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Abstract

We study here the Zakharov-Kuznetsov equation in dimension 2 and 3 and the modified Zakharov-Kuznetsov
equation in dimension 2. Those equations admit solitons, characterized by their velocity and their shift. Given the
parameters of K solitons R” (with distinct velocities), we prove the existence and uniqueness of a multi-soliton «
such that

K
lu(t) = >, RE(#)|m1 >0 as t— +oo.
k=1

The convergence takes place in H® with an exponential rate for all s > 0. The construction is made by successive
approximations of the multi-soliton. We use classical arguments to control of H'-norms of the errors (inspired by
Martel [22]), and introduce a new ingredient for the control of the H*-norm in dimension d > 2, by a technique
close to monotonicity.

1 Introduction

In this paper we study different versions of the equation

{atu Ta@utu) =0 eRxRY utx)eR, wupe HL, (ZK)

u(0,x) = ug(x)

where the pair (d,p) is:
e (2,2) for the Zakharov-Kuznetsov equation in dimension 2, with x = (21, x2); (ZK2q)
e (2,3) for the modified Zakharov-Kuznetsov equation, with x = (1, x2); (mZK)
e (3,2) for the Zakharov-Kuznetsov equation in dimension 3, with x = (21, z2, x3), (ZK3q)

d
0; is the derivative with respect to the i space-coordinate, and A = )’ 0? the Laplacian.
i=1
A solution of (ZK) enjoys two conserved quantities, at least formally, the mass and the energy:

1

M(u(t)) = 5[}}@ lu(t,x)|?dx and E(u(t)) = JRd (1

2

1
Vu(t,x 2

o (u(t,x))pH) dx.

Equation (ZK34) was first propsed by Zakharov and Kuznetsov [17] to describe the evolution of non-linear ion-
accoustic waves in magnetized plasma. Equations (ZKs4) and (ZKs,) were derived from the Euler-Poisson system in
dimension d = 2 and d = 3 by Lannes, Linares and Saut in [19]; (ZKy4) was also derived from the Vlasov-Poisson
system by Han-Kwan [15]. Some physical considerations in [1] explain how (mZK) is derived.

Regarding the Cauchy problem, Faminskii [10] first proved that (ZKz4) was globally well-posed in H!(R?), and
Molinet-Pilod in [32] improved this result to local well-posedness in H*(R?) with s > 1. In dimension d = 3,
Ribaud-Vento [34] proved local well posedness in H*(R?) for s > 1, and then Molinet-Pilod [32] and independently in
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Griinrock-Herr [14] proved global well-posedness in the same spaces. For (mZK), the first result of local well-posedness
was done by Linares-Pastor [20] for s > 3/4 (see also [21]), and then Ribaud-Vento [33] improved it to s > 1/4. In
a recent work Kinoshita [16] improved local well-posedness of (ZKsg) in H® for s > % From a different perspective,
Bhattacharya-Farah-Roudenko [3] showed that solutions to the focusing (mZK) in H® for s > 2 are global, provided
that the mass of the initial data is less than the mass of the ground state.

The following scaling transform leaves the set of solutions invariant:

un(t,x) = \eTu(ATE, A7 x).

In particular, the H®¢-norm is conserved under the scaling, with the critical scaling exponent s. := % — %1 :
lur(@®)|mee = ||u(t)|m=c. In the studied cases, the equations are in the subcritical case for (ZKaq) and (ZKsg) and in

the critical case for (mZK).

1.1 Solitons and multi-solitons

Nonlinear travelling waves are special solutions of these equations. Those fundamental objects keep their form along
the time, and move at a velocity ¢ in one direction. Their existence is the result of a balance between the dispersive
and non-linear parts of (ZK). From [5], it is proved that those objects exist only if they move along the first axis, and
thus satisfy the elliptic equation:

—cu+ Au +u? = 0. (1)

Without further assumption, there exist many solutions in H'(R?) of this elliptic equation. We will consider here only
the ground state Q. € H'(R?) which is radially symmetric and positive: up to translation in space, and up to the sign
for p = 3, see [18] and [2], Q. is the unique positive solution to (1). Q.(x — cte1) is thus a solution to (ZK), called a
soliton.

Denoting @ := @1, we observe that Q.(x) = cFT Q(4/cx). Unlike the solitons of the Korteweg-de-Vries equation,
@ has no explicit expression. By ODE arguments one can still obtain decay at infinity:

Vae N, o3 - 35 Q)| = |6°Q(x)| < Ky (a)e ™, (2)

and we obtain exponential decay for all Q. by scaling.
Given K velocities c® > 0, shifts y* € R? and signs o* € {(£1)P}, denote R* the soliton

RF(t,x) := 0" Qer (x — cFter —y*).

k are distincts, the

Due to the non-linearity, a sum of solitons is no longer a solution. However, if the velocities ¢
solitons will decouple and interact weakly, and one wonders if there exist nonlinear solutions u(t) which behave like

the sum of the Ry, for large times: more precisely u(t) should behave like
K
u(t,x) ~ R(t,x) where R(t):= Z RF(t).
k=1

Such solutions are called (pure) multi-solitons:

Definition 1. A solution u of (ZK) is called a (pure) multi-soliton (or K-soliton) if for some Ty € R, u €
C([Ty, ), H') and it behaves at infinity as a sum of solitons with distinct speeds:

1 .
ue€ C([Ty,0),H"), and tgrfoo

=0, (3)

H1

u(t) = Y Qe (x — v*(1)
k=1

where vE(t) = cFte; — y*, for some 0 < c' <--- < & and (y*), € (RHE.
We say that such a u is a multi-soliton associated with the velocities (c¥)i and the shifts (y*).

Multi-soliton were first constructed for the (KdV) equation using the inverse scattering method, see [31]. In the non
integrable context, multi-solitons in the sense of the definition (3) were first built for the nonlinear Schréodinger (NLS)



and generalized Korteweg-de Vries (gKdV) equations by Merle [29], Martel [22] and Martel-Merle [25] in the L? -critical
and subcritical cases, and then for the supercritical cases by Cote-Martel-Merle [6]. Combet in [4] gave a classification
of multi-solitons for the L2-supercritical (gKdV) equation. The study of multi-solitons was also developped for other
dispersive equations, like the non-linear Klein-Gordon equation in [8], the water wave system in [30] and the damped
Klein-Gordon equation [13, 7].

The dynamics of multi-solitons was also studied, mainly for Korteweg-de Vries type equations. We refer to [27] for
a stability result. One can also ask about the behavior as t — —oo (or minimal time of existence) of multi-solitons: this
in particular requires to understand the collision of solitons. For the (KdV) equation, see [31], the inverse scattering
method give explicit formulas which shows that the collision are elastic (with just and explicit shift in space): the
multi-solitons structure remains at —oo. However, for the non integrable quartic (gKdV) equation, Martel and Merle
proved in [26] that the collisions are not fully elastic: a pure 2-soliton at —oo is no longer a 2-soliton at +00, and they
are able to describe the defect of elasticity.

In this article, we will only focus on multi-solitons for positive times.

1.2 Main results
Our main result in this paper is to prove the existence and uniqueness of multi-solitons of (ZK) in the sense of
Definition (3).

Theorem 2. Let K € N*, K distinct velocities 0 < ¢! < --- < c& and K shifts (y*)r. There exists a multi-soliton of
(ZK) associated to those velocities and shifts, denoted by R* and defined for times in [Ty, +0). It is unique in H' in
the sense of (3). Furthermore, R* € C*([Ty, +0) x R?) and there exist a constant § > 0, and for all s = 1, a constant
Ay such that:

Ve =To, |R*(t) = R(t)| e < Ase™".

Let us introduce right now an important constant related to the interaction of the solitons:

oo :=min(c',® — ¢ty e — KT,

ol
8
on the velocities and the shifts. Observe that none of them depend on the regularity index s.

The constant § in Theorem 2 depends on the different velocities: it can be chosen as § < . The time Ty depends

An important outcome of this paper is the proof of uniqueness of multi-solitons. As far as we can tell, it is the first
time that this property is proved, besides the case of the (gKdV) equations, where it was proved in the L? subcritical
and critical cases in Martel [22]. Regarding the L? supercritical case of (gKdV), recall that [4] gave an exhaustive
classification: multi-soliton form a K-parameter family (each soliton has one instability direction, which yields one
degree of freedom in the multi-soliton).

We do not consider the modified Zakahrov-Kuznetsov equation in dimension 3 (mZKsq) in Theorem 2 for different
reasons. Let us recall that, even though (mZKsq) is not supported by any physical model, as far as we know, it is an
L? supercritical equation, which makes it interesting by itself. In view of the study in Céte-Martel-Merle [6] for the
L? supercritical (NLS) and (gKdV) equations, the construction would require the use of a extra topological argument.
Recalling [4] for (gKdV), one would no longer expect uniqueness of multi-solitons, but rather a classification into a
K-parameter family. In order to keep this article a reasonable size, we do not raise this case and leave it for future
works. We focus here only on L? subcritical and critical cases.

