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Abstract. We give asymptotic formulas for finding the scattering amplitude at fixed
frequency and angles (scattered far field) from the scattering wave function given at n
points in dimension d > 2. These formulas are explicit and their precision is proportional
to m. To our knowledge these formulas are new already for n > 2.
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1. Introduction
We consider the scattering problem for the equation

—AYp+ov(z)p=Ep, zeR? d>1, E>0, (1.1)

where
v E LOO(Rd), suppv C D, (1.2)
D is an open bounded domain in R .

Equation (1.1) can be considered as the Schrodinger equation of quantum mechanics
at fixed energy F that describes a particle interacting with a macroscopic object contained
in D. In this case v is interpreted as the potential of this interaction.

Equation (1.1) can be also considered as the Helmholtz equation of electrodynamics
or acoustics at fixed frequency w. In this case v and F can be interpreted as follows:

W2 W2

v() = (1—(n()*(=)", E=(=)", (1.3)
Co Co
where n(z) is a scalar index of refraction, n(z) = 1 on R™\D, ¢ is a reference speed of
wave propagation.
For equation (1.1) we consider the scattering solutions ¢t (z,k), k € RY k2 = E,
specified by the following asymptotics as |z| — oco:

¢+(3; k) = etkr 4 ﬂfl(/{ |k|£) + O(;)
’ |(d—1)/2 ’ |$|(d+1)/2 ’

|z ]

for some a priori unknown f;. The function f; arising in (1.3) is the far field pattern, or
scattering amplitude, for equation (1.1) for fixed E and is defined on

(1.4)

Mp={kleR’: ¥ =1=E} =82 xS/ (1.5)
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Remark 1.1. For mathematical convenience in many works the terminology ”scat-
tering amplitude” is used for the function f such that

fr(k, 1) = e(d, [E[) f (R, D), (k1) € Mg, (1.6)

c(d, |k|) = —mi(—2mi)@=1/2 || (@=3)/2, (1.7)

In order to study the scattering solutions )™ and the scattering amplitude f; one can
use the Lippmann-Schwinger integral equation (2.1) and the integral formulas (2.5), (2.6);
see Section 2.

We consider, in particular, the following problems for equation (1.1), under assump-
tions (1.2):

Problem 1.1a. Reconstruct potential v from its scattering amplitude f;.

Problem 1.1b. Reconstruct potential v from 1™ appropriately given outside of D.

Problem 1.2. Find f; from ¢ appropriately given outside of D.

A recent survey on Problems 1.1 (mainly, on Problem 1.1a) is given in [N3].

In the present work we are focused on Problem 1.2.

In addition, one can see that results on Problem 1.2 and Problem 1.1a admit straight-
forward applications to Problem 1.1b.

Note that formula (1.4), under our assumptions for d = 1, is reduced to the formula

oF(z, k) = etk 4 elkllel £ (k. |/<;||z—|), for =€ R\D, ke R\{0}. (1.8)

One can see that formula (1.8) solves Problem 1.2 for d = 1. However, Problem 1.2 is
much more complicated for d > 1.

The first formula for solving Problem 1.2 for d > 1 was given in Theorem 3.3 of [Ber]
for the case when d = 3. This formula gives fi(k,[) at fixed k € Sf/ﬁ it term of an infinite

sum of integrals of ¥+ (z,k) — e in € 9D for the case when D = Bpg for some R > 0,
d = 3, where
B, ={zcR*: |z|<r}, r>0. (1.9)

Formula (2.6) recalled in Section 2 can be also considered as a formula for solving Problem
1.2 for d > 1.

A disadvantage of the aforementioned well-known formulas for solving Problem 1.2
for d > 1 consists in the following: for finding fy(k,l) at fixed k,l € Sc\l/_E1 values of

Y1 (x, k) along the whole boundary 9D are necessary. In addition, the formula of [Ber]
is complicated, whereas formula (2.6) requires not only ¥ on D but also its normal
derivative on 0D.

