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Jérdme Lemoine and Arnaud Miinch*
Weak least-squares approaches for the
2D Navier-Stokes system

Abstract: We analyze a least-squares approach in order to approximate weak
solutions of the 2D-Navier Stokes system. In a first part, we consider the steady
case and introduce a quadratic functional based on a weak norm of the state
equation. We construct a minimizing sequence for the functional which converges
strongly to a solution of the equation. After a finite number of iterates related to the
value of the viscosity constant, the convergence is quadratic, from any initial guess.
We then apply iteratively the analysis on the backward Euler scheme associated to
the unsteady Navier-Stokes equation and prove the convergence of the iterative
process uniformly with respect to the time discretization. In a second part, we
reproduce the analysis for the unsteady case by introducing a space-time least-
squares functional. The method turns out to be related to the globally convergent
damped Newton approach applied to the Navier-Stokes operator, in contrast to
standard Newton method used to solve the weak formulation of the Navier-Stokes

system. Numerical experiments illustrate our analysis.

Keywords: Navier-Stokes equation, Implicit time scheme, Least-squares approach,

Space-time variational formulation, Damped Newton method.

1 Introduction - Motivation

Let  C R? be a bounded connected open set whose boundary 90X is Lipschitz. We
denote by V = {v € D(Q)?,V - v = 0}, H the closure of V in L?(Q)? and V the
closure of V in H'(Q)2. Endowed with the norm |[v|ly = ||[Vo|2 := IVoll(z2 ()
V is an Hilbert space. The dual V' of V', endowed with the dual norm
[vllv: = sup (v, W)yixy
weV, [lwllv=1
is also a Hilbert space. We denote (-, )y the scalar product associated to the norm
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Let T > 0. We note Qp :=Q x (0,T) and X7 := 99 x (0,7T).
The Navier-Stokes system describes a viscous incompressible fluid flow in the
bounded domain € during the time interval (0,7") submitted to the external force

f. It reads as follows :

ye—vAy+(y-V)y+Vp=f, V-y=0 in Qr,
y=0 on X, (1.1)
y(-,0) =up, in Q,

where y is the velocity of the fluid, p its pressure and v is the viscosity constant.
We refer to [15, 21, 24].

We recall (see [24]) that for f € L2(0,T; V') and ug € H, there exists a unique
weak solution y € L?(0,T; V), 8wy € L?(0,T; V') of the system

d
o y-w+1//Vy-Vw+/y-Vy-w:(f,w)v/xv, Yw eV

o) ) Q (1.2)
y('vo):an in Q.

This work is concerned with the approximation of solution for (1.2), that is,
the explicit construction of a sequence (yi)ren converging to a solution y for a
suitable norm. In most of the works devoted to this topic (we refer for instance to
[8, 18]), the approximation of (1.2) is addressed through a time marching method.
Given {tn}n—o..N, N € N, a uniform discretization of the time interval (0,7") and
0t = T/N the corresponding time discretization step, we mention for instance the

unconditionally stable backward Euler scheme

n+l __  n
/7?; 5 Y ~w—|—1//Vy"+1~Vw—|—/yn+l~Vy"+1~w

@ & e (1.3)
= (" w)vixv, ¥n >0, Yw € V
y°(,0) =ug, in Q

with f* = % tt:'“ f(-,s)ds. The piecewise linear interpolation (in time) of
{¥" }nejo, Ny Weakly converges in L%(0,T; V) toward a solution y of (1.2) as 8t goes
to zero (we refer to [24, chapter 3, section 4]). Moreover, it achieves a first order
convergence with respect to 0t. We also refer to [25] for a stability analysis of the
scheme in long time and to [22].

For each n > 0, the determination of ™1 from y™ requires the resolution of
a (non-linear) steady Navier-Stokes equation, parametrized by v and §¢. This can
be done using Newton type methods (see for instance [19, Section 10.3]) for the
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weak formulation of (1.3) which reads as follows: find y = 4" € V solution of

a/y-w+y/Vy~Vw+/y-Vy~w =< f,w > H-1(Q2)2 x H} ()2 +a/g-w, YweV

Q Q Q Q
(1.4)
with
tn41

1 n_ 1 _.m
a'_§>0’ f=f —E/f(“‘;)ds7 g=y". (1.5)
tn

Introducing the application F': V x V' — R as follows:

F(y,z) ::/ay~z+VVy-Vz+(y~V)y-z
Q

- < f,z >H71(Q)dxHé(Q)d —a/g~z:0, VzeV

Q
(1.6)

the Newton algorithm formally reads

{yo €V, (1.7)

Dy F(yg,w) - (Yp41 — y&) = —F(yr,w), Yw eV, k>0.

If the initial guess yo is close enough to a solution of (1.4) (i.e. a solution satisfying
F(y,w) =0 for all w € V') and if Dy F(yg, -) is invertible, then the sequence {yg }x
converges. We refer to [19, Section 10.3] and [5, Chapter 6]).

Alternatively, we may also employ least-squares methods which consists in
minimizing quadratic functional, which measure how an element y is close to the
solution. For instance, we may introduce the extremal problem : infy ey E(y) with
E:V = RT defined by

1
E(y) := §/a|v|2 + v|Vol? (1.8)
Q
where the corrector v is the unique solution in V' of the formulation
a/v-w—i—u/Vv-Vw:—a/y-w—u/Vy-Vw—/y-Vy~w
Q Q Q Q Q

+ < f,w >H*1(Q)2><H§(Q)2 +Oz/g-w7 Yw e V.
(1.9)

Remark that E(y) = 0 is zero if and only if y € V' is a (weak) solution of (1.4), i.e.
a zero of F(y,w) =0 for all w € V. As a matter of fact, the infimum is reached.



4 = | emoine, Miinch )

Least-squares methods to solve nonlinear boundary value problems have been
the subject of intensive developments in the last decades, as they present several
advantages, notably on computational and stability viewpoints. We refer to the
books [1, 9]. The minimization of the functional E over V leads to a so-called
weak least squares method. Actually, there is a close connection between F and F
through the equality \/2E(y) = sup,ev w0 W from which we deduce that
E is equivalent to the V'-norm of the Navier Stokes equation (see Remark 2.9
below). The terminology “H ~! least-squares method” is employed in [2] where
this method has been introduced and numerically implemented to approximate
the solutions of (1.2) through the scheme (1.3). We also mention [5, Chapter 4,
Section 6] which studied later the use of a least-squares strategy to solve a steady
Navier-Stokes equation without incompressibility constraint. In a first part of
this work, we analyze rigorously the method introduced in [2, 7] and show that
one may construct minimizing sequences in V' for E that converge strongly to a
solution of (1.2). We then justify the use of that weak least-squares method to solve
iteratively the scheme (1.3), leading to an approximation of the solution of (1.2).
This requires to show some convergence properties of the minimizing sequence
for F, uniformly with respect to n, related to the time discretization. As we shall
see, this requires smallness assumptions on the data ug and f. In a second part,
we extend this analysis to a full space-time setting. More precisely, following the
terminology of [2], we introduce the following L?(0,T; V') least-squares functional
E:HY0,T; V)N L*(0,T; V) - R

~ 1
E(y) = Sllye + vBi(y) + Bly.y) = fllZ207:v7) (1.10)

where B and B are defined in Lemmas 3.2 and 3.3. Again, the real quantity E(y)
measures how the element y is close to the solution of (1.2). The minimization of
this functional leads to a so-called continuous weak least-squares type method.
This paper is organized as follows. In Section 2, we analyze the least-squares
method (2.4)-(1.9) associated to weak solutions of (1.4). We first show that E
is differentiable over V' and that any critical point for E in the ball B := {y €
V,7(y) < 1} (see Definition 2.1) is also a zero of E. This is done by introducing a
descent direction Y7 for E at any point y € V for which E’(y) - Y1 is proportional
to E(y). Then, assuming that there exists a least one solution of (1.4) in the
ball B, we show that any minimizing sequence {yk}(keN) for E uniformly in B
strongly converges to a solution of (1.4). Such limit belongs to B and is actually
the unique solution. Eventually, we construct a minimizing sequence (defined in
(2.18)) based on the element Y7 and initialized with g assume in V. We show that,
if « is large enough, then this particular sequence is uniformly in B and converges

(quadratically after a finite number of iterates related to the values of v and «)
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strongly to the solution of (1.4). A section of remarks emphasizes that this specific
sequence coincides the one obtained from the damped Newton method (a globally
convergent generalization of (1.7)) and with (1.7) for « large enough. We also
emphasize that a similar convergence result hold true with minimizing sequences
based on the gradient of F, as used in [2]. Then, in Section 2.4, as an application,
we consider the least-squares approach to solve iteratively the backward Euler
scheme (see (2.36)). For each n > 0, we define a minimizing sequence {y?+1}k20

based on Yln""1 and initialize with 3", in order to approximate the y™*!

. Adapting
the global convergence result of Section 2, we then show, assume « large enough
(which is achieved by taking a small enough time discretization step dt) and
smallness property on |[uoll2 + || fllz2(0,7;z-1(q)), the strong convergence of the
minimizing sequences, uniformly with respect to the time discretization. The
analysis is performed in 2D for weak and regular solutions and in 3D for regular
solutions. In particular, we justify the use of Newton type methods to solve implicit
time schemes for (1.1), as mentioned in [19, Section 10.3]. To the best of our
knowledge, such analysis of convergence is original.

In Section 3, we reproduce the analysis with the weak solution of (1.2) associ-
ated to initial data up in H and source term f € LQ(O,T; V’). In Section 4, we
discuss numerical experiments based on finite element approximations in space
for two 2D geometries: the celebrated example of the channel with a backward
facing step and the semi-circular driven cavity introduced in [6]. We notably exhibit
the robustness of the damped Newton method (compared to the Newton one),
including for small values of the viscosity constant. Section 5 concludes with some
perspectives.

We emphasize that the 3D case can be addressed as well: we refer to [14, 13].

2 Analysis of a Least-squares method for a
steady Navier-Stokes equation
We analyse in this section a least-squares method to solve the steady Navier-Stokes

equation (1.4): we follow and improve [11] where the particular case o« = 0 is

addressed.
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2.1 Technical preliminary results

We endow the space V' with the norm ||y||v := ||Vyl|2, for all y € V. We shall

also use the following notations
2 2 2
lylly := allyllz +vIVyllz, VyeV

and <y,z >v:=a [qyz+v [ Vy- Vzso that < y,z >v < |lylly llzlly for any
y,z € V.

In the sequel, we repeatedly use the following classical estimates (see [24]).
Lemma 2.1. Let any u,v € V.. Then
— /u -Vu-v= /u Vo - u < V2|2 Voll2] Va2 (2.1)
Q Q

Definition 2.1. For anyy € V , we define

Yilv
.
2av

We shall also repeatedly use the following Young type inequalities.

Lemma 2.2. For any u,v € V, the following inequality holds true :
V2|lull2l|Voll2 ]| Vullz < 7()[ull3 (2.2)

Let f € H1(Q)?, g€ L?(Q)? and o € R’ . The following result holds true:

Proposition 2.3. Assume ) C R? is bounded and Lipschitz. There exists at least
one solution y of (1.4) satisfying

2 2 2
llvllv < covll Fllzr-1(aye + allgllz (2:3)

where cg > 0, only connected to the Poincaré constant, depends on ). If moreover,
QisC? and f € L2(Q)d, then any solution y € V' of (1.4) belongs to H?(Q)?.

Proof. We refer to [15]. O

Lemma 2.4. Assume that a solution y € V' of (1.4) satisfies 7(y) < 1. Then,

such solution is the unique solution of (1.4).
Proof. Let y1 € V and y2 € V be two solutions of (1.4). Set Y = y; — y2. Then,

a/Y~w+u/VY—Vw+/y2~VY~w+/Y-Vy1~w:0 Yw e V.
Q Q Q
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We now take w =Y and use that [, yo- VY -Y = 0. We use (2.1) and (2.2) to get

2 2
VI == [ v 90 < rolvi
Q
leading to (1 — T(yl))H|YH|%,— < 0. Consequently, if 7(y1) < 1 then Y = 0 and the
solution of (1.4) is unique. In particular, in view of (2.3), this holds if the data
satisfy 1/||g||% + %”f”i[—l(ﬂ)d < 205, O

We now introduce our least-squares functional E : V' — R as follows

B(y) = [ (@l +190f) = Sl (2.4

Q

where the corrector v € V' is the unique solution of the linear formulation (1.9). In

particular, the corrector v satisfies the estimate:

llylly \/confuz,l ,
< 1 E— . 2.
livllly- _Il\y\llv< tovar ) T D= - allgl3 (2.5)

Conversely, we also have

ol 13-
llglly < llolly + \/ “EUHE a3 (2.6)

The infimum of E is equal to zero and is reached by a solution of (1.4). In this
sense, the functional E is a so-called error functional which measures, through
the corrector variable v, the deviation of the pair y from being a solution of the
underlying equation (1.4).

