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Isolating the singularities of the plane projection of a generic space curve

George Krait!, Sylvain Lazard', Guillaume Moroz', and Marc Pouget!

Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy

Abstract

Isolating the singularities of a plane curve is the first step towards computing its topology. For this, numerical methods
are efficient but not certified in general. We are interested in developing certified numerical algorithms for isolating
the singularities. In order to do so, we restrict our attention to the special case of plane curves that are projections
of smooth curves in higher dimensions. This type of curves appears naturally in robotics applications and scientific
visualization. In this setting, we show that the singularities can be encoded by a regular square system whose solutions
can be isolated with certified numerical methods. Our analysis is conditioned by assumptions that we prove to be
generic using transversality theory, we also provide a semi-algorithm to check their validity.

Keywords: Transversality, Generic Singularities, Certified Numerical Algorithms, Interval Analysis, Singular Curve

Topology

1. Introduction

The problem of computing the topology of a real plane curve consists in computing a piecewise-linear graph that
can be deformed continuously toward that curve. Such a problem is critical for drawing plane curves with the correct
topology. A natural approach to compute the topology of a singular curve is first to isolate its singular points, second to
compute the topology in a neighbourhood of those points and third to compute the topology of the smooth remaining
part of that curve. One of the main challenges for this goal is to isolate the singular points efficiently and correctly.
The aim of this paper is to do so with certified numerical methods and we show that this could be achieved for the
specific class of plane curves that are projections of C'>° smooth curves in higher dimension.

By certified algorithm, we refer to algorithms that always output mathematically correct results in a given model
of computation; for instance, randomized Las-Vegas algorithms are (usually) certified, but randomized Monte-Carlo
algorithms are not; numerical methods that may miss solutions or output spurious solutions are not certified. We
consider in this paper the RAM model of computation. Recall that the singular points of a plane curve, defined by
the equation f(x,y) = 0, are the solutions of the system defined by f(x,y) = %(x, y) = g—g(x, y) = 0; it should
be stressed that this system is over-determined, i.e., it has more equations than variables, which prevents us to use
certified numerical methods such as interval Newton methods [MKC09a]. To the best of our knowledge, no efficient

and certified algorithm is known for isolating the singularities of any plane curve.
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Main contributions. In this paper, we present a square and regular system that encodes the singularities of the plane
projection of a C'>° smooth curve in R"™, which may not be algebraic (Theorems [36] & [5T)). This system can thus be
solved with state-of-the-art certified numerical methods based on interval arithmetic or certified homotopy tracking.
However it encodes the singularities of the plane projection only if some assumptions are satisfied (defined in Section
[2.2). Our second main result is the proof that those assumptions are satisfied generically using transversality theory
(Section [3). Finally, we present Semi-algorithm [3]that checks whether a given curve satisfies our assumptions, i.e. an
algorithm that stops if and only if the assumptions are satisfied. The combination of these results provides a method
that is both efficient and certified for computing the singularities of the plane projection of a generic curve.

We also address the case of curves that are the silhouettes of smooth surfaces in R™ (Definition 26). Such curves
naturally appear in parametric systems since they partition the parametric space with respect to the number of solutions
of the system. For such curves, all our results directly hold except their genericity for which we were only able to
prove some partial results (Section [3.3). Our contribution is a generalization of [IMPI6b] that only considers the

3-dimensional case and is in the same spirit as the work of Delanoue et al. [DL14].

State of the art. The problem of isolating the singularities of a plane curve is a special case of the problem of isolating
the solutions of a zero-dimensional system in R?. We give below a concise state of the art of certified methods for
these two problems, organized in two main classes.

Symbolic methods. Symbolic methods are widely used for solving in a certified way zero-dimensional systems.
Classical such methods are based on Grobner bases, resultant theory and univariate representations (see e.g., [[CLO92}
BPROO6]). In this context, methods dedicated to the bivariate case have also been designed (see [Hon96,|GVK96,
BLM™ 16l vdHL18|| and references therein). The drawback of such methods is, however, that they are not efficient
compared to numerical methods and that they do not handle non-algebraic curves.

Certified numerical methods. 'When a zero-dimensional system is regular (Definition [50), its solutions can be
isolated in a certified way using interval-arithmetic subdivision methods [Neu91,[MKCO9b|| or homotopy approaches
with certified path tracking (see [BL13] and references therein). However, these methods do not directly work for
isolating the singularities of plane curves because the system f(z,y) = %(x, y) = %(JI, y) = 0 that encodes the
singularities of the curve f(x,y) = 0 is neither square nor regular. To the best of our knowledge only two contributions
present certified numerical approaches for isolating the singularities of plane curves: Delanoue and Lagrange [DL14]]
consider the apparent contour of a smooth mapping from R? to R? and Imbach et al. [IMP16b]] handle plane projections

of smooth curves in R3.

The rest of the paper is organized as follows: In Section[2] we introduce notation and the assumptions we consider
in our approach. In Section[3] we prove the genericity of our assumptions, with a focus on the case of silhouette curves
in Section[3.3] In Section[d} we introduce the Ball system that characterizes the singularities of the plane projection and
we prove that it is regular at its solutions. Finally, in Section[5} we provide a semi-algorithm to check the assumptions

introduced in Section 2]



2. Notation and Assumptions

2.1. Preliminaries

For a positive integer n, a closed (resp. an open) n-box is the Cartesian product of n closed (resp. open) interval.
Assume that n > 3 and let B be an open n-box and B be the topological closure of B with respect to the usual
topology in R”. Let C>°(R",R"~!) denote the set of smooth functions (i.e., differentiable infinitely many times)
from R™ to R"~!. Consider the function P = (Py,...,P,_1) € C®(R",R""1). We will denote by € (resp. &)
the solution set of the system {Py(z) = -+ = P,_1(z) = 0}, with x = (21,...,2,) € B (resp. with z € B).
Also, consider the projection 7¢ (resp. mg) from € (resp. @) to the (21, x2)-plane. Unless otherwise stated, the plane
projection of a point x € R™ is (z1,x2). If € is a smooth curve (see the definition below), define £, (resp. £1)
to be the set of points ¢ in € (resp. €) such that the tangent line, denoted by T,&, (resp. 7,€) is orthogonal to the
(w1, 2)-plane. We also define the set £, (resp. £/) to be the set of points ¢ in € (resp. €) such that the cardinality of
the pre-image of ¢ (¢) under m¢ (resp. mg) is at least two. We will see later that, under some generic assumption, £,

(resp. £,) is equal to the set of points in € that project to a cusp (resp. node) which justifies the subscript ¢ (resp. n).

Regular and singular points [|[Dem00, Definition 2.2.2]. Let m > 1 be an integer, V' be a subset of R™ and p € V.

We call p a regular (or smooth) point of V' if V' is a sub-manifold at p, that is, there exist a neighbourhood W of p in

R™, an integer £ > 0 and k£ smooth functions ¢, ..., ¢ defined over W, such that VN W is the set of solutions
de1 Oy
oz T 0T,

of {p1(x) = -+ = pr(x) = 0} in W and the rank of the matrix | : : - |, evaluated at g, is k. We call
Opk Opk
oz ce OTm

this matrix the Jacobian matrix of the system {¢1(z) = --- = ¢r(z) = 0} and we denote it by Ji,, . o). If ¢ is

not a regular point of V', we call it a singular point. If all points in V" are regular, then V' is called regular or smooth.
Otherwise, V is called singular.

For ¢ = (¢1,..., ) € C°(R",R¥), we denote by T, its derivative (also known as the tangent map) at the
point g. Note that the Jacobian matrix J, = J(,, ... o) i8 the expression of the derivative in the canonical bases of

R™ and RF.

Definition 1. Let f be a real smooth function at a € R. The order of f at a is the integer ord,(f(x)) = min{k € N |

g%{:(a) # 0} if it exists, otherwise ord, (f(x)) = oo. For the case a = 0, we write for simplicity ord(f) = ord,(f).

Multiplicity in zero-dimensional systems.

Definition 2 ([CLOO0S| Definition 4.2.1]). For integers m > n > 1, let G = (g1(z), ..., gm(x)) be a polynomial
function from R™ to R™ and q be a solution of the system {G = 0}. Let R[z| be the ring of polynomials with n
variables and define R[z], = {Z—; | hi,ho € Rlz], ha(q) # 0} the localization of R[x] at q. Define the intersection
multiplicity of q in the system {G = 0} (or equivalently the multiplicity of the system {G = 0} at q) to be the dimension

of the real vector space %, where I is the ideal generated by the set {%-, ..., %} in Rlx],.



The previous definition is classical for the algebraic case. However, in our paper, we are interested in curves
defined as the zero locus of smooth functions. For this goal, we consider a more general definition for a system
S={fi(z) == fiu(x) =0} with f; € C*°(R"™,R). Let a be a solution of S and k be a non-negative integer, we

define the dual space of rank k, denoted by D¥[S], to be the vector space of all linear combinations ¢ of differential

. Bitedkn
functionals ;;ﬁ with ky + - -- + k, < k such that:
€T

1 -Udn
0
(a) DY[S] = span({m}),
(b) capplied to f;, evaluated at a is zero for all integers 1 < i < m, and

(c) foralli € {1,...,n}, the anti-differentiation transformation ¢; applied to cis in D*~1[S]. The anti-differentiation

. . . . . . . h
transformation ¢; is the linear operator mapping the order / differential functional 9 to the or-
J ozt 9z 7. ozhn

gh—1
b1 g Pl
Oz .uaij

if h; > 0 or to the order O differential functional g—g

der (h — 1) differential functional -
.0xp™ J

n
otherwise, where h = >~ h,.
i=1

Definition 3 ([DLZ11, Definition 1]). Let F € C>(R™, R¥) such that F~1(0) is a finite set and let a € R™ be a
solution of the system S = {F = 0}. Consider the ascending chain of dual spaces DO[F] C DL[F] C ... DI F] C
... If there exists an integer o such that D[F] = DX *1[F), then the dimension of the vector space D% |F) is called

the multiplicity of a in the system S. If such an o does not exist, the multiplicity is, by convention, infinite.

For polynomial systems, the two definitions are equivalent [DLZ11, Theorem 2] and in addition the following

proposition shows that algebraic tools can be used in the smooth case.

Proposition 4 ([DLZ11, Corollary 3]). For an integer k > n, let F = (f1,..., fx) € C°(R",R*) and let a € R™
be a solution of the system {F' = 0}. Suppose that the multiplicity of a in {F = 0} is m < oo, then the intersection
multiplicity at a of the polynomial system {G = (g1, . .., gx) = 0} is also m, where g; is equal to the Taylor expansion

of f; at a up to degree at least m.

Singularities of plane curves, nodes and ordinary cusps.

Definition 5 (JAGZV 12, §17.1]). Fori € {1,2}, let C; be a plane curve defined in a neighborhood U; C R? of p;
by the 0-set of a smooth function f;. The pairs (p1,C1) and (pa, Co) are equivalent, and thus define the same plane
curve singularity, if there exists a diffeomorphism o from Uy to Us such that 1 = fo 0 ¢ and ¢(p1) = pa.
In particular, a singularity is of type Ay if the curve is locally defined at the origin by the 0-set of the function
2

22 — y* 1. As important special cases, A is called a node singularity and A, is called an ordinary cusp singularity,

see Figure

Remark 6. It is worthy to notice that a curve C'is an ordinary cusp at a point p if C can be locally parametrized with

(22, 23) and p corresponds to the value z = 0. This remark is helpful to characterize ordinary cusps in Section



Figure 1: Left: At an A; singularity, two branches of the curve intersect transversally. Right: At an Asg41 singularity with k£ > 1,

the tangent lines of the two branches at the intersection point coincide.

2.2. Assumptions

Recall that we denote by .Jp be the Jacobian matrix of the function P in C*°(R"™,R"~!). Consider the following

assumptions:
Ay Forall ¢ € €, rank(Jp(q)) = n — 1. In particular, € is a smooth curve
Ay The set £, is discrete and does not intersect the boundary of B.

As For all points p = (o, ) € mg(€), the pre-image of p under g consists of at most two points in B counted

with multiplicities in the system {P(z) =0 € R" 1 2y —a = x5 — 3 = 0}.
Ay The set £/ is discrete and does not intersect the boundary of B.
As The singular points of ¢ () are only ordinary cusps or nodes (see Definition .

Remark 7. Regarding Assumption we will see in Lemma|l 8|that we can even assume that £, is empty in the case
of a generic curve. However, we are interested in curves where £/, is discrete since the latter case appears in the more

specific case of generic silhouette curves (see Section[3.3).

Lemma8. Let P = (Py...,P,_1) € C®°(R",R"!) satisfy Assumption Let q be in € such that the multiplicity
of the system S = {P(z) = 0 € R" ', 2y — a = zo — 3 = 0} at q is finite, where (o, B) = 7g(q) € R?. Then,

q € £ if and only if the multiplicity of the system S at q is at least two.

Proof. Without loss of generality assume that g = 0 € R™.
Sufficiency: Assume that ¢ € £. Letv = (v1,...,v,) be a non-trivial vector of the tangent line of € at ¢. Thus,

n
Jp(q) - vT = 0. By the definition of £/ we have v; = vy = 0. Define the differential operator c = > vi%. Notice
i=3 ‘

n
thatc- Pj = Y v; gi’f (¢) = O0for all integers 1 < j < n— 1 (see [DLZ11], 2.1] for the definition of ¢ - P;). Moreover,
i=3 ‘

by the definition of ¢ and since v; = vy = 0, we have ¢ - (z1) = ¢ - (z2) = 0. Hence, ¢ € D}[S]\ DY[S]. Thus,
dim(D]) > 1. Hence, the multiplicity of S at ¢ is at least two.
Necessity: Assume that the multiplicity of S at ¢ is at least two, then DJ[S] C D}[S]. This implies that there

exists a non-trivial differential operator ¢ = Y ¢; 52~ € DL[S]\ D2[S] such that:
i=1 ¢

INote that the converse is not true as the vertical (double) line defined by x% = 2o = 0 in R3 is smooth but the rank of its Jacobian is never

full.



(a) We have that ¢ - P; = 0 for all integers 1 < j < n — 1 which implies that if we write v; = ¢;, with 1 <7 < n,

the non-trivial vector v is in the tangent space of € at q.
(b) We have that ¢ - (z1) = ¢ (z2) = 0, equivalently, ¢; = ¢ = 0. Thus, v; = v = 0.

