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Abstract

We study a kinetic toy model for a spray of particles immersed in an ambient fluid,
subject to some additional random forcing given by a mixing, space-dependent Markov pro-
cess. Using the perturbed test function method, we derive the hydrodynamic limit of the
kinetic system. The law of the limiting density satisfies a stochastic conservation equation
in Stratonovich form, whose drift and diffusion coefficients are completely determined by the
law of the stationary process associated with the Markovian perturbation.

Keywords. kinetic equations, stochastic partial differential equations, diffusion-appro-
ximation, hydrodynamic limit, perturbed test functions.
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1 Introduction

1.1 Overview of the kinetic model

We consider a toy model for spray-like behavior, describing the motion of some particles im-
mersed in an ambient fluid, given by the following conservation equation

Of+ev-Vuf + V- (F(t,z,v)f) =0. (1.1)
The forcing term
F(t,x,v) = (ut(x) - ’U) + ’I’I’I,t(ﬂT)

expresses how the speed of a particle tends to align with the local speed u(x) of the ambient
fluid. It is perturbed by some random forcing naturally modeled by a space-dependent, centered
Markov process (m¢(x))i>0. Assuming that the particles have very little impact on the behavior
of the ambient fluid, u = u;(z) evolves according to

Opu — Au = &2 /(v —u) fdv. (1.2)

v

We could easily add a nonlinear term of Burger’s type u- V,u in equation (1.2). This would not
yield any mathematical difficulty but would unnecessarily give heavier proofs.

In order for the system (1.1)-(1.2) to be well-posed and admit a solution (f(z,v),u(x)), we
need, in fact, to restrict to the one-dimensional case:

xeT=R/Z, wveR

One can refer to section 8 below (and in particular Remark 8.2) for details regarding the well-
posedness of this system. The rescaled variables

fta(.%',?)) = fs‘Qt(x7U)7 uf(x) = 8_1u€_2t(x)7 mf(w) = me—Qt(x)a

then satisfy
Ouf* + &7 w0, 7 + €720, [ (euf () — v+ mf(2))f°] =0,
D — O = /(v — eu) fodv.

Introducing the integrated quantity
p(x) = /fa(w,v)dv, (1.4)

we are interested in the behavior of (p°,u®) as € goes to zero. In essence, we wish to describe
how the random forcing m added on a "mesoscopic level" translates on a "macroscopic level" in



the scaling limit. More precisely, we shall determine the stochastic partial differential equation
satisfied by the limiting law of p® as € goes to 0.

This work is part of a program on stochastic diffusion-approximation in the context of kinetic
equation and fluid limits (see [5, 6, 7]). In the case considered here, it is to be noted that due
to the absence of collision term in the kinetic equation of (1.3), the limiting SPDE satisfied
by p® will be of order one: it is in a fact a stochastic conservation equation when written in
Stratonovich form.

This latter stochastic equation is linear but our proof provides a solution which has very low
regularity and uniqueness in this context is not trivial. We need to use a duality argument and
backward SPDEs to prove uniqueness.

The study of the scaling limit relies essentially on the perturbed test function method, first
introduced in [10] and developed further in [9]. In contrast with previous works on the matter,
particular attention will be paid to the rigorous construction of the correctors involved in the
perturbed test function method. This will be achieved by handling infinitesimal generators
and their domains in an overall more cautious way, and by exploiting the mixing assumptions
made on the driving Markov process to properly solve Poisson equations associated with these
generators.

1.2 Main results

Throughout our study, we will be led to work with the following spaces:

LB, =ILF(TxR), LB:=LPT),
WEP .= WHP(T), H? := W2°(T).

We will denote by P(E) the set of probability measures on a metric space E. When it is well
defined, we will denote

(f,9) :/f(x,v)g(m,v)dxdv or /f(m)g(m)dm

depending on the context. Finally, we shall sometimes use the handy notation A(z) < B(z) to
signify that there exists a constant C' > 0 such that A(z) < CB(z) for all z.

Let us now state our diffusion-approximation result.

Theorem 1. Let (Q, F, (F)i>0,P) be a filtered probability space equipped with a Markov process
m = (m)e>0 satisfying Assumptions 1 through 4, described in section 2.2 below. Let T' > 0.
Assume that the initial data (f§,uf)e>0 satisfy

f5 >0 and //fg(m,v)dxdv =1,
ps — po in LY, u§ — ug in HY for some o € (1/2,3/2]
and, for all fixed € > 0,

//(1 n |v|4)|f§|2dxdv+//(1 o)V feldedy < 0o, S € HY forn(e) > 3/2. (L5)

Assume the following uniform bound:

sup/ [v|? fedzdv < oo. (1.6)

e>0



Let (f¢,u®) be the unique solution of (1.3) with initial data (f§,uf) in the sense given in Propo-
sition 3.1 below. Then for all v > 1/2 and § < «, there exists a subsequence (p°%,u*)p>1 such
that

(p°*, ufk) — (p,u) in law in C([0,T); H Y x H)
where u satisfies the heat equation
O — 02u =0, with u(0) = ug,
and p is a martingale solution (see [4], Chapter 8, for the definition) of
dp = 0, [(a — u)p} dt + 0y [le/z o th}, with p(0) = po, (1.7)

satisfying supycpo ) llpellpy < 1 a.s. In (1.7), (Wi)i>0 denotes a cylindrical Wiener process on
L2. The coefficient a = a(x) and the trace operator Q on L2 are completely determined by the

law of the stationary process (my)i>o associated with the random driving term m (see section
2.2 below for a definition of m):

2/ E[Quito (@) () — ino(x)dsiy () dt+/ “E[mo(@)dm(@)]dr, (18)

/k: (x,y)f(y)dy, with k(z,y) :/[R[E[ﬁlo(x)mt(y)}dt. (1.9)

Note that assumption (1.5) is only necessary to ensure that the system (1.3) can indeed be
uniquely solved for fixed € > 0, as will be stated later on, in Proposition 3.1. The result of
Theorem 1 holds when the underlying probability space €2 is equipped with the probability P,
— so that P,[mg € A] = u(A) — for any initial law p € P(E). For instance, one may consider
the case p = J,, where the process (m¢)¢> starts at some fixed n € E ; or one may consider
the case where u = v is the invariant measure of m, so that (m¢)¢>0 := (M¢)¢>0 is a stationary
process (see again section 2.2 below).

The weak existence result established in Theorem 1 is completed by the following strong
uniqueness result.

Theorem 2. Let pg € L. and ug € WA, Assume furthermore that the coefficient a and the
kernel k defined in (1.8), (1.9) satisfy

a€ Wk, sup [|k(+,y)|l 104000 < 00 for some & > 0. (1.10)
yeT !
Then a solution p € C([0,T); H; ") of (1.7) satisfying the bound

sup |[[pellry <1 a.s
t€[0,T

s path-wise unique.

As a consequence of Theorem 2, Yamada-Watanabe’s Theorem guarantees that uniqueness
in law (i.e. weak uniqueness in the probabilistic sense) holds for (1.7) and the whole sequence
converges in Theorem 1. The regularity properties (1.10) will be satisfied under some adequate
assumptions on the driving process (m¢):>o (see the end of section 2.2).

In the limit where e goes to 0, the rather complex random process (pf )¢>0 driven by a general
Markov process m = (m¢)¢>0 can therefore be approximated by a much simpler diffusion (pt)+>0
whose drift and covariance are explicitely determined by the law of the associated stationary
process m = (m¢)¢>0. Let us give a quick overview of the proof of Theorems 1 and 2.



In section 2 we start by introducing a rigorous framework for solving Poisson equations asso-
ciated with generators of Markov processes, which will be of great use in section 5 in particular.
The tools and results presented here are all very classical, however the authors could not find a
reference really suited for the specific setup adopted in the present work. We then describe the
assumptions made on the driving process m and their consequences in section 2.2. In section
3, we establish some estimates regarding the solutions of (1.3) and rigorously determine the
generator of the process (f¢,u®, m®). The essential work is developed in section 5 where we use
the perturbed test function method to determine the limiting equation (1.7) and pave the way
towards the convergence of the martingale problem. Section 6 concludes the proof by proving
the convergence announced in Theorem 1. Finally, the path-wise uniqueness of (1.7) stated in
Theorem 2 is looked upon in section 7.

2 Generators and Poisson equations

2.1 Generalities on generators

On a filtered probability space (€2, F, (Ft)t>0), let us consider a cadlag, time-homogeneous
Markov process X = (X¢):>0 taking values in some separable metric space X = (X,dx).
Throughout this paper, we will naturally use the handy notation (X(z)):>0 to denote (X)i>0
under the probability Ps_ (that is Xo(x) = x a.s). All the processes we shall encounter in this
work satisfy the following assumptions:

e X is stochastically continuous:

Vo€ X, V>0, ¥e>0, Pldx(Xi(z), Xo(x)) > ] — 0. (2.1)

e X is locally bounded (in space and time):

W¥r>0,¥T > 0,3R > 0,Yx € B(0,7), P¥t € [0,T], Xy(x) € BO,R)| =1.  (2.2)

Let us denote by (Q¢)¢>0 the semigroup associated to (X¢)¢>0. The local boundedness as-
sumption (2.2) allows to define it over locally bounded test functions: let us introduce the
spaces

B¢(X) = {¢ : X — R measurable, ¢ maps bounded sets onto bounded sets } (2.3)
Cl°(X) = {4 : X — R continuous, 1) maps bounded sets onto bounded sets } (2.4)

and define the semigroup Q; : B°¢(X) — Bl¢(X) as
Vi € BX), Qup(x) = E[p(Xi(2))].

Note that, using assumption (2.1), the map ¢ — Qu(x) is continuous whenever 1) € C{¢(X).
The Markov property

Vi € B°(X), E[p(Xpps)|Fs) = Qub(Xs) as
yields in particular the semigroup property Qs = Q:Qs on B¢(X).
Definition 2.1 (Infinitesimal generator). The infinitesimal generator of X is the operator

A: D(A) C B(X) — Ce(x)



defined as follows: for all ¥ € BI¢(X) and § € CL¢(X),

b€ D(A) and Ap =0 if and only if LY 2P, g o cloey)

t t— 0+

where b.p.c denotes the (locally) bounded pointwise convergence:

Ve e X, Oi(x) — 0(x)

b.p.c
O — 0 { VB C X bounded, supsup |0:(z)| < oc.
t>0 zeB

We then have the following classical result.

Proposition 2.1 (Kolmogorov’s equation). For all ¢ € D(A), for allt > 0,

Qt+s¢ Qtw bpc Q; Adp.

In particular, for all x € X,

d
aQtT/)(x) = QtAY(z).
Remark 2.1. Provided that QA € CI°¢(X), this states that Qup € D(A) and AQw) = Qi Av.

Proof. For s > 0, we may write

QtJrstZ) - Qt¢
S

[Qslb_w} [Qs¢(Xt(x)) _¢(Xt(x)):|

S

(z) = Qi (r) =E

Making use of (2.1) and (2.2), we may use dominated convergence as s goes to 0 to conclude for
the right derivative. As for the left derivative, we simply note that

Qﬂb - Qt—sw [st — 1/}
S S

= Qus — AY| + Qi AY

and conclude in the same way, keeping in mind that Ay € Cl¢(X) so that u — Q,AY(z) is
continuous. . U

The following property will be of great interest, and could in fact be an alternative way of
defining the generator A.

Proposition 2.2 (Martingale problem). For all ¢ € D(A), for all x € X,

My(t) = 6(Xela)) — [ AG(Xo(o)ds, 120

defines an (Fy)i>o-martingale.

Proof. Let us write X; := X(z) for simplicity. We need to check that, for all A bounded,
Fs-measurable,

E[(0x0) — X)) = E[( [ Av(Xa)du)]

Using the Markov property (twice) and Proposition 2.1, the right hand side can be written as

)
/Aw WdulFJh] = [(/t[rEAw WIF]du)n] = E[( /QusAw s)du) b
(

— ] /O T Qup(X)du)h] = E[(Queat(X)du — w(X,))]

= E[(v(x) - v(Xo))n).

Again, we have used the fact u — @, Av(x) is continous since Ay is continuous. O



Let us now give a natural context in which one can interchange generator and integral.

Proposition 2.3 (Generator under the integral sign). Let (t,z) € RT x X — ¢y(x) € R be a
measurable map, such that 1, € D(A) for all t > 0. Assume that, for all B C X bounded,

/Oo sup [vr(2)|dt < oo (2.5)

0 =xz€B

/OO sup [ Ay ()| dt < 0o (2.6)
0 =xzeB

Then 1 = /OO Pdt € D(A) and Ay = /OO Anydt.
0 0

Proof. Let us not get into the questions of measurability. First, ¢ is well defined, in B!*¢(X),
and we have Q¢ (z) = [;° Qs¥¢(z)dt. The interversion is justified by Fubini’s theorem since,
using (2.5),

[ [ ol (Xu(a)at] < [ sup wu(y)lae < oc

yeB

where B C X is a bounded set such that Vo € |0, s], Xa(x) € B, P a.s. It follows that
st / stt ( ) dt

For x € B(0,r) for some r > 0, for s < 1, we have the bound

‘stt(w) — V()

Qowt( ) = Ssup

o€l0,s]
where B C X is bounded and such that Vo € B(0,r), Vo € [0,1], X,(z) € B, P-a.s. Dominated
convergence then gives the b.p.c of [®s~ HQse(x) — Yye(z))dt to Jo© Avy(x)dt. Assumption
(2.6) and the fact that Ayy € Cl¢(X) for all t > 0 guarantee that [° Ayydt is in Clo¢(X), so
that we can indeed state » € D(A). O

Qo At(x)| < sup|Av(y)|

yeB

Proposition 2.4 (Resolution of a Poisson equation Ay = 6). Let § € D(A)NC(X). Assume
that, for all B C X bounded,

/Oo sup | Q8 (z)|dt < oo (2.7)
0 zeB

/ sup |Q¢Af(x)|dt < oo (2.8)
0 zeB

Then v = —/ Q¢0dt € D(A) and Ay = 6.
0

Proof. Since QA6 is not necessarily continuous, we cannot exactly state that ¢, = Q0 € D(A).
Let us hence be a little more careful: using the same arguments as the previous proof, we can
show that

Q@) = ¥(x) bpe —/OO Qi A0(z)dt = lim — TiQte(x)dtza( ) — lim Qré(z).
s—0 0 dt

S T—o00 0 T—o00

Hence, limy_,o Qr0(x) exists and assumption (2.7) implies limp_, o Qr8(z) = 0. We have
shown

Qub =¥ boe,
S s—0
and 6 is in Cl°¢(X) by assumption, so that we have indeed 1) € D(A). O



Remark 2.2. Assuming (2.7) only, one can still define the B'°°(X) function ¢ = — [5° Q:0dt.
If for some reason we know in advance that ) € D(A), then we can conclude immediately that
Aty = 0 without assumption (2.8). Indeed,

Qut(a / Quisb(a)dt = / Qub(

which gives, since t — Q0(x) is continuous,

Q)| _ = Qo) = 0la)

and using Kolmogorov’s equation, we know that

Q)| = Av(a).

dsJr s=0

2.2 The random driving term

We now describe the assumptions made on the process m = (my);>o driving equation (1.3). Let
us define its canonical filtration

Fr=0(ms, 0<s<t), t>0.