In the present work we give, in particular, for fixed (k,l) € Mg,

formulas for finding fi(k,I) up to O(s™") as s — 400 (1.10)
from T (x,k) given at n points x = x1(s),...,Tn(s), .

where . .
zj(s)=(s+1)l, j=1,...,n, L=1/|l,

v (1.11a)
§>0, 11 =0, 7y, <75, for ji <jo,
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or A A
zj(s) =Ajsl, j=1,...,n, I =1/|l,

e (1.11b)
s>0, A\t =1, A\j;, <y, for j1 < jo.

These formulas are explicit and are presented in detail below in Introduction and in
Section 3. To our knowledge these formulas are new already for n > 2; for n = 1 these
formulas are reduced to formula (1.4) considered as a formula for finding f; from ™.

Let z = z(z, k) be defined as follows:

cilkllz]

’QD+(.’13, k) = e“”3 + ’x‘(d——l)/2z(x’ k), (112)
where z, k € R"\{0}.
Assume for simplicity in (1.11a) that
— (-1 j=1,...,n, 7>0. (1.13)

Then our formulas (1.10), (1.11a) take the form:

fi(k, 1) = fln(k,l,T s)+ O(s _”) as s — 400,

)P (s 4 )" Z((S‘{‘Tj)[,k). (1.14)
_ 12 G = Din—j)! ’

fin(k,1,7,5)

see formulas (3.7), (3.5) of Section 3.
In fact, the present work continues studies of the recent work [N2|. In particular, in
[N2], for fixed (k,l) € Mg, k #1, for d =3 and d = 2, we give

formulas for finding fi(k,I) up to O(s™") as s — 400 (1.15)
from |7 (z,k)|> given at 2n points z = z1(s),..., T2, (s), '

where ) )
zi(s)=mri(s)l, i=1,....2n, 1 =1/|l,
ng_l(s) = /\jS7 TQj(S) = )\jS + T, j = 1, cee,n, (1-16)
A =1, Ay <A, for ji <j2, 7>0.

This result is given in [N2] for finding f; from phaseless |[¢/"|?, but can be also used for
solving Problem 1.2.

Advantages of formulas (1.10), (1.11) (realized in the present work) in comparison
with (1.15), (1.16) (realized in [N2]) can be summarized as follows:

(i) for the same precision formulas (1.10), (1.11) use n points instead of 2n;

(ii) the geometry of points in (1.10), (1.11a) is essencially simpler in the sense that
the distances between points are fixed and are independent of s — +o00;

(iii) formulas (1.10), (1.11) (realized as formulas (1.14), (3.7), (3.11)) are drastically
more explicit for large n.
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Results of the present work are presented in details in Section 3. These results (and in
particular formulas (1.14), (3.7), (3.11)) also open question about simplification of formulas
of [N2] for finfing f; from phaseless ||

2. Preliminaries on direct scattering
We recall that for equation (1.1), under assumptions (1.2), the scattering solutions
T satisfy the Lippmann-Schwinger integral equation

Ut (k) = eFo 4 / Gz — y, k(o (v, k)dy, (2.1)
ngdf .
Gt (z, k) = —(2m)” /52 0 = Gy (|z], |k]), (2.2)

where x € Rd, k e Rd, k?> = E. Note that

G o) = S o g1
(z, k) = W or a=1, )
N i N Gilklal (2:3)
G (z,k) = —ZHO(LT] |k|) for d=2, G (x,k)=— Tl for d =3,

where H{ is the Hankel function of the first type.

Remark 2.1. In the present work, in addition to (1.2), we assume that
equation (2.1) is uniquely solvable for ¥T (-, k) € L(R?) for fixed E >0, (2.4)

where k € RY, k2 = E. If, for example, v satisfies (1.2) and is real-valued, then (2.4) is
fulfilled automatically.

