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Summary. We are interested in path decompositions of a perturbed
reflecting Brownian motion (PRBM) at the hitting times and at the
minimum. Our study relies on the loop soups developed by Lawler and
Werner [10] and Le Jan [13]-[14], in particular on a result discovered by
Lupu [15] identifying the law of the excursions of the PRBM above its
past minimum with the loop measure of Brownian bridges.
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1 Introduction

Let (B, t > 0) be a standard one-dimensional Brownian motion. Let

1 t
£ = lim — l{0<B,<c} ds, a.s.,
e—0 & 0 -
be the local time at time ¢ and position 0. We take a continuous version of (£;, ¢ > 0).
Let u € R\{0} be a fixed parameter. Consider the perturbed reflecting Brownian motion
(PRBM)

(11) Xt = |Bt‘ — /,L,St, t Z 0.

The PRBM family contains two important special members: Brownian motion (p = 1;
this is seen using Lévy’s identity), and the three-dimensional Bessel process (u = —1;
seen by means of Lévy’s and Pitman’s identities).
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The PRBM, sometimes also referred to as the u-process and appearing in the literature
as the limiting process in the winding problem for three-dimensional Brownian motion
around lines (Le Gall and Yor [12]), turns out to have remarkable properties such as
the Ray—Knight theorems (Le Gall and Yor [11], Werner [24], Perman [18], Perman and
Werner [19]), and Lévy’s arc sine law (Petit [20], Carmona, Petit and Yor [4]). The
process can also be viewed as (non-reflecting) Brownian motion perturbed by its one-
sided maximum (Davis [6], Perman and Werner [19], Chaumont and Doney [5]). As
explained on page 100 of Yor [25], these simply formulated and beautiful results were
proved for the PRBM because of the scaling property and the strong Markov property of
(|B|, £) via excursion theory.

We study in this paper path decompositions of the PRBM. Apart from their own
interests, these decompositions can be used to understand the dual of general Jacobi
stochastic flows which will be given in a forthcoming work, extending the work of Bertoin
and Le Gall [2] who proved that the Jacobi flows of parameters (0, 0) and (2, 2) are dual
with each other. These stochastic flows are connected to other important probabilistic
objets in the study of population genetics such as flows of Fleming—Viot processes. Tech-
nically, our study of the PRBM often relies on the powerful tool of loop soups (Lawler
and Werner [10], Le Jan [13]-[14]), and in particular, on a result discovered by Lupu [15]
identifying the law of the excursions of the PRBM above its past minimum with the loop
measure of Brownian bridges. The point of view via loop soups has two main advantages:
(i) its nice properties under rerooting allows to shed light on or extend some previously
known results, see Proposition 2.6 or Theorem 5.3, and (ii) thanks to the independence
structure in the Poisson point process representation of the loop measure, it helps to
make arguments of conditioning rigorous: for instance, we show in Lemma 3.1 a path
decomposition for PRBM, originated from Perman [18].

Our path decompositions focus on two families of random times of a recurrent PRBM:
first hitting times (Section 3), and times at which the PRBM reaches its past minimum
(Section 4). To illustrate the kind of results we have obtained, let us state two examples.
The first one, Theorem 3.2, yields in the special case yu = 1 the classical Williams’ Brow-
nian path decomposition theorem (Revuz and Yor [21], Theorem VII.4.9). The second,
Theorem 4.3, in the special case u = 1, states as follows:

Theorem 4.3 (special case p = 1). Consider B up to the first time that £ reaches
1, time-changed to remove its excursions above zero. We decompose this path at the
mintmum into the post- and time reversed pre- minimum processes. The two processes
are independent and distributed as X' and X2, time-changed to remove their excursions
above level HY2, where X' and X? are independent three-dimensional Bessel processes
and HY? is the last level at which the sum of the total local times of X' and X? equals 1.

The rest of this paper is organized as follows.

e Section 2: we recall Lupu [15]’s connection between the PRBM and the Brownian
loop soup, and some known results on the PRBM. We also study the minimums of the
PRBM considered up to its inverse local times (the process J defined in (2.4)). The main
(new) result in this section is Proposition 2.6, a description of the jumping times of J;



e Section 3: we study the path decomposition at the hitting time of the PRBM. We
prove that conditioned on its minimum, the PRBM can be split into four independent
processes (see Figure 1) and describe their laws in Theorems 3.2 and 3.3;

e Section 4: we study the path decomposition at the minimum of the PRBM considered
up to its inverse local time. Theorem 4.3 deals with the recurrent case and describes the
laws of the post- and time reversed pre- minimum processes. A similar decomposition is
obtained in Proposition 4.4 for the transient case (see Figure 2);

e Section 5: we extend the perturbed Bessel process studied in Doney, Warren and
Yor [7] to the perturbed Bessel process with a positive local time at 0. The main result

in this section (Theorem 5.3) gives an extension of Theorem 2.2 of Doney, Warren and
Yor [7].

2 Preliminaries

This section is divided into three subsections. We recall in Section 2.1 Lupu [15]’s descrip-
tion (Proposition 2.2) on the excursions of the PRBM above its past minimum in terms
of Brownian loop soup, and we collect the intensities of various Poisson point processes
in Lemma 2.3. In Section 2.2, we study the minimum process J(z) defined in (2.4) and
describe the jump times of J(-) by means of Poisson—Dirichlet distributions in Proposition
2.6. Finally in Section 2.3 we recall some known results on the PRBM. We also intro-
duce some notations (in particular Notations 2.1 and 2.11) which are used throughout the

paper.

2.1 The Brownian loop soup

Lupu [15] showed a connection between perturbed reflecting Brownian motions and the
Brownian loop soup. We rely on [15] and review this connection in this subsection. Let
KC denote the set of continuous functions v : [0,7(y)] — R with some T'(y) € (0, 00),
endowed with a metric di(y,%) := [log T(v) —log T'(7)| + supg<s<i [V(sT (7)) =7(sT(7))|
for any 7,7 € K. A rooted loop is an element « of I such that v(0) = v(7(v)) (Section
3.1, p. 29). On the space of rooted loops, one defines the measure (Definition 3.8, p.37)

dt
Hloop dfy / / d’)/ pt x I)dﬂ:_
t>0 JxeR

where PLI is the distribution of the Brownian bridge of length ¢ from x to x, and p(x, x)
is the heat kernel p;(z,x) = ﬁ An unrooted loop is the equivalence class of all loops
obtained from one another by time-shift, and pj,,, denotes the projection of fioe, on the
space of unrooted loops. For any fixed # > 0, the Brownian loop soup of intensity measure
[ is the Poisson point process on the space of unrooted loops with intensity measure given
by Bpiep (Definition 4.2, p. 60). We denote it by Ls.

For any real ¢, we let v — ¢ denote the loop (7y(t) — ¢, 0 <t < T(v)). We write min~y,
resp. max -y for the minimum, resp. maximum of . If v denotes a loop, the loop v rooted
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at its minimum is the rooted loop obtained by shifting the starting time of the loop to
the hitting time of min~y. Similarly for the loop v rooted at its maximum. By an abuse
of notation, we will often write v for its range. For example 0 € v means that ~ visits the
point 0.

Similarly to Lupu [15], Section 5.2, define

Qg = {min~y, v € Lz}, Qg = {max~, v € Lz}.

For any q € Qg and v € Lg such that min~y = ¢, define eg as the loop v — ¢ rooted at its
minimum. It is an excursion above 0. Define similarly, for any ¢ € O, eg as the excursion
below 0 given by v — ¢ rooted at its maximum. The point measure {(g, eg), q € Qé} has
the same distribution as {—(q,e!), ¢ € Qg}

Notation 2.1. For § > 0, let P° (resp. P9) be the probability measure under which

(Xi)iso0 is distributed as the PRBM (|By| — pLy)iso defined in (1.1) with p = % (resp.
2

W= =5/

Note that under P?, (X;);>o is recurrent whereas under P(=9 lim,_,,, X; = +00 a.s.
Define
I = inf X, t>0.