We assume that m = (m¢)¢>0 is a cadlag, stochastically continuous Markov process taking values
in some separable, complete normed space (E, || - ||g), satisfying the continuous embedding

my € EC W2, with ||-[[20 S |- [l5- (2.9)
This enables us to consider linear test functions of the form
Yp:n € Ew (hyn), he (W2®Y.
Assumption 1 (Bounded state space). For some C* > 0,
Inllg < C* foralln € E. (2.10)

We denote by (FP;)¢>0 the semigroup associated to m and by (M, D(M)) its infinitesimal
generator, in the sense of the b.p.c convergence introduced in section 2.1.

Assumption 2 (Stationary measure). There exists some measure v € P(E) satisfying:

vVt >0, VY € B(E / Pip(n)dv(n / P(n)dv(n (Stationary)
Vh € (W2>Y, /wh(n)dy(n) =0. (Centered)

We shall denote by (my)i>0 the process with initial law v.

Note that it is possible to build a cadlag stationary process (7my):cr indexed by ¢t € R: one
may indeed use the Kolmogorov extension theorem with the finite dimensional distributions

P[ms € Ao, Mgps, € A1, ... Mgy, € An} - [P[mo € Ay, iy, € Ay, ... Ty, € An}

for s € R and ty,...,t, > 0. This extended stationary process will still be denoted by (m)icr.

Furthermore, we require that m satisfies the following mixing property.



Assumption 3 (Mixing). There exists a non-increasing, integrable function Y € LY(RT) such
that, for any initial state n € E, there exists a cddlag coupling (mj(n), m})i>0, whose marginal
laws are respectively those of (m(n))e>0 and (My¢)e>o, satisfying

Ellmi(n) = mille < Ymi(t), t>0. (2.11)

An immediate consequence is the following: for any Lipschitz-continuous function ¢ : £ — R

such that [ (n)dv(n) =0,
|Pro(n)| = [Elem; () = ()] < 16 ipvmie (8) € LEHRY). (2.12)

As a result, the coefficient a(x) and the kernel k(z,y) introduced in (1.8), (1.9) are well-defined:
for k(x,y) we may for instance write (using the stationarity of m)

[ [E[ot@mew][de = [~ [E[mot)mito]at+ [ [E[mo(wye)]ar

and note that, using the Markov property,

/ ‘[E[mo( x)my(y ’dt / ’/ n)(y }du ‘dt<C’*/ Ymiz ()dt < c0.

As discussed in section 2.1, the property (2.12) allows to solve a number of Poisson equations.

We may indeed define, for h € (W2>)’,

M~ u(n / Pypp(n / <h, mt(n)>dt.
It is then natural to introduce the function n € E + M~1I(n) defined by
vhe W2y, (M~'I(n),h) = M~ ¢y (n).

In other words,

o0
M I(n) = — / Efmq(n)]dt € W2, (2.13)
0
Note that the function M 11 is bounded: since E[m] = [ ndv(n) =0 in W2, we have
_1 oo o0
1M 20y < [ NEBms()lyzodt = [ 1EGmg (n) = 7]y 2ot
oo _ o0
< [ Elmin) = miledt < | ()t < oo,
Assumption 4 (Generator). For all h € (W2>®)', M~ € D(M) and M I satisfies
1M~ (n) = MU ()| 2o S 0 =0l (2.14)
Furthermore, for all h € L.,
(M~ gnl € D(M) and  |M|M " 2(n)| S |11, - (2.15)
Note that, as stated in Remark 2.2, the assumption M 14, € D(M) guarantees that

M(M~(n),h) = (n, h).



It is typically obtained under the assumptions of Proposition 2.4. Combining (2.14) with the
mixing property (2.11) essentially allows to define M 21, which shall prove necessary in the
calculations developed later on.

Let us conclude by discussing the additional assumption (1.10) made in Theorem 2. This
requires of course some more regularity for the stationary process m. A natural setup would be
the following: assume that the stationary measure v is reversible (that is (m_¢)¢>0 = (M )¢>0 in
law) and supported in W09 with

[EH'ffllt||?/V£0+6,oo - /E ||7”L||?/V£0+6,oodl/(n) < Q.

Making use of the time-reversibility (1.8) and (1.9) become

a(x) = /OOO e_t[E[ﬁLo(x)BxﬁLt(m)}dt, k(x,y) = 2/000 [E[fno(x)ﬁlt(y)}dt (2.16)

and it follows that

Jallyae < ([ e tat)( [ Il pdvin)) < oo,

and
) ypossoe <2 [ [ E[m@] v st

<2 /O Oofymm(t)dt)( /E Iy 2050 i) ) < .

Alternatively, one could drop the reversibility assumption on v and assume that the whole
process (my)i>o takes values in £ C W09 with || - [yr0ts00 S - [E-
2.3 An elementary example

Let us give a simple example of a Markov process m = (my);>o satisfying the assumptions
detailed above, in the form of a jump process. Consider a discrete-time Markov chain (M;);en
whose (bounded) countable state space E consists of sufficiently smooth functions:

E={n,jeN}cC¥Ta), I-le=1"llct,

for some k large enough, say k > 10. Let us denote by P = (P(n,n')), ncp its transition
matrix. Let us consider a probability space (2, F,P) where an i.i.d sequence (U;);en+ of random
variables uniformly distributed in [0, 1) is given. The trajectory of (M;(n)) for any initial data
n € E can then classically be simulated in the following manner: My(n) = n and, for all i € N,

Miy1(n) = T(M;(n); Uiyr),

where the jump function is given by

j-1 j
T(M;U) =n/ when Y P(M,n") <U <Y P(M,n").
=1 =1

We may define the time-continuous, constant-rate jump process associated with the discrete
Markov chain (M;): considering a Poisson process (N (t))¢>o of rate 1 with N(0) = 0, indepen-
dent of (U;), we simply define

mi(n) = Myqy(n), t=>0.

10



Let us assume that the transition matrix P = (P(n,n’)) is irreducible, aperiodic and positive
recurrent. As a result, let us introduce the unique invariant law v € P(E) of the chain (N;);en
(which we may assumed to be centered, in accordance with Assumption 2).

Let us prove that the mixing property given in Assumption 3 is satisfied. To this intent, we
introduce a coupling similar to the one developed in the classical proof of the ergodic theorem for
Markov chains. Let us consider a random variable 7 € E of distribution v and an i.i.d sequence
(ﬁi)ien\]* of uniform random variables, mutually independent and independent of (U;);en+. One
can then introduce the Markov chain (M;(7))ien- defined by My(7) = 7 and, for all i € N,

M1 () = T(M;(n); Upsr).

As a result, (M;(n)) defines a stationary Markov chain of transition matrix P, independent of
(M;(n)). For fixed n € E, we then define the stopping time

T = inf {Z >0, M;i(n) = MZ(ﬁ)}

and the process
M;(n)if i <7
Mi(n) =< ~ ’
i(n) { M;(7) if i > 7.

One can easily see that (M (n)) defines a Markov chain of transition matrix P, so that
(Mz*(n)a 12> 0) ~ (M@(n), 1> 0) in law.

Moreover, (Ci)ien = (M;(n), M;(71))in defines a Markov chain on E x E, of transition matrix
P ® P. The assumptions made on P guarantee that P ® P is irreducible, and since v ® v is an
invariant probability, it is also positive recurrent. As a result, since 7 is the first hitting time
of the diagonal D = {(n,n), n € E} by (C;), we deduce that E[7] < co. Now, defining the
continuous-time processes

mi(n) = My (n), mi=Myy(n), t=0,
the coupling (mj(n), m;)i>o has the expected marginal laws and

T—1 tk
Pm;(n) £ mi| =P[N(@) < 7| = E[e—t;ﬁ]
This tends to zero as t goes to infinity by dominated convergence. Regarding the integrability
in time, simple calculations give

e e

/OOO P [mi (n) i |dt = 3" (k + DP(r > k) = %[E[T(T +1)].

k=0

The mixing Assumption 3 is therefore satisfied as soon as the hitting time 7 admits a second
moment. This holds for instance if the state space F is finite: it is indeed a well-known fact that
hitting times of Markov chains with finite state space have exponential tails (see e.g [12], Lemma
3.25). Another possible setup is the one where the transition matrix is given by P(n,n’) = v(n’),
that is when M, is drawn on E according to the law v, independently of M;.

In the general case, the generator of (my);>o is given by

Mi(n) = > P(n,n')(n’) —(n)

n'ek
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and we derive that M 1T = (M~1I(n)),cE satisfies the linear system

vneE, Y P(n,n )M 'I(n)—M"I(n)=n.
n'eR

When the state space E is finite, it is clear that M~ satisfies the Assumption 4. In the case
where P(n,n’) = v(n'), since v is centered, we get simply

M™'I(n) = —n.

3 Solutions of the kinetic system

For k > 0, let us introduce the Banach space (G¥, || - ||g«) defined by

G — {f €Ly, [fllor = //(1 +ol)1f (2, v)|dwdo < oo}. (3.1)
When f € G2, we shall denote

(@) = [ f@de,  IN@ = [vf@de, K= [v @

Since solutions f€ of (1.3) are of course expected to be probability densities, we also introduce
the complete normed space (GE, || - ||gx) defined by

Gk = GFn {f >0, //f(x,v)dmdv _ 1} . (3.2)

3.1 Path-wise weak solutions

Let us start by stating the well-posedness of the PDE system (1.3). Taking ¢ = 1 for simplicity,
it may be written as

8tf+v(9xf+8v[(m+u—v)f}:0, (3.3)
Opu — 02u = J(f) — pu.

We consider a fixed w € €, so that a trajectory m = m(w) belongs to D([0,T]; E), space of

cadlag functions taking values in the separable complete space E.

Whenever w € D([0,T]; E) is given, the solution f[w] to the linear conservation equation

Ohf +v0uf + 0, [(w—v)f] =0,
fO € L;,Ua

is naturally expressed as

filwl(z,v) = €' fo o ®f(z,v), (3.4)
where ®%(x,v) = (XL(z,v), VE(z,v)) is the flow associated to the characteristics:
d
g5 %= Ve Xf(x,0) =,
p (3.5)

%VZ = wS(XE) - Vtst7 ‘/tt(x7v) =,

which is clearly well defined since w is globally Lipschitz-continuous in the space variable. Note

that the fact that w is only cadlag in time causes no issue since this differential problem should
be thought of in integral form. It is in fact easy to check that, for z € D([0,T]; R),

t . . dy dy
vt € [0, T, yt:/o xsds if and only if Vt € [0,T], pril

12



In the following, we will sometimes write "full" derivatives % for simplicity, but rigorously
speaking one should rather consider left and right derivatives. We may now state our well-
posedness result.

Proposition 3.1. Assume that

//(1 + [o[Y| fo|*dzdv + / /(1 + [v])| Ve foldzdv < 0o,  ug € H) for ne€(3/2,2). (3.6)

Then, for all B € (3/2,n), there exists a unique couple (f,u) with u € C([0,T); H?) solution of
the system (3.3) in the sense that

fi = film +u] as defined in (3.4),

U = S(t)uo + /Ot S(t —3) {J(fs) - Psus} ds, (3.7)

where S(t) = % denotes the semigroup associated to the heat equation. For any k > 0,
assuming fo € GE, we have additionally f € C(]0,T]; GE).

The proof of Proposition 3.1 is based on a rather classical fixed point argument. Since it is
not a central aspect of the present work, it is postponed to section 8.

Remark 3.1. The uniqueness of the solutions via an explicit iterative construction method
classically guarantees that w — (fi(w),ut(w)) € G§ x HY is F; = o(ms,0 < s < t)-measurable.
It is of course to be expected that (fi,usr,my)i>0 defines a Markov process. We will not however
attempt to rigorously prove it, since it is in fact not necessary for the purpose of this work.

Let us simply justify here that the unique solution (f,u) in the sense of (3.7) satisfies some
weak formulation of (3.3). In particular, we derive some estimates that will be useful to rigorously
determine the generator of the process (f¢, ut, m¢)i>0 later on.

In order to properly express the weak formulation of the equation satisfied by f; € G¥,
we now introduce the space Cj, which should be thought of as the natural dual of G* "along"
equation (3.3).

