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Adaptive N-Fidelity Metamodels for Noisy CFD Data
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An adaptive N-fidelity approach to metamodeling from noisy data is presented for design-
space exploration and design optimization. Computational fluid dynamics (CFD) simulations
with different numerical accuracy (spatial discretization) provides metamodel training sets
affected by unavoidable numerical noise. The N-fidelity approximation is built by an additive
correction of a low-fidelity metamodel with metamodels of differences (errors) between higher-
fidelity levels whose hierarchy needs to be provided. The approach encompasses two core
metamodeling techniques, namely: i) stochastic radial-basis functions (SRBF) and ii) Gaussian
process (GP). The adaptivity stems from the sequential training procedure and the auto-tuning
capabilities of the metamodels. The method is demonstrated for an analytical test problem
and a CFD-based optimization of a NACA airfoil, where the fidelity levels are defined by an
adaptive grid refinement technique of a Reynolds-averaged Navier-Stokes (RANS) solver. The
paper discusses: i) the effect of using more than two fidelity levels; ii) the use of least squares
regression as opposed to exact interpolation; iii) the comparison between SRBF and GP; and
iv) the use of two sampling approaches for GP. Results show that in presence of noise, the use
of more than two fidelity levels improves the model accuracy with a significant reduction of
the number of high-fidelity evaluations. Both least squares SRBF and GP provide promising
results in dealing with noisy data.

I. Introduction

HE design of complex engineering systems (such as the aerodynamic/hydrodynamic and structural design of aerial
Tand water-borne vehicles) benefits from simulation-based design optimization (SBDO) formulations and solutions.
SBDO supports decision-making process and helps designers to make sound decisions, especially for innovative
configurations. It is usually implemented as an iterative process combining design modification methods, numerical
simulations, and optimization algorithms to identify new optimized designs. In order to achieve accurate final solutions,
high-fidelity physics-based solvers (as implemented for computational fluid dynamics, structural analysis, etc.) are
needed, resulting in computationally expensive analyses. Furthermore, the integration of these solvers with optimization
algorithms (which may require a large number of function evaluations to converge to the final solution) makes the
computational cost very high and the SBDO procedure a technological challenge.

To reduce the computational cost in SBDO, supervised machine learning/metamodeling methods have been
developed and successfully applied in several engineering fields [[1]. Metamodels provides an approximated model of
expensive simulations based on a few of them, then the optimization is performed over the metamodel. The performance
of the metamodels in providing accurate approximation of the design space, is problem-dependent and determined by
several concurrent issues, such as the presence of nonlinearities, the problem dimensionality, and the approach used for
its training [2]]. In the last decade, research has moved to function-adaptive approaches, also known as dynamic/adaptive
metamodels [3]], which are able to improve their fitting capability by adaptive sampling. In this context, the design of
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experiments used for metamodel training is not defined a priori but dynamically updated, exploiting the information that
becomes available during the analysis process. Thus, training points are added where they are most useful, reducing the
number of function evaluations required to represent/optimize the desired function [4]. Among others, an adaptive
sampling method based on the prediction uncertainty has been presented in [3]], the expected improvement adaptive
sampling has been introduced in [3]], a multi-criteria adaptive sampling for parallel-infill has been presented in [6], and
the lower confidence bounding method has been presented in [7]. Unfortunately, the adaptive sampling/learning process
is affected by the computational-output noise. Adaptive sampling methods may react to noise by adding many training
points in noisy regions, rather than selecting new points in unseen regions. This deteriorates the model quality/efficiency
[8]].

In addition to dynamic/adaptive metamodels and with the aim of reducing further the computational cost of SBDO,
multi-fidelity (MF) approximation methods have been developed, with the aim of combining the accuracy of high-fidelity
solvers with the computational cost of low-fidelity solvers [9]. MF metamodels use mainly low-fidelity simulations and
only few high-fidelity simulations are used to improve the model accuracy [10]. Additive and/or multiplicative correction
methods, also known as “bridge functions” [[11}12], can be used to build MF metamodels. Several metamodels have
been used in the literature with MF data, such as non-intrusive polynomial chaos [[13]], Gaussian process [14]], co-kriging
[L5] and stochastic radial basis functions [[16]. In CFD-based analysis/optimization, different fidelity levels may be
obtained by varying the physical model (e.g. potential flow or RANS solvers), the numerical accuracy (e.g. grid
discretization and convergence tolerances), and data coverage [17]. Recently, [18] proposed a MF metamodel with
an arbitrary number of fidelity levels (N-fidelity), based on SRBF. Adaptive sampling methods have been recently
combined with MF metamodels: an augmented expected improvement for multi-fidelity kriging has been presented in
[19]], a multi-fidelity version of the lower confidence bounding method has been presented by [20]], and a multi-fidelity
adaptive sampling method based on cross validation error and Voronoi partition has been presented in [21]]. The use of
MF models with noisy data and the assessment of the effect of noise associated with different fidelity levels is still little
discussed and requires rigorous formulations and implementations.