One can naturally ask about stability properties of multi-solitons. Let us recall that de Bouard [9] proved orbital
stability of a soliton in the L? subcritical cases (ZKa4) and (ZK3q4), and orbital instability in the L? supercritical cases.
Cote-Munoz-Pilod-Simpson in [5] strengthened this result to asymptotic stability of a soliton for (ZKszq): if the initial
condition is H'-close to a soliton, then it converges to a 1-soliton in H'({x;z; > St}) for some 8 > 0 small. [5] also
give a result of asymptotic stability in the same spirit, for the sum of decoupled solitons: in view of Theorem 2, their
result can naturally be interpreted as asymptotic stability in H!({x;x1 > Bt}) of multi-solitons. The corresponding
results for (ZKs,) remain open.



In the L? critical case (mZK), solitons are unstable and can lead to some kind of blow up (see Farah-Holmer-
Roudenko [11] and Farah-Holmer-Roudenko-Kay [12]).

The multi-solitons constructed in Theorem 2 are the usual one: each soliton interacts weakly with the others
solitons, so that the trajectories of their center is not affected. Recently, the interest grew for highly interacting
multi-solitons, where the trajectories of the centers is dictated (at leading order) by the interaction with its neighbour
solitons. This happens for example for (gKdV) when considering to two solitons with same mass (and so, same speed).

The first result concerning highly interacting multi-solitons is due to Martel-Raphaél in [28], for the non-linear
Schrodinger equation (NLS): they constructed a solution which behaves as a the sum of N-solitons placed on the
vertices of regular N-gone (this solution blows up in infinite time). Nguyen [35] studied the problem for (gKdV):
he constructed, for the L? subcritical and supercritical cases, 2-solitons with mass ¢; = ¢» = 1, and center at
t +1n(ct)) + O(1) (so that the distance between the centers is 21In(¢) + O(1)). A similar regime was studied for (NLS)
in Nguyen [36]. We expect that an analoguous phenomenon can happen for (ZK).

1.3 Outline and notations
Recall the parameters of the K solitons are given in the statement of Theorem 2: the velocities

O<cl<-i<cb <. i <X,

and the shifts y* = (y¥,y5) for d = 2, or y* = (y¥, y&,y%) for d = 3. We denote as before
K
RF(t,2) = 0"Qu(x — *te; —y") and R(t) = Z RF(t).

The main steps of the proof of Theorem 2 are the following.

We consider a sequence of times S,, tending to +o0, and u,, the sequence of solutions of (ZK) with final data
un(Sn) = R(S,). We prove first that the error u,(t) — R(t) is controlled uniformly in n in H* on a time interval of
the form [Ty, Sp,], where T independent of n:

Vt e [To, Sn], Hun(t) — R(t)HHl(Rd) < Ce_"t.

This result uses monotonicity typical to (KdV)-like equations, see [22], and the coercivity of the linearised operator
around the sum R(t) of K solitons. The arguments are close to [22]. This is done in Section 2.

Then, we prove that the error is also controlled in H?®, for any integer s > 2. This requires a special attention
due to space dimension d > 2. For (gKdV), the arguments developed in Martel [22] are appropriate functionals of the
derivatives of u at level H® combined with a Grénwall. In dimension d > 2, the different combinations of derivatives
due to the non-linearity can not be managed by such an algebraic argument: the terms left aside would make the
Gronwall argument fails. To circumvent this requires a careful treatment, see (29) for more precision. The point is
that the variation of those terms can be dealt with by a monotonicity-type argument. This is done in Section 3.

We conclude, in Section 4, the existence of a multi-soliton R* in H®: we take as initial condition for R* a weak
limit of u, (Tp), show that it is actually a strong limit in L2, and so by interpolation in H* for any s € R, and then
use continuity of the flow in H* for large s to obtain the rate of convergence |R*(t) — R(t)] g--

We finish with uniqueness of multi-solitons, in Section 5. For this, we compute the difference between an arbitrary
multi-soliton, and R* that we just constructed. As this is the difference of two nonlinear solutions, we obtain better
estimates than before, taking advantage of smoothness and exponential rate of convergence for R*. In particular,
some estimates are based on L®-norm of the third derivative of the difference between the multisoliton R* and R,
which implies a necessary a H 344" control of R* — R. It means that we actually use the H® regularity of R* (see the
inequality (63)).



2 Control of the H!(R?)-norm of the error

We consider an increasing sequence of times (Sy,), going to +o0, and the backward solution w,, of (ZK) satisfying

As R(S,) € H®, the solution u,, is well defined on a time interval (7)¥;S,], and for all s > 0, u,, € C((T}*; S, ], H®).
Our main concern in this section is to prove the following bootstrap proposition which states that if one has a
uniform small of the error |u,(t) — R(t)| g2 on some interval of time, the error does actually decay with an exponential

rate on the same interval of times.

Proposition 3. There exist constants L > 0, « > 0, A1 and a time Ty > 0 all depending on o¢ satisfying Are tTTo <
S such that the following hold. Let t* € (max(To,T}¥), Sn). If

sup fun(t) = R(t)|m < o, (4)
te[t*;5,]
then
VEe [t*5:Sn],  lun(t) — R(t)| g < Aje 251 (5)

This section is decomposed as follow. We first recall some basic properties of (ZK) solitons. The next subsection
introduces mass and energy related functional localized around each soliton. We then develop a modulation technique
to decompose the solution into a sum of modulated solitons and a remainder w which satisfies orthogonality conditions.
Third, we control the evolution of local masses and local energies by a monotonicity argument. Those local quantities
are quadratic in the remainder term w (at leading order): due to the orthogonality condition, and an Abel transform,
they are coercive and yield the desired bootstrap bound (5).

2.1 Bounds on the interaction and coercivity

As mentioned above, the interaction of two solitons is weak. For example, for the solitons R! and R?, denoting

xg 1= #, we have (using also (2)), for i1, 2 € [1;d]:
o o0
J RiRy + |ai1Rlai2R2| < Ccl,c2 Jj e*\/cﬁ\x—CZtel\dx + Ccl,c2 Jj efx/cil|xfcltelldx
d
R r1=—00 xr1=x0
et —c?|
< CC1,C267\/E T (6)
We can also notice that, as Q. is radially symmetric, by the change of variable x} := —w;,, with i; # i, there
hold:
1 1
J- &il Q.x %Qdex = Z J.J(ail Q. + 6i2QCk)2dx - Z J.J(ail Q. — 6i2QCk)2dx = 0. (7)

The study of a solution close to a multisoliton brings us naturally to study the linearised operator £, around a
soliton:

Le(n) == —An+en—pQE~'n. ®)
We recall some well known properties on the operator £ := L1, see [37], [38], [39], [18], [9] and a good review in [5].
Proposition 4. The self-adjoint operator L satisfies the following properties:
1. KerL is generated by two directional derivatives of the soliton : KerL = Span{0;Q,i € [1,d]}.

2. L has a unique negative eigenvalue —\g (with Ao > 0) of multiplicity 1, and the corresponding eigenvectors are
engendered by a positive, radially symmetric function Z. For more convenience, we suppose |Z| 2 = 1. Z also

satisfies the exponential decay (2).



3. The essential spectrum of L is on the real axis, and strictly positive:
Oess = [Aess; +00),  with Aess > 0.
4. Up to orthogonality conditions, the operator L is coercive:
o for (ZKsq) and (ZKsq), if u L 8;Q for i€ [1,d] and v L Q, then
(L2, 1) > oo ] a1
o for (mZK), if u L 6;Q forie[l,d], u L Q andu L Z then
(Lu,u) = Aess|luf g1
A detailed proof of coercivity is given in appendix.

2.2 Cut-off functions, adapted masses and energies

As in [22], we use adequate cut-off function, defined on one direction, which will mainly see the mass of one soliton.
Consider the function ¥ : R — R defined by:

2
Y(xy) == — arctan(e*%xl),
T

with ¢(—0) =1 and ¢(+00) = 0, and L to define later. We obtain

Pl < o), WOl < g5 @)l )

As in [22], the use of a parameter L will play a role in the study of the monotonicity of the mass and for the proof
of uniqueness, where we need to control the third derivative by the first. In this article, we make the choice to also
use this parameter to the condition of coercivity on each Hy, see (65). Considering the moving solitons, we want to
separate them at half of the distance between two following solitons:

k+1 k k+1 k
+ +
Vi<k<K—1,m"(t) =S : Ty : %

. and PP (t, 1) = (x —mP(t)), (10)
and each cut-off function ¢* isolates one soliton:

¢1(t,X) = 1/11(72351) ) ¢K(tax) =1- wK_l(ta-Tl) ;
V2<k<K717 ¢k(tvx) = wk(tazl)iwkil(tazl)'

We define the new masses and energies, which mainly focus on the k-th soliton:

1
p+1

Mt = f w(t)2¢*(B)dx and  EE(t) — f <%|Vu(t)|2 _ u(t)pH) oF (1) dx.

For each k, the sum of mass Y] M!(t) enjoys an (almost) monotonicity property. For the energy, the same claim
<k
is not clear. We consider adequate modified energies instead, which are better behaved:

g0

EF(t) := EF(t) + 0

M*(1). (11)

Remark 5. We could have used compactly supported cut-off functions, as ¥ a real valued C3-function satisfying, on
R:

— 00, — xl—mk
w<x1>={1""] ST e <o s - o (2D,



This is done for the Schrédinger equation in [25]. However, in order to prove uniqueness, we use monotonicity

argument and this requires exponentially decaying cut-off functions.