Definition 3.1. For k >0 and £ € CY(T x R) let us introduce the norm

£ (1 + v))Va,
N = ||l—— —_ > .
1O = [l + 1 s, (38)
and the associated normed space, given by the closure
Cr = {£ € CHT? x RY), Ni(§) < oo} .
Proposition 3.2. Let k > 0 and assume that fo € G*. Then for all & € Cy,
¢

(8 = os) = [ (Fir0006 + (s +-m, = )0, ds

and the following estimate holds: for all t,s € [0,T],
f 875 B f 7§ *
‘( ts,6) = (fe )‘ < C(k, 0", |[ullz,, T)Ne(€)ll foll - (3.9)

S
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Proof. Let us denote ®@; := ®Y for simplicity. Since

(ft+s,f (ft:€) //f 50 Dy ys(z,v) — o Bz, 0)

S

dxdv,

we want to dominate the integrand uniformly for ¢,¢ + s € [0, T]. For all ¢ > 0,

£o®yys(z,0) —EoPy(z,v) 1/tt+s %5@ (z,v))do.

s s
with

%5(‘1%(96,@)) = Vi(z,0)0:§ 0 y(w,v) + ((wr + my)(Xy(2,0)) = Vi(®,0))0€ 0 Py(, )
which, by design, can be bounded by

(1+C* + [lull = )Nk (E) (1 + Vi, v)[*).
From the sub-linearity of the equation of characteristics (3.5), we easily derive
vt € [0,7], [Vi(z,0)|* < C(C* |fullngs,, T)(L + [v]).

Combining these bounds, we have dominated

go (I)tJrs(x’v) - 5 © (I)t(x’v) ‘

S

|f(@.v)
uniformly for ¢,¢ + s € [0, 7] by an expression of the form
C(k, C*, |lullLgs,, )| fol, ) |(1 + [v]*).

This is exactly the expected estimate, and the dominated convergence theorem leads to

ft, / f(x,v) & o @z, v)drdv = <ftavax5 + (ug +my — U)av5>-

O
Similarly, u is a weak solution of the corresponding equation:
Proposition 3.3. For all ¢ € C%(T),
! 2
(01,€) = (0, ) = [ (0 026) + (J(£) = pas€)ds
We deduce the estimate: for all t,s € [0,T],
u S7§ u 7
[ s >s L8| <l | follon ) (1€l + 102601 )- (3.10)

Proof. The weak formulation is classically derived from the mild form (3.7) (cf. [1] for example).
The estimate is easily deduced. O

14



3.2 Estimates uniform in ¢

We now establish some uniform bounds for the solution (f¢,u*) of (1.3).
Proposition 3.4. For all ¢ € (0,1), we have (almost surely)
vie [0,T] [filley, = 1/l =1

and

sup | f7lla, < C(T,C%, lugllzee, [1 /5 llan ),
t€[0,T]

sup |ug|lree < C(T,C, |lugllzee, 11f5llen)-
t€[0,T)

Proof. The conservation of the L! norm of f¢ is clear from the transport form (3.7). Assuming
f5 >0, f§ € C° (we conclude in the general case by density), we get

d
E//|v|ff(:g,v)dgcdv _ —5*2//|v|8v (5 + cu —v) 7] dwdv

hence denoting J(f) = [, [, |v|fdzdv, (so that || flla, = [|fllzz  + J(f)) we get

d - B o=
() < e Imillng +elluilleg) — 72 I(f7)

and Gronwall’s lemma gives

— —_ —_ t —_
T < eI + [ e TN g + el )
0

We may note that f(f e 27 "85ds =1 —¢~¢ "t < 1 so that we get

J(ff) < J(f5) +(C" +¢ s [Jugllzee)- (3.11)
s€(0,t

On the other hand, using the mild form (3.7) for %, usual heat-semigroup estimates, and making

use of the embedding H%/2+5 C L for any d > 0, we have

t
uillzee < llugllrge +C/o |t — |72 T (f2) —epsugllzrds
t t
< |Jugllpge + C/o It — 3|71/275\|J(fs€)\|L; + Cs/o [t — | 7270 ug| pe ds

t
< Nlugllzee + CUJI(f)lley +C7) +06/0 [t =572 sup ||ug s,

o€(0,s]

using (3.11). We finally get an estimate of the form

t
sup oz < Cllu e 15l C) (1 +2 [ fe = 517270 sup [Jug 1)
s€[0,t] 0 o€l0,s

and deduce the desired estimates using a singular Gréonwall inequality. O

The higher v-moments for f are obtained by induction using the same arguments. For the
sake of brevity, we omit the proof.
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Proposition 3.5 (Higher moments for f). For all k > 1, we have (almost surely)

sup || f¢ llex < C(k, T, C", |lugllzge. | £5llgr)-
t€[0,T]

Let us finally state some compactness estimate for u°.

Proposition 3.6 (Compactness for u). For a € (1/2,3/2), we have (almost surely)
uillmg < Cle, T, C%, [ugllmg I fllen)
V8 < o —uillyy < O 5.7, Il 151) [ 0(o)dor
where 0 € L'([0,T)) is independent of ¢.
Proof. Consider the mild form
uj = S(t)ug + /Ot S(t—o)g-do, where g5 = J(f5) —epSus. (3.12)

The embedding L; C H;l/%é

kernel S(t) lead to

for all § > 0, and a classical regularity estimate for the heat

IS@wlirg < (1+ T2 )| 4, (3.13)

from which we derive
t
ug | e S lugll me +/0 (14 [t — o ~@H/2H/2) 62|11 do.

Using Proposition 3.4, we have [|g;|l1 =< C(T,C*, |lug|[ze=, || f5llc;), which leads to the first
estimate, since (a+1/2 4 6)/2 < 1 for § small enough.
For the second estimate, we first write, for all £ € H_?,

t t
| (85,026} do| < €ll0 [ 1S(@)ul oo

t
< C||£HH;BHU6HH%/ (1 —{—0_(2-1—5—04)/2)(10,

]<S(t)u8 - S(s)ug,@‘ -

which gives ||S(t)ug — S(s)ugll s < llugllue [L61(0)do with 6; € L' since (2+ B —a)/2 < 1.
Finally, ’

and we use again (3.13) with S instead of « to conclude from the mild form (3.12). O

t t
/S(t—a)gf;dUHHB S/ 15(t = 0)ggdo|| s do

3.3 Generator of the process

As previously mentioned, (ff,u®);>0 is not a Markov process in itself, however the process
(ff,u®,m§)e>0 is. In view of (1.3), its generator is naturally expected to be

Lo = Eizﬁ#¢ + écbw + Lot + L1, (3.14)
where
Lyb(foun) = =(Dul(n = 0)f1, Dpw(f,u,m)) + M(f,u,m),
Lo (fru,m) = — (00, f +udy £, Dp(f,u,m) ),
Low(f.un) = (02u+ J(f), Duth(fru,n)),
Lyp(fuym) = =(pu, Dutb(f,u,m)).

(3.15)
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Let us quickly get into the details of the notation ”D” used here. For ¢ : G¥ — R, let Diff y4)
denote the usual differential in f € G* of ¢, that is

/
Vf € GY, Diffpu(f) € (GF) = LN (T x RY, (1 + [v]")dadv) ~ L,

There exists h(f) € L%, such that

Vg € G¥, Diftu(f)(9) = (g, h(f)) = (g, (1 + o")n())-

Gk,(Gk)’

The differential Diffy¢)(f) is naturally identified with the L2°, function h(f). For convenience,
we shall rather denote by Dy(f) the function (1 + |v|*)h(f), so that

¥g € G5, Diffu(£)(9) = (g, Dyv(f))-

To avoid cluttering notation, we do not indicate the dependence of Dt(f) on the choice of the
parameter k > 1. In section 5, where the perturbed test-function method is developed, the value
k = 3 is fixed for good. The natural bound on Dyt is consequently

25,
Tt ol

= || Diff 3 (f)]| grr < o0
Similarly, for 1) : Hf — R, Dy is defined so that

Yw € HY, Diffp(u)(w) = (w, Dytb(u)).

We will not properly identify the complete domain of the infinitesimal generator £°: for the
purpose of this paper, it will in fact be sufficient to show that £¢ satisfies the martingale problem
associated with (f€,u®, m®) for a large enough class of test functions.

Definition 3.2 (Good test function). Let k > 1 and o € (1/2,3/2) be given. Recalling the
space GE introduced (3.2), define the state space for the process (ff,u, ms);>o:

X¢ =Gt x HY x E. (3.16)
A function ) : (f,u,n) € G¥ x H® x E — R is said to be a "good test function" on XL when:
1. ¢ € Blee(x)
2. For all (f,u) € GE x HY, ¥(f,u,-) € D(M) and M1 € CP(X)
3. For all (u,n) € HS x E, ¥(-,u,n) is GF-differentiable and

Df?/) : X,? — (Ck,Nk)

(f,u,’l’L) — Dﬂﬁ(f,lt,n) is CIOC(X]?;Ck)’

where the normed space (C, Ny) has been introduced in Definition (3.1)
4. For all (f,n) € GE x E, (f,-,n) is HX-differentiable and

Dyp: X2 — C*T)

(f,u,n) — Dy(f,u,n) is Cloc(xg; C*(T)).
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Note that the local boundedness required in point 3. can be expressed as

D foum)| < C(Ifllges lullg ) (1 + o),
[0, Dep(f,u,m)| < C (Il lullme ) (1 + [v]),
1+ [0)2u D (f,m)| < C (I fllgr, lullms ) (1 + [v]),

which is a natural condition to ensure that £5¢ is well-defined and C[°¢(X2). This suggests
that, when f € G’g, typical good test functions involve moments of order at most £ — 1 for f.
Later on, we will for instance consider the test function

¥(f,n) = (Jea (), QM I(n)E), € Wr>,
and linear combinations of such functions. Introducing the canonical filtration of m®
FE= a(mg, 0<s< t) =F. 2, t>0,

the process t — (ff,uf) € GE x HZ is naturally (F7)-adapted, as mentioned in Remark 3.1. We
can now state the following result:

Proposition 3.7. Let k > 1, and o € (1/2,3/2) be given. Let 1 = (f,u,n) be a good test
function on X{*. Then v satisfies the martingale problem for L% in the sense that

V(f,u,n) € X, LEY(f,u,n) is well-defined, L) € CL°(X)

and for any (f§,uy,n) € X (with f§,uf satisfying the assumption (3.6)),

¢
M) = U7 g mi) = [ Lo s mE)ds, 20
defines a cadlag, L? martingale with respect to the filtration (Ff)e=0 under [P(fg,ug,n)-
Moreover, if |1|? is also a good test function, the predictable quadratic variation is given by:
£ 1 ! 2 € , € €
KARE =) (M[* = 24M ) (f5,u5,m, 5)ds.

Remark 3.2. The predictable quadratic variation {M} (t) is the unique cddlag, predictable,
increasing process such that |M(t)|* — {M} (t) defines a martingale. When M (t) is moreover

continuous, this coincides with the standard quadratic variation (see [11], p.38).

Proof. The assumptions on v clearly guarantee that L% is well defined and CéOC(X,?). To
simplify, we shall consider the case ¢ = 1 and write (f;,us, m¢) instead of (ff,uf,m$). The
estimates established in the previous subsections show that, (fo,up) being fixed,

VT >0, € (0,T), [Ifillor + lullme < CT). lmls < C,

almost surely under the probability P e ). If follows that M v (t) is well defined and in L>°(2)
for t > 0. We now need to prove that, for s < t and h bounded and F*¢;—measurable,

[E[(T/J(ftaut,mt) = (fsy us,ms) — /st ﬁaw(fa,ug,mg)da)h} =0. (3.17)

To this purpose, let us formulate two natural lemmas:
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Lemma 3.1. We have

d
Eqb(fta u, ’I’L) = ”<Df¢(fta u, ’I’L), atft>”
= {f1, 00 Dpp(fi,u,m) + (g + my = 0)0, Dptp(fi,u,m) ).
Proof of the lemma. One can simply write

Tzz)(ftJrSauan) - ¢(ftauan)

S

_ <wa(ft,u,n) ft+s ft> R,

with
1
Rs = /0 <Df¢(ft + 0(fres — ft),u,n) — Dpo(fr,u,n), fras — ft>

Since D¢)(f;,u,n) € Cy, Proposition 3.2 guarantees that

(D), 22T oD m) 000

s—0
and that
Bl < sup Ny (Do fe +0(frss = fi)yu,m) = Dyip(firu,m)
0€[0,1
which tends to 0 as s — 0, since fi1s — f¢ in G’g and Dy is continuous. O

This second lemma is proved in a similar fashion.

Lemma 3.2. We have
L, w,m) = (D (f ), D)
— <u5)8§Du¢(f7 utan)> + <J(ft) — Ptut, Durl]Z)(f, Ut,n)>-

Introducing a subdivision t) = s < t; < ... <ty =t of [s,t] of step § = max; |t;y1 — t;|, we
may split (3.17) into 3 terms:

tit1

= B 0w mecs) = vlusme) = [ 00U to,me)io)]

B = E[(Z¢(ft¢+1auti+l?mti+l) - w(fti?uti+1’mti+l) o /:Hl <wa(fo’ua’mo)’aaf0>dg) h}’
= [(ZI/} ftl,utz+l,mt1+1) - w(ftwutwthI) - /:i7L1 <Duw(f07u07m0)7a‘7u‘7>dg)h]

Let us treat the first term A: conditioning with respect to F3, and using the Markov property,

[E[(T/)(ftw Uty 5 mti+1) - T,Z)(fti, uti’mti))h} = [E[(Ptz?rl*ti [w(fti’utw )](mtz) - T/J(fti, Uty mti))h:| .