In the present work, N-fidelity (NF, with N = 1, 2 and 3) metamodeling is used in combination with two metamodels,
namely stochastic RBF (SRBF) and Gaussian process (GP). SRBF are used with exact interpolation (I-SRBF) and
least squares regression (LS-SRBF), and GP with two sampling methods. The NF methods with SRBF are developed
based on authors’ previous work [23| 24] that considered N-fidelity and noise reduction separately. The SBDO is here
performed with a Reynolds-averaged Navier-Stokes (RANS) solver for a shape optimization problem. An adaptive grid
refinement method is adopted, which naturally produces results spanning a range of fidelity levels. The simulation
output is affected by numerical noise.

The objective of the present work is to address four topics of interest for multi-fidelity metamodels, applied to shape
optimization problems affected by numerical noise, specifically:

1) the effect of using three fidelities instead of one or two;

2) the effect of using SRBF with least squares regression (LS-SRBF) as opposed to exact interpolation (I-SRBF);

3) the effect of using LS-SRBF versus GP;

4) the effect of including an explicit treatment of the training set noise in the adaptive sampling method for GP.

The first topic is investigated comparing I-SRBF with a number of fidelities N = 1, 2 and 3; the second comparing
I-SRBF with LS-SRBF; the third comparing LS-SRBF with GP; and the fourth comparing two approaches for the
adaptive sampling with GP. The NF method for noisy data is first demonstrated for an analytical problem. Then, it is
applied to the shape optimization of a NACA four-digit airfoil operating at constant lift addressing the reduction of the
drag coefficient. CFD simulations are performed with the RANS code ISIS-CFD [25]], developed at ECN/CNRS and
integrated in the FINE/Marine suite (NUMECA Int). The CFD-solver fidelity is varied by using three computational
grid levels, defined by an adaptive grid refinement technique [26]]. The capability of the methods are discussed of
identifying the global/reference minimum position and value, approximating the high-fidelity function, and identifying
the numerical noise in the data.

I1. N-Fidelity Approach
Consider x € RP as the design variables vector of dimension D. Let the true function f(x) be assessed by N
fidelities: the highest-fidelity level is f](x), the lowest-fidelity is fy (X), and arbitrary intermediate fidelity levels are
{ fi}fi > I(x). Using ~ to denote metamodel prediction (given by the metamodels in Section , the NF approximation

fi(x) of f;(x) is the summation of the lowest-level metamodel and metamodels of the errors (inter-level errors or



bridge-functions) between subsequent levels G = 1,...,N — 1)

N-1

fi) = fn®)+ Y &) (1)
k=i
For each i-th fidelity level the training set is 7; = {y;, fi(y j)}ji:], with J; the training set size. The resulting inter-level
error training set is defined as &; = {(y;, si(yj)}JJ."zl, where
&i(yj) = [i(yj) = finr (). (2)

This approach is based on the idea that in the presence of noise, a noise-filtered metamodel ﬁ-+1 is a better representation
of the low-fidelity response than the data themselves.

For metamodels that provide the uncertainty associated to the prediction, assuming that the uncertainty associated to
the prediction of the lowest-fidelity U~ and the inter-level errors Uy, are uncorrelated, the NF prediction uncertainty
Uﬁ reads(i=1,...,N—1)

N-1
Uj(x) = | U2 (x) + DU (). 3)
k=i
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(a) SRBF with least squares approximation (b) Gaussian process

Fig. 1 Example of NF (N = 2) metamodels for noisy data.

III. Metamodels for Noisy Data

A. Stochastic Radial-Basis Functions
Given a training set 7 = {y;, f (y,-)}l.le, normalizing the variables domain in a unit hypercube, the RBF metamodel

prediction f (x) is here computed as the expected value (EV) over a stochastic tuning parameter of the metamodel [3]],
T ~ unif[1, 3]

M
FX)=EVI[g(xDl,, with g(x7)=> wilx-¢l, @)

j=1
where w; are unknown coefficients, || - || is the Euclidean norm and ¢; are the M RBF centers, whose coordinates are

defined via k-means clustering of the training points [27]. Noise reduction is achieved by choosing M < J. Hence,
w are determined with least squares regression by solving w = (ATA)'ATf, where w = {wj}and a;; = |ly; — ¢||7.
When M = J then exact interpolation of the training set is imposed, the corresponding metamodel is I-SRBF and the
coeflicients w; are computed by solving Aw = f, with ¢; = y;. An example of LS-SRBF with two fidelity levels is
shown in Fig. [Th.



In this work the optimal number of RBF centers (M) is defined by minimizing a leave-one-out cross-validation
(LOOCYV) metric [28]. Let i(x) be a metamodel trained by all points but the i-th point, then M is defined as:

M = argmin(RMSE), (5)
M.

where M. € N* and the root mean squared error (RMSE) is defined as

i=1

J
RMSE = J % Z (f(y) - 71()’1‘))2- (6)
The uncertainty U 7 (x) associated with the SRBF prediction is quantified by the 95%-confidence band of the
cumulative density function (CDF) of g(x, 7), evaluated using a Monte Carlo sampling over 7 [3]]
Uy (x) = CDF'(0.975;x) — CDF ™' (0.025; x), (7
with

S
CDF(1;x) = é DHIA- f(xT)]. )
i=1

where H(-) is the Heaviside step function and S is the number of Monte Carlo samples. The noise eventually present in
the training set is assessed by evaluating the NRMSE of the training set with respect to the corresponding LS-SRBF
metamodel as

J

1 1
NRMSE = EJ Zl o) - Fn)’ ©)

where R is the function range.