A practical way of taking a functional to its minimum is through some (clever)
use of descent directions, i.e. the use of its derivative. In doing so, the presence of
local minima is always something that may dramatically spoil the whole scheme.
The unique structural property that discards this possibility is the strict convexity
of the functional. However, for non-linear equations like (1.4), one cannot expect
this property to hold for the functional E in (2.4). Nevertheless, we insist in that
for a descent strategy applied to the extremal problem minycy E(y) numerical
procedures cannot converge except to a global minimizer leading E down to zero.

Indeed, we would like to show that the only critical points for E correspond to
solutions of (1.4). In such a case, the search for an element y solution of (1.4) is
reduced to the minimization of E.

For any y € V', we now look for an element Y7 € V solution of the following

formulation

a/Yl-w+V/VYl-Vw+/(y~VY1+Y1~Vy)-w = —a/v~w—u/Vv-Vw,Vw ev
Q Q

Q
(2.7)
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where v € V is the corrector (associated to y) solution of (1.9). Y7 enjoys the

following property.

Proposition 2.5. For ally € V satisfying 7(y) < 1, there exists a unique solution
Y1 of (2.7) associated to y. Moreover, this solution satisfies

(1 =7@)lMlly < V2E(). (2.8)

Proof. The proof uses the arguments of Lemma 2.4. We define the bilinear and
continuous form a: V x V — R by

a(Y,w):a/Y~w+V/VY-Vw+/(y-VY+Y~Vy)-w. (2.9)
Q Q Q
so that a(Y,Y) = |HY|H%, + [oY - Vy - Y. Using (2.2), we obtain a(Y,Y) >
1- T(y))|\|Y|H%, for all Y € V. Lax-Milgram lemma leads to the existence and
uniqueness of Y7 provided 7(y) < 1. Then, putting w = Y7 in (2.7) implies

a(Yi, Y1) < —a / v-Yi—v / Yo Vi < Willy llvlly = 1¥illy v2E()

Q Q

leading to (2.8). O

We now check the differentiability of the least-squares functional.

Proposition 2.6. For all y € V, the map Y — E(y +Y) is a differentiable
function on the Hilbert space V' and for any Y € V', we have

E’(y)-Y:/av.wa-vv (2.10)
Q

where V € V' is the unique solution of

a/V-w+u/VV-Vw = —a/Y-w—u/VY-Vw—/(y~VY—|—Y-Vy)-w,Vw ev.

Q Q Q Q Q
(2.11)

Proof. Let y€ V and Y € V. We have E(y+Y) = %H‘V}Hzf where V € V is the

unique solution of

a/V~w+u/VV—Vw+a/(y+Y)~w+v/V(y+Y)‘Vw

Q Q Q Q

+/(y+Y)'V(y+Y)~w*<f,w>wv*a/gw:0, Yw e V.
Q Q
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If v € V is the solution of (1.9) associated to y, v’ € V is the unique solution
of
a/u.w+u/w’-Vw+/y.vy.w:0, Yw eV (2.12)
Q Q Q
and V € V is the unique solution of (2.11), then it is straightforward to check that
V —v—v =V €V is solution of

a/(V—U—v/—V)~w+l//V(V—v—v/—V)-Vw:O, YweV
Q Q
and therefore V.— v — v’ — V = 0. Thus

E(y+Y) 7H’v+v +V|HV

1 2
:§|H”|”V + §H|U H|V + §H|V|||v + (Vo) v + (V,v)v + (v,0")v.
(2.13)
Then, writing (2.11) with w =V and using (2.1), we obtain

2
VI < IVIKIY kv + V2(yll2IVY [l2 + 1Y 21 Vy 1) [V V]2
V2
Vav
leading to [[V]ly < Yy (1 + \FVH|yH|V) Similarly, using (2.12), we obtain

1Ml < ﬁmynﬁ,. It follows that & |||’ |||V+%\||V\||%,+<V,v’>v+<v,v'>V =
o(IYllly/) and from (2.13) that

< IVIAIY iy + liyllvIY il IV VT2

E(y+Y) = E(y)+ (v,V) +o(l[Ylly)-

Eventually, the estimate [(v, V)v| < |lv[lyIVIly < (1+ V2
gives the continuity of the linear map Y — (v, V)y

IWEWIY v
O

We are now in position to prove the following result which indicates that, in the
ball {74(y) < 1} of V, any critical point for E is also a zero of E.

Proposition 2.7. For all y € V satisfying 7(y) < 1,

(1 - 7(1)v/2E(y) < %I\E'(y)\lv'-

Proof. Forany Y € V, E'(y)-Y = fQow -V +vVu-VV where V € V is the
unique solution of (2.11). In particular, taking Y = Y7 defined by (2.7), we obtain

an element V7 € V solution of
a/V1~w+u/VV1~Vw = —a/Y1~w—1//VYl-Vw—/(y~VY1+Y1~Vy)~w,Vw evV.

(2.14)
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Summing (2.7) and (2.14), we obtain that v — Vi € V solves

oz/(v—Vl)w—l—l//(Vv—VVl)-w:O, Yw e V.
Q Q

This implies that v and Vj coincide and then that

E'(y) Y| = /a|v|2 +v|Vu|? =2E(y), VyeV. (2.15)
Q

Y
It follows that 2B(y) = E'(y) - Yi < |E'@) v 1Villv < 1B/ ()l 22 Propo-
sition 2.5 allows to conclude. O

Eventually, we prove the following coercivity type inequality for the error functional

E.

Proposition 2.8. Assume that a solutiony € V' of (1.4) satisfies 7(y) < 1. Then,
forallyeV,

lly —7lly < (1 - @) V2E(@). (2.16)

Proof. For any y € V', let v be the corresponding corrector and let Y =y — 5. We

have
a/Y-w+V/VY-Vw—i—/y-VY-w—i—/Y-Vy-w = —oz/v-w—u/Van7 Yw e V.
Q Q Q Q Q Q

(2.17)

For w =Y, this equality rewrites

|||Y|||%/:f/Y-Vy-Yfa/v‘qu/Vv-VY.

Q Q Q

Repeating the arguments of the proof of Proposition 2.5, the results follows. [

Assuming the existence of a solution of (1.4) in the ball {y € V,7(y) < 1},
Proposition 2.7 and Proposition 2.8 imply that any minimizing sequence {yk}(keN)
for E uniformly in {y € V,7(y) < 1} strongly converges to a solution of (1.4).
Remark that, from Lemma 2.4, such solution is unique. In the next section, we

construct, assuming the parameter « large enough, such sequence {y;} (keN)-

Remark 2.9. In order to simplify notations, we have introduced the corrector
variable v leading to the functional E. Instead, we may consider the functional
E:V — R defined by

~ 1
E(y) := 5 llay +vBi(y) + Bly,y) - | + agll 3
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with By : V. — L*(Q)? and B : V x V. — L*(Q)? defined by (B1(y),w) =
(Vy, Vw)a and (B(y, z),w) := ny - Vz - w respectively. E and E are equivalent.
Precisely, from the definition of v (see (1.9)), we deduce that

1 2 c2 2 2 ~
B(y) =5l < 55 llov+vBi(v) + By.y) — f +agly, = S E@), VyeV.

Conversely,

Jo(avw + vV - Vw)
loy+vBrw) + Blyw) 1 +oglly, = s lwllv
w ,W

el
<lllvllly V<
weV , w#0 ”w”V

acg +vllvlly

so that E(y) < (acd +v)E(y) for ally € V.

2.2 A strongly convergent minimizing sequence for E -
Link with the damped Newton method

We define in this section a sequence converging strongly to a solution of (1.4) for
which E vanishes. According to Proposition 2.7, it suffices to define a minimizing
sequence for F included in the ball B = {y € V,7(y) < 1}. In this respect, remark
that equality (2.15) shows that —Y7 given by the solution of (2.7) is a descent
direction for the functional E. Therefore, we can define at least formally, for any

m > 1, a minimizing sequence {yx} (x>0 as follows:

yo € H given,
Ykt1 = Uk — MeYig, k>0, (2.18)
AL = argminke[O’m]E(yk - )\Yl,k)

with Y7 j, € V' the solution of the formulation

a/YLk-w+1//VY1,k-Vw+/(yk~VY1,k+Y17k<Vyk)~w
Q

@ @ (2.19)

:fa/w(wfu/Vvk-Vw,VwEV
Q Q

and v, € V the corrector (associated to y;) solution of (1.9) leading (see (2.15))

to E'(yy) - Y1,5 = 2E(yx).-
Remark that from (2.6), the sequence {yg}r~o is uniformly bounded since

yy satisfies ||yxllv < 2E(yk) + \/%‘)Hfﬂf{fl + al|g||3. However, we insist that,
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in order to justify the existence of the element Y] j, y; should satisfy 7(y;) < 1,
ie. |[Vygll2 < V20w. We proceed in two steps: first, assuming that the sequence
{Uk}(k>0) defined by (2.18) satisfies 7(yx) < c¢1 < 1 for any k, we show that
E(yg) — 0 and that {y;} converges strongly in V' to a solution of (1.4). Then, we
determine sufficient conditions on the initial guess yo € V in order that 7(y;) < 1
for all k € N.

We start with the following lemma which provides the main property of the
sequence {E(yk)}(kzo)-

Lemma 2.10. Assume that the sequence {yi}>0) defined by (2.18) satisfy
7(yr) < 1. Then, for all A € R, the following estimate holds true

_92 2
Bl = Wi < B (11 A+ 2 BTV VRG ) L )

Proof. For any real A and any yi,w, € V we get the following expansion :

E(yr — Awy) = E(yx) — )\/(avkﬂk + vV - Vo)
)
/\2

3

/(aw + | VT2 + 2(qw g 4+ vV, - V)

Q
3 _ = _ _ o\ = 2 — 2
—A aUgU + vVuy - Vug + - a|vg|” + v|Vog|
Q Q

(2.21)
where vy, T}, € V and v, € V solves respectively

a/vk«w+1//Vvk-Vw+a/yk«w+u/Vyk«Vw+/yk'Vyk-w
Q Q Q Q Q

=< f,w>g-1Q)2xHl(Q)? Jra/g-w7 YVw eV,
Q

(2.22)
a/@k~w+V/VEk-Vw+a/wk-w+V/Vwk-Vw
Q Q Q Q
+/wk-Vyk.-w+yk-Vwk~w:O, Yw eV,
Q
(2.23)
and
a/%k~w+u/V5k~Vw+/wk~Vwk~w:O, Yw e V. (2.24)
Q Q Q
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Since the corrector vy, associated to Y7 j coincides with the corrector vy associated

to y, expansion (2.21) reduces to

E(yy, — >‘Y1,k) =(1- )\)2E(yk) + Az(l —A) / avpvy, + vVop Vo
Q

)\4 = 2 = 2
+ 5 [ vkl + vV
Q (2.25)

2 2 = A2
< (L= 22Bww) + X1 = Nllelly [y + 5 7%y

) >
< (\1—>\| E(yk)‘*‘%m%kH‘V) :

= Y12 E
(2.24) then leads to |HU’€|HV < % <V2(1—7(yg)) 2 \/(gk) and to (2.20). O

We are now in position to prove the following convergence result for the sequence

{EWrK)} (k>0)-

Proposition 2.11. Let {y;}r>0 be the sequence defined by (2.18). Assume that
there exists a constant c1 € (0,1) such that 7(y) < ¢1 for all k. Then E(yg) — 0
as k — oo. Moreover, there exists ko € N such that the sequence {E(yk)} (k> ko)

decays quadratically.

Proof. The inequality 7(yy) < ¢; and (2.20) implies that

2 -2
]__
By~ \i0) < B(ye) (11 A+ 200 VE@E) )+ caw = 2" (2.96)
’ \/&I/

Let us denote the polynomial pi by pr(A\) = |1 — A + )\QCQ’V\/E(yk) for all
X € [0,m]. So, we can write

VE@Wr41) = min 4/ E(yp — AY1 ;) < mlﬂ pk MV E(yr)-
A€[0,m]

If ca,u/E(yo) < 1 (and thus ca,uy/E(yg) < 1 for all k € N) then
pr(Ak) = HEHH ]Pk()‘) < pi(1) = cav vV E(yr)
and thus
2
cawV/E(yrt1) < (caw v/ E(yr)) (2.27)
implying that ca,u\/E(yg) — 0 as k — oo with a quadratic rate.

Suppose now that ca,v\/E(yo) > 1 and denote I = {k € N, ca,u\/E(yr) > 1}.
Let us prove that I is a finite subset of N. For all k € I, since ca,u\/E(yr) > 1,

1
Ag[l(}%] Pr(A) )\Iéﬂ[%)l?l]Pk( ) pk(zca’y E(yk)) Tenn JEGD
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and thus, for all k € I,
1 )
dca,vn/ Eyy)

Cau/Blurr) < (1- o/ ER) = cau/Bl) — 1.
This inequality implies that the sequence {ca,v\/E(yk)ren strictly decreases and
thus, there exists kg € N such that for all & > ko, ca,v/E(yr) < 1. Thus I is a
finite subset of N. Arguing as in the first case, it follows that ca,v/E(yr) — 0 as
k — oo.