0<s<t

We will use the same notation {(q, e}g), g € QL } to denote

e under P’: the excursions away from R x {0} (g is seen as a real number) of the
process (I, Xy — I;);

e under P(-%): the excursions away from R x {0} of the process (I, X; — I,) where
It = instt Xs .

The following proposition is for example Proposition 5.2 of [15]. One can also see it
from [11] or [1] (together with Proposition 3.18 of [15]).

Proposition 2.2 (Lupu [15]). Let § > 0. The point measure {(q, e;’q), q e QLY is
distributed under P°, respectively P9 as {(q, eg), q € QTQ N (—o00,0)}, resp. {(q, eg), qe
2

QT N (0,00)}.

Actually, Proposition 5.2 [15] states the previous proposition in a slightly different way.
In the same way that standard Brownian motion can be constructed from its excursions
away from 0, Lupu shows that one can construct the perturbed Brownian motions from
the Brownian loop soup by “gluing” the loops of the Brownian loop soup rooted at their
minimum and ordered by decreasing minima.

We close this section by collecting the intensities of various Poisson point processes.
It comes from computations of [15].



Denote by n the Itd6 measure on Brownian excursions and n* (resp. n~) the re-
striction of n on positive excursions (resp. negative excursions). For any loop 7, let

fg = lim._, fOT(W) Lio<~(t)<eydt be its (total) local time at 0.
In the following lemma, we identify a Poisson point process with its atoms.

Lemma 2.3. Let § > 0.

(i) The collection {(q, eg), q € QE} is a Poisson point process of intensity measure
2
dda @ nt(de).

(it) The collection {(q,¢}), q € Q% such that q + ¢, C (0,00)} is a Poisson point process
2
of intensity measure 61,>01da @ Linines—aynt™ (de).

(111) The collection {min-y, v € Ls such that 0 € v} is a Poisson point process of inten-

9

sity measure 3la]

1{a<0}da.

(i) Let m > 0. The collection {£3, v € L; such that miny € [—m,0],0 € v} is a

Poisson point process of intensity measure 1{g>0}%€_6/2md€.

(v) The collection {(£3, 7), v € Ls such that 0 € v} is a Poisson point process of inten-

sity measure $ 10y SP*((By, 0 < t < 7F) € dv), where 77 :=inf{s > 0: £, > (}
denotes the inverse of the Brownian local time, and P*((By, 0 <t < 77) € o) is the
projection of P((By, 0 <t < 1) € @) on the space of unrooted loops.

Proof. Ttem (i) is Proposition 3.18, p. 44 of [15]. Item (ii) follows from the equality in

law

distribution {(g,¢}), ¢ € Qé} (12w {—(q,¢}), q € QE} and (i). Item (iii) comes from (i)

and the fact that n™(r € ¢) = % for any r > 0 where, here and in the sequel, ¢ denotes a
Brownian excursion. We prove now (iv). The intensity measure is given by

0
5/ nt (0 € de, |a] € ¢) da

m

where ¢/ denotes the local time at r of the excursion ¢. Under n', conditionally on |a| € ¢,
the excursion after hitting |a| is a Brownian motion killed at 0. Therefore

1 __
(e € de|a] € ¢) = By (e7p € dO) = € At
where under Pj,, the Brownian motion B starts at la| and Sljﬂg denotes its local time
0

at position |a| up to T := inf{t > 0 : B, = 0}, and the last equality follows from the
standard Brownian excursion theory. Hence the intensity measure is given by

| ¢ )
= o7 4] — Z t/2m
6/_m 4@26 d/da 2€€ ds.

Finally, (v) comes from Corollary 3.12, equation (3.3.5) p. 39 of [15]. OJ
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2.2 The Poisson—Dirichlet distribution

For a vector D = (D, Ds,...) and a real r, we denote by rD the vector (rDy,rD,,...).
We recall that for a,b > 0, the density of the gamma(a, b) distribution is given by

L % lemv1
F(a)ba‘ {£E>0})

and the density of the beta(a, b) distribution is

['(a+0b)

a_ll— b_ll ]
T(a)T(b)" (1= 2" Leo)

We introduce the Poisson-Dirichlet distribution, relying on Perman, Pitman and Yor
[17]. Let 8 > 0. Consider a Poisson point process of intensity measure ge*ml{bo} dx
and denote by Ay > Ay > ... its atoms. We can see them also as the jump sizes,
ordered decreasingly, of a gamma subordinator of parameters (5,1) up to time 1. The
sum T := ) .., Ay has a gamma(f3, 1) distribution. The random variable on the infinite

simplex defined by
Ay A
(P, Py, ---) = <%%)

has the Poisson-Dirichlet distribution with parameter 5 ([9]), and is independent of T
([16], also Corollary 2.3 of [17]).

Consider a decreasingly ordered positive vector ({1, ), .. .) of finite sum ) .. &4 <
oo. A size-biased random permutation, denoted by (&,&s,...), is a permutation of
(£a),€2), - - -) such that, conditionally on & = £4,),...,&; = u,), the term £, is chosen

to be ) for k & {i1,...,i;} with probability Zizlﬁ(i>£—(21+~-+€j)' The indices (ij, j > 1)
can be constructed by taking i.i.d. exponential random variables of parameter 1, denoted
by (e€;, ¢ > 1), and by ordering N increasingly with respect to the total order k; < ky if
and only if &u,y/ek, > &(ky)/Eky (Lemma 4.4 of [17]). A result from McCloskey [16] says
that the (F;, ¢ > 1) obtained from the (P, P2),...) by size-biased ordering can also be

obtained via the stick-breaking construction:

i—1

p=01-U)]]U;

j=1
where U;, ¢ > 1 are i.i.d. with law beta(3,1). Let

(21) Dlg = (D17D27...)

be the point measure in [0, 1] defined by D; := H;zl Uj, for i > 1.

Lemma 2.4. Let m > 0, 8 > 0 and =3 be a Poisson point process of intensity measure

gl{a>0}da. We denote by agm) > agm)

(al(m), i > 1) is distributed as mDg.

> ... the points of Z5 belonging to [0,m]. Then



Proof. For 0 < a <1,
L m) _ _ mé _ B
P(mal < a) = exp( /am xdx) =a’.

Therefore it is a beta(/,1) distribution. Conditionally on {agm) = a}, the law of =5

restricted to [0, agm)) is the one of Zj3 restricted to [0, a). By iteration we get the Lemma.

OJ
Denote by L(t,r), r € R and ¢t > 0, the local time of X at time ¢ and position r. Let

(2.2) 7,.(t) :==inf{s >0 : L(s,r) > t},

be the inverse local time of X. Denote by

(2.3) T, :=inf{t >0: X; =r}

the hitting time of r. We are interested in the process (J(z)).,>o defined as follows:
(2.4) J(z) = inf{X;, s < 7(2)}, x> 0.

Observe that under P, J is a Markov process. It has been studied in Section 4 of [3].
The perturbed reflecting Brownian motions are related to the Poisson—Dirichlet via the
following proposition.

Proposition 2.5. Let § > 0. Under P°, the range {J(x), x > 0} is distributed as —=
with § = g. Consequently, for any m > 0, the range of J in [—m, 0], ordered increasingly,
is distributed as —mDag.

Proof. Recall Proposition 2.2. Note that the range {J(z), x > 0} is equal to {min~y :
Oev, v €L }, hence the first statement is (iii) of Lemma 2.3. The second statement is
Lemma 2.4. [J

Under P?, for m > 0, let

(2.5) T/ =inf{x >0:J(z) < —m}

—m

be the first passage time of —m by J. The main result in this subsection is the following
description of the jump times of J before its first passage time of —m:

) (m)

Proposition 2.6. Form > 0, let xgm > 1y > ... denote the jumping times of J before

time T .. Under P°:

(i) ([25]) T?,, follows a gamma(3,2m) distribution. Consequently, for any x > 0, f;)

follows a gamma($, 2) distribution.