The tangent line to the curve at ¢ is thus orthogonal to the (1, x2)-plane. Thus, ¢ € £/. O

3. Genericity of the assumptions

The key to prove the genericity of our assumptions is Thom’s Transversality Theorem. We thus first recall, in
Section the basics of transversality theory using the notation of Demazure’s book [DemO0]. We then prove, in
Section [3.2] that all assumptions of Section [2] are satisfied for a generic curve. Finally, in Section [3.3] we consider
the special case where the curve is the silhouette of a surface and prove that Assumptions are generically

satisfied in this case.

3.1. Preliminaries

We work with the set of smooth functions C°°(R"™ R™"~1) with the weak (or compact-open) topology [Dem00,
§3.9.2], that is convergence is understood as uniform on compact subsets and for any derivative. A subset of C>°(R", R"~1)
is called residual if it contains the intersection of a countable family of dense open subsets. The space C>°(R"™, R" 1)
is a Baire space [Dem00, Proposition 3.9.3], that is, every residual subset of C>°(R™, R"~1) is dense. A property is

generic in C*°(R", R"~1) if it is satisfied by a residual subset.

Definition 9 ([DemO0, §3.8.3]). Let E ~ R"™ and F' be two finite-dimensional real vector spaces and let r = 0 be
an integer. Let P"(E, F') be the vector space of polynomial functions of degree at most v from E to F. For an open
subset U of E (with respect to the usual topology on E), let J"(U, F) = U x P"(E, F) be the space of jets of order r
of functions from U to F. Notice that J" (U, F') can be identified with an open subset of RN for some positive integer

N. Let f : U — F be a smooth function, the jet of order r of f is the function

j"f: UCR™ = J(UF) CRY

0 3} 02 "
T (x,f(x),ai(x),,axfn(x ’31@1(;;2 ) 3z{(x)) .

Let W be a sub-manifold of J" (U, F). We say that j" f is transverse to W if for all a € U either j" f(a) & W or

every vector of RV can be written as a sum of a vector of Tjr p(a)W and a vector in the image of the function T, j" f,

where Tjr ¢(oyW is the tangent space of W at j" f(a) and T,j" f is the derivative function of j" f at a.

Theorem 10 (Thom’s Transversality Theorem [Dem00, Theorem 3.9.4]). Let E and F be two finite-dimensional
vector spaces with U an open set in E. Let r > 0 be an integer and W be a sub-manifold of J" (U, F'). Then, the set

of functions f € C>®(U, F) such that j" f is transverse to W is a dense residual subset of C>°(U, F).

Proposition 11 ([Dem00, Corollary 3.7.3]). Let U be an open subset of R", N > 1 be an integer and W be a sub-
manifold of the vector space RY of pure co-dimension m. Assume that the smooth function g : U — RY is transverse

to W, then g=Y(W) is a (possibly empty) sub-manifold of dimension n — m.



The idea of our proofs of genericity of our assumptions is to express each of them as a system of equations in
the jet space. When this system defines a manifold, Thom’s theorem applies directly to pull back the manifold from
the jet space to the ambient space of the curve and obtain the subset where the assumption is satisfied together with
its dimension according to Proposition [TT} A difficulty occurs when the system does not define a manifold. The
following corollary overcomes this difficulty in the special case where the system is defined by analytic functions,
in other words the system defines an analytic variety. Such a variety does not need to be a manifold but, using the
Whitney stratification theorem [Whi65|], the variety is written as a union of manifolds on which Thom’s theorem is

then applied.

Corollary 12. Let E and F' be two finite-dimensional vector spaces with E of dimension n and U an open set in E.
Let r > 0 be an integer and W be an analytic variety of J" (U, F') with co-dimension larger than n, then for a generic

P € C*®(U, F), the pre-image of W under j" P is empty.

Proof. Let W = |J W, be a Whitney stratification of W, where the W;’s are sub-manifolds. Since codim(W) > n,
=1

K2

we have that codir;l(Wi) > n for any integer 1 < ¢ < m. LetT'; = {P € C>®°(U, F) | j"P is transverse to W; } and

1=

=T By Theorem T'; is residual and so is I'. Moreover, by Proposition for P € T'; the pre-image of W;
i=1
under ;" P is empty. Hence, (j"P)~ (W) = | (7 P)~1(W;) = 0. O
i=1
We will also need a refined version of Thom’s theorem in a multijet setting, that is for several points in the
source space simultaneously. We give the formal definitions of the multijet space and function but we do not restate

Theorem [I0} Proposition [[T]and Corollary [12]that also hold for multijets.

Definition 13 ([Dem00, §3.9.6]). Let U be an open subset of R™ and k > 1 be an integer. We denote A,y (U) the
subset of U consisting of sequences (a1, ..., ay,) of pairwise distinct points of U. For an integer r > 0 and a finite
dimensional space F, the k-multijet space of order r, J(Tk)(U7 F), is the subset of J"(U, F)* = (U x P"(E, F))*
consisting of the k-tuples ((a1,p1), - - -, (ax, pr)), with (ay, ..., ax) € Agy(U). Let f : U — F be a smooth function,

the k-multijet of order r of f is the function
It AwU) = J(y(U, F)
(a1y... ak) = (" f(a1),..., 3" f(ak)).
Finally, we gather several technical tools from algebra and analysis.

Proposition 14 ([BV88| Proposition 1.A.1.1]). Let M (m,n) be the vector space of real matrices of size m X n and r
be a positive integer such that r < min{n, m}. The determinantal variety, M,., is the set of matrices in M (m,n) that

have rank less than r + 1. Then, the following statements hold:
(a) M, is an irreducible variety in M (m,n).
(b) M, is of dimension r(n +m —r).

(c) The singular locus of M, is M,_.



Lemma 15 ([Boc64, §XIV.61 Theorem 1]). Let n > 2 be an integer, {z;j}1<;,i<n be a set of n* variables and
Clzijligy,ixn be the ring of complex polynomials with the variables {x;;}. Then, the determinant of the matrix

(@ij)1<i,j<n is an irreducible polynomial in Clz;;]1<; i<n-

Theorem 16 ([Whi43, Theorem 1 & 2]). Let f be an even (resp. odd) smooth function, then there exists a smooth

function g such that f(x) = g(x?) (resp. f(x) =z - g(2?)).

3.2. Genericity of the assumptions for a curve in R™

We are going to prove that each assumption in Section [2]is generic. Hence, the combination of these assumptions

is also generic since a countable intersection of residual subsets in C°°(R™, R"~!) is residual.
Lemma 17. Assumption[Ai]is generic.

Proof. Consider the jet of order 1 of the function P € C>°(R",R"~1):

jIP: R™ = JYR",R™ 1) = R" x R"~! x R(*=1)xn

x = (z, P(x), Jp(x)) = (z,vy, 2).

We represent the jet space by the variables = € R™,y € R* ! and z € R(®~1*"_ With abuse of notation, we can
see the variable z as a (n — 1) x n-matrix. Define the variety W = {(x,y,2) € R® x R*~1 x R(*=Dxn | 4 —
0,rank(z) < n — 2}. The variety W is a product of a determinantal variety in R("*~1*™ of dimension n? — n — 2
(by Proposition and a linear space of dimension 7 in R” x R”~!. Thus, W is a variety of co-dimension n + 1 in
R™ x R"~1 x R(*=1*"_ Hence, by Corollary [12] there exists a residual subset T'; < C°(R™, R"~1), such that for
P €T, the pre-image of W under j! P is empty. Consequently, for a generic P € C°°(R",R"~!) and any q € €, we
have that ¢ ¢ (j1P)~*(W) = 0, thus rank(Jp(g)) = n — 1, which is Assumption [A;] O

Lemma 18. Assumption is generic. Moreover, generically, the set £/, is empty.

Proof. We consider the jet of order 1 of the function P € C*°(R",R" 1) as is the proof of Lemmawith the same
notation. Define the matrix T} (z) (resp. T2(z)) to be the sub-matrix of z obtained by removing the first (resp. second)
column. Consider the variety W C J'(R™,R"~!) defined by {y = 0 € R"~! det(T1(z)) = det(Ta(z)) = 0}.
Notice that £/ is included in the pre-image of W under j!' P since £/ is the set of points of the curve € that are
both x; and zy-critical. By Lemma |15 we have that both det(7}(z)) and det(75(z)) are irreducible polynomials.
By [CLO92, §9.4 Prop 10], a proper sub-variety of an irreducible variety is of lower dimension, we deduce that the
common zero locus of det(7(z)) and det(7%(z)) is of co-dimension at least two. We deduce that codim (W) > n.
By Corollary there exists a residual subset 'y C C°°(R™, R™"1), such that for P € T'y N T'y, the pre-image of W
under j! P is empty and hence £/, is empty, which implies Assumption O

Lemma 19. Assumption|A3]is generic.



Proof. Let us consider the 3-multijet of order 0:
]?3)P . A(S) (Rn) — J(Og) (Rn,Rn_l) — (Rn X Rn—l)3
(@, 2, 2") = ((z, P(x), (2, P(")), (2", P("))) = ((2,9), (", 9), (2", "))

where every element in the jet space J(OB) (R™, R"~1)is of the form ((z,y), (z',9'), (z",y")), where x = (x1,...,2y),
2',2" € R™ and y,y,y” € R"L. Consider the linear sub-manifold W = {x; = 2} = 2/, 20 = 24 = 24,y =
y' =y = 0}, the co-dimension of W is thus 3n 4 1 which is larger than the dimension of the source space A 3 (R™)
which is 3n. Thus, by Corollary there exists a residual subset I's € C°°(R™,R"~1), such that for P € I's, the
pre-image of W by j&) is empty, which translates to the fact that there are no pairwise distinct points ¢, ¢’, ¢ in €
such that 5 (q) = mg(q') = mg(¢"). This is also equivalent to say that the system S = {P(z) =0 € R" ! 1 —a =
x9 — 3 = 0} has at most two distinct solutions (without counting multiplicities) for any («, ) € R2.

Using I'1, I'5 as defined in the proofs of Lemmas (17| & [18|and I'3 defined above, we define 'y = 'y NT's NIy
which is thus a residual set and let P be in I'y. Since P is in '3, the system .S has at most two distinct solutions. In
addition, since P is in I’y N T'y, one has that £/, is empty and finally together with Lemma [8} since P is in I'y, this
implies that these solutions have multiplicity exactly 1 is S. For P in the residual set I'4, the number of solutions

counted with multiplicities of S is thus at most 2, which is Assumption [A3] [
Lemma 20. Assumption is generic.
Proof. Let us consider the 2-multijet of order 0 of P:
iy Pt Ae)(R™) = Jioy (R™, R ) = (R" x R"™1)?
(z,2") = ((z, P()), (2", P(z"))) = ((z,9), (@', 9/))

where every element in the jet space J(OQ) (R™, R"~1) is of the form ((x, ), (',y')), where z = (21, ...,7,), 2’ € R"
and v,y € R""1. Consider the linear sub-manifold W = {z; = 2,22 = 24,y = 3’ = 0} of the jet space
J&) (R™,R"~1). Notice that, (j?Q)P)*l(W) contains the set £, = {(q1,¢2) € Ay (R")NEXC | mg(qr) = mg(ge)}
and £/, is the image of £, by the projection (g1, ¢2) — ¢1. We have dim(A2)(R™)) = 2n and, since W is linear, its
co-dimension is easily computed codim(W) = 2(2n — 1) — (2 + 2(n — 1)) = 2n. Proposition [L1| thus yields that
generically ( ]'E)Q)P)*1 (W) is a sub-manifold of dimension zero that is a discrete set in R”, and so is £7,.

Now, we prove that, generically, £/ does not intersect the boundary of B. The boundary B of the box B is
included in the union of the supporting hyperplanes H; of its 2" faces of dimension n — 1, that is 9B = U=2" H;.
Define the linear sub-manifold W; = {((z,y), («',y’)) € W |x € H; or 2’ € H;}, notice that this adds one equation
to W and thus increases the co-dimension of W by one, thus codim(W;) = 2n + 1. By Corollary we have that
generically, the pre-image of W, under j&)P is empty, which translates to the fact that there is no point of £/ on

OB N H;. This is also true for any ¢ and thus, generically, £/ does not intersect the boundary of B. O

For the genericity of Assumption we first study the singularity types that occur on the plane curve 7¢(€) under

Assumptions and



Lemma 21. Under Assumptions and letq € Candp = we(q). If ¢ & L. U Ly, then p is a smooth
point of the plane curve g (C).

Proof. Since g ¢ £, the plane projection of T, is a line, or equivalently, the derivative T, m¢ of me at ¢ is injective.
Thus, ¢ is an immersion at ¢ ([Dem00, Definition 2.9.3]). Hence, for a small enough neighbourhood Uy of ¢ in R,
we have that 7¢ restricted to V' = Uy N € is embedding (see [DemO0, Proposition 2.9.6]). We are going to prove that,
assuming that Uy is small enough, the curve 7¢ (€) has exactly one branch around 7¢ (¢) which implies that 7¢ (€) is
smooth at 7¢ (¢) since € is smooth at ¢ by Assumption [A4,]

To prove this claim, assume that there exists an open subset U in R™ such that the set V' = Uj N € and V are
disjoint, but ¢ (g) is in the closure of w&(V”’). Let g be a sequence of points in V' such that 7¢(gx) converges
to m¢(q). Since B is compact, there exists a convergent sub-sequence of g, that has a limit ¢’ in B. Notice that
7s(q¢") = me(q) by the continuity of 7. Hence, ¢, ¢’ are both in £]. However, since ¢ ¢ £,, we must have that
q' ¢ B. Hence, ¢’ is in the boundary of B which contradicts Assumption Hence, the curve 7¢ (€) has exactly one

smooth branch around 7¢ (¢) which concludes the proof. O

Lemma 22. Under Assumptions and if ¢ € £y, then me(q) is a singular point of the plane curve
me(€). More precisely, either m¢(q) is of type Ay, with k > 0, or there exists a non-null smooth function g
defined in a neighbourhood of 0 € R with ord(g) = oo such that (we¢(€), me(q)) is equivalent to the curve defined by

22 — g(y?) = 0 at the origin.

