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Abstract

Network dynamics with point-process-based interactions are of paramount modeling interest. Un-
fortunately, most relevant dynamics involve complex graphs of interactions for which an exact compu-
tational treatment is impossible. To circumvent this difficulty, the replica-mean-field approach focuses
on randomly interacting replicas of the networks of interest. In the limit of an infinite number of repli-
cas, these networks become analytically tractable under the so-called “Poisson Hypothesis”. However,
in most applications, this hypothesis is only conjectured. Here, we establish the Poisson Hypothesis for
a general class of discrete-time, point-process-based dynamics, that we propose to call fragmentation-
interaction-aggregation processes, and which are introduced in the present paper. These processes
feature a network of nodes, each endowed with a state governing their random activation. Each acti-
vation triggers the fragmentation of the activated node state and the transmission of interaction signals
to downstream nodes. In turn, the signals received by nodes are aggregated to their state. Our main
contribution is a proof of the Poisson Hypothesis for the replica-mean-field version of any network
in this class. The proof is obtained by establishing the propagation of asymptotic independence for
state variables in the limit of an infinite number of replicas. Discrete time Galves-Lécherbach neural
networks are used as a basic instance and illustration of our analysis.

1 Introduction

Epidemics propagation, chemical reactions, opinion dynamics, flow control in the Internet, and even neural
computations can all be modelled via punctuate interactions between interconnected agents [15][11][1][2][17].
The phenomena of interest in this context are idealized as network dynamics on a graph of agents which
interact via point processes: edges between agents are the support of interactions, with edge-specific point
processes registering the times at which these interactions are exerted. Such point-process-based net-
work dynamics constitute a very versatile class of models able to capture phenomena in natural sciences,
engineering, social sciences and economics.

However, this versatility comes at the cost of tractability as the mathematical analysis of these dynamics
is impossible except in the simplest network architectures. As a result, to go beyond numerical simulations,
one has to resort to simplifying assumptions.
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For such point-process-based network dynamics, the main obstacle to computational tractability is the
fact that the interaction point processes arising in the dynamics do not belong to any parametric class.
Replica Mean-Fields (RMF) are meant to get around this obstacle. The RMF version of a given network
is an extension of this network built in such a way that interaction point processes are parametric, e.g.,
Poisson. This extended network is made of infinitely many replicas of the initial network, all with the
same basic structure, but with randomized interactions across replicas. The interest in RMFs stems from
the fact that they offer tractable version of the original dynamics that retain some of its most important
features. The fact that Poisson point processes arise in the RMF version of a network is called the Poisson
Hypothesis. Thus formulated, the Poisson Hypothesis originates from communication network theory [12]
and is distinct from replica approaches developed in statistical physics [6].

Although intuitively clear and despite its usefulness, the Poisson Hypothesis is often only conjectured
and/or numerically validated. This is for instance the case in recent work on neural network dynamics
[3]. The purpose of this work is to rigorously establish the Poisson Hypothesis for the RMF limits of a
broad class of discrete-time point process based network dynamics introduced in the present paper. This
class, which will be referred to as fragmentation-interaction-aggregation processes (FIAPs) below, includes
discrete time Galves-Locherbach neural networks as a special case.

Fragmentation-interaction-aggregation processes

In FIAPs, agents are graph nodes endowed with a state that evolves over time. The nodes are coupled
via point processes which model punctuate interactions. Specifically, each node’s state evolves in response
to its input point process, and generates an output point process in a state-dependent manner. In all
generality, the transformation of input into output point process can be viewed as a random map. In
FIAPs, this map is defined through the following dynamics:

(1) The fragmentation process is triggered by local activation events taking place on each node and
which occur with a probability that depends on the state of the node.

(17) Each fragmentation event in turn triggers interactions between the nodes by creating input
events in the neighboring nodes.

(77i) Finally, the aggregation process consists in the integration of the input point processes to the
states of each node.

Thus broadly defined, FIAPs offer a simple albeit general framework to analyze the phenomena alluded
to above. The precise definition of FIAPs is given as follows:

Definition 1. An instance of the class C of discrete fragmentation-interaction-aggregation processes is
determined by:

e An integer K representing the number of nodes;

e A collection of initial conditions for the integer-valued state variables at step zero, which we denote
by {X;}, where i € {1,..., K};

e A collection of fragmentation random variables {U; }, which are i.i.d. uniform in [0, 1] and independent
from {X;}, where i € {1,..., K};

o A collection of fragmentation functions {g1, : N = N}iep, k3 and {g2; : N = N}icq, k)

e A collection of bounded interaction functions {h;; - N — N}; et ky;

e A collection of activation probabilities {0;(0),04(1),.. . }icq,. ky verifying the conditions ¢;(0) = 0,

and 0 < 0;(1) < 0y(2) <--- <1 for all .



The associated dynamics take as input the initial integer-valued state variables {X;} and define the state
variables at the next step as

Y; = 914(X) Lv,<opx0y +924(Xi) Luiso,xy +4i, Vi=1,..., K, (1)
with arrival processes
A= Zhi,j(Xj) ]I{Uj<aj(xj)}, Vi=1,..., K. (2)
J#i

The interpretation is as follows: node i activates with probability o;(k) if its state X; is equal to k.
The state of this node is fragmented to ¢, ;(k) upon activation and to go,;(k) otherwise. This activation
triggers an input of h;;(k) units to node j. Hence, the interaction functions encode the structure of the
graph. The variable A; gives the total number of arrivals to node 7. This variable is aggregated to the
state of the node as seen in (1). Note that considering 0;(0) = 0 for all i ensures that the state variables
remain non-negative.