2.3 Modulation

We now use a modulation technique to obtain orthogonality conditions on the remainder term. For a sake of clarity,
we suppose in this part that all the solitons are positive, so o* = 1; the proof is identical for different signs. For C*
functions (x*(t))1<k<x and g“(t), we denote a modulated soliton, a modulated eigenvector defined in Proposition 4
and respectively the error by

RE(t,%) = Qg (x — y* = xF(1)),

~

ZM(tx) = Zg ) (x = y* = xF(1)
and
w(t, x) = u(t,x) — R(t,x).
We will ask for two types of orthogonality conditions:
Vk e [1; K], Vi e [1;d], J}Rd w(t, x)d; RF (¢, x)dx = 0. (12)
or

vk e [1; K]],J w(t,x)ZF (¢, x)dx = 0. (13)
Rd

Proposition 6. There exist a time Ty > 0, a > 0, K1 > 0 such that the following holds. Let S, > T1 and an initial
condition u(S,) such that the solution u of (ZK) satisfies, for some t* € [Ty, Sy,]:

sup Ju(t) = ROl < o

t*<t<S)y,
Then :

1. for the subcritical cases (ZKaq) and (ZKsq), there exist K unique functions (;(\E(t))lgkgl( in C*([T1, Sn], R?) and
we take ck(t) := c*, such that the error term w(t,x) satisfies the orthogonality conditions (12),

2. for the critical case (mZK), there exist 2K unique functions (;(\I;(t))lgkg[( in CY([T1, Sp], RY) and (CNk(t))lgkgK
in C1([T1, Sn],R), such that the error term w(t,x) satisfies the orthogonality conditions (12) and (13).

~

We obtain a bound on the H'-norm of the error and on the derivatives of (z¥); ) and of (cwk)k, on [t*,S,]:

D[R = Ftea] + D) — | + Jwit) < K lult) — RE) s (14)
k k
and
~1 ~ ~/ K J % 1
VEk, ‘xk - ckel‘ + ‘ck < K, 2 (J w2(t)e\/a_“|xcjtell> + K e~ 20Vo0t, (15)
j=1

Proof. Let prove the modulation lemma in the critical case (mZK). We use the classical implicit function theorem.

To do this, we consider the function:

~ ~ — —
xt e, af fworRY -+, fwoiRK
g: xy o, 2K u|—> | SwdRY -, [widaRK
ct , X Sle N SwZK

~

The derivative of g;, 1, with respect to xfj, with k1 # ks, is an integral of the product of the derivatives of two solitons,



considered far enough from each other. The terms along the diagonal of the differential of g will be dominant:

d ~
pe O L O
T

We need to ascertain that the crossing derivatives of one soliton are small enough, with i1 # iy in [1;d], by (7) and

by parity:
d ~ ~ d ~
—~ Yi ,k = w&il aka - 812Q~,ﬁle~k = waz—la@Rk and —~ i,k = wARk.
dak oo dek ™
For the derivatives of the third components of g:
d ~ d ~ ~ ~
—— g3k = | w0, ZF and —gsp = | wAZF — | ARFZF = wAZF — — QZ.
dzk dck 2/\0

12

@ and Z are both positive, so the last term is negative.
Finally the derivatives of g with respect to the variables (z¥); x and (c*); has a dominant diagonal. This proves

that V @, 9 is invertible. We can then use the implicit function theorem: it gives us continuity and derivability
i,k

of the vanables along u, see [27]. We also get an upper bound on u — R:

=R <lw- Hm+§ﬂp&'*Y*&mﬁ Qu (- =y =X ()|
< |(uw— R)(t) | m +Z|xk t)—c te1|+Z|c t—c ()|
k k
< Ol - B)®) |-

Now, it suffices to take the scalar product of the equation of the error:

K K
dyw + 01 (Aw) = —, ((R +w) = ] Rkp) + ) (xk'(t) - ckel) VEF & (H)ARF
k=1

by 73 with the orthogonality conditions % (<w, Zi >) =0:

K
Z (t)(ARF, Z3% — PN (xE () — chey) - (VRE, Z7)

k=1 k#j
~ L~ ~! ~ ~ ~ K ~p ~
— (w, 0 AZT + % ~VZJ—81A(ZJ)>— o |(R+wp— S R ), Z1),
k=1

and similarly by taking the scalar product with éﬂf;j:

K
STF (1) — drer) - (VRE, Ry — (Q —cer)  (w, VoR ) - Y A (O(ARF, 01 R + & (w,0,ART)
oy

k=1
~ ~ P K ~p ~p—1 ~
=<w’ARJ>—<(R+w) —ICZ:“le — pwRJ ,313iRJ>.

By taking the inverse of the system we obtain the estimate of the proposition. One can notice that in the right

~ ~ ~/ ~
side of the second equation, the term x1 can be transformed into x1 —ckeq +ckeq, and the main terms with x! —cke;
comes form the scalar product of {0; RF 81R1> decreasing « if necessary. O

We now go back to the proposition: once Tj is fixed, if the distance on [T, S,] between u and the sum of the n
decoupled solitons is less than «, then we can modulate on the whole time inverval [T}, Sy, ].



2.4 Evolution of the masses and energies

We can assume that L > 1 ; in the following, the interaction between the different solitons will decay faster than the
interaction of a soliton RF with a weight function qbk/, and so will be neglected.

Proposition 7. The following expansion of mass and energy holds for all time t € [t*,S,]:

‘Mk (chk + 2wa’€¢’“ fw ¢k>‘ <CVLe T3 (1 +a), (16)
‘Ek(t) - <E(Qck) —ck Jwﬁ’;qﬁk + %J <|Vw|2 pﬁ“p_ltzﬂ) (bk)‘ <VLe TE 4 (\/Ze_% g a) w3, (17)

k k 1 - o
’(Ek(t) + %Mk(t)) - (E(Qck) + = Q%) - §Hk(t)‘ SVLet %4 (\/Ze*%f"t + a) lwlFn, — (18)
with
~p—1
H(t) := f (ckw2 + |Vw|* — pRF w2> o,
Observe that, for k # 1:

J(|R1|+|VR1|)¢’“<e""°t+\/fe*%T° and J§(1,¢1)$ e7290! 4 /Le T,

This can be seen by considering the mass of ¢* is mainly far from the one of Rl, cutting for example at the middle
between m! and the center of the soliton R1. This estimate is also true for the other solitons RF.

Proof. The first estimate comes from a classical development of the mass; the second estimate:

‘Ek(t) - (E(Qck) + f (vfe Vw — w|fz|P) oF + f %Vw - Vw — ]ﬁ ((fz +w)Pt - RPFL— (p+ 1)w1§v) qﬁk)‘

< Ce™ 2‘70\/_t+C'Jw e~ 290Vt gk

The only terms at which we should take care about to prove (17) are the higher power of w, for 3 < j < p+ 1, and
we use as in [5] the Sobolev embeddings H'(R?) < L4(R?) for ¢ > 2 and H!(R?) — L3(R3):

[

Now that we have obtained an estimate on the linearised operators Hy around each of the solitons, we need to

< Clwlip

O

bound the evolutions of the energies and the masses. The following lemma expresses the (almost) monotonicity of the
different quantities. Some estimates mimic those obtained in [5].

Lemma 8. There exists L > 0 and To > 0 large enough, such that for all t* > Ts, the following evolutions of the
mass and modified energy hold, for all k € [1, K], t € [t*,S,]:

190

(M*(S,) — M*(t)) = —CLe 3", (19)

Nk

b
I
—_

190

(E”k(sn) - Ek(t)) > _CLe T4, (20)

Nk

b
I

1

Proof. By computing the evolution of the mass for kK < K — 1, the definition of og, the decreasing function 1, (9) and



-
N
a2

N r+1 K
# (2 Mk) ) J <192f1up+1 ~ [Vul® = 200" - %ﬁ) vt J“Qﬁfﬂ’“ (21)

2
J <p flupH + |Vul? + 2(01u)? + 3%112) |019"™].

\%

Only the term uP*! due to the non-linearity is non-positive. We deal with it by separating the integral into
different pieces, according to the position of 1. We use a parameter Ry to adapt later, and an interval centred in m":
If = [et + yf + Ro; " 't + yitt — Ry

Firstly, consider that we are far from the variation of 1, so z; € It“c, we obtain :

g0
2t

=

1 _
‘1/)/(1'1 — m’i(t))’ < ZCQG
with the condition T5 > U% sup |R0 (yl“Jr1 yf)| Moreover, the assumption (4), and the Sobolev embeddings
HY(RY) — LPTYRY), for (d,p) = (2,2), (2,3) or (3,2) with a constant Cj; :

1 _a10
L (RO + o) CopeE

| e wlawo) > -
Ipc

p+1

Secondly, the part where 019" can not come to the rescue uses that u is close to R, and R collapses on I}

2
| e + [19alons| + Jowtlon

2p 41 p—1 PR 2
> —?Cp (lu = Rl + | Rl g1 (zyersy) HU|31¢ |2 .

2 (.3 i
> < p fleH ( + HRHHl(zleI;))p ! ¥ min <1, ZUO)> J (|Vu|2 + u2) [012h").