We note that, for all ¢ > 0 and (f,u,n) € X2,

P(f,u, )](n) — 0(f, u,n) = /Ot P, M(f, u,n)do = E, /Ot MO(f,u, my)do
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where we have used Kolmogorov’s forward equation from Proposition 2.1 and the interversion
E [ = [E is justified since M1 is locally bounded. We are hence led to

[E[(w(ftwutwmtiﬂ) - ,l/}(ftﬂuti?mti))h} = [E{([Emti /tiﬂti Mw(ftwutme)dU)h}
ti+18ti
= [E{(/O Mw(ftwuti?mti-l-O)da)h}

= E[( [ Mmoo )]

where we have once again used the Markov property. It follows that A can be rewritten as
¢
A=LE / as(o)do | h
(], astorio)n]

a(S(O-) = Z ﬂ[ti7t1+1] (J) (M¢(ftz ) Uty mU) - Mlb(fm Ug mo)) :

with

For fixed o € [s,t], since t — (fi,us) € GE x H® and Mt are continuous, it is clear that, as
d — 0, we have ag(0) — 0 almost surely (hence in probability). Moreover, M1 being locally
bounded, we get ag € L>([s,t] x 2) with a bound uniform in §. In particular, E[as(c)h] tends

to 0 and is uniformly integrable in o € [s,t], so that we may conclude A 5——()—) 0.
—

Using the two lemmas introduced earlier, one can write in a similar fashion

B=¢[( [ torao)n], c=€[( [ estorio)n).

s

with

b5(0) = 3 Lty tes] (O Dyt fa i 01) = Dyl oy ma), Do f)

cs(o) = Z ]l[ti7ti+1}(0')<Duw(ftiaum M) — Dutp(fo, o, me), 60u0>

i
and conclude in the same way using the estimates from Propositions 3.2 and 3.3 and the fact
that (m¢):>0 is stochastically continuous and Dyvp, Dy1p are Clo¢(XE).

If |1]? is also a good test function, then L£f]1)|? is locally bounded, and Mﬁ/}‘g(t) defines a

martingale. Using these facts, (we may refer to the proof of Theorem B.3 in [7] for details) one
can show that the predictable quadratic variation of pr is given by

dIM)(E) = (L7 = 20L50) (f5 uf, m§ )t

which, in our case, boils down to e~ 2(M|¢|? — 2¢p M) since D|p|* = 29Dy for any first order
differential operator D. O

4 The auxiliary process

In section 5, we will be led to solve Poisson equations relative to the partial generator £4 defined

in (3.15). To this purpose, it is natural to study the auxiliary Markov process (g¢, m¢):>0 whose

generator is expected to be L£4. We hence define g+ = ¢¢(f,n) as the solution of
{ Agr + Oy[(mu(n) — v)g] =0,

gO(fa ’I’L) = f, mo(n) =n, (41)
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and let (Q¢)i>0 be the corresponding semigroup

VY € B°(GE x E), Qu(f,n) = E[(g:(f,n), me(n))].

The characteristics associated with the conservation equation (4.1) solve
Vi(v) = my(2) = Vy(v),

leading to the explicit expression

t
Vi(v) =e ! (v +/ eumu(az)du).
0
Definition 4.1. The solution of (4.1) is defined by

gt(fyn)(z,v) = etf(x, e [v - wt(n)(x)}), t>0 (4.2)

where
t t
we(n) :/ e my(n)ds :/ e *my_s(n)ds € W2, (4.3)
0 0
It is easy to verify that, for all f € G§, we have g(f,n) € C([0,T]; GE) with a bound

lge(f;m)llgr < C(T, C% [ fll )
Additionally, g;(f,n) defines a weak solution of (4.1) just as in Proposition 3.2.

4.1 Generator of the auxiliary process

With the explicit expression (4.2), one could easily prove that the auxiliary process (g¢, m:):>0
rigorously defines a (locally bounded) Markov process on the state space G§ x E. In order to
solve Poisson equations later, it is of interest this time to truly characterize the generator in
terms of b.p.c convergence.

Proposition 4.1. Let k > 1 be given, and let ¢ = (f,n) be a good test function on GE x E.
Then v € D(Ly4) in the sense that Ly € Cl°(GE x E) and

Qt¢(f’ TL) B ¢(f’ TL) b.p.c

t t— 0+

Lyb(f,n).

Proof. The properties satisfied by the good test function 9 clearly guarantee that Ly is well
defined and C°°(G§ x E). Let us denote (g¢(f,n), m¢(n)) by (g+,m;) for simplicity. We split the
ratio into two terms

Quy(f,n) —P(f,n) Y(f,my) — T/J(fﬂ”t)} + [E[T/J(gnmt) - P(f, mt)}
t t t

The first term is simply ¢t 1 (P (f, n)—(f,n)) which converges to M1 (f,n) and can be bounded
ast — 0 by

:[E[

sup }iPsw(f,n) = sup }Pth(f,n)‘
ds t€[0,1]

which is locally bounded in (f,n). For the second term, we write

y M) — , TN B
Y (gt t)t v(f t):<Df¢(f,n),gttf>+Rt (4.4)
with ) ;
R, = /0 (Dyo(s +0(g = 1).me) = Dy(fm), 2L ao.
As in the proof of Lemma 3.1, we see that (4.4) converges to (Dfl/}(f, n), —0y[(n — v)f]) and is
uniformly locally bounded in (f,n) as ¢ — 0. We conclude by dominated convergence. O
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4.2 Limiting measures and mixing properties

We will now determine to some extent the limiting law of (g, m:)(f,n) as t goes to infinity, which
naturally corresponds to an invariant measure for the semi-group (Q:);>0. More precisely, we
shall describe how the mixing assumption (2.11) on the driving process (m¢):>0 impacts the
speed of convergence of (J; to this invariant measure, along a certain type of test functions.
From the explicit form (4.2) for example, we see that

p(gt(fin)) = p(f),

for all ¢ > 0. The density p being invariant along the trajectory (g;, m¢)(f,n), the limiting law
(which we define in (4.6)) will therefore be naturally parametrized by p.

Definition 4.2. For p : T — Ry with [p(z)de =1 and w : T — R, we define the probability
measure p® oy, on T X R as

e € Cy(T xR), (£,p®0y) = /g(x,w(x))p(x)dx,
Keeping in mind expression (4.2), we easily have
¢ tr,
e f (@ e'fo = w(@)]) == plE) @ bu(r)

in the distributions sense. Moreover, we will see that w;(n) = [ e™*m;_s(n)ds == w in law,
— 00

where

0
@:/ e’mgds. (4.5)

— 0o
We therefore expect the limiting measures to have the following form.

Definition 4.3 (Invariant measures). For p: T — Ry with [ p(x)dx = 1, we (partially) define
the probability measure j1, on P(T x R) x E by

Vo= U(fam) ((a)) i= [ U0 dugf.m) = E[ (o ® 0 70)]. (4.6)
when this expression makes sense.

Remaining on a formal level, one may compute the first moments
plp @ 65) = /p®5gdv =,
J(p®dg) = /v,o@ 0~ dv = wp,
K(p®dz) = /vzp ® 0~ dv = 0*p.

We are now ready to state the following result.

Proposition 4.2 (Mixing speed for the auxiliary process). Let us work with f € G& for k > 3.
Let v be a function of the form

W(f.n) = (G(n)p,&a(n)) or (J(f)&n)) or (K(f),€) (4.7)
with &1,& 1 E — WY Lipschitz-continuous functions:

I1€:(n) = &(n)lypree < lln =7/l
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or £ € Wh®. Then for all (f,n) € G§ x E, letting p = p(f), we have
Qe (fin) == (s 11p))-

More precisely, for all B C G§ x E bounded,

sup | Qu(f,m) — (., € L'(R™),

(fm)eB

sup Ny (Ds[Quo(fon) = (0, 1,))] ) € L'(RY).

(fm)eB

Remark 4.1. e Note that in particular, when ((1, p,)) =0, we have

/ sup ‘Qﬁﬁ f,n ‘dt < 00, /OO sup Np(DyQup(f,n))dt < oco.
0 0

(fm)eB (fm)eB
This allows to define 1 (f,n) = [5° Qu(f,n)dt which then satisfies
Y1 € B°(GE x E) and Dyyy € Ci°(GE x E;Ct)
as in Definition 3.2 of a good test function.

e Later on, we will typically consider &(n) = n, M~11(n),0,M~1I(n) which are indeed
Lipschitz-continuous functions according to the assumptions made on the driving process.

e The proof of this result will in fact emphasize that it holds for any test function v such that
w(gt(f,n),mt(n)) depends "at most quadratically on n" with the general rule of thumb:

&(n) (with & Lipschitz ) <+— mn,
p «— 1

J(f) —

K(f) — n2

For instance, the test function ¥(f,n) = <p,§(n)><J(f),§> can be considered.

Proof. Recalling (4.2), simple computations lead to
plge(fin)) = p(f) =p

J(gi(f,n)) = e " T(f) +wi(n)p(f)
(g¢(fm)) = e K(f) + 2¢"wi(n) J(f) + we(n)?p(f).

Let us introduce the coupling (m;(n),m;):>0 given by the mixing Assumption 3, and define

N

t 0
wy (n) := / e *mi_,(n)ds, w; ::/ e*my 4ds.
0 —o00
Recalling (4.3) and (4.5), one can observe that, since (m;)cr is stationary,

(we(n),m¢(n)) ~ (w; (n),m;(n)) in law, (w,mg) ~ (wy,m;) in law.

The mixing assumption gives
Ellwf(n) — @z < /0 e Ellmi_,(n) — Ml ||pds + / e E||i_, || pds

t
< / e Ymix(t — s)ds + et
0
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Noting that
t [ee]
/ e Ymix(t — 8)ds < / e *Ymix(t — s)ds —— 0,
0 0 t—o00

00 t 00 00 00
/ € Ymix(t — s)dsdt = / e_s/ Ymix(t — s)dtds = / Ymiz () dt < 00,
t=0 Js=0 s=0 t=s 0

we have shown that
t = Ellwf(n) — o]z € L' (RY)

and tends to 0 as ¢t — co. Let us first consider ¥(f,n) = <§1(n)p, §2(n)>. In this case,

Qui(f,m) — (W, 1)) = E{€1(m (m)p, &a(m; (n)) ) — E(&1())p, &2(77)),
Dy Quib(f,n) = (1)) | = E[&(mj (n)&a(m (n)) — & () €a(7)]
The Lipschitz assumption on &; and the inequality
| k) = (B, R)| < IRk = R + 1kl 12 — R (4.8)
lead to

Qe (f.m) = (W, o)) S W llooymia®), Nu(Dr[Qubtfim) = ()] ) S Ymia(D):

Let us now consider ¢(f,n) = <J(f),£1(n)> In this case,

Qui(f,m) = (b, 1)) = e "E(T(F), €1(me())) + [E(wi (n)p, &1(mi (0)) ) — E(@5; (n)p, &1 (7)) |
Dy [ Qe (f,m) = (b)) | = e Eloés (my(n))] + E[wi (n)& (mf (n)) — @7 ()& (7 (n)]

The first terms can be bounded by some Ce™*, and we can use (4.8) again to bound the second
terms. Finally, let us consider ¥(f,n) = <K(f),£> In this case,

Qui(f,n) = (¥, 1)) =e E(K(f),€) + 2¢"E(wi(n) I (£),€)
+ [E(wi (n)*p, &) — E((@7)?p,€)],
Dy [Qub(f,n) = ({0, 1p))| = 7202 + 2e™ B (m)]v€ + E[w; (n)? — (7)?] €.
We conclude in the same way. O

Let us complete this section by pointing out some identities regarding the laws of w, my,
and M ~1I(m) which will be useful for calculations later on.

Proposition 4.3. We have the following identities:

E[o()a)] = 5 [ e E[mowyiy)] it (1.9
E (@) (o) )] = = [ (1= e E[o(a)imn ()] (4.10)
= I [1ig () M~ 1 (170) () + ()0 (y)]. (4.11)
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Proof. Recalling Definition 4.5 and using the fact that m is stationary, the quantity E {{D (x)w (y)}

can be written

/ / eSE[mg(x)my (y)]dtds = / / eSE[mo(z)my s (y)]dtds.

We set r =t — s and use Fubini’s Theorem to obtain the expression

/TOZOO (/Sioo ezsds) e"E[mo(x)m,(y)]dr + - (/4 ezsds) e"E[mo(x)my(y)]dr,

r=0 §=—00
which gives (4.9). As for the second relation (4.10), we have

0

E () M~ 1 (i0) (y)| = / ¢°E |1 () M~ I(170) (y) | ds. (4.12)

—00

For s < 0, recalling definition (2.13) and using the Markov property,
[E{ms(x)M_lf(ﬁLo)(y)} = /E [E[ms(n)(x)M_ll(n)}dy(n)
A ms<n><w>ﬂmt<n><y>\fo]}dtdu(n)

—— [ [ E[mem)@mi o)) dtd (o)

/0 [ms(m)mt(y)} dt. (4.13)

It follows that (4.12) is equal to

/ / e[EmS x)my(y dsdt / / mt_s(y)}dsdt.
s=—o00 Jt=0 —o0 Jt=0

Setting again r =t — s and using Fubini’s Theorem leads to the expression

- [7 = e E oy ()] dr

=0

for (4.12). Using (4.13), we also recognize this to be (4.11) O

5 The perturbed test function method

From this point on, we shall work in the state space (f,u,n) € X' = G’g x HY x E, for k=3
and « € (1/2,3/2). The aim of this section is to identify a "limiting generator" £ satisfying, for
a large class of test functions ¢,

£6¢6(fa Uu, ’I’L) = Egb(p, u) + 0(6) (51)

where ¢° is a perturbed version of ¢ of the form

gbe(f’u’n) = ¢(f’ u) + 6¢1(f,u’n) + 62¢2(f’uﬂn)

and the correctors ¢, ¢ are good test functions to be identified. The O(g) is to be understood
as some R°(f,u,n) such that supg |R°(f,u,n)| = O(e) as ¢ — 0 for all bounded B C X}. Let
us start with a good test function ¢ = ¢(f,u) € BlOC(X,g“) of the form

o(f,u) = ((£,€); (w,0)) = @({p,€); (. Q) (5.2)
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with ® € C3(R?), and ¢ = &(x), ¢ = ((z) € C*(T). Since, for fixed initial data f, the quantity
p(z) is conserved along the auxiliary equation (4.1), in the following we shall often write ®, 9;®
(etc...) instead of specifying @((p, &); (u, C)), 8i<1><(p, &); (u, C)) (etc...). Identifying the different

orders in ¢ in (5.1), we get the set of equations

e2: E#¢(f’ U, TL) =0,
et Lydi(fousn) + Lyp(f,u,n) =0,
60 : E#¢2(fa u, ’I’L) + Eb¢1(f’ u, TL) + EO¢(f’ u, TL) = ‘CQS(pa u),
as well as
51 : £1¢(f7 u, n) + £0¢1(f7 u, n) + £b¢2(f7 u, n) = 0(1)7
62 : EIQSI(fa u, ’I’L) + EO¢2(f, u, TL) = 0(6_1)? (53)
e Ligo(f,u,n) =0("2).