B. Gaussian process (GP)
Given a training set 7 = {y;, f (y,)}l |» hormalizing the variables domain in a unit hypercube, the GP prediction
with zero mean, f(x) and its variance (Var[ f(x)]) can be written as [29]

Fx) =k(x, y)K(y, y) 'f(y), (10)

Var[f(x)] = K(x,x) - k(x.) 'K(y,y)"'k(x,y), (1
where K(X, x) is the covariance matrix with elements K;; = k(x;,X;) and k(-, -) is the covariance function defined as
129]

k(x,y) = o2e 7 DD 4 625(x,y), (12)

with "o" the Hadamard product, € RP are the inverse length scale parameters, § is the Kronecker delta. Finally, 0'%
and o2 are two parameters introduced to explicitly model the noise in the training set [29]], namely the signal and noise
variance, respectively.

To estimate the variance associated to the noise in the training set (if not known a priori), therefore o-> and o-% are
evaluated beside y by maximizing the log marginal likelihood / [29]]

{02, or 2 y*} = argmax|[/], (13)
0h.0%y
where J | |
I=logp(f(y)ly) = =3 log27 = = f(y)"K(y,y) " f(y) = 5 log [K(y,y)|- (14)

Finally, the prediction uncertainty U is quantified as

Uj = 4\Var[ F(x)]. (15)

It is worth to mention that the prediction uncertainty as defined in Eq. [T3]takes into account also the variance
associated to the noise in the training set.
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Fig.2 Example of the adaptive sampling methods using one fidelity without noise: (a) is the initial metamodel
with the associated prediction uncertainty and training set and (b) shows the position of the new training point.

IV. Adaptive Sampling Procedure
The training points for the metamodels are defined with an adaptive sampling strategy. To avoid abrupt changes in
the number of RBF centers in the problem of Eq. [S| M is constrained to Ml?" -2<M! < Ml?" + 2, where 1 is the
adaptive sampling iteration. The maximum uncertainty adaptive sampling (MUAS) [4]] criterion is then used, where
new training points are chosen where the prediction uncertainty is largest. Accordingly, MUAS identifies new training
points (see Fig.[Zb) by solving the single-objective maximization problem

x* = argmax[Uf (x)]. (16)

X
The new point x* is added to the training sets 7; with i = k, ..., N, where k is identified as kX = maxloc(U) where
U= {Ug/B1:-Usy [BN-1,Uf, BN} a7

with 8; the computational cost associated to the i-th level. Using this definition of U with GP is referred to as GP1 in
the following.

Since GP allows to explicitly model the noise in the training set, a second definition of U is proposed where the
noise standard deviation (o), computed as per Eq. is subtracted from the total prediction uncertainty

U= {(Us =407 )Pt s Usy, =40y 5 )/Bn-1, (Ug, =40 = )/BN}- (18)

Using this definition of U with GP is referred to as GP2 in the following.
Finally, Algorithm[T]and 2] show the NF approach with SRBF and GP1/GP2, respectively.

V. Analytical Test Problems

One analytical test problem is selected to assess the proposed approach performance in presence of noise. Here a
mono-dimensional and multi-modal example is shown. The functions fi and f>, without noise, are taken from [31],
whereas f3 is introduced in this work. Figure [3p shows the highest-fidelity level (f1), whereas Figs. [3p and 3t show,
respectively, the same analytical function along with one (f3) and two (f>3) lower-fidelities and the corresponding
errors (£1,2). The analytical test is defined in Tab. E], where y; is the noise associated to the i-th fidelity level. The noise
bandwidth (at 95% confidence) is set to a; R using a normal distribution with zero mean and standard deviation equal
to a;R1/4; a = {a;} is an arbitrary coefficient set and R; is the function range for the 1-st level. The coefficient sets
used here are a = {10,40}% for N = 2 and a = {10, 20, 40}% for N = 3.



Algorithm 1: N-fidelity implementation with SRBF.