(ii) T, is independent of T%(xgm), xém), S



(111) #(m&m),xgm), ...) is distributed as Dg with = g.

Statement (i) of Proposition 2.6 is not new. It is contained in Proposition 9.1, Chapter
9.2, p. 123, of Yor [25]. For the sake of completeness we give here another proof of (i)
based on Lemma 2.3.

Proof. (i) Lemma 2.3, (iv) says that {£3, v € L such that miny € (=m,0],0 € 7}
forms a Poisson point process of intensity measure 1{g>0}2%e*5/ md¢, whose atoms are
exactly the (non-ordered) sequence {z\™ — 2™ i > 1} where 2™ := T“ . Note that

T;]m = L(T—ma O) = Zmin’ye(—m,O],OE’Y g’?’
Let for i > 1, d'™ = (2!™ — 2™)/T7 and denote by {dgg) > dg;) > ...} the

sequence ordered decreasingly. Then the properties of the Poisson—Dirichlet distribution
recalled at the beginning of the section imply that T/, is independent of the point measure

{dg';), dg;), ...} and that T /2m follows a gamma($,1) distribution. Also, the second
statement of (i) comes from the observation that {J(z) > —m} = {T”7,, > z}. This
proves (i).

(ii) and (iii): It remains to show that the vector (dg’”), dg’”), ...) is a size-biased ordering
of {dgg), dg;), ...}, and that this size-biased ordering is still independent of T, .

To this end, denote by {(—m;, i € Z)} the range of J. By Proposition 2.5, the point
measure {In(m;), i € Z} is a Poisson point process on R of intensity measure 3d¢.

When J jumps at some —m;, the time to jump at —m;,; is exponentially distributed

1

with parameter n~(mine < —m;) = 5~ (it is the local time at 0 of a Brownian motion

when it hits level —m;, by Markov property of the process (X, I) under P?).

Denote by ¢; the exponential of parameter 1 obtained as the waiting time between
jumps to —m; and to —m;4q, divided by 2m,;. Conditionally on {(m;, i € I)}, the
random variables (g;, i € Z) are i.i.d. and exponentially distributed with parameter 1.
Then {(In(m;),e;), ¢ € I} is a Poisson point process on R x R, of intensity measure
8dt @ e~"du. It is straightforward to check that {(In(2m,e;),¢;), i € I} is still a Poisson
point process with the same intensity measure.

Suppose that we enumerated the range of J with Z = Z so that (—m;, i > 1) are the
atoms of the range in (—m, 0) ranked increasingly. Then, 2m;e; =T ;]mdl(-m) =: ¢, for any
i > 1. We deduce that, conditionally on {T‘_]mdgm),i > 1}, the vector (e1,ey,...) consists
of i.i.d. random variables exponentially distributed with parameter 1, and ¢ < 7 if and
only if &/e; > &;/e;. From the description of size-biased ordering at the beginning of
this section, we conclude that the (;, ¢ > 1) are indeed size-biased ordered, hence also
@™, am™,..). 0

Since T, = L(T_,,,0), the statement (i) of Proposition 2.6 says

- 5
(2.6) L(T_,,,0) " gammal(3, 2m).

Corollary 2.7. Let 6 > 0. Under P, the collection of jumping times of J is distributed
= ; _ 9
as Zg with 8 = 3.



Proof. From Proposition 2.6 and Lemma 2.4, we can couple the jumping times of J which
are strictly smaller than the passage time of —m with Z3 restricted to [0, Z,,] where Z,,
is gamma(%, 2m) distributed, independent of Z3. Letting m — +o00 gives the Corollary.
OJ

2.3 Some known results
At first we recall two Ray—Knight theorems:

Proposition 2.8 (Le Gall and Yor [11]). Let§ > 0. Under P9, the process (L(co,t), t >
0) is the square of a Bessel process of dimension ¢ starting from 0 reflected at 0.

Proposition 2.9 (Carmona, Petit and Yor [4], Werner [24]). Let § > 0 and a > 0. Under
P°, the process (L(to(a), —t), t > 0) is the square of a Bessel process of dimension (2 — §)
starting from a absorbed at 0.

We have the following independence result.

Proposition 2.10 (Yor [25], Proposition 9.1). Let § > 0. Under P°, for any fized x > 0,
L(Ty),0)/z is independent of J(z) and follows a beta($,1) distribution.

We introduce some notations which will be used in Section 4.
Notation 2.11. Let h € R. We define the process X =" obtained by gluing the excursions
of X below h as follows. Let fort > 0,
t
A7 = / Lix,<nyds, o "= inf{u >0, A;" >t}
0
with the usual convention inf () := co. Define

Xt_’h = Xat—,h, t < A;O’h = / Lix.<nyds.
0

Similarly, we define A;“h, a;“h and X" by replacing X, < h by X, > h. When the
process is denoted by X with some superscript, the analogous quantities will hold the same
superscript. For example forr € R, £ > 0, 7,°"(¢) = inf{t > 0 : LT(t,r) > £}, where
LT"(t,r) denotes the local time of X" at position r and time t.

Proposition 2.12 (Perman and Werner [19]). Let § > 0. Under P°, the two processes
X0 and X9 are independent. Moreover, X is a reflecting Brownian motion, and the
process (X, °,inf,c; X050 is strongly Markovian.

Let m > 0. We look at these processes up to the first time the process X hits level
—m. In this case, there is a dependence between X% and X+ due to their duration.
This dependence is taken care of by conditioning on the (common) local time at 0 of X —°
and X0, It is the content of the following corollary.

9



Corollary 2.13. Let § > 0. Fiz m > 0. Under P°, conditionally on (X;°, t < A;fn),
the process (X7, t < A;fn) is a reflecting Brownian motion stopped at time 7,7 (£) where
0= L70(A:° 0) = L(T_,,,,0).

o t >0)is a
reflecting Brownian motion indexed by its inverse local time. Observe that AJTrfn = 7,7°(0)
with £ = L=°(0, 7). It proves the Corollary. (]

As mentioned in Section 3 of Werner [24], we have the following duality between P(—%)
and .

Proof. By Proposition 2.12, conditionally on X, the process (XJZ;?O
To

Proposition 2.14 (Werner [24]). Let 6 > 0. For any m > 0, the process (Xr_, _4+m, t <
T_,,) under P° has the distribution of (X;, t < Dy,) under P9 where 9, := sup{t >
0: Xy = m} denotes the last passage time at m.

3 Decomposition at a hitting time

The following lemma is Lemma 2.3 in Perman [18], together with the duality stated in
Proposition 2.14. Recall that under P(-2), X is a Bessel process of dimension 3. We refer
to (2.3) for the definition of the first hitting time 7, and to (2.4) for the process J(x).

Lemma 3.1 (Perman [18]). Let 6 > 0. Let m,xz > 0 and y € (0,z). Define the processes
Zt = Xyt = J@)heo ) 20 = (Xt = J(@))ief0,m@)~Tr)-
Under P°(-|J(z) = —m, L(Ty), 0) = y):
(i) Z' and Z* are independent,
(ii) Z* is distributed as (Xi)icp,z,,) under PCO(-|L(oco,m) = y),
(iti) Z* is distributed as (X;)ie0,9,,) under P2 (-|Lco,m) =z — y),
with Dy, = sup{t > 0: X; = m}.