Proof. Letp = 7¢(q) such that mz ' (p) = {q, ¢’} and denote C the plane curve ¢ (€). Without loss of generality, one
can assume that p = (0,0). By Assumptions and there exists a neighbourhood N C C of p such that 7z ' (V)
is a union of two smooth (Assumption open subsets of € such that ¢ is on one branch and ¢’ on the other, and
e restricted to w5 ' (N) \ {p, ¢’} is an embedding. The projection of these two smooth branches are thus two smooth
curves in the plane. Let these two smooth plane branches be defined by the zero sets of the smooth functions f; and
foin C°(R?,R). Let u (resp. u’) be a non-zero tangent vector of € at ¢ (resp. ¢’) and v (resp. v’) be its projection in

R2. We distinguish two cases:

(a) The vectors v and v’ are independent in R?. Thus, v and v’ give rise to a local coordinate system (x,y) in a
neighbourhood of p in R2. The vector v being tangent to the zero set of f1, one has % (p) =0and %—J;l (p) #0.
By the implicit function theorem [Dem00, Corollary 2.7.3.], we deduce that there exists a real smooth function
hy such that y = 22 - hy(x) is a local parametrization of the zero set of f;. Similarly, there exists a smooth
function hy such that z = y? - ho(y) is a local parametrization of the zero set of fo. Thus (x,y) € N iff
f(@,y) = file,y) faz,y) = 0iff (y — 2° - ha(2))(x — y* - ha(y)) = 0, equivalently, [y — 2 —2? - hy () +y? -
ha(y)]? = [y +2 — 22 - hi(z) —y? - ha(y)]? = 0. The change of coordinates X =y —z + 22 - hy(z) +y? - ha(y)
andY =y +x + 2% - hy(x) — y* - hao(y) is a diffeomorphism since indeed det(J, ,(X,Y)), # 0). Then, the
local equation of the curve C' at p is of the form X2 — Y2 with these new coordinates, which means that p is a

A7 or node singularity.
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(b) The vectors v and v’ are co-linear. Then, choose v € T,R? linearly independent from v, the vectors v, v”
o . . . 9 d

give rise to a coordinate system (z,y) at p. In this coordinate system, we thus have %(p) = %(p) =0,

%—J;(p) # 0 and %—Js(p) # 0. By the implicit function theorem, there exist smooth functions h; and ho such

that locally f(x,y) = 0 if and only if (y — 2 - hy(z))(y — 22 - ha(z)) = 0. The last equality is equivalent to

(2y — 2%(h1(2) + ha(2)))? — 24 (h1 () — ha())? = 0. Assumption[Ay]ensures that the projections of the two

branches have only one common point, such that h; (x) — ho(x) does not vanish identically. We recognize two

cases:

() ord(hi(x) —ha(z)) = k < 0o, then hy(x) — ha(z) = 2* - u with u(p) # 0 and without loss of generality,
assume that u(p) > 0. The change of coordinates X = 2y — x?(hy(x) + ha(z)) and Y = z - uTiF isa
diffeomorphism (notice that indeed w¥F is a smooth function around p). Then, the local equation of the
curve C at p is of the form X2 — Y (26+3)+1 with these new coordinates, which means that p is a singularity
of type Ay 5.

(ii) ord(hi(z) — ha(z)) = co. Since the function x*(h;(z) — ha(x))? is even, by Theorem |16} there exists
a smooth function g such that z*(h;(z) — hao(x))? = g(x?). Thus, taking the diffeomorphism X =

2y — x2(h1(z) + hao(x)) and Y = x, we get the second case of the claim.

The next definition and lemma are technical tools for proving the genericity of Assumption

Definition 23. Consider P = (Py,. .., P,_1) € C®(R",R" 1) satisfying Assumption|A|and recall that we denote
by Jp(q) the Jacobian matrix of P at the point q. We define the (n — 1) x (n — 2) sub-matrix Mp(q) obtained by

removing the first two columns of Jp(q) and the (n — 1) X 2 sub-matrix Np(q) formed by the first two columns of
8 y
NP(Ql) 0 MP(Ql)

Np(q2) Mp(q2) 0

Jp(q). Let q1, g2 € €, we define the square matrix of size 2n—2, M (q1, q2) =

Lemma 24. Using the same assumption and notation as in Definition let q1 and qs be distinct points of € with
me(q1) = me(ge), then M (q1,qe) is invertible if and only if none of q1 or qo is in £. and the plane projections of the

tangent lines of € at q; and qo do not coincide.

Proof. We prove the converse statement using
det(M(q1,q2)) =0 <=  There exist @ € R? and 3,y € R"~? such that the vector

x = (a, B3,7) is not trivial and that M (g1, g2) - 7 = 0.
< (a, ) and (a,) are in the tangent lines T}, € and Ty, € respectively

and at least one of them is not trivial.
The last statement can be split in two cases:

e « is not trivial which is equivalent to say that the plane projections of Ty, € and T}, € are both generated by «

and coincide.
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e o = (0,0) which is equivalent to 3 or + is not trivial, which is equivalent to 7, ¢ or T, € projects to a point in

the plane, which is equivalent to ¢; or gs is in £,.

Corollary 25. Assumption[A3]is generic.

Proof. Let B be an open n-box. Recall that generically £/, (and hence £.) is empty (Lemma . Hence, it is enough
to prove that for a generic P € C°°(R"™,R"~!), the singular points of ¢ (€) are only nodes (recall that by Lemma
under the generic assumptions and[A4] the points in € \ (£, U £,) project to smooth points).

Let I'y be the set of P € C°°(R",R™~!) such that P satisfies Assumptions and The previous

lemmas of this section show that I' is residual in C°°(R™,R"~1). Let us consider the 2-multijet of order 1 of P:

Jly P Be)(RY) = Jio)(R™, R € (R* x R*™ x R 1)xn)2

(CC, 37/) = ((.7;, P(m>7 ‘]P(x))’ (CL‘/, P(xl)’ JP(I/))) = ((.7;, Y, z)’ (.’El, ylv Z/))

Let s, (resp. 7,7') be the sub-matrices of z, 2’ respectively obtained by removing the first two columns (resp.

r 0 s

obtained by the first two columns). Define the matrix M = and the variety

s 0

W= {((z,y,2), (2,y,7")) € (R" x R"™ x RO=D*XM)2 |y — o/ — 0, 2y = 2|, wy = 2}y, det (M) = 0}.

The variety W is a product of a determinantal variety and a linear space, thus its co-dimension is codim(W) >
2n + 1 > 2n = dim(A)(R™)). Hence, by Corollary 12| there exists a residual subset I'y in C°°(R™, R"~!) such
that for all P € T'), the pre-image of W under j(lz)P is empty.

Let then P be in the residual set I'o N I'j. By Lemma [24| and since £, is empty, we deduce that for distinct
¢1,92 € € with m¢(g1) = me(g2), the plane projections of the lines T, € and T, € intersect transversely if and only
if j(12) ((q1,92)) ¢ W. Finally, by Lemma (Step (a) of the proof), we deduce that 7¢(q1) = 7e(g2) is a node in
e (). O

3.3. Genericity of the assumptions for the silhouette of a surface in R"

In this section, we focus on the special case of silhouette curves of surfaces in R™. For an open n-box B and P
in C>°(R™, R"~2) such that S = P~1(0) is a smooth 2-sub-manifold in R", the silhouette of P is the set of points
q of this surface S such that the projection (with respect to a fixed direction) of the tangent plane 7,5 to R? is not
surjective. We prove that Assumptions & are satisfied for a generic silhouette, and we only conjecture
that Assumptions[A3| & [A5]also hold generically. We start by formalizing algebraically the definition of the silhouette

curve.

Definition 26. For an integer n > 3, let P = (Py,...,P,_3) € C®(R",R""2). Define the smooth function
P, 1 = det ((gfj) 1<i<n2> and P = (Py,...,P,_1). We define the curve € (and €) as in Section|2|and call it

3<ysn

the silhouette of P.
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Proposition 27. For a generic PeC® (R™,R"~2), the function P satisfies Assumption
Proof. Consider the jet of order 1 of P:

P R" o JY(R",R"2) = R" x R"2 x R=2xn ~ R1°-2 = RN

T = (xvﬁ(x)v‘]ﬁ(x)) = (Cﬂ,y,Z).

We represent the jet space by the vectors € R™,y € R”~2 and the ((n — 2) x n)-matrix z € R(™®=2>"_ Let T(z)
denote the sub-matrix obtained by removing the first two columns of z. Define the variety W = {y = 0,det(T'(z)) =
0} = {y = 0,rank(T(z)) < n—3} in RN, According to Proposition W = Reg(W)U Sing(W) where Reg(W)
(resp. Sing(W)) is the set of smooth (resp. singular) points in W and

Reg(W) = {(z,y,2) € RN | y = 0,rank(T(z)) = n — 3}

Sing(W) = {(x,y,2) € RN |y = 0,rank(T(2)) < n — 3}.

In addition, Proposition [14] yields that Reg(WV) is a manifold of co-dimension n — 1 and Sing(W) is a variety of
co-dimension n + 2. Since the co-dimension of Sing(W) is larger than that of the source space, Corollary [12|implies
that, generically, (1 P)~1(Sing(W)) = . One thus have (j1P)~1(W) = (j1P)~!(Reg(W)).

Consider the function

©: R x R"2 x R(=2)xn , Rn=2 « R

X = (2,9, 2) = (y,det(T'(2))),

0 n— n I n— n— O n— n—z)n
such that p=*(0) = W. Its Jacobian matrix is J, = (n=2)x (n=2)x(n=2)  Tn-2)x(n-2) , where O, xk,

O1x(n) O1x(n-2) v(2)
(resp. Ik, xk,) is the zero (resp. identity) matrix of size k1 X ko and the vector v(z) is the adjugate matrix of T'(z)

written as the concatenation of its lines: v(z) = (Adj" (T(2)))1<i<n—2 € R=2" Let y = (z,y,2) € Reg(W),
then rank(7(z)) = n — 3, thus there exists a pair (4, ) such fhiljtgjldjij(T(z)) # 0. Hence, the vector v(z) is
non-trivial and J,,(x) has full rank n — 1. The function ¢ is thus a submersion on Reg(W).

Theorem |10 yields that, generically, j 1P is transverse to the manifold Reg(W). Together with the fact that
© is a submersion on Reg(W), [GG73, Lemma I1.4.3 (p.52)] implies that P = ¢ o jllS is a submersion on
(j1P)"Y(Reg(W)) = (Gj1P)X(W) = (5 'P) (¢~ 2(0)) = (¢ 0 j*P)~1(0) = P~1(0) = €. In other words,
Jp has full rank n — 1 on €, which is Assumption O

Proposition 28. For a generic PeC® (R™,R"~2), the function P satisfies Assumption

Proof. First we prove that, generically, £/, is discrete. Forany P € C°°(R"™, R"~2) consider j2P : R® — J2(R",R""2) C
R" x R"=2 x R(=2)xn x Rr*(n=2) — RN Assume that every element in R is represented as (z, , z, k), where €
R™, y € R"2,z € R("=2)%7 and h, € R"’("=2)_ With abuse of notation we can consider z as a ((n —2) X n)-matrix.

Let T'(z) denote the matrix obtained by removing the first two columns of z. The Jacobian matrix Jp is a function of
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. . . 2 . . . .
the derivatives (gf% , afk%) 1<i,l<n—2, it can thus be seen in the jet space as a function of z and h, Jp(z, h). Define
j s ’

1<7,k,s<n
the matrix Ty (z, h) (resp. T2(z, h)) to be the sub-matrix of Jp(z, h) obtained by removing the first (resp. second)
column. Define the variety W = {(z,y,2,h) | y = 0 € R""2 det(T(2)) = det(Ty(z, h)) = det(Tz(2, h)) = 0}, so

that £, is included in the pre-image of W under j2P. Let Wy = {(z,y,2,h) | y = 0 € R" 2 det(T'(z)) = 0}, we

already showed in the proof of Proposition [27|that W7 is an irreducible variety of co-dimension n — 1. In addition,
det(T1(z,h)) does not identically vanish on W7, thus W is a proper sub-variety of the irreducible variety W and
[CLO92, §9.4 Prop 10] implies that codim(W) > codim(W;) =n — 1.

Now, write W = Reg(W)USing(W), where Reg(W) (resp. Sing(W)) is the set of smooth (resp. singular) points
in W. Recall that codim(Sing(W)) > n since Sing(W) is a proper closed sub-variety of W [BCR98| Proposition
3.3.14]. By Corollary there exists a residual set IV C C'°°(R"™, R"~2) such that if P € I”, then the pre-image of
Sing(W) under j2P is empty. Define I' = {P € C>(R™, R"~2) | j2P is transverse to Reg(W)}NI". Notice that if
P €T, then £/ is included in the pre-image of Reg(WW) under 42P. Hence, since codim(Reg(W)) = codim(W) >
n, we have by Propositionthat £! is a sub-manifold of dimension, at most, zero. Thus, £/, is discrete for all Perl.
Using Theorem |10| we deduce that I is residual.

The proof that £/ does not intersect the boundary of B can be done analogously as in the proof of Lemma [

Proposition 29. For a generic PeC> (R™,R"~2), the function P satisfies Assumption

Proof. Consider the 2-multijet j(12)15 P Ay (RY) = Jio) (R, R"™?) = (R* x R"~? x R("=2)xn)2 of the function
P € C=(R",R"2), where (R" x R("=2)xn x R(n=2)xn)2 5 described by the coordinates z, 2’ € R", 1,y € R"~2
and z, 2/ € R("=2)*"_ With abuse of notation we can consider z and 2’ as ((n — 2) x n)- matrices. Let T(z) (resp.
T(z')) denote the matrix obtained by removing the first two columns of z (resp. z’). Define the variety W to be
the solution set of the system {y = ¢ = 0,21 — 2] = 22 — x4, = det(T(z)) = det(T(z")) = 0}. Denote by
Reg(W) the regular part of W. By Proposition |14| (a) we deduce that W is of co-dimension 2n. Using the same
argument in the proof of Proposition we deduce that there exists a residual set I' ¢ C°°(R", R"~2) such that if
P €T, then the image of Ag(R™) under j(lz)ﬁ is contained in Reg(W'). Moreover, by Proposition we have that
Mp = (jgyP) "' (Reg(W)) = (j5yP) "' (W) is a sub-manifold of dimension zero in Ay(R™). Notice that £, is the
image of Mp under the projection (z,x’) — x. Since Mp is of dimension zero, then so is £/. Thus we have just

proven that, if P €T, then £! is a sub-manifold of dimension zero. Hence, £/, is discrete.