5.1 Order 2

Given the form (5.2) for ¢, we have ¢(f,u) = ¢(p(f),w), which is invariant along the trajectories
of the auxiliary process (g¢,m¢)¢>0. It follows that, indeed L4¢(f, u,n) = 0. Furthermore, one
may observe that

L,6(f,u) = (J(£), 0Dy fw) ) = (J(f), 0 )0 @

is a good test function satisfying the assumptions of Proposition 4.2.

5.2 Order ¢ ': first corrector

We wish to solve the Poisson equation in ¢1:

£#¢1 (fa u, ’I’L) = _Lb¢(f, u)

The solution is expected to be given by

b1(f,u,n) = /0 QUL (F, u, )t

Proposition 4.2 guarantees that this corrector is indeed well-defined and locally bounded as long
as ((Ly, pp)) = 0, and indeed, since m is centered,

(Lo, 1)) = E(pil, 0 Dy (p,u) ) = 0.
The first corrector ¢; can in fact be calculated explicitly:
é1(f,u,n) = /OOO E(f,wi(m)2:Dyo(f,u) )t = (7, /OOO Elwi(n))dt 9, D7(f.u)),
with
/OOO E[w(n)]dt = /t:] /:ZO eI E[my(n)]dsdt = /s: e’E[ms(n)] /t: e tdtds
= /Oo E[ms(n)]ds = =M I(n).
s=0
We hence get the expression
61(f,u,n) = (0 [M~ T (n)p = ()], Do (f,u) ), (5.4)
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that is, with (5.2),
O1(f.un) = (J(f) = M 1(n)p, 0,€ )1 @,

which is clearly a good test function, thus in the domain of generator £4. Making use of
Remark 2.2, we have hence rigorously proven the following.

Proposition 5.1. The first corrector given by (5.4) is a good test function which satisfies
Lyd1(f,u,n) = —Lop(f, ).
A simple calculation then leads to
(Dsr(f,um),h) = (9[M1I(n)p(h) — J(R)], Dy(p,u))
+D3(p, u)(p(h), 0 [ M~ T(n)p — T (f)])-

5.3 Order £’: Limiting generator and second corrector

We now wish to solve the Poisson equation in ¢s:

£#¢2(f7 U, n) = _£b¢1(f7 u, n) - [’O(b(fa u, n) + £¢(P, u)
Again, the solution is expected to be given by
(bZ(fa u, n) = /OOO Qt |:£b¢1 + £0¢ - £¢(p7 u):| (f7 u, n)dt

which should converge whenever

Lo(p,u) = (Lo, 11p)) + ((Lod, 1)) (5.6)

This last condition determines the form of the limiting generator L¢.

5.3.1 Limiting generator
We first compute L,¢1(f,u,n): letting h = —(v0, f + ud,f) in (5.5), noting that
p(h) = =0, J(f), J(h) = =0, K(f) +up
leads to the expression
Lo (f,u,m) =(0: [ = M7 ()0, (f) + K (f) = up|, Dy, u))
+ Djo(pru) (= 0ud (1), 0 [M T (m)p — J(1)]). (5.7)

According to (5.6), the first contribution £, to the limiting generator is hence given by

Lo(p,u) = (Lo, o)) = E(Du[0:1()2) — M~ 11( 0)0:[i0p] — up|, Dyo(p,u) )

N N (5.8)
+ED3(p, u) (Oulip], 02 (@ — M~ (1)) ] )
Similarly, recalling that
Lod(f,u) = (D2u+ I(f), Dud(f,u)) (5.9)
the second contribution £,, to the limiting generator is given by
Lu(p,u) = ((Lod, 1)) = (02w, Dug(p, ) ). (5.10)
Defining the operator L as

let us now describe the corresponding process.
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5.3.2 Limiting SPDE

The limiting process corresponding to the generator £, will be denoted by (p¢, ut)i>0 for sim-
plicity in this subsection only. Since it appears to be a diffusion process, we are naturally led to
determine the associated SPDE.

Firstly, note that this limiting process (p¢,ut)i>0 is decoupled: the contribution £,¢ given
by (5.10) corresponds to the simple deterministic PDE

dyu = 02u.

Let us hence focus on the contribution £,¢ given by (5.8) which describes the evolution of
(pt)t>0. The second order differential in ¢ is associated to to the diffusive part of the SPDE: we
must identify the corresponding covariance operator. Let us assume that Dj%qb(p, u) is associated
to some symmetric kernel ¥. Then,

E[D36(p, u) (0alip), 0x [ (@ — M~ 1 (o)) ] )]
=& [ [ e podmn@o, (@~ a7 1) ey

= [E/m/y\lf(m,y)ax [33, {@(m)(@— M_lj(ﬁzo))(y)p(x)p(y)”dxdy. (5.12)

We are thus naturally led to study the kernel [E[@(x) (@(y) - M_lf(ﬁlo)(y))}. Note that since

VU is symmetric in (5.12), we may as well consider the symmetrized version
o Lrore g~ . g~
E|@(@)a(y)] - 5 (E[d@) M I(70) ()] + E|@(y) M~ 1(7i0) ()] )

Making use of the expressions obtained in Proposition 4.3 as well as the stationary character of
(My)ier, we easily derive

Efa@)a)] - 5 (E[a@)M 100)w)] +E[a@)M " 1G0)@)]) = Sk (513)

where k(z,y) is the kernel defined in (1.9). Let us denote by @ the linear operator on L2
associated to this kernel:

Vi€ L Qfw) = [ ko)) (5.14)

Y

Proposition 5.2. The operator Q) is self-adjoint, compact and non-negative:

VfeL*(T;R) (Qf, f)=>0.

We refer to [6], Lemma 1 for a proof. As a result, we can introduce the square root QY2 of
the operator @), and denote by ¢ the associated kernel:

Q@) = [a@n @iy, kaw) = [ a2z

Y

We may now define the operator on L2
0 [pQ) (f)(a) = / O | p(@)a(w, )£ ()] dy, (5.15)

whose adjoint is given by

0. (00" (9)w) = [

xT

O | p(2)a(,9) | g(x)da.
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A straight-forward calculation then leads to

0:[0Q"2] D*0(p, 0. [pQ"2)(1)(1) = [ N(t,2)1(2)a

where

N2 = [ [ o fotwraten] w90, o)ty =) drdy.

We can now get back to (5.12) and derive
E[D3o(p.u) (0 a0 (- M 150))o])] = 5 [ [ i )ou[a,[o@ptu)k )] oy
=5 | [ [vevala @ 2a )] |tz = 5 [ NG s
= 2 10(0:[00"?) D3o ()0 [00"]).
Consequently, the contribution £, to the limiting generator £ may finally be rewritten as
Lo(p,0) = (Alp, Dyolp,w) + 5 Te(0a[0@12) Do, w)0u [0@12)), (510
where A’ denotes the second order differential operator
Alp = E|0, (D [@*p) — M 1(7i0), ] — pu) | (5.17)
This naturally corresponds to the following SPDE, given in It6 form
dpy = Alpy dt + 0, | Q"W . (5.18)

Finally, let us determine the Stratonovich form associated with (5.18). Recalling (5.13), the It
operator Al may be rewritten as

1 i N~
Alp = 502 [k(@, 2)p| + 0, [E(0u[M ™ 1(0)]0 ) p] - O [up).
The correction from the It6 to the Stratonovich form is given by the formula
Do [pQ'1? 0 Wi = 0, [pQ'/2AW,] + AT

where

1

AT = %ax[ / a(z,9)0: (p(2)a(z,y) ) dy| = %az [k(w,2)p] — ;0. [ (9sk(z,)) o]

since k(z,z) = [, q(z, y)2dy. Hence, (5.18) can be expressed in Stratonovich form as
dp = A%py dt + 0, [ pQ/% 0 AW,
where the differential operator A° is of order one:
A%p = Alp = AISp = 0, [ (K0, (M I(m0)i + 10,h(a ) —u) o]

Using once again expression (5.13) and the identities from Proposition 4.3, straight-forward
calculations give

ASp = 0, [(a — w)p)
where a = a(z) is given by (1.8).
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5.3.3 Second corrector

Using the form (5.2) for ¢, recalling (5.7) and (5.9), calculations lead to the expressions

Lo (frum) = —=(J(F), 0(M~(n)0,€) )01 ® + (K (f),026)01® +  p,udy )01 &

(7). 0:8) (p. M7 (m)0,€) 30 + ( (). 0, ) O} o
and
Lod(f,u) = {u, 02¢)0a® + (J(£),C)0r. (5.20)
We now prove the following result.
Proposition 5.3. The second corrector given by
oa(tum) = [ Qu[£,01 + Lo — £6] (. u,n)i
defines a good test function which satisfies
Lpa(fusn) = =Ly (f,u,n) = Lod(f,u,n) + L(p,u), (5.21)

where L 1is the limiting generator given by (5.11).

Proof. Firstly, note that 0 := L,¢1 + Lop — Lo € Cl°(XY) (recall that k = 3) has the form of
a good test function. In particular, it is in the domain of Lx. For B C X bounded, we shall
prove the following points:

1. First point: / sup |Qy [£b¢1£0¢ — L'(b} (f,u,n)‘dt < 00,
0 (fu,n)eB

2. Second point: / sup ‘Qtﬁ# [ﬁbqﬁl + Loop — L'(b} (f,u,n)‘dt < 00,
0 (fu,n)eB

3. Third point: / sup  Ni (Dth [Lm + Lob — L¢} (f,u,n))dt < o0,
0 (fiu,n)eB

4. Fourth point: / sup || D,Q: {Eb(bl + Lod — E(]ﬁ} (f,u,n)|lc2(mydt < oo,
0 (fu,n)eB

Point 1 shows that ¢ is well defined and in B¢(X). Once point 2 is obtained, we can use
Corollary 2.4 to conclude immediately that ¢o € D(L4) and satisfies (5.21). It then remains to
prove that ¢9 is a good test function.

Points 3 and 4 guarantee that ¢o meets the last two requirements of Definition 3.2. Moreover,
using the same decomposition as in the proof of Proposition 4.1, we may write

Pt¢2(fauan) - ¢2(fauan) _ Qﬂb?(f,u’n) - ¢2(f’u’n)
t t

¢2(gt, u, mt) B ¢2(f’ u, mt)} ]

—[E[ :

Considering the b.p.c convergence of each term of the right hand side as t goes to zero, we obtain

¢2(f,u,-) € D(M) and
Ma(f,u,n) = Lpén(fum) = (0ul(v = n)f). Dyéa(f.u,m)

which is in CéOC(X,?), concluding the proof. Let us now review the different points.
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First point It is clear from the explicit expressions (5.19) and (5.20) that £,¢; and Lo¢ are
linear combinations of functions satisfying the assumptions of Proposition 4.2, i.e essentially
"quadratic in n". By definition, L&(f, u) = ((Lyé1 + Lo, 1)), so that

Qu[Lod1 + Lod — Lo] = Qu[Lsd1 + Lod| — ((Lo61 + Lod, 1))
One can easily check that the estimates obtained from Proposition 4.2 are also locally bounded

inwe L C HY (since a > 1/2).

Second point Let us compute explicitely L4 {Ebgbl + Lo — Lqﬁ}, recalling that

Ly(fn) = (hy Dpp(fin)) + M(f,n)

where h = 0,[(v—n) f]. Since Lo = Lo(p,u), we have Ly [Lydp1+Lod— L] = Ly Lydr +LyLod.
Using Proposition 4.2 once again, we simply need to show that the test functions involved have
the right form and are centered with respect to the invariant measure j, of the auxiliary process.
Calculations give, for x = x(z),

<h’X> = (P(h),X> =0,
(J(h),x) = (np = J(f), x):
(

K(h),x) = 2(nJ (f) = K(f), X)-
Let us review the different terms in (5.19) and express the corresponding parts in L4L,¢1.
The first term is ¢ (f,n) = —<J(f),am(M_lf(n)amf)>81<1>. We get
My (f,m) = =(T(F), e (n.0:) ) 1 @,
(h, Dun(f,n)) = (J(f) = np, 0 (M~ I(1).0:) )Or ®,

so that L4 has the form required in Proposition 4.2. Calculations give the following expression

for ((Lyth1, pp)):
E| — (@, 0a(0-0:€) ) + (Wp, D (M~ 1(17)-0,€) ) — (1i0p, D (M~ 1 (70).0,€) )| 1.

Using the identity (4.11) from Proposition 4.3, this is indeed 0.
The next term is Yo (f,n) = <K(f),3§ >81<I>. We get

Mo (f,n) =0,
(h, Da(f,n)) = 2(nJ(f) = K(f),02¢ )@,
so that L)y satisfies the assumption of Proposition 4.2. Here,
(L ptbn, 1)) = 2E{ (gt — %) p, O2€ ) D1 .
Using the identity (4.9) from Proposition 4.3 as well as the stationarity of m, we see that
E(mow) = E(w?), so that this is indeed 0.