Define the initial training set for each fidelity level {7; }f\:’ = Ayss fily j)};il ;
while stopping criteria are not met do // iterate the adaptive sampling process with index ¢

Set {M! =J}N
if Least squares approximation is used then // LS-SRBF auto-tuning based on LOOCV

for i=N,1 do

Find M! = argmin(RMSE) as per Eq. (B) with M!™! =2 < M! < M!7' +2;
M.

end
end
Construct the SRBF metamodels fN as per Eq. (E[) ; // Low-fidelity approximation
Compute the prediction uncertainty U = as per Eq. @
for i=N-1,1 do // Evaluate bridge functions

Compute the intra-level error {(y;, &;(y j)}Jj."Zl as per Eq. @) ;
Construct the SRBF metamodels of the inter-level errors &; as per Eq. @) ;
Compute the prediction uncertainty Us, as per Eq. (7) ;

end

Construct the N-fidelity approximation fj (x) as per Eq. (IR // N-fidelity approximation

Compute the N-fidelity prediction uncertainty U 4 as per Eq. @)

Find x* = argmax[Uf» )] // Perform adaptive sampling
X

Find k = maxloc(U) with U as per Eq. (I7) ;

for i=k,N do // Perform new function evaluations

Evaluate {x*, f;(x*)};
Update the training sets {7;} U {x*, f;(x*)} ;
Update the training sets size {J/*'} = {J/} + 1 ;
end
t=t+1; // Move to the next adaptive sampling iteration

end

—f1 - - e1(fi-f2)
fp - - ea(fo-f3) |-
B

0 02 04 06 08 1 0 02 04 06 08 1
X X X

(a) N =1 (by N =2 (c) N=3

Fig.3 Analytical test problem with different number of fidelities (V) with noise bands.



Algorithm 2: N-fidelity implementation with GP.

Define the initial training set for each fidelity level {7; }f\:’ = Ayss fily j)};il ;
while stopping criteria are not met do // iterate the adaptive sampling process with index ¢

Find {o}?, 0%, %} = argmax[/] as in (13) ; // Evaluate GP parameters
Construct the GP metamodels fN as in @]) ; // Low-fidelity approximation
Compute the prediction uncertainty Uz as in 13 ;

for i=N-1,1 do // Evaluate bridge functions

Compute the intra-level error {(y;, &;(y j)}jjil asin @) ;

Find {0}*, o}, y}} = argmax (/] as in (T3) ; // Evaluate GP parameters
Construct the GP metamodels of the inter-level errors &; as in (I0) ;

Compute the prediction uncertainty Ug, as in (15) ;

end

Construct the N-fidelity approximation fl (x) asin @) ; // N-fidelity approximation
Compute the N-fidelity prediction uncertainty U ; as in (M) ;

Find x* = arginax[Uf (x)] with U as per Eq. (I7) or Eq. (I8) ; // Perform adaptive sampling
for i=k,N do // Perform new function evaluations

Evaluate {x*, f;(x*)};
Update the training sets {7;} U {x*, f; (x*)};
Update the training sets size {J/*1} = {J/} +1;
end
t=t+1; // Move to the next adaptive sampling iteration

end

VI. NACA Airfoil Shape Optimization
This problem addresses the shape optimization of a NACA four-digit airfoil operating at constant lift [24]]. The
following minimization problem is solved

minimize Cp(X),
subjectto  Cp(x) = 0.6, (19)
andto 1<x<u,

where x is the design variable vector, Cp and Cp, are respectively the drag and lift coefficient, and 1 and u are the lower
and upper bound of x. The equality constraint on the lift coefficient is necessary to compare different geometries at the
same lift force (typically equal to the weight of the object), since the drag depends strongly on the lift.

The airfoil shape (see Fig. [ is defined by the general equation for four-digit NACA foils. The upper (y,,) and lower

Table 1 Analytical test problem: f; and f; are taken from [31].

N Problem Domain
1 fikx) = sin(30(x = 0.9)*) cos(2(x = 0.9)) + (x = 0.9)/2 + x1 [0,1]
2 filx) = sin(30(x —0.9)*) cos(2(x = 0.9)) + (x = 0.9)/2 + x
Hx)y = (filx)=1+x)/(14+0.25x) + 6> [0, 1]
fikx) = sin(30(x = 0.9)*) cos(2(x = 0.9)) + (x = 0.9)/2 + x1
3 fH(x) = (ilx) =1+x)/(1+0.25x) + &2
fA(x) = sin(20(x — 0.87)%) cos(2(x — 0.87)) + (x — 0.87)/2 = (2.5 — (0.7x — 0.14)2) +2x + &3 [0,1]
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Fig.4 NACA 4-digit airfoil.

(y;) airfoil surfaces are computed as

e 2
u=¢ yts'lne ﬂz 2p§—(§) , 0<é<pe
é1=&+y,51n6 . p c c
with y. = 2 (20)
Yu = Ye ¥ yr cos6 (1- 2p)+2p§—(§) pc<é<c
VI = Ve — y; cos 8 1- )2 c cl |’ -

where £ is the position along the chord, ¢ the chord length, y. the mean camber line, p the location of the maximum
camber, m the maximum camber value, ¢ the maximum thickness, and y, the half thickness distribution given by

v =5t (0.2969\/5? —0.1260¢ — 0.3516£% +0.2843¢3 — 0.101554) . 1)

In this work, the design variables vector is defined as x = {t,m} with ¢t € [0.030,0.120] and m € [0.025, 0.070].
The maximum camber position is fixed at p = 0.4. The simulation conditions are: velocity U = 10 m/s, chord ¢ = 1 m,
fluid density p = 1,026 kg/m?, and Reynolds number Re = 8.41 - 10° based on the chord length.