Proof. For the sake of completeness, we give here a proof which is different from Perman
[18]’s.
By Proposition 2.2, we can identify under P° the point measure {(g, e}vq), g e QL}
with {(¢,¢e}), ¢ € Q! N (—o0,0)}. Using the notations in Lemma 2.3, we have
2

LTy, 00 = >, f<z< > 0

quT% N(J(x),0) q€ QT% N[J(z),0)

where in the above sum 7 is the (unique) loop in E% such that miny = ¢. Let ¢ (e)
be the local time of the excursion e at level r. We claim that conditioning on {J(z) =

10



—m, L(Ty(),0) = y}, eJ and {(q,el), ¢ € QTg N (J(z),0)} are independent and dis-
tributed as a Brownian excursion e under n*(-|£™(¢e) > x —y), and {(¢,¢]), ¢ € QTg N
(—m,0)} conditioned on {&,, = y} respectively, where &, := qugg A(—m.0) 63.

In fact,let F:R_xK - R,, G: K - R, and f: R? — ]Rf be three measurable
functions. Note that &, = qugg A(—m.0) E'q‘(eg). By Proposition 2.2, we deduce from the
master formula that ’

e Flg,e})
q€Q 5 N(J(x),0)
B le % G(Qu))f(J(ﬂf)vL(TJ(z%O))]
72 T (Q7eq)
q€Q s N(—m,0)
- B Y e G(el,) f(=m, &) 1{£m<x"fm(°3m)>“m}]
Lm>0

-2

N
gel n(=m,0) Flasq)

2 f(_m;€m> 1{§m<:v} /nJr(de)G(e) 1{€m(9)>$_§m}] )

:5/ dmE |e
0

by using Lemma 2.3 (i). The claim follows.
Now we observe that Z? is measurable with respect to eT,(r) whereas Z! is to {(g, eT) qe

9l N (J(x),0)}. Tt yields (i). Moreover, conditioning on {J(x) = —m, L(T),0) = y},
2
Z? is distributed as (et)tefo,om 1, under n*(-[£™(e) > x — y), where 03" = mf{t >0 :

z—y
07 (e) = x — y} with £7*(e) being the local time at level m at time ¢. The latter process

has the same law as (X;)ic(0,4,, under PC2 (| L(co,m) = x — y).* We get (iii).

To prove (ii), we denote by € the time-reversal of a loop e. By Proposition 2.14,
{(m+4,% v), g € Q N (—m,0)} under P is distributed as {(q, ¢, ), ¢ € Q% N (0,m)}
under P(-9. Note that under P(-|J(z) = —m, L(Ty(x),0) = y), Z' can be constructed
from {(m + q,AgX) g € Q% N (—=m,0)}. Then Z' is distributed as (X;)o<i<g,, un-

N (=
der P9)(. |quQT nomy & (e qX) y). Finally remark that quQ;m(Om ma(e qX) =
L(Dy,m) = L(oco,m). We get (ii). This completes the proof of Lemma 3.1. [

Fix m > 0. The following Theorems 3.2 and 3.3 describe the path decomposition of
(X¢) at T_,,. Let g, := sup{t € [0,7_,,] : X; = 0}. Recall that I, = info<s<g, X.
Define

A, = inf{t > g, : Xy = I, }.

4Under n(-[£™(e) > z — y), an excursion up to the inverse local time z — y at position m is a three-
dimensional Bessel process, up to the hitting time of m, followed by a Brownian motion starting at m
stopped at local time at level m given by x — y, this Brownian motion being conditioned on not touching
0 during that time. By excursion theory, the time-reversed process is distributed as a Brownian motion
starting at level m stopped at the hitting time of 0 conditioned on the local time at m being equal to
x —y. We conclude by William’s time reversal theorem (Corollary VII.4.6 of [21]).
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Theorem 3.2. Let§ > 0. Fizm > 0. Under P°, the random variable L |I,, | is beta($,1)
distributed. Moreover, for 0 < a < m, conditionally on {I,,, = —a}, the four processes

(X, t €[0,T4]),

( gm—1 te [O gm — T*a]a
(—Xgptts t €10,dm — gml),
(X4, 0t +a,t€[0,T_,, —dnl),

are independent, with law respectively the one of:
(i) X under P° up to the hitting time of —a;
(i1) a Brownian motion up to the hitting time of —a;
(111) a Bessel process of dimension 3 from 0 stopped when hitting a;

(iv) X under P° conditionally on {T—(m—ay < Tu}.

—m

Figure 1: The four processes in Theorem 3.2.

Proof. To get the distribution of % I, we proceed as follows: under P°, X is measurable
with respect to its excursions above the infimum, that we denoted by (e; g € QL), that
we identify with (e], ¢ € Q1) by Proposition 2.2. The variable I, is the global minimum
of the loops 7 such that m2in7 > —m and 0 € 7. By Lemma 2.3 (iii), we get the law of
I, (it is also a consequence of Lemma 2.4 together with Proposition 2.5).

Let 4 be the loop such that miny = I and call —a = I, its minimum. Conditioning
on 4 and loops hitting (—oo, —a), the loops 7y such that miny > —a are distributed as the
usual Brownian loop soup Eg in (—a,00). It gives (i) by Proposition 2.2. Conditioning

12



onminy = I, = —a and on loops hitting (—oo, —a), the loop ¥ —min 4 has the measure
nt(de|maxe > a). Therefore (ii) and (iii) come from the usual decomposition of the
It6 measure. Finally conditioning on miny = I = —a, the collection of loops v with
min~y € (—m, —a) is distributed as the Brownian loop soup £ s restricted to loops 7 such
that miny € (—m, —a) conditioned on the event that none of these loops hit 0. We
deduce (iv). O

The following theorem gives the path decomposition when conditioning on (L(7-,,,0), I, ).
Recall (2.6) for the law of L(7_,,,0).

Theorem 3.3. We keep the notations of Theorem 3.2. Under IP"S

(i) the density of (L(T_pn,0),|1,.|) is given by =% )26 % forz>0and0<a <
m.

(11) conditionally on {L(T_,,,0) =z, I,,, = —a}, the three processes

(X, t € [0, gm]),

(_Xgm+t7 te [07 dm - gm])’
(de—l-t + a, t € [07 T—m - dm])a

-2
2F( )(

are independent and distributed respectively as

(X, t €[0,7(x)]) under P°(-| J(z) = —a),
a Bessel process of dimension 3 starting from 0 stopped when hitting a,
X under P° conditionally on {T -0y < T0};

Proof. By Theorem 3.2, conditionally on {/,, = —a}, the three processes

(Xt7 te [O7gm])7
(_Xgm-l—tv le [07 dm - gm])?
(de+t + a, t - [0, Tfm — dm]),

are independent. Since L(7_,,,0) is measurable with respect to o(X;, t € [0,gx]), we
obtain the independence of the three processes in (ii) and the claimed laws of the last two
processes in (ii).

To complete the proof, it is enough to show that for any bounded continuous functional
® on K and any bounded continuous function f : R? — R,

(3.1) (Xy, 1 € [0, gm]) f(L(T-m, 0), Ig,,)]

/ / B [®(X,, t € [0, 70(2)]) | J(z) = —af(z, —a) 2;% ()b Tadadr.
By Theorem 3.2,
Eé[q)(Xtv te [0>gm])f<L(T—m> 0)7 [gm)]
(3.2) = /0 gmgaglE5[<I>(X1’a @ X2 f(LO(X1) 4+ LO(X?%), —a)]da,

13



where X! := X, s <T_,, X*%is the time-reversal of an independent Brownian motion
up to its hitting time of —a (so X% starts from —a and ends at 0), X'* & X% denotes
the process obtained by gluing X*% and X1 at time T_,, and LY(X1%) (resp. LY(X?%))
is the local time at position 0 of X1 (resp. X?%).

