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Abstract

The marginal expected shortfall is an important risk measure in finance and actuarial
science, which has been extended recently to the case where the random variables of main
interest are observed together with a covariate. This leads to the concept of conditional
marginal expected shortfall for which an estimator is proposed allowing extrapolation out-
side the data range. The main asymptotic properties of this estimator have been established,
using empirical processes arguments combined with the multivariate extreme value theory.
The finite sample behavior of the proposed estimator is evaluated with a simulation experi-
ment, and the practical applicability is illustrated on vehicle insurance customer data.

Keywords: Conditional marginal expected shortfall, extrapolation, Pareto-type distribu-
tion.

1 Introduction

A central topic in actuarial science and finance is the quantification of the risk of a loss variable.
This is done by risk measures, the most basic among them is the Value-at-Risk (VaR), defined
as the p—quantile of a loss variable Y:

Q(p) == inf{y : Fy(y) = p}, pe (0,1),

where Fy denotes the distribution function of Y. We refer to Jorion (2007) for a review. The
main drawbacks of VaR are that it does not take the loss above this p—quantile into consideration
and it is not a coherent risk measure (Artzner et al., 1999). Recently, the conditional tail
expectation (CTE), defined as

CTE(p) =EY|Y > Q(p)), pe(0,1),

became a popular alternative to Value-at-Risk. It is more conservative than VaR and it is also
a coherent risk measure. This measure has been extensively studied in the literature, see, e.g.,



Artzner et al (1999), Cai and Tan (2007) and Brazaukas et al. (2008). The conditional tail
expectation has also been extended to the multivariate context, leading to the concept of the
marginal expected shortfall (MES). For a pair of risk factors (Y (1), Y (), the marginal expected
shortfall is defined as

0, = EY WV Y® > Qy(1—p)), pe(0,1),

where Qs denotes the quantile function of risk factor Y2, This measure was introduced by
Acharya et al. (2010), to measure the contribution of a financial firm to an overall systemic
risk. For a financial firm, the MES is defined as its short-run expected equity loss conditional on
the market taking a loss greater than its VaR. Cai et al. (2015) studied the MES in a bivariate
extreme value framework, and proposed an estimator for it when the Y2 quantile is extreme,
i.e., when p < 1/n, where n is the sample size, leading to extrapolations outside the data range.
We also refer to Landsman and Valdez (2003), Cai and Li (2005), Barges et al. (2009), Cousin
and Di Bernardino (2013), Di Bernardino and Prieur (2018), Das and Fasen-Hartmann (2018,
2019).

Recently, Goegebeur et al. (2020) have considered the estimation of the marginal expected
shortfall, but this time in case where the random variables of main interest (Y1, Y()) are
recorded together with a random covariate X € R?. This leads to the concept of conditional
marginal expected shortfall, given X = xg, and defined as

Op(z9) = E [Y(l)‘Y(Q) = Qy@ (1 - p‘x[)) X = :UO] .

Note that in the financial and actuarial setting where risk measures and in particular MES have
been introduced, one is often interested in positive risk factors. Thus, in the sequel, we consider
the case where YY) and Y@ are positive. The extension to the case of a real-valued Y () is
complicated and this topic is moreover also an open problem in the much simpler case where
there are no covariates, but it will lead to further investigations.

In the sequel, we will denote by Fj(:|z) the continuous conditional distribution function of
Y@ j =1,2 given X = z, and use the notation Fj(:|z) for the conditional survival function
and Uj(-|z) for the associated tail quantile function defined as U;(+|x) = inf{y : F;(y|z) > 1-1/-}.
Also, we will define by fx the density function of the covariate X and by zq a reference position
such that zo € Int(Sx), the interior of the support Sx < R? of fx, which is assumed to
be non-empty. Considering (Y;(l),Y;(Q),Xi),i = 1,...,n, independent copies of (Y(I),Y@),X),
Goegebeur et al. (2020) proposed for the situation where the conditional distribution functions
of YU and Y@ given X = z are of Pareto-type the following nonparametric estimator for

O /n(T0)

1 n . (1)
m@@:ﬁzﬂmﬂm_&m 2200 120}
B fn(20)
where Kp,, () := K(./hy)/h%, with K a joint density function on R?, k an intermediate sequence
such that k — oo with k/n — 0, h,, a positive non-random sequence of bandwidths with h,, — 0




if n — o0, 4 the indicator function on the event A, and f,(zo) := (1/n) Sy Kp, (zo — X5)

is a classical kernel density estimator. Here, Us(.|zo) is an estimator for Us(.|zo), defined as

Us(.|zo) := inf{y : Fy 2(y|zo) = 1 —1/.} where

7 2y K, (w0 — Xi) iy,
J?n(ﬂl?o) .

The asymptotic behavior of gk/n(wo) has been established by Goegebeur et al. (2020) and is

recalled in Theorem 5.1 in Section 5. Due to the conditions k,n — o with k/n — 0, the
Y @)_quantile is intermediate, and thus the estimator ), /(7o) cannot be used for extrapolation

Fpalylao) :=

(1)

outside the Y(?)-data range. Extrapolation is relevant for practical data analysis, since often
we want to go beyond the range of the available data. With a classical empirical estimator like
0,(z0) where p < 1/n this is not possible, as it would always lead to the trivial estimate of zero.
The aim of this paper is to solve this issue and to define a new estimator which allows extrap-
olation and thus which is valid for p < 1/n. This requires the intermediate estimator 6y, (o)
but also an estimator for the conditional extreme value index of the distribution of Y(!) given
X = xg. Since we need to consider 6, /(7o) and the conditional tail index estimator jointly, we
introduce a conditional tail index estimator, and we analyse it in terms of an empirical process,
related to the process needed in the analysis of 0, (o). Note that in Girard et al. (2021) a tail
index estimator is proposed in a location-scale model, and it is analysed with a tail empirical
process of residuals.

The Value-at-Risk and conditional tail expectation mentioned above have also been studied in
an extreme value framework with random covariates. As for the estimation of extreme condi-
tional quantiles we refer to Daouia et al. (2011, 2013). In El Methni et al. (2014), for the
framework of heavy-tailed distributions, the conditional tail expectation was generalised to the
conditional tail moment, and estimators were introduced for the situation where the variable of
main interest Y was observed together with a random covariate X. This work was extended to
the general max-domain of attraction in El Methni et al. (2018).

The remainder of the paper is organized as follows. In Section 2, we introduce our estimator
for the conditional marginal expected shortfall allowing extrapolation and we establish its main
asymptotic properties. The efficiency of our estimator is examined with a small simulation
study in Section 3. Finally, in Section 4 we illustrate the performance of our estimator on
vehicle insurance customer data. Some preliminary results are given in Section 5, whereas the
proofs of the main results are postponed to Section 6.

2 Estimator and asymptotic properties

We assume that YV and Y@ are positive random variables, and that they follow a conditional
Pareto-type model. Let RV, denote the class of regularly varying functions at infinity with
index 1, i.e., positive measurable functions f satisfying f(tz)/f(t) — z¥, as t — oo, for all
x> 0. If ¢p = 0, then we call f a slowly varying function at infinity.