Thus precisely defined, the FIAP class C encompasses many network dynamics relevant to queuing the-
ory and mathematical biology. For example, taking g1,(k) = k—1, g2;(k) = k and h; j(k) = Ti—j+1 mod K}
we recover an instance of Gordon-Newell queuing networks [13]. Taking gi,(k) = 0,g2:(k) = k and
hi j(k) = p;; € N defines a discrete instance of linear Galves-Lécherbach dynamics for neural networks
(see next section). Taking g1;(k) = [£] and g»;(k) = k + 1, corresponds to aggregation-fragmentation
processes modelling, e..g., cellular growth [8] or TCP communication networks [2]. Note that the class C
also includes certain discrete time Hawkes processes. Namely, if for each coordinate of a Hawkes vector
process, we define its state as the sum over time of all its variations, then all discrete Hawkes processes
that are Markov with respect to their so-defined state are in C.

The present paper is focused on discrete time versions of this type of dynamics as in, e.g., [16] [7]; note
that continuous versions were also considered in the literature such as in [8], [14].

Replica models for fragmentation-interaction-aggregation networks

Finite RMF models are defined as a coupling of replicas of the network of interest by randomized routing
decisions. For a FIAP, the state of its M-replica model is thus specified by a collection of state variables
X% ;» where m is the index of the replica and 4 corresponds to the index of the node in the original network.
Instead of interacting with nodes within the same replica, an activated node ¢ in replica m interacts with a
downstream node j from a replica m chosen uniformly at random and independently. This randomization
preserves essential features of the original dynamics such as the magnitude of interactions between nodes
but degrades the dependence structure between nodes. Indeed, over a finite period of time, the probability
for a particular node to receive an activation from another given node scales as 1/M. Thus, as the
number of replicas increases, interactions between distinct replicas become ever scarcer, intuitively leading
to replica independence when M — oo. This asymptotic independence is the root of RMF computational
tractability.
Here is the precise definition of the finite-replica version of a FIAP:

Definition 2. For any process in C, the associated M-replica dynamics is entirely specified by

e A collection of initial conditions for the integer-valued state variables at step zero, which we denote
by {X}%}, where n € {1,..., M} and i € {1,..., K}, such that for all M,n and i, X}, = Xj;

e A collection of fragmentation random variables {U,, ;}, which are i.i.d. uniform in [0, 1] and indepen-
dent from {X}}}, wheren € {1,..., M} and i € {1,...,K};

e A collection of i.i.d. routing random variables { R}/ ;} independent from { X} } and {U,,;}, uniformly

m,j,t
distributed on {1,..., M} \ {m} for all i, € {1,..., K} and m € {1,..., M}. In other words, if
R% ;i = n, then an eventual activation of node j in replica m at step 0 induces an arrival of size



hl-7j(X% j) in node ¢ of replica n, and n is chosen uniformly among replicas and independently from
the state variables. Note that these variables are defined regardless of the fact that an activation
actually occurs. Also note that for ¢ # 4, the activation in question will induce an arrival in node 4’

of replica n’, with n’ sampled in the same way but independently of n.

Then, the integer-valued state variables at step one, denoted by {Ynj\f }, are given by the M-RMF equations

Yol = 91(X0h) Ly, oty +924(X00) L, 5oty +A0T, (3)

where g1, g2,; denotes fragmentation functions, o; denotes activation probabilities, and where

A= D hig (X)) T oty Limyr 2y (4)

mji
m#n j#£i
is the number of arrivals to node 7 of replica n via the interaction functions h; ;.

RMF models are only expected to become tractable when individual replicas become independent. This
happens in the limit of an infinite number of replicas, i.e., in the so-called RMF limit [3]. In this RMF
limit, asymptotic independence between replicas follows from the more specific Poisson Hypothesis. The
Poisson Hypothesis states that spiking deliveries to distinct replicas shall be asymptotically distributed
as independent Poisson (or compound) point processes. Such a hypothesis, which has been numerically
validated for certain RMF networks, has been conjectured for linear Galves-Lécherbach dynamics in [3].
Proving the validity of the Poisson Hypothesis for the RMF limits of the much more general FIAPs is the
purpose of the present work.

Methodology for proving the Poisson Hypothesis

(Classical mean-field approximations of a given network are obtained by considering the limit of the original
network when a certain characteristic of the network — typically the number of nodes — goes to infinity.
When the dynamics of the nodes are synchronous, one gets a discrete time dynamical system. The term
mean-field comes from the fact that in such network limits, the effect that individual nodes have on one
another are approximated by a single averaged effect, typically an empirical mean. In the limit, this
empirical mean usually converges to an expectation term through a propagation of chaos result [18] which
leads to analytical tractability. In replica mean-fields, there is no such empirical mean over the nodes of
the network; the mean-field simplification comes from the random routing operations between replicas.
The input point process in the M-replica model consists in a superposition of M rare point processes,
which informally explains why Poisson (or compound Poisson) processes arise at the limit. For classical
mean-fields, different techniques have been developed to prove the existence and the convergence to the
mean-field limit. Standard techniques include the use of the theory of nonlinear Markov processes [19],
stochastic approximation algorithms|4|, and induction techniques which assume the existence of limits at
time zero and extend the result by induction [5]. Refinements to the latter approach can be made in order
to obtain explicit rates of convergence [10]. The approach developed for the RMF case belongs in spirit to
the third class of techniques. We suppose that the property of asymptotic independence (see Definition 3)
holds for the state variables at time zero. We then prove that this property is preserved by the dynamics
of the M-replica model and thus holds by induction for any finite time. We show that this asymptotic
independence hypothesis implies both convergence in distribution and an ergodic type property that we
call the triangular law of large numbers. We apply this law of large numbers to the input process to a
single node to show that Poisson (or compound Poisson) processes appear in the replica mean-field limit

indeed.



Structure of the Paper

For the sake of clarity in exposition, we start with the proof of the Poisson Hypothesis for the special
case of neural networks first before extending it to general FIAPs. More precisely, we first consider the
symmetric neural network case, which is a fully symmetric Galves-Locherbach model [9] in discrete time.
We introduce the model in Section 2 and prove the Poisson Hypothesis in Section 3. We then extend the
proof to the class of FIAPs defined above. We first consider the symmetric case in Section 4 and then the
general case in Section 5. Finally, some extensions are discussed in Section 6.