In both cases, remark that pj (Xk) decreases with respect to k. O

Lemma 2.12. Assume that the sequence {yr} >0y defined by (2.18) satisfies
T(yr) < c1 for all k and some c1 € (0,1). Then A\, — 1 as k — 0.

Proof. In view of (2.25), we have, as long as E(yy) > 0,

a2 Bre) g2y e TR)V 4 Il
S 178 B TS M T 7Y

From the proof of lemma 2.10, % < Clo,v)(1 — ¢1)"2\/E(y;,) while

= 2
v _ . E
”LE;'L';’ < C(a,v)?(1—¢1) " *E(yy). Consequently, since Ay, € [0, m] and gg:)l) —

0, we deduce that (1 — )\k)Q — 0, that is A\, = 1 as k — oo. O

Proposition 2.13. Let {yi} be the sequence defined by (2.18). Assume that there
exists a constant c¢1 € (0,1) such that T(yi) < c1 for all k. Then, yp, > 7 in V
where § € V is the unique solution of (1.4).

Proof. Remark that we can not use Proposition 2.8 since we do not know yet
that there exists a solution, say z, of (1.4) satisfying 7(z) < 1. In view of yp4+1 =
Yo — ZZ:O AnY1,n, we write

k k k o) /s &
3 pulllally < m 3 anlly < mv2 > 2270 < IS VG

Using that pp (Xn) < po (XO) for all n > 0, we can write for n > 0,

VE®Yn) <pn-100m-1)VEWn—1) < p0(20)VEWn—1) < po(X0)"VEWo),
we finally obtain

k
S PallVillly < mv2 VE(yo)
n=0

L—c11 - py(ho)

for which we deduce that the serie ), ArY7  converges in V. Then, y;, converges
in Vtoy:=yo+> >0 Y1,k Eventually, the convergence of E(y;) to 0 implies
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the convergence of the corrector vy to 0 in V; taking the limit in the corrector
equation (2.22) shows that g solves (1.4). Since 7(7) < ¢1 < 1, lemma 2.4 shows

that this solution is unique. O

As mentioned earlier, the remaining and crucial point is to show that the sequence
{yr} may satisfies the uniform property 7(y;) < c¢; for some ¢; < 1.

Lemma 2.14. Assume that yo = g € V. For all ¢c; € (0,1) there exists ag > 0,
such that, for any a > «q, the unique sequence defined by (2.18) satisfies T(yg) < c1
for all k > 0.

Proof. Let ¢1 € (0,1) and assume that yo belongs to V. There exists a; > 0 such
that, for all & > a1, 7(yo) < G

Moreover, in view of the above computation, for all o > 0, since for all v € V'
lollv < Slllly, for all k € N

mv2  /E(yo)

L—c1) 1 - py(Ao)

lyetillv < llyollv + i

where

E(yo) A, if capv/Eo) <1,

— = < 1-— Ca,v E(yO)
1 —po(No)

4Ca,VE(y0)7 if Ca,v E(yo) 2 1.

From (1.9), we obtain that

2
2 2 1
ol < allg — ol + 2 <V||Vy|\2 iyl Oyl + xﬁcollfl\H—l(n)z) |

In particular, taking y = yo = g allows to remove the a term in the right hand side

and gives

1

2
B(o) < 5. (lalv v +lgl) + Vel @) =5-c2fig)  (229)

and thus, if ca;,01/E(g) > 1, then for all a > «a; such that cq,v/E(g) > 1 and
for all k € N :

mv2  \/E(9) 2mv/2
lyk+1llv < llgllv + ~ <|l9lv + 5=+ —zc2(f.9)
wiesilly < lsllv + o=y T Gy SV + B am —ae
(2.29)
If now ca, v/ E(g) < 1 then there exists 0 < K < 1 such that for all « > oy
we have ca,v\/E(g9) < K. We therefore have for all o > oy

E(g) < VEQ©)
1—po(xo) ~ 1-K
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and thus for all k € N :

my/2 E(g) m
lyrsillv < ||gllv+l/(1 mpry Eam—: o < HgHv+V3/2(1 (&) Vealf,9).
(2.30)

On the other hand, there exists ag > a1 such that, for all a > «ag we have

2m\/§ c
se2(f,9) < 51\/2ow

3ol —er)?
and
A1 —Z)(l —K) ca(f,g9) < %\/ﬁ.
We then deduce from (2.29) and (2.30) that for all & > ag and for all k € N :
lyrt+1llv < %@—F %\/@ = c1V2av
that is 7(yg4+1) < c1. O

Gathering the previous lemmas and propositions, we can now deduce the strong

convergence of the sequence {yj}r>0 defined by (2.18), initialized by yo = g.

Theorem 2.15. Let ¢; € (0,1). Assume that yo = g € V and « is large enough
so that

1— 1-K?
( 2c17c1ﬁ( ))QV5/2(1 —c1)%2aw (2.31)

<
ca2(f,9) < max - i

Then, the sequence {yk}(keN) defined by (2.18) strongly converges to the unique
solution y of (1.4). Moreover, there ewists ko € N such that the sequence {yx } >k,

converges quadratically to y. Moreover, this solution satisfies T(y) < 1.

2.3 Remarks

The following remarks are in order.

Remark 2.16. Estimate (2.3) is usually used to obtain a sufficient condition on
the data f,g to ensure the uniqueness of the solution of (1.4) (i.e. T(y) < 1): it
leads to

ollgll3 + covllf -1 ()2 < 200°, i d=2, (2.32)

We emphasize that such (sufficient) conditions are more restrictive than (2.31), as
they impose smallness properties on g: precisely ||g||% < 202, In particular, this

latter yields a restrictive condition for « large contrary to (2.31).
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Remark 2.17. It seems surprising that the algorithm (2.18) achieves a quadratic
rate for k large. Let us consider the application F : V. — V' defined as F(y) =
ay+vB1(y) + Bly,y) — f — ag. The sequence {yi}r>o associated to the Newton
method to find the zero of F is defined as follows:

{yo ev,
, (2.33)
F (k) - WYey1 —yx) = —F(yr), k>0.

We check that this sequence coincides with the sequence obtained from (2.18) if
Ak 18 fized equal to one and if yo € V. The algorithm (2.18) which consists to
optimize the parameter A\ € [0,m], m > 1, in order to minimize E(yy), equiv-
alently || F(yg)|lv, corresponds to the so-called in the literature damped Newton
method for the application F (see [4]). As the iterates increase, the optimal pa-
rameter \, converges to one (according to Lemma 2.12), this globally convergent
method behaves like the standard Newton method (for which X\ is fized equal to
one): this explains the quadratic rate after a finite number of iterates. To the best
of our knowledge, this is the first analysis of the damped Newton method for a par-
tiel differential equation. Among the few numerical works devoted to the damped
Newton method for partial differential equations, we mention [20] for computing

viscoplastic fluid flows.

Remark 2.18. Section 6, chapter 6 of the book [5] introduces a least-squares
method in order to solve an Oseen type equation (without incompressibility con-
straint). The convergence of any minimizing sequence toward a solution y is proved

under the a priori assumption that the operator DF(y) defined as follows
DF(y)-w=aw—vAw+ [(w-V)y+ (y- V)w], YweV (2.34)

(for some a > 0) is an isomorphism from V onto V'. y is then said to be a
nonsingular point. According to Proposition 2.5, a sufficient condition for y to be
a nonsingular point is 7(y) < 1. Recall that T depends on a. As far as we know,
determining a weaker condition ensuring that DF (y) is an isomorphism is an open
question. Moreover, according to Lemma 2.4, it turns out that this condition is also
a sufficient condition for the uniqueness of (1.4). Theorem 2.15 asserts that, if a is
large enough, then the sequence {yk}(k:EN) defined in (2.18), initialized with yo = g,
is a convergent sequence of nonsingular points. Since A\ is constant equal to one,
this shows the convergence of the Newton method to solve the steady Navier-Stokes

equation.
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Remark 2.19. We may also define a minimizing sequence for E using the gradi-
ent F':
yo € H given,
Yk+1 = Yk — M9k, k>0, (2.35)
Ak = argminye(o.m E Yk — Agk)

with g, € V such that (gi,w)y = (E/(y;g),w)vz,v for all w € V. In particular,
lgkllv = |1E (yk)|ly+- Using the expansion (2.13) with wy = gj, we can prove the
linear decrease of the sequence {E(yi)} k>0 to zero assuming however that E(yo)

18 small enough, of the order of 1/2, independently of the value of a.

2.4 Application to the backward Euler scheme

We use the analysis of the previous section to discuss the resolution of the backward
Euler scheme (1.3) through a least-squares method. The weak formulation of this
scheme reads as follows: given yO = ug € H, the sequence {y" },,~0 in V is defined

by recurrence as follows:

ynH -y" 1 1 1
/T.w+u/Vyn+ .Vw+/y"+ .Vy"+ w =< " w >H—1(Q)dXHé(Q)d

Q Q Q
(2.36)

with f™ defined by (1.5) in term of the external force of the Navier-Stokes model
(1.1). We recall that a piecewise linear interpolation in time of {y"},>0 weakly
converges in L2(0,T, V') toward a solution of (1.2)

As done in [2], one may use the least-squares method (analyzed in Section 2)
to solve iteratively (2.36). Precisely, in order to approximate y"*! from y", one

may consider the following extremal problem

. 1 2
ylélff En(y).  Enly) = 5llvlllv (2.37)

where the corrector v € V' solves
a/v~w+u/Vv~Vw:—a/y~w—u/Vy-Vw—/y-Vy-w
Q Q Q Q Q

+ <M w > g xmy o) +a/y” ‘w, YweV

Q
(2.38)
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with o and f" given by (1.5). For any n > 0, a minimizing sequence {yj; }>0) for

FEy is defined as follows :

1
yw =",

+1 +1 +1
yZJrl = yz - /\kY{?k , k>0, (2.39)

A = argminke[am] En(yy — )\Y{fk)

where Y{", € V solves (2.19). Remark that, in view of Theorem 2.15, the first
element of the minimizing sequence is chosen equal to y”, i.e. the minimizer of
En_1.

The main goal of this section is to prove that for all n € N, the minimizing
sequence (y2+1)keN do converges to a solution 4™+ of (2.36). This allows to justify
the use of least-squares method to solve the backward Euler scheme. Arguing as in
Lemma 2.14, we have to prove the existence of a constant ¢; € (0,1), such that
7(yr) < ¢1 for all n and k in N. Remark that the initialization yS“H is fixed as the
minimizer of the functional E”fl, obtained at the previous iterate. Consequently,
the uniform property 7(yg) < ¢1 is related to the initial guess y8 equal to the initial
position ug, to the external force f (see (1.2)) and to the value of a. up and f are
given a priori, On the other hand, the parameter «, related to the discretization
parameter §t, can be chosen as large as necessary. As we shall see, this uniform
property, which is essential to set up the least-squares procedure, requires smallness
properties on ug and f.

We start with the following result analogue to Proposition 2.3.

Proposition 2.20. Let (f™),cn be a sequence in H~H(Q)?, a > 0 and y° = ug €
H. For any n € N, there exists a solution y" ! € V of

a/(y”ny")'erV/Vy"“-VUH/ y VY T =< M w > g2 ()2
Q Q Q

(2.40)
for all w € V. Moreover, for alln € N, y"'H satisfies
2
1 €] 2 2
oI, < 201 2 + ol 15 (2.41)

where ¢y > 0, only connected to the Poincaré constant, depends on ). Moreover,
for alln € N*:

n n—1
2 Vv k2 1/co k)2 2
"B+ 2 319t 13 < 5 (2 ST U I gz +vluol3). (242)
k=1 k=0

Proof. The existence of y”+1 is given in Proposition 2.3. (2.42) is obtained by

summing (2.41). O
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Remark 2.21. Arguing as in Lemma 2.4, if there exists a solution y"+1 'V of
(2.38) satisfying T(ynJrl) < 1, then such solution is unique. In view of Proposition
2.20, this holds true if notably the quantity M(f,a,v) defined as follows

n—1
1 (¢
M(s.00) = 3 (2 X 1M s e + vlol) (2.43)
k=0

is small enough.

2.4.1 Uniform convergence of the least-squares method w.r.t. n

We have the following convergence for weak solutions of (2.40).

Theorem 2.22. Suppose f € LQ(O,T;H_l(Q)Q), ug € V and let c(ug, f) be
defined as follows :

1 2 2 2
c(ug, f) i= max (~luoll¥ (v + o l2)*+<oll 20,7112 2y
2 2
260f 1320711 y2) + ¥ lluol3)-

Let o large enough and f™ be giwen (1.5) by allm € {0,--- ,N — 1} and let
{y" }nen in V solution of (2.40). If there exists a constant ¢ > 0 such that

c(ug, f) < ev* (2.44)

then, for any n > 0, the minimizing sequence {yz+1}keN defined by (2.39) strongly

converges to the unique of solution of (2.40).