3
+ [ 1vuPior|+ Joo [l

By choosing a small enough depending on o, and 75 and Ry large enough such that the constant on the right hand

side is positive, we thus obtain:
2p oo 11
p+1 2 2 2 K oot
_ + |V +2(0 +3— 0 > -C L4 .
J‘( - 1u | Ul ( 1u) u ) | 1’(# | e

An integration from ¢ to S, concludes the first estimate on the mass.
Now, we compute the derivative of the sum of energy, and we remember that —d;* > 0:

d < 1 1
G 0B == [(@ur o~ [(avaPaws + ;[ fouPets
k=1

1 1 d
s [l iowe + | (—|Vu|2 —lu |) s (22)
¢ 4 il
> —57 | tevulove| = p [ ol o) - —5 S [l o

We then use the same tools for E* that we used for the mass. The first term is compensate by the ones of mass, while

L is large enough. The second is dealt again by considering separately If* and Ifcz

1 o 1 o

J o PO o0 < ol (o4 [ @R ) gt < oot

=
=

and

|, o =evert < i gty [ tovliover

10



Increasing Ry if necessary to diminish [u||z2(zx), this term will also be compensated by the mass. The last one has

already been done and uses exactly the same tools. This concludes the estimate for EF. O

2.5 Proof of the exponential decay (5)
Recall the bound (4) for ¢ € [t*, S, ]:

|u(t) = R(t) | < a,
and recall the expression of the linearised operator localised around each soliton:
o BP9 ko2 gk
Hi(t) :=J<|Vw| —pRF  w +cw>¢ .

Using the local evolutions of mass and energy (18), we obtain for any sequence (by) of scalar:

ibk(E() Mk> i <Ek(S)+ —M*(S > Zbk

k=1 =1

Le 1%t 4 (\/_e TR )HwHHl. (23)

Let us motivate our choice of the coefficients b* := (ci)z. In order to use the mass monotonicity property, we

develop the sum:

K
t) + Z (bn—lcﬁ—l _bﬁcn) Z M*
K=2

K K
L 0 - S 2
k=1 k=1

and for it to apply, each term has to come with a non negative coefficient: we see the constraint of (b*c*); to be non

increasing. We could choose, for example, b* = Cik Then, we obtain by the same formula a decomposition of the

energy : >,b" (E*(t) — E*(S,)). This is not suitable, because the energies Y, E*(t) do not satisfy the monotonicity
k

property, as seen in Lemma 8 above. To circumvent it, we wish to consider instead the modified energies E* by adding

KR~
some mass and we can now use the monotonicity of ) E¥(t). It implies the constraint that the sequence (b*c*);. to
k=1
be stricly decreasing, and our choice of b* := ﬁ comes from there (recall that the c* are increasing order). We then

obtain the following expansion:

:(c;)jﬁ%%%@)gw

() 57 (3 (3-20) -2 (- =) S

By the choice of 4 in E*, we observe that the coefficients in front of each sum of E* and of M k are positive, we
can thus use the monotonicity properties (19) and (20). (23) gives us:

K
1
Z H
k)2
= (e

A lower bound of the left hand side uses the coercivity property, given in the following lemma, with the proof

0 < OVIeE S 0 (VI E S v o) fulfs .

postponed to the appendix. It generalizes the classic coercivity of this quantity around one soliton.

11



Lemma 9. For subcritical and critical (ZK), there exists Cy > 0, such that:

Colw| % — Cio k; (J Ekw) < k; (ci)QHk(t). (25)

We now turn our attention to the terms Sﬁ“w The key to estimate this term is the appearance of a different sign
in the development of the mass and the energy in (16) and in (17). We then combine with the monotonicity. A first
estimate comes from mixing (16) and (19):

? f ORI (O)6'(1) < Ma(t) = Mi(Sh) - f W (£)pk () + Cv/Le t P
< Jw(®)[%: + CLe T,

Because of the lack of monotonicity for E', we use again the mass M! to find back El, and we obtain the other
inequality mixing (17) and (20):

(¢ -%) fw(t)f’?%t)aﬁl(t) > —E(t) + B1(S,) ~ Clu(t)l3n (1+VEe %) - OVIe %7

> —Clw(t)|% (1 +VILet %"t) — CVILe 1%t
For the other Swﬁ“qﬁk, we proceed by induction using again the monotonicity. We conclude then the estimates:
[wwR @) < Vet s uo . (26)
(24) can now bound the H'-norm of the error into:
Nolw@)ln € VIeH# 4 (VI + 3 1 a) fw(b) 3.
Taking To = max(T4,T2) large enough, and « small enough, we infer
|w| g < VLe TS

Now we can improve the bound on the parameter of modulation, by integrating (15) from ¢ to S, and |>/(\’; (Sn) —
c*Spe| = ck(S,) — kS, =0:

K
D IxR(t) — ey | + [eh(t) — | < CLEe~ TR
k=1

We then conclude using the bounds from the modulation:
[(u—=RY)]mr < [w®) e + |R(E) — Rt < CLIe7 T3,

By taking A; depending on L, and finally T large enough, we have proved (5). This concludes the proof of Proposition
3.

A straightforward bootstrap argument shows that the minimal time ¢* down to which (5) holds is actually ¢* =
max(Ty, T)¥), that is:

Corollary 10. For all t € [(max(Ty, T¥), Sn], there hold
Hu(t) - R(t)HHl < Ale_%a?ot_

Proof. This is a consequence of Proposition 3, the final condition u(S,) — R(S,) = 0, and a continuity argument
(we C([t*, Su], HY)). O

We also obtain that the minimal time of existence T is in fact lower than Tp:

12



Corollary 11. The interval of existence of uy, contains [To, Sn], and T,* < Ty. Furthermore, u, is in C([To, Sn], H®)
for any s = 1.

Proof. Tt is a consequence of the previous corollary and of the local well-posedness theory recalled in Appendix B. In
fact, we get that:

Vt € [max(To, TF), Sul,  Jun(®)|m < Al t5T + max  |R(t)|m =: C,

Tost<+oo

and the theory of local well-posedness can apply at any point of the interval [Ty, S,], with a time of existence T'(C).
The regularity of w, comes from the initial data in H*® for any s > 1, and the (local) continuity of the flow on the

interval of existence.

O

3 Hf-estimate

In the previous section, we proved that there exist a time T, constants d; := %% > ,/00% and A; such that :

Vt € [To, Snl,  |un(t) — R()|m < Aje ot

In this section, we want first to prove that the H*-norm of the error is exponentially decreasing. All the H*-norm
decay exponentially with the same rate d4, but the constants involved highly depend on s.

Proposition 12. Let s = 4. There exist constants Ag, 04 1= %1 and a time Ty = Ty such that the following bound
holds :

Vte [Tu; Snl,  |un(t) — R(t)] o < Age™%t. (27)

The constants above are independant of n, and more importantly, the time on which the exponential decrease
holds is independant of s.

Recall that the w, satisfy u,(S,) = R(Sn), and u, is defined on [Ty, Sn]. As above, we drop the index n and
denote u, by u; in the computations below, the constants involved will not depend on n either. We denote v the
difference of the solution u with the sum of K decoupled solitons by v:

v(t,x) = u(t,x) — R(t, x). (28)

Estimate (27) was obtained by Martel [22] for subcritical and critical (gKdV). Let us explain why this proposition
requires a new argument in the context of (ZK). The goal of this part is to obtain an inequality of the type:

d —€ €
= UolF.) + O(l~0-t~)‘ < ol + ol ol + ol (29)

for some fixed € > 0 (possibly small). The idea here is that we already know the exponential decay of the H'-norm
of the error v, and we need by any means a bound better than HUH%S, like a power equal to 3. In other words, an
inequality which fails the estimate would be of the kind:

d
o (Jul?.) + O(l.o.t.)‘ < |vl%. + O(lo.t.), (30)

Let recall the strategy for u a solution to the (KdV) equation in [22]. A direct derivative of the H2-norm of the

% (J |a§u|2> = 72J8§u83(u2).

This term is trilinear in u. We next replace u by v + R, and by developing those terms, we see some tricky terms

solution gives:

13



appear:
[ezoanm| < ot 1)

and prevent from achieving an inequality of the sense of (29). These quadratic terms with maximal number of
derivatives on v are precisely the ones that also prevent to construct a multi-solitons via fixed point argument using
dispersive estimate on the flat space.

To get rid of those terms, one solution is to modify the functional and consider

d
7 <J |0%u)? — cf&muamuu) < “n-linear terms with lower derivatives and n > p + 1”.

This strategy works in dimension d = 1. However, this technique does not apply anymore in dimension d > 2, let
us see why for (ZKs4). Following the same scheme, the derivative of the H?-norm is:

d d
% ( 2 f|6i16i2u|2) =—-2 2 f&i17i2u817i1,i2 (u2)
i1,i2=1

i1,ia=1

By replacing all the u by v + R, we see that we need to compensate for the tricky terms S(&i”—zv)QalR to avoid the
problematic situation illustrated in (30). Trying to mimic the previous strategy, let us identify the different terms to
add to modify the derived quantity :

e The crossed-derivatives terms: Saluaguu. They are not useful for those combinations. In fact, the time derivative
of this quantity will give terms with an odd number of derivative ds, which does not correspond to our situation.

e The terms with same derivatives: S&lualuu and S&guaguu. However, no combination of those terms can cancel
the trilinear term.