The proof that £/ does not intersect the boundary of B can be done analogously as in the proof of Lemma [
Assumption [As|can be rephrased by the three following assumptions:

Ajs(q) There are no pairwise distinct ¢, ¢’, ¢" € € such that 7¢ (q) = me(q') = me(q”).

Aspy L.N L, =0.

A3y For g € £, the multiplicity of the system {P(z) =0 € R"™!, (z1,x2) = me(q)} at ¢ is exactly two.

Using this rephrasing, we next show that Assumptions [A3(,)| &[A3;)| generically hold and we leave Assumption[A;z ()|

as a conjecture.
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Proposition 30. For a generic function Pe C>(R",R"2), Assumptionholds.

Proof. Consider the 3-multijet j(ls)ﬁ DA (R?) = Il (R R™?) = (R" x R*72 x R(*=2)X™)3. Assume that
every element in (R” x R"~2 x R("=2)")3 is of the form ((x, ¥, 2), (z', 3, 2'), (z", 4", ")), where z, 2’ 2" € R",
y,y,y" € R* 2 and 2,2/, 2" € R(®=2)*"_ With abuse of notation we can consider z, 2’ and 2" as ((n — 2) x
n)-matrices. Let T'(z),T(z’),T(z") denote the matrices obtained by removing the first two columns of z,z’, 2"
respectively. Consider the variety W defined by the equations: {x; = 2} = 2,20 =2 =2,y =y ' =y" =0¢€
R"2 det(T(z)) = det(T(2")) = det(T(2")) = 0}.

Notice that dim(A(3)(R™)) = 3n < 3n + 1 = codim (/). Hence, by Corollary we have that, generically, the
pre-image of W under j (13) P is empty. Hence, there are no pairwise different ¢, ¢, ¢ € € such that ¢ (q) =me(qd) =

me(q"). O
Proposition 31. For a generic function P € C>(R™, R"~2), Assumptionholds.

Proof. Consider the 2-multijet j%) P : Aq)(R") — J% (R",R"~2) = (R" x R"~2 x R(""2)xm » R*(n=2))2 of
the function P € ¢ (R", R"2), where (R" x R("=2)xn  R(n=2)xn R"Q("’Q)P is described by the coordinates
2,2 € Rhy,y € RP2 2,2 € R=2xn and b, k' € R™("=2)_ With abuse of notation we can consider z
and 2z’ as ((n — 2) X n)- matrices. Let T'(z) (resp. T'(z')) denote the matrix obtained by removing the first two
columns of z (resp. 2'). Define the matrices Ty (z, h), T>(z,h) as in the proof of Lemma [28] and the variety W to
be the solution set of the system {y = ¢/ = 0 € R" 2 x; — 2] = 23 — ah, = det(T(2)) = det(T(z') = 0,
det(Ty1(z,h)) = det(Tz(z, h)) = 0}.

Define varieties W/ = {(x,y,2z,h) | y = ¢ = 0,det(T(z)) = det(T(z')) = 0,21 = z},22 = a4} and
W" = {(z,y,2,h) | y = ¢ = 0,det(T1(z,h)) = det(T2(z,h)) = 0}. Notice that W = W' N W". Moreover,
we can find a smooth silhouette curve C' that is not an orthogonal line to (z1, z2)-plane and that contains two distinct
points ¢, ¢, with m¢(q) = me(q’) such that the projection of T,C' (resp. T,,C) onto R? is injective. Notice that
]'(QQ)ﬁ(q7 q'") € W\ W". Hence, W ¢ W". Moreover, since W' is the Cartesian product of determinant varieties
(which are irreducible by Proposition a)) with linear spaces, we have that W is also irreducible [BCR98, Theorem
2.8.3 (iii)]. In other words, W = W’ N W" is a proper sub-variety of the irreducible variety W’. Hence, dim(W) =
dim(W’ N W") < dim(W’), equivalently, codim(W) > codim(W’) = 2n. Hence, by Corollary [I2] we have that,
generically, the pre-image of W under j (22)]3 is empty. Since, by Proposition , Assumption (which is necessary
to guarantee that £/, is well-defined) is also generic, we imply that, generically, there is no distinct pair ¢,¢" € € such

that m¢(q) = me(¢’') and ¢ € £, equivalently, £/ N £/, = @ which proves the proposition. O
Conjecture 32. For a generic function P € C*(R", R"~2), Assumptionholds.

Conjecture 33. For a generic function P € C*(R", R"~2), Assumptionholds.
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4. Modelling System

Our goal in this section is to encode the singularities of 7¢ (€) by a square and regular (see Deﬁnition system so
that it is solvable with certified numerical methods. In Section 4.1} we first define this system Ball(P). In Section[4.2]
we then locally parametrize the curve around the points in £, to simplify the computation of Ball(P) and its Jacobian.

In Section[4.3] we determine the necessary and sufficient conditions for this system to be regular.

4.1. Encoding the singular points of the plane projection

Definition 34. Let y, r be two variables in R"~2 and t be a variable in R. For a smooth function f : B C R® — R,

we define the functions:
%[f(thz,y + T\/Z) + f($17$2,y - T\/Z)L fOI‘t >0

S f(th?:yﬂnat) =
f($1,$2,y), fort:0

and
Slf @, @2y + vV — fan,@a,y — VD), fort >0

D'f$:957y,r7t = n
(1, 72,307 8) Vf(z1,32,7) - (0,0,7) = 3 2ry, fort = 0.
i

Lemma 35. If f is a smooth function defined on B C R™, then both S - f and D - f are smooth functions on the subset
Bian = {(#1,22,y,7,t) ERXRXR" 2 xR" > xR |t >0, (z1, 22,y £7Vt) € B, ||r||* = 1}
of R*™~, where ||r|| denotes the Euclidean norm of r.

Proof. On the subset Bg,y with t > 0, both S - f(xq,x2,y,7,t) and D - f(x1,2s,y,r,t) are the compositions of
smooth functions, hence they are smooth functions.

For a point X = (x1, 22, y,r,t) in Bgay with t = 0, we will prove that S - f (resp. D - f) is a C* function for an
arbitrarily s which implies that S - f (resp. D - f) is smooth. First define the function
%[f(a:l,x27y +71t)+ f(ay, 20,y —1t)], fort >0

f(z1,22,9), fort =0.
Since Sy - f(x1,x2,y,r,t) is an even smooth function with respect to ¢, the partial derivatives of Sy - f with respect

SO : f(l‘lal“%ya?"a t) =

to ¢ of odd orders, evaluated at X, are zero. For an integer s > 0, by the parametrized Taylor formula without

remainder [DemO0, Proposition 4.2.2], there exist smooth functions a;(z1, 2, y, r), with integers 0 < ¢ < s such that

s—1 )
So- f(xy, 20, y, 7 t) = > ai(w1, 22,9, )12 + 125 - ¢(21, 22,9y, ), where ¢(1, 22, y, t) is a smooth function. Notice
i=0
s—1 .
that S - f(z1, 29,9, 7,t) = > a;(w1,22,y,7)t" +1° - ¢(x1, 22, y, V1), so that a partial derivative exists up to order s
i=0

att = 0. Thus, S- f(z1, 22, 37, r,t)is a C*~! function. This holds for any arbitrarily large s, hence S f(x1, x2,y,7,t)
is a C*° function.
Now, we prove that D - f is continuous at X = (x1,z2,y,7,0). Let X; be a sequence that converges to X. To

prove that D - f(X;) converges to D - f(X), it is enough to show that for a sequence ¢; that converges to 0, then we
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have that D - f(x1,za,y, T, t,) converges to D - f(X). We can assume that ¢; # 0 for all 4, so that

= Jim 5 frma, -+ rVE) = fon = V)
tliiLnO %ﬁ[f(mlax%y + ’I“\/E) - (f(.’l?1,$2,y) - f(xlvx%y)) - f(mlax%y - T\/E)]

lim D - ;
tiILHO f(x17$27ya/ra tz)

Jim, %ﬁ[f(m,wmy +rvVti) — f(x1,72,9)]

+ [f(x1,22,y) — flx1, 22,y — rVT;)]

. 1
tlilino 24/t
1 1
gvf : (07077.) - §Vf : (0,0, _T)

=Vf-(0,0,7).

We now prove that D - f is smooth at X. Similarly to the proof of the case of S - f, since the function %[ flxy, e,y +
rt) — f(x1, 22,y — rt)] is odd with respect to ¢, there exist smooth functions b;(z1, z2,y,r), for 1 < ¢ < s and

s—1 .
w(ﬂh, x2,Y,T, t) such that %[f(xla x2,Y +Tt) - f(xla Z2,Y — Tt)] = E bi(.’El, x2,Y, T)tQH_l +t28+1 : w(xla x2,Y, t)
i=0
s—1 )
Notice that D - f(x1,z2,y,7,t) = > bi(x1, T2, y,7)t" + 5 - b(x1, T2, y, V), so that a partial derivative exists up
i=0
to order s at t = 0. Thus, D - f(x1,22,y,7,t) is a C*~! function. This holds for any arbitrarily large s, hence

D - f(x1,x2,y,r,t)is a C* function. O

Theorem 36. Consider P = (Py,...,P,_1) € C*(R" R" 1) that satisfies Assumptions and Then,
X = (z1,22,y,7,t) € R x R x R"~2 x R"~2 x R is a solution of the Ball system

S P(X)==8-P1(X)=0
Ball(P)={D - P(X)=--=D P, 1(X)=0 4.1
Il =1 =0

if and only if (z1, x2) is a singular point of me(€) (see Definition[34|for the notation S - P; and D - P;).

We postpone the proof of Theorem [36] to the end of Section 2] As a first step, we study a mapping from the

solutions of the ball system to pairs of points on the curve €.

Definition 37. Let P € C*°(R",R""1). Define €, to be the set of pairs (q1,q2) with 1,q2 € €, q1 # g2 and
7we(q1) = me(qz), also define EC to be the set of pairs (q1,q1) with q1 € £, and let g=2,U EC.

Lemma 38. Consider P = (P1,...,P,_1) € C®°R",R" Y andlet X = (v1,22,y,7,t) € RXRXR"2xR""2x
R, with ||r|| = 1. Assume that P satisfies Assumption[Ay] Then X is a solution of Ball(P) if and only if for the points
@1 = (z1, 20,y + V1) and gz = (21, 72,y — r/1), the pair (q1,q2) is in En, orin EC with (0,0,7) € R x R x R*~2
inTy €.

Proof. Note that, by Assumption the tangent space to the curve at any of its points is well defined and is a line.

First, assume that X is a solution of Ball(P). We consider two cases:
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(a) Ift > 0, then since  # 0 € R™~2 we have that ¢; # ¢2. Moreover, since S - P;(X) = D - P;(X) = 0 for all
i€{1,...,n— 1}, we deduce that P;(q1) = P;(g2) = 0, thus q1, ¢2 € €. Moreover, since 7¢(q1) = 7e(g2) =
(z1,x2) we have g1, ¢2 € £,,. Thus, (¢1,¢2) € 2.

(b) Ift = 0, thenq; = go. First, P;(¢1) = S-P;(X) = 0, forallindices ¢ € {1,...,n—1}, hence ¢; € €. Moreover,
wehave 0 = D - Pi(X) = VP;(q1)-(0,0,7), foralli € {1,...,n— 1}, equivalently, Jp(q1) - (0,0,7)T =0 €
R"~1, ie., we have (0,0,r) € T, €. Thus, ¢; € £. and hence, (¢1,q1) € 2.

Now, let us prove the other direction:

(@ If (q1,92) € En, then q; # g2 and ¢t # 0. Also, since ¢1, g2 € €, we can write that S - P;(X) = %(Pi(ql) +
Pi(q2)) =0,and D - P;(X) = %W(Pi(ql) — Pi(q2)) = 0,foralli € {1,...,n — 1}. Thus, X is a solution of
Ball(P).

(b) If (q1,92) € €. and (0,0,7) e R x R x R"?isin T,,&, one has g1 = g2 € £. C €, and t = 0. Moreover, for
alli € {1,...,n— 1} we have S - P;(X) = P;(¢1) = 0 and since (0,0, ) € T,, €, we can equivalently write
D - Pi(X)=VPi(q)-(0,0,r) = 0. Thus, X is a solution of Ball(P).

O

Definition 39. Let Solp.y(p) be the solution set of Ball(P). Define the function Qp from Solgan(p) to € that sends
X = (z1,22,y,7,t) € RXRxR"2xR" "2 xR to the ordered pair q; = (1, o, y+r\/t) and qo = (x1, T2, y—7/1).
Notice that the function Qp is well-defined by Lemma[38|

Lemma 40. If P € C>(R",R"1) satisfies Assumption then Q p is surjective.

Proof. For any pair (q1,¢2) € £, we have that the point X = (3(a1+q2), W, 1la — g I?) € R* xR*1 xR
is a solution of Ball(P), where IT¢(q; —g2) is the vector in R~ 2 obtained by omitting the first two coordinates (which
are zeros) from ¢; — ¢o. Note that Qp(X) = (g1, ¢2). If the pair (g1, ¢1) is in Lch, we define r in the following way,
we take a unit vector v € Ty, € (the first two coordinates of v are zeros since g1 € £.). We set r to be II¢(v). Again

X = (q1,7,0) € R* x R"~2 x R is a solution of Ball(P), with Qp(X) = (q1, q1). Thus, Qp is surjective. O

Remark 41. Notice that if X = (x1,x2,y,7,t) is in Solgay(p), then Qp(X) € f}n (resp. Qp(X) € Ec) if and only if
t # 0 (resp. t =0).

Remark 42. Preserving the notation in Lemma notice that if X = (x1,x2,y,7,t) is a solution of Ball(P),
then X' = (x1,x9,y,—r,t) is another solution. Moreover, both solutions characterize the same unordered pair
Qp(X) = Qp(X') = (q1,¢2). We call X and X' twin solutions. An alternative would have been to take v in a

projective space instead of the sphere to identify these twin solutions.