2 The symmetric Galves-Locherbach model

2.1 The symmetric RMF network model

We consider a network of K spiking neurons. We suppose that the behavior of each neuron is determined
by a random variable representing the membrane potential of the neuron. Each neuron spikes at a rate
depending on its state variable. Let X = {X;} be the integer-valued state variables at step 0, where
ie{l,...,K}. Let Y = {Y;} be the integer-valued state variables at time one. The system continues to
evolve in discrete time with all corresponding state variables defined by induction.

Let 0 : N — [0, 1] be the spiking probabilities of the neurons. Namely, o(k) is the probability that a
neuron in state k spikes. We consider that ¢(0) = 0, accounting for the fact that a neuron in state 0 never
spikes. We also consider that o(1) > 0 and that o is non-decreasing. Let {U;} be uniformly distributed
i.i.d. random variables independent from {X;}. We then write the following evolution equation for the
state of the system:

Yi = Lusoxiy Xi + A, (5)
where
A = Z Ly, <o(x;)} (6)
J#i

is the number of arrivals to neuron .

Here, the fragmentation is complete if U; < o(X;), namely if there is a spike, in which case the state
variable is reset (jumps to 0). Otherwise there is no fragmentation at all and the state variable is left
unchanged. In both cases, the arrivals A; are aggregated to the state.

The RMF model described below is a discrete time version of the model introduced in [3]. Namely, we
consider a collection of M identically distributed replicas of the initial set of K neurons. Let X = {X}
be the integer-valued state variables at step 0, where n € {1,...,M},i € {1,...,K}. Let Y = {Y,)1} be
the integer-valued state variables at time one. Let U = {U,,;} be uniformly i.i.d. random variables in [0, 1]
independent from {X7}. Let R = {R}; ;} be i.i.d. routing random variables independent from {X;
and {U,;}, uniformly distributed on {1,..., M} \ {m} for alli,j € {1,..., K} and m € {1,..., M}. The
replica model has the following evolution equation:

Yoi = Ty, oy Xog + A, (7)
where
AL =300 W oy Lirat | 2oy (8)
m¥#n j#£i

is the number of arrivals to neuron ¢ of replica n.

2.2 Pairwise asymptotic independence and consequences

Our goal is to show the propagation of chaos and the Poisson Hypothesis in this system. In other words, we
want to show that the arrivals to two distinct replicas are asymptotically independent and the number of



arrivals to one replica is asymptotically Poisson distributed. We begin by considering the fully exchangeable
case with equal weights, but we will consider the general case later. In order to do so, we choose to
characterize the propagation of chaos through the following properties:

Definition 3. Given M € N, given an array of integer-valued random variables Z = {Z%}1<n< MA<i<K
such that for all fixed M, the random variables Z. are exchangeable in n and 4, we say that the variables
ZM are pairwise asymptotically independent, Wthh we will denote PAI(Z), if there exists an integer-valued
random variable Z such that V(n,i) # (m,j),Yu,v € [0, 1],

lim E[u?niv?mi] = E[u”] E[v?]. (9)
M —o00
Definition 4. Given M € N, given an array of integer-valued random variables Z = {ZM bnequ,..m
such that for all fixed M, the random variables ZM are exchangeable in n, we say that Z wverifies the
triangular law of large numbers TLLN(Z) if there exists an integer-valued random variable Z such that

for all functions f : N — R with compact support, we have the following limit in L?:

R .
i 77 2 A2 = Blf(D) (10)

Here are a few remarks about these definitions. First, note that if an array of random variables Z
satisfies PAI(Z), then for all n and i, ZM converges in distribution to Z as M — oo. This can be seen by
taking v = 1 in the definition. By con81der1ng the case where ZM = Z! for all n and M, we see that the
convergence in distribution of ZM does not imply TLLN(Z). However, we show below that for all arrays
of random variables Z = {Z%}ne{l _____ MY,ic{1,.. k) satisfying PAI(Z), for all i, Z; = {Z, M}nE{l ..... My satisfies
TLLN(Z;). In other words, pairwise asymptotic independence of an array of random variables implies that
these random variables verify the triangular law of large numbers. The following characterization of L?
convergence will be used throughout this paper:

Lemma 5. Let (X,,) be random variables with finite second moments. Then there exists a constant ¢ such
that X,, — ¢ in L?> when n — oo iff

(i) E[X,] — ¢ when n — oo

(ii) Var(X,) — 0 when n — oc.

This follows directly from the definition of L? convergence.
The following lemma describes the relation between pairwise asymptotic independence and the trian-
gular law of large numbers.

Lemma 6. Let M € N, let Z = {Z,%}ne{l 77777 My,ie{1,..,k} be an array of integer valued random variables
verifying PAI(Z). Then, for all i, Z; = {Z%-}ne{l ..... wy satisfies TLLN(Z;). In other words, for all functions
f N — R with compact support, for all i € {1,..., K}, we have

Z f(Z)) - E[f(2)] (11)

in L7 when M — cc.

Proof. Let f: N — R be a function with compact support. We use Lemma 5. We fix i € {1,..., K} that
we omit in the rest of the proof. We have

ar <%Zf(Zy)> :# (Z\/ar( f(ZM) +ZCOV (ZM)]>
n=1 n=1 p#q

MM =1) ez, F(zM),

:iVar(f(ZfV[))+ e

M



the last equality holding by exchangeability between replicas. Both terms on the right hand side go to 0
when M — oo. For the first term, this follows from the boundedness of f. For the second, we first show
the result for indicator functions. Let B € B(R) and let f be defined by f(n) = I{,ep. Then we have

cov[f(ZM), f(ZI] =P(ZM € B, 7} € B) —P(ZM € B)P(Z) € B), (12)

which goes to 0 when M — oo by PAI(Z). This immediately extends to functions with compact support
1

since they only take a finite number of values. Moreover, for all such functions, E[5; Zﬁil f(ZM)] —
E[f(Z)] when M — oo as a direct consequence of the fact that for integer-valued random variables,
convergence in distribution of ZM to Z is equivalent to the convergence P(ZM = k) — P(Z = k) for all

k € N. This concludes the proof. O

For our subsequent needs, we also establish the following result: we show that pairwise asymptotic
independence implies a property that is slightly more general than the triangular law of large numbers,
where we allow the function f to depend on an array of i.i.d. random variables U = {Uy; }neq1,.. M}icf1,.. K}
independent from the rest of the dynamics.