We thus need another method to deal with the trilinear terms, which is the purpose of our next result. The idea is
the following. Observe that the tricky terms are localised around the center of each soliton, which recalls the situation
of the derivative of the energies in (22), where the second derivative of u(¢) is localised around the main variation of
¥, between two successive solitons:

d < 1
— 2 Fru) = —= J |Au|?019% + “better behaved terms”.
dt fre} 2

In other words, the time derivative of a localised H*~! norm bounds a localised H*-norm. After integration in time,
we get

Sn
| [1aapent < BH @) — B @) < ool

Now, a similar bound can be obtained with v instead of u, and from the previous section, we already know that ||v(t)]| z
has an exponential decay rate. It remains to do one further observation: after performing the above computations, we
now don’t really need that 1* has its variation localized away from the solitons (because the H' bound has already
been obtained), and so we can center it around R*. Summing up in k, we obtain exponential decay for

Sn
f f 200y (RPY),
t

and this is exactly what is needed to adapt the strategy for (¢gKdV) to (ZK).
The remainder of this section is dedicated to make the above outline rigourous, so as to complete the proof of
Proposition 12.

In dimension d, for i € [1,d], we denote the derivative of a function f with respect to the i*" variable by 0;f or f;.

A multi-index is denoted by a bold letter i, with length [i| and coefficients i = (i1, -- ,4);). Naturally, if |i| = k with
k € N, then f; denotes the derivative in the following directions: ¢;, --- d;, f.

14



Let A be a large enough constant to be chosen later, and which satisfies:

A
Vk=1,...,K, VxeR?, 5 = [Que(X) P71+ [VQeur (x) P71
14+ 27
We introduce now an adequate monotone function:
X ™
n(t,x) =1+ Z (A arctan(z; — ¢t — y¥) + 5) . (32)

k=1
We call this function a threshold function along the first axis. It increases along x1, and satisfy the fundamental
pointwise estimate, at each ¢ and 7 € [1,d]:

m(t) = [ROP~ + [VR@).

Due to the previous discussion, it is natural to define the function:

2_1

Gilt) == e + o).

o) + To@)F o @) as (L + o) )P~ (33)
This functional controls the interaction of different solitons, and the terms with the H'-norm of the error:

e VT < GL(1),
o) < A1Gs(t),
lo@)IE: < ATFIGL(1).

We recall the useful Gagliardo-Niremberg interpolation, with s’ <n < s, and § = Z

—s’ .
s—s’

10 < UF 1 110 (34)

Observe that the norms H* with small s are somehow more difficult to deal with: we deal with the nonlinearity
using the Sobolev embedding H*(R?) < L*(R?) which requires a high regularity index s > d/2. This is not difficult
to overcome: we will prove (27) directly for s > s¢ large enough, and conclude by interpolation. For (ZK), we can
choose sy = 4.

3.1 Control of a localised H*-norm of the error.

In this section we establish a lemma to control the H*-norm of the error as (31), with a weight equal to the threshold
function.

Lemma 13. Let s € Ny, a multi-index i = (i1,--- ,is—1), with i; € [1,d]. The following estimate holds, for
te [To, Sn]
Sn d Sn
f f S foua(t,3)Po (¢, )bt < f Gt + [o(t)], .. (35)
t =1 t

Remark 14. By summing over i, we obtain the H?-norm with the weight n1. Furthermore, we can notice that this
bound is acceptable in view of (29).

Proof. The error satisfies the following equation:

%:—%R+&1(AR+RP)—81(AU+(R+u)P—RP).

15



We differentiate i times, multiply by v;n and integrate in space to get:
d
> [obm+2 [ @
=1

d d : dR
= Jv?mu - <Jv?n> + JU‘Qd_Z + 2(71)““rl Jvai <(?i (% + 01 (AR + Rp)> 77> (36)

- QJMH (pRp_lv) n—2 fviau (R+v)? — R — pRp_lv) 7. (37)

The left side of this equation is the left side of (35) up to a constant. Consider now the terms of (36). We want to
integrate them in time. We accept a bound by the H*'-norm, because the function n and its derivative are bounded.
The last term of (36) uses that for each k, 0,RF + 0;(ARF + (R¥)?) = 0, and the interactions between the different
solitons are weak and exponentially decreasing in (6). We obtain:

S

Sn " o ’
| 0t < 1O+ @R e ar
t t

The tricky term is (37). The bilinear term in v gives us, by the embedding H?(R?) < L*(R9):
Uviau(RplU)U‘ = Uvialivaln + Jvi (011 (RP~ 1) — d13(v)RP™ 1)
1 _
<[5 [ orm 0|+ ool < Bl (elgees + o2
< G(t). (38)

Now the trilinear (or quadrilinear) term of (37). We use the Cauchy-Schwarz inequality, the distribution of the
derivatives on the different terms and the embedding H?(R%) < L*(R):

\ | vi(t)an(vQ(t))n(t)‘ ) P S B Y B T P

je(ni)lil<l5]

SlOlges D0 1@ gewllo@® .

je) lil<ls]
Using the interpolation (34) with ' = 1:

1—_1_ 1 1— il 5]
Jvi(t)ali(UQ(t))n(t) ST PR 1G] P S IO TGP

seti) i<l 3]
< lo@®lzn + lo@®)F. lv@®la < Gs(b), (39)

fvi(t)au(vg(t))n(t) <ol + @3 @l lo@) 2 < Gs(2).

ljl+1 s—ljl—=2
<|v(t)|H1 + @l 5 To@l )

By integrating (38) and (39) from ¢ to Sy, and the Gagliardo-Nirenberg interpolation (34), we obtain the bounds
(35). O
3.2 Control of the variation of the H*-norm of the solution.

Before giving the next lemma, let denote the different combinations of derivatives useful for the following. Let i a
multi-index of length s. In the next computations, we will deal with (p + 1)-linear forms, with different combinations

of derivatives:
Lo+ fy) = [ afodusthi£y).
We need now to distribute the derivatives of 01;(f1- - fp), in the following way: the function f; receives the set

Jj1 of derivatives among iy, -+ ,4s,1, ..., the function f, which receives the set j, of derivatives among the same set.
One particular case, which we want to consider separately, is when all the derivatives fall on only one function: for

16



this, we introduce the set I; by:
L= {(1, ydp) € (Plin, - yis, 1)) 3ji o ujp =10 {1} = (i1, - ,is, 1), with at least two j, not empty},
and a special subset:
I :={(1, - ,Jp) € L;; with at least one jj satisfies |ji| = s}.

In other words, the set I~1 characterized the terms with all the derivatives on one term, except one on another term.
Finally, we want to find out the term with those s derivatives:

Bi(fe) = { G- d) € T liel = s

The following lemma establishes a bound on the time evolution of s-derivatives of the solution, up to some terms
with s derivatives on each error v. Those terms correspond to those in (35), which we will deal with Lemma 13.

Lemma 15. Let i be a multi-index of length s. The following pointwise estimate holds, at each time t:

jtf u; (p—l)fv?Rp7281R+2 Z JMM [] Ri| < Gs®). (40)

(1, k' #k

Proof. Let us compute the time derivative, with u a solution of (ZK):

d
pn J-U‘Q = —QJuié’n(u”).

Let us now distribute the s + 1 derivatives. Two cases occur:

e cither the s + 1 are all on the same term, and we obtain:
72pf“i(alui)up71 =plp—1) J( i) uP 201,

e or the derivatives are not all on the same term, we find back the definition of I;.

We thus develop the time derivative into:

% (J U?) =plp—1) J(Ui)Qu“Q@lu - 2 Z Jul H Ui, - (41)

JP)EI

To obtain the estimate (40), we replace in (41) u by v+ R, we develop, and then estimate each term. By developing,
the (p + 1)-linear forms are applied ! times on v and p + 1 — [ times on R. We decompose the different cases.

First case : [ = 0. We obtain the terms:

plp—1) f(RifRP—?alR -2 > fRi ﬁ R,

(1, 5dp)elh k=1

The number of derivatives is odd, then by parity of each soliton, this (p + 1)-linear form applied to the same soliton
(R¥,--. RF) is null. Only remains the interaction between the different solitons. We thus get by (6):

p(p - >f< ())RM()&R(H 2

~.dp)el;

p
J )HRjk(t) <067%00\/ﬁt.
k=1

Second case : | = 1. In that case, it means that v appears only once in the expression (41), with a certain
number of derivatives. By integration by parts, all the derivatives can be put on the other terms, and those terms are
finally bounded by a Cauchy-Schwarz inequality by C|v(t)]|z2.
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Third case : [ = 2. We need to identify how many derivatives the terms v possesses. In both v have exactly s
derivatives, we find the terms in (40) bilinear in v. Observe that the sum is made on I;. Those terms will need the
monotonicity argument, developed in the previous subsection, and applied in the next.

The second possibility is that the two errors v do not possess s derivatives. By a Cauchy-Schwarz inequality, it
implies that there are bounded by C|v|ms||v|gs-1, or more generally by:

1
s

2— 1
Cloly.” [l + Clolg.

|v

Fourth case : | = 3 or [ = 4. First for [ = 3, let focus on the number of derivatives on the three v. In the worst
case, one has s derivatives, and the two others have s and 1, or s — 1 and 2 derivatives. We obtain, with |j;| = s, and
liz] = 1, and by the embedding H?(R?) — L*(R%):

UUWJWhRPQ < Ol lvsy [z < Cllol. vl me.

If we consider |ji| = s — 1, and |j2| = 2:

UvivjlvjzRPQ < Cloll g [0l grorlvga | 2 < Cllofl s 0] o [0] 24

C < [vlg- (Il g

vz + ol7n) -

The other terms with [ = 3 have a lower number of derivatives, and thus are easier to deal with.
Now for [ = 4, this situation is possible if p = 3, and the bound is similar to [ = 3 with H?(R?) — L*(R%).
Since p < 3, there is no other case for [. O

Remark 16. Notice that in the case l = 3, with j1 = s — 1 and jo = 2, the bound on s = sqg = 4 is necessary in order
that the argument works.