CFD simulations for the NACA airfoil are performed with the Navier-Stokes solver ISIS-CFD developed at ECN —
CNRS [25], available in the FINE™/Marine computing suite from NUMECA Int.

A. ISIS-CFD

ISIS-CFD is an incompressible unstructured finite-volume solver for multifluid flow. The velocity field is obtained
from the momentum conservation equations and the pressure field is extracted from the mass conservation constraint
transformed into a pressure equation. These equations are similar to the Rhie and Chow SIMPLE method [32], but have
been adapted for flows with discontinuous density fields. Free-surface flow is simulated with a conservation equation
for the volume fraction of water, discretised with specific compressive discretisation schemes. The method features
sophisticated turbulence models, such as the anisotropic EASM model and DES models.

The unstructured discretisation is face-based. While all unknown state variables are cell-centered, the systems of
equations used in the implicit time stepping procedure are constructed face by face. Therefore, cells with an arbitrary
number of arbitrarily-shaped constitutive faces are accepted. The code is fully parallel using the message passing

" 'm}ff

(a) G1, 12.8k cells (b) G2, 5.7k cells (c) G3, 3.6k cells

Fig. 5 NACA airfoil computational grids for ISIS-CFD.



interface (MPI) protocol. A detailed description of the solver is given by [25]. Information on the interface-capturing
scheme can also be found in [33]].

Computational grids are created through adaptive grid refinement [26} 34], to optimize the efficiency of the solver
and to simplify the automatic creation of suitable grids. The adaptive grid refinement method adjusts the computational
grid locally, during the computation, by dividing the cells of an original coarse grid. The decision where to refine comes
from a refinement criterion, a tensor field C(x, y, z) computed from the flow. The tensor is based on the water surface
position and on second derivatives of pressure and velocity, which gives a crude indication of the local truncation errors.
The grid is refined until the dimensions d,, ; (j = 1, 2, 3) of each hexahedral cell p satisfy

ICpdp Il =T (22)

The refinement criterion based on the second derivatives of the flow is not very sensitive to grid refinement [26], so the
cell sizes everywhere are proportional to the constant threshold 7.

For the NF optimization, grid adaptation is used to take into account the need for several fidelities. The interest of
this procedure is that different fidelity results can be obtained by running the same simulations and simply changing the
threshold 7;.. Thus, it is straightforward to automate the NF simulations.

The computational domain runs from 11¢ in front of the leading edge to 16¢ behind the airfoil and from —10c¢ to 10c¢
vertically. Dirichlet conditions on the velocity are imposed, except on the outflow side which has an imposed pressure
condition. The hydrofoil surface is treated with a wall law and y* = 60 for the first layer. Turbulence is modeled with
the standard k — w SST model. To obtain the same lift for all geometries (see Eq.[T9), the angle of incidence « for the
airfoil is adjusted dynamically during the simulations.

In this work, the NACA airfoil shape optimization is here solved with I-SRBF varying the number of fidelities and
LS-SRBF, GP1, and GP2 with N = 3. The initial computational grid has 2,654 cells, the refinement threshold value 7,
is set equal to 0.1, 0.2, and 0.4 from highest- to lowest-fidelity. This results in a cell size ratio of 4 : 1 between the
refined fine and coarse grids. The final grids (G1, G2, and G3) have about 12.8k, 5.7k, and 3.7k cells, respectively (see
Fig. [5). Note that when N = 2, G1 and G3 grids are used. Highest- to lowest-fidelity simulations require about 17, 9,
and 5 minutes, respectively, of wall-clock time to converge. The resulting computational costs are about 8 = {1,0.3}
for N =2 and B = {1,0.5477,0.3} for N = 3.

VII. Numerical Results
A deterministic single-objective formulation of the particle swarm optimization algorithm [35]], is used for the
metamodel-based optimization, as well as for the solution of the minimization sampling problem of Eq. [13|and Eq. [T6]
The performance of the NF approach with LS-SRBF, GP1, and GP2 and N = 3 fidelities are compared with the NF
approach with I-SRBF with a number of fidelities N = 1, 2, and 3. Three metrics are used to assess the NF performance

as follows
y (Xmin) — f(X)
EP = R—l’ Ex = |[Xmin — X||, and E, = %,
where E, is the prediction error quantifying the accuracy of the metamodel prediction at the location of the minimum;
E and E,, are the position and validation errors respectively, which quantify the performance in identifying the global
optimum; {X, f(X)} is the reference/global optimum; f (Xpin) the minimum predicted by the metamodel, and f (Xpin) is
the verified minimum by high-fidelity evaluation. Please note that a normalized domain is used.

a

J Xmin) = f(X) (23)

A. Analytical Test Problem

The normalized root mean square error (NRMSE, between the metamodel prediction and a high-fidelity reference,
evaluated using 2500 points with a uniform distribution) is used with the analytical test problem to assess the accuracy
of the metamodel approximation. The normalization is defined with respect to R;. Furthermore, the capability of
LS-SRBF, GP1, and GP2 in assessing the training set noise is investigated. LS-SRBF identifies the noise as the NRMSE
of the training set against the metamodel prediction, whereas GP directly computes the standard deviation o, of the
noise. The noise prediction (aR;) of LS-SRBF, GP1, and GP2 is compared with the nominal value of aR; and the value
of the maximum prediction uncertainty Ups. Ry = 0.895 is the high-fidelity range.