Example 43. Letn = 3and B = {(x1,22,23) € R? | 11,22, 23 € [~2,2]}. Define P(x1,22,23) = 21— (v3—1)3,
Py(x1,79,73) = 20— (v3—1)2 and P = (Py, P,). The Jacobian matrix of P has full rank over €, thus Assumption
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is satisfied. The set £, is empty since m¢ is injective over €, hence Assumption is satisfied. The only point
of € with a tangent line orthogonal to the (x1,x2)-plane is ¢ = (0,0,1), thus £, = {q1} and Assumption
is satisfied. By Lemma the multiplicity of the system {P = 0, (z1,2z2) = 7e(q1)} at its unique solution q; is
min{ord; ((z3 — 1)3),ord; ((z3 — 1))} = min{3,2} = 2 (ord is defined in Definition . Moreover, for any point
qo € € different from q,, the multiplicity of the corresponding system at its unique solution qq is one, thus P satisfies

Assumption[As| The system Ball(P):

xy =32ty +3r%t — P + 32 -3y +1=0

ro— 1t —y?+2y—1=0

—r3t — 3ry? + 6ry —3r =0 (4.2)
—2ry+2r=90
r2—1=0

has two twin solutions X = (0,0,1,1,0) and X" = (0,0,1,—-1,0) in Bganpy C R23-1 = R® such that Qp(X) =
Qp(X') = (g1, q1) € Le.

C4CLE0 CEETAUNENN eI CIECaLTerainend

LA ELE |

Figure 2: The curve € (red) and its plane projection 7¢ (€) (blue) of Exampledisplaying a cusp singularity.
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Example 44. Let B be defined as in Example Define the functions Py (z1, T2, 23) = z1—(23—1), Pa(21, 29, 23) =
xy — (23 — x3) and P = (Py, P,). The Jacobian matrix of P has full rank over €, thus Assumption is satisfied.
Moreover, the set £ is empty and £,, = {q1,q2}, with ¢ = (0,0,1),¢2 = (0,0, 1), i.e, Assumptionsand
are satisfied. The multiplicity of the system {P = 0 € R""! 2y = x5 = 0} at both q1,qz is equal to one, thus
Assumption[A]is also satisfied. The system Ball(P):

(

1 —r%t—y24+1=0
zo— 12ty — P +y=0
D — 4.3)

-3t —3ry2+1r=0

r2—-1=0
\
has two twin solutions X = (0,0,0,1,1) and X’ = (0,0,0,—1,1) in R® such that Qp(X) = Qp(X') = (q1,¢2) €

~

L.

KECCCEN O C N (OO AN AN (LN ECEANCLENNE ANE L RLLLNELIA NN

LRI TTIRe Y

Figure 3: The curve € (red) and its plane projection 7¢ (€) (blue) of Example@displaying a node singularity.

20



4.2. The characterization of € around the points in £,

In this section, we are going to locally parametrize P around the points in £.. This parametrization will ease the

computation of Ball(P) and its Jacobian in Section

Lemma 45. Let P € C°(R",R"~ ). Let ¢ € £, such that Assumptionis satisfied in a neighbourhood of q in B.
Without loss of generality one can assume ¢ = 0 € R™. Then there exist an invertible matrix M of size (n—1) x (n—1)
of smooth functions in a neighbourhood of q and smooth functions f1, fa, f3,..., fn_1 defined in a neighbourhood of
0 € R, such that:

x1 — f1(zn) Py

9 — folxy) P

x3 — f3(n) M. P 44)
LTn—1 — fn—l(xn,) Pn—l

with min{ord(f1(z,,)), ord(f2(zy,))} > 1 (ord is defined in Definition|I)).

Proof. Since rank(Jp(q)) = n — 1 (Assumption [A;)), there exists k € {1,...,n} such that det(My(g)) # 0, where
Mj, is the minor of Jp obtained by removing the k-th column. Notice that & ¢ {1,2}, since ¢ € £. implies that
det(Mi(q)) = det(Ma(q)) = 0. Without loss of generality, we assume that k& = n. Using the implicit function

theorem [Corollary 2.7.3][Dem00], there exist smooth functions fi, ..., f,,—1 of one variable such that we have that

Pj(fl(zn); .- 'afn—l(xn)yl'n) =0,5 € {1, .n—= 1} 4.5)

Define the function ¢ that maps x; to z; = x; — fi(zy), foralli € {1,...,n — 1} and 2, to z,, = x,. We
can see that ¢ is a diffeomorphism and z = (z1,...,2,) is a local coordinate system around ¢q. Hence, we can
define the function G;(z) = Pj o ¢~ !(z) = Pj(x) for all integers 1 < j < n — 1. Using Hadamard‘s Lemma
[Dem00, Proposition 4.2.3] for the first n—1 variables of z, we can write G;(z) —G, (0, ...,0, z,) = nil zi-hji(z) for
some smooth functions h;. Note that o~ (2) = (214 f1(2n); - - -+ Zn—1+ frn-1(2n), 2n). Hence, G;(:Ol, ey 0,2) =
Pijop™(0,...,0,2,) = Pij(f1(zn), -+ fa—1(2n), 2n) = Pj({l (Tn)s .-, fa—1(zpn), xy). The latter function is equal

to zero by @.3). Thus, Pj(z) = G;(2) = ng zi - hji(z) = 3 (zi — fi(zn)) - Hji(x), with Hji(z) = hyi 0 o(z).

1=1
Defining My = (Hj.>1<' - we get:
)N —
Py x1 — fi(xn)
Pn—l Tp—1 — fn—l(xn)

Notice that M evaluated at g is the invertible matrix M,,(¢q). Hence, by continuity of the determinant function, there
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is a neighbourhood of ¢ in which M| is invertible. Thus, writing M as the inverse of M, we get:

—fi(fn) Py
Qo = M. . 4.6)

Tp—1— fa1(zn) Py
To prove that min{ord(f1(z,)),ord(f2(z,))} > 1, we take the Jacobian matrices of both sides of (@.6) and we
evaluate them at ¢ = 0. We get the equation Jg,(¢) = M(q) - Jp(¢). By invertibility of M (g) we deduce that the
k-th minors (obtained by removing the k-th column) of Jg,(¢) and Jp(g) have the same rank. Computing Jg,(q)
and considering the fact that det(M;(q)) = det(Ma(q)) = 0 implies that f{(0) = f5(0) = 0, we thus have that
min{ord(fi(x,)),ord(f2(x,))} is at least two. O

Lemma 46. Preserving the notation and the assumptions in Lemma the multiplicity m of the system S =

{Qo(x) =0 € R" L 21 = x5 = 0} at q is equal to d = min{ord(f1(zy,)), ord(f2(zs))}-

Proof. First, we start with the case m < oo. By Proposition 4] we can assume without loss of generality, that
fis--+, fn—1 are polynomials. Following the notation in Definition [2| let R[z] (resp. R[z,]) be the ring of poly-
nomials with n variables (resp. one variable) and Rlz], (resp. R[z,]o) be its localization at ¢ (resp. 0 € R).
Also, define Ig to be the ideal generated by the polynomials of S in R[z], (as I is defined in Definition ,
ie, Is = (x1 — fi(zn), 22 — fo(zn), . - Tno1 — fa—1(Tn),x1,22) = (x1 — fi(zn),x2 — folTn), . - Tno1 —
fa—1(xn), fi(zy), fa(zn)). I fi(xn) = fo(x,) = 0, then the ideal I is of dimension one, hence, S has an in-
finite number of solutions which contradicts the assumption m < oco. Thus, d < oo which means that there exist
hi,he € R[x,]o such that by (z,,) f1(zn) + ho(zn) f2(zn) = 2. Thus, Is = (x1 — f1(zn), 22 — fo(Tn)s -y Tpo1 —

fa1(zy),2d). Note that the set {z1 — fi(2n), T2 — fo(Tn), .- Tn_1 — frn_1(zn), 2%} is a Grobner basis of Ig

with respect to Local Lexicographical ordering 1 > --- > z,. Hence, By [[CLOO5, Theorem 4.4.3] we have
dim(&i’]q) = dim( Lﬂﬁfp[”(”}q)) = dim(%), where LT (Ig) is the ideal generated by the leading terms of
Is. Consequently, m = dim( Bm]q) = dim(%) =d.

O*f1
> Ozk

Second, assume that m = oco. We prove that d = oo, that is (0) = %I;—f,f(()) = 0 for any positive integer
k. Preserving the notation in Deﬁnition consider the dual space D’qf [S]. We are going to show that for any positive

integer k and any element ¢ € D’“ [S] \D’“_l[ ] (which always exists since m = 00), the coefficient ¢gx corresponding

to a 5%+ for ¢, is non-zero. We consequentially show that f L (0) = %l;];f (0) = 0. We prove the previous statements
by induction on k.

For k = 1, since q € £., we already showed in the proof of Lemma [8| that a non-trivial element ¢ = Z Vi m— (')a:l
is in D} [S] \ DJ[S] if and only if v = (v1,...,v,) is in T,€. On the other hand, T,C is generated by the vector
(f1(0), ... fr_1(0), 1), thus ¢;1 = v, # 0. The function fi(x,) is in the set of functions generated by S thus
0=c-(filzn)) = Zzl Ui%q (fr(zn)) = 1 ggl (0), and thus %(O) = 0. Thus, the induction hypothesis holds
for k = 1.

Define ¢’ = ¢,,(c) and consider two cases:
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(@ ¢ € DFMS]\ Dk‘Q[S] By the induction hypothesis, the coefficient ¢’ 1 corresponding to = k ¢ for ¢

is non-zero and 243 0) = fz (0) = 0, for all ¥ < k. Notice that by the definition of (bn, we have

K7 Y
oz ozk

n

Cgh = c’ 1 # 0. Hence, 0 = ¢+ f1(zp) = D Cai, ?990]:1 (0) = Cak %1;{1 (0). Hence, %I;’f} (0) = 0. Similarly, we
71:1 n n n

f 2(0) = 0. Thus in Case (a), the lemma is proved.

prove that

(b) ¢ € DE72[S]: Since ¢ € DE[S]\ DA~1[S], there exists j € {1,...,n — 1} such that the element c” = ¢;(c)
is in D’;_l[S] \D’;_Q[S] By the induction hypothesis, the coefficient ¢” . corresponding to k ; for ¢, is
non-zero. On the other hand, ¢, _x-1 = = e # 0. Hence, since ¢, (c e W) € D’qC 1[ ]\D’; 2[ 1,

then so is ¢, (¢) = ¢’ which contradicts the assumption. Thus, Case (b) is impossible.
O
With the additional Assumptions and[44] one can give a more precise form of f; and f» in Equation (@.4).

Lemma47. Let P € C*°(R",R"~1). Let q € £, such thatAssumptions and in B, then there exist an
invertible matrix M of size (n — 1) x (n — 1) of smooth functions in a neighbourhood of q, a smooth diffeomorphism
o defined in an open subset of R", with z = (z1,...,2,) = ¢~ 1(x) and smooth functions fs, ..., fn_1, g defined in
a neighbourhood of 0 € R, such that

21— 2zp - g(22) P
29 — z,% Py
23 — Zn —~ P
0= 3 — f3(zn) _F. 3 oo @7
Zn—1 — fn—l(zn) P

k

on a neighbourhood of q. Moreover, either ord(g(zy)) = oo or there exists an integer k > 0 with g(z,) = 2.

Proof. Step 1: Equation (@.6) implies that Qo and P define the same curve € in a neighbourhood of ¢ and that the
function Q satisfies the same assumptions as P around ¢. By Lemma[46] d = min{ord(fi(z,)),ord(f2(z,))} is

the multiplicity of the system {Qo(z) =0 € R*~! 2y = 0,75 = 0} at q. By Assumption we have that d = 2.

Without loss of generality, assume that ord(f2(z,)) = 2 and %iff (0) = 2. Hence, there is a smooth func-

tion v such that fa(z,) = z2(1 + x, - v(z,)). Now, consider the diffeomorphism ¢,, that sends x,, to z, =
Tp/ 1+, ’U((En) WehavethatxZ_fQ(xn) :1'2—22. Deﬁnefl(zn) = fl(qsr:l(zn))andf;(zn) f2(¢ ( n)) =
2. Since ord(f1(2,)) = ord(fi(x,)) > d = 2, there exists a smooth function A such that f;(z,) = 22h(z,). Write

fi(zn) = sz[h(zn)gh(*zn) i h(zn)}h(*zn)], Since W (resp. w) is even (resp. odd), then by
h(zn)fzh(fzn) —

Theorem |16| there exists a smooth function &; (resp. &) such that M = &(22) (resp.
Zn€a(22)). Thus, fi(z,) = 22(€1(22) + zn€a(22)). Notice that & (22) cannot be the zero function, otherwise
fi1(e) = fi(—e€) and fa(€) = fo(—e) for all small enough e > 0, which contradicts Assumption

Step 2: We have two cases:
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Case 1: ord(&(z,,)) = oo, then define the diffeomorphism ¢ which sends 1 to 21 = 21 — 221 (22), T; t0 2; = ;
for all integers ¢ € {2,...,n — 1} and &, to z,, = mn\/m Taking g(2,) = 2,&2(2,) and ¢ = ¢~ we
prove the claim for the first case.

Case 2: ord(¢2(z,)) = k < oo, that is, &(2,) = 2¥u(z,), for some smooth function u, with u(0) # 0 and an
integer k& > 0. Hence, we can write 2, — f1(z,) = 1 — 2261 (22) — 22K30(22) = 21 — 2961 (22) — 22K P30(20).

So, defining the diffeomorphism ¢ which sends z; to z; = z; for all integers ¢ € {2,...,n — 1}, z,, to 2z, =
Tn/1+ 2 - v(2,) and 71 to 21 = (21 — 22&1 (22))u™ " (22) (Which means that 21 — fi(z,) = u(w2)[z1 — 228+3]),

we get that:

2 — 22k +3
x1 — fi(zn) 29 — 22
u(z2)  O1x(n-2) z3 — f3(2n)

= : ° ¢, @.8)

O(n—2)><1 In—2

Tn—1 — fnfl(irn)

Zn—1 — fn—l (Zn)

for a small enough neighbourhood of ¢, where I, is the identity matrix of size n — 2. Comparing with (@.4)), we get:

51 2 — z2k+3
P2 zZ9 — Z,r%
Py u(z2)  O1x(n—2) 23 — f3(zn)

M. - : o . (4.9)

Pnfl Zn—1 _fnfl(zn)
-1

u(r2)  O1x(n-2)

Hence, taking M = - M and ¢ = ¢~ we recover (@.7). O

0(n—2) x1 I 2
Following the conclusion of Lemma[47] the reader may wonder whether the projection of ¢ in 7¢ is always singular.
This is clear when g(z,,) = 2% for 0 < k < oo since this implies 27 — 247! = 0 and thus 7¢(q) is a singularity of the

type Asi. We next prove that the projection is also singular if ord(g(z,)) = occ.