Proof. According to Proposition 2.13, we have to prove the existence of a constant
c1 € (0,1) such that, for alln € {0,--- ,N —1} and all k € N, 7(y) < ¢1.

For n = 0, as in the previous section, it suffices to takes a large enough to
ensure the conditions (2.31) with g = y8 = ug leading to the property T(yg) <c
for all k € N and therefore 7(y') < ¢1.

For the next minimizing sequences, let us recall (see Lemma 2.14) that for all
ne{0,---,N—1} and all k € N

my/2 En(y™)
v(1=¢1) 1 = ppo(ino)

+1
lye v < lly"[lv +

where pr,,0(An,0) is defined as in the proof of Proposition 2.7.
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First, since for all n € {0,--- , N — 1}, ||f”|\%,,1(9)2 < aHfHQLQ(O,T;Hfl(Q)Z)ﬂ

we can write

Eo(°) = Eo(uo) < 5 (ol (v + luoll2) + vl Nl )
< (ol (v + luoll2)? + coluolF-1 a2 )
< 2 (2 ol (v + loll2)? + coll /130, z:1-2(cy2) )
Since y™ is solution of (2.40), it follows from (2.38), that for alln € {1,--- ,N —1}:
Bn(y") < g " = 1" Hiaope + 51" = "B
< S (2e0ll Iz 0,111 (%) + Viiwol3).

Therefore, for all n € {0,--- ,N — 1}, En(y") < Sc(uo, f)-

Let ¢1 € (0,1) and suppose that c(ug, f) < (1—¢1)*3. Then, for any K € (0,1),
there exists ap > 0 such that, for all @ > ag ca,p\/En(y™) < K < 1. We therefore
have (see Lemma 2.14), for all « > ag, alln € {0,--- ,N —1} and all k € N :

1 my/2 En(y™)
I v < 1™y + "
v(l—c1)1— ca,p/ En(y™)

mv2  VEn(y") (2.45)

<|y"[lv + —a) 1-K
n myv2a
<y llv + y3/2(1_01)(1_K)\/C(U07f)~

From (2.42) we then obtain, for all n € {0,--- ,N — 1},

1

n Va | eo k2 2

ly"llv < R Z llf ||H_1(Q)z + v||luoll3
k=0

and since £ ZZ;& ka||%171(9)2 < COHfH%Q(O’T;H,l(Q)QV we deduce that if

2 2 _¢C 3
ol fllz2 0,731 (@)2) + Vlluollz = Sv

2 N201_ R\ 2
then [|y"|lv < 9 V2av. Moreover, assuming c(ug, f) < WVLL, we
deduce from (2.45), for all n € {0,--- ,N — 1} and for all k € N :

c c
e llv < Elv 2av + 31 2ar = ¢1V2av

that is 7(yj;) < c¢1. The result follow from Proposition 2.13. O
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We emphasize that, for each n € N, the limit 3" of the sequence {yZ—H}keN

"+1) <1 and is therefore the unique solution of (2.40). Moreover, for

satisfies 7(y
a large enough, the condition (2.44) reads as the following smallness property on
the data ug and f : conH%Q(O’T;H,l(Q)Q) + vllug||? < ev?. In contrast with the
static case of Section (2) where the unique condition (2.31) on the data g is fulfilled
as soon as « is large, the iterated case requires a condition on the data ug and
f, whatever be the amplitude of a. Again, this smallness property is introduced
in order to guarantees the condition 7(y™) < 1 for all n. In view of (2.42), this
3/2 for all n > 0.

For regular solutions of (2.40) which we now consider, we may slightly improve

condition implies notably that ||y |2 < cv

the results, notably based on the control of two consecutive elements of the
corresponding sequel {y"},cn for the L2 norm. We first start with the following

result of regularity.

Proposition 2.23. Assume that Q is C?, that (f™)n is a sequence in L*(Q)? and
that ug € V. Then, for all n € N, any solution y"+1 € V of (2.40) belongs to
H%(Q)2.

If moreover, there exists C > 0 such that

n
Co k2 012 3
S I vy +vI8°IE < C (2.46)

then y" 1 satisfies
- 1/1 «
nt12 k)2 k)2 2
PA < 7(— ) 2.4
/|V Z_:/I v akz_%llf 13+ vVuol3)  (2.47)

where P is the operator of projection from L? (Q)d into H.

Proof. From Proposition 2.3, we know that for all n € N*, y" € H2(Q)2 N V.
Taking w = PAy™ ! in (2.40) leads to :

/‘vynJrl +1//|PA nt1p2 /f Ay 4 /yn+1 7y pAyT
)
a/Vy” vyt
0
(2.48)

Recall that

1 1 1 o 2 « 12
[yt < DIrBSIear G o [ et < Sl SR
Q
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We also have

1 1 1 1 1 1
| [ ewy Ay <y o 9 Py o
Q

We now use (see [23, chapter 5]) that there exist three constants ¢, ca and ¢3 such
that

1
2

1 1 1 1% 1
1Ay 2 < el PAY" 2, 1y oo < c2lly™ I3 1A 13

and ) .
+1 +13 +1,3
IVy" 2 < eslly™ I 1Ay 13

This implies that (for ¢ = cicacs)

1 1 1 1 1,2
| [ vy Ay < el Py
Q

Recalling (2.48), it follows that
a n41,2 v n+1 nt12 - 1 n2 @ n2
@ v PA < @ .
s [t (5 - ie) [iearte < it g [ o)
Q Q Q
But, from estimate (2.42), the assumption (2.46) implies that ||y" |2 < % and
1
JrvwsiE e o [ipay it < i+ 192,
2« vo

Q Q Q

Summing then implies (2.47) for all n € N. O

Remark 2.24. Under the hypothesis of Proposition 2.23, suppose that

n n—1
Baw = (a”)! (cocfl 3 I\f’“\lﬁw(mzwl\yOII%) (or1 3 Hf’“\|§+VIIVy0||§)
k=0

k=0

is small (which is satisfied as soon as « is large enough). Then, the solution of
(2.40) is unique.
Indeed, let n € N and let yl”l,y;”rl € V be two solutions of (2.40). Then

Y = y}”l - y;‘+1 satisfies

a/y-w+u/VY~Vw+/y§“-VY-w+/Y-Vy’f+1-w:0 Yw eV
Q Q Q Q
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and in particular, for w =Y (since fQ y2+1 VY Y =0)

/|Y\ +u/|vw /Y vytty = /Y VY -yptt

Q
1
< C\Iy”+ o IVY ll2[Y (|2

1,1/2 1,1/2
< ellyt s 2 IPAYT S 2 IV Y 121 Y Iz
<alY|3+ —uy"“|\2|\PAy"+1\|2||VY||%

leading to
(v = £ Psf e 971 <o
If
i 2l PAYE 2 < 2, (2.49)
then Y = 0 and the solution is unique. But, from (2.42) and (2.47),

n n
+1 1 da (co k)2 0,2\ (1 k)2 02
I P A < 55 (250 1 B+l ) (5 3 1B 495018 ).
k=0 k=0

Therefore, if there exists a constant C' such that Ba,y < C, then (2.49) holds true.

n+1

Proposition 2.23 then allows to obtain the following estimate of ||y —y"[|l2 in

term of the parameter a.

Theorem 2.25. We assume that Q is C2, that (f™)n is a sequence in L?(Q)?
satisfies a~ ! Z ||fk\|2 < 400, that ug € V and that for alln € N, y"*1 ¢
H*(Q)?NV isa solutwn of (2.40) satisfying |ly" T2 < 1=+ Then, there exists
C1 > 0 such that the sequence (y™)n satisfies

3 < G (2.50)

ly 25— 3

Proof. For all n € N, w = y™ "1 — y™ in (2.40) gives :

1 2 1,2 1 1 1
ally™™ =y 3 + vl VY3 S’/?/"+ Yyt —yn)’
Q
Jr‘/f".(?f”r1 —y")‘+V’/Vy"-Vy"+1’-
Q Q

Moreover,

| [ty < ey R = )
Q
< e Vy" BV 2 + 1Vy™)]|2)-
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Therefore,
1 2 12 12 1 1 2 2
ally" =y [3+v VY TS < el vy TRV T \|2+\|Vyn|\2)+aan||2+l/\|Vyn||2-

But, (2.47) implies that for all n € N
“+o0
nt12 171 k2 02)__Q
[ < (3 Y 11+ v1vnlE) =
o k=0

and thus, since v < 1

3/2
+1 2 +1y2 _ 2cC Cy

olly™ =y 2+ vIIVy"T 2 < —aa-+20 <
leading to ||yt —y"||3 = O(ﬁ) as announced. O

This result asserts that two consecutive elements of the sequence {y"},,>0 defined
by recurrence from the scheme (1.3) are close each other as soon as dt, the time
step discretization, is small enough. In particular, this justifies the choice of the
initial term ngrl = y" of the minimizing sequence in order to approximate y" 1.

We end this section with the following result, analogue of Theorem 2.22; for

regular data.

Theorem 2.26. Suppose f € L2(0,T; LQ(Q)2), ug € V, for alln € {0,--- N —
1}, a and f™ are given by (1.5) and y" ' € V solution of (2.40). If C(ug, f) :=
‘|f‘|%2(07T;L2(Q)2)+I/HUOH%/ < Cv? for some C and a is large enough, then, for any
n > 0, the minimizing sequence {yg"'l}keN defined by (2.39) strongly converges to
the unique of solution of (2.40).

Proof. As for Theorem 2.22, it suffices to prove that there exists ¢; € (0, 1) such
that, for all n € {0,--- ,N —1} and all k € N, 7(y3}) < c¢1. Let us recall that for
allne€{0,---,N—1}and all k € N

m\/i En(yn)
V(1 =c1) 1= ppo(ino)

1
Iyt < lly™ v +

where pp 0(An,0) is defined as in the proof of Proposition 2.7. From (2.38), since
for all n € {0, cee 7N - 1}7 anH% < a||f”%/2(O,T;L2(Q)2) :

A

v 2
Bu(4®) = Eo(ua) < o (luolly -+ aollz) + 21 12)

A

1 2 2 2
< ~lluollv (v +lluoll2)” + [1flIz2 0,752 (2)2)
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and, since y" is solution of (2.40), then for all n € {1,--- ,N — 1} :

1 —1y2 —1y2
En(y") < El\f ="z tally" =yl

“12
<2 fl 20,1222 + lly”™ — v I3

From the proof of Theorem 2.25, we deduce that for all n € {0,--- ,N — 1} :

< s T 2C(u0. f)

ally
and thus, for all n € {1,--- ,N — 1}

200(’&07 f)3/2
3/2

Moreover, from (2.47), for all n € {0,--- ;N — 1} :

En(y") < +4C (ug, f).

n
n) 2 1 (1 k2 2 ) 1( 2 2 ) 1
< —( = < — = — .
ly™lv < - O‘kE,OHf l2+vlluollv ) < —(IflIz2(0,7522()2) ¥ llwollv ) = ~Cluo, f)

Eventually, let ¢; € (0,1). Then there exists ag > 0 such that, for all o > ag
ca,wy/ En(y™) < K < 1. We therefore have (see Theorem 2.22), for all a > «p, all
ne{0,---,N—1}andall k € N:

n+1 n m\[ E’Vl
<
lverillv <y llv + vl—c) 1 —K

which gives a bound of |\yk+1||v independent of o > «y.
Taking a; > ag large enough, we deduce that, for all @ > «y, all n €
{0,--- N —1} and all k € N, |ly|lv < c1v2av, that is 72(y;) < c1. The

announced convergence follows from Proposition 2.13. O

3 Space-time least squares method

Adapting the previous section, we introduce and analyze a so-called weak least-
squares functional allowing to approximate the solution of the boundary value
problem (1.2). Though more technical, the analysis is simpler since (1.2) (in this
2D setting) admits a unique weak solution, independently of the size of the data,
contrary to (1.4).