The analytical problem has global minimum {X, f(X)} = {0.275,—-0.625}. The B values are 8 = {1,0.05} for
N =2and B =1{1,0.1,0.05} for N = 3. The initial training set is represented by three samples, for all the fidelity levels.
Finally, the available computational budget is the equivalent of 20 high-fidelity evaluations.
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Fig. 6 Analytical test results: final iteration of the adaptive sampling procedure.

Table 2 Analytical test problem: minimum value of the function prediction f(xmin), its position xmin, the
associated prediction uncertainty U 7 (Xmin), the prediction |E |, validation |E, |, and position |E| errors, the
NRMSE and the training sets size J. The noise bandwidth (at 95% confidence) of the noise imposed to the
training set is a = {10, 20,40}%R;.

Metamodel N xmin ~ Up (xmin) [%R1]  f (xmin)  f (¥min)  |Ep|[%R1]  |Ev|[%Ri]  |Ex|[%R] NRMSE J; J» J3
1 0.272 091 -0.643 -0.623 2.23 0.22 0.30 5.56 20 -
I-SRBF 2 0.000 5.01 -0.790 -0.618 19.2 0.77 275 339 9 - 221
3 0.278 19.7 -0.708 -0.624 9.39 0.11 0.30 10.9 4 58 204
LS-SRBF 3 0.278 3.59 -0.625 -0.624 0.11 0.11 0.30 7.38 6 28 226
GP1 3 0.000 13.2 -0.577 -0.618 4.58 0.77 275 6.49 3 59 226
GP2 3 0.000 12.3 -0.577 -0.618 4.58 0.77 27.5 5.76 3 75 195
Reference - 0.265 - -0.625 - - - - -
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1. Effect of N-fidelity

Figures [6a-c show the final iteration of the adaptive sampling for the I-SRBF approach with N = 1, 2, and 3.
For N =1 the sampling is quite uniform, and the approximation of the desired function is reasonable, although the
neighborhood of x = 0.1 is not sampled, thus missing the local maxima. For N = 2 the presence of the noise significantly
reduces the metamodel prediction accuracy. Finally, for N = 3 the metamodel prediction achieves a reasonable accuracy,
although the presence of the noise significantly affects the results. It is worth noting that (for N = 3) medium-fidelity
samples are placed in the local maxima. Table 2] summarizes the performance of the I-SRBF approach. The lowest
validation error is achieved for N = 3. The results show that the use of an intermediate fidelity level improves the
performance of the method. Finally, Fig. depicts the I-SRBF high-fidelity training set size and shows how the
increase of the number of fidelities significantly reduces the number of high-fidelity evaluations.

2. Comparison Between Interpolation and Least Squares Approximation

Figures|[6c and[6d show the final iteration for N = 3 of the adaptive sampling for I-SRBF and LS-SRBEF, respectively.
LS-SRBF provides a significantly smoother approximation of the desired function, clearly showing that the least squares
approximation is effective in filtering out the noise. The performance achieved by I-SRBF and LS-SRBF are summarized
in Tab. [2| LS-SRBF achieves the same validation error |E,, | than I-SRBF, whereas the prediction error and NRMSE
values are significantly improved: from 9.4 to 0.1% and from 10.9 to 7.4%, respectively. Finally, LS-SRBF achieves a
lower prediction uncertainty in the location of the global minimum X.

3. Comparison Between LS-SRBF and GP

Figures [6d and [6p show the final iteration for N = 3 of the adaptive sampling for LS-SRBF and GP1, respectively.
Both metamodels achieve a smooth representation of the desired function. GP1 shows a higher prediction uncertainty,
because such uncertainty includes the contribution of ¢7,. The results in Tab. [2]show that GP1 achieves higher values of
the validation, position, and prediction errors, whereas it achieves lower values of NRMSE than LS-SRBF. Finally,
GP1 significantly reduces the number of high-fidelity evaluations and increases the number of medium-fidelity training
points in comparison to LS-SRBF.

4. Effect of 0, on the GP Adaptive Sampling Method

Figures [6¢ and [6f show the final iteration for N = 3 of the adaptive sampling for GP1 and GP2, respectively. GP2
achieves a slightly better accuracy of the prediction, especially in the neighborhood of x = 0.1. Table 2] summarizes the
performance of GP1 and GP2. GP2 achieves the same values of the validation, position and prediction errors, but a lower
NRMSE than GP1. Finally, using GP2 as opposed to GP1 does not increase the number of high-fidelity evaluations,
leads to more medium-fidelity samples with a more uniform distribution, and finally requires less low-fidelity samples.
In the presence of low-fidelity noise, this improves the prediction accuracy.