In addition, for the normalized scattering amplitude f defined by (1.6) the following
formulas hold:

1) = 2m) [ e Muty)o (v, by (2:5)
fld) = ) [ (et ) - vt k) e e, (20
oD

where (k,l) € Mg, v, is the outward normal to 0D at x € 9D.

For basic mathematical results concerning (2.1), (2.5) we refer to [F], [BSh], [CK], [N2],
[N3] and references therein. Formula (2.6) follows from (2.5) using the Green formula; see
formulas (4.1), (4.5) of [N1].

We also recall that, under our assumptions (1.2), (2.4), formula (1.4) admits the
following much more precise version:

‘ eilkllzl 7 fi ke, k|2
_ ikx ||
W (z, k) = ™ 4 2@ (Z P +O(W)> as |x| — oo, (2.7)

7j=1
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where 2z € R%, k € R?, k> = E > 0, n € N. In addition, formulas (1.6), (1.7), (2.5) for f
have analogs for f;, j > 2. See, for example, [M], [N2].

3. Main results
Let z = z(s) be a function of s € [r, +00[, r > 0, such that

) as s — 400, (3.1)

N
-3 o
si—1
j=1

where NeN, f; €C,j=1,...,N.
Our considerations of functions satisfying (3.1) are motivated by formulas (1.12),

(2.7). However, in this section we do not assume that z = z(s) and f1,..., fy are related
to equation (1.1) unless it is explicitly specified.
First, we consider n points s; € [r,+o0[, j = 1,...,n, of the form
s;i=8i(8)=s+71;, 7=1,...,n,
J i(s) g J ' ' (3.2)
s>r, T :0, Tj < Ty, for 71 < J2.
We set
T=(T1, -, Tn), (3.3)
j—1
a;(F) =[]z —7) for 1<j<n, ar(7)=1,
=t (3.4)
B (®) = ] (=) for 1<j<n, Bun(®) =1
i=j+1
In addition, if 7; are given by (1.13), then we have that
j(7) = (7 = DI, Buy(7) = (n—j)lr" 7. (3.5)

Theorem 3.1. Let z = z(s) satisfy (3.1) for some N > 2n — 1, n € N. Let 7 be
defined according to (3.2), (3.3). Then

f1=fin(Tys)+0(s™™) as s — 400,

i D" (s+ 1) " tz(s + 7)) (3.6)

fin(T o (D (7 ’

Jj=1

where o (T), Br,;(T) are defined by (3.4).
Theorem 3.1 is proved in Section 4.
Using Theorem 3.1 and formulas (1.12), (2.7) we obtain the following corollary.

5
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Corollary 3.1. Under assumptions (1.2), (2.4), we have that

filk, 1) = fin(k, 1, T,s) +O(s™") as s — o0,

(=) (s )" (s 4 1)1, k)
2 @ (7) B, (T) ’

fl,n(k7lv7?7 8) - (37)
7j=1

(k,1) e Mg, 1=1/]l],

where f1 = f1(k,l) is the scattering amplitude of (1.4), z = z(z, k) is defined by (1.12),
a;(T), Bn,;(T) are defined by (3.4), T; are the numbers of (1.11a).

Second, we also consider n points s; € [r,+00[, j =1,...,n, of the form
si=8;(s)=N;is, j=1,...,n,
J i(s) J J . . (3.8)
s>, A = 1, )‘j1 < )\j2 for 7 < J2.
Let
A=A, ). (3.9)

Theorem 3.2. Let z = z(s) satisfy (3.1) for some N = n € N. Let X be defined
according to (3.8), (3.9). Then

fi = fin(X,s) + ( ™) as s — 400,
UL (=D)MIATT 2 (N) (3.10)

f1n>\8 :Z

=1 ( )Bn J(X)