Assumption (D) For all z € Sx, the conditional survival function of Y9, j = 1,2, given
X =z, satisfies

File) = Ay (14 o).

where A;j(xz) > 0, vj(x) > 0, and |0;(.|z)| is normalized reqularly varying at infinity with index

8,(2), By(x) > 0, ire.,
5i(ylr) = Bj(x)exp (Lygj(zmdu),

with Bj(xz) € R and €;(y|z) — —pj(x) as y — 0. Moreover, we assume y — €;j(y|x) to be a
continuous function.

Clearly, Assumption (D) implies that U;(-|z),j = 1,2, satisfy

Uj(yla) = [A;(@)]7 "y (1 + a;(yla)) , (2)

where a;(y|z) = 0;(U;(y|x)|z)(1 + o(1)), and thus [a;(.|z)| € RV_g; (2)y;(2)-

Now, to estimate 9 ( 0) it is required to impose an assumption on the right-hand upper tail
dependence of (YD, y(®2), conditional on a value of the covariate X. Let Ri(y1,y2|x) =
tP(F1 (YW |2) < y1/t, Fo(YPz) < yo/t|X = ).

Assumption (R) For all x € Sx we have as t — ©

Ri(y1,y2]x) — R(y1,y2|x),

uniformly in yi,y2 € (0,T], for any T > 0, and in x € B(xg,r), for some r > 0.

Assuming (D) with v1(x0) < 1 and (R), one can show (see Cai et al., 2015, Proposition 1) that

Op (o) JOO _
im —20 = | R(s, 1]ag)ds 7 (%0),
2 T (1/plao) o Tt
from which the following approximation can be deduced
UL (1/plo) B\
0 ~——0 ~— 0 .
p(.%'(]) Ul(n/k’1'0) %(:CO) np %(x())
Thus, to estimate 0,(zo), we need first to estimate ;(xo). We propose the following estimator
n 1 'y
N ]%1 Zi:l Khn (xo - Xz) <1Il }/7,( ) —In U1 (n/k‘l |CEQ)) ]l{Yi(l)Zﬁl (n/k1|z0)}
V1,k1 (330) = ~ ) (3)
fn($0)

based on an intermediate sequence ki such that k; — 00 with &y /n — 0. This sequence may be
different from k, the one used in the estimator 6« (zp), but the two sequences are linked together




(see Theorem 2.2 below). On the contrary, for convenience, we use the same bandwidth h,, and
kernel K for both the estimation of v;(zg) and 6,(x¢). Note that 4 x, (xo) is a local version of
the Hill estimator (Hill, 1975) from the univariate extreme value context. The extreme value lit-
erature contains several alternative estimators for the conditional tail index. We refer to Gardes
and Girard (2008), Daouia et al. (2011), Dierckx et al. (2014) and Goegebeur et al. (2014b) for
conditional tail index estimators in the framework of Pareto-type distributions, and to Daouia
et al. (2013), Stupfler (2013) and Goegebeur et al. (2014a) for conditional tail index estimators
that work in the broader general max-domain of attraction.

Now, we are able to define a Weissman-type estimator for ,(zo), given by

R k A,k (T0)
Gp(xo) = ( ) 9%(%‘0)

np
Our aim in this paper is to establish the asymptotic behavior of §p(x0), which requires the asymp-

totic behavior of 41 x, (o) in terms of the process on which the estimator 6« (zo) is based on (see

Theorem 5.1 in Section 5). To reach this goal, some assumptions due to the regression context
are required. In particular, fx(.), R(y1,y2|.) and the functions appearing in F;(y|.),j = 1,2,
are assumed to satisfy the following Holder conditions. Let ||.| denote some norm on R

Assumption (H) There exist positive constants My, Mg, MAj, M%., MBj, Maj, Nfxs MR,
NA;» Th;» MB;» Me;» where j =1,2, and 8> v1(xo), such that for all x,z € Sx:

|fx(@) = fx(2)] < M|z —="x,

sup !R(yl,yzl»’v)ﬁ—R(yl,yz\Z)l
y1>0,5<y2<2 yp A1

|Aj(z) — A;(2)]

[vi(x) — v (2)]

|Bj(x) — Bj(2)]

M|z — 2|,

Mol — 2™,
Myl — =|™s,
Mp, |z — 2|,

N CINN

and

sup |ej (yle) — &5 (yl2)] < Mgl — 2™
y=

We also impose a condition on the kernel function K, which is a standard condition in local
estimation.

Assumption (K) K is a bounded density function on R?, with support S included in the unit
ball in R, with respect to the norm |.|.

Our first aim, now, is to show the weak convergence, denoted ~», of the process based on
A1,k (z0), but in terms of the same process as the one used in Theorem 2.3 from Goegebeur et
al. (2020).



Theorem 2.1 Assume (D), (H), (K), zo € Int(Sx) with fx(zo) > 0, and y — Fi(y|zo),
is strictly increasing. Consider sequences ki1 — o and hy, — 0 as n — o0, in such a way
that ki/n — 0, kih® — oo, haInn/ky — 0, \/kihd /> """ = 0, \/kihd b Inn/ky, — 0,
\k1hd|61(Ur(n/ki|zo)|z0)] — 0. Then we have,

Vi G (z0) = o) =+ 8L [ e,y Lz = w0

fx(w0)

where W (z,0) is a zero centered Gaussian process with covariance function
E(W (z,0)W (Z,0)) = [K|3fx(x0) (z A7),

with | K|z := 4/ §ga K?(u)du.

Note that the variance of the limiting distribution of 74 x, (x¢), after normalization, is given
by 72 (z0)| K3/ fx (7o), compared to an asymptotic variance of 42 for the Hill estimator in the
univariate context.

Before stating the weak convergence of 5p(x0), we need to introduce a second order condition,
usual in the extreme value context.

Assumption (S). There exist 8 > vy1(xo) and 7 < 0 such that, as t — o

R B - R )
sup sup | Rt (11 y2|x; (1, y2|)] =O(t"),
z€B(zo,r) y1>0,%SyQS2 ANEA 1

for some r > 0.
Our final result is now the following.