Lemma 7 (Generalized TLLN). Let M € N, let Z = {Z%}ne{l ..... MYief1,..k} be an array of integer
valued random variables verifying PAI(Z). Then for all bounded functions f : N x [0,1] — R with
compact support, for all i.i.d. sequences of random variables U = {Um}ne{l ,,,,, MY,ie{1,...,K} independent
from Z, there exists U independent from Z and Z such that, for alli € {1,... K}, we have the following
limit in L?:
MlganZf wi Uni) = E[f(Z,0)]. (13)
Note that compared to Definition 4, we consider that the functions are bounded, a condition that was
automatically fulfilled for functions with compact support on N.

Proof. We proceed as in the last lemma, conditioning on the U,; when necessary. Let M € N, let
i€ {l,...,K}. We will omit this index in the rest of the proof. By exchangeability between replicas, we
have

M

ESNCANS

n=1

E =E[f(2", )]

— E[f(ZM,U)] defining U = U,
= E[E[f(Z),0)|U]].

Since ZM converges in distribution to Z when M — 0o, and since ZM s integer-valued and f is bounded,
for all uw € [0,1],E[f(ZM,u)] — E[f(Z u)] when M — oo. Therefore, since U is independent from
Z and Z, for all u € [0,1],E[f(ZM,u)|U = u]] — E[f(Z,u)|U = u] when M — oo. Hence, we have
that when M — oo, E[f(ZM,U)|U] — E[f(Z,U)|U] a.s.. Finally, by the bounded convergence theorem,
E[E[f(ZM,U)|U]] — E[E[f(Z,U)|U]] when M — oo. Thus,

M
LSz )| B [2.0)] 14)
n=1
when M — oo.
Moreover,
M
" (% S H U, ) ZVar Un) + 5 3 cov [F(Z. U (2 U)
n=1 n#n’
M(M —1)

= —Var (f(ZfVI,Ul)) +

- cov [f(ZlM,Ul)af(ZéwaUQ)} ’

M2



the last equality stemming from exchangeability between replicas. When M — oo, the first term goes to 0
because f is bounded. For the second term, since the {ZM} and the {U,} are independent and the {U,,}
are i.i.d., we can proceed as above. Namely, let B,C € B(R). Let f be defined by f(n,t) = Liuepy Tiecy -
Then we have

cov[f(ZM U, f(ZM, U)] =P(ZM e B,Z} € B,U, € C,U, € O)
~P(ZM e B,U, € O\P(ZY € B,U, € O)
= (P(z € B,Z}" € B)—P(Z" € B)P(2}" € B)) P(U; € C)P (U, € O),
the last equality holding by independence between Z and {U,;}neq,. a3 icqt,..,k}- The right hand term

goes to 0 when M — oo by PAI(Z). This generalizes to bounded functions with compact support, which
concludes the proof. 0

2.3 Main result

Our goal is to show that if X = {X]1} are asymptotically independent, then Y = {¥;"/} are as well.
In other words, if we choose initial conditions that verify a certain property, this property will hold by
induction at any finite discrete time.

..........

(the “state variables”). Suppose that PAI(X) holds. Then PAI(Y') holds as well, where Y is defined by (7).

Moreover, the arrivals to a given node AM. converge in distribution to a Poisson random variable when
M — .

Note that the result depends on a choice of initial conditions verifying PAI(X), a typical example of
which is i.i.d. initial conditions stable in law, in the sense that their law does not depend on M. The
question of whether given an arbitrary initial condition, the dynamics become pairwise asymptotically
independent after some (finite or infinite) amount of time, is still open. Note also that this shows that we
have convergence in distribution of the exchangeable variables {Y, ¥} when M — oo.

3 The proof

In the following proof, since K is always finite and all considered random variables are exchangeable,
as above, we will sometimes omit the neuron index ¢ € {1,..., K} in order to simplify notation. Tilde
superscripts will refer to objects in the infinite replica limit. Hat superscripts will refer to fragmentation
processes.

Step one: fragmentation
Lemma 9. Let X = {XM = X} 1 {Un,>o(xM ). Then PAI(X) implies PAI(X).

Proof. We have for u,v € [0, 1],

E[u v = 3" P(XM =k, XM = Duto, (15)
k,leN
For k,l > 0, we have
PXM =, XM =) =PXM =k, XX = 1)1 —o(k))(1 —0o(l). (16)
Similarly, we have for k£ > 0
PXM =k X} =0) =) PX) =k X" =1)(1 - o(k))o(l) (17)
leN



and
P(X =0,X)"=0)=> PX =k X} =)o(k)o(l). (18)
k,leN

Since PAI(X) holds, for all k,l € N, P(XM = k, XM =) — P(X = k)P(X =) when M — oo. Since all
considered functions are bounded by 1, we have that for all £,1 € N,

PXM =, XM =) 5 P(X =kP(X =1)
when M — oo, where X=X T2 %)y - This shows that

E[*"v¥] - B[] EY] (19)

when M — oo, which concludes the proof.

Step two: asymptotic behavior of the arrivals processes

We now show that the number of arrivals A} defined in (8) is asymptotically Poisson as the number of
replicas goes to infinity. This is precisely the Poisson Hypothesis introduced in [12].