Table 3] summarizes the predicted noise d; and the maximum prediction uncertainty Uy, ; for each fidelity level i.
For N = 3 LS-SRBF, GP1, and GP2 achieve a reasonable prediction of the nominal noise for the lower fidelity (i = 3).
GP2 is the only method able to achieve a reasonable prediction also for the medium-fidelity noise. This is because GP1
is sampling more the low-fidelity and therefore does not have enough medium-fidelity sample to model the associated
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Fig. 8 NACA airfoil: samples laying in x, = 0, combined over all the datasets.

noise. It is worth noting that the maximum prediction uncertainty of LS-SRBF is always lower than the noise prediction,
whereas for GP the maximum prediction uncertainty is always higher than the noise prediction.

B. NACA Airfoil Shape Optimization

The available computational budget is the equivalent of 50 high-fidelity evaluations. R; = 1.5257 - 1073 is the
high-fidelity range.

Figure [§] shows the high-, medium-, and low-fidelity samples laying in x, = 0, combining the data for all the
metamodels and sampling methods. The numerical noise affects significantly the low-fidelity training set, see Fig. [Bk.
A lower numerical noise is also visible in the extrema of the medium-fidelity level, whereas the high-fidelity shows very
small numerical noise, see Figs. [8p and[8h respectively.

Table 3 Analytical test problem with N = 3: predicted noise @; and maximum prediction uncertainty in
brackets (U, ;) for the i-th fidelity level. The noise bandwidth (at 95% confidence) of the noise imposed to the
training set is a = {10, 20,40} %R;.

Approach | dj (Upg,1) [%R1] G Upr2) [%R1] a3 (Unmz) [%R]

LS-SRBF 75.3 (16.0) 80.6 (22.8) 41.3 (18.4)
GP1 0.00 (4.20) 25.7(26.2) 40.4 (41.2)
GP2 0.00 (15.3) 18.2(23.5) 37.5(42.3)

Table 4 NACA airfoil: minimum value of the drag coefficient prediction 6D(Xmin), its position x;,, the
associated prediction uncertainty U én (Xmin), the prediction |E,, |, validation |E, |, and position |E,| errors, and
the training sets size J.

Metamodel N Xmin1 [=] Xmin2 [~] UéD (Xmin) [oR; ] é:D (Xmin) Cp (Xmin) ‘Ep [ [ToR] |Ey | [%oR:] |Ex| [%R] Ji J2 J3
1 0.3897 0.0000 0.02 7.2169E-03 7.2207E-03 0.25 0.59 1.21 50 -
I-SRBF 2 0.2080 0.0000 1.78 7.0082E-03 7.2988E-03 19.0 5.71 16.7 11 - 134
3 0.2805 0.0011 241 7.1486E-03 7.2397E-03 5.97 1.84 9.71 8 26 96
LS-SRBF 3 0.3903 0.0000 1.25 7.2023E-03 7.2182E-03 1.04 0.43 1.27 7 24 104
GP1 3 0.4797 0.0000 40.4 7.2312E-03 7.2261E-03 0.33 0.95 10.2 6 9 134
GP2 3 0.4999 0.0000 135 7.2048E-03 7.2303E-03 1.67 1.22 12.2 9 20 102
Reference 1 0.3776 0.0000 - - 7.2116E-03 - - - 150 -
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Fig. 9 NACA airfoil: contour plots of GD.

1. Effect of N-fidelity

Figures[Oh-c show the contour plots of the drag coefficient prediction at the final iteration of the adaptive sampling
method for I-SRBF. I-SRBF with N = 1 performs an almost uniform sampling of the domain, there are no specific
zones where the samples are significantly clustered, which means that the noise at this fidelity level is low. For N =2
the low-fidelity samples are significantly clustered at the corners and in the region of the minimum, thus producing a
response surface that is multi-modal with several local minima. Finally, for N = 3, the clustering of the low-fidelity
samples is reduced, especially in the region of the minimum where also the low-fidelity samples have been reduced in
favor of medium-fidelity samples. Figures[TOp-c show the contour plot of the drag coefficient prediction uncertainty at
the final iteration of the adaptive sampling method for I-SRBF. The prediction uncertainty is low for N = 1, N = 2,
and N = 3, with a smooth pattern for N = 1. The noise in the low-fidelity training set is evident in the pattern of the
prediction uncertainty for N = 2, as well as the smoothing effect of introducing a medium-fidelity (N = 3). Table [
summarizes the minimum value of the drag coefficient prediction Cp (Xpin), its position Xy, the associated prediction
uncertainty Ug, (Xmin), the prediction |E |, validation |E, |, and position |E| errors, and the training sets size for
I-SRBF, LS-SRBF, GP1, and GP2. I-SRBF with N = 2 achieves a 78% reduction of the number of high-fidelity
evaluations, but the significant noise in the low-fidelity leads to an increase of the prediction, validation, and position
errors. The introduction of an intermediate fidelity level (N = 3) leads to a further reduction of the high-fidelity
evaluations, plus a shift from low- to medium-fidelity evaluations, see Fig. [7b, which significantly improves the
prediction, validation, and position errors.