3.1 Preliminary technical results

In the following, we repeatedly use the following classical estimate.
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Lemma 3.1. Let any u € H, v,w € V. There exists a constant ¢ = c(Q2) such
that

/u Vo-w < cllullgllollvwlv. 3.1)
Q

Proof. If w € H, v,w € V, denoting @,? and w their extension to 0 in RQ, we
have, see [3] and [23]

‘/u-V’u-w‘—’/ﬂ-V'Dﬂd)
Q

Q

<@ Vol ey 10l Brrorz)y < cllall2l| VOl[2l|@]| g1 (r2)

< cllullz[Voll2llwl g @) < ellullllollvllwllv-

O

Lemma 3.2. Let any u € L°°(0,T;H) and v € LQ(O,T; V). Then the function
B(u,v) defined by

(B(u(t),v(t)), w) = /u(t) -Vo(t) -w Yw eV, aeinte|0,T]
Q

belongs to L*(0,T; V') and

T
1
3
B o)z < e [ Tullol)” < el o ol orv). (:2)
0
Moreover
(B(u,v), v>V’><V =0. (33)
Proof. Indeed, a.e in ¢t € [0,T] we have (see (3.1)), Vw € V
[(B(u(t), v(), w)| < cllu@) | llv®)]lv[lwllv

and thus,

T T

2 2 2 2 2
/ 1B, )3 < e / lalZe ol < ellulZe 0.0 1012 (0.1 vy < +00-
0 0

We also have a.e in t € [0,T] (see [24])

(B(u(t), v(t),v(t)) v xv = /U(t) -Vo(t) - v(t) = 0.
Q
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Lemma 3.3. Let any u € L2(0,T; V). Then the function By(u) defined by

(B1(u(t)),w) = /Vu(t) -Vw Yw eV, a.einte[0,T)
Q

belong to L? 0,7;V") and

1B1 ()l 2 0,7v7) < lullZ2 (0, < +oo. (3.4)
Proof. Indeed, a.e in t € [0, T] we have

[(Bi(u(t), w)| < [[Vu@®)ll2|Vwll2 = [[u®)[v]w]v
and thus, a.e in ¢t € [0, 7]
[Br(u(®)lvr < llu®)llv

which gives (3.4). O
We also have (see [24, 15]) :

Lemma 3.4. For ally € L*(0,T,V)NH(0,T; V') we have y € C([0,T]; H) and
in D'(0,T), for allw eV :

d 1d
Oy, W)y sy = /&:y'w =2 |vw O, Yvixv = 5@/'“2 (3.5)
Q Q Q

and

2
Yl 20 0,7;,8) < cllyllLz(0,7,v) 19yl L2 0,7,v7)- (3.6)

We recall that along this section, we suppose that ug € H, f € L? (0,7,V’) and Q

is a bounded lipschitz domain of R2. We also denote
A={y e L0, T; V)N H'(0,T: V"), 4(0) = up}

and
Ao = {y € L*(0,T; V) N H'(0,T; V'), y(0) = 0}.

Endowed with the scalar product

<y7 Z>.Ao = <y7 Z>V + <8ty,3tz>v/

Ot~

and the associated norm

a0 = /191220 7o) + 1991320 7
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Ay is an Hilbert space.
We also recall and introduce several technical results. The first one is well-known
(we refer to [15] and [24]).

Proposition 3.5. There exists a unique § € A solution in D'(0,T) of (1.2). This
solution satisfies the following estimates :

12 _12 2 1,0
1T 2o 0,001y + VN8N L200, 1) < ol + ZHF L2 0,109,
_ c 2 2
10:9ll L2 0,7;v 7y < VVlwoller + 211 fllz20,m5v7) + —5 Wlluollz + 1 F 122 0,75v7)-
v2
We also introduce the following result :

Proposition 3.6. For all y € L2(O7 .vV)n Hl(O,T; V'), there exists a unique
v € Ag solution in D'(0,T) of

d d
a/zww—l—/Vv-Vw—l—a y~w+u/Vy~Vw

Q Q Q Q
+/y-Vy~w=< fHLHw>yigy, YweV (3.7
Q
v(0) = 0.

Moreover, for all t € [0,T],

lo®) Iz + 0172 0,00y < I = By, w) — vB1(y) — 0yl 20 4:v)
and
10wl 20,7597y < lvllL20,7,v) + I1f = B(y,y) — vBi(y) — 0yl 20,15v7)
<2||f = B(y,y) —vB1(y) — %yl L2(0,7:v")-

The proof of this proposition is a consequence of the following standard result (see
23, 15]).

Proposition 3.7. Forall zg € H and all F € LQ(O,T; V'), there exists a unique
ze L*(0,T,V)n HY(0,T; V') solution in D'(0,T) of

d
x Z~w-l—/Vz-Vw=<F,w>V/XV7 Yw eV
Q

Q (3.8)
z(0) = zp.
Moreover, for all t € [0,T],

2 2 2 2
2Ol + 121220,6v) < 1F L2067 + 20l E (3.9)
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and

102l L2 0, 75v7) < 2llL20,7,v) + 1F 2 0,7v7) < 20F L2 0,7v7) + 20l E-
(3.10)

Proof. (of Proposition 3.6) Let y € L?(0,T, V)N H'(0,T;V’). Then the functions
B(y,y) and Bi(y) defined in D'(0,T) by

B = [v-Vrw ad (B = [VTe, ey
Q
belong to L?(0,T; V') (see Lemma 3.2 and 3.3).
Moreover, since y € L2(0,T, V)NH(0,T, V') then, in view of (3.5), in D’'(0,T),
for all w € V' we have :

d
il w = (Oy, W)y kv
)

Then (1.9) may be rewritten as

/v w+/Vv-Vw:<F,w>V/><V, Yw eV

Q

v(0) =
where F = f — B(y,y) —vBi(y) — Oty € LQ(O, T, V'); Proposition 3.6 is therefore
a consequence of Proposition 3.7. O

3.2 The least-squares functional

We now introduce our least-squares functional E : H' 0,7,V nL? 0,T,V) - RT
by putting

T T
1 2 1 2 1,2
=5 [l + 5 [ty = Solia, (3.11)
0 0

where the corrector v is the unique solution of (3.7). The infimum of E is equal
to zero and is reached by a solution of (1.2). In this sense, the functional F is a
so-called error functional which measures, through the corrector variable v, the
deviation of y from being a solution of the underlying equation (1.2).

Beyond this statement, we would like to argue why we believe it is a good idea
to use a (minimization) least-squares approach to approximate the solution of (1.2)

by minimizing the functional E. Our main result of this section is a follows:
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Theorem 3.8. Let {yitren be a sequence of A bounded in L*(0,T,V) N
Hl(O, T; V). If E'(y,) — 0 as k — oo, then the whole sequence {yj }Len converges
strongly as k — oo in L?(0,T, V)N H(0,T; V') to the solution § of (1.2).

As in the previous section, we divide the proof in two main steps.

1. First, we use a typical a priori bound to show that leading the error functional
E down to zero implies strong convergence to the unique solution of (1.2).

2. Next, we show that taking the derivative E’ to zero actually suffices to take F
to zero.

Before to prove this result, we mention the following equivalence which justifies the
least-squares terminology we have used in the following sense: the minimization of
the functional F is equivalent to the minimization of the LQ(O, T,V’)-norm of the

main equation of the Navier-Stokes system.

Lemma 3.9. There exists ¢1 > 0 and co > 0 such that

a1 B(y) < lye +vBi(y) + B(y.y) — fli201v < c2E(y)

for ally € L*(0,T,V)n H*(0,T; V).
Proof. From Proposition 3.6 we deduce that

2 2
2E(y) = llvlla, <5llye +vBi(y) + B(y,y) — fllz20,15v7)-
On the other hand, from the definition of v,

lye +vBi(y) + B(y,y) — fllz(0,m5v7) = llve + Bi(v)| 20,75v7)
< lvellz20,7:v) + 1B1() 20, 7:v7) < V2Ivlla, = 2V E().
O

We start with the following proposition which establishes that as we take down
the error E to zero, we get closer, in the norm L? (0,T;V) and Hl(O, T; V'), to
the solution § of the problem (1.2), and so, it justifies why a promising strategy
to find good approximations of the solution of problem (1.2) is to look for global
minimizers of (3.11).

Proposition 3.10. Let § € A be the solution of (1.2), M € R such that

199l 20,7,v7) < M and V||V 2@y < M andlety € A If [0yl p20,1,v7) <
M and \/V||Vyllp2(Qr)s < M, then there exists a constant c(M) such that

ly = 3l Lo 0,058 + VVIy = Gl L200,75v) + 10y — 3l L200,7,v7) < (M) E(y).
(3.12)
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Proof. Let Y = y—. The functions B(Y,y), B(7,Y) and Bj (v) defined in D’'(0, T
by
B = [V Yy w BEVw = [597 w
Q Q
(B1(v),w) = /Vv -Vuw, Yw eV
Q

belong to L?(0,T; V') (see Lemma 3.2 and 3.3), and from (1.2), (3.7) and (3.5) we
deduce that

d

P Y~w+1//VY~Vw:—(8tv+Bl(v)+B(Y,y)+B(gj,Y),w>V/XV, YweV
Q Q

Y (0) =0,

and from (3.9), (3.10), (3.2), (3.3) and (3.4) we deduce that for all ¢ € [0, 7]

t
1
Jworsy [iwve <l [1a0+m0+ Bl
Q O, 0

t
4 2 2 20 112
< S (0ewllL20,1,v7) + I0lIZ2 0,1,y + C/ IY1zllylly-)

0

IA

t
SeB)+e [ IVl
0
Gronwall’s lemma then implies that for all ¢ € [0, T
t
JaE s [19v7 < Spwen (& [ I) < B0 (G
Q fo) 0

which gives

4\/5 c
1Yl o,sen + VHIY llz20,msv) < 72 VE@ exp(3M7) < CMDVE(W).
Now
10:Y |lL20,7,v7) < 10w + Bi(v) + vB1(Y) + B(Y,y) + B(Y,Y )l L2(0,1,v)

<v|Yllz0,17,v) + 100l L20,7,v7) + IVl L200,7,v)

+cllYll oo (o, 19l L2 0,75v) + cllFll o< 0,7, 60) 1Y I 20,7, V)

< VE(y) (2\/§exp(y%M2) +2v2 + cM4\/i xp(V—CQMz)>

€
14
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and thus
10eY (|22 0,7, v7) < (M) E(y).
O

We now proceed with the second part of the proof and would like to show that
the only critical points for E correspond to solutions of (1.2). In such a case, the
search for an element y solution of (1.2) is reduced to the minimization of E.

For any y € A, we now look for an element Y7 € Ag solution of the following

formulation
%/wa—i—u/VYwa—i—/ngwa
Q Q Q
—l—/Yng-wz—%/v-w—/Vv-Vw, Yw eV
Q Q Q
Y1(0)207
(3.13)

where v € Ag is the corrector (associated to y) solution of (3.7). Y] enjoys the
following property:

Proposition 3.11. Forally € A, there exists a unique Y1 € Ao solution of (3.13).
Moreover if for some M € R, |0yl p2(0,7,v7) < M and Vv||[Vyl 2@y < M,
then this solution satisfies

10eY1 |20, 7,v7) + VVIVYillL2(Qryr < (M) E(y)

for some constant c(M) > 0.

Proof. As in Proposition 3.10, (3.13) can be written as

%/Yl-w+u/VY1-Vw+/y-VY1~w+/Y1-Vy-w
@ @ @ @ (3.14)
= —(0w + Bi1(v),w)y'xy, YweV
Y1(0) =0.

(3.14) admits a unique solution Y; € Ag. Indeed, let y; € L2(0,T; V)NC([0, T]; H).
Moreover, there exists (see [24]) a unique 21 € Ag solution of

% z1~w+u/Vz1-Vw+/y-Vz1-w+/y1~Vy-w
Q Q Q Q

(3.15)
= —{(Ow+ B1(v), W)y vy, YweV
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Let T : y1 — z1. Then if z9 = T (y2), 21 — 22 is solution of

d
a/(Zl—22)"w+V/V(Zl—22)'vw+/y'V(Zl—ZQ)'w
Q Q Q
+/(y1—y2)~Vy-w=0, Yw eV
Q

(21 — 22)(0) = 0,

and thus, for w = 21 — 29

2dt/|21—22| +V/|V 21 — 22) z—/(yl—yg)-Vy~(zl—ZQ).

Q
But
| [ =009 (o1 = 22)] < clln =l 191 = 2]
Q
< cllyr = w23yl + 51V (1 = 22)I13
so that

d 2 2 201 112
& [ =l v [1961 - 2 < cln = welBlvli
Q Q

and for all ¢ € [0, T

t t
2
o1 = 22l 0 g b0y + ¥ / V(z1 — )12 < cllgt — w2 00,00, / i3

Since y € L2(0,T; V), there exists ' €]0,T] such that fot/ Iyl < % We then
have
v
2 2 1
a1 = 2ol o v [ 190 = 22) < Gl = vl 11
0Q
and the map 7 is a contraction mapping on X = C([0,t']; H) N L? (0,t'; V). So
T admits a unique fixed point Y7 € X. Moreover, from (3.15) we deduce that
oY1 € L?(0,t/,V'). Since the map t fg [Vyl|% is a uniformly continuous
function, we can take t' = T
For this solution we have, for all ¢ € [0,T7], since th y-VY1-Y1 =0

t
1
5 [P+ [I90F == [(B010)+ 00+ i) vy
Q Q1 0
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Moreover, as in the proof of Proposition 3.10, we have

t
[mor+s [9v2 < Spwesd [k (316)
Q O: 0
and thus
\/7 T
VoVl o) < %"\/E(y) exp(© / Iy1%)
< 22 /Bl expl M%) < () E)
and

10:Y1l L2 0,7,v7)

T T
2
< VB (2vZesnlS [ i) + 28+ clllzzory 22 ol [ 1)
0 0

T
2\/5 & 2
bl oan 2o oS [ i)
0

<VE@) (Qﬂexp(y—gMQ) +2V2 4 CM¥ exp(V—CQMQ)) < o(M)\E(y).
(3.17)
=

Proposition 3.12. For all y € A, the map Y — E(y +Y) is a differentiable
function on the Hilbert space Ao and for any Y € Ag, we have

T
E/(y)~Y /U V) V-‘r/ Orv, OV,
0

where V € Ag is the unique solution in D'(0,T) of
d Vew+ | VV- Vw—i—d Y-w+v [ VY - Vw
dt dt
Q Q Q

+/y'VY-w+/Y-Vy~w=O, vwev (318)
Q Q
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Proof. Let y € Aand Y € Ag. We have E(y+Y) = %HVH?% where V € Ay is the
unique solution of

%/V-w+/VV~Vw+%/(y—!—Y)-w—&—V/V(y—i—Y)-Vw
Q Q Q Q

+/<y+Y>~v<y+Y>-w—<f,w>vw:0, YweV
Q
V(0) =0.