Lemma 10. Supposing that PAI(X) holds, we have the following convergence in distribution when M —
OO7

A — Poi((K —1)6),
where § = E[o(X)].
Proof. Let z € [0,1]. Then

E[ZA%] - E Zm#nzﬁéz {UmJ<o(X1” )} {ijz—n}i|

—E H HE {z Upn,j<o (XM )3 {Rm“—n} X%J,U}
Lm#n j#i

ST ) )
i i M—-1 M—-1

1
Zm¢n Z]#’L 10g< (1_ {Um,]<U(X%J)}>>
=E |e

We now give an upper and lower bound for this expression. Since log(1 — z) < —z for z < 1, we have

1 o(x M
M _ﬁ Zm#n Z]#z <1—Z {Um’J< (mej)}>
E [zAn z} <E]|e

Using the generalized TLLN given in Lemma 7, 375 >7 ., >0 (1 — zI{U’”J“(X%j”) — (K—=1)(1—-%(2))
in L? when M — oo With CD( ) = E[z'v<o)], Where U is any U, ;.
We have &(z —zfo X) >t)dt+ 1—f0 o(X)>t)dt) = (z —1)0 + 1.



Therefore, since L? convergence implies convergence in distribution and thus convergence of the Laplace

1 M
1 {U. , <o(X
— =T Zm#n Zj#(l_z ™

j>}>
transforms, E |e — 7 00=2)(E=1) when M — oo. Thus,

lim sup E[z4n] < ¢ 00-2) (-1, (20)

M—oo

Similarly, since log(1 —z) > —x — % for z < 1, we have

! M I M
) (Upnj<o(xM )} ) (Upn j<o (XM )}
E[ AM.] S E TM-1 Zm#nz#i(l_z ! ! >_W Zm¢n2j¢¢<1—z J i >
2 ni > e

Using once again Lemma 7, as the second term goes to 0 when M — oo, by the same reasoning as
previously, we get

lim inf E[z47i] > ¢ 0(-2)(K-1), (21)
M—00
Combining (20) and (21), the result follows. O

Now, we show that the arrivals to different replicas become pairwise asymptotically independent:

Lemma 11. For all (n,i) # (m, j), A}, and A}, are pairwise asymptotically independent.
Proof. We first show the result in the case n # m and i # j. Let u,v € [0,1]. Then

I P | 1 S | 1
E [UA%Z.UA%J] R | W <o XN 0 {R%’i,,izn}vzm’#m,ﬂ# (U jr<o (XM, ) {R,ft{/’j,’j—m}}

1 1 1 1
—E H u {Un’,i’<U(X£:/I,i/)} {Rﬁ{’i,’i:n} H v {Um,7j,<U(X7J’Y\/LI/,j/)} {R%’J’,]’:m}

Ln/+#n, i’ #i m/#m,j' #j

~E|E| [] o O oM oy LnM =y I R R L A XMy
| n'#n,il #i m/#m,j' #j
L st M—-1 M-1

1 1 I{U ;o <o(xXM )y
1 — m!,j m! i
11 K M- 1) a1 ’

m/#m,j'#j

1 1

U, g<a(XM )} U, a<o(xM )}
Zn/?sn’i/#i log <1——Ml_1 <1—u nyt n’ 4! ! i £ 108 1——Ml_1 1—v =~ ™ m/,j’

:E (A e

The fourth equality above comes from the independence between the routing variables RV,
Just as in the proof of Lemma 10, we can give upper and lower bounds of the last right-hand side
expression:
( I{Un/ i/<o’(X1V/I )} I{Un/ i/<o’(X1V/I ,)}>
| 2—u s n',1 —v ) n',i

1
M M T M-1 Zn’;én,z";éz
E [uAn’ivAmJ} <E|e

and
I
M, {Un/,i,<a<x:f{’i,)}>

1
{U ;1 <o(X
1 n’ i /
—_ . . 2—u ’ n
AM AM M—1 Zn’¢n,z’¢z<
E [u n,iq) mu] >E [e

1
- 2(M—1)2 Zm;én Z];éz <2u
e

1 M 1 M 2
U . X U . X
{ n/,l/<a( n/,i/)} { n/,l/<a( n/,i/)}> :|
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The last right-hand side expression goes to e(!=+1=v)(K=1f when M — oo in both cases, as previously.
The result follows from these two bounds as in the proof of Lemma 10.

The case where n = m, i.e., when we consider the arrivals to two different neurons in the same replica,
is done in the same way since the routing variables are independent from the neurons chosen. The case
where ¢ = j, i.e. when we consider the arrivals to the same neuron in two different replicas, is treated in
the same way, with the extra step of isolating the terms that are not independent from each other. O

Step three: propagation of pairwise asymptotic independence

Our goal is now to combine the previous results to show that PAI(Y') holds, assuming PAI(X). We have
that foralli € {1,..., K} andalln e {1,...,M},Y,"] = X,%JFA% We call A the limit in distribution of
AnMJ (it is Poisson distributed by the previous lemma). It is clear that by exchangeability between replicas,
we only require the following lemma:

Lemma 12. Fori,j € {1,..., K},
E[u" 025 — E[u’ | E[v"] (22)
when M — oo, where Y = ):( + A.

Proof. Let u,v € [0,1]. Then, given i, j € [0, K|, with ¢ # j for simplicity,

M yM ST S YD DI | M T,.M v iz iz 1 M 1, m _
E [UYLWY%} — | | K X8% A U <o (XN Y RNy =1y S ARG Uy <o (X0 DY RN, L =2

5 5 1 1 1 1
M M M M — M M _
—F ’U/XlJ’UXQJ | | U {Un’,i/<0(Xn’,i’)} {Rn’,i’,ifl} | | v {Um/7j/<‘7(Xm/’j/)} {Rm’,j’,j2}]

L n'#£1,i #i m#2,5'#j

o I I I 1
=E |E |uS1i0X2) H w Untr <O 0} MR Gy =1 H v Umtgr <ol 0} R 1 =2 XM U
L n/#1 i #i m#2,5'#j
[ . 1
—E [ T ( L P P
M -1 M—-1
- WALl

H L Ty coxM 1
m-,J m/! ! ]_ —

-y (M —1" Tt M—1

m'#2,5'#j

=E {uX{VIz (1 — Ml_ . + Ml_ 1UI{U1,¢<0(X%~)}) 0535 (1 _ Ml_ 3 + Ml_ 1uI{U27j<o(XéY§)})