Theorem 2.2 Assume (D), (H), (K), (S) with © — R(y1,y2|z) being a continuous function,
and y — Fj(y|zo), j = 1,2, are strictly increasing. Let xo € Int(Sx) such that fx(zo) > 0.
Consider sequences k = [n®l1(n)|, k1 = [n®4a(n)| and h, = n~243(n), where {1, o and l3 are
slowly varying functions at infinity, with o € (0,1) and

/e o + 271 (20) B1(20)
a < o1 < min <d (442 (g Amay )]s 37 271(1110)51(950)) ’

and

e (d +271(z0) (MR A Ny A Ny)  d A 2(1 = 71(20)) (May A Ty A NBy ATy Apx)
a  2(1—a)yi(xo)Bi(zo) o —2(1 —a)(vi(xo) A (Ba(xo)y2(20)) A (=7))

d  d+d(Bi(wo) + &)y (z0)’ d ’
ay o —2(1 - 041)71(560)51(1?0)) ALY
d+2(77fX/\77A1/\77’Yl)’ d d



Then, forv1(xg) < 1/2 and p satisfying p < % such that % — 0 and ln oy T E [0, o0],
1hé

we have

kg ([ 6,(x0)
( K, Ink/(np) ) (9p(xz) B 1)

_ 1 W (o0, 1) 1 §o W (y, 1)dy =7 (@)
+ L=){—(1- T
min < 7’) { ( 71(350)) fX(-:L'O SO y7 1|£U0 Yy —71(=0)

where W (y1,y2) is a zero centered Gaussian process with covariance function
E (W (y1,y2)W (71, 72)) = | K[5fx (20) R(y1 A T1,y2 A Yal2o),

W (y,00) is the limiting process of Theorem 2.1, and W (o0, y) is a zero centered Gaussian process
with covariance function

E (W (o0, )W (0,7)) = | K[3fx(20)(y A 9).
The variance of the limiting random variable in Theorem 2.2, denoted W, is given by

2
Var(w) = =2 {<mm(r,1>>%%<mo>

Jx (o)

(o () -1 ]

+2min ( i) 7 (z [ (1 —=71(zo0) + ¢) R(1,1]zo)

S

R(s, 1
[ (e + e ) ~ (e s) ("”O)d]} ()
0
where ¢ := So (s,1|zo)ds— 71 (@0))—1,

If one takes k = ki or k/ky — ¢ € (0,00) in Theorem 2.2, then the rate of convergence of 0y, (o)
and 71 i, (o) are the same. If one assumes additionally that np = o(k), then the limiting
distribution of /khd/ ln(k/(np))(ép(wo)/ep(xo) — 1) is essentially that of \/k1hd (71, (z0) —
v1(20)). In order words, the extrapolated estimator for CMES inherits the limiting distribution
of the estimator for 1 (xg). A similar fact is observed in the estimation of extreme quantiles (see,
e.g., Theorem 4.3.8 in de Haan and Ferreira, 2006) and in the estimation of extreme conditional
quantiles (e.g., Daouia et al., 2011), where the limiting distribution of the (conditional) extreme
quantile estimator is that of the estimator of the (conditional) extreme value index. The result
of Theorem 2.2 is more general, as, depending on the value of r, one can have as limiting
distribution a linear combination of the limiting distributions of \/kh& (0, (0)/0p/m(20) — 1)

and M(%,kl (w0) — 71(20))-



3 Simulation experiment

In this section, we illustrate the finite-sample performance of our conditional marginal expected
shortfall estimator with a simulation experiment. To this aim, we consider the three models
already used in Goegebeur et al. (2020), but this time in the case where p < 1/n, i.e., allowing
extrapolation outside the Y(2)—data range. These models are the following:

Model 1: The conditional logistic copula model, defined as
C(ur,ug|z) = e_[(_lnul)zﬂ_ln“?)m]w’ ug,ug € [0,1], == 2. (5)

In this model, X is uniformly distributed on the interval [2,10], and the marginal distribution
functions of Y and Y@ are Fréchet distributions:

—1/v;

Fi(y)=e? 7, y>0,

j=1,2. Weset vy = 0.25 and 9 = 0.5. It can be shown that this model satisfies Assumption
(

S) with R(y1,2|z) = y1 + y2 — (¥F + 45)Y*, 7 = —1 and B = 1 — ¢ for some small € > 0.

Model 2: The conditional distribution of (Y1), Y(?) given X = z is that of
(|Z1|V1($)’ ‘Z2|v2($))7

where (Z7, Z3) follow a bivariate standard Cauchy distribution with density function

1 _
f(z1,22) = %(1 + zf + z%) 3/2, (21,29) € R2.

Here, X is uniformly distributed on [0, 1] and
@) = 04[0.1 + sin(mz)] [1.1 - 0.56—64<x—0-5>2] ’
() = 0.1+0.1z.

Again, Assumption (S) is satisfied for this model with R(y1,y2|z) = y1 +y2 — /¥ + y5, 7 = —1
and f = 2 (see, e.g., Cai et al., 2015, in the context without covariates).

Model 3: We consider again the conditional logistic copula model defined in (5) but this time
with conditional Burr distributions for the marginal distribution functions of Y1) and Y? | i.e.,

B; A
W> , y>0; Bj»)\j»Tj($)>0a

7i=1,2. Weset 1 =y =1, Ay =1, Ay = 0.5, and

File) =1~ (

7i(z) = 2777, 72(x) = 8/sin(0.3z).

Similarly to Model 1, this model satisfies (S).



Note that for all these models, Assumption (D) is satisfied since all the marginal conditional
distributions are standard examples from this class of heavy-tailed distributions (see, e.g., Beir-
lant et al., 2009, Table 1), and Assumption (H) also holds.

We simulate 500 datasets of size n = 500 and 1000 from each model. For each sample, we
compute 0,(xq) for two different values of p: 1/(2n) and 1/(5n), and three different sets of val-
ues of the covariate position xg: {3, 5,7} for Model 1 and Model 3, and {0.3,0.5, 0.8} for Model 2.

Concerning the kernel function K, we use the bi-quadratic function

15

K(z) = 16

— (1= 2*)* Dge[-1,17)

for both the estimation of 4y x, (zo) and 0y /n(20). This kernel function clearly satisfies Assump-
tion (KC). To compute these estimators, we need also to select a bandwidth h,,. To this aim, we
use the cross-validation procedure introduced by Yao (1999), and already used in the extreme
value framework by Daouia et al. (2011, 2013) and Escobar-Bach et al. (2018a), and defined as:

2
- argmmZ Z ( Y(2)<Y ﬁ"’h"’z—i (YJ‘(Z)’Xi)> ’ (6)

hneH i=1j5=1

where H is the grid of values defined as Rx x {0.05,0.10,...,0.30}, with Rx the range of the
covariate X, and

Dot i K (2 — X) ﬂ{Yk@)gy}
ZZ:Lk;éi Ky, (x — Xk)

Fohn2,—i (ylx) ==

Concerning the choice of the sequence k; in the estimation of v;(z¢), a graphical assessment is
used. The retained value of k; corresponds to the smallest value of k after which the median of
the estimates 41 1 (zo) over the 500 replications exibit a stable part. This choice is common in
extreme value theory where we search at a plateau of an extreme value estimator as a function
of the intermediate sequence.

Figures 1 to 6 display the boxplots of the ratios between the estimates gp(xo) and the true value
(o) based on the 500 replications for the different values of z( (corresponding to the rows)
and the two sample sizes (corresponding to the columns: n = 500 on the left, n = 1000 on the
right). Figures 1 and 2 correspond to Model 1 for p = 1/(2n) and 1/(5n), respectively. Similarly,
Figures 3 and 4 correspond to Model 2, and Figures 5 and 6 to Model 3.