The standard excursion theory says that P?(L°(X%2) € dz) = %e’idz,z > 0. By

(2.6), LO(X1e) () gamma($,2a). Then for any bounded Borel function h, we have

Eé[q)(Xl,a D X2,a) h(L0<X1,a> + LO(X2,a)]

oo o) 1-8
= [ ne m e o xpaee =y 00 = 450
0 0

o0 T 2 _g x
= [Ta) [(EROr e X0 = g 2000 = 5 — ! ?(5) yile ddyds
0 0 3
OO - (2a)‘1‘% s_
= h(z) [ E[®(X,t < mo())|J(2) = —a, L(Ty(),0) = y] T () y2 e 2adydz,
0 0 3
where the last equality is due to Lemma 3.1. Since P°(L(Ty(,),0) € dy) = g:v’%y%’ll{ky@}dy

(see Proposition 2.10), we get that

E°[@(X " @ X2) h(LO(X") 4+ LO(X>%)]
_ /Ooo h(2)EY[B(Xs, t < mo(a))]J(x) = —a]f(‘?—;;; R

which in view of (3.2) yields (3.1) and completes the proof of the Proposition. [J

Remark 3.4. We may also directly prove (i) as follows: In view of (2.6), it is enough to
show

(3.3) P(|I,,| € da| L(T,0) = z) = %e*#ﬁ 1 (0<acmyda.

To this end, we shall prove that conditionally on {L(7_,,,0) = =}, I, is distributed
as infy, <2, B(t) conditioned on {info; 5(,) B(t) > —m}, where 8(x) = inf{t > 0:
£; > x} denotes the first time when the local time at 0 of B attains x.

Consider the Brownian loop soup £ 5 In this setting (recalling Proposition 2.2),

Iy, = inf {q:q:min7>—m,0€7},
’)’Gﬁg

and
L(T,m, 0) = Z 62 1{min7€(—m,0),0€v}'

V€L
2

From (v) of Lemma 2.3, conditionally on {¢J : v € £g,0 € ~}, the loops 7 such
that 0 € « are (the projection on the space of unrooted loops of) independent Brownian
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motions stopped at 7¢ with ¢ = Eg. Then, the loops 7 such that 0 € v and miny > —m
are merely (the projection of) independent Brownian motions stopped at local time given
by 63, conditioned on not hitting —m. The conditional density (3.3) of I, follows from
standard Brownian excursion theory. [

Corollary 3.5. Let us keep the notations of Theorem 3.2. Let x > 0 and m > a > 0.
Under P°, the conditional law of the process (X, t € [0,gn]) given {L(T_,,0) = z} is
equal to the (unconditional) law of (Xi,t € [0,79(x)]) biased by Cm71‘7§|<](x)|g_11{J(z)>_m}7
with 5 o

Cnas = T(5) (5)' " 2emm.

Proof. Let ® be a bounded continuous functional on IC. Recall from (2.6) that the density

function of L(T_,,,0) is ﬁ@m)_%x%_le_ﬁ,x > (. Considering some f in (3.1) which
2

only depends on the first coordinate, we see that for all z > 0,
E°[®(X,, t € [0,gm]) | L(T-1m,0) = ]
_ / B[ (X, t € 0, m(@)]) | /() = —a] 3% 5 Fnda
0

(3.4) = s B[O(X,,t € [0,70(2)]) [T(@)]7 ™ 1y —mi),

[SI[-9)

_Sd_ 1 _= .
27 le72:. This proves

by using the fact that the density of [J(z)| is a — =5 (%)2a

r(3)
Corollary 3.5. [J

Remark 3.6. Note that the conditional expectation term on the left-hand-side of (3.4)
is a continuous function of (m,x), this fact will be used later on.

As an application of the above decomposition results, we give an another proof of
Proposition 2.6 (ii) and (iii).
Another proof of Proposition 2.6 (i) and (). Notice that T, = L(T_,,,0). Condition-
ing on 77, = x: by Corollary 3.5, 2{™ is distributed as L(T(x),0) under P? biased by
J(m)g_ll{J(x)>_m}. By the independence of L(T(,),0) and J(z) of Proposition 2.10, the
biased law of L(T),0) is the same as under P, hence is z times a beta(Z,1) random
variable. Moreover, conditionally on xgm) =y and J(x) = —my, the process before T},
is simply the process X under P° before hitting T, conditioned on L(T_,,,,0) =y (by
Corollary 3.5 and Lemma 3.1). Therefore we can iterate and get Proposition 2.6. [J

4 Decomposition at the minimum

Let § > 0. Let X; be a copy of the process X under P(~%) and X, be an independent Bessel
process of dimension 3, both starting at 0. Recall Notation 2.11. From our notations,
L' (oo, ), resp. L?(oco,r), denotes the total local time at height r of X, resp. X5, while

15



X, b Xy M are obtained by gluing the excursions below h of X; and X, respectively. We
set

(4.1) H"? :=sup{r >0 : L'(co,r) + L*(c0,7) = 1}.

Proposition 2.8 yields that the process L' (oo, r)+ L?*(co,7),r > 0 is distributed as the
square of a Bessel process of dimension § + 2, starting from 0. Then H%? < 0o a.s.

Lemma 4.1. Let 6 > 0. Let m > 0 and = € (0,1). Conditionally on {H"? =
m, L* (oo, HY?) = 2} :

(1) Xl_’HL2 and XQ_’HL2 are independent;
(i1) Xl_’HL2 is distributed as (X; ™, t < AZ™) under PCO (| LY (00, m) = 1);
(iii) XQ_’HL2 is distributed as (X; ™, t < AZ™) under PC2 (| L% (00, m) = 1 — 1),

where ALZ™ = fooo Lix,<mydt is the total lifetime of the process X ™.

Proof. First we describe the law of (X, ", t < AZ™) under P9 (:|L'(co,m) = z). Let
Dy = sup{t > 0 : X; < m} be the last passage time of X at m [note that under P(=%),
Xy — o0 as t — oo|. By the duality of Proposition 2.14, {Xg, _+ — m,0 < t < Z,,},
under P has the same law as {X;,0 < ¢t < T_,,} under P?. Corollary 3.5 gives then
the law of (X;,t < 2,,) under P (:|L(co,m) = z). The process (X; ™, t < AL™)
is a measurable function of (X;,t < %,,). Note that m — (X", X,"™) is continuous.
> From Corollary 3.5, we may find a regular version of the law of (X, ™, ¢t < AZ™)
under P9 (.| L(co, m) = z) such that for any bounded continuous functional F on K, the
application
(m,z) = ECO[F(X;7™, t < AZ™)|L(co,m) = ]

is continuous.
Now let us write H := H? for concision. Let F; and F, be two bounded continuous
functionals on K and ¢ : R — R be a bounded continuous function. Let H, := 27" |2"H |

°For instance, we may show that for any T > 0, almost surely supg<;<r \Xt_’m/ - X;™ — 0 as
m’ — m. Let us give a proof by contradiction. Suppose there exists some g9 > 0, a sequence () in [0, T]
and my — m such that |X, "™ — X, ™| > go. Write for simplification s; := a; " and s} := a; """
Consider the case my > m (the other direction can be treated in a similar way). Then s > sfc and
| Xs, — X, | > o for all k. Since X, < m and Xy < my, either X5, <m —  or Xy <m — F for
all large k. Consider for example the case Xy < m — 5. By the uniform continuity of X; on every
compact, there exists some g > 0 such that X,, < m for all |u—s},| < dp and k > 1. Then for any s > s},

[5 1{x,<mydu > min(dy, s — s},). Note that by definition, [5" 1(x,<mydu =t — f;;“ Lix,<mydu =
“k - k - -

L7 L(s), x)da < ¢ (my —m), with ¢ := sup,ep L(ap™, z). It follows that for all sufficiently large k,
0 < s;—s}, < ¢ (myp—m). Consequently X, — Xy — 0asmy — m, in contradiction with the assumption
that | Xy — Xy, | > go for all k. This proves the continuity of m — X,
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for any n > 1. By the continuity of m — (X,;", X,°™) and that of (L!(co, m), L?(co,m)),
we have