)

where a;(X), B,.;(X) are defined according to (3.4) (with X in place of 7).
Theorem 3.2 is proved in Section 5.
Using Theorem 3.2 and formulas (1.12), (2.7) we obtain the following corollary.
Corollary 3.2. Under assumptions (1.2), (2.4), we have that

fi(k, 1) = fin(k,l, X, s)+0(s™") as s — +o0,
B n (=) I (sl k)
Jin(k, 1A s) = = S : 3.11
1 ; @ (A)Bn,i(A) (3.11)

(k,1) e Mg, 1=1/|1],

where f1 = fi(k,l) is the scattering amplitude of (1.4), z = z(x, k) is defined by (1.12),
aj(X), ﬂn,j(X) are defined according to (3.4) (with X in place of 7), A; are the numbers of
(1.11b).

Remark 3.1. Formulas (3.6), (3.7), (3.10), (3.11) have also analogs for f;, j > 2.
For the case of (3.10), (3.11) these analogs are, actually, given by formulas (5.3), (5.9) of
Section 5.
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4. Proof of Theorem 3.1
For n = 1 formulas (3.6) are reduced to (3.1) for N = 1.

Therefore, for simplicity of notations, further in this proof we assume that n > 2.

Let y; = y;(s,7), 7 =1,...,n, be defined via the following linear system
z”: yi { 1 for i=1
= (s + Tj)i—l 0for 1 <i<n.
System (4.1) can be rewritten as
Qy = €1,
Q - (Qi,j)7 Qi,j - q;‘_la QJ = (S +Tj)_17
y= (yl,...,yn)T, e1 = (1,0,...,0)T.

One can see that () is a Vandermonde matrix and, in particular,

detQ= J[ (¢—a)#0,

1<i<i<n

where we used our assumptions on 7; of (3.2) in order to have that det @ # 0.

Let .
Zn(s) = Z Ji
]:

Formulas (4.1), (4.4) imply that

Zyj(S,F)Zn(S + Tj) = fl-

i=1

In order to prove (3.6) it remains to show that:

B

yi(s,7) = S, 1<j<n,

’ (7). ()
( y_jf._(sj;)ﬂ =0(s") as s — o0, for n<i<2n.
S Tj

Jj=1

Indeed, formulas (3.6) follow from (3.1), N > 2n — 1, and (4.4)-(4.7).
Proof of (4.6). We recall that

Ql_yjl - (_1)j71( Z dm, - - ‘QTnn_]’)( H (Qm - Qi))_la 1< ] <n,
1§n;§n

1<mi<...<mp—;<n
ml,...,mn_jii

Q;} = (=1)"7( H (gm — qz’))_lv J=n,
1<m<n
m#i

(4.1)

(4.2)

(4.3)

(4.4)

(4.6)

(4.7)

(4.8)
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where Q7! = (Q; jl) is the inverse of the Vandermonde matrix @); see, e.g., Section 1.2.3:

Sums and Products: Exercise 40 of [K].
Using (4.2), (4.8) we obtain that

yi(s,7) = ( Z Gy - ) ( H (gm — Qi))_l

1<mai<...<mp-_1<n 1<m<n
mi,..., Moy — 171 m#i
' ' » . (4.9)
:( H Qm>( H <Qm_Qi)) , 1<i<n.
1<m<n 1<m<n
m#i m#i
Next, using the definition of ¢; in (4.2) we have that
dm — 4qi = (Ti - Tm)Qin- (410)
Using (4.9), (4.10) and the definition of ¢; we obtain that
. 1 (S + Ti)nil .
yi(s,T) = = , 1<i<n. (4.11)
’ H1<m<n( _Tm> ngmgn (Ti - Tm)
m#£i mzi