2. Comparison Between Interpolation and Least Squares Approximation
Figure [9d shows the contour plot of the drag coefficient at the final iteration of the adaptive sampling method
for LS-SRBF with N = 3. The samples are significantly more uniformly distributed than for I-SRBF, with a mild
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Fig. 10 NACA airfoil: contour plots of the N-fidelity prediction uncertainty U Gpe Note that the color scales
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clusterization at the {0, 0} corner. LS-SRBF provides a smoother response surface without local minima and with a
closer similarity to I-SRBF with N = 1, especially in representing the global minimum region. Figure[I0d shows the
contour plot of the drag coefficient prediction uncertainty at the final iteration of the adaptive sampling method for
LS-SRBF. The prediction uncertainty has comparable values to and is more regular than I-SRBF (see, Fig. [I0c). The
results in Tab. @] show that the use of LS-SRBF produces a slight reduction of the number of high-fidelity evaluations
and leads to a significant reduction of the prediction, validation, and position errors with respect to [-SRBF. Furthermore,
the validation error is improved with respect to I-SRBF with N = 1.

3. Comparison Between SRBF and GP

Figure O shows the contour plot of the drag coefficient at the final iteration of the adaptive sampling method
for GP1. A significant clusterization of low-fidelity samples is present at the corners. Figure[I0d shows the contour
plot of the drag coefficient prediction uncertainty at the final iteration of the adaptive sampling method for GP1. The
prediction uncertainty is higher than LS-SRBF because GP1 includes in the prediction uncertainty the noise contribution
(proportional to 40, with o, = 4.5%R;), but is also significantly smoother. The results in Tab. [4] show that GP1
achieves similar results to LS-SRBF, with a slight reduction of the number of high-fidelity samples and a significant
reduction of the number of medium-fidelity samples. Furthermore, GP1 achieves lower values of the prediction errors.

4. Effect of 0, on the GP Adaptive Sampling Method

Figure O shows the contour plot of the drag coefficient at the final iteration of the adaptive sampling method for
GP2. A significantly more uniform sampling than GP1 is shown, with a negligible clusterization at the corners. Figure
[TO0 shows the contour plot of the drag coefficient prediction uncertainty at the final iteration of the adaptive sampling
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method for GP2. The overall prediction uncertainty is significantly higher than the other approaches, this is because
GP2 evaluates a value of 0, = 33%R;. For comparison, GP1 evaluates a value of o, = 4.5%R;. Considering the noise
of Fig. [8¢, the GP2 prediction looks more reasonable than that of GP1. Considering the variations of the prediction
uncertainty value, GP2 provides a smooth response surface, similar to the one of I-SRBF with N = 1 (see, Fig. [I0h).
The results in Tab. 4] show that GP2 requires more samples from the medium- and high-fidelity levels than GP1. This
looks to be strictly connected to the fact that GP1 clusterizes low-fidelity samples at the corners, whereas GP2 performs
a more uniform exploration.

VIII. Conclusions and Future Work

An adaptive N-fidelity (NF) metamodel for noisy CFD data has been presented for design space exploration
and design optimization. The NF approximation is obtained as the sum of a low-fidelity-trained metamodel and
the metamodel of inter-level errors (difference). Two metamodeling techniques have been used, namely stochastic
radial basis functions (SRBF) and Gaussian process (GP). SRBF and GP provides the metamodel prediction and the
associated uncertainty. The adaptivity stems from the sequential training procedure and the auto-tuning capabilities of
the metamodels. New training points are added to the approriate fidelity level, based on the NF prediction uncertainty
and the computational cost. SRBF has been used with exact interpolation (I-SRBF) and least squares regression
(LS-SRBF). Two multi-fidelity adaptive sampling methods have been used with GP, namely GP1 and GP2.

The methods have been first demonstrated for an analytical test function and the shape optimization of a NACA
four-digit airfoil. CFD simulations have been performed with the RANS code ISIS-CFD, where three fidelity levels
have been used based on an adaptive grid refinement technique. The following conclusions have been achieved.

1) Effect of N-fidelity: using more than one fidelity level reduces the number of high-fidelity evaluations required
to accurate function prediction and optimization; using intermediate fidelity levels has a beneficial effect when
dealing with noisy data.

2) Effect of using LS-SRBF as opposed to I-SRBF: the adaptive least squares regression significantly improves the
function prediction and optimization by effectively filtering out the noise in the training data.

3) Effect of using LS-SRBF versus GP: LS-SRBF and GP show very close performance; nevertheless, current GP1
method is found slightly more efficient and accurate than other methods, at least for current problems.

4) Effect of using GP1 versus GP2: the performance are very close; nevertheless, GP2 achieves a higher accuracy
by distributing more uniformly the training samples in the design space and across the fidelity levels; moreover,
GP2 is found the most accurate in assessing the noise in the tranining data.

Ongoing activities are focused on testing different adaptive sampling methods in addition to MUAS. Specifically,
aggregate criteria based on both the maximum prediction uncertainty and the function value are currently investigated
[20]. Finally, different strategies for choosing the number and position of the RBF centers will be considered, to further
improve the robustness of the regression.
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