E[Fl(X )y (X5 M) g(H, Ll(oo,H))} — lim IE[Fl(Xl’H")Fg(Xz’H”)g(Hn,Ll(oo,Hn)) .

n—oo

Note that

IE[F(X_ (X, )(Hn,Ll(oo,Hn))}

= [ T)B (X, %)g(;—;,LI(OO,;—;))l{KH i}]

27
7=0

By the independence property of Corollary 2.13 and the duality of Proposition 2.14,

J—— J——
conditioning on {L'(oo ,2n) L2( 00, &)}, the processes (X; '*", X, '?") are independent,
J
and independent of (X;r X ) Since {& < H < '} is measurable with respect to

J J
+,5m +,5m

(X%, X, %), we get that for each j > 0,

_7% _7% j .]
B[R ) Fa(X5 ) g( L, L (00, 2 4 <oty

omn " 9on 5 on
= E |:(P1 (2'7_”7 1(007 éy_n)) (1)2(2]_”7 LQ(OO, é]_”)) 9(2]_717 Ll(OO, ;7))1{2%§H<]2—n1}]7

where
Oy (m,x) :=E[F (X]™)|L (00, m) = 2], ®a(m,x) := E[Fy(Xy, ™) |L*(c0,m) = z].

By Remark 3.6, ®; and ®, are continuous functions in (m, z). Taking the sum over j we
get that

B R (X ) Fa(Xy ") g (H, L (00, Ha) |

- E[@l(Hn,Ll(oo,Hn))@Q(Hn,LQ(oo,Hn))g(Hn,Ll(oo,Hn)) .

Since ®; and ®, are bounded and continuous, the dominated convergence theorem yields
that

E|F (X ) Fo(X; ™ )g(H, L' (00, )|

= lim B[R (X, ) B(X; ) g(H,, L (00, Hy))|

(4.2) — E|@(H, L' (o0, H))@5(H, L*(c0, H))g(H, L' (o0, H))|,

proving Lemma 4.1 as L*(co, H) =1 — L'(oco, H).

17



Remark 4.2. Let § > 2. Consider the process X under P(-9 and the total local time
L(oo,r) of X at position r > 0. For x > 0, let

H, :==sup{r > 0: L(oco,r) = x}.

By Proposition 2.8, H, < oo, P(-9-a.s. Note that the same arguments leading to (4.2)
shows that

B[ (X 1) g(He, L(oo, He))| = B[@1(H,, L(oo, Hy))g(Ha, L(oo, Ha))]

where ®;(m, z) := E[F(X™™) |L(co,m) = x| for m > 0,2 > 0. Since L(oco, H,) = z, we
obtain that conditionally on {H, = m}, the process X = is distributed as (X, ™, t <
AZ™) under P9 (-|L(co, m) = x).

Recall (2.3), (2.4) and (4.1). The main result in this section is the following path
decomposition of (X;) at T;q) = inf{t € [0,79(1)] : Xy = J(1)}, the unique time before
70(1) at which X reaches its minimum J(1).

Theorem 4.3. Let 6 > 0. Define Z; := (XTJ(I),t — J(l))te[o,TJ(l)] and Zy := (XTJ(l)th —
J(l))te[o,ro(l)—TJ(1>]- Under P°, the couple of processes
(200, Z 00

15 distributed as (X;,H1727X;7H1,2).

Proof. From Lemmas 3.1 and 4.1, it remains to prove that the joint law of (|.J(1)|, L(T (1, 0))
is the same as (H?, L' (oo, H"?)). Recall the law of (J(1), L(Ty(1),0)) from Propositions
2.6 (i) and 2.10. Define a process (Y;, —0o < t < oo) with values in [0, 1] defined by
time-change as

L' (0o, m)
YA = )
™ Ll(oo,m) + L?(co0, m)

where A,, := flm m for any m > 0 (as such lim,, ,g A,, = —o0 a.s.). Following
Warren and Yor [23], equation (3.1), we call Jacobi process of parameters d,d" > 0 the
diffusion with generator 2y(1 — y)% +(d—(d+ d’)y)%. We claim that Y is a stationary
Jacobi process of parameter (,2), independent of (L'(co, m) + L*(co,m), m > 0). Tt is
a consequence of Proposition 8 of Warren and Yor [23]. Let us see why.

First, notice that Ll(OOL;()iO’L@()oom

because L'(oco0, m) and L?*(co,m) are independent and distributed as gamma($,2m) and
gamma(1, 2m) respectively, by Proposition 2.8 and the duality in Proposition 2.14. It is
independent of L!(co, m) + L?(co,m), hence by the Markov property, also of (L!(co, h) +
L?*(0o,h), h >m).

Let to € R. By Proposition 8 of [23], for any m € (0, 1), conditioning on (L'(co, h) +
L?(0o, h), h > m) , the process (Y4 4,,, h > 0) is distributed as a Jacobi process starting

) is a beta(%, 1)-random variable for any m > 0,
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from a beta(%, 1) random variable, hence stationary. Notice that A, is measurable with
respect to o(L' (0o, h) + L*(co, h), h > m). We deduce that, conditioned on (L'(co, h) +
L?(co,h), h > m) and A,, < to, the process (Y3, h > tg) is a Jacobi process starting from
a beta(g, 1) random variable. Letting m — 0 we see that Y is a stationary Jacobi process
of parameter (4,2), independent of (L'(co,m) + L*(co,m), m > 0).

Since L'(oco0, H"?) =Yy, ,, and Ag12, H"? are measurable with respect to o { L' (co, m)+
L?(c0,m), m > 0}, we deduce that the random variable L' (oo, H'?) follows the beta($,1)
distribution and that H? and L'(co, H"?) are independent. Finally, the random variable
H'? is the exit time at 1 of a square Bessel process of dimension 2 + § by Proposition
2.8, whose density is equal to #%)2_3 ~$=le=3 for t > 0 (Exercise (1.18), Chapter XI
of Revuz and Yor [21]). By Proposition 2.6 (i), we see that |J(1)| is distributed as H'2.
This completes the proof. [

The rest of this section is devoted to a path decomposition of X under P(=?) for § > 2.
For x > 0, let as in Remark 4.2,
H, :=sup{r >0 : L(co,r) = z}.

Define

-~

Sy :=sup{t >0 : X, = H,}, Jp i =inf{X;, t > Ty } — H,,

where as before Ty, :=inf{t > 0: X; = H,} is the hitting time of H, by X.
Write C,, := H, + J,. We consider the following three processes:

XU = (Xg,_y— H,, t€[0,S, — Tw,]).
X® = —(Xg, 4+~ H,, t€[0,Ty, — D,)),
XB = (Xp,_, —C,, t €[0,D,]),

where D, 1= sup{t < Ty, : X; = C,}.
Furthermore, let X'~ be the process X() obtained by removing all its positive

excursions:
XM= x1W)

C!gl),—7

with a{""™ ;= inf{s > 0 ! du and t < [, = THe du.

{(xM<oy {x{ <o}

Proposition 4.4. Let 6 > 2 and x,a > 0.
(i) Under P(=9) l—Jlr is distributed as gamma(2, 2).

| 2 x

(i) Under PCO(-|J, = —a), the three processes XW=, X@ X® gre independent
and distributed respectively as

o (X;,0 <t <7y(x)), under P°(:|J(z) = —a), after removing all excursions above 0;

e a Bessel process (Ry)o<i<t, of dimension 3 starting from 0 killed at T, := inf{t > 0:
R, =a};

o (X, 0 <t <T y1-uyu) under P°(|T_y1—uyu < To), where u € [0, 1] is independently
chosen according to the law beta(g -1,1).