3.3 H* and H’® bounds of the errors

Now we establish a bound of the H*-norm for s > 4. Recall that the error v(t) = (u — R)(t) (equal to 0 at time S,,),
has a nice H'-norm on [Ty, S,,] with a bound given in the previous section:

Vte [To, Sul, o) < Are=, (42)

Let us continue the discussion of the beginning of this section, before a rigorous explanation. By the previous
computation, we obtain that, for time ¢ when the solution u exists:

@)1 = lv(Sw) 7.

Sn
< Cs <|v(t)|§-ﬁl +£ Gs(t)dt' + O(l.o.t)) )

Gs(t'") contains two main terms which lead the exponential decay.

1 1
First, G4(t') contains bilinear terms in v of the form Hv(t)st v(t)]| ;.- If we consider only the bilinear terms,

the adequate power closes the bootstrap argument, and we obtain a bound [v(t)|%. < Ase™%*, on the time interval
[To, Sn], with a constant As growing exponentially with s.

Second, G(t') contains trilinear terms in v, on the form |v(t)|% .

v(t)| gs. If we consider the bound as |v(t)]3;.,
the previous computation with the bilinear terms still holds, but on a time interval [T, S,,], with no way to complete
before Ty to a time independant of s : a bootstrap type argument gives the bound |[v(t)|%. < Ase™%*, on a time
interval [T, S,]. The trilinear terms are the source of the dependance of T' on s. We require a uniform time 7" on
which we obtain the exponential decay of all H°-norms. The procedure needs to be accurate : we first deal with the
H*-norm, and obtain the adequate decay on [T}, S,,]. We thus bound the trilinear term by [[v(¢)|? . Aze~%¢*. We define
for each s larger than 5, a time Ts on which the bound of the trilinear terms is lower than the bound of the bilinear
terms. We use a bootstrap type argument on [T, S, ] with an estimate on the time T > T4. On the interval [Ty, T%],
we bound the trilinear term by |v(#)]?% . A4se~%¢T*, and then complete by a bootstrap type argument and compactness.
This procedure influences the constant A, but the exponential decay with the same coefficient d4 holds on [Ty, S, ].

18



Let us now detail the computation to prove the proposition 12.

H*-norm

Let s = 4. We prove the following bootstrap. There exist constants A4, d4 := %1 and a time T4 > T, such that the
following bootstrap holds. Let t* € [Ty, S, ]. If

Vie [t*,Sn],  o(t)]ga < Age™, (43)
then
1

—Age%t, (44)

Ve [t Sals o@®lg < 5

If this bootstrap is true, because ||v(Sy)| 4« = 0, it immediately proves the proposition 12 for s = 4.
Let assume the bootstrap assumption (43) with constants A4, Ty to define later. With |i| = 4, the estimate (40)
with the help of (35) can now be integrated into:

[ - [eo|<c <|v<t>|zs - K G4<t’>dt’) .

‘We obtain a bound on the error:

N ETEEDY

lil=4 li[=4 fn % (J(“ - R)?(t’)) dt’

= | (fuf(t) —fu?(Sn)) +2(-) Yy (fu(t)Rn(t) —fu(Sn)Rn(Sn))

li]=4

T lult) = R(E)|z= + [u(Sa) — R(Sa) 2 + e F Vo0t

[ i) = us,)

S.

< o)) +J Ga(t)dt + [v(t)| 2 + e~ F V! (45)
t

< Con v (7 + (Ase™8)7% (et % 4 (A4e24)” (14 Ayem ).

This estimate is sufficient to conclude. In fact, by taking d4 := %1, we choose A4 and Ty large enough such that:

O —01t A — 4t Q_i A —o1t % A — 4t 3 1 A —o1t p—2 < A_z —264T%
00,A1,01 | € -‘r( 4€ ) ( 1€ ) -‘r( 4€ ) ( + Aje ) < 226 .

This gives the bootstrap conclusion (44).

We now fixed T}, and §4 = %.

H*-norm for s > 5

As pointed out before, the arguments for s = 4 almost hold to prove (27) for s > 5. However, the bound holds
until a time Ty, and the exponential decay is not uniform on a time interval. We thus separate the interval into two
pieces, and prove the follcl)wing bootstrap. There exists a constant B, such that the following holds. Let the time
T, := max (T4, L 1n(A4B§)), and t* € [T}, S,]. If

Vie [t*,9n], (). < BsAse™, (46)
then

1
Vi e [t Sul Jo(t) . < 5BaAse™" (47)
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Let us suppose that this bootstrap holds on [T, S,,]. We obtain the exponential decay on [T, S,]. A bootstrap
v(®)|lgs < [v(t)|%, Ase™%T1 ] shows that |v(t)||%. is bounded on [Ty, Ts] by a certain

constant B,. Gathering those tow results, we obtain the exponential decay of |[v(t)] = on [T4, S,], and concludes the

type argument with [jv(t)|? .

proof of proposition 12.

It remains, assuming (46), to deduce (47). The proof focuses on the case p = 2, the same holds for p = 3. By the
same computations made in (45), the expression (33) of G, the bound (46) we obtain:

Sn
> [ =c. <e-7“m+v<t>p+v<t>|i,“+ | Gsw)dt/)
; t

|i|=s

1

- v(t'>2~sv<t'>|H4dtf> |

(48)

2
s

2
‘HS

v(t)

2 Sn 76115/ 91
| e ol

v(t)

<C, (e?“"_“t + o)z + o ()]

By the special choice of T, the bound on the last trilinear term in the integral is bounded by the bound of the bilinear

term:

1
s

(BoAse™)” Age=03t < (B Age=")" 7% (Age05t)

We thus obtain:

S
o _2
> Jvf(t) < C, (efvaﬂt + Aye 0t 4 BITE A2 20t 4 J

t

2 o0 1 1 21
<Cs( (1 — = /oot 14 — | e—dut 14— | BY 542020t
<( +00 00>e +< +61>e +< +264> 1€

By choosing any B, satisfying:

1 2 1 1 o1 1,
Col =1+ —+— 1+—|B: *) <=B2
(Ai( +O’01/0'0+51>+( +254> ) 2 5

the conclusion of the bootstrap estimate (47) is then proved.

T e 21 _ ’
e~ Nt 4 B SAie 204t dt’)

li|=s

S
Remark 17. A dependency to underline is that Bs > (255) , with the constant Cs depending on the number of

combination of s derivatives: Cs ~ d°. In fact, the optimal constant is expected to be K*°, with K large enough : it is

not reach here.

4 End of the construction of a smooth multi-soliton

We now complete the existence part of Theorem 2. At this point, we dispose of a sequence of solutions (u, ), of (ZK)
defined on [Ty, S,,] for some fixed Ty € R and S,, — +00, and such that for all s > 0, there exist A5 > 0 such that for
allneN

Vt e [To, Snl, |lun(t) — R(t)| e < Aje™214/2, (49)

Consider the sequence (un,(Tp))n: it is bounded in each H®, and so, up to a subsequence that we still denote
(un(To))n, it admits a weak limit Uy which belongs to all H® for s > 0.
Let us show that the convergence is actually strong.

Lemma 18. (u, (7)), — Uy strongly in L?, and more generally, H®, for all s > 0.

Proof. Tt suffices to prove:

Ve > 0,3K. > 0,¥n, f lun(To)|? < €. (50)
|z|> K.
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The bound (50) comes from the estimate (4). In fact, let t* > Tj such that Aje~z 51" < 5. The aim is to control
the evolution of the mass outside a compact set. Let a function g € C3(RT), null on [0, 1] and equal to 1 on [2,].

With v > 0 and K. > 0 to define later, the evolution of the mass outside a compact set gives:

d — K. 4
‘E Jufl(t,x)g (%)‘ = ’ Jdlg|vun|2 - QJdlg(alun)z + Jdﬁgui + 3 Jdlgui

C
< ;Hun\l?p (1 + flunla2)

where the last term comes from Sobolev embedding. By (4), the H'-norm is uniformly bounded by a constant C, so
it suffices to take K. and y large enough to obtain:

d J (¢ 1) |x| — K. - €
—_— u X ;S .
at ) O TI\T 2(t* — Tp)

Choose 7 larger to obtain HR(t”‘)lmbKJr,yqu1 < 7, and integrate from Ty to t* of the previous equality imply:

+ f un(#)2 <
[x|=Ke+y

and concludes the proof of (50), and the strong convergence of (u,(1p)), — Up in L?. Given s > 0, by interpolation

wn(To)? < 2 fl e B 2~ R <
X| =K+

DN
NN e

Jxl>2(Ke+v)

with H"! (where weak convergence hold), we conclude that (u,(1p)), — Uy strongly in H*. O

Now consider the solution R* of (ZK) with initial data R*(Tj) := Uy, defined on the maximal interval to the right
[To, T4).

