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THE NEHARI MANIFOLD FOR A y-HILFER FRACTIONAL p-LAPLACIAN

J. VANTERLER DA C. SOUSA, JIABIN ZUO*, AND DONAL O’REGAN

ABSTRACT. In this paper, we discuss the existence and non-existence of weak solutions to the non-linear
problem with a fractional p-Laplacian introduced by the t-Hilfer fractional operator, by combining the
technique of Nehari manifolds and fibering maps. Also, we obtain some results on the i-Hilfer fractional
operator and the Nehari manifold via the Euler functional.

1. INTRODUCTION

In this paper, we investigate the existence and non-existence of weak solutions to the nonlinear problem
with a fractional p-Laplacian given by

O B (e m) = ME@PTE@ + @ E@I @),
ﬁ(ﬁ 1); 6( ) — I?(ﬁ‘”?d’g (T) — 0,

where HDS‘f W (), HD2PY () are ¢h-Hilfer fractional derivatives left-sided and right-sided of order % <a<l,

type 0<8<1,1<g<p—1<o0,be L*(Q) and Ié:(_ﬂfl);w () and Ig(ﬁfl);w () are ¥-Riemann-Liouville
fractional integrals left-sided and right-sided, for all € Q = [0,T]. We also have that £ € Hg‘ﬁ ¥ and A > 0.

In the early 1960’s, Nehari [1], introduced a method that became very useful in the calculus of variations
and which is now called the Nehari manifold method. Nehari’s original idea was to study a boundary value
problem for certain second order nonlinear ordinary differential equations in an open interval (a, ) and show
that the equation has a non-trivial solution that can be obtained through minimization problems with link.
The fibering maps method is a good tool for solving elliptical differential problems [10, 13, 14, 15]. Relating
the Nehari manifold with fibering maps was introduced by Drébek and Pohozaev (1997) [10] and discussed
by Brown and Zhang (2003) [9] which related the Euler Lagrange functional to a real function.

In 2003, Figueiredo et al. [11], investigated the existence of solutions to an elliptic class of problems
—Au = Au?+b(z)uP, in Q
u>0,u#0 in Q
U = 0
where 2 is a bounded region of R™ with smooth boundary, 0 < ¢ <1 < p < %'@, A>0anda,b: Q — R
are regular functions that can change signs in 2, using the Mountain Pass Theorem. In 2005, IL’yasov
[13] and 2009 Wu [12], discussed the existence of solutions via the fibering approach and Nehari manifolds,

respectively. In 1997 Drabek and Pohozaev [10] discussed positive solutions for p-Laplacian fibering maps, in
2003 Brown and Zhang [9], discussed the existence of solutions to the problem via a combination of fibering
maps and Nehari manifolds.

In 2013, Nyamoradi et al. [14], investigated the existence and multiplicity of positive solutions to a
quasilinear elliptic equation

P2y *—2 -2 .
(1.2) Apu— Zﬂz ‘Izl @ ‘p = [(x) ‘ulp u+ Mg (z) |u‘q , in €,
U = 0, on 09},
where Q@ € RY (N >3) is a bounded domain with smooth boundary 9 such that the points a; € €,
P
1=1,2,..,k(k>2),0<u <pm:= (N;p) and p* 1S the critical Sobolev exponent and 1 < ¢ < p,
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2 J. VANTERLER, J. ZUO*, AND D. O'REGAN

A > 0 and f,g are continuous functions. With the problem (1.2) one can relate it to the following Hardy
inequality
P 1
/ﬂdzg :/ \Vul’ dz, Ya € RN, ue C5° (RY).
Q HJa

lz—al”

Results on the existence and multiplicity of solutions for nonlinear boundary value problems of fractional
differential equations in a fractional derivative space can be found in [16, 17, 18, 19, 33, 41]. Ledesma
[20, 21, 22] and others discuss variational problems via fractional derivatives and integrals, with important
techniques, such as the Mountain Pass Theorem, Nehari manifolds, critical point theory and fibering maps
(see [17, 23, 24, 36, 37, 40, 42]). For other works see [25, 26, 27, 30, 31]. In 2020, Sousa et al. [2], discussed a
new variational structure for the -Hilfer fractional operator, justifying some fundamental properties in the
variational context, in the i-fractional derivative spaces Hg‘ﬂ ¥ ([0,T],R) and Hia‘ﬂ ¥ ([0,T],R), so one can
discuss numerous boundary value problems in the fractional differential equation sense.

In 2018, Saoudi et al. [38], discussed the existence of solutions to the following nonlinear boundary value
problem of the fractional differential equation:

=D (JoDg ()P oDfu(®)) = Ful®) +Ag@ @I ult), (e (@),
u (0) = u (1) =0,
where (Dg(-), :D§(:) are Riemann-Liouville fractional derivatives left-sided and right-sided of order o with
% < a < 1, A is a positive parameter, 2 < r < p < ¢, , g € C([0,1]), and f € C([0,1] x R,R), using a
combination of the Nehari manifold and fibering maps.
Ghanmi and Zhang [44], investigated the existence of non-trivial solutions the following fractional boundary
value problems

{ D (JoDg (@) oDfu(®)) = VW (Lu®)+rg @ (), (te(©.1)),

u (0) = u(T) =0,

where (D¢ (-), ;D%.(-) are Riemann-Liouville fractional derivatives left-sided and right-sided « with % <a<l,
VW (t,u) is the gradient of W (t,u) at w and W € C ([0,T] x R™,R) is homogeneous of degree r, A is a
positive parameter, g € C ([0,7]), 1 < r < p < ¢, using fibering maps and Nehari manifolds, for some
positive constant Ay such that 0 < A < Ag. Other works related to the existence of solutions for fractional
boundary value problems can be found in [19, 25, 27, 36, 44, 42].