19



Xy

-~y

0 D. T, S,

Figure 2: Under P9, X, — oo a.s.

Since .J, under P9 is distributed as J(z) under P?, we observe that the (uncondi-
tional) law of X~ under P(=9 is equal to that (X;,0 < t < 79()), under P?, after
removing all excursions above 0.

Proof. Let m > 0. By Remark 4.2, conditionally on {H, = m}, the process X ~= is
distributed as (X, ™, t < AZ™) under P9 (-|L(co, m) = z).

Note that conditionally on {H, = m}, S, = sup{t > 0 : X; < m} is the last
passage time of X at m. By the duality of Proposition 2.14, under P9 (-|L(co, m) = z),
the process (ngm,t —m, t < AZ™) is distributed as {X;%,0 < t < A;ﬂn} under
P°(-|L(T_n,0) = x), the process (X;,0 < t < T_,,) obtained by removing all positive
excursions. Furthermore, remark that J (x) corresponds to I, which is defined for the
process (X;,0 < t < T_,,) under PO(-|L(T_,,,0) = x). Then PC(|J,| € -|H, = m) =
P(|1g,,| € | L(T-1,0) = ). We deduce that for any 0 < a < m, the conditional law of
the process (X;Lglm_t —m, t < AZ™) under PCO(-| H, = m, J, = —a) is the same as the
conditional law of the process {X;°,0 <t < A;ﬂn} under P°(-|L(T_,,,0) = z, I, = —a).

Then we may apply Theorem 3.3 (ii) to see that conditionally on {H, = m, J, = —a},
XM= X® and X® are independent, and

o XM= s distributed as (X; ¢ < A;O’?I)) under P(-|J(z) = —a), where (X; "t <
A;O’(Ox)) is the process obtained from (X;, 0 < t < 79(x)) by removing all positive excursions;

e X ig distributed as a three-dimensional Bessel process (R;)o<i<r, killed at T, :=
inf{t > 0: R, = a};

e X is distributed as (X;,0 <t < T_(m-q)) under IP"S(-|T_(m_a) < T,).
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Moreover

PCY(1T,| € da| Hy =m) = P(I, €da|L(T-,0) = z)

gm

€T x

r =4 x
= ﬁe 2“+2’"1{0<a<m}da,
where the last equality follows from (3.3).

Recall ([8]) the law of H, under P(~9 : For § > 2,

z)5-1
P(erdm)/dm—%m_ge 2, m >0
5
We get
~ 1
PO L] €dn) = s(p)ia Ve Edn a0
2

which implies (i).
For any bounded continuous functionals F}, F5, F3 on K, we have
ECO[F (XT20) fp (X ®)) Fy (X ©®) | T, = —a
_ /°° PO (| T, /e\da, H, e dm)]E(_é)
a P(|J.| € da)

[F((XO7 B(X®) Fy(X®) | ], = —a, Hy = m]

6 o
= G- / dma'm B B[R (X0t < A0 )| (2) = —a] E[Fy(Ry. t < T,)]
XE (X, t < T () | Tma) < T
= B [R(X; 0t < ALY )| (2) = —a] E[Fy(Ry, t < T,)] %
5

1
(5 - 1) \/0 duu%72 Eé[FZS(Xtyt < T—a(l—u)/u) |T—a(1—u)/u < Ta]u

which gives (ii) and completes the proof of the Proposition. [

5 The perturbed Bessel process and its rescaling at
a stopping time

We rely on the paper of Doney, Warren and Yor [7], restricting our attention to the case of
dimension d = 3. For k < 1, the k-perturbed Bessel process of dimension d = 3 starting
from a > 0 is the process (Rs,, t > 0) solution of

ds
R x(s)
where Sf3’“ = SUPg<,<; M3x(s) and W is a standard Brownian motion. For a > 0, it can
be constructed as the law of X under the measure P3* defined by

| _ 1 Xt/\TO
Fi al*f{ (St/\TU)N

t
(5.1) Rs . (t) =a+ W, + / + w(S — a),
0

3,k Y
(5.2) P? A
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where: § := 2(1 — k), S; := SUpye.e; Xs, and for any a > 0, X under P’ is distributed
as a — X under P°. Roughly speaking, the s-perturbed Bessel process of dimension 3
can be thought of as the process —X under P° “conditioned to stay positive”. The next
proposition is very related to Lemma 5.1 of [7]. We let P3* = IP’E’)’F” be a probability measure
under which X is distributed as the process Rj, starting from 0. Under P3* and ]f”g, we
denote by {(q, eﬁ(’q), q € Q%) the excursions of the process (S;, X;—S;) away from Rx {0}.

Notice that, under I@’g, by Proposition 2.2 and the invariance in distribution of the loop
soup by the map x — —x, these excursions are distributed as {(g, eg), q € Qié N (0,00)}.
2

Proposition 5.1. Let k < 1 and § := 2(1 — k). The point process {(q, eﬁ(yq), g€ Q%)
under P>* is distributed as the Poisson point process

{(q.¢}), q € Qé such that q + ¢} C (0,00)}.

In other words, the excursions of Rs, below its supremum, seen as unrooted loops, are
distributed as the loops of the Brownian loop soup Ls which entirely lie in the positive
2

half-line.

Remark 5.2. (i) The intensity measure of this Poisson point process has been computed
in (ii) of Lemma 2.3.

(ii) Similarly to Section 5.1 of Lupu [15], one can construct the process Rj , from the
loops of the Brownian loop soup £ 5 which entirely lie in (0, 00), by rooting them at their
maxima and gluing them in the increasing order of their maxima.

(iii) The process (R3,., S®=) is a Markov process. Hence, applying the strong Markov
property under P3* to X at time T,, we deduce that under P> the excursions below
supremum of the process, seen as unrooted loops, are distributed as the loops of the
Brownian loop soup Eg which entirely lie in the positive half-line and with maximum
larger than a. It entails that for a > 0, the process X under P>* is the limiting distribution
as m — oo of the process X under ]fbg conditioned on hitting m before 0 (the process X is

measurable with respect to its excursions below supremum, which are equally distributed
before time T,,, under P3* and under P(-|T;, < Tp)).

Proof of Proposition 5.1. Let f: R, x K — R, be measurable. For any 0 < s < s, we
compute

E*" [e_ Zgek e f(q’&’q)} :
Notice that the integrand is measurable with respect to the o-algebra o(Xy, t € [Ty, Ty]).
By the strong Markov property at time 7T and the absolute continuity (5.2) with a = s
there, the previous expectation is equal to

o !
e 6[6 qugﬁgﬁ[s,s’]f(q’ex’q)

O

S Lizyons, >Ts’}i|
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where 6 is the shift operator. Notice that

=

1
qEQﬁ(ﬁ[SYS’]qureﬁ( ¢C(0,00) f(q’ex’q)

=

_ 4
o ac @b ls, o' flaex )

1{T009TS >Ts/} =€ 18

where £ is the event that the set of ¢ € Q% N [s, s'] such that ¢ + e?q ¢ (0,00) is empty.

We ahready~ mentioned that the collection of (g, eij ) for q € Qﬁ( is a Poisson point

process under Pj, distributed as {(¢, ¢}), ¢ € Q% N(0,00)}. By the independence property
2

of Poisson point processes, we deduce that

_ L - '
E3* | e 2 geok s f(q’ex’q)} — (¢ [e quQJj(ﬁ[Svsl],q-O—eJ)’(’qC(O,oo) Flaex,q)

for some constant ¢ which is necessarily 1. The Proposition follows. [J

In the rest of this section, we will extend the definition of perturbed Bessel processes
to allow some positive local time at 0.