Lemma 48. Preserving the notation and the assumptions in Lemma consider the function g defined in @.7), if

ord(g(zn)) = 00, then w¢(q) is singular in ¢ ().

Proof. Since ord(g(z,)) = oo, then Case 1 in the proof of Lemma [47) holds. Moreover, we saw in the same proof
that &5(22) (restricted to an open neighbourhood of 0 € R) cannot be the zero function. This implies that neither is the
function g(22) = 22£(22), i.e., g(22), restricted to an open neighbourhood of 0 € R, is not the zero function. Assume
for the sake of contradiction that 7¢(¢) is smooth in 7¢ (), then using the implicit function theorem, there exists a
C*°-function defined in a neighbourhood of 0 in R, with f(0) = 0 such that for a small neighbourhood of 7¢(g) in

R?, one of the following cases is satisfied:
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(@) f(z1) =22 < (21,22) € 7e(€). Then, by @7), we have f(z,9(22)) = 22. Taking the second derivative
of both sides with respect to z, and then evaluating at 0 (recall that ord(g(z,)) = 00), we get the contradiction

0=2.

(b) f(22) = 21 <= (z1,22) € me(€). Then f(22) = 2,g(22). The function z,g(22) is an odd function but not

the zero function, and on the other hand f(z2) is an even function, which leads to a contradiction.
Thus, in both cases we have a contradiction, that is, f does not exist and 7¢(¢) cannot be smooth in 7¢ (€). O

Returning to ([@7), notice that ¢ is defined in such a way that it preserves the singularity class of 7¢(€) at the
point ¢ (g). In other words, if C' is the plane projection of the curve defined by the @ then (7¢(€),0) and (C,0) are
equivalent. As a corollary of Lemmas 21} 22] f7]and 48] the points of € in £, U £,, are projected to the singular points
of me(€).

Corollary 49. If P satisfies Assumptions and then a point q € € projects to a singular point in we (€)
ifand only if g € £, U £,,.

Proof. If ¢ € £, U £, then by Lemmas[22} [47] and 48] 7¢ () is singular in ¢ (€). If ¢ & £ U £,, then by Lemma
21} me(g) is smooth in 7e (€). O

Finally, we prove that the solutions of the ball system project to the singular points of 7¢ (€).

Proof of Theorem[36} By Corollary if (1, x2) is singular in 7¢ (), then there exists a point ¢; € £, U £,), with
me(qr) = (1, 22). If ¢1 € £, let g3 = g1 and otherwise let g5 be the unique (by Assumption point in £,,, distinct
from ¢, that projects onto (1, z2), i.e. m¢(q1) = 7e(g2) = (x1,x2). Hence, (¢1,¢2) is in €. Since Qp is surjective
(Lemma 40), there exists X = (x1,22,y,7,t) € Solganpy With Qp(X) = (q1, ¢2)-

On the other hand, if X is a solution of Ball(P), then by Lemmathe pair (¢1,42) = Qp(X) isin €. Hence,
@1 = (z1,72,y + 7Vt) € R x R x R* 2 is in £, U £,. Hence, by Corollary @the point (x1,x2) is singular in
e (). O

4.3. Regularity of the ball system

In this section, our goal is to prove Theorem determining necessary and sufficient conditions for Ball(P) to be

regular. We first recall the definition of a regular system.

Definition 50. For some integer m < n, let F' = (f1,..., fm) be a vector of smooth real-valued functions that are
defined in R™ and let a € R™ be a solution of the system {F = 0}. We say that the latter system is regular at a € R"
if the rank of its Jacobian matrix, evaluated at a, equals to m. We call {F = 0} regular if it is regular at all of its

solutions.

Theorem 51. Let P € C°°(R",R" ') that satisfies Assumptions and then P satisfies Assumption
if and only if Ball(P) is regular in Bga).
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In order to prove Theorem we are going to show that the Jacobian matrices of Ball(P) and Ball(Q) evaluated
at X have the same rank, where (@ is defined in Equation (#.7). Recall that Equation (.7) implies that P and () define
the same curve around ¢. Notice also that if X = (g,r,0) € R® x R""2 x Risin Q;l((q, q)),then X € Qél ((q,9)).

Lemma 52. Let P and Q) be as defined in (&.7). Under Assumption let (q,7,0) € R™ x R"~2 x R be a solution
of the system Ball(P) in Bpay, then Ball(P) is regular at (q,7,0) if and only if Ball(Q) is regular at the point
(0,7,0) € R™ x R"=2 x R (recall that for simplicity, we assume in Lemmathat q=0€eR")

Proof. Let us write X = (¢, r,0). We are going to prove that the Jacobian matrices of Ball(P) and Ball(Q) evaluated
at X have the same rank. By Rema.rkwe have that Qp(X) = (¢,q) € EC (see Definitions |39 and , and hence,
q € £.. By Lemma 38| we have that (0,0, ) € T,&. We prove the claim in three steps:

Step 1: Let M= (fij)1<i,j<n—1 be as defined in the Equality (4.7). We define S-M (resp. D- ]Tf) to be the matrix
(S~ fij)i<ij<n—1 (tesp. (D - fij)i<ij<n—1)- Using the identity 1 (ab+ cd) = L(a+¢)(b+d) + L(a —¢)(b - d),
one deduces the properties for any f,g € C*°(R",R):

S-fg=(5-1)S-9)+tD-f)(D-g) (4.10)
D-fg=(D-f)(S-9)+(5-f)D-g) (4.11)

These identities applied to Equation [@.7) yield

S-(Plo(p)
S
— N S-(P,_10
Z(S~M tD-M)' ( 1o¢)
D-(Pioy)
S'Qn—l
D'(Pn,10(,0)
and
S (Pyoy)
D-
— _ S-(P,_10
:<D.M s M) (Pa109)
D-(Pyoy)
D'Qn—l
D (P,_10¢)
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Combining the last two equalities:
S Q1 S (Proy)
S Qu S-M tD-M\ |8 (P
Onon | _ (S M DA S (Pareg) (4.12)
D -y D-M S-M D - (Proy)
D-Qn- D (P,_10¢)
= M(q))

(recall that on our case we have S - M (X)

, S-M tD-M M(q)
Notice that . __ = — _
D-M S-M < D-M(X) M(qg)
and that the latter matrix has an inverse (recall that, by Lemma 47} M (¢) is an invertible matrix of size n — 1), namely,
which implies (by continuity of the determinant function) that

M(q)™!
M(q)™!

~M(q)™" (D M)(X) - M(q)™"
.,Tn), consider the diffeomorphism ¢ defined in Lemma

S-M tD-M\_ . .
N __ | is invertible in a neighbourhood of X.
D-M S-M
Step 2: Writing y = (ys,...,yn) and r = (rs,..
and define the smooth function 1 over an open subset of R?"~! containing X which maps the point (1, z2,y,7,t) to
., D - ¢, t). Notice that we have:
(4.13)

(@1,@2,5'@3,...,S'(pn,D'(p?,,..
S-(Pjoyp)=(S-P)oypand D - (Pjoy)=(D-P)oy, forl <j<n—1,

since p;(x1, 9,y = r\/f) =1 £ Unti—ay/an_1 foralli € {3,... n}. In fact, using the last two equalities we can

also see that ¢y~ ! exists and is smooth. Thus, v is a diffeomorphism.

Step 3: Now, comparing (4.12)) with (4.13) we get:
S- P

S
. = = __ __ . (@] .
D-Qy D-M S-M D-P
D'Qn—l D.Pn_l
,D-P, )T andlet Jsp.p, Jsp.q and Jy, be the

Consider the vector SD-P = (S-Py,...,S-P,_1,D-Py,...
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Jacobian matrices of SD - P, SD - () and 1) respectively. Taking the Jacobian matrix of both sides of the last equality:

S P
S-M tD-M , S-M tD-M S P,

Jsp.g = N __ | - Jsp.p - Jy + Jacobian( N - 0.
D-M S-M D-M S-M D P
D'Pn—l

Evaluating the last equality at X = (0, ,0) and using the fact that ¢(X) = ¢(0,7,0) = (0,7,0) = X, we note that

the second term of the right-hand side is zero. One thus has:

S-M tD-M
Jsp.o(X) = N N ~Jsp.p(X) - Jy(X). (4.14)
D-M S-M
991 " Op1 0) 0
. w 1x(2n—3 . .
Computing Jy (X), we get Jy(X) = ————‘?‘317(77)*"%*@?2*(") ffffff 1G22, with g—g(o) # 0 according to the
0(2n—2)><1 I2n72
formula in Lemma[@7]
Hence by Equation (#.14), it is straightforward to check that:
S .M tD - M 0 s .M tD - M 0
Taan@) = (JSDQ-)?(X)) | o & 5. & ol (JSDZ.)}:(X)> gy =| powm s . FF 0| - Tgan(py(X) - Ty (X).
O1x(n-1) OY1x(n-1) 1/ x O1x(n-1) O%1x(n-1) 1/ x
S-M tD-M 0
Recalling that Jy, (X) and DM S. M 0 are invertible matrices, the proof of the lemma follows. O

O1x(n-1) Oix(n-1) 1 <

Now, we are ready to prove Theorem [51| which characterizes the regularity of the solutions of Ball(P) under
generic assumptions. We split the proof in two Lemmas [54]and [55] Before that, we introduce a new assumption that

helps to simplify the proof.

Definition 53. Let (q1,¢2) € C. We say that (q1,q2) satisfies Assumption if q1 and qs are isolated in £, U £. and

any of the following conditions is satisfied:

(a) If (q1,q2) € En, then the plane projections of the tangent lines of q1 and gz to € are linearly independent.

(b) If (q1,q2) € EC, then the plane projection of a small enough neighbourhood of q1 in € is an ordinary cusp at
me(q1) and the multiplicity of the system { P(x) = 0, (x1,z2) = we(q1)} at ¢1 is two.

Assumption can be seen as a "local version" of Assumption We are going to prove that if Assumptions
and [A4] are satisfied, then Assumption [A5]is equivalent to the condition that Assumption [AZ]is satisfied
for all €.
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The main reason behind introducing Assumption is that we are going to prove in Lemma [54] that, under
Assumption , a pair (q1,¢2) € £ satisfies Assumption if and only if every X in Q5'((q1,¢2)) is a regular
solution of Ball(P), whereas Assumptionis, in general, not sufficient for the regularity of the solutions of Ball(P).
For example, take n = 3 and P = (z1 — xg To — xg) We can see that P satisfies Assumption the set £. consists
of a unique point ¢ = (0,0, 0) and the set £,, is empty. The plane projection of € is the curve given by the equation
x3 — 23 = 0. Hence, Assumption is satisfied. However, the multiplicity of the system {P(x1,2z2,23) = 0 €
R? 21 = x5 = 0} at the point ¢ equals to 6 (Lemma @) Hence, Assumption is not satisfied and one can also
check that Ball(P) is not regular.

Lemma 54. Let P € C°(R",R"~1) that satisfies Assumption Let X be a solution of Ball(P) and (q1,q2) =
p(X) (Definition[39), then X is a regular solution of Ball(P) if and only if (q1,qo) satisfies Assumption[AL]

Proof. Let X = (w1, 22,y,7,t) € R x R x R"~2 x R"~2 x R be a solution of Ball(P). We consider two cases:

Case (a). t # 0, i.e., ¢1 # go.

It is easy to see that (S 5 ), a(gm'jgi), B(BS;_kPi), a(gfi), 3(%'tpi), 3(%:31’) are respectively equal to: S 78{55;) ,D- —8(5;) ,t
D. agfk) S- aa(fk), 5 Z D- ( L) T, L[> S (gTP) -Tm — D - P;]. Hence, by computing the Jacobian matrix
—~ = m

of the Ball(P) we get the matrix:

a(Py) opPy a(Py) a(Py) 13- 3P1 .
S By S Ban t- D g t D pan, 3,2 D (g, mm
O(Pp—1) O(Pp—1) O(Pp_1) 2(Pp—_1) 1 & OPp_1
S —ga . St —gu 6Dt D s §m£3D»(ﬁ)-rm
9(Py) a(Py) o(Py) a(Py) 1 9 opP . (4.15)
D dxq D - dxp, S dxg S dzp, ﬂ[mizjds <8:c7n)47‘m7D Pl
9(Pp_1) 9(Pp—1) 9(Pp_1) 9(Pp_1) 1 AP, _1
D —FiT . D S = ahg 5 g 2—[771235 (~ga®) rm = D Pp_q]
0 PN 0 2r3 ... 271y, 0

We denote by C; (resp. L;) the i-th column (resp. line) of the latter matrix. Replace the last column Cs,,_; with
n—2

> T"Q‘f Cht+m + Can—1, also for all integers 1 < k < n — 1 we replace the line Ly, with Ly, + Vi L4y —1 and then

m=1

the line Ly, with Ly — 2\/ka+n_1. The resulting matrix is:

&8 (a1) 9P (a1 Vi B Gy V(D B2 (q1) 0
a OP. el
W)y D=l v %1)@1) ﬂoL(qm 0
S5 (42) 655,{’@2) V) 6<P1)<q2> ft)a(””(qz) 0
a(P,, _ (P, _ a(P,, _ o]
Koy M) v X @ . v e n 1><q2)) 0
0... 0 2rg 2’7‘/n 2%

The determinant of the latter matrix is zero if and only if the determinant of the following matrix is zero:

N M M
My = r(a) r(a) r(@) , where Mp(q1), Mp(g2) are the minors that are obtained respec-

Np(qz)  Mp(g2)  —Mp(q2)
tively by removing the first two columns from Jp(q1), Jp(g2) and Np(q1), Np(g2) are the matrices formed by the

first two columns of Jp(q1), Jp(ge) respectively. By linear operations on My, we can see that M, has same rank as

the matrix M (g1, g2) (see Definition 23). Thus, X is regular for Ball(P) if and only if M (g1, g2) is invertible. By
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Lemma [24] we have that M (g, g2) is invertible if and only if none of g1, g2 is in £. (and hence none of the plane
projections of Ty, €, T, Cis trivial) and the plane projection of their tangent spaces are different. Equivalently, the pair

(q1,42) is in £, and satisfies Assumption

Case (b) t =0, i.e., g1 = ¢o.