If v € Ay is the solution of (3.7) associated to y, v € Ag is the unique solution

%/v’~w+/Vv/-Vw+/YvVY~w:O, Yw eV
Q Q Q

of

v (0)=0
and V € Ag is the unique solution of (3.18), then it is straightforward to check
that V —v — v’ —V € Ag is solution of

d

P (V—'u—v/—V)-w—|—/V(V—v—v’—V)-Vw:(), Yw eV

Q Q
V—-v—0v =V)0)=0

and therefore V.— v — v’ —V = 0. Thus

1 2
E@y+Y)=gllv+v + VI,
1, 12 1 2 1 2
= S0l W+ SV 2 + (Vi) g + (Vi) ag + (00 a-

We deduce from (3.18) and (3.9) that
IVIZ20,7,v) < c(natyniz(o,m + V2 Bi )22 0.7, v1)
1B a0y + BV, y>||%z<o,T,V/))
and from (3.4), (3.2) and (3.6) that

2 2
IVIZ200,7,v) < cllYlla,-
Similarly, we deduce from (3.10) that

2 2
10:VIIZ200,1,v7) < cllY [,
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Thus
2 2
VI, < cllYll, = o([[Y]4,)-

From (3.9), (3.10) and (3.2), we also deduce that

1V 720,09y S IBEY)E207v7) < ellY [ Ze 0 1Y 1 7200,mvy < eV,
and
1060 1720, 1,v7y < ellY 70 (0.7, 1Y T2 0,7 v) < €llY 11245
thus we also have
1V 1y < ellY I, = o(IY.4,)-

From the previous estimates, we then obtain

(Vv ) ol < VLoV 4y < ellY I = oY ]l 4,)
and
[(0,0") 40| < [0llag 1V [Lag < VE@IY 1, = o(l[Y ]|4,),
thus
E(y+Y) = E(y) + (v, V)4, +o([Y][4,)-

Eventually, the estimate

1w, V) ol S Mlollag IVILae < eV E@IY L4,

gives the continuity of the linear map Y — (v, V) 4,. O

We are now in position to prove the following result.

Proposition 3.13. If {y;}ren is a sequence of A bounded in L*(0,T;V) N
Hl(O,T; V') satisfying E' (y) — 0 as k — oo, then E(y;) — 0 as k — oo.

Proof. For any y € Aand Y € Ap, we have
T T
Ew)Y = @V, = [V + [@wam)y
0 0
where V' € Ap is the unique solution in D’(0,T) of (3.18). In particular, taking
Y =Y defined by (3.13), we define an element V; solution of

%/Vl'qu/VVl‘quL% Y1~w+V/VY1-Vw+/y-VY1-w

Q Q Q Q Q
+/Y1~Vy-w:0, Yw eV
Q

V1(0) = 0.
(3.19)
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Summing (3.19) and the (3.13), we obtain that V3 — v solves (3.8) with F' = 0 and
zp = 0. This implies that V7 and v coincide, and then

T T
E(y)-Yi = / lollZ + / lowlZ = 2B(y), e A (320
0 0

Let now, for any k& € N, Y] ; be the solution of (3.13) associated to yj. The
previous equality writes E'(yy) - Y1, = 2E(y),) and implies our statement, since
from Proposition 3.11, Y7 j, is uniformly bounded in Ag. O

3.3 Minimizing sequence for E

As in the previous section, equality (3.20) shows that —Y7 given by the solution of
(3.13) is a descent direction for the functional E. Remark also, in view of (3.13),
that the corrector V associated to Y1, given by (3.18) with Y = Y7, is nothing else
than the corrector v itself. Therefore, we can define, for any m > 1, a minimizing

sequence {yx }(ren) for £ as follows:

Yo € A,
Yk+1 = Yk — MeY1k, k20, (3.21)
E(yr — \Y1x) = min E(yp — AYy )

A€[0,m]

with Y7, € Ag the solution of the formulation

%/Yuc-w+1//VY17k-Vw+/yk-VY17k-w
Q Q Q
+/Y1,k'vyk'u’:—%/vk~w—/V1}k~V’w, Yw eV
Q Q Q
Yl,k(o)zov

(3.22)
where v, € Ap is the corrector (associated to yi) solution of (3.7) leading (see
(3.20)) to E'(yx) - Y1k = 2E(yx). For any k > 0, the direction Y] j vanishes when
E(y;) vanishes.

Lemma 3.14. Let {yi }ren the sequence of A defined by (3.21). Then {yi }reN 1S
a bounded sequence of H(0,T; V') N L*(0,T; V) and {E(ys)}ren is a decreasing
sequence.
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Proof. From (3.21) we deduce that, for all k € N :

E(yp+1) = E(yr — Y1) = min By, — AYy ) < E(yg)
A€[0,m]
and thus the sequence {F(yy)}ren decreases and, for all k € N: E(yg) < E(yo)-
Moreover, from the construction of the corrector v, € Ag associated to y; € A
given by (3.7), we deduce from Proposition 3.5 that y; € A is the unique solution
of

d
*/yk'w+V/Vyk~Vw+/yk'Vyk'w:<f7w>v'xv

dt
Q Q Q
d
e v -w— [ Vog-Vw, YweV
Q Q
Yk (0) = uo,

and, using (3.2) and (3.4)

2 2 1 2
vkl o (0,7;11) < lluollEr + ;Hf — 0w — Br(vg)ll22(0,13v7)
2 2 .2 2 2 2 9
<llwolle + =I1fllz200,7;v7y + —I0vkllL2 07wy + = llvkllz2 0,70
N2 0,500 + 2 0TV o 0,75V
2 2 2 4
< uoller + ;HfHL?(o,T;V/) + ;E(yk)

2 2.2 4
< llwollzr + I FIZ2 0,107 + 5 E o),
(3.23)

2 2 1 2
vllykllz0,miv) < ol + S ILf = O, = Bi(vi)llz20,mv) (5.2

2 20 02 4
< Nlwoller + NIz 0,1v7) + - E(yo)
and
19yl L2 0,1,v7) < IIf — Oevx — Bi(vk) — B(yk, yk) — vBi(ye)ll 22 (0,15v7)
< fllzz20,m;v) + 10wkl L2 0,7;v7) + vkllL20,75v)
+ cllyrll oo (0,70 1Yk L2 0,73y + VIYEl L2 (0,73v)
< fllzzorv + 2V EWk) + Volluwoll e + V20 flin20,mv7)
2 22 4
+2v E(yo) + ¢ lwoller + JIFIZ20,1v7) + - Eyo)
<3 fll20,m5v) + 4V E(yo) + Vvluollg

2 2.2 4
ool + 2010 miv + B0 )
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Lemma 3.15. Let {yy}ren the sequence of A defined by (3.21). Then for all
A € [0,m], the following estimate holds

7 2
B~ i) < Bl (11 A+ 32 VB el [ i) - 329
0

Proof. Let Vi, be the corrector associated to yy — AY7 j. It is easy to check that
Vi, is given by (1 — A)vg, + A20), where 7), € Ag solves

% %k~w+/V5k~V'LU+/YLk~VY17k~w:O, Yw eV
O ) O (3.26)

2B (yp — AY1 k) = [|Viell2a, = 11— Mvg + X0y )1,
21= 2
< (11 = Mlfogllag + X Tklla,) (3.27)
< (V2[1 = AVE(yr) + ATl a)?,

which gives

A2 )
E(ye — AY1k) < (Il — AV E(yr) + ﬁllvk\lA(J) =9\ yn)- (3.28)
From (3.26), (3.9), (3.10) and (3.2) we deduce that

1Pkl 22 0,7:v) < IBY1k: Yi0) L2 0,05v7) < ellY1kllLes 0,0y 1Y1 kL2 (0, 73v)
and
100k 2 0,75v7) < || = B1(@k) — B(Y1k: Y1,6)llL20,75v7)
< orllzzo,m;v) + Ykl oo (0,738 Y1,k 220,77V
<Y1 kllpeo,r:m) Y1kl L200,7,v)-
On the other hand, from (3.16) we deduce that

T
2 2 16 C 2
1Y1, k1200 0,7, 10) + VIIY1 KN 220, 15v) < 7E(yk)exp(;/||yk||v>- (3-29)
0

Thus

T
_ c c 2
Vv < —F —
Il < 5 5B en( [l )
0
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and
T

_ c c 2
otz < 5By (£ [l )
0

which gives

Bellao = /I 30 2,07y + 1020 70 < 57 B0) exp( / ||yknv)

From (3.28) we then deduce (3.25). O

Lemma 3.16. Let {yx }ren the sequence of A defined by (3.21). Then E(y;) — 0
as k — oo. Moreover, there exists a ko € N such that the sequence {E(yg)}k>k,

decays quadratically.

Proof. We deduce from (3.25), using (3.24) that, for all A € [0,m] and k € N* :

VE@Wit+1) < VE(y) (|1—A|+A201 E(y@) (3.30)

where C7 = f exp(uz llwoll%s + 5 ”f”L?(O vy tos E(yo)) does not depend
on Y.

Let us denote the polynomial pj, by pp(A) = |1 — | 4+ A2C1/E(y;) for all
A €[0,m]. If C1\/E(yo) < 1 (and thus C1+/E(yx) < 1 for all k € N) then

min prp(A) < pg(l) = Cl\/m

A€[0,m]

and thus
CivEWri1) < (Civ/Elyr))’ (3.31)

implying that C1+v/E(yr) — 0 as k — oo with a quadratic rate.
Suppose now that C14/E(yg) > 1 and denote I = {k € N, C1y/E(yr) > 1}.
Let us prove that [ is a finite subset of N. For all k € I, since C1+/E(yg) > 1,

1
A) = mi N=pp(—
i ) = min o) = ()

1 1

S S
4C1+/E(yy) 4C1+/E(yo)

<1

and thus, for all k € I,

1
E(yk+1) (1 - m

W < (1= 15—m=) V)

4C1\/E
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k41
Since (1 - %) — 0 as k — +00, there exists kg € N such that

C1v E(yo)
for all k > ko, C1/E(yYr+1) < 1. Thus I is a finite subset of N. Arguing as in the

first case, it follows that C1v/E(yr) — 0 as k — oo.
O

Remark 3.17. In view of the estimate above of the constant C1, the number of

iterates k1 necessary to achieve the quadratic regime (from which the convergence

is very fast) is of the order y—3/2 exp(y%HuOH%J + TCISHfH%Z(O,T;V’) + %E(yo)) s
and therefore increases rapidly as v — 0. In order to reduce the effect of the term
V_3E(y0), it is thus relevant, for small values of v, to couple the algorithm with a
continuation approach with respect to v (i.e. start the sequence {yk}(kzo) with an

element yo solution of (1.2) associated to U > v so that v >E(yo) be at most of
the order O(v=2)).

Lemma 3.18. Let {yx}ren the sequence of A defined by (3.21). Then Ay, — 1 as
k — oo.

Proof. We have

2E8(yp41) = 2E(yp — A Y1,8)
2 2 2 = 4= 12
= (1= Ap) Ml + 226 (1 = Ap){vr, O) 4o + Ak lPrll 4,
=2(1— M) B(yg) + 225 (1 — ) (g, Tr) 4o + AelTk | 2 »

and thus, as long as E(yx) # 0,

(1 — )\k)Q — M _ )\i(l — ) <Uk75k>A0 Ry Hik”QAU

E(yg) E(yk) "2E(y)”
Since
T
= C C 2
Tty < 5B el [l

we then have

(Vs D) Ao | _ vl Ao 1Tk ll4g c /
< < VE(yi)exp(= [ llyk
B B o lonl) =
and
5k 1%
0< =< fE (yr) exp(— / Yk
B lyrll3) —
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as k — +oo. Consequently, since A\; € [0,m] and %y:)l) — 0, we deduce that

(1—)\k)2—>0,thatis)\k—>1ask—>oo. O

From Lemmas 3.14, 3.16 and Proposition 3.10 we can deduce that :

Proposition 3.19. Let {yx }ren the sequence of A defined by (8.21). Then yy, — §
in HY(0,T; VYN L*(0,T; V) where §j € A is the unique solution of (1.2) given in
Proposition 3.5.

3.4 Remarks

The following remarks are in order.