Based on these simulations, we can draw the following conclusions:

e Our estimator gp(wo) performs quite well in all the situations, although its efficiency de-
pends obviously on the model and also on the covariate position. This is expected because
as is clear from our models, the marginal distributions in Model 1 do not depend on the
covariates but the dependence structure does. On the contrary, the dependence structure



in Model 2 does not depend on the covariate but the marginal distributions depend on x,
and in Model 3 both of them depend on zy. Thus, Model 1 is less challenging than the
two other models;

e Note that the estimation in Model 2 is difficult and depends a lot on the value of the
covariate. This can be explained by the fact that the plot of 7;(z) as a function of z
exhibits two local maxima, one of which being close to 0.3, and a local minimum at 0.5.
Thus, we get an underestimation of 6,(z¢) near the local maxima and an overestimation
of 0,(xo) near the local minima, due to the local nature of the estimation. Outside these
neighborhoods, the estimation is without bias. This is the case for zg = 0.8. Note also
that sometimes a local bandwidth instead of a global one as in (6) can give better results,
especially at covariate positions where the function 7 (z) changes quickly;

e As expected, the smaller p is, the more difficult is the estimation, due to an important
extrapolation outside the Y (2 —data range. This results in an increase of the variability of
the estimates. Note that the values p = 1/(2n) and p = 1/(5n) correspond to quite severe
extrapolations since the estimation is done locally, and the local number of observations
is much smaller than n.

Next, we investigate in Table 1 the coverage probabilities of the pointwise 95% confidence inter-
vals for 6,(zo), based on a log-scale version of Theorem 2.2, namely for

[ AR\ Oy(x
( khg’lnk‘/np) 9( )

which has the same limiting distribution as in Theorem 2.2, and this for the three models with
their different values of o, and three values for p: 1/n,1/(2n) and 1/(5n). These confidence
intervals are given by

~ ~

9}0(330) ’ ap(ﬁo) 7 (7)
eXp {(I)_l (1 - %) @} exp {—CD—I (1 — %) @}

where a, := min(y/khd, \/k1he/(Ink/(np)), @' denotes the standard normal quantile function

and Var(W) is an estimate for the asymptotic variance given in (4), obtained by using the local
Hill estimate (3) for v1(xo) and the following estimate for R(y1, y2|zo):

1
§ Ziz1 K, (20 = X3) ﬂ{ﬁ;(Y-“HXi)@ylf 21X <E e}
fn(20)

R(y1, yolo) = , (8)

where ﬁn,l is a kernel estimator for F}, of the same form as ﬁmg given in (1). Note that this
estimator (8) can be viewed as an adjusted version of the estimator proposed in the context of
estimation of the conditional stable tail dependence function by Escobar-Bach et al. (2018b).
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zg  p=1/n p=1/(2n)  p=1/(5n)
Model I 3 0.946 (0.954) 0.946 (0.954) 0.948(0.954)
5 0.956 (0.960) 0.960 (0.960) 0.962 (0.958)
7 0.958 (0.936) 0.956 (0.936) 0.956 (0.936)
Model 2 0.3 0.842 (0.906) 0.842 (0.906) 0.842 (0.906)
0.5 0.838 (0.954) 0.840 (0.952) 0.844 (0.954)
0.8 0.956 (0.936) 0.958 (0.936) 0.958 (0.934)
Model 3 3 0.938 (0.962) 0.942 (0.964) 0.940 (0.964)
5 0.880 (0.956) 0.880 (0.958) 0.876 (0.958)
7 0.854 (0.954) 0.856 (0.948) 0.854 (0.944)

Table 1: Empirical coverage probabilities of 95% confidence intervals for 6,(x¢) based on 500
simulated datasets of size n = 1000 with h = h¢, defined in (6) (with h = he,/2).

Remark also that we use here the log-scale version of Theorem 2.2 as suggested by Drees (2003)
since it improves the coverage probabilities. This can be explained by the fact that the normal
approximation of log(6,(x0)/0p(x0)) is more accurate than the one of ) b(20)/0p(z0) — 1, since by
definition of 6, b(20), the log-transform yields to a linear function of 41 j, (zo), which distribution
is well approximated by a normal distribution. For the construction of the confidence intervals,
k and ki were selected in a data driven way, by using a stability criterion as in Goegebeur et
al. (2019). Concerning h, the global bandwidth h., defined in (6) is first used. Note that
the practical implementation of the confidence intervals based on Theorem 2.2 also requires the

value r. The latter is taken as /z- ln np for the data-driven choices of k and k;. Overall the

confidence intervals have reasonably good coverage probabilities, if one takes into account the
fact that the asymptotic variance given in (4) has a complicated form with several integrals
that depend on R(y1,y2|xo), which needs to be replaced by an estimator. As expected, the
coverage probabilities of the asymptotic confidence intervals depend on the model and the co-
variate positions: the positions where 6,(x¢) is estimated well (with no/little bias) give good
coverage probabilities, and those with bias lead typically to smaller coverage probabilities. To
improve them, a solution is to use a local bandwidth leading to a smaller value of h. This is
illustrated in Table 1 where a heuristic value h = h¢,/2 is also used. As is clear from that table,
the coverage probabilities improve a lot, being closer to the nominal level, in the cases where
the estimation is biased with a global bandwidth. From Table 1, we can also remark that the
coverage probabilities are not too much sensitive on the value of p. Alternative methods, such
as empirical likelihood or bootstrap approaches, could be also investigated in future research to
see their impact on coverage probabilities.

4 Application to vehicle insurance data

In this section, we illustrate our method on the Vehicle Insurance Customer Data, available at
https://www.kaggle.com/ranja7/vehicle-insurance-customer-data, which contains socio-
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economic data of insurance customers along with details about the insured vehicle. This dataset
was already used in Girard et al. (2021) to illustrate the estimation of extreme conditional
expectiles for the total claim amount given customer lifetime value and income. A conditional
expectile is a risk measure for a single risk factor, which has in the paper by Girard et al. (2021)
been extended to the situation where the risk factor is observed together with a covariate. We
estimate the conditional marginal expected shortfall of the total claim amount (i.e., cumulative
over the duration of the contract), Y, conditional on the customer lifetime value, Y2, exceed-
ing a high quantile and a given value for the covariate income, X. Compared to the analysis in
Girard et al. (2021) we focus on the case of a bivariate risk factor (Y1), Y (?)) which is observed
together with a random covariate, and we estimate the conditional marginal expected shortfall.