Let us write ¢ = q;. We prove the claim in three steps:

Step 1: We first simplify P. Without loss of generality and by Lemma |§| we can assume that ¢ = 0 and
Py, ..., P,_1 are respectively equal to 1 — fi(x,),z2 — fa(zpn),...,Tn—1 — fn—1(x,) with the property that
min{ord(f;),ord(f2)} > 2. Foralli € {3,...,n — 1}, using Taylor’s theorem, we can write f;(x,) = i a; ;xd +
zphi(zy,), for some a;; € R and smooth functions h;(z,). Since min{ord(f;),ord(f2)} > 2, vz/e_lcan write

3 . 3 .
fi(zn) =Y ajxd, + xbhi () and fo(z,) = Y. Bjxd, + ik ho(x,,). Notice that
=2 =2

(fl(mn)va(mn)va(mn)v .. wfnfl(xn)airn)

is a local parametrization system of ¢ around ¢. Since dim(7,¢) = 1 (Assumption , there exists A € R* with
(as1,.--,an-11,1) = Ar (because the vectors (0,0,7) € R x R x R"~2 and (0,0,a13,...,a1,n-1,1) are in
T,€\ {0}). In particular, r,, # 0.

Step 2: Now, we compute Jpayi(py(X) by first computing it for X;, which is X but its last variable ¢ # 0, and then
taking the limit when ¢ goes to 0. The operator .S being linear, we can write S(z; — fi(zy)) = S(z; — 23: a; jxl) —
S(z2h;(x,)). On the other hand, using the identity (#.10) we deduce that S(zth;(x,)) = S(xt) Jg(lhz(xn)) +
tD(z}) - D(hi(zy,)), for all € {1,...,n — 1}. It is straightforward to see that S(x}) = rit? + 6r2tz2 + xt and
tD(a}) = drdx,t? + dr, 22t with r = (r3,...,7,). Hence, all of the first-order partial derivatives of S(zth;(z,)),
evaluated at X, converge to zero when ¢ goes to 0. Hence, the evaluation of the partial derivatives of the functions

3 .
S(x;— fi(xy)) and S(x; — Y a; j2d), at X are equal. Using an analogical argument, we deduce that the evaluation of
j=1

the partial derivatives of the functions D(x; — f;(x,,)) and D(z; — ) a; j2},), at X are also equal. Thus, Jga(p)(X:)

IoF

Jj=1
and Jp, ) (X¢) converge to the same limit Jpan(p)(X), where P is the function obtained by truncating P beyond

degree 3 with respect to the variable z,,.
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Computing Jpan(p) (X) = limy—0 Jp,p5) (Xt), we get:

1 0 ... 0 0 0 . 0 —agr?

0 1 ... 0 0 0 0 —Byr2

0 0 —as,1 0 0 70,3127"7%

0 0 1 —Qp—1,1 0 0 7an_1,27’72l

0 O —2a91, 0 - 0 —0[37"2 . (4.16)
0 0 _2627"71 0 0 —Bg’l‘%

0 0 —2&3727‘/” 1 —as;1 —CL3,37’§L

0 0 e e —2an_17grn 0 a1 —an—1,1 —an_1737‘2

o o0 ... ... 0 2rg  ...2rp 1 21, 0

Hence, observing that the matrix is block diagonal, its determinant is zero if and only if the determinant of the

following one is:

—20T), 0 o 0 0 —agri
—2BoTn 0o ... 0 0 —Bsr3
72&3,27’% 1 0 ‘e O 70‘,371 7(13,37"3
—2an_17grn 0 0... 1 —Qp—1,1 —an_173’l“;9’l
0 2rs ... 2rp_q 21, 0

Shifting the columns of the last matrix we get:

—0437‘7?; —20iTy, 0 e 0 0
—637"2 —Qﬂg’rn 0 ce 0 0
—a3737’i —2(13727% 1 0... 0 —as,1
—an,Lg’f‘% —2ap-12r, 0 0... 1 —Qp—1,1
0 0 2rs ... 2rp,_1 21,

To compute the determinant of the second block, we expand it about the last row. Hence, the determinant of the last

n—1
matrix is zero if and only if 7, (e B3 — a3 82) (rn+ D, a;17;) = 0. Notice that, by Step 1, we have that r,, # 0 and the

=3
n—1
third factor (r,, + > a;,17;) is never zero since it is equal to X. Thus, Jgan(p)y(X) is invertible iff a3 — a3 B2 # 0,
i=3
. . Qo az | .
equivalently, the matrix A = is invertible.
B2 Bs
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Step 3: We now show that the invertibility of A is equivalent to the condition that (g, ¢) satisfies Assumption
First assume that A is invertible. It follows that either as # 0 or B2 # 0 and this yields that the minimum of the orders
of f1 and f5 is 2. By Lemma@ the multiplicity of the system { P(x1,x2,y) = 0 € R"™! (z1,22) = me(q)} at g is
equal to 2, thus Assumption (b) is satisfied. Using the same notation as in the proof of Lemma one can write
fi(zn) = 22(€1(22) 4 2,62(22)). Notice that & (22) cannot be the zero function, otherwise fi(e) = fi(—¢) and
f2(€) = fa(—e) for all small enough ¢ > 0, which means that X would be the limit of solutions X, of Ball(P) with
Qp(X,) € £,. X would then be a non-isolated solution and thus a non-regular solution of Ball(P) which contradicts
the assumption. We then have two cases as in Lemma The first one is when ord(€2(z,)) = oo, that would imply
that s = a3 = 0 and contradicts the invertibility of A. We then must satisfy the second case ord(3(z,,)) = k < oo
and, after a change of variables, the first equation of the system becomes equivalent to z; — 2253 = (. The invertibility

of A implies that k = 0. The projection of the curve in the plane is thus locally parametrized by (z3, 22

n»n

) and is an
ordinary cusp, Assumption (a) is satisfied.

Second, assume that Assumption is satisfied. By Lemma [46| and Assumption (b), the minimum of the
orders of f; and f5 is 2. Using again the proof of Lemma one can assume that f(z,) = 22 and f1(2,) = 2,9(22)

or fi(z,) = 22¥+3. By Assumption (a), the projection is an ordinary cusp and thus has a parametrization of the

0 1
form (22, 23), thatis f1(z,) = 23. This implies that A is equivalent to and hence is invertible. O
1 0

Lemma 55. If Assumptions and then Assumption is satisfied if and only if Assumption is
satisfied for all (q1,q2) € £C B xB.

Proof. Assume that Assumption|As|is satisfied and (q1, ¢2) € eIf (q1,92) € €., then by Lemmaand Assumption
we must have that the plane projection of a small enough neighbourhood of ¢; in € is an ordinary cusp at 7e (g1 ).
By Assumption and Lemma the multiplicity of the mentioned system at ¢; = go is two. Thus, (g1, g2) satisfies
Assumption m If (¢1,42) € £,.. then by Lemma [22]and Assumption we have that m¢(g1) is a node in 7¢ ().
Thus, we have that ¢ (g1 ) is a transverse intersection of two smooth branches of 7¢ (). Those branches are the plane
projections of two disjoint branches of € each of which contains either ¢; or go. Hence, the plane projections of the
tangent spaces of ¢; and ¢ to € are linearly independent. Thus, (¢, ¢2) satisfies Assumption

Assume conversely that |A%|is satisfied for all (g1, ¢2) € g By Corollary @l, any singular point of 7¢(€) is the
plane projection of a point ¢g; € £. U £,,. For some ¢ € €, the pair (g1, g2) is in e (which satisfies Assumption .
Hence, if (¢, g2) is in En (resp. in EC) the plane projection of ¢; is a node (resp. an ordinary cusp) by Lemma
(resp. Lemma 7). O

Example 56. Consider n = 4 and let us represent R* by the variables x,1,z,h. Let B the subset of R* with

z,y,2 € [~1,4] and h € [-3F —0.1, — 2" +0.1]. Define over B the function P; = x — cos(h)(3+sin*(h)) +3, P, =

y —sin®(h)(3 + sin(2h)), 2 — h? and P = (Py, Py, P3).
We can see that Jp(q) is full rank for all q € €, thus Assumption is satisfied by P. Moreover, the set £,
-3 —m

consists of the points corresponding to the values h = =%, =F. Also, the set £ has a unique point, namely, the
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Figure 4: The plane projection of €.

point corresponding to the value h = —m. Hence, Assumptions and are satisfied. We can also check that
Assumptions[Az|and|[As|are satisfied using the Taylor expansion of Py, P, and Ps centered at the points of £. and £,

separately. Thus, P satisfies the assumptions in Section 2] The plane projection of € is a singular curve (Figure H)

that has one node and one ordinary cusp.

Now, Computing Ball(P) we get:

S-P =x—S-[cos(h)(3+sin*(h)] +3=0
S-Py=y—S-[sin®(h)(3 +sin(8h))] = 0

S -Ps=z—h?>—rjt=0

D-Py = —D - [cos(h)(3 +sin*(h))] = 0
D-Py=—D - [sin*(h)(3 +sin(8h))] =0
D-Py=r3—2hry =0

r2—1=0

By Lemma Ball(P) is regular at its solutions. Hence, we can use a certified numerical solver to check that the

singular points of the plane projection of € are characterized by the solutions of Ball(P) (Corollary @)

5. Checking assumptions

In this section we present Semi-algorithm [3|for checking the assumptions of Section[2] This semi-algorithm stops
if and only if all the assumptions are satisfied. The main idea of the semi-algorithm comes from Lemmas [38] and
[54] We use interval arithmetic as the main tool (see for example [Neu91,[MKC09a]) to represent and compute with

the given functions and matrices like P, Ball(P), Jp or JBan(p)- In Section we present the basics of interval
arithmetic with the notation and definitions by Lin and Yap [LY 11].

5.1. Interval arithmetic

Recall that for some positive integer k, by a closed (resp. open) k-box B, we mean the Cartesian product of %

closed (resp. open) intervals. The width of a box 9B, denoted by w(B), is the maximal length of the intervals of
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that product. For a subset A C R¥, the set TA is the set of all closed k-boxes that are contained in A. For the
positive integer m and a function f : A — R™, the function Lf : TA — IR™ is called an inclusion of f if the set
f(B) = {f(z) | = € B} is contained in Of (B), for all B € IA. An inclusion Of of f is called a box function,
if for any descending sequence of closed k-boxes B; D By D ... that converges to a point ¢ € R¥, the sequence
Of(B1) D Of(B2) D ... converges to f(g). In the rest of this section, we assume that we are given a box function
Of for any function f we consider. The command subdivide is applied to a closed k-box B, and it returns the set of
boxes obtained by bisecting 9B in all dimensions.

An interval matrix [JM is a matrix whose coefficients are intervals. It can also be seen as the set of all matrices
whose (%, j)-th coefficients belong to the (i, j)-th interval. The rank of an interval matrix M, denoted by rank(CJM),

is the minimum of the ranks of all the matrices in this set.

5.2. Semi-algorithm

This section is dedicated to prove the following theorem:

Theorem 57. For an open n-box B and a smooth function P from B to R" 1, Semi-algorithm stops if and only if

P satisfies Assumptions and in B.

To check whether a given function P satisfies Assumptions and |As|in B, we use their relation

to the solutions of Ball(P) studied in the previous sections. Recall that for any subset A C R", we defined Ap.y =
{(@1,0,y,7,8) | t =0, (21, 22,y + V1), (21, 22,y — rV/T) € A, ||r|* = 1}. Let B be an open n-box and P be a

smooth function from B to R"~! that satisfies Assumption in B. Consider the following assumptions:
N; All solutions of Ball(P) in Bgay are regular.

N, For every solution X of Ball(P) in Bpay, none of the points of the pair Qp(X) (Definition is in the

boundary of B.

N3 No two distinct solutions of Ball(P) in Bgall, except the twin solutions (Remark , have the same plane

projection.

Lemma 58. Let B be an open n-box and P be a smooth function from B to R" ! that satisfies Assumption in B.

Then, Assumptions and|Ns|are satisfied if and only if Assumptions , and|As|are satisfied in B.

Proof. 1f Assumptions and|A5|are satisfied in B, then by Theoremwe have Assumption is satisfied.
Moreover, by Assumptions|As|and A4 we have that none of £/, £/ intersects B. By Definition|39] for any solution

X of Ball(P), we have that the points of the pair Qp(X) are in £/ U £, and hence are not in B which implies
that Assumption is satisfied. Assume that Assumption is not satisfied, that is, there exist two distinct non-twin
solutions X, X’ that have the same plane projection p € R2. Let (g1,q2) = Qp(X) and (¢}, ¢5) = Qp(X’). By
Lemma [38] the pairs (g1, ¢2), (¢}, ¢5) are distinct and the points g1, g2, ¢}, ¢5 have the same plane projection p. By
Assumption we cannot have three pairwise distinct points among ¢1, g2, ¢}, ¢4. Moreover, if the multiplicity at all

of the points q1, g2, ¢, g5 is one, then (g1, q2), (¢}, ¢5) are in £, and not distinct. Hence, at least a point say ¢; has
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multiplicity larger than one, i.e., ¢1 € £ (Lemma[8). Hence, the number of solutions counted with multiplicity is at
least three which contradicts Assumption [43] Hence, Assumption [Rj]is satisfied.