Let s > 1/4 and t € [To,Ty). As u,(Ty) — R*(Tp) in H?, due to the continuity of the flow in H* (see Theorem 22
in Appendix B, where the local well posedness theory is recalled), we obtain that w,,(t) — R*(¢) in H*. In particular,
taking the limit in n in (49) we obtain

|R*(t) = R(t)]| 1+ < Ase™"2. (51)

By inspection, ||R(t)||zs is bounded for ¢t € R, so that | R*(t)|m- is bounded on [Ty, T4 ). Due to the blow up criterion
in Theorem 22, we infer that T = 400 (this part of the arugment is only relevant for (mZK)). The bound (51) is
therefore valid for all ¢ > Tj: this means that R* is the desired multi-soliton associated to R.

Finally, observe that for all t € Ty, R* is smooth (it lies in all H®, s > 0), so that, using the equation (ZK), we see
that 0, R* is smooth too, and by a straightforward induction, R* € C* ([T, +0) x R9).

This concludes the existence part of Theorem 2.

Now we establish a corollary on any multi-soliton. If u is a multi-soliton in the sense of the definition (3), then the
convergence of u to the sum of the K decoupled soliton is exponential.

Corollary 19. Let u € C([T, +w), H'(R?) be a multi-soliton solution of (ZK) in the sense of definition (3), and
denote R the associated profile. Then the convergence of u to R occurs at at an exponential rate: there exist Ay > 0,
and v1 > 0 such that:

Vit > T, Hu(t) — R(t)HHl < Ale—’ht.

Proof. Tt follows the ideas of Martel [22, Proposition 4]. Proving this lemma is equivalent to proving Proposition 3,
except that we consider u instead of u,,. Let us consider a sequence of time S,, — o0, and the solutions with the initial
conditions u,(Sy) = u(Sy) on the interval [T, S,] (by uniqueness, for t € [T, Sy], u(t) = uy(t)). By assumption, the
sequence |uy,(Sy) — R(Sp)|mr goes to 0. If we can prove the proposition 3 for this new (uy)n, it concludes the proof
of the corollary.

To prove (5) for the new u,, we mimic the proof that we already done. The difference is then only in the initial
condition. The parameters L, o, T7 and A; are to be found during the proof. The lemma of modulation applies
similarly. The lemmas on the evolution of the masses and energies are identical : in fact, they concern the time
derivative of these quantities, so it does not see the change of initial condition. The formula (23) see in fact the change
of initial conditions E*(S, ) and M*(S,). However, the arguments of monotonicity apply similarly, and allow to get
rid of those terms. The argument of coercivity is then exactly the same. O
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Remark 20. At this point, nothing is known about the convergence in H® of u(t) — R(t), since we ignore if the initial
condition u(t) belongs H® for s > 1. In fact, by uniqueness, this will be the case!

5 Uniqueness

The goal of this section is to prove uniqueness in the following sense. If two solutions behave both as t — 40 to the
same multisoliton, then they are equal. For now, we denote R*(t) the solution established in the previous section, on
a time interval [Ty, c0). This is a multisoliton close to R(t).

Proposition 21. Let u e C([Ty, ), H') be a solution of (ZK), and satisfying:

[u(t) = R@®)|a 7 0

—om
Then uw = R*.

The proof is inspired by the techniques used by Martel on the subcritical and critical (gKdV) equations in [22],
Proposition 6.

Proof. First, we can notice that it is equivalent to consider that u — R* or u — R goes to 0 at infinity. For now, we
will use the following notations:

u(t) = z(t) + R*(t).

For now, we prove the uniqueness for (ZKsaq) and (ZKsq). The critical case (mZK) is dealt with at the end.
The new function z satisfies the equation:

zt + 01 (Az + 22+ QZR*) =0.

To follow the scheme on the existence, we decompose the error along the different directions, which are the
derivatives along an l-axis of the k" soliton:

d K
Z(t) == 2(t) — a* R with o™ (t) := % RF(t)2(t)dz.
0==0-% 3 0= ) — [ RA0=(

We obtain the following estimates, for some constants C; and Co:

Vt>To, Cillz(®)an < I2@)a + D la™ ()] < Col 2() a1
ik

We need to show that:

2@+ D la™ ()] < Ce*“f}g [2(t) 2 (52)
ik =

If we admit this inequality, we conclude that for ¢ large enough, ||z(¢)|g1 = 0, and so u = R*. Let show this
inequality in different steps.

Step 1. Estimate on Z(¢).

K
We use the decreasing function h(t,x) := Y, Jr¢¥(x). Let recall that m* are defined in (10). & is close to =
k=1
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where the j*" soliton is localised:

H ht ) S (O] Ce ™,
— lt
sks K ’ (h(t x) = ) Lg(miot@erert) b (mr@rereny))| S OO
1 —
H <h(t,X) - C_K> 1[%(mK*1(t)+cKt+yf(),+oo[ < Ce 'Ylt.
L©

In the other regions where the variations of h are higher, the solitons collapse, and we will not see those variations.
We claim the estimate, for a constant Ay > 0:
) (53)

J(|Vz|2 —2RP) b+ P 2 Mol2ln — 5 Z (Usz

The proof of this estimate of coercivity is close to the one obtained for the existence, so we will skip it.

We already know that SERf = 0 due to the orthogonality. We have to handle the other term. In fact, because of
the weak interaction between solitons:

sz

Dla(t) J R!RF

ik

< Ce M sup () s,
t'>t

we obtain [{ZR* — { 2R¥| < Ce " sup,.., |2(t')| g1 which allows to focus on { zRF.

Step 1.1 Control of Ssz. By the equation satisfied by a soliton, we have 0 = —c*R} + ARF + 2RFRY, and it

implies:
d
~ | R¥
dtJ- *

_ URI; (—chz+ Az 4 (2 + R*) - (R*)?)

< UR’f ((z + R*)2 — R** — 2R*z)

+ UR’f (2R* — 2R) 2

+UR’f(2R2Rk)z

+ U(QR’“R’f — c*RF + ARF)z

< Ce M 2(t)| e

In the previous estimate, we notice that we earn an error of z because we made the difference between two solutions,
instead of the difference of a solution with R : see the comparison with (26). Then integrating the previous estimate

from t to +o0:
‘JRkZ

< Ce™ M sup (1) 1.
t'>t

We can now modify (53) into:

Aol Z(t) 7 < Ce™ ! sup l=() 5 + f (IVZ@)1? = 2R(H)22(1)) h(t) + Z(8)*. (54)

Step 1.2 Control of the operator L. Let the operator Ly, defined by Ly(z) := (—Az — 2Rz)h + z. An immediate
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computation gives us:
J- (|VZ|2 — QRZQ) h+7
1 1 . ,
= f (V2> =2Rz) h + 2° — 3 J-ZQAh + 3 J-ZQAh - Zalk J-Lthi-€ - Zalk J-LhRi-CZ

ik ik
i1k1 ioko k1 k2
+ E a""a J-L;LRZ-1 R;z.

i1,i2,k1,k2

The first term will be dealt with in the next step. We need to watch how the operator L; acts on the i*"-derivative
of the k*" soliton.

LyR] = (AR — 2RRF) (h - c%) Clk (~ARF — 2RRF + ¢*RF)

implies the following control:
|LLRE| < Cente= 2 Iy —cter]
Furthermore, we can control the term which enables the operator Ly to be self-adjoint:

thzRf = f 2L, RF — f z (AhRE +2Vh-VRY),

which gives, by the localization of the derivatives of h:

ULthf - ULth < Ce M 2(t)| e
By a Cauchy-Schwarz inequality on the term a*, we obtain:
J (IVZ]? —=2RZ*) h + 2° < Ce 2|72 + J (IVz]* —2R2%) h + 2°. (55)

Step 1.3 Control of § (|Vz|? — 2R2?) h + z2. In order to study the previous quantity, we express the operator as
a linearisation by the function:

= * 3 * 3 9
F(t,2) =2 <( ®) +3R ) _R ét) iy (t)z(t)) .

We obtain, with the embedding R RN

‘J (t,2) —2Rz?

U2R*ZQ —2R2?

U (t,z) — 2R*z 2

<I(R" = B)O)loe [ 20 < e el
For now, we study the functional:
Ht) = [ (V0P - Ft.2) ht) + ()
and claim that

IK > 0,Vt > Ty, H(t) < Ke "'sup|z(t)||3. (56)

t'>t
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It suffices to study the time variation of H, and find a lower bound by monotonicity. A computation gives us:

%H(t) = f (IVz]* = F(t,2)) % + QJé’lAsz -Vh (57)
+ 2[81 ((z + R¥)? — R*2) Vz-Vh (58)
7J(Az+ (2 + R*)? fR*Q)Qalh (59)
- 2[&1 (Az 4 (2 4+ R)? - R*Q) P QJR*t ((z + R¥)? — R*? 2R*z) h (60)

To find a lower bound of dd—i[, we notice first that the term (59) is positive, because h is decreasing in the first direction.