In our analysis, we only use the data with a nonzero value for the income variable, leading to
n = 6817 observations. The scatterplot of total claim amount versus customer lifetime value,
shown in Figure 7, indicates a positive association between these variables. In order to verify the
Pareto-type behavior of YW, we construct the local Pareto quantile plots of the Y1) data for
which X € [30000,40000] and X € [70000,80000], respectively, see Figure 8, top row. Clearly,
the local Pareto quantile plots become approximately linear in the largest observations, which
confirms underlying Pareto-type distributions (see Beirlant et al., 2004, for a general discussion
of Pareto quantile-quantile plots). Also shown in Figure 8 are the Hill estimates of the total
claim amount for which X € [30000,40000] and X € [70000,80000], respectively (bottom row).
When focusing on the stable horizontal parts of these plots we can clearly see that the theoretical
requirement 7, (zg) < 0.5 is satisfied. Also for Y@ the local Pareto quantile plots become linear
in the largest observations, indicating underlying Pareto-type distributions, though the linearity
is only in the very largest observations; see Figure 9. Similar local Pareto quantile plots were
obtained at other incomes.

Next, we investigate the asymptotic dependence assumption by plotting, in Figure 10, ]%(1, 1]z0)
given in (8) as a function of k, at ¢ = 35000 and xy = 75000. In the stable regions of these plots,
which are from approximately k& = 300 to k = 700, we get confidence intervals for R(1, 1|x¢) that
do not contain zero, which indicates that Y and Y seem to be asymptotically dependent
given X = xg. However, this heuristic evaluation cannot be viewed as a rigorous test, as the one
proposed, e.g., by Hiisler and Li (2009) in the usual unconditional setting, since, unfortunately,
no formal test for asymptotic independence exists in the regression context.

Finally, we illustrate the estimation of the conditional marginal expected shortfall of total claim
amount given a customer lifetime value that exceeds a high quantile and given a certain income.
In Figure 11, we show 6, (x) as a function of income for p = 0.1% and p = 0.05%. To obtain the
estimate for 0,(xo), we firstly obtain 7; j, (zo). This is done by plotting 41 1, (zo) as a function
of k1, followed by determining k1 by applying a stability criterion as described in Goegebeur et
al. (2019). Then, the k-value for the estimation of the conditional marginal expected shortfall
at a given xy was obtained in a similar way. Note that k and k; are determined in an automatic
data driven way, as the bounds on «, a1, and A in Theorem 2.2 cannot be used in practice, since
they depend on unknown parameters. Also the bandwidth parameter h, was determined in a
data driven way with the same cross-validation criterion as in the simulation section, resulting
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Figure 7: Vehicle insurance dataset. Scatterplot of total claim amount versus customer lifetime
value.

in hy, = 26950. From Figure 11 we see that smaller values of p lead to larger estimates of
the conditional marginal expected shortfall, as expected. Overall, the conditional marginal
expected shortfall is quite stable for incomes up to 60000 whereafter it shows a slight decrease. In
Figure 11 we show also pointwise 95% confidence intervals for 6,(zo) based on (7). As expected,
the confidence intervals are clearly wider for p = 0.05% than for p = 0.1%, reflecting the higher
uncertainty of the estimate at p = 0.05% due to the fact that the estimation is based on fewer
observations. Based on the results displayed in Figure 11, one might wonder if the covariate has
a significant impact on the marginal expected shortfall. Assessing this formally requires that
a process convergence result for 6,(z), properly normalised, in terms of x is available, which
would then form the basis for the derivation of a test statistic for testing a specific form for
p(x). Obtaining such a process result is highly non-trivial. Even in the simpler case of local
estimation of the conditional tail index ~(x) of a Pareto-type tail with random covariates, it
remains uncertain whether this type of result is possible. Our context is much more complicated
than this latter univariate framework, and thus the problem is still open.

5 Preliminary results

To be self contained, we recall below Theorem 2.3 from Goegebeur et al. (2020) which states the
weak convergence of 6 (z¢). Note that this theorem has been adjusted due to our Assumption

(S) which is slightly different from the one in the latter paper, and the additional Holder-type
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condition on the R—function in Assumption (H).

Theorem 5.1 Assume (D), (H), (K), (S) with x — R(y1,y2|z) being a continuous function,
and y — Fj(y|zo), j = 1,2, are strictly increasing. Let xg € Int(Sx) such that fx(zo) > 0.
Consider sequences k = |n®l1(n)| and h, = n~2l3(n), where {1 and {3 are slowly varying
functions at infinity, with o € (0,1) and

e <d +291(20) (1R A 0ty A 1132) 201 — 71(20)) (g A 119y A 1By A Ty A 111y
a  2(1 = a)¥i(xo)Bi(wo) a—2(1—a)(11(x0) A (Ba(w0)y2(w0)) A (—T)))
d d+d(Bi(xo) + e)v1(20)’ d

o
A< —.
< < d

Then, for v1(xo) < 1/2, we have

0 (z0) W (o0, 1) 1 § W (s,1)ds™m (o)
A/ khd (92(&)) — 1) ~r —(1 —y1(20)) Fx (20) + SO

(s, 1|zg)ds— 71 (zo0)
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Now, remark that, assuming that F(y|z¢) is strictly increasing in y, we have

1 1 v 1
7 = 7 — 2K - X; “dull .
Y1,k1 (z0) " (@0) ket Z; h (0 >~[ﬁ1(n/k’1xo) u U {Y;(1)>U1(n/k1|xo)}
1 foo 1 1
- 7 ~ I K, (xo— X;)—1,,q)_ du
n(l“o) Ui (n/ki|zo) k1 le w Y, =u}
Fu(z0) jﬁl(n/klggo) k1 Z; hn (0 ) Fr(vOVlao)<i 2 Fi(ula)} 3
_ mf(=o) 11 ¢ ' 1
= fn(x()) J;] E 1_21 Khn (130 — Xz)]l{Fl(Yi(l)\xo)é% % fl(zﬂl(%)ﬁl(n/kl|:p0)\x0)};d'z
1
1
= 7\1(560) J Ty, (Sn(2|zo)|x0) —dz, 9)
n(xo) 0 z
where
1 n
To(ylzo) = ™ ; K, (z0 — Xi)ﬂ{E(}/f“lxo)skl/n b
and 5y, (z|zo) = kﬁlfl (z_VI(IO)(Afl(N/kl\xo)‘x()) )

Thus we need to study the asymptotic properties of T}, (y|zo), Sn(z|xo) and U, (n/ki|xo).

We start by showing the weak convergence of the process based on T),(y|zg), first when the
process is centered around its expectation (Theorem 5.2) and then when it is centered around
the dominant term of its expectation (Corollary 5.1).

Theorem 5.2 Assume (D), (H), (K), and xo € Int(Sx) with fx(xg) > 0, and y — Fi(y|xo)
18 strictly increasing. Consider sequences k1 — oo and h, — 0 as n — o, in such a way that
ki/n — 0, kyhd — oo and byt "™ Inn/ky — 0. Then for n € [0,1/2), we have,

M (Tn(ylwo) —E(Tn(ylwo))) - Wy, ) (10)

y" y"

in D((0,T)), for any T > 0.

Proposition 5.1 Assume (D), (H), (K), and zo € Int(Sx) with fx(zg) > 0. Consider se-
quences ki — o and hy, — 0 as n — ©, in such a way that k1/n — 0, and AL n/k; — 0.