Let © > 0. We define a kind of perturbed Bessel process Rj, with local time x at
position 0. More precisely, for kK < 1 and § = 2(1 — k), we denote by R3 . the process
obtained by concatenation in the following way: take —X under P’ up to time 74(x), biased
by |J (x)|%’1 followed by a Bessel of dimension 3 killed when hitting |J(x)|, followed by
the k-pertubed process Rj, starting from |J(z)|. Recall Theorem 3.3. Corollary 3.5 and
Remark 5.2 (iii) show that, when z > 0, R%, is the limit in distribution of the process
(= Xy, t < T,,) under P°(-|L(T-,,,0) = x) as m — co. Clearly when z = 0, R§ . coincides
with Rs,, defined previously in (5.1) with @ = 0. The following theorem shows that one
can recover the process R3, by a suitable time-space scaling of a conditioned PRBM up
to a hitting time. It is an extension of Theorem 2.2 equation (2.5) of Doney, Warren, Yor
[7] [which corresponds to the case z = 0 and m = 1].

Theorem 5.3. Suppose k < 1 and let 6 := 2(1 — k). Fixm > 0 and x > 0. Let the
space-change

m-+z

_mz >
9(,2).—{ —z if 2 <0,

and the time-change
t
Ay ;z/ (0'(Rs,.(5)))%ds,  t>0.
0

If X is defined via 0(Rs (1)) = Xy, then X is distributed as (X,,0 <t < T_,,) under
PO(:|L(T_n, 0) = ).

Proof. First we describe the excursions above infimum of X under P°(:|L(T_,,,0) = ) in
terms of the Brownian loop soup Ls. For the loops which hit 0, we use again the same
2

observation as in the proof of (3.3): conditionally on {f : v € Ls,0 € v}, the loops ~

such that min~y > —m are (the projection on the space of unrooted loops of) independent
Brownian motions stopped at local time given by 53, conditioned on not hitting —m.
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Remark that the set {£J : v € L5,0 €v,miny > —m} is equal to the (non-ordered) set

{!™ — 2™}~ in the notation of Proposition 2.6, and L(T_,,,0) = T, . By Proposition
2.6, conditionally on { L(T_,,,0) = x}, the ordered sequence of (€3 : v € E%, 0 €7, miny >
—m) is distributed as x(Py), Py, ...), where (Pu), Pg),...) has the Poisson-Dirichlet
distribution of parameter g.

Note that the loops  of £ such that y C (—m, 0) are independent of L(7",,,0). Then

the excursions above infimum of X (seen as unrooted loops) under P°(-|L(T_,,,0) = x)
consists in the superposition of:

e the loops v of the Brownian loop soup ﬁ% such that v C (—m,0);

e an independent collection of independent Brownian motions stopped at local time
x(Pay, Py, . ..), where (Pq), P),...) has the Poisson-Dirichlet distribution of pa-

rameter g.

Let m — oo, we deduce that the excursions below supremum of R, (seen as unrooted
loops) consists in the superposition of:

e the loops v of the Brownian loop soup £ s such that min~ > 0;

e an independent collection of independent Brownian motions stopped at local time
x(Pay, Py, . ..), where (Pq), Pr),...) has the Poisson-Dirichlet distribution of pa-

rameter -

Note that via the transformation 0(R5 , (t)) = X 4,, the excursions of R . below their

current supremum are transformed into excursions of X above their current infimum.
Since the law of R5, is characterized by the law of its excursions below their current

supremum (exactly as Remark 5.2 (ii)), and the law of X is characterized by the law of
its excursions above their current infimum in a similar way, we only have to focus on the
law of those excursions and show that applying the transformation in space 6 and in time
A7t say @9

(a) the loops 7 of the Brownian loop soup £ s such that miny > 0 are transformed
into loops 7 of Ls/2 such that maxy < 0 and min7y > —m;

(b) for any ¢ > 0, a Brownian motion (B;,0 < ¢t < 77) stopped at local time ¢ is
transformed into (B, 0 <t < 7/7) conditioned on {infoc;<rp By > —m}.

Let us prove (a). For a loop «, we let 4T be the loop v — min v rooted at its minimum,
and 7+ be the loop y¥—max v rooted at its maximum. Notice that T is a positive excursion
above 0, and 7+ is a negative excursion below 0. We remark that for any loop v with
miny > 0, min ®(y) = 0(a) with a := max~, and ®(y)" = ®(a + +*) — 6(a). By Lemma

More precisely for any process (y;,t > 0), ®(7) is the process defined by 6(v;) = ®(v)( fot(ﬂ'(vs))2ds).

24



2.3 (ii), for any nonnegative measurable function f on R_ x K, we have

E |:€_ Zyeﬁé/% min >0 f(min ¢(7)7¢(V)T)j|

= exp (5/ da/ (de)( 1(6(a), (a+e)79(a)))1{mine>—a})
= exp( — 5/ da/n+(de)(1 _ e—f(e(a)@(a—e)—G(a)))1{maxe<a}>‘
0

Let h > 0. Williams’ description of the Itd6 measure says that under n* (- | maxe = h),
the excursion e can be split into two independent three-dimensional Bessel processes run
until they hit h. For a > h, and a three-dimensional Bessel process R starting from 0
stopped when hitting h, the It6 formula together with the Dubins-Schwarz representation
yield that ®(a — R) — 6(a) is still a three dimensional Bessel process run until it hits
6(a — h) — 6(a) (this can also be seen as a special case of Theorem 2.2 equation (2.5) of
Doney, Warren, Yor [7] by taking a = 0 there). It follows that under n*(-| maxe = h),
®(a — ¢) — f(a) is distributed as ¢ under n™(-| maxe = #(a — h) — 0(a)). Consequently,
for any a > 0,

/ n (de)(1 — e fO@ 00y
= / 2h2/ (1 — e 7@t (de | maxe = 0(a — h) — 0(a))

Il ds
(m—l—a)2 /o 55 (1-— JNnt(de| maxe = s)

m?

" (m+ap / n(de) (1 — e "N nacecioay

(m+a)?

where the second equality follows from a change of variables s = 6(a—h) —6(a). It follows
that

]E[e
. (—5/0001 m” /n*(de)(l— ~r0)0) )
= eXp ) a(m+a)2 € {maxe<|0(a)|}

= exp ( — 5/0 dy / n+(de)(1 — e—f(—y,e))l{maxe<y}>7

after a change of variables y = |6(a)|. This proves (a).

It remains to show (b). Let (es,s > 0) be the standard Brownian excursion process.
It is well known that (B,,0 < s < 7£) can be constructed from (e,, s < ¢) (see Revuz
and Yor [21] Chapter XII, Proposition 2.5). Observe that the process ®(B,,0 < s < 77)
can be constructed from (®(es),s < ¢) in the same way. To prove (b), it is enough to
show that (®(es),s < ¢) under the It6 measure n, is distributed as (e5,s < ¢) under

- Z"/GL(; ,min >0 f(mln ¢(7)7<I>(’Y)T)i|
2
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n(-| infs<, mines > —m). To this end, we use the same observation as in the proof of (a):
for any h > 0, under n*(-| maxe = h), ®(e) is distributed as —e under n*(- | maxe =
|0(h)|). Consequently, for any nonnegative measurable function f on I,

/n+<de)<1—e—f<¢<e>>) _ /0 2h2/1—e )t (de | maxe = [0(h)])

= /0 232/ — e 75Nt (de | maxe = s)
= /n+(de)(1 - e_f(_e)>1{maxe<m}7

where the second equality follows from a change of variables s = |0(h)|. It follows that

/n(de)(l = e’f@(e))) = /n(de)(l - e*f(*e)) + /n*(de)(l = e’f(’e))l{mame}
- /n(de)(l - e_f(e))]-{mine>—m}7

which together with the exponential formula for the excursion process, yield that (®(es), s <
¢) under n is distributed as (es, s < ¢) under n(-| infs<, mines; > —m). This completes
the proof of Theorem 5.3. [
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