1 1
(U, <o (xM )y (U, r<o(XM, )3
1 , ’ 1 , ’
Dot L i (! i) £(2,5) 108 (1 M-1 (1“ o n!yi >> Dt #2550 45 (m? ) (1,0) 10g<1M1 <1U " m'si :|
- e e

=E [ (u,v)" (u,v)],

oM 1 ) M ¢ 1 _ M
where oM (u, v) = u X% <1—ﬁ+ﬁv (U1<o (P} X3T <1—ﬁ+ﬁu Wo,5<e3)\ and

1 1
(U, y<o(x )} (U1 j1<o (XM, )y
1 1
M Dot st156 35! i) 2(2,5) 1°g<1—m<1—u e >> St 21445 m ) #(1,0) 10g<1—m<1—v m? 3 <Ko
vy (u,v) =e e :

When M — oo, by Lemmas 9 and 11, ¢ (u,v) and ¢} (u,v) are pairwise asymptotically independent.
Since in 3! (u, v), the contribution of the missing terms in the sum is negligible, when M — oo, we have

E [p}" (u,v)3" (u,v)] = E [ux] E |:’UX} E [u’ﬂ E [vﬂ . (23)

This shows that (22) holds. O
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Thus, PAI(X) implies PAI(Y'), which concludes the proof of the theorem. Note that Lemma 12 also
shows that X and A are independent.

4 The symmetric fragmentation-interaction-aggregation process

Our goal is to show that propagation of chaos and the Poisson hypothesis hold in the more general setting
of symmetric FIAPs under mild hypotheses on the dynamics of the system. The symmetrical evolution
equations read

Y; = 01(Xi) Ly, <o(xi)y +92(Xi) Lw,so(x0)) +Ai (24)
where
A = WX T, <o(x,)) (25)
J#i

and g1, g2, h : N — N are functions such that h is bounded.

We now introduce the corresponding replica dynamics. Let { XM} be the integer-valued state variables
at step 0, where n € {1,...,M} and i € {1,...,K}. Let {Y;}{} be the integer-valued state variables at
time one. Let {U,;} be ii.d. random variables independent from {X}%} uniformly distributed in [0, 1].

We introduce again the ii.d. routing variables R}’ ;, independent from {Un;} and {X7} and uniformly

distributed in {1,..., M} \ {m}. The M-replica equations read:

Yn]t/z[ =01 (XM) ]I{Un <J(XM )} +92(X ) ]I{U >U(XM )} +An E (26)

where

=D D M) Iy, < o(x2 )y Lgrat | —ny (27)

m#n j#£i
is the number of arrivals in node 7 of replica n.
We also recall the definition of a compound Poisson distribution:

Definition 13. The random variable X is said to follow a compound Poisson distribution if there exist a
Poisson(A) random variable N and i.i.d. random variables (X;);en+ independent from N such that

The generating function of X, denoted ¢y, is given by
px(t) = PO, (28)

where ¢(t) is the generating function of Xj.

We have the following theorem:

Theorem 14. For all symmetric RMF FIAP dynamics, PAI(X) implies PAI(Y'). Moreover, the arrivals
to a given node are asymptotically compound Poisson distributed.

We will require the following lemmas. The following result replaces Lemma 9:

Lemma 15. Let X! = {X}) = g1 (X)) Iy, (xin )y} Let X2 = {X2M = go(X M) Ly, so(xty}- Then
PAI(X) implies PAI(X'), PAI(X?) and PAI(X), where X = X! + X2,

12



Proof. We proceed exactly as in Lemma 9. We write here only the proof for X 2. the others being identical
except for the numerical expressions involved. We have for u,v € [0, 1],

ES 0% = ST PATM = kXM = Dutol. (29)
k,leN
For k,l > 0, we have
PO =k XY = 1) = 3 Ple) = k. a(X3) = 1. XD = . X} = 9)(1 = 0(p)) (1~ (@) (30)

p,q€EN

Since PAI(X) holds, P(ga(p) = k, g2(q) = 1, X{* = p, X}' = q) = P(X = p, ga(p) = k)P(X = ¢, 92(q) = 1)

when M — oo. Hence, E[qu’MvX;’M] — E [qu(X) I{U<o(5()}] E [v”(x) I{U<o(5f)}} when M — oco. The cases
where k and/or [ are equal to 0 are handled in the same way. This proves the result. O

We now prove the following result, which replaces Lemma 10:

Lemma 16. Supposing that PAI(X) holds, we have the following convergence in distribution when M —
00, )
AV — A,

where A follows a compound Poisson distribution.

Proof. We still have, just like in the proof of Lemma 10, that for z € [0,1],7 € {1,...,K},n € {1,..., M},

h(xM 1 ) M
Zm#n Zj;éi log <IJM11(1z m,j {Um,J<0(Xm,j)}

E |:ZA%1} =E |e (31)

Using the same arguments as before, we have when M — oo

E [2%] K@)~ (32)

where ®(z) = E [zh(X)I{U@(X)}], which is precisely of the form (28), that is, a generating function of a

random variable with a compound Poisson distribution. O
We now combine these results to prove Theorem 14.

Proof. We follow the outline of the previous section. Lemmas 5, 6 and 7 still apply as previously. Lemma
15 replaces Lemma 9. Lemma 16 replaces Lemma 10. Lemmas 11 and 12 still hold, with only differences
in the limiting expressions. H

5 The general fragmentation-interaction-aggregation process

The previously introduced exchangeable dynamics allow for simpler computations at the expense of realistic
modeling. For example, neuron populations are not homogeneous and are not fully connected. In order
to account for such a geometry, we now generalize the previous result to the case where the functions
governing the information received by a node when another node activates depend on the nodes involved.
Specifically, recall the class C of discrete FIAP defined in Section 1.