The next term (p, u0,£)01® is in fact constant along the trajectories of (g¢, m¢)i>0, giving no
contribution. The following term is ¥3(f,n) = —<J(f), 8x£><p, M_ll(n)8x£>8%<1>. We get

My (f,n) = =(J(£),0:€) (p:ndst ) 979,
(h, DY3(f,n)) = —(np = J(f), 08 ){ p, M~ 1(n).0, ) O},
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so that L#1)3 satisfies the assumption of Proposition 4.2. Here,
(Ltos, o)) =E[ = (1, 06 ) p,170.0,€ ) = (i0p, B ) (p, M~ 1 (1720).0,€ )
+ <w,o, (9m£><p, M*lf(mo).axgﬂa%cb,
Again, using the identity (4.11) from Proposition 4.3, this is indeed 0. Finally, the last term is
balFon) = (J(£),0,6) 030, We get
Myy(f,n) =0,
(h, Dyu(f,n)) = 2(np = T(f), 0.6 ) (T (f), 0u ) O},

so that Lu1)4 satisfies the assumption of Proposition 4.2. Here,

(Lptoas p)) = 26| (00, 0uE ) (Wp, 0:E ) — (p, 0u ) (W0, 0uE) |02 (5.22)

Using the identity (4.9) as well as the stationarity of m, we see that

%[E[ﬁm(x)@(y) + Mo (y)w(z)] = Elw(z)w(y)]

hence, making use of the symmetry of (5.22), it is indeed 0. It remains to study LxLod(f,u).
The first term (u, 92¢)0>® is constant. As for the second term <J (f),¢ >32<I>, we get

L [(T(£):)028] = (T(h),C)Da® = (np = J(f),¢) 0o
which satisfies the assumption of Proposition 4.2 and
(((np = J(F), )02, 1)) = E{rop — ip, € )Op® = 0.

This concludes the proof of the second point.

Third point Once again, we simply use Proposition 4.2 (the part regarding the mixing speed
of D;Q4)) since, as previously mentioned,

Qe[ Lo61 + Lod — L8] = (QulLotr] = ((Lsd1 1)) + (QilLod] = ((Lod, 1))

and the different terms in (5.19), (5.20) are good test functions satisfying the requested assump-
tions.

Fourth point Reviewing Q) {quﬁl + Lo — E(ﬁ}, we see that it is a sum of terms of the form

(Que(f.m) = (1)) ) DLD((F,€); (u, ).

with 4, = 1 or 2 and % of the form required in Proposition 4.2 (the terms involving u in (5.19)
and (5.20) are constant along the trajectories of (g¢,m¢)i>0 and are hence canceled out). The
differential with respect to u of such a term is hence simply

(Quo(f.m) = (. 1)) ) D205 8((£,€); (1, )G

Since we assumed ® € C?, its || - || c2(y) norm over B C X' can be bounded by

s |Qu(f.m) = ()| [<lle

(fiu,n)€B

which is integrable over RT according to Proposition 4.2. O
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5.4 Consequence

Note that since ¢, ¢1, ¢2 are good test functions, the equations with a positive order (5.3) are
automatically satisfied since L,¢, Li¢; are locally bounded for i = 1,2, and x = 0,1,b. Let us
summarize the results we have obtained: for all ¢ good test-function of the form

o(f) = 2((p,€); (u, Q)

with ® € C3(R?), ¢ = £(x), ¢ = ((x) € C*(T), there exist correctors ¢1, ¢o which are good test
functions, such that the perturbed test function ¢° = ¢ 4 ¢ + €25 satisfies

L€¢E(fa u, ’I’L) = £¢(pa u) + Ra(f, u, n)

where £ is the limiting generator identified in (5.11), and R®/e is locally bounded. As a result,
we know from Proposition 3.7 that

t
Mg (t) = ¢°(ff,uz, my) —/0 LEP(fS,us,ms)ds, t>0
defines a (Ff)i>o-martingale, so that

t
N30 = o(of i) = [ Lolpiud)ds, ¢20

is "almost" a martingale, up to some O(g). This is an essential step towards our diffusion-
approximation result.

6 Diffusion-approximation

6.1 Tightness

We now prove the following result.

Proposition 6.1. Let a € (1/2,3/2] and assume that
sup [[ug |l mg +sup [ fllas < oo
3 3

Then the family of random variables (p°,u®)c>o is tight in the space
C([0,T;:H; ") x C([0, T HY), v>1/2, B<a.

Proof. The estimates from Proposition 3.6 guarantee that (u®). lies in a (deterministic) compact
subset of C([0,T]; H?). We only need to prove the tightness of (p°). in C([0,T]; H; 7). To this
intent, we will once again use the perturbed test function method, but this time only up to the
first order. Firstly, note that since the injection L € H_7 is compact for v > 1/2, it is sufficient
to prove

lim sup P(||p°|| poc 1 > M) —— 0, (6.1)
£ t z M —o00
Vr >0, limsup P(w,(p%;0) > 1) — 0, (6.2)
€ 6—0

where w,(p; 0) denote the modulus of continuity

Wy (p;6) = sup |lps = ps|l -
jt—s|<6
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One may refer to [2], Chapter 2, for details on this tightness criterion. The first point (6.1) is
obvious since [|pf||z1 = [|pGllry = 1. Note that for any n > « an interpolation inequality gives,

for some 6 € (0,1),

0 1-60
wy(p;0) < (2tes[lépﬂ HptHL}c) wn(p; 6)

so that it is in fact sufficient to establish (6.2) for  large enough. Let us define the diagonal

operator

J=Id—A,)"1/?
that is, considering the L?(T) Hilbert-base {ej (x) = (2m)~12e0% j € Z},

JE=D (L +111H) 72 ¢5)e,
J

so that

17l = 2 1o Tep)? = S50+ ) e = ol
j J

For fixed j € Z, we consider the good test function
0;i(f) = (p, J7¢;).
which is indeed of the form (5.2) used in the perturbed test function method, with
17 ejllc= = (2m) 2151+ |312) 772,
The associated first corrector
6}(f,m) = (J(F) = M~ I(n)p, 0,7 e;)
is designed so that E#(b]l( f,n) = —L,¢;(f). Defining the first order perturbation
5 (f,n) = ¢;(p) +e¢;(f.n)

it results that
LEG5(f,u,n) = Ly} (f,u,n) = O(1)

(6.4)

(6.5)

in the sense that it can be bounded by C||J7¢j||c2 when (f,n) lies in a bounded B C X}. Let

us choose v large enough so that

D l1T7ejlIEe < oo,
i

that is in fact, v > 5/2. We now define

0°(t) = Ty ¢5(ff mi)e; € H
i

and notice that, using the form (6.4) and Proposition 3.4, for all ¢ € [0, 7],

= OOl = = 177pf = (Bl 2 =D \(ﬁj(ﬂ?) — o5 (f,mi)
i

<eO(T,C" uflle, 1f5lle) D11 7€l S e.
i
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We deduce that (6.2) can be derived from the tightness of (6°). in D([0,T]; H,;7): indeed, p®
being continuous,

Wy (p%36) S Wi (p%30) S wi(6°56) + ¢

where w/, denotes the modulus of continuity in D([0,7]; H,;”) (see again [2], Chapter 3, for
details). We apply Aldou’s criterion to prove the tightness of (6%). and conclude: let § > 0 and
T1, T2 be two (Fy)¢>o-stopping time satisfying

<7 <T 4+, ™ <T. (66)
Introducing the square integrable martingale
t
ME®) = 6557 mi) = [ L0550z mi)ds

we have
2

E[|6°(72) = 0°(r)ll7-0 = D

J

T2
= e[ r) M) — [ L s
j T

1

¢§( 7§27m§'2) - ¢§( flvmf—l)
‘2
On one hand, using Doob’s optional sampling theorem, we have

E[M; () — ME(m)|| = E(IME ()2 — M5 (m)2) = E( [0 (m2) — [045] ()

where [M5](?) denotes the predictable quadratic variation of M3 (t). We know from Proposition
3.7 that it is given by

[0050)] = 55 [ (163l — 265065) 57 mEdas = [ (M1} — 2010063 (77, m)ds

after some straight-forward calculation. Using expression (6.4) and the quadratic inequality
(2.15), we deduce that the integrand can be bounded over [0,T] by C||J7¢;||%., so that

2
\ <. (6.7)

SOE[M (1) - M5 ()| S
J
On the other hand, making use of (6.5),
! 2 ¢ 2 2
[ eosts s mi)ds| S [ 1565 (f5 uz m) s S 7 Balt — o

so that the choice of v guarantees that

Zr{

T2 2
[ sz s mo)as| <6 (6.8)
T1

Combining (6.7) and (6.8) and using Markov’s inequality, we conclude that

Vr > 0, limsup sup [P(

3 T1,72

0°(r2) — 0°(71)| > ) —>0,

where the supremum is taken over all stopping times 71, 75 satisfying (6.6). Aldou’s criterion is
met, which concludes the proof.

0
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In the following, let us fix v > 1/2 and < « and a subsequence (p%/,u%);>1; which
converges in law to some (p,u). Using Skorokhod’s representation theorem, we may introduce
some probability space (2, P*) hosting some random variables (py’, usy’) j>1 5 (P« us) satisfying

(67 057 ~ (69, 0), (pasa) ~ (py) i Taw in C(0,T]; Hy7) x C([0, T]; HY)

and
(p7 s ui) —— (ps,w) as in C([0,T]; H, ) x C([0,T]; HY).

j—o0

Additionally, note that passing to the limit in the equality [p%()[|z1 = 1 leads to the inequality

o0y <1 as

)

or equivalently, regarding the limiting law,

P sup [loillpy <1 =1. (6.9)
te[0,7)

6.2 Convergence of the martingale problem

Let us consider a good test-function ¢ of the form (5.2). The final result obtained in section 5
can be summarized as follows: for any s; < sy <...<s, =s < tandany 6 : (H;7 x H)" - R
continuous and bounded,

E[(o(0f,u) = 005 u5) - [ L0 U ) 00t )] = OE). (6.10)

Regarding the adaptedness of the process, note that since w — (pf,uf)(w) € LL x HZ is Fi-
measurable, and since the injection LL x HY ¢ H;7 x HP is continuous, the random variable
w = (pf,uf)(w) € HY x HY is also Ff-measurable. The martingale property (6.10) only
depends on the law of (p°,u?) € C([0,T]; H; Y x HY), so that we may in fact write, on the new
probability space (2%, P*),

. . . . t . .
£ (8067 (0,02 (1)) = 90 (5),u7 () = [ L6802 (0). ' (0))dr)6.] = O
where 0, = 0(p (s1),...,us’ (sn)). From the expressions (5.8), (5.10) and (5.11), we casily
deduce that L¢ is continuous and locally bounded on H; 7 x H? as soon as the functions ¢ and
¢ involved in (5.2) have enough regularity (namely ¢ € H)*? ¢ € H27%). We may then apply

the dominated convergence theorem on the probability space 2* to send ¢; to zero. Using once
again the invariance of the law, we obtain

[E{((b(phut) - ¢(p87u8) - /st £¢(p07ua)dg)0(ps1ausn e apsmusn)} = 0.

This equality holding true for any s1 < ... < s, = s <t and 6, we deduce that

¢
Ny(t) = ¢(pr, ur) — ¢(po, uo) —/O Le(ps, us)ds, t >0
defines a continuous martingale, starting at 0, with respect to the natural filtration

Fi :J((ps,us) €eH;"xHP se [O,t]), t>0.
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This reasoning also holds for the good test function |¢|* which is still of the form (5.2), so that
N, ¢>\2(t) defines a continuous martingale as well. As mentioned in the proof of Proposition 3.7
(see again [7], Theorem B.3) we derive that the quadratic variation of Ny(t) is given by

(6] (6= [ (£16 — 26£0) (s, us)ds
Let us consider ¢(p, u) = (p, ) + (u,¢). Simple calculations from the expression (5.16) give
Lo(p,u) = (Al p,€) + (2, ),
(216l ~20£0) (0. = | [ k(e 0)p(@)22(w)ol)oye(y) vy

where the operator A’ and the kernel k(z,y) are defined in (5.17) and (1.9). Let us introduce
the H; 72 x HP~2-valued process

t t
N(t) = (Pt — Po —/ .Alpsds, Up — UQ —/ 8§u5ds), t>0.
0 0
Then for all (¢,¢) € HY? x H27P,

(N(@®),(6), t=0

defines a continuous real-valued (F;);>o-martingale of quadratic variation

(el = [ [ [ emmosonmosmdsy (6.11)

Using the polarization formula (N, hi)(N, he) = %((N, hi+ hg) — (N, hy — h2>), we derive from
(6.11) that

<N(t), (§1n§1)><N(t), (52,C2)> - <V(75)51,§2>, t>0

is a continuous real-valued (F)s>o-martingale, where the operator V(t) is given by
(v06.&) = [ [ [ om0, @0, et dsdy
= [ ([ lm@)ae. 206 @) ( [ oulortlaty al)dy)dz
= [ (2:l0@16 () (0.0 e2(2) )=

We have used the notation introduced in (5.15). That is in fact

V(t) = 0:[p QY210 [0 Q)"

We may therefore apply the martingale representation theorem [4, Theorem 8.2]: there exists
some filtered probability space (€2, (F¢)i>0) equipped with a Wiener process W and a process
(p, ) defined on 2 whose law is that of (p,u), such that the process

~

t t
N(t) = (ﬁt —po—/ Alpgds at—uo—/ aﬁasds), t>0.
0 0
can be represented as the Wiener integral
~ t _
N(t) = ( / 0, [2:Q"2a W] 0).
0

This shows that the limiting process (p¢, u¢)¢>0 is a weak solution of the expected SPDE (1.7),
which concludes the proof of Theorem 1.
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7 Uniqueness for the limiting SPDE