Now, assume that Assumptions andare satisfied. Since, by Assumption Ball(P) is a regular square
system, its solution set is a zero-dimensional manifold in the compact set EB&II( p) (regular value theorem). Hence,
Ball(P) has a finite number of solutions in Bpgan. Since Qp (Definition is surjective (Lemma @), the set £
(Definition is also finite. Hence, the set £, U £, is finite (since £, U £, is the image of E under the surjective
function (¢1,¢2) — ¢1). Moreover, by Assumption[R] the set £/, U £/, does not intersects the boundary of B. Hence,
Assumption |A5| and [A,| are satisfied in B. To prove that Assumption |A3|is satisfied, let p = (o, 3) € 7e(€) and
|7=1(p)| > 3. For pairwise distinct points qi, g2, q3 € 7 1(p), by Lemma [38] we have that there exist two distinct
non-twin solutions X, X’ of Ball(P), with Qp(X) = (q1,¢2) and Qp(X’) = (g1, ¢g3) such that we have the same
plane projection p which contradicts Assumption Hence, 7y (p) consists of at most two distinct points. We

consider two cases:

(@) g !(p) has two distinct elements, say ¢1, go. By Lemma the pair (¢1,¢g2) is in €., and hence, there exists
a solution X = (a, B,y,r,t) € R x R x R"™2 x R"~2 x R of Ball(P), with ¢t # 0 and Qp(X) = (q1,q2)-
Since X is a regular solution (Assumption [R;)), by Lemma [54] we have that none of ¢1, g2 is in £.. Hence, by
Lemma the multiplicity of { P(z1,72,y) =0 € R" ! 21 —a = x5 — 3 = 0} at q; (resp. ¢2) is one. Thus,

the number of solutions counted with multiplicity is two.

(b) 7" (p) has a unique point g. Let m denote the multiplicity of the system { P(z1,22,y) =0 € R" "} 2y —a =
x9 — f = 0} at g. If m = 1, then we are done. If m > 1, then by Lemmawe have that ¢ € £.. Hence,
there exists a solution of Ball(P) of the form X = (a,3,9,7,0) € R x R x R"~2 x R"~2 x R such that
Qp(X) = (¢,q) (Lemmafd0). Since X is regular (Assumption [Ry), by Lemma[54] we have that (g, q) satisfies

assumption In particular, the multiplicity m is equal to two.

Thus, for all p € me(€) the sum of the multiplicities of the solutions in the system {P(z) = 0 € R" ! 27 —a =

z9 — 3 = 0} is at most two, i.e., Assumption[As|is satisfied. Now, Since Assumptions[4;[[45] [A3]and[A4]are satisfied
and since all solutions of Ball(P) are regular, by Theorem[51] we have that Assumption[As]is also satisfied. O

Using Lemma 58] we are ready to check Assumptions and [4;] using and[N3] Since Lemma 58]

requires Assumption we start by checking that assumption with Semi-algorithm|T]that is based on subdivision.

Semi-algorithm 1 Checking Assumption|A;

Input: An integer n > 2, an open n-box B and a function P from B to R" 1.
Output: True if and only if P satisfies Assumption|4,|in B.

. L:={B}

2: while L # () do

3 B :=pop(L)

4 if 0 € OP(B) and rank(0Jp(B)) < 1 — 1 then
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5: Subdivide 98 and add its children to L.

6: return True.

Lemma 59. Semi-algorithm|l|stops if and only if P satisfies Assumption in B.

Proof. If Semi-algorithm stops, by the conditions in Step (4), the box B is partitioned into two sets of boxes. A set
of boxes that are disjoint with € and the other one is a set of boxes that contain parts of € that satisfy Assumption
Thus, Assumption is satisfied in B. On the other hand, assume that P satisfies Assumption in B and
Semi-algorithmdoes not stop, then, for every positive real e there exists a closed box B, C B, with w(B.) < e such
that the conditions in Step (4) are satisfied in B.. Consider the infinite chain ﬁ%,§%7§% ... and take g, € By,
with q;, # qi, for k # k’. Since B is compact, then there exists a subsequence of ¢ that converges to a point on B
say ¢. Since (JP and OJJp are box function we must have that P(g) = 0 and rank(Jp(q)) < n — 1. Thus, ¢ is a point
in € that does not satisfy Assumption 4| which is a contradiction. Hence, Semi-algorithm stops. O

The next step is to check Assumptions |N;|and For this goal, we want to find a finite set of pairwise disjoint
boxes in B,y such that every box contains at most one solution of Ball(P) and the union of these boxes contains
all solutions of Ball(P) in Bp,y. Notice that, by the definition of box functions, for a closed (2n — 1)-box &I, if
0 ¢ OBall(P)(4l), then £ does not contain a solution of Ball(P), whereas the condition 0 € TIBall(P)(Ll) does
not necessarily imply that a solution is in £{. This is why the set we are going to find might have unnecessary boxes.
However, we will see later that this is enough for our purpose. Before introducing Semi-Algorithm [2| we define the

following functions.
Definition 60. Consider the set ngal = {(x1,22,y,7,t) ER xR xR" 2 x R" 2 xR |t >0} and define
fgall : ngo_l - R"
(1‘1@27?},7‘, t) = (.1317.7?2,2./ + 7‘\/7;)
and
JBan R?;al - R"
(:Ela T2,Y,T, t) — (xlv T2,y — T\/E)

Define the function fgan : RZZg" — R™ x R™ that maps X to (fi},,,(X), faan(X)). Notice that fgan is an extension

of Qp (Definition[39).

Semi-algorithm 2 Isolating the solutions of Ball(P) in Bp,y (under Assumption |[4;

Input: An integer n > 2, an open n-box B, a function P from B to R"~! such that P satisfies Assumption |A,|in B
and a (2n — 1)-closed box & that contains Bp.y (see Remark .
Output: (If Semi-algorithm terminates) A finite set of pairwise disjoint (see Remark (2n — 1)-boxes such that

every solution of Ball(P) in Bp,y is contained in a box of this set and each box contains at most one solution.
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1: Solutions = (.

2 L= {8}

3: while L # () do

4 th:=pop(L).

5. if 0 ¢ OBall(P)(Y) or (Ofpan(U)) N (B x B) = () then

6: Continue.
7. if rank(OJgancpy(X)) = 2n — 1 and Ofpan(Y) C B x B then
8: Add U to Solutions.
9: else
10: Subdivide ${ and add its children to L.

11: return Solutions

Remark 61. Notice that the output of Semi-algorithm |2} as described in the algorithmic part, may not be a set of
pairwise disjoint boxes. More precisely, two boxes of the output may intersect in their boundaries if a solution of the
Ball system is on or near their common boundary. To solve this issue, one could use the so-called e-inflation (see for
instance [|Sta95| §5.9.1][Kea97|]), but we just sketch a simple method. For every connected component of Solutions
(i.e., an inclusion-wise maximal subset of Solutions such that the union of its boxes is a connected set) that contains
more than one box, we compute the smallest box U that contains this component and we remove the boxes of this
connected component from Solutions. After shifting the grid with a small enough € > 0, we subdivide & in smaller
boxes and add them to Solutions. We then repeat Semi-algorithm 2] starting from Step (2) such that L is assigned to
the modified set Solutions. We repeat the same process as long as we have a non-empty intersection of two boxes in
Solutions.

We assume that the process described in this remark is part of Semi-algorithm[2]

Lemma 62. Under Assumption|A,|in B, if Semi—algorithmstops, it returns a finite set Solutions of pairwise disjoint
(2n — 1)-boxes such that every solution of Ball(P) in Bgay is contained in a box of this set and each box contains at

most one solution. Moreover, Semi-algorithm|2|stops if and only if Ball( P) satisfies Assumptions in Bgai.

Proof. First let us prove the correctness. Assume that Semi-algorithm [2] stops and Solutions is the output set. Then,
by Remark we have that the boxes in Solutions are pairwise disjoint. Moreover, By, is covered by a set of boxes

such that every box of this set satisfies:

(a) one of the conditions in Step (5) which implies that no interesting solutions (i.e., that characterize singular points

in m¢(€)) are in this box, or

(b) the conditions in Step (7) which guarantee that if a solution X exists in this box, then it is regular and Qp(X) €
B x B. Thus, X satisfies Assumptions[N;]and [Ry]

Hence, every solution of Ball(P) in Bpan is regular and contained in a box of Solutions. The condition

rank(OJgan(py (L)) = 2n — 1 guarantees that each box of Solutions contains at most one solution of Ball(P)

[Sny92| Theorem A.1].
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To prove the equivalence, assume that Semi-algorithm [2]stops and returns Solutions. According to the correctness
proof, every solution X of Ball(P) in Bp,y is regular and satisfies Qp(X) € B x B. Thus, Assumptionsand
are satisfied in Bp,j.

On the other hand, assume that[R;]and [R5]hold. We prove that Semi-Algorithm 2] stops in two steps:

Step 1: By Assumption all solutions of the square system Ball(P) are regular. Hence, they form a zero dimen-
sional manifold in the compact space Bpan. Thus, the solution set is finite. Consider ﬂ/ mentioned in Remarkthat
contains the boxes of a connected component of Solution with more than one box. Notice that if 0 is in the interior
of Bpan, then the boundary of ﬂ/, shared with the boundary of the connected component, cannot have a solution of
Ball(P). Otherwise, a neighbour box of the connected component is in Solution which contradicts the maximality of
the connected component. Hence, after changing the grid finitely many times (that is done in the process described
in Remark @, every solution is contained in the interior of a box in Solution, except those solutions that are in the
boundary of Bpgan. Thus, after repeating the process in Remark finitely many times, the boxes of Solutions are
pairwise disjoint.

Step 2: We prove that for any box i € L with a small enough width, one of the conditions in Step (5) or the
conditions in Steps (7) are satisfied. Thus, in both cases [ will be removed from L, and hence, Semi-algorithm stops
after a finite number of iterations. If a small enough box of L does not contain an interesting solution of Ball(P), then
it satisfies one of the conditions of Step (5). Let X be a solution of Ball(P) in Bgay. By Assumption , we have
fBan(X) € B x B. Hence, by the continuity of fg,) there must exist a box ﬂ/ € L (in some iteration of the while-
loop) with a small enough width that contains X and satisfies [ fBan(ﬂ/) C Bx B. By Assumption X is aregular
solution. Assume that for any box {{ € L that contains X the rank of UJBan(p) () islessthan 2n—1. Let 4y D &y ...
be a chain of those boxes. Since [JJpan(p) is a box function, we have that lim; o, OJpan(p) (L) = Jpancp) (X)-
Consider the box function det(C].Jg,n(py). Notice that det (O Jan(p) (L)) converges to det(Jpan(p)(X)). However,
0 € det(OJan(py(Y;)) for all i € N* but det(Jpan(p) (X)) # 0 (Assumption which contradicts the fact that
det(OJan(p) (4:)) is a box function of det(Jpai(p)). Thus there exists a box that contains X such that the rank of
OJBancp)y is 2n — 1.

Thus, For any box in L with a small enough width one of the conditions of Step (5) is satisfied or all of the

conditions in Step (7) are satisfied which proves the lemma. Hence, Semi-algorithm 2] terminates. O
Remark 63. Semi-algorithm 2| requires a closed (2n — 1)-box $ly that contains Bpay. For instance the follow-
ing set could be used: {(q,r,t) € R*"1 | ¢ € B,—1 < r; < 1fori € {3,...,n},0 < t < %} with
¢ =max{ll¢—ql|¢.¢' € B}.

Finally, using Lemma [58] Semi-algorithm [3| checks whether P satisfies Assumptions and [A5]in
B.

Semi-algorithm 3 Checking Assumptions [A;} |42} A3l | A4land | A5

Input: An open n-box B and a smooth function P from B to R" !,

Output: True, if and only if P satisfies Assumption and|As|in B.
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1: Check Assumption [A4;](Semi-algorithm |T]).

2: Compute a closed (2n — 1)-box L that contains Bp,; (Remark .

3: L := the output of Semi-algorithm 2]

4: for all distinct &, 9 € L do

5. Keep refining &, $0 until their plane projections are disjoint (ignoring the twin solutions) or it is guaranteed that
one of them has no solution of Ball(P).

6: return True.

Remark 64. In Step (5), by refining we mean that we subdivide both 3 and ' until one of the mentioned conditions
in Step (5) is satisfied. Analogously to the process described in Remark [61) we can subdivide in such a way that if a

solution of Ball(P) in U (resp. a ) exists, then it is contained in a unique child of {1 (resp. a ).

5.3. Isolation of singularities

If Semi-algorithm 3] stops, L is a set of pairwise disjoint boxes each of which containing at most one solution of
Ball(P). If a box of L does not intersect the hyperplane ¢ = 0 on its boundary, then an interval existence test such as
Miranda test [X]] or the interval Newton operator [Neu91, Section 5.1] can be applied together with further refinements
to conclude whether the box actually contains a solution of Ball(P) or not. When the box isolates a solution, this so-
lution then projects to a node of the plane curve m¢(€). On the other hand, if a box of L intersects the hyperplane
t = 0 on its boundary, since an existence test cannot decide the existence of a solution on the boundary of a box, it
cannot decide whether the box contains a solution of Ball(P) or not.

One may wish to solve independently the Ball system with the additional constraint ¢ = 0 to identify cusps. Unfor-
tunately, in this case Ball(P) is an overdetermined system and thus it is difficult to certify its solutions numerically.
However, in the special case of a silhouette curve defined by P (using the notation in Definition , if X € Bpan,
with ¢t = 0, the equations D - P;(X) = 0 for 1 < ¢ < n—2 imply the equation P,,_1 (X ) = 0. Moreover, the functions
P,_1and S-P,_ coincide for t = 0. Hence, in the set {X € Bpay | t = 0}, the system Ball(P) without the equation
P,_1(X) = 01s a square system of 2n — 2 equations. In the case where n = 3, it is proved in [IMP16a, Lemmas 9
& 10] that this system is regular iff the solution projects to an ordinary cusp. However, for n > 3, the regularity of

Ball(P) is not clear and we leave it as a conjecture.

6. Conclusion

We propose a regular square system that encodes the singularities of the plane projection of a generic curve in
R™. The genericity of the assumptions is proved via transversality theory. For the silhouette case, the genericity of a
part of the assumptions is proved and we state the missing part as Conjectures[32| & [33] We provide a semi-algorithm
that checks whether a given system satisfies the generic assumptions. The cost of our approach is that the number
of variables is doubled, this is a drawback for subdivision methods that are exponential in the dimension. One way

to overcome this issue is to restrict the search domain for the Ball system. Similarly as in the 3-dimensional case

39



[IMP18]], the smooth curve in R™ could first be enclosed in a set of boxes by a certified tracking. For the computation
of nodes, the Ball system could then only be solved in the small (2n — 1)-dimensional domains corresponding to

enclosing boxes of the curve that overlap in projection.
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