_*t-1s )
a’Ve(y) =Hzrel:x bw/2221—04}|22;€a(e +1-0)x 5 = ——(c" = 1-0)a”. (B.95)
Similarly,
‘ J a l+1 4 )
21/a 8 _
aV(y)SZ;%(e +1-0)x 5 =——( —1+0)” (B.96)

To conclude the proof, it remains to take ¢, # such that the indicator functions appearing in (B.93))
bear on incompatible events. This is achieved provided:
(-1
l

C+1

(" —1-0)>e’~1-6 and (P —1+60)<e’ —1+06. (B.97)

]

B.3.3 Tightness in L'(]0,T]) for the trajectory of the poles

In this section, we conclude the proof of (B.71) by providing the estimate on the motion of the
poles, more precisely on the components wy, z; of the L, 1 < k < 4. We prove the result for 2z,
the other seven coordinates being similar (see Remark below).
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L1 (Yesn)
L1 (ye) |

N
N )
0 )4
p g9’ (a) = (eP-1ya

gt () = (eP-1)a

Figure 24: Neighbourhood of the north pole of a microscopic curve at times ¢, t + h. Under the contour
dynamics, sufficiently close to the poles (corresponding to the parameter o < 1 on the figure), the poles
stand atop a triangular shape (red shaded area) with a slope fixed in terms of 3. Equivalently, the width
g*(a) is approximately given by a(e® — 1). A displacement of the poles leads to a shift of the triangle
and thus implies a change in volume, i.e. for the distance dj1.

Lemma B.18 (Tightness in L' distance for z;). Let 3 > log2 and A,e > 0. Then:

1
lim lim sup — log P/ (7N € E([0,T],€)N { sup |7 | < A} (B.98)
N t<T

=0 N oo

1 T—h
n{sw g [0 a6 - a0 > e} ) = -

h<n T

Proof. Let . € E([0,T],€). The idea is the following. Results of Section imply that the pole
dynamics creates triangular shapes in the curves, with a slope fixed in terms of 5 (see Figure .
Moving a pole thus means moving one of these triangles, which has a volume. In that way motion
of the poles is linked with a displacement of the volume, which we know cannot happen instanta-
neously by Lemma |B.15|

For each h < n and each t € [0,T — h], write A,(t) for the difference |z1(v1n) — 21(7)| for
brevity. By Definition [2.8] of the initial condition and owing to the bound on the length, z;(7.) is
bounded by A + Cj for some Cy = Cy(7™!) > 0 on the event in (B.98). Equation (B.9§) is thus

proven as soon as:

lim lim sup (B.99)

=0 N oo

1 1 [T £
— log PY NEOTgm{ —/ 1a (5oess dt —} - —c0.
N 08 L (7 € E([0,T1,€) iiI;T ; Ap(t)>e/2 0l > 2(A + Cp) o0

Fix 6 > 0 that will be chosen small enough in the following. Recall that, for « > 0, V' is the
volume below the pole times a2, see Lemma [B.17, For @ > 0 and ¢t € [0, 7], define then AV(¢)
as follows :

AV(t) = [V2(y) — (¢ — 1)]. (B.100)
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Lemma gives:

1 I
0

a=0 N0

Notice in addition that:

(st [ > s Y [ st > o) Ba0)
th;T ; AV (t4h)>5 6(A+C’0) T ), AV (t)>5 6(A+C0) . .

As a result, if X\ denotes T' times the Lebesgue measure on [0, 7], (B.98)) holds as soon as:

1
lim lim sup lim sup N log P} (7N € E([0,T],&); (B.103)

a=0 50 N—o00

g
MAR() > /2, |[AVE(R)| <0, |[AV(t+h)| <6 — | = —x.
up A[A4(0) > &/2 [AV(0)] < BIAVS e+ ) <] > g ) = o0

By LemmaMon exponential tightness in d7, topology, (B.103) is proven as soon as the following
holds:

1
lim lim sup lim sup log PY (V.N € E([0,T],&); sup < A

a=0 50 N—oco

a?(ef —1
sup dLl(’}/éV,’}/iV) < %;
(s,t)€[0,T)?
[s—t|<n

(B.104)

9
SUPp A [AR(t) > /2, |AV* ()| < 6, |AV(t+ h)| < 6| > ———~ | = —00.
upA[A4(0) 2 /2, | AV (O] < 8 AV(0-+ )] <] > o) =

Take § < (e —1)/2 and an arbitrary a € (0,&/2]. Let us prove that the event in the probability
in (B.104) is empty. For any trajectory (v,")ico,r] in this event, there must be ¢ € [0,7] and h < n
such that, simultaneously:

e The north poles of I'}YY, T}, are at vertical distance at least £/2, so that either {z € T} :
T-brp>a(y)—a}NTr, =00 {z e,z -brp>z(1Y,) —atnTY =0.

e Recall that V() = a[{z € IV 1 2 - brjs > z1(7)) — a}|. V(t) and V(¢ + h) are both
bounded below by e —1—4 > (e —1)/2 so that, by the first point, the difference in volume
between I'N and 'y, is at least a?(e® — 1)/2.

o Yet, dri(v,v\,) < a?(e? —1)/2, which is incompatible with point 2. This concludes the
proof.

]

Remark B.19. The proof for z; (2 < k < 4) is identical to the above. For the wy, i.e. Ly -bg, Ly -
b, /2, L3-bg and Ly-by 9, slight modifications are required: in addition to the indicator functions on
the volumes AV (t) < §, AV*(t+h) < §, one has to introduce the events {|a~tg=(t) — (e’ —1)| <
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S {la"tgE(t + h) — (e’ — 1)| < 6}, where g, the width of the level at distance o beneath the
pole, is defined in Lemma [B.T6]

The idea is then that, e.g. for wy, if « is taken small enough as a function of € and 3 ((e” —
1)~'e/6 works), then |wi(v;') — wi(v}\,)| > €/2 implies that this difference must be larger than
min{g} (t + h) + g, (t), g5 (t) + g, (t + h)} (see Figure 24).

But then this means that the set of points above 21 (7)) — a in T'Y and the set of points above
z1(vy,) — a in TP, are disjoint. Thanks to the indicator functions on the volumes AV, this
implies a difference in volume, which is again impossible for 1 small enough. |
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