We now prove the path-wise uniqueness for the limiting SPDE stated in Theorem 2. For con-
veniency, let us drop the hats on the quantities p, 4 introduced earlier and consider the limiting
process (p,u) € C([0,T); H; Y x HP), where p satisfies the SPDE of (1.7) given on a filtered proba-
bility space (€2, (F¢)¢>0) equipped with a Wiener process W = (W;);>0. Of course, u = (u¢)sejo,1
is completely determined as the solution the deterministic heat equation with initial data wyg.
Let us denote

by(x) = a(z) — w(z),
with a given by (1.8). Diagonalizing the compact operator Q2 involved in (1.7), we may
introduce functions (¢y)x>0 such that
QY2 o dW, = Z ok 0 dﬁf, (,8’“) independent Brownian motions.
k

As a consequence, equation (1.7) can be re-written as

{ dpy + 0y (bupr)dt = D, (pr o Xy oxdBf),
p(0) = po € Ly,

or, equivalently, in It6 form,

{ dp; + (&:(@Pt) - % Zk 8x(¢k3x(¢kpt)))dt = Zk 3x(¢kpt)dﬁf (7.1)
p(0) = po € Ly,

Recall that, as mentioned in (6.9), the solution p constructed as a weak limit of (p®). in Theo-
rem 1 satisfies the additional bound

sup |[pellrr <1, a.s. (7.2)
t

)

Under the additional regularity assumptions of Theorem 2, it is clear that b € L>([0, T'|; W),
Regarding the regularity of ¢, one may note that, for o > 4 + 1/2,

S 6kl e < D0 N6kl3 = 1QY212, 2010y = Trr2(J>Q)
k k

where J is the positive regularizing diagonal operator introduced in (6.1). Applying Corollary
C.2 and Proposition C.3 from appendix C of [4], we deduce, for any 6 > 1,

Trps (J727Q) = Tra (T T727Q) < Trpa () 1729 Q| 12,

On one hand, TrL%(JG) = (1 + k)72 < oo since @ > 1. On the other hand, for f € L2,
we have

(0+20) /2
J0RQf ) = [ (1d-02)

)

k(z,y)f(y)dy

so that the bound HJ*(GHU)QHE(L%) < oo is ensured as soon as

Sup ‘|k("y)‘|we+20,oo < Q.
yeT @

The number 6 + 20 can be chosen as close to 1 + 2 x (4 + 1/2) = 10 as desired. Hence, the
regularity assumption (1.10) of Theorem 2 leads to

2
D6z <

It is now clear that the proof of Theorem 2 boils down to that of the following result.
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Proposition 7.1. Assume that po € L} and

b e L([0,T]); W), > loulliace < . (7.3)
k

Then a solution p € C([0,T); H; ") a.s of (7.1) satisfying (7.2) is path-wise unique.

xT

We are naturally led to consider the dual BSPDE (Backward SPDE) associated with (7.1),
of unknown (¢, Z):

{ i+ (= 0Dty + § i xDux0ui) = Sy on0uZE)dt = Sy Zfast
Y(T) = Yr.

For o > 0, let us define the spaces (where "prog." stands for "progressively measurable")
2 T 2
= {42 2% [0,7] = HY prog., [ ]} := rg/o léell3igdt < oo}
T
7 ={2= (2" Qx(0.7) » HY prog., | Z [}, := Z[E/O 1Z4l3gdt < o).
k

The existence theory for (7.4) is linked to the uniqueness for (7.1) in the following way.

Lemma 7.1. Assume that for some s > 1/2, for all Fp-measurable ¢y : Q — C>®(T,), (7.4)
has a solution (1, Z) € [pr+2 X D-ISZ+1. Then the conclusion of Proposition 7.1 holds.

Proof of the lemma. Considering two solutions p', p? of (7.1), let us define p = p! — p?, so that
p(0) = 0. We start by regularizing (7.1) using an appropriate kernel ks € C*°(T,),d > 0 (one
may for instance consider the Féjer kernel). Denoting ps = ks * p and 95 = ks * O, we have

dp%S + (&;(btpt) — % Zk 86(¢kam(¢kpt)))dt = Zk aé(gbkpt)dﬁf
P2 (0) = ks * po := p)

in the "strong sense" that (p?);>o is an L2-valued semi-martingale. 1t6’s formula is now licit (one
may verify that the assumptions of [4] Theorem 4.17 are satisfied) and gives

d<p?’¢t> = |:_ <86(bt/0t)’7pt> - <,0?, b8x¢t>:| dt
+[3 <55 D1 0s0rp0))s V) — (7, k0e(S4Drr) )|t
[ <pt7¢ka Z > + <85(¢kpt)7 Zf>} dt
k

+ [<36 (Prpt), ¢t> <P?,Zf>}d,8f.
k

The assumptions easily guarantee that the last term defines a square-integrable martingale. We
may hence write

El{pr, ks * ¥r)| = —F /0 ! (P buBu (ki 5 101) — ks * [buDati] )t
3B [ (o oniutonaths w)) ~ ks » lndelnduv )it (79
k

T
SEXS [ (puks #1000: 28] — 0l 21 )t (7.6)
k
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The left-hand side easily goes to E[{(pr,¢7)],while the right-hand side vanishes as 6 — 0. For
instance, using (7.2), one may control the second term (7.5) with

T
SE /0 1600 (610 (ks % 101)) — Ks * (610 (S0t || o dt
k

The assumptions guarantee that 1, € H3T2 C W2 a.s, so that the integrand tends to 0 for all
fixed k,t and almost every w. With the uniform bound

1900 (G0 (ks * 1)) = ks * (9100 (S10uv)] Lz < Clidnllgynce [¥ellypzoe < Cllgrllfynoe el o2

and the regularity assumption (7.3), we may apply dominated convergence to conclude. Note
that the bound for the third term (7.6) is

ks * [0r0s ZE] — S0 (ks * ZE)| 3o < lIonllLoo1ZF 1o < lloklIToe + 1 ZE 1351

Since |lpr|zr < 1 ass, the equality E[{pr,¢7)] = 0 for all Fr-measurable ¢7 : Q — C(T)
leads to pr(x) = 0 for almost every (z,w) € T x Q. This holds for all 77 > 0 and since
p € C(]0,T]; H,;7) almost surely, we conclude p =0 a.s. O

It now remains to prove the existence of sufficiently regular solutions to the BSPDE (7.4).
Let us consider the equation perturbed with an additional %8%1/):

{ dn + (b + 5 S OnDat) Dathe — Xy 040 ZE )t + 5( 4 03 + 2) 020udt = 52 ZEdBf

(1) = r.
(7.7)
In this super-parabolic setup, in view of the assumptions (7.3) on the coefficients, assuming
furthermore that

Yr € LQ((QafT);Hﬁ),

Theorem 2.3 of [8] guarantees the existence of a solution (¢°, Z¢) of (7.7) such that

(Y%, Z°) € H> x H!* and [E[ sup H’l/Jt”H4:| 00. (7.8)
te[0,T

Of course, the corresponding estimates in these spaces may depend on € > 0.

Proposition 7.2. For all 0 < m < 4, the solution (¢°,Z%) = (¢, Z) of (7.7) satisfies the
estimate

—Hamwtnp +5 / (cllom+esl3s + Z 10 ZE + m(O ) (0uk) — 0 (O 0s1) |72 ) ds
1 T
< S0 yrliis +C / stHHmZHZ’fHHmlds_; /t (O, O ZE)apt,  (7.9)

with the convention ||Z||gm-1 = 0 when m = 0, where the constant C' depends only on the
quantities involved in (7.3).

Remark 7.1. Note that (7.8) guarantees that, for 0 < m < 4,

t
M =3 [ (oo zyas, =0
k
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defines a real-valued L' martingale. Indeed,
r k 2 2 r k112
Vi ::Z/ ]<agbwt,a;nzt>‘ dt < sup HMWZ/ 1ZF3pdt < 0o a.s
k 0 tE[O,T] k 0
ensures that My is a local martingale. Burkholder-Davis-Gundy’s inequality [3] then gives

[E{ sup \Mt” < [E{V%/z} < [E{ sup ”'lpt”%{m} —i—Z[E/T 1 ZE (% mdt < oc.
t€[0,T] ~ ~ Lo @ — Jo @

Let us now give a proof of Proposition 7.2.

Proof. We apply 1to’s formula to [|07"[3,. To make it rigorous (so that the assumptions of

[4] Theorem 4.17 are again satisfied), one may start by regularizing the coefficients b and (¢ )
involved in (7.7), so that [8] provides the regularity (1, Z) € H° x H®. We obtain

1
SOt = (A} + A7 + A7+ AL + A ) dt + (0700, O Zd W),
with

Ab = (O 07 ), AT = (O O (D)), AT = (000 O (010:2))),

£
2 k

1 1
A= SN0 2 Fa, AF = =5 D (O b, O (6100 (40ith) )t
k k

~+

Let us review the different terms. The first term A} appears untouched in (7.9). We may expand
the second term into
-1

3

A7 = (000, b i) + (T) (0o, Ol )

P I

1

= ol a.b) + (’7) (O e, 000 ),

=0

which can be bounded by C||b||L§oW;”’°° ‘WtH%{;n Similarly, the third term can be expanded into

A3 = {Z <a;n¢t, ¢ka;”+1zf> + m<a;%t, 835%3?25”
k
m—2

+[Xk:z

> (7 )(oruor-tanonz)] =i

The term B? can be bounded by
k k
O ellap lonllwm e 1 ZE ] =1 S Woellrg D NowlGymee + D IZE NG mer-
k k k

Using a polarizing identity, the term B} may be rewritten as
B} = =3 (0u(0uen) — mOybu0uig, O ZF )
k
1 1
= =5 2107 271175 — 5 D 11000 wudn) — mOy il
k k
1
t+ 5 2 N0 ZE + mO idadr, — 0 (9 eIz
k

= Cl+C?+C3.
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The term C} cancels out A}. The term C} appears untouched in (7.9). We are hence left to
study

1 1
k k
By expanding the derivatives and integrating by parts as done previously, we get the expression
1 m—2 m B
=5 2 [ (107, 0u(0r0u0n)) — (107 e, [0l ) + (l ) (02, O or 0 (D1 0pn) )|
k =0

for the term A7, and

er—l

=5 2 [(105 0, (m = 11000 + (m = 1), (640:61)) + (107 e, 164 ?) -
k

We see that the unwanted terms involving 97!, therefore cancel out in Dy, and the remaining
terms can once again be bounded by C||v¢||3m Sk || k|12 m o O

From Proposition 7.2, we derive the following uniform bound.

Corollary 7.1. The solution (¢¥°,Z%) of (7.7) satisfies the bound
1l + 112°5s < 1
The constant involved in S depends only on T and the quantities of (7.3).

Proof. Let us simply denote (1, Z) = (¢, Z%). As mentioned in Remark 7.1, we may take the
expectation in (7.9), which gives, in particular, for 0 < m < 4, the estimate

T T
Ell by < Elorlp +C( [ Elvlipds + 3 [ E1ZEpads).  (1.10)
k
Writing

107 Z5 | 2 < N0 Z5 + m(0's) (Dure) — B (045 bk) || 22 + 1M 4)s) (Bxdk) — DO s1) | 2

and using (7.9) again, we also obtain
T P 2 T 2 T P
S [ N2 s < Elrl + O( [ Elulgonds + 3 [ E1Z8Emds).  (7)
k k
Recalling the convention || Z|| g-1 =0, in Proposition 7.2, inequality (7.11) yields, for 0 < m < 3,
T k(2 2 T 2
S [ ENZE s S Ellorlidy + | BNl (7.12)
k
Coming back to (7.10), we get, for 0 < m < 4,

T
Eleliys S Elvrliy + | Elalds

and Gronwall’s Lemma provides the desired estimate for ¢. The estimate for Z is obtained by
taking ¢ = 0 in (7.12). O
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Now, let us consider 1,2 > 0 and denote (¢, Z) = (¢°1 — %2, Z°' — Z%2). In the same
fashion as Proposition 7.2, one can prove the following estimate, for 0 < m < 3:

1 1 (T
SN0z + 5 [ S0 25 4+ ml07 ) 0uh) — (0 ) 32 ds
k
<C o T 1112 212 d C T 2 Zk: 2 d
<Cles—erl | (195 3mer + 12N Jas +C | (Il + S 1ZE NG )ds
k

T
-3 | (oo, op2t)ast.

Relying on the bound from Corollary 7.1 and applying similar calculations as in its proof, we
deduce
[ =92 [fs + 127 = 2%} S ler — eal.

As a consequence, (¢, Z¢) converges to some (1, Z) in the Banach space H? x H? as ¢ goes
to zero. It is now easy to send ¢ to zero in (7.7) and verify that (1, Z) € H? x H3 is indeed a
solution of (7.4). Lemma 7.1 may be applied, which concludes the proof of Proposition 7.1, and
therefore that of Theorem 2.

8 Appendix: Well-posedness of the path-wise kinetic system

For the sake of completeness, we wish to prove the well-posedness of the deterministic PDE
System

{Btf—i-vaxf—l—&)[(m‘i‘U—U)f}:O? (8.1)

Opu — 0?u = J(f) — pu.

Here, we consider a fixed w € €, so that m = m(w) belongs to D([0,T]; E), space of cadlag
functions taking values in the separable complete space E.

8.1 L' and L? estimates for a conservation equation with Lipschitz coefficients

Recall that, whenever w € D([0,T]; E) is given, the solution f[w] to the linear conservation
equation

Ohf +v0,f + 3, (w—v)f] =0,
foelLl,,
is naturally expressed as
ft[w](x’v) = etfo o @6(:6,’0),

where ®%(x,v) = (XL(z,v), VE(z,v)) is the flow associated to the characteristics:

d

O st st ¢ _
dSXS Vs’ Xt (x>v) €T (8 2)
VI =y (XY~ VE, Vi) =

S

Gronwall’s lemma immediately gives the following result.