For any process in C, we can define a replica mean field model as in the previous sections: we consider a
collection of M identically distributed replicas of a set of K nodes, which could be neurons, particles, queues
or other objects, depending on context. As previously, let {XT%} be the integer-valued state variables at

13



step 0, where n € {1,..., M} and i € {1,..., K}. Let {Y’M} be the integer-valued state variables at time
one. Let {U,;} be umformly dlstrlbuted on [O 1] ii.d. random variables independent from {X%}. Let

{R}],;;} be iid. routing random variables independent from {X}%} and {U,;}, uniformly distributed on
{1,...,M}\ {m} foralli,j € {1,..., K} and m € {1,..., M}. Recall that the M-RMF equations read

YnM =01 Z(X ) ]I{Un i <oj (XM )} +92 Z(X ) ]I{Un i >0 (XM )} +An ) (33)
where
= D> (X)L s conixin y Limst =y (34)
m¥#n j#£i

is the number of arrivals in node 7 of replica n. We now show that the result from the previous section
carries over to this more general setting with only minor modifications.

First, we must slightly modify the definition of pairwise asymptotic independence in order to take into
account the dependence on the node of the limiting distribution. As a simplification, we keep the same
notations for this modified definition.

Definition 17. Given M € N, given an array of integer-valued random variables Z = {Z}}1<p<nmi<i<k
such that for all fixed M, the random variables Z,% are exchangeable in n, we say that the variables

ZM are pairwise asymptotically independent, which we will denote PAI(Z), if there exist integer-valued

random variables (Zi)ie{l k3 such that V(n, 1) # (m, j),Yu,v € [0,1],

-----

lim E[uiv?mi] = Eu”] E[p%]. (35)
M —o00
For clarity of exposition, we also recall here the definition of the triangular law of large numbers, even

though it is left unchanged:

Definition 18. Given M € N, given an array of integer-valued random variables Z = {Z% bneqt,..m
such that for all fixed M, the random variables ZM are exchangeable in n, we say that Z verifies the
triangular law of large numbers TLLN(Z) if there exist an integer-valued random variable Z such that for
all functions f : N — R with compact support, we have the following limit in L?:

R .
i 77 2 A2 = Blf(D)] (36)

Then, we obtain the same result:

Theorem 19. Using previously defined notations, PAI(X) implies PAI(Y'). Moreover, the arrivals to a
given node are asymptotically compound Poisson distributed and are independent of the states of the
nodes.

We once again require the following lemmas for the proof.
We replace Lemma 7 with the following similar result, taking into account the fact that the limiting
distribution now depends on the node:

Lemma 20. Let M € N, let Z = {Z%}ne{l _____ My,ie{1,...,k} be an array of integer valued random variables
verifying PAI(Z). Then for all bounded functions f : N x [0,1] — R with compact support, for all
iid. sequences of random variables U = {U,;}nef1,..M},icq1,...k} independent from Z, there exists U

independent from (Z)ie{l xy and Z such that for all i € {1,..., K}, we have the following limit in L?:

.....

A}gnw—Zf nir Uni) = B[S (2, U)]. (37)
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The proof is exactly the same as for Lemma 6.
We must replace Lemma 10 with the following result:

Lemma 21. Supposing that PAI(X) holds, we have the following convergence in distribution when M —
00!

where A; follows a compound Poisson distribution.

Proof. We have for z € [0,1],i € {1,...,K},n € {1,..., M}, that

0,5 Xm . )I <o (XM
Zm#”zf?‘ilo‘g(l_]wl_l(l—z J {Un,< l(mej)}>>

E [z%] —E |e (38)
Using the same arguments as before, we have when M — oo
E [zAnfz] — ), (39)
where ®;(2) = —->_,_, E [1 - zhi’j(xi)I{U“i(&)}] Therefore,
- (1= zh"’j(j(i)l{U o (X))}
E |:2A'r]yz:| — e Z]#(l E[ ) }) (40)
The expression is of the form (28), which proves Lemma 21. O

We now prove Theorem 19.

Proof. We use the same reasoning as previously.

Lemma 6 still holds (the replicas are still exchangeable, only the nodes are not). Lemma 20 replaces
Lemma 7. Since the functions ¢, ; and g, ; only depend on the node and not on the replica index, an equiv-
alent result to Lemma 15 still holds. Lemma 10 is replaced by Lemma 21. For asymptotic independence,
we have, using the same arguments as in the proof of Lemma 11, that for u,v € [0, 1], for n # m and i # j,

o S (1_E [um,ym) 1{U<ai(5m}} ) S <1_E {Uhj,jmxj-) 1{U<oi(5<j>}D
E [u nyiy MJ] —e : (41)

when M — oco. The other cases (n = m and ¢ = j) are also valid. Lemma 12 also still holds, with only
minor differences in the limit expressions. ]

Note that once again, this proves that the limit processes X, and flj are independent for all 7,5 €
{1,...,K}.

As an application, let us apply this result to the model from Section 2 with the addition of nonex-
changeable interactions. Namely, we consider h; (X)) = p;; with j;; € N (potentially zero). In this
case, Theorem 19 proves the propagation of chaos in thls system, and the limit distributions of arrivals at
the different nodes are characterized by, for i € {1,..., K} and z € [0, 1],

E|:ZA~Z:| 92]752 Hig — 1 He “ZJ 1 (42)
J#i

where 6; = E [UZ(XZ)} Note that as expected, when all y; ; are equal to one, we obtain the result from

Section 2.
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6 Extensions

There are several ways of extending the FIAP framework while preserving the basic properties proved in
the present paper (propagation of chaos and Poisson hypothesis). We decided not to include them in the
general framework in order to keep notation and exposition light. A few natural extensions of this type
are nevertheless discussed below.

e Random Interactions: the functions h; ;j(k) can be replaced by randomized functions of the type
h; j(k,V; ;) where the random variables {V; ;}1<; j<x are uniform in [0, 1] and i.i.d.. This allows one
to represent, e.g., the queuing theory scenario where a customer leaving a queue is randomly routed
to an other queue of the network according to some stochastic routing matrix {p;;}i<; <k, namely
a customer leaving queue j is routed to queue j with probability p,,. If the random variables {V; ;}
are independent of {X;};, then the main results still hold.