Then forn € [0,1), we have,
E (T,
(T (ylo)) 5, <U1 (:‘m) ‘%) ’ th)
1

% y 7 fx (x0) + O <hZfXAnA1> +0 (hz71 In :) +0 (

1
n et 1, 1V
+0 <(51 (U1 (kl ‘1‘0)‘1‘0)‘}% In k1> ,

where the O—terms are uniform in y € (0,T], for any T > 0.
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Corollary 5.1 Assume (D), (H), (K), xo € Int(Sx) with fx(xo) > 0, and y — Fi(y|zo)
is strictly increasing. Consider sequences ki1 — o and hy, — 0 as n — o0, in such a way
that ki/n — 0, kih® — oo, ha'Inn/ky — 0, \/kihd /""" = 0, \/kihd b Inn/ky, — 0,
\/ k:lhg|51(U1 (n/kllxo)]xo)]thl g 0, and \/ klhg|51(U1 (n/kl\xo)\xo)\hzgl In n/k:l — 0. Then for
n € [0,1/2), we have,

W (y, )

d
k1h 7

n

(Tn@\xo)

y"]

- yl_"fx($0)> ~

9

in D((0,T1]), for any T > 0.

In the sequel, for convenient representation, the limiting process in Theorem 5.2 and Corollary
5.1 will be defined on the same probability space as the original random variables, via the
Skorohod construction, but it should be kept in mind that it is only in distribution equal to
the original process. The Skorohod representation theorem gives then, with keeping the same

notation, that
/ Ty - ;
sup k1hd ((y|a:0) —yt nfx(l“o)> _ VV(Z/OO)‘ —0as. ,
Yl Y

ye(0,7]

as n — 0.

For the intermediate quantile estimate U (n/k|xo), we recall Lemma 5.6 from Goegebeur et al.
(2020), which is used several times in our proofs, and which states the weak convergence of

U = Uy (n/ki|w0) /Ui (n/ky|z0).

Lemma 5.1 Assume (D), (H), (K), zg € Int(Sx) with fx(xo) > 0 and y — Fi(y|xo) is
strictly increasing. Consider sequences ki1 — oo and h, — 0 as n — o0, in such a way that
ki/n — 0, kihd — o, hi'Inn/k; — 0, /kihd b/ """ 0, \/kihd hi' Inn/k; — 0,
N k1he |61 (Ur(n/ky|xo)|zo)] — 0. Then, as n — o0, we have

kg (@, — 1) ~ W

From Lemma 5.1, we can show now the uniform convergence in probability of 8, (z|xg) towards
z for any z € (0,71].

Lemma 5.2 Under the assumptions of Lemma 5.1, for any T > 0, we have

sup |8 (z[zo) — 2| = op(1).
2€(0,T]

Proof of the preliminary results

Proof of Theorem 5.2. Recall that

Tn(y"xO) 1

1 &
Y = ?1 21 Khn (:EU - Xi)]l{Fl(Yi(l)\Io)é%y}ﬁ'
1=
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The proof of Theorem 5.2 follows the lines of proof of Theorem 2.1 in Goegebeur et al. (2020).
Below, we only outline the main differences and refer to the latter paper otherwise. To start,
we need some notations from empirical process theory with changing function classes, see for
instance van der Vaart and Wellner (1996). Let P be the distribution measure of (Y1), X),
and denote the expected value under P as Pf := { fdP for any real-valued measurable function
f:R xR - R. For a function class F, let Np(e, F, La(P)), denote the minimal number of
e—brackets needed to cover F. The bracketing integral is then defined as

§
(8, F, La(P)) = JO \/m Ny (e, F, Lo(P))de.

We introduce our sequence of classes F;, on R x R? as

‘Fn = {(UVZ) - fnay(u7'z)7y € (OaT]}7

|nhd 1
Tuy(us2) i= ?1Kh" (20— Z)]l{fl(ulroK%ly}yin'

Denote also by F;, an envelope function of the class F,,. Now, according to Theorem 19.28
in van der Vaart (1998), the weak convergence of the stochastic process (10) follows from the
following four conditions. Let p,, be a semimetric, possibly depending on zo, making (0,7
totally bounded. We have to prove that

where

sup  P(foy — fng)® — 0 for every &, \, 0, (11)
Pag (4,9)<0n
PF2 = O(1), (12)
PF g oom — 0 for every e >0, (13)
and
I (On, Fny Lo(P)) — 0 for every d, “\, 0. (14)

We start with verifying condition (11), with psz,(y,7) := |y — y|. Without loss of generality, we
may assume that y <y. We have

We consider now two cases.
Case 1: y < d,. We have
(ﬂ{FuY(”lwoK’;ly} - H{Fl(w“xo)s;ly})z g Oty a0 <y
Y 7 h Y 7>
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This implies that

nhi LF @ 0<tiy
P(foy— fog)? < 3—="E <K§n (wg — X)—— y2n°

d 11— D) lpy< 17
AL <K;2m(xo —-X) 1 Dleo)< ny}>

Fi Jpa B2 o 7 Jx (W)dv
5 n K2( )P (F1(Y(1)|xo) < %y|X =x0— hnv f ( ; )d
= v xo — hpv)dv
ks, 2 x (o
n . (Fl(y(l)m) < WYX =20 — hnv
+ K=(v) 5 fx(zo — hpv)dv
k1 Js yn

Since P (Fl(Y(l)kco) < ky

n

X =ux9— h,ﬂ)) =F (Ul(ﬁyb?o)‘ﬂfo — hnv), this yields

P(foy— fog)? < 3y K%(v)fx(vo — hav)dv

Sk
1 n— n
3| K20)|——F (Uh [ — — hpv | =yt — hy,
+ . (U)[y%kl 1( 1<k1y‘wo)’xo hv> y }fx(:co hnv)dv
+7' 77| K2 (v) fx (z0 — hyv)dv
Sk
+ | K*(v) LIF U ‘930 ‘$o—h — 772 fx (w0 — hpv)do
Sie yQ”k k1 0 P T

Using Lemma 5.1 in Goegebeur et al. (2020) and the fact that pg,(y,7y) < 6, which implies
U < 20,, we get

P(fny — fng)? <5677 | K*(v)fx(z0 — hpv)dv + o(1),
Sk

where the o(1)—term does not depend on y and 7.
Case 2: y > §,,. In that case

2
"o o)<y Mmoo\ (1 1))
Yy a 7" S gy ) ROty

1
T {ﬂ{mwwo) <4y H{E(Y“wms%y}}’
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from which we deduce that

n _ )2
Plfuy = fug)? < “QWZ)SKK%>k

2’7k j K*(v ( y < Fr(YW]zg) < y‘X =x0— nv) fx(xo — hpv)dv.
1

F1 (Ur(n/(kry)|zo)|zo — hav) fx(x0 — hpv)do

These two terms on the right-hand side of the above inequality can be handled similarly as those
in case 3 in the proof of Theorem 2.1 in Goegebeur et al. (2020).