Remark 3.20. The strong convergence of the sequence {yi tr>0 i a consequence
of the coercivity inequality (3.12), which is itself a consequence of the uniqueness of
the solution y of (1.2). Actually, we can directly prove that {yy } ko is a convergent
sequence in the Hilbert space A as follows; from (3.21) and the previous proposition,
we deduce that the serie Y, <o A\pY1y converges in H! 0,7;vVN L2(0, T;V) and
7 =190+ E;ﬁ% AeY1g- Moreover 37 MYkl £2(0,1;v) converges and, if we denote
by ko one k € N such that C1\/E(yr) <1 (see Lemma 8.16), then for all k > ko,
using (3.29), (3.24) and (3.31) (since we can choose C1 > 1), we have

—+oo +o0

15— velrzorvy =11 D> AYiillzorvy < Y AillViillzzo,mv)
i=k+1 i=k+1

+o0 oo
<m Y VOiE@)<m Y OWE)

i=k+1 i=k+1

+oo —+o00
i—k itk+1—k
<m Y (C1VEWk)? T <m Y (Cr/Elyk,))? ’
i=k+1 1=0

ok+1—kqo = o

< m(C1v/E(yk,)) > (C1VE(yk,))
=0

ok+1—kg

< em(Cr1v/ E(yr,))
(3.32)
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From (8.17) we deduce that

10:Y1 kll 20,7,V

T T
23
< VEGIEVEen(E [ il +2v2+ cllzor 2z exolE [ Inlf)
0 0

T
2v2 c 2
el o 22 (S [ el
0

which gives, using (3.23) and (3.24)

T
C
011l 20wy < VEG)VBexp(E [ Il + 2v2+
0

T
+ 5 (Vluollr + V21l mvn + 2V Bl ex(; / lyl)
0

< Cov/E(yr)
(3.33)
where

c c ¢
Coy = cexp(;“uoH%{ + 173||f||2L2(0,T;V’) + ﬁEQJO))
1
. (1 + o= (lluoll + VRISl +2 E<yo>>)~

Arguing as in the proof of Lemma 3.16, there exists k1 € N such that, for all
k> Kk
2
Cov/E(yr+1) < (Co/E(yr))

thus
+oo +oo
10:7 = Oeyll 2o, vy = 1| D MVl < Y AilldeVidll2o,rv)
i=k+1 i=k+1
“+o00
<m Y C:E(y)
i=k+1

+o00
k+1—k i
<m(Cov/Elye,))? Y (Cov/E(u,))”
=0
ok+1—ky

< me(C2v/ E(yr, ) 3
3.34
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Remark 3.21. Lemmas 3.14, 8.15, 3.16 and Proposition 3.19 remain true if we
replace the minimization of X over [0,m] by the minimization over Ry. However,
the sequence {Ar}r>o may not be bounded in Ry (the fourth order polynomial
A = E(yr — AYx) may admit a critical point far from 1. In that case, (8.32) and
(8.34) may not hold for some m > 0.

Similarly, Lemmas 3.16, 3.18 and Proposition 3.19 remain true for the se-
quence {y} k>0 defined as follows

Yo € A,

Yk+1 =Yk — Y1k, k20, (3.35)
LY = mi A,

9k yk) Inin g\ k)

leading to A\, €]0,1] for all k > 0 and limy_ oA\, — 17 . The fourth order polyno-
mial g is defined in (3.28).

Remark 3.22. Let us consider the application F : A — LQ(O,T; V') defined as
F(y) =yt +vBi(y)+B(y,y) — f. The sequence {yi } >0 associated to the Newton
method to find the zero of F is defined as follows:

{yo €A,
F'(yr) - (es1 —yk) = —F(yp), k>0

As in the previous section, this sequence coincides with the sequence obtained from
(8.21) if A is fixed equal to one. The algorithm (3.21) which consists to opti-
mize the parameter A\ € [0,m], m > 1, in order to minimize E(yy), equivalently
I E(yx)|lL2(0,7;v7) corresponds therefore to the so-called damped Newton method
for the application F (see [1]). As the iterates increase, the optimal parameter Ay
converges to one (according to Lemma 2.12), this globally convergent method be-
haves like the standard Newton method (for which A is fized equal to one): this

explains the quadratic rate after a finite number of iterates.

Remark 3.23. In a different functional framework, a similar approach is con-
sidered in [17]; more precisely, the author introduces the functional E : V — R
defined E(y) = %HV?}Hig(Qﬂ with V = yo + Vo, yo € HY(Qr) and Vo =
{fu € HYQp;RY), u(t,-) € V'Vt € (0,T),u(0,) = 0} where v(t,-) solves for
allt € (0,T), the steady Navier-Stokes equation with source term equal to y¢(¢,-) —
vAy(t,)+(y(t,-)-V)y(t,-)—f(t,-). Strong solutions are therefore considered assum-
imgug €V and f € (LQ(QT))2. Bound of E(y) implies bound of y in L2(O, T,V)
but not in H(0,T; L*()?). This prevents to get the convergence of minimizing

sequences in V.
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Remark 3.24. This approach which consist in minimizing an appropriate norm
of the solution is refereed to in the literature as variational approach. We mention
notably the work [17] where strong solution of (1.1) are characterized in the two
dimensional case in term of the critical points of a quadratic functional, close to
E. Similarly, the authors in [16] show that the functional

oo
_ 14
Ie(y)://e t/e{laty+y~Vyl2+\y~Vy|2+;|Vyl2}
0Q

admits minimizers u® for all € > 0 and, up to subsequences, such minimizers
converge weakly to a Leray-Hopf solution of (1.1) as € — 0.

4 Numerical illustrations

4.1 Algorithm - Approximation

We detail the main steps of the iterative algorithm (3.21). First, we define the
initial term yo of the sequence {yi}>0) as the solution of the Stokes problem,
solved by the backward Euler scheme:

ot
Q Q

n+l _ n
/u.w+;/vy3+1.Vw: w0y ey Yw €V, Yn >0,

y0(-,0) =ug, in €.
(4.1)
for some 7 > 0. The incompressibility constraint is taken into account through a
lagrange multiplier A € L2(Q) leading to the mixed formulation

yn—i-liyn
/Oéito.w+z//Vyg+l-Vw+//\n+1v.w:<fn,w)v/xv,
Q Q Q

1 2
Vw € (Ho(Qr))", Vn >0, (4.2)

/uVyS’“ =0, Vi€ L*(Q), Vn >0,
Q

ygzuo, in Q.

A conformal approximation in space is used for (Ha(€2))? x L?(Q) based on
the inf-sup stable P3/P; Taylor-Hood finite element. Then, assuming that (an
approximation {yj . }(n,n} of) yr has been obtained for some k > 0, ypi; is
obtained as follows.
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(¢) From y;, computation of (an approximation of) the corrector v through
the backward Euler scheme

Un+1 — " yvn+1 _ yn
/kéitk-w—l—/Vv,zH'l-Vw—&-/ ke 5 k~w+u/Vy,?+1~Vw
Q Q Q Q

+/y’?+1 'VyI?H cw=< fw Sy,
Q

YweV, Vn>0,

vg =0.
(4.3)
(44) Then, in order to compute the term |[vg ¢||2(0,7,v7) of E(yx), introduction
of the function wy, € L?(V) solution of

T

// Vwg - Vw + vy - w =0, Yw € L*(V) (4.4)
0Q
so that ||k ¢|lp2(vry = [Vwgl|L2(@y)- An approximation of wy, is obtained through

the scheme

Un+1_vn
/VwE'Vw+k67tk-w:0,VweV,VneN. (4.5)
Q

(#44) Computation of an approximation of Y] j, solution of (3.22) through the

scheme
Y7L+1 _yn

1,k 1.k +1 +1 +1
/T~w+u/VYfk va+/yZ 'VYffk Cw
Q Q Q

n+1 n+1 _ UZ+1 - UI:L n+1
Y Ve ws s [ S s [V Ve, (4.6)
Q Q Q
Yw eV, Vn > 0.

Y107k — 0

(iv) Computation of the corrector function vy, solution of (3.26) through the
scheme

=n+1 =n
/w-w+/v5z+l-Vw+/Y17flj1~VY1’?,j1-w:0, Vw eV, n>0,

Q Q Q

v (0) = 0.
(4.7)



48 =—— Lemoine, Miinch e

(v) Computation of ||vk\|?40, (v, Og) 4, and ||%k”?40 appearing in E(y, —AY7 1)
(see (3.27)). The compuiation of |[Ux]| 4, requires the computation of [T |52 (v,
i.e. the introduction of w;, solution of

T
//Vﬁk-Vw—Fv;m-w:O, VwELQ(V)

so that [[g ¢|l2(vr) = VWi L2(Q,) through the scheme
/vﬁ’,}-Vw+57t_.w:o,Vwev,vneN. (4.8)
Q

(vi) Determination of the minimum A € (0, m] of
— 2 2 2 = 4= 2
A= E(ye = A1k) = (1= X vk llag + 2271 = A)(vk, V) 4, + A0k,

through a Newton-Raphson method starting from 0 and finally update of the
sequence Y41 = Yk — AL Y1 k-

As a summary, the determination of yj 1 from yj, involves the resolution of four
Stokes types formulations, namely (4.3),(4.5),(4.7) and (4.8) plus the resolution of
the linearized Navier-Stokes formulation (4.6). This latter concentrates most of the
computational times ressources since the operator (to be inverted) varies with the
indexe n.

Instead of minimizing exactly the fourth order polynomial A — E(y, — AY7 1)
in step (vt), we may simpler minimize w.r.t. A € (0,1] the right hand side of the
estimate

2
E(yr — A\Y1,1) (|1 —AVE(yg) + —= ”UkH.Ao)

(appearing in the proof of Lemma 3.15) leading to Xk = min| 1, Elyr) (see
V2K llag

remark 3.21). This avoids the computation of the scalar product (vk, k) 4, and

one resolution of Stokes type formulations.

Remark 4.1. Similarly, we may also consider the equivalent functional E defined
n (1.10). This avoids the introduction of the auzillary corrector function v and re-
duces to three (instead of four) the number of Stokes type formulations to be solved.
Precisely, using the initialization defined in (4.1), the algorithm is as follows:

(i) Computation of E(yg) = lhkll2cvy = IVhEl L2y where hy, solves

//th‘Ver(yk,t*VAykerk'Vyk*f)'w:Oy vw € L*(V)
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through the scheme

n+1 _
/ VAY - Vw +7& Vi wrVyr Tt w4yt vyt
2 (4.9)

=< f"w >yrys Yw eV, ¥neN.

(i2) Computation of an approximation of Yy, from yy through the scheme

Y/urt — vyt
/71k 5 L.k w+y/VY17er1-Vw+/yZ+1 VY{:];Ll Sw
Q Q Q

n+1l
+/Yn+1 Vyn+1 w:/iyk 5 Yk w+u/Vyn+1 Vw

Q

Q
+/y"+1 Vyitt w— < M w >yry, Yw eV, Wn >0,
Q

Ylo’k = 0

(4.10)
(232) Computation of || B(Y1,k, Y1,k)z2(0,7v7) = Ihkllz2(vy = IVRellL2(Qr)
where hy, solves

T
// Vh -Vw+Y - VY -w=0, Ywe LQ(V)

and similarly of the term (yy ¢ +vB1(yx) + B(Yk: Yx), B(Y1k, Y1,6)) L2(0,75v7) -
(iv) Determination of the minimum X\, € (0,m] of

A= E(yp—AY1 1) = (1 — \)’E(yg)
+ 23 (1 = Nyt + vB1(yx) + By, y) — f, B(Y1, Y1 k) L2 (0,15v7)

4
2
+ 7HB(YL]C, Yi)lzz0,7:v7)

through a Newton-Raphson method starting from 0 and finally update of the se-
quence Yp41 = Yk — A\ Y1,k until E(yk) is small enough.

We emphasize one more time that the case A\, = 1 coincides with the standard
Newton algorithm to find zeros of the functional F' : A — LQ(O,T; V') defined
by F(y) = yt + vBi(y) + B(y,y) — f. In term of computational time ressources,
the determination of the optimal descent step A is negligible with respect to the

resolution in the step (it).
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4.2 2D semi-circular driven cavity

We illustrate our theoreticals results for the 2D semi-circular cavity discussed
in [6]. The geometry is a semi-disk Q = {(z1,z2) € R? 23 + 23 < 1/4,25 < 0}
depicted on Figure 1. The velocity is imposed to y = (g,0) on I'g = {(x1,0) €
R?, |z1| < 1/2} with g vanishing at z; = £1/2 and close to one elsewhere: we
take g(z1) = (1 — e!00(@1=1/2)y(] _ ¢=100(z14+1/2)y " Op the complementary I'; =
{(x1,22) € R% 29 < 0,27 + 23 = 1/4} of the boundary the velocity is fixed to

Zero.

Fig. 1: Semi-disk geometry.