Lemma 8.1. Let w,w € D([0,T]; E) and let ®[w], ®[w] denote the respective flows. Then,
Vst e [0.7], |2kl - ®lfa]| < llw - Dl
The constant involved in S depends on T, [|0zw| Lo , [|0xW|| 2o only.
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Let us now fix some w € D([0,T]; E) and give some estimates regarding the v-moments of
ft[w]. Recall the notation, for f € G*,

o)) = [ faydv,  T(F)a) = [ofe o).
Lemma 8.2 (L' moments estimates). Let fo € L} ,. Then for all t € [0,T],
bellzs, = Nollzy .
Assume furthermore that fo € G*, k > 1. Then for all t € [0,T],

Ifelwlllgr < Il follgr-

The constant involved in S depends on T,k and ||wl[re= only.
The estimate for the first moment is precisely:

7ClwDllzy, < (1ol +1 sup lwsllzze I follzs, e
s€(0,t

Proof. Without loss of generality, we may assume fy > 0. When w € D([0,1]; E)) is smooth, it is
clear that the flow ®[w] is a globally-defined C'*°-diffeomorphism, whose Jacobian determinant
is given by J®}[w] = det(D®[w]) = €'. The conservation of the L!-norm is then obtained by a
change of variable using the form (3.4). The result is generalized to w € D([0,1]; E) by density
using Lemma 8.1.

For simplicity, we only prove the estimate in G': the estimates on higher moments can
be obtained by induction using the same process. Assuming fy € C°(T x R), the following
calculations are justified:

%”J(ft)HL}c = %/x/v [v| fi(z,v)dzdv = —/x ) ]v[(v@xf + Op[(wy(z) — v)ft(x,v)])dxdv
— — [ sign(o)ui(@)fulz,0)dv + [ Jol s, v)dv,
so that

d
Iy < llwellzgellfoll s — 1T (f)lley < sup fwslizgellfollzy = 1T (fe)ll Ly,

s€[0,t]

that is, integrating over [0, t],
t
17Ny < (1 (o)l +1 sup lwsllzee 1 folly ) — /0 17(fs)| .
se|0,

Gronwall’s lemma gives the expected result. Again, the inequality holds for a general initial
data fo > 0 by a density argument, using Fatou’s Lemma. O

Corollary 8.1. Let fo € L} . Then for all t € [0,T],

Ifelwlllzz,, = €2l foll.z., -
Assume furthermore that |fo|? € G, k > 1. Then for all t € [0,T],

el e < 1 £3llcn-

The constant involved in S depends on T, k and ||w||Le=  only.
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Proof. Simply note that hy := e !(fi[w])? = e f¢ o ®} and apply Lemma 8.2 to h. O

Corollary 8.2 (L? moments estimates). Let fo € L2, and f§ € Gy. Then, for all t € [0,T],

(2

1/2
leCAkDllzz S 153165
1/2
17 (FlwDllze S 1531k
The constants involved in S depends on T and [|wl|Le only.

Proof. For instance, for the second estimate, Holder’s inequality gives

2 1 2 21,12 £2 1
(/U\v\fdv) - (/U(1+\v\)\v\f>< dev) < (/<1+rvr> o2 f dv)(/mdv)

v v

from which we deduce [, J(f)%dz < C||f?||c,, and we use the estimate from Corollary 8.1. [

We will now establish some kind of stability estimate for f as a function of w. Let us start
with a lemma regarding the gradient.

Lemma 8.3 (L' gradient estimates). Assume that ||[Vyufollzy < co. Then,
IVaufilwlllny , < C(T, [[0zwlLge ) Vawfoll -
Assume furthermore that vV gy fol[z1 < oo. Then,

[0Vapfilwlllry, < O, [Jwllzg, s [10cwlle, s Ve folliy o 10V folly ,)-
x,v t,x t,x T,V z,v

Proof. Let us assume that fo € C2°, so that we are dealing with smooth, compact-supported,
strong solutions. The general case is once again deduced by density arguments. From

hf +0v0:f+ (w—v)0pf —f=0
we derive that g1 = 0, f, go = 0, f satisfy

Org1 + 0091 + Opw g2 + (w — v)0yg1 — g1 = 0, (8.3)
Orga + g1 4 v0zg2 + (W — v)0yg2 — 292 = 0 (8.4)

Multiplying (8.3) by sign(g;) and integrating over time (to be rigorous, one should replace
sign(z) by s,(z) = x/(|z| + n) and carefully let  go to zero), we are easily led to

d
= [1nlazde < 10awlsz=. [ [ lgaldzd.

Similarly, multiplying (8.4) by sign(g2) we get

d
E/ |g2|dxdv S//|gl|d$dv+//|gs|dxdv.

Summing these and applying Gronwall’s inequality gives the expected estimate. Let us now
establish the estimate on [[vVy,f[/r1 . From (8.3), (8.4), we derive that hy := v0,f and
ho :=v0, f satisfy

O¢h1 + v0:hy + (Oyw)ho + v(w — v)0yg1 — b1 =0,
Othgy + hi + v ha + v(w — v)Oyge — 2hy =0
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Now since (w — v)yh; = (w —v)g; + v(w — v)d,g;, we can rewrite
v(w —)0yg; = (w — v)Iyh; + hi — wyg;
and get
O¢h1 + v0:hy + (Oyw)ho + (w — v)Oyhy — wgy = 0,
Otho + h1 + v0 hgy + (w — v)Oyhay — hy — wge = 0.

We then use the same approach to obtain
d
I ®llzy, < 10swlicg [he@)llzy , — 1@y, + llwllzgs, lor (@)l ,

ChaOlles, < I )ls, + lolzzs oot
and conclude by applying the previous estimates and Gronwall’s inequality. O
Corollary 8.3 (L' stability). Let w,w € D([0,T]; E). Assume
11 + W) Vaufollzy, < +oo.

Then the following estimates hold:

[pt[w] — pe[@]]| Ly < [ felw] — ft[@]”L}w S llw - @HL;@’

1T (fe[w]) = J(filw)llry S lw —wl[Lge, -
The constants involved in S depend on T, |[(1 + [v[)Vaufollry ., lwllzee, [0llzge . 10xwllrge,,
and ||0x0 ||z, only.

Proof. Let us once again assume that fo € C°. Let us denote f; = fi|w], fi = fil@], F = f— f
and W = w — w. These quantities satisfy

OF +v0,F + 8, [(w —v)F + W] =0
which can be rewritten as
OF + v0,F + (w — v)0,F — F + WO, f = 0.
Multiplying by sign(F'), we get
O|F| + v8,|F| + (w — v)y|F| — |F| + sign(F) W, f =0
and we deduce
CIF@ay, < Wiz Vel

Using the L' gradient estimates on f from Lemma 8.3, we get the first inequality. Now let
G = vF. Multiplying (8.1) by v, we get

,G +v0,G + v(w — v)IyF — G +vWa, f = 0.
Since (w — v)0,G = (w — v)F 4+ v(w — v)0, F this can be rewritten as

9,G + v0,G + (w — v)8,G — wF +vWad,f = 0.
Multiplying by sign(G), we get

0G| + v0,|G| + (w — v)8y |G| — sign(G)wF + sign(G)Wvd,f = 0

and we deduce

d
GO, < =GO, + llwlze IFOly, + 1Wlee 0Vaw fOlLy -

Using the L' gradient estimates on fand the inequality we just showed, Gronwall’s lemma gives
the expected estimate. O
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8.2 Existence and uniqueness
We are now ready to prove the following result.

Proposition 8.1. Assume that

//(1+ |v|4)|f0|2dmdv+//(1+ (0| Voo foldado < 0o, uo € HY for 7€ (3/2,2).

Then, for all B € (3/2,n), there exists a unique couple (f,u) with u € C([0,T); H?) solution of
the system (3.3) in the sense that

ft = film +u] as defined in (8.1),

t
u = S(tyuo+ [ 5(t = 5)[J(0) = pou] s,

where S(t) = % denotes the semigroup assoctated to the heat equation. For any k > 0,

assuming fo € G*, we have additionally f € C([0,T]; G).

Remark 8.1. The "numerical constants” used in the following proof may all depend on the
quantity supycpo 7y [|me(W)llyy 1,00, which is in any case assumed to be bounded in Assumption 1.

Let us define the recursive sequences

frec(o,T);L,,), n=>0

u" € C([0,T]; H)), n>0
as follows: (f2,uY) = (fo,u0) and
2t — film + "] as defined in (8.1), (8.5)

w = S(t)ug + /0 t S(t = 5)[J(f2+1) = pittul|ds. (8.6)

Claim 1: these sequences are well-defined

Since > 3/2, and we work in dimension 1, the embedding H? C W} guarantees that
ftlm + u"] can be properly defined as long as u™ takes values in H]l. We have

ds

t
i gz < ol + [ [[S¢¢ = )70+ = p+1ec
0 H!

with the classical estimate
Vwe L2, ||Stwllgn < 1 +t7")|wl|pz.

The L? estimates for f/'*' = f;[m + u™] from Lemma 8.2 give

1702 = o ulllze < C( sup [z ) (1+ sup [ufllzz))
te[0,T) te[0,T)

from which we deduce
t
5 iy < Nty + € sup ffllez)) [ (1 5772)d. (87)
t€[0,T 0

Since n < 2, it follows that, for all n > 0, u™ € C([0,T]; H)) and f" is well defined.

Remark 8.2. This calculation explains why we have to restrict ourselves to the one-dimensional
case z € T.
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Claim 2: (u"), is bounded in C([0,T]; L)
We have

t
i ez < ol + [ [[se =) [as) = pzttuz] | _as

1

1/246

and since H C LS for § > 0, we get L. C Y20

and the estimate

Vw € Ly, [[SMwlie < IS@w] /e < (1 +t*1/2*5)||w||H;1/2,5 S A+t Jwl gy

The L' estimates for fi'™' = f;[m + u"] from Lemma 8.2 give

[T = pet gl S 1+ sup Juglrg + [Jufllee S 1+ sup [lugl .
o€l0,s o€l0,s

It follows that (forgetting the 6 > 0 for simplicity)

t
lup Ml < [luollpze +C / (1+ =) (1+ sup |lul]lpz)ds.
0 o€0,s]

Introducing, for g > 0, the norm

vw e C([0,T], L), [Jwlly = sup e [wyrge, (8.8)
te[0,7)

is is easy to check that [[u™||, < a,||u™|, + b with a, € [0,1) for u chosen large enough. It
follows that sup, ||u"||, < oo, hence the result claimed.

Claim 3: (u"), is bounded in C([0,7T]; H))

Since supc(o 7] [[u” [l Lee S 1, this follows directly from (8.7).
Claim 4: (u"), is compact in C([0,T]; HY)
Noting that, with g” = J(f") — p"u""1,
t
VE € (D), (uf ) — (g &) = [ (a2 326) + (g7, E)ds,
we are led to
to 9
w0 < [ 12 3201+ g2 Olds
1

<l|t2 - tl\(HunHC([o,T];Hgg)HSHng + ”gnHC’([O,T];Lgm)”§HL§)
S b2 = tall[€]] gz,
that is in fact ™ € C%1([0,7]; H?~?) with a Lipschitz constant uniform in n. Ascoli’s theorem

therefore guarantees the compactness of (u"), € C([0,T]; H?~2). Recalling the bound from
Claim 3, we get the compactness of (u"), € C([0,T]; H?) by interpolation.
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Conclusion

We simply note that the mapping w,, — 41 is a contraction on C([0,T7]; L°):
+1 ! +1 +1 -1
et =, = | [ s =) [atrth = a0 = it =gz H]as] - 89)
< ¢ 1 _\1/2 Tty — g n+l, n+l _ n, n—1 d
~ Jo + (t S) H (fs ) (fs )”Lglv + ”ps Us PsUg HL% S.

Since f"*! = flm +u"] and f* = f[m + u" '], using Corollary (8.3) and the fact that (u"), is
bounded in C([0,T]; W1>), we get for all s € [0, 7]

1T = Ty S sup fug —ug™ e,

o€l0,s
and
oy = piul Ml < o™ (ud = ul ™Dl + (8 = pud i
S sup Jluy —uy | e
o€l0,s]
Therefore,

t
||u?+1 _ U?HL%’ 5 /0 (1 + (t — 5)*1/2) Sl[lop] HUZ — ugilnLgOdS.
oc|l,s

Using once again the norm ||.||, defined in (8.8), we are easily led to
o < Rl — 0

with k, € [0,1) for p large enough. As a result, u" converges to some u in the Banach
space C([0,T]; L). Since (u™), is also compact in C([0,T]; H?) we deduce that u" — u in
C([0,T); H?). We may now introduce f = f[m + u]. Using the same estimates as before (only
replacing u™ ! by u in (8.9)), we easily derive, as n goes to infinity,

up = S(t)up + /Ot S(t—s) [J(fs) — psus}ds.

Hence, (f,u) is indeed a solution to (8.1). If (f,7) is another solution with @ € C([0,T]; H)
and f = f[m + u], the same estimates lead to

flu — a”u < ku”“ - ﬂHH,

so that © = u and f: f. This concludes the proof of the well-posedness of (8.1).

Finally, let us assume that fy € G* and prove that f € C([0,T]; G¥). It is clearly enough
to show that ||f: — fol|gx — 0 as ¢ goes to 0. Given the form (8.1) and Lemma 8.1, this result
is easily obtained by dominated convergence when fy € C.(R??). It may then be generalized by
density to any fo € G¥, since, given fo € C,(R??)

vt € [0,1], |fe — fillx = /(1 + V5 (2)")1fo(2) = fo(2)ldz < Il fo — follan-

We have used the estimate |V{(x,v)[¥ < 1+ |v|¥ easily derived from the sub-linearity of (8.2),
with [|m + ul|Le < oco.
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