Now, a natural envelope function of the class F,, is

)P (o) <kaT/n)
k1 [(n/k1) F1(ulxo)]

Thus, according again to the proof of Theorem 2.1 in Goegebeur et al. (2020), conditions (12)
and (13) are satisfied.

Finally, we need to show condition (14). Without loss of generality we assume T' = 1. Consider
for a,0 < 1:

FM(a) = {fay€Faiy<a},
and
FOW = {fayeFn: 07 <y<o,
where £ =0,...,|[lna/In0].

The class .E(Ll)(a) has been already studied in the proof of Theorem 2.1 in Goegebeur et al.

(2020) and FP (¢) can be dealt with similar arguments as for F,(¢,m) from the latter paper,
since we have the following bounds

= == nh u|ry)s n94+1
Un(U7 Z) . k Bhn( To Z) {l 1( | O);kl/ }
u, 2 nhn F1(u|zo)<k n 6¢
< fruy( ) ) < TKhn(:EO — Z) { 1( |( )<)n1/ } = ﬂn(] , )

This concludes the proof of Theorem 5.2.
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Proof of Proposition 5.1. We have

E[Th(ylzo)] — 1 n
oy ﬁklE[Khn( O_X)]l{E(Yﬂwxo)s’“—ly}]
1n 1 k
= 1 1 _
ik J]Rd th < W > P <F1 (Y ’:):0) < y’X u> fx(u)du
1 n
= y?? k‘1 ( (‘:1:0> Ty — nu> fx(zo — hpu)du
= "7 fx (o) f ) [fx(zo — hnu) — fx(x0)] du
F1 U1 7‘$0)‘$0 - hnu> 1
+fx (o) " —y 7| du
BT ( (5 )\1’0 “hat)
+| K(u —y " [fx(@o — hnu) — fx(20)] du.
Sk

Following the lines of proof of Lemma 5.1 in Goegebeur et al. (2020), we have

P ] g sofsng) ofs (4 51
+0 < 9 (Ul (kl‘%)’ ) hn ' In ;) ;

with O—terms which are uniform in y € (0,7, for any 7' > 0. This yields Proposition 5.1.

hTIBl >

Proof of Corollary 5.1. Using the decomposition

M <1}(57|):co) - ylnfx(xo)> = M (Tn(?JWO) *;S(Tn(ymo)))

kihd (E (T”gffi'x“)) - yl‘"fx(xo>> :

combined with Theorem 5.2 and Proposition 5.1 yields Corollary 5.1.
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Proof of Lemma 5.2. We have, for z € (0,7'] and any ¢ > 0 and ¢ € (0, 81(x0)]

. N [ (o)~
|Sn(2|zo) — 2] = ‘lel (z n( O)unUl(n/kllxg)‘x()) -z

F (z’”l(xo)ﬁnUl(n/kl]mo)‘mo)
= —z

Fy (U1 (n/k:1|m0)‘m0)

1+ 14 (z*W(zO)ﬁnUl (n/kl\xo)‘x0>

<zt 1] o)
Lt sbsor (Unn/ka o) o )
L \51 (T2 /o) xo)( 5, <Z*’Yl($o)ﬁnU1(n/k}l‘xo)‘xo> »
N(@0) 14 L6y (U(n ko) o) o1 (U1 (n/kr o) o
< o7 [, i)~
61 (270 q, Uy (n/k1|zo)|x \-Bil=
+OT ‘51 (Ul(n/klxo):n()){ 1< . (Ul(n/;l’xo)’;o)o ’ °> ~ (z_’Yl(wo)un) Pr(@o)
N <Z_71(“T0)ﬁn> —Bi(o) 1‘}
< CT fa/m — 1|

+Ce ‘51 <U1 (n/k1|z0) ‘13()) ’ 1471 (20)B1(x0) £y1(20)¢ agﬁl (x0)£(

+C ’(51 (Ul(n/kl\:co)‘x())’ T {T'Yl(CCO)ﬁl(-TO)a;ﬁl(wO) + 1},
for n large, with arbitrary large probability, by Proposition B.1.10 in de Haan and Ferreira

(2006). In the above, the notation a*® means a® if @ > 1 and a~* if a < 1. Using Lemma 5.1,
Lemma 5.2 follows.
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6 Proofs of the main results

Proof of Theorem 2.1. Using (9), we have the following decomposition

1
Vinh G (o0) =) = T [ W(eco)
+71 (2o \/klhdf [ 2lzo) 1} dz
0

L (o) fl [W (8 (2|20), 0) — W (2,0)] La
0

fX(l’o) z

! n(8n(zl70)|T0) - W (5n(2|20), ) | Sn(zl20)
o) | {Vk o [fxm)sn(zm) n "(Z'“)] T (w0)0(z |$0)} .
_—’71(360) 1T Sn(2|o)|z A/ T T T
fX(ajo)fn(xo)L n( n | 0 | 0 \/7 fn O fX( 0))
Yi(zo) [ 1 .
X(xo)fo W(z,oo)zderizZln,n.

We study each term separately.

Concerning T 5, following the lines of proof of Lemma 5.2, we have

T1n = v1(zo)r/k1hd [ﬁﬁlhl(%) - 1] + op(1).

Now, combining Lemma 5.1 with a Taylor expansion, we have

Y1(o)
Tl,n ~ _fX(x()) W(l,OO)

Concerning T ,,, for 6 € (0,1), we use the decomposition

1

T d
T, = 71(0) {JO [W(5n(2|z0),0) — W(z,00)] %dz + J [W (8n(2|z0),00) — W (z,00)] idz}

fx (20) 5
= Ty

,n

Using Lemma 5.2 combined with Potter’s bounds (see Proposition B.1.9 (5) in de Haan and
Ferreira, 2006), we have for any ¢ € (0,1/v1(xo)), for n large, and with arbitrary large probability

5 51 n
’ fx(20) 2e02) 2" 0oz n
J -1 T
< CJ 1[2*71(%)@”]”&( /vi(z0)) ds 4+ C5"
0 R

Caglié—l/w (z0))n §(1=71(z0)C)n 4 157
= Qe @) 4 Ce, by choosing 67 = e.
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2)

Now, concerning T2(,n’ remark that following the lines of proof of Lemma 5.2, we have

1/4
sup (k:lhg) |Sn(z]xzo) — 2| = op(1),
z€[6,1]

from which we deduce that, for any & > 0

z€[6,1]

P ( sup |W(§n(z‘x0)a OO) - W(Z7OO)’ > 5)

1
< P sup [W(sn(z|xg), ) — W(z,00)| > &, sup [Sp(z|xg) — 2| € ———+
<Z6[511]| (8n(z]w0), 00) = W(z, 0)| ze[6,1]| (zlzo) — 2| (klhg)l/‘l)

1
+P [ sup |5,(2|zg) — 2| > ————
<ze[6l,)1] | ( | 0) | (k’1h%)1/4>

N

1
P sup |[W(y,0) —W(z,00)| > & |+ P sup [Sp(z|zo) — 2| > T
25[571]7|y—2|<m z€[6,1] (k1hg)
1%n

= 0(1)7
by the continuity of W (-, 00). This implies that

2) 1

€
T(n <eln- =——Ine
‘ 2, | S n

Hence, Tz, = op(1).
Concerning 73 ,,, from Lemma 5.2, we have, for n large, with arbitrary large probability

g (B o (o) - H2) [} ke,

0 z
Then, by Corollary 5.1 combined with the Skorohod representation theorem, we can conclude
that Tgyn = Op(l).