This example has been used in [14] to solve the corresponding steady problem
(for which the weak solution is not unique), using again an iterative least-squares
strategy. There, the method proved to be robust enough for small values of v of the
order 1074, while standard Newton method failed. Figures 2 depicts the streamlines
of steady state solutions corresponding to v~1 =500 and to v =i x 103 for
t=1,---,9. The figures are in very good agreements with those depicted in [6].
When the Reynolds number (here equal to »~1) is small, the final steady state
consists of one vortex. As the Reynolds number increases, first a secondary vortex
then a tertiary vortex arises, whose size depends on the Reynolds number too.
Moreover, according to [6], when the Reynolds number exceeds approximatively
6 650, an Hopf bifurcation phenomenon occurs in the sense that the unsteady
solution does not reach a steady state anymore (at time evolves) but shows an
oscillatory behavior. We mention that the Navier-Stokes system is solved in [6] using
an operator-splitting/finite elements based methodology. In particular, concerning

the time discretization, an explicite scheme is employed.
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Fig. 2: Streamlines of the steady state solution for v —1 =

500, 1000, 2000, 3000, 4000, 5000, 6000, 7000, 8000 and v~ = 9000.
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4.3 Experiments

We report some numerical results performed with the FreeFem++ package devel-
oped at Sorbonne university (see [10]). Regular triangular meshes are used together
with the Po/P; Taylor-Hood finite element, satisfying the Ladyzenskaia-Babushka-
Brezzi condition of stability. An example of mesh composed of 9 063 triangles is

displayed in Figure 3.

Fig. 3: A regular triangulation of the semi-disk geometry; fitriangles = 9 064; fivertices = 4
663; size h &~ 1.62 x 1072,

In order to deeply emphasize the influence of the value of v on the behavior
of the algorithm described in Section 4.1, we consider an initial guess yg of the
sequence {yx}(x>0) independent of v. Precisely, we define yo as the solution of
the unsteady Stokes system with viscosity equal to one (i.e. 7 =1 in (4.1)) and
source term f = 0. The initial condition ug € H is defined as the solution of
—Aug+Vp=0,V-ug =0 in Q and boundary conditions ug = g on I'g and ug = 0
on I';. ug belongs actually to V.

Table 1 and 2 report numerical values of the sequences {\/2E(yx)}(x>0)
{Me} >0y and {llyk — yk—1llz2(v)/lvkll2(v) }r>0) associated to v =1/500 and
v = 1/1000 respectively and T' = 10., f = 0. The tables also display (on the right
part) the values obtained when the parameter Ay is fixed constant equal to one,
corresponding to the standard Newton method. The algorithms are stopped when
V2E(y,) < 1078, The triangular mesh of Figure 3 for which the discretization
parameter h is equal to 1.62 X 1072 is employed. The number of degrees of freedom
is 23 315. Moreover, the time discretization parameter in §t is taken equal to 1072.

For v = 1/500, the optimal Ay are close to one (maxy |1 — A\g| < 1/5), so that
the two algorithms produce very similar behaviors. The convergence is observed
after 6 iterations. For v = 1/1000, we observe that the optimal \j are far from

one during the first iterates. The optimization of the parameter allows a faster
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convergence (after 9 iterates) than the usual Newton method. For instance, after 8

iterates, /2E(yy) ~ 9.931 x 10711 in the first case and \/2E(y;) ~ 5.669 x 10~°
in the second one. In agreement with the theoretical results, we also check that

Ak goes to one. Moreover, the decrease of \/2E(yy) is first linear, then (when Ag
becomes close to one) quadratic.

. lye—yr—1llp2 e —yr—1llp2 2FE(yg,

fiterate k WLQL(/‘/()‘/) V2E(yg) Ak WL;(V()V) \(é\k :(yl))
0 — 2.690 x 10~2 | 0.8112 - 2.690 x 10~2
1 4.540 x 10~1 1.077 x 102 | 0.7758 5.597 x 10~1 1.254 x 10—2
2 1.836 x 101 3.653 x 10~3 | 0.8749 2.236 x 1071 5.174 x 10~3
3 7.503 x 10~2 7.794 x 10~* | 0.9919 7.830 x 10~2 6.133 x 10~4
4 1.437 x 102 2.564 x 10~° | 1.0006 9.403 x 103 1.253 x 10~°
5 4.296 x 104 3.180 x 10~8 1. 1.681 x 10~ 4.424 x 109
6 5.630 x 107 6.384 x 10— 11 - - -

Tab. 1: v = 1/500; Results for the algorithm (2.18).

Tve—ve—1l 2 v
fiterate k 7\\?4‘1‘2;91@1—“1 ‘LLQ(V) 2E(yk) Ak Wmv()) 2E_(yk)
P HIL2(V) (Ak _ 1) (/\k = 1)

0 — 2.69 x 1072 | 0.634 — 2.69 x 102
1 5.13 x 1071 1.49 x 10~2 | 0.580 8.10 x 10~1 2.23 x 1072
2 2.53 x 10~1 7.60 x 1073 | 0.349 4.45 x 101 2.91 x 102
3 1.34 x 101 5.47 x 1073 | 0.402 5.71 x 10~ 1 5.68 x 10~2
4 1.10 x 101 3.81 x 10~3 | 0.561 3.68 x 10~1 2.62 x 10~2
5 8.95 x 102 2.29 x 1073 | 0.868 2.86 x 10~1 1.82 x 102
6 6.39 x 10~2 8.67 x 107% | 1.036 1.42 x 101 4.30 x 1073
7 1.78 x 102 4.15 x 1075 | 0.999 6.05 x 102 9.60 x 104
8 7.98 x 10~4 9.93 x 10~ | 0.999 1.48 x 102 5.66 x 10~°
9 2.25 x 106 4.00 x 10~11 - 9.74 x 104 3.02 x 107
10 — — — 4.26 x 106 3.84 x 10~ 11

Tab. 2: v = 1/1000; Results for the algorithm (3.21).

At time T' = 10, the unsteady state solution is close to the solution of the steady

Navier-Stokes equation: the last element yi—_g of the converged sequence satisfies

[Yk=0(T,) = Ye=o(T — 6t, )l z202)/ luk=0(T: M 22y ~ 1.19 x 107°. Figures 4
display the streamlines of the unsteady state solution corresponding to v = 1/1000
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at time 0,1,2,3,4,5,6 and 7 seconds to be compared with the streamlines of the

steady solution depicted in Figure 2.

Fig. 4: Streamlines of the unsteady state solution for »=1 = 1000 at time t = i, i =
0,---,7s.

For lower values of the viscosity constant, precisely ¥ < 1/1100 approximatively,
the initial guess yq is too far from the zero of E so that we observe the divergence
after few iterates of the Newton method (case A\, =1 for all & > 0) but still the
convergence of the algorithm described in section 4.1 (see Table 3). The divergence

in the case A\, = 1 is still observed with a refined discretization both in time and



e Damped Newton method for Navier-Stokes =—— 55

space, corresponding to dt = 0.5 X 1073 and h ~ 0.0110 (19 810 triangles and
10101 vertices). The divergence of the Newton method suggests that the functional
E is not convex far away from the zero of E and that the derivative E’(y) takes
small values there. We recall that, in view of the theoretical part, the functional F
is coercive and its derivative vanishes only at the zero of E. However, the equality
E'(yx)- Y1 = 2E(y) shows that E’(y;) can be “small" for “large" Y7 j, i.e. “large"

Yi- On the other hand, we observe the convergence (after 3 iterates) of the Newton

method, when initialized with the approximation corresponding to v = 1/1000.

Tye—vr—1Mr2 v

fiterate k 7”7"7;”“1 - L2, B | Toe—1T 22 v) 2E ()
—1llp2(v) O = 1) A\ =1)
0 — 2.69 x 1072 | 0.614 — 2.69 x 10~2
1 5.24 x 10~1 1.53 x 1072 | 0.566 8.52 x 10~1 2.38 x 10~2
2 2.64 x 10~1 8.02 x 10~2 | 0.323 4.89 x 101 3.55 x 102
3 1.38 x 101 5.98 x 1072 | 0.330 7.17 x 1071 8.70 x 102
4 1.11 x 101 4.54 x 1073 | 0.420 4.84 x 101 3.53 x 10~2
5 9.42 x 10~2 3.22 x 1073 | 0.587 1.12 x 10° 3.90 x 101
6 7.66 x 10~2 1.94 x 1073 | 0.972 — 1.33 x 10%
7 5.68 x 1072 5.93 x 1074 | 1.021 — 8.09 x 1027
8 1.00 x 10—2 1.08 x 10~% | 0.999 - -
9 2.83 x 104 1.33 x 108 1. - —
10 2.89 x 10~7 4.61 x 1011 — — —

Tab. 3: v = 1/1100; Results for the algorithm (3.21).

Table 4 gives numerical values associated to v = 1/2000 and 7" = 10. We
used a refined discretization: precisely, 6t = 1/150 and a mesh composed of 15 190
triangles, 7765 vertices (h /= 1.343 X 10_2). The convergence of the algorithm of
section 4.1 is observed after 19 iterates. In agreement with the theoretical results,
the sequence {Ax}(1>0) goes to one. Moreover, the variation of the error functional
E(ys) is first quite slow, then increases to be very fast after 15 iterates. This
behavior is illustrated on Figure 5. For lower values of v, we still observed the
convergence (provided a fine enough discretization so as to capture the third vortex)
with an increasing number of iterates. For instance, 28 iterates are necessary to
achieve \/2E(y;) < 1078 for v = 1/3000 and 49 iterates for v = 1/4000. This
illustrates the global convergence of the algorithm. In view of the estimate (3.30),
a quadratic rate is achieved as soon as \/E(y;) < 01_1 with here (since f =0)

Cr =

c c 9 c
5 e ( Gl + 5P )
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so that 01_1 — 0 as v — 0. Consequently, for small v, it is very likely more efficient
(in term of computational ressources) to couple the algorithm with a continuation
method w.r.t. v, in order to reach faster the quadratic regime. This aspect is not
addressed in this work and we refer to [14] where this is illustrated in the steady
case.

fiterate k % 2E(yi) Ak

0 — 2.691 x 10~2 | 0.5215
1 6.003 x 10—t 1.666 x 102 | 0.4919
2 3.292 x 1071 9.800 x 103 | 0.1566
3 1.375 x 101 8.753 x 103 | 0.1467
4 1.346 x 101 7.851 x 10=3 | 0.0337
5 5.851 x 10~2 7.688 x 10=3 | 0.0591
6 7.006 x 10~2 7.417 x 1073 | 0.1196
7 9.691 x 102 6.864 x 10~2 | 0.0977
8 8.093 x 10~ 2 6.465 x 10~3 | 0.0759
9 6.400 x 102 6.182 x 10~3 | 0.0968
10 6.723 x 102 5.805 x 1072 | 0.1184
11 6.919 x 10—2 5.371 x 10=2 | 0.1630
12 7.414 x 10~2 4.825 x 1073 | 0.2479
13 8.228 x 102 4.083 x 10—3 | 0.3517
14 8.146 x 102 3.164 x 1073 | 0.4746
15 7.349 x 102 2.207 x 1072 | 0.7294
16 6.683 x 102 1.174 x 1073 | 1.0674
17 3.846 x 10—2 2.191 x 10~% | 1.0039
18 5.850 x 10~3 4.674 x 1072 | 0.9998
19 1.573 x 104 5.843 x 109 -

Tab. 4: v = 1/2000; Results for the algorithm (3.21).

5 Conclusions and perspectives

In order to get an approximation of the solutions of the steady and unsteady 2D
Navier-Stokes equations, we have introduced and analyzed a least-squares method
based on a minimization of an appropriate norm of the equation. For instance, in
the unsteady case, considering the weak solution associated to an initial condition in
H c L?(2)? and a source f € L?(0,T, V'), the least-square functional is based on

the L2 (0, T, V’)-norm of the state equation. Using a particular descent direction, we
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Fig. 5: Evolution of \/2E(yx) and A\; w.r.t. k; v = 1/2000 (see Table 4).

construct explicitly a minimizing sequence for the functional converging strongly, for
any initial guess, to the solution of the Navier-Stokes. Moreover, except for the first
iterates, the convergence is quadratic. Actually, it turns out that this minimizing
sequence coincides with the sequence obtained from the damped Newton method
when used to solves the weak formulation associated to the Navier-Stokes equation.
The numerical experiments illustrate the global convergence of the method and its
robustness including for small values of the viscosity constant.

Moreover, the strong convergence of the whole minimizing sequence has been
proved using a coercivity type property of the functional, consequence of the
uniqueness of the solution. Actually, it is interesting to remark that this property
is not necessary, since such minimizing sequence (which is completely determined
by the initial term) is a Cauchy sequence. The approach can therefore be adapted
to partial differential equations with multiple solutions or to optimization problem
involving various solutions. We mention notably the approximation of null controls
for (controllable) nonlinear partial differential equation: the source term f, possibly
distributed over a non-empty set of () is now, together with the corresponding
state, an argument of the least-squares functional. The controllability constraint is
incorporated in the set A of admissible pair (y, f). In spite of the non uniqueness
of the minimizers, the approach introduced in this work still produces a strongly
convergent approximation. We refer to [12] for the analysis of this approach for
sub linear (null controllable) heat equation.
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