e Time inhomogeneous dynamics: The general setting of the paper implicitly suggests to use the
same (activation, fragmentation, and interaction) functions at all time steps for a given node. There
is no difficulty extending the results to the time inhomogeneous case where these functions depend
on the time step. In the neural network case, this for instance happens in certain learning dynamics
where the synaptic weights evolve over time.

e Exogenous input: to the endogenous arrivals A; to node i given in Equation (1), we add exogenous
arrivals B;. If the variables {B;} are independent, Poisson, and independent of the state variables
{X;}: then the same results still hold. Note that one can also define an ezogenous output for node i
through the relation

D; = hoi(Xi) L, <ou(x0)}»

where h,; is a given output function N — N.

e Vector State - Example: this extension is first described through a simple neural network example.
We partition the set of neurons of a discrete Galves-Locherbach network in pairs (this assumes that
K is even). Each pair of the partition is a node of the network. If (i, j) is one of these nodes, it has
a two-dimensional vector state (X;, X;) (rather than a one dimensional state in the initial model).
We let this pair (as well as each other pair in the partition) evolve as a two-node Galves-Lcherbach
network with some vectorial exogenous input. Namely, conditionally on (X;, X;) = (k,[), neurons ¢
and j spike independently with probability o;(k) and o;(l) respectively. If none of them spikes, the
state (Z;, Z;) after its endogenous evolution is still (X;, X;). If only ¢ (resp. j) spikes and the other
neuron of the pair does not spike, then (Z;, Z;) is equal (0, X;) (resp. (X;,0)). If both spike, then
(Z;, Z;) = (1,1). Therefore, if (B;, B;) denotes the vector exogenous input, the state of this pair at
time one is (Z; + B;, Z; + B;), by combining the endogenous evolution and the exogenous arrivals.
Define now the ezogenous output of type k & {i, 7} of node (i,7) by

Di(i,7) = W, <oux)y Thi + Wu <oy (X)) Thiis

with 7y ; equal to 1 of there is a directed edge from ¢ to k and 0 otherwise. The extension of interest
here is that where we take
Bj= Y Dj(k,1) Tay,
k{ij}
with [ the node paired with k. Note that when node ¢ spikes, the effect on pair (k,[) is as follows:
no effect if ry; = r;; = 0; one arrival in k and none in [ (resp. one in [ and none in k) if r;; = 1
and 7; = 0 (resp. 7,; = 1 and r,; = 0); a simultaneous arrival in both [ and k otherwise. This
defines a network which does not belong to the FIAP class. The M-RMF model features M replicas
of this network with K/2 (vector state) nodes each. In this M-RMF model, the exogenous output
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of node/pair (i, ) in replica m is randomly sent to a replica chosen at random. More precisely, for
all exogenous output type k paired with [,

Dy (i, j) = I[{U;n<ai(xgn)} ’f’k,z‘—i-I[{U;nqj(X}n)} Tk (resp. D;"(i,j) = I[{Ur<ai(xgn)} 7’1,1'+]I{U;n<aj(xyl)} Tl,i)

units are sent to k (resp. [) of another replica selected uniformly at random where their aggregated
to the coordinates of the state variable of this pair. It can be shown that when M tends to infinity,

1. the random state vectors (X", X7*) and (X7, Xj'), where (i,j) and (i', ") are two different
pairs, are asymptotically independent (although the two coordinates of each vector are in general
dependent);

2. the exogenous arrivals to any coordinate of a pair in a typical replica tends to an independent
compound Poisson variable.

Vector State - General Case: Consider a FIAP F with K nodes. Let S1,5s,...,.5 be a partition
of [1,..., K]. Let K,, 1 < p < denote the cardinality of set S, and let F,, be the restriction of F' to
the coordinates of S,. Let §, be the FIAP combining the endogenous dynamics of F,, and exogenous
input (B,;, i € S,). Let X,,; denote the state variables in §,. For all k& ¢ S, define the exogenous
output of type k of §, as
Dp(k) =D W, <o,y hii(Xp)- (43)
i€Sp
If we take
Bpi=_ Y Dyk), i €5, (44)

q#p k€Sq

we get another (more complex) representation of the dynamics of F' based on the point processes
describing the interactions between the sets of the partition. The M-RMF model associated with this
partition features M replicas of this network with ¢ (vector state) nodes each. In this M-RMF model,
the exogenous output of node ¢ € S, of replica m is randomly sent to replicas chosen at random.
More precisely, for all ¢ # p, the vector (D}'(k), k € S;), with D7'(k) defined as in (43), is sent
to one replica chosen at random, and this is done independently for all ¢ # p. This in turn defines
new exogenous input point processes B, as in (44). Let (X7, i€ Sy, p=1,...,, m=1,..., M)
denote the state variables in this M-RMF model. It can be shown that, when M tends to infinity,

L. for all p # ¢, the random state vectors (X)), i € Sp) and (X7, j € S,), are asymptotically
independent (although the coordinates of each vector are in general dependent);

2. for all p, and for all m, the exogenous arrivals (B}, i € S,) to set S, tend to an independent

multivariate compound Poisson variable with multivariate generating function

exp Z Z Z Tgs.(n) 1— H H ZZk,i(ni)

q#p n;ENESG sCSy 1€s keSy
In this last equation,

gy = PlXgi =ni, i € S [Jos(ny) T] (1= op0(ny)),

JEs J'€S4\s

where (X,;) denotes random variables with the limiting joint distribution assumed in the vector
generalization of PAI.
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Conclusion

A new class of discrete time dynamics involving point process based interactions between interconnected
nodes was introduced. The Poisson Hypothesis was proved for the RMF version of such dynamics. The
proof is based on the property of pairwise asymptotic independence between replicas and is by induction
over time. The key point is that randomized routing decisions on exchangeable events which are asymp-
totically independent lead to Poisson point processes. The main open questions in relation with this line
of thoughts are the extension of the results to time stationary regimes and the extension to continuous
time versions of this type of dynamics.
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