We can now deal with (57):

(57) f (V2 = F(t,2)) % _ 2[ (1Vor=?) a1k + f (012)2 %k

dh dh
= J-|VZ|2E + J(312)2 &f’h - f |F(t, z) T

This is where the choice of the function h is crucial. Because of the estimate on v, we have % > 1|03h|, and the
sum of the two first terms is non-negative. We obtain, with ||k (t)R(¢)|L» < Ce"**, the definition of z and corollary
(19):

h > —Ce Mt (61)

(67> = [ (1) + IR0 - RO + |ROI20)

We now develop (58):
(58) = 2]2%2;“ + 2JZ%R*h1 — JZQhH,

so the estimate is straightforward, with |u — R|r» < |[R* — R||ga < Age™%, and the embedding H?(R?) < L®, or
Hal (R* — R)HLoo < A2+1676t :

1(58)] < Ce= |24 |22 + Qsz|Rh1| + 2sz|R* Rl - J22|R’fh1 + BB
< Ce Mz| 3, (62)

with C depending on Ay, As, Az and 7y, lower than §.
It remains the terms of (60). We notice that {1 Azz = S@l(z?’) = 0. The remaining terms give us:

|(60)| = ’2[(611%* — R}h) 2% < 2|01 R* — Rfh| =] 2(t)||32

<2 (Hal (AR* + R AR R?) hp= + |01 (AR + R2) h — Ry||p» + |1(R — R*)HL@) 2122
< Ce M 2(8)|7, (63)

with C depending on A3, 3 and 0 < y; < § due to the bound by the H23-norm of the error. Notice that for this step
it was necessary to get the H5-norm of the error.

By summing up (61), (62) and (63), we obtain a lower bound on the time derivative of H: 4L () > Ce="t|2(t)| .
An integration from ¢ to +oo gives us (56).

End of Step 1
By summing up the estimates (53), (54), (55) and (56), we obtain the desired estimate (52) for the term |Z(¢)| g1 .

Step 2. Estimate on the a’*(t).
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Let derive Z along the time.

d . dz daZk i* (1) RE, (
E(Z(t)) = g(t)—%: +Za tRi (1)

We can then express the linearised part of the equation of the error around R*:

02 + (AZ + 2R*%), = —Rk + Za““ (=01AR* + R " — 20, (2R*R")), + 01 (2R*z —(R* +2)* + R*Q) .
ik

The scalar product of this expression with Rfll gives us, by reminding that 0 = 4 (ZRF = (£ RF — * (ZRE:

dailkl k1\2 dai’k k1 pk ik| ,—v1t ~ 2
(DY RERE < D+ 301+ 10l

(i,k)#(41,k1) dt

< Ce™ Mz (t) | 1

where in the last inequality we used the step 1. One can notice that SRfllRf is small while (i,k) # (i1,k1). In
particular, we find as in the modulation a matrix with a dominant diagonal, which implies that

daik

Vi k), |

< Ce M2 (t) o

An integration from ¢ to oo gives us the estimate (52) for the coefficients a’*(t), and finishes the proof.

The critical case.
The estimates for (mZK) are similar, except that we add orthogonality conditions with respect to Z*:

d K K
_Zzaika_Zbkzk,

i=1k=1 k=1
with

v
§ (RE)) do

With the estimate (25) on Z(t), we obtain the lower bound asked in (52). The other arguments apply similarly.

1

G (8) JRf ()=(0)d and V() = ka(t)z(t)dx.

Once again, we use repetitively the exponential decay of RF and of Z*. O

A Coercivity

We recall the lemma 9 of coercivity :

Lemma. For (ZK), there exists Co > 0, such that:

S ~\? K
Eg—— k < Hy(t
Co w7 Co 1;1 (JR w) ;1 (cF)2 k

Proof. Let deal first with the cases of (ZKzq) and (ZKsq). The proof is close to the step 2 of the appendix A of [24].
We know a property close to coercivity of the operator Hy(t): by the article of Weinstein, if we consider a function v

with the orthogonality conditions v L @, and Vi € [1;d], v L 6;Q, then the following operator is coercive:
ic, >0, J(VU)Q + 02 — pQP~1? = Oy ||v]3. (64)

We claim that in the case of the operators (Hy(t))r, we obtain a similar coercivity condition. The cut-off function
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¢* and the unsatisfied orthogonality condition w L RF will change the previous estimate. Let the bilinear form
By (v,w) := { Vv - Vw + c*vw — 2R*vw. By developing the expression of Hy(t):

k2
Hi(t) = Bk(w\/ﬁ, w\/%) - ifuﬂ% - J-wé’lw&lqbk.

~ d ~
The first term can be developed, by decomposing w+/¢*(t) := apR* + . «;0; R* + w¥, with
i=1

un/OF, REy  (un/9F, OiRF) (w*, RFY = (w*, 8;RFY = 0

o=, oy =
HQCk H%2 HaZQck H%Z
and using the Young inequality:
k(WA Ok, wA/¢F) = By (w®, w*) + a%Bk(Eé,E’;) + QQOBk(Eé,wk)

C — 2
> 1ot - - ([ Bty

with Cy > 0 a constant small enough. Furthermore, by the norm:

d d
1
[w* [ = Jwn/ ¢8| = C Y el so [w* |7 = Slwv/ ek |7 — O ) leil?,
2
=0

=0

we obtain the upper bound:
)= St - & (([Atva) s 3 ([oiiur i) )

By the definition of ¢*, the derivative with respect to z; will make a factor % appear: |61¢k| < %qﬁk, see (9), which
implies by taking L large enough depending on Cj :

0> 52 ot oty (([Aurvis) s 3 ([odtvis) ).

=1

Let k € [2, K — 1], and the interval JF := [§ (2} — c*t — yF + m*=1()) 5 5 (2} — *t — yF + m"(t))]. We obtain :

2 3 —~2 3
<(JVor=1) 1) b+ ([ B0 ) 10

S VI EH b g + (7 F0 4 5 (1) = cFten]) b,

Uﬁkwkﬁﬁw

and similarly:

[ o]+ 3
11

with C depending on the (y*); and on the (c*);. Adding the previous estimates from 1 to K with the weights (C+)2

fa REw )‘ <c(ﬁe-%%t+|>?%(t)—c7cte1|) lw® | g1,

%

k=1

16 2 ZJ- |V’LU|2 +’LU ( ) (fe_f_ +Z|Xk —C~kt61|> leﬁil

—c,;((f mr) az(f me))

We find back the H'-norm of the error on the all space by summing the ¢. Thus, we replace the last w* by there
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expression with w4/ ¢*, the weak interactions between RF and (1—+/¢"*), by the Young inequality and (14), we obtain:

5o
Z (ck)2 Hi(t)

k=1
Cg 2 C 1904 204 2 X =~ 2 d =~ 2
< _ —Ta -3 _ k . RE
> 161 w2 Gk (\FLe te +a) w2 ck§:1 <<JR w) +i§:1 <J@R w> ) . (65)

By taking L large enough depending only on Cs, T, large enough depennding on the different velocities, a small
enough and the orthogonality conditions (12), there exists a constant Cy small enough concluding the lemma for
(ZK2d> and (ZKgd).

Let us now deal with the case of (mZK). The result is similar, except that we asked for an other orthogonality
condition (13), so we use an other parameter of modulation (g“(t))k Let (-,-) denotes the L2-scalar product. We
claim, as in [23] and [38], that

vlQuvlZ = (Lv,v)=0. (66)
We use a result of [38] concerning the operator £ := —A + 1 — pQP~1:

inf (Lov,v) =0. 67
nt (£o.) (67)
Let suppose by contradiction that there exists v, satisfying v 1 Z, such that (Lv,v) < 0. Let consider the operator £
restricted to Span{Z,v}. By definition of Z, (£L(Z),Z) = —Xg. Thus we can find vy € Span{Z, v}, vy L @ such that
(Lvg,vo) < 0, which contradicts (67), and proves (66).
To obtain a similar coercivity inequality (64), suppose by contradiction that:

0 =inf {(Lv,v);|v|rz =1,v L Z,v L $1Q,v L 02Q}.

By taking a sequence in L? for which the infimum is attained, up to a subsequence, it converges to an element v. It
satisfies the orthogonality condition (12) and (13), and by rescaling arguments as in [38], we can suppose that the
norm of v is 1. The minimum is thus attained at a point v # 0, and there exists (ag, a1, a9, ) among the critical
points of the Lagrange multiplier problem:

Ly —Pv =0pZ + a101Q + a202Q,

(Lo, v) =0,
vl Z, vldQ, vladQ,
|v]g2 = 1.

The scalar product with respect to v gives us 8 = 0, with the eigenvector Z gives ag = 0 and with 9;Q gives a; = 0.
This contradiction leads to a positive infimum, and the existence of a positive constant C; satisfying (64).
The rest of the proof is then similar to the one of (ZK). O

B Local well posedness

Let us recall the local well posedness result that we will use.

Theorem 22 ([32], [14], [16] and [20, Theorem 1.1]). Let s > 1/2. There exists a function T : [0, +0) — (0, +00) such
that for any uo € H®, there exists a mild solution u € C([—T(|uo|ms), T(|uo|ms), H?) (to the Duhamel formulation)
of (ZK), which is furthermore unique in some subspace. The mazimal interval of existence (T—(ug), T (ug)) is open
and does not depend on s > 1/4, and if Ty (ug) < +00, then |u(t)|gs — +0 as t — Ty (ug).

Furthermore, the flow ug — wu is continuous in the following sense: given ug € H®, then for any compact interval
J < (T—(up), T4 (ug)) and E > 0, there exists & > 0 such that if |vo — uo|m= < &, then J < (T—(vg), T4 (vo)) and
supse s |v(t) — u(t)|ms <06 (u and v are the solutions to (ZK) with initial data ug and v respectively.

In particular, in the L? subcritical cases (ZKaq) and (ZKsg), if the initial condition is in H!, one has global
existence: (T—(ug),T+(ug)) = R. The blow up criterion is relevant for our purpose only for the case of (mZK) which
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is L? critical.
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