Formulas (4.11), (3.4) imply (4.6).
Proof of (4.7). Using (4.6) we obtain that

n n n

2 (syi(i;;)—l - Z (sv-:’i()ﬂ w = Sil_n > s (A +2) 7, (4.12)

j=1

where i > n, s > 0,

(7= (4.13)
Tni\T) = —F =% = .
’ ; (T)Bn.5(7)
We recall that
(1 + ~m Z )" as s — +oo, (4.14)
where C*_ are the binomial coefficients.
We also assume that 79 = 1 (in view of our assumption that 7 = 0).
Using (4.14) we obtain that
n () (14 2y~ 2 o(—1) + 4.15)
Z%m 7) Z _iOnk( o 1) 8 — +00, (4.
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where

On, k: ’Yn,] ? (416)

Because of (4.12), (4.15), in order to complete the proof of (4.7) it is sufficient to show
that
onk(T) =0, k=0,...,n—2. (4.17)

On this purpose, using (4.1) for ¢ = 1 and (4.6), (4.13), (4.16) we obtain that

n n—1
Zyj(s T Z'Ynj S+Tj 2/771] ) ZCS—lsn_l_kTJk
=1 k=0

B (4.18)
Z nls Unk():17 S>07
k:
where C¥_, are the binomial coefficients.
The identities (4.17) follow from (4.18).
This completes the proof of formulas (4.7).
Theorem 3.1 is proved.
5. Proof of Theorem 3.2
We set
1—js .

A:<Aj17j2):(>\j1] ), 31,32:1,...,71, (51)
where A1, ..., A\, are the numbers of (3.8). One can see that A is a Vandermonde matrix
and, in particular,

det A = H ()\j_l ~ AN #0 for n>2, detA=X\ =1 for n=1. (5.2)

1<i<j<n

Proposition 5.1. Under the assumptions of Theorem 3.2, the following formulas
hold: B .
fi = fin—iv1(N,8) +O(s7" T 1) as s — +oo,

X 5.3
fzn z—‘,—l - ZIZAJ )\S 7::1,...,7’1,, ( )

where A=1 = (A; ]

;.j ) is the inverse of the matrix A defined by (5.1).

Proof of Proposition 5.1. Proceeding from (3.1) we obtain the following system of
approximate equations for fi,..., fu:

Z ()\.:gj_1 =2(Ns)+0(s™™) as s — 400, 1=1,...,n. (5.4)
j=1 "
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Let
95 = @(s)s o), 030 = T, =1m, 5:5)
h(s) = (h1(8),. .., hn(s)T, hj(s) =2(N\;s), j=1,...,n. (5.6)
Then system (5.4) can be rewritten as
Ag(s) =h(s)+O(s™™) as s — 400, (5.7)

where O(s™™) denotes an n-dimensional vector with the components O(s™").
From (5.2), (5.7) we obtain that

g(s) = A7 h(s) + O(s™™) as s — +oo. (5.8)

Formulas (5.3) follow from (5.5), (5.6), (5.8).
Proposition 5.1 is proved.

The rest of the proof of Theorem 3.2 is as follows.

For n =1 formulas (3.10) coincide with (3.6) and with (5.3) and are reduced to (3.1)
for N = 1.

Therefore, for simplicity of notations, further in this proof we assume that n > 2.

In a similar way with (4.8) we have that

A7l = (—1) 3 MALEOCTT et T i<i<n,

1<mi<...<mnp_—;<n 1<m<n
mlw"amn—i#]‘ m#.j
— i— _ _ -1 .
Ai,jl = (—-1)"( H (AL — A D), i=n
1<m<n
m#j

(5.9)
Using (5.9), in a similar way with (4.9), (4.10), (4.11) we have that

A =C I WHCTT o= ah) 7 1<i<n, (5.10)

1<m<n 1<m<n
mj mj
An = AT = (5 = Am)ALTAT (5.11)
At
AT = J , 1<j<n. 5.12
Y Thzmen g —Am)’ 2707 (5:12)
mj

Formulas (3.10) follow from formulas (5.3) for i = 1 and formulas (5.12).
Theorem 3.2 is proved.
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