Y1(o) sup
Ix(%0) ye(o,2]

|T3,n| <

Finally, Ty 5, = op(1) using the properties of the kernel density estimator.
This achieves the proof of Theorem 2.1.
Proof of Theorem 2.2. We use the decomposition

By(wo) [ [k \ T @@ (0(z0) | [ (55) 0 (o)
Op(xo) \{ <np> } {Gg(ﬂfo)} Op(z0) 7

< _

~— ~- N

\

Tsn To,n Trom
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from which we deduce that

Oy (o) np 0 (20)

We will study the three terms (7;, — 1),7 = 5,6, 7, separately.

Concerning the term (75, — 1), remark that, assuming % — 0 and using Theorem 2.1,
1hi

we have

k ’71,k1 (w0)—v1(z0) . Ink/(n
<np> —1 = expA/kihd [F15 (20) — 711 (x0)] \/%5) -1
1ty

= i B )~ o)) PR (1 0p(1),

from which we deduce that

N {< I >%,k1(fvo)71(10) B 1} . 71((1(;)) {Ll W(z,oo)%dz — W(LOO)] : (16)

Ink/(np) np Ix

The asymptotic behavior of the term (75, — 1) has been already established in Theorem 5.1.

Now, concerning the term (7%, — 1), remark that

(p)" "W (@0) (Qk/n(aco)/Ul(n/k]xo)_ )Ul(n/mo)(:p)mo)
Op (o) - Op(z0)/U1(1/plz0) Ui (1/plzo)
Ur(n/k|xo) ()7 (7o)

G plee) a7)

Under assumption (D), (2) yields

Uiln/Keo) G ™ Lt aan/blae) | _ (1
= \/W ’

U1(1/plao) 1+ a(1/plzo)
since v/kh&|61(Ur(n/k|zo)|z0)| — 0 and +/khd |61 (Ui (1/p|zo)|zo)| — 0 under our assumptions.

(18)
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Moreover

Gk/n(QCO) « 2) dy1
s > k I
Us(n/k[z0) f ) >y, Y Us(n/ |CUO)‘€U0> CED

0
0

I
S

= ?v\: :v\:

k d
<1 — F1 (1)|x0) <1- Fl(y1|a?0), 1— FQ(Y(2)|JI0) < ’:c0> L
n U (

0 n/k|zo)

:LOO

_ OO —71(wo) 71 (20)
= | R (5 [1 = PG 0 k) 0] 1) o
0

-

R(
” —(
J [n/k 1—F1( o Ul(n/k:]xo)]a:o)],l
0

d
ke (7 [1 = Fi(yil@o)] ;1 ) L

U1 n/k‘:(}o)

8

71 (@0)
2‘1, 1|$0 1

®

O)] dzl—’YI(IO)

o0
f ® 1= RGOkl | 1) — R (a1, o) ] dep )
0

J Zl, 1|l‘0 le 71(@0) + T&n + Tg’n.

—R(k[l—Fﬂ Uy (n/Rfao) )] 1

Now, by Assumption (S)

| Rk (1, y2lm) — R(y1, yalz)|

T3 n| < sup sup B
{EEB(.CBO,hn)O<y1<OO,%<y2<2 by A 1
o0 B
y J ({Z [1 . Fl(z;’yl(xO)Ul(n/me)|x0)]} A 1> dz;’h(xo)
0

= o)) =+ i)

by our assumptions on the sequence k, and

|T9,n| < sup
$<y2<2

JOOO [R (Z [1 — F1( - (zo Ul(n/k‘|x0)|xo)] ’y2‘$0> _ R(Zl,y2|$o)] dz;’yl(xo)

by Lemma 5.4 in Goegebeur et al. (2020). Thus

Hk/n(xo J z0) 1
T < R Z 5 1lx 71 + o0 . 19
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A similar type of property can be obtained for 6),(zo) instead of 6y, (70). Indeed

bp (o)
U1(1/plzo)

- [Tr 1[1—F(,~a‘“(9”°)U (1/pleo)lwo) |, 1|0 ) dzp )
= , w5 1(2 1(1/plzo)|zo) |, Lzo | dzy

{E0>
$0> } dzf’yl (o)

xo) — R (2, 11:0)} dzl_%(xo)

o0
_J R(Zl,lll‘o)dzl_%(%)
0

- [Rl/p <; (1 R 001 fplao) o) | 1

1 (e
& (5 [1= AET 00l 1

— JOO {R (1 [1 — Fl(zl_%(m)m(l/pmo)|x0)] 1

0 p

Q0
= — j R(Zl, 1|£L'0)dZ1771(x0) + TIO,n + Tll,n'
0

Clearly T, = O(p™7) =0 <\/11W>’ by our assumptions on k£ and p. For Tiy,, we follow the
lines of proof of the second part of Lemma 5.4 in Goegebeur et al. (2020), using the Lipschitz
property of the function R, for T,, — o0, we have

HTal < i f § {R (1 1= £ (=70 (1 plao) o) | 1 “’”O) B R(zl,uxo)] dz; )
0 p
o[ ]g (L 1 (w0) 1 (a0)
+4/khd an [R <p [1 - R (zl Ul(l/p]xo)’xo)] ,1 x0> — R(z, 1|9:0)] dz,
< _MLH ]1, [1 - B (val(mO)Ul(l/pWo)‘iﬂo)] — 2| dzy )
+2 sup R(z1, 1|zo)y/khd T;771(@0)
2120
o i (O Glo) ) [ G0 Glo)lo) [ e
SETFe s A A Ry A
+Cy/ khd T 71 (@0)
< Ca/khd |6, (Ul (1‘x0> ‘:L’()) ‘ T%_”/l($0)+(51(r0)+€)’71($0) + Cy\/khd Tn—’h(ro)
p

< CW \51 (U1 (%‘x())‘xo)‘Té—‘ﬂ(x0)+(ﬂ1(xo)+€)71(xo) + O Jkehd T o),

for n large. Then, if o and A are chosen as stated in Theorem 2.2 and T, = n” with x chosen

such that a—Ad _ 21— an(m)file) — (@ — Ad)
2y1(wo) 2[1 —y1(zo) + (B1(o) + €)y1(w0)]’
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we have

Op(o) _ * o 1lza)dz 1(z0) o 1
Ur(1/plzo) J; R, o)z T+ («/khﬁ) | (20

Combining (17), (18), (19) and (20), we deduce that

()" 0y 0) 1
0, (o) —¢ '

\hd

Finally, decomposition (15) combined with Theorem 5.1, (16) and (21) achieves the proof of
Theorem 2.2.

(21)
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