One of the main aims of this paper is to contribute new results to the theory of boundary value problem
for fractional differential equations. The Euler functional associated with Eq.(1.1), for each £ € Hgﬁ*w, is
given in the following form
1 T

1 [T ) A /T
EA(£)=5/O \HDSf”"S(x)\pdx—;/o If(ac)l’“dx—qu i b(z) |€(x)| " dx.

Motivated by the works above, this article aims to discuss the following results:

Theorem 1.1. Suppose that there exists X\ > 0 such that for any A < X\, we have L_(\) C X _. Then,
(1) There is a minimizing point for Ey in Sj\',
(2) There is a minimizing point for Ey in Sy,

proving that L_(\) is non-empty.
Theorem 1.2. Suppose L_ (\)NY, #0. Then
(1) inf Ey (§) = —oo, when Sy # 0;
gest

A

(2) inf E, (§) =0, when S} # 0.
€esy

Note L_()), Y_(\), Y4+ (A), Sy and S}, will be presented in a later section.

In section 2 we present fundamental concepts of the y-Riemann-Liouville fractional integral and the -
Hilfer fractional derivative and some essential properties. We give the definition of the i-fractional derivative
space and some new results are obtained, in particular, the integration by parts for the v-Hilfer fractional
derivative. In section 3, we introduce the Nehari manifold and fibering maps and some results are proven
involving the Euler functional in the ¢-fractional derivative space Hg’ﬁ . Finally, section 4 shows the exis-
tence and non-existence of weak solutions to the non-linear problem with a fractional p-Laplacian according
to Eq.(1.1) in the sense of the i-Hilfer fractional derivative.



THE NEHARI MANIFOLD FOR A ¢-HILFER FRACTIONAL p-LAPLACIAN 3

2. PRELIMINARIES AND THE 9-FRACTIONAL DERIVATIVE SPACE H]o;,ﬁ;w ([0,77],R).

In this section, we present the fundamental concepts of the -Riemann-Liouville fractional integral and
the ¢-Hilfer fractional derivative, as well as some fundamental results. We discuss a version of the integration
by parts for the i-Hilfer fractional derivative and consider some particular cases. In addition, we present
the variational structure that will define and prove the existence and non-existence of weak solutions to the
fractional nonlinear problem p-Laplacian.

Let (a,b) (—oo0 < a < b < 00) be a finite or infinite interval of the real line R and a > 0. Also let ¢ () be
an increasing and positive monotone function on [a, b], having a continuous derivative ¢’ () # 0 on (a,b).
The left and right-sided fractional integrals of a function f with respect to another function ¢ on [a,b], are
defined by [3, 4, 7]

(2.1) 1o ( / W ( () e (1) dt
and

. 1 b 1
(2.2) V@) = oy / () (1 () — 0 () € () dt.

On the other hand, let n — 1 < a < n, with n € N, I = [a, b] is the interval such that —oo < a < b < 00
and there exist two functions f, ¢ € C™ ([a,b],R) such that v is increasing and ¢’ (z) # 0, for all € I. The

—Hilfer fractional derivatives left-sided and right-sided HDgf;w () (HD?;B ;w ()) function of order « and
type 0 < 8 <1 are defined by [3, 4, 7]

1 d\"  (1-8)(n-a):
2.3 HDOé”8 P — IIB n—a)y el I(l B)(n—a);p
and
HpBie () _ B L d\"Ja-pm-ayw
(2.4) D% ¢ (z) = | <_w’(m)dx> I;_ §(z).
Choosing 8 — 0, we have ¥-Riemann-Liouville fractional derivatives left-sided and right-sided, given by
o 1 d
(25) Diven) = (o) 15w
and
. 1 d\" na):
2. DvE () = (- — ) IV ().
(2:6) e = (o) e
The y—Hilfer fractional derivatives defined as above can be written in the following form
(2.7) TDIE (2) = IV DYVE (w)
and
(2.8) HDYIE (2) = 2D (2)

with v = a + 8 (n —a) and I7% (1), =% (), DJ¥(-) and DJ¥ (-) as defined in Eq.(2.1), Eq.(2.2),
Eq.(2.5) and Eq.(2.6).

Theorem 2.1. 3, 1] Letn—1<a<n,neNand0< g <1. If £ € C™([a,b]), then

— k
HDgf;wg (z) = DZ;B(n—oz);w (I(n ¥)s wg Z (a)) DZﬁkg (a)>

k=0

and
n—1 k
HD?-;ﬁ;dig (:l:) _ D;L:B(n—a);w <IZ()71—’Y);1/J€ (;E) _ Z (_l)k M D;Yi/”kg (b))

with v = a + B(n — ).
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Lemma 2.2. [3, 4] Let a > 0 and § > 0. Then, we have the following semigroup property given by
(2.9) I Ve () = 1007 (o)
and
(2.10) I LY (0) = ¢ ().
Theorem 2.3. [3, 1] Let £ € C! ([a,b],R), @ >0 and 0 < 8 < 1, and we have
MDY Ve (2) = £ ()
and
(2.11) HD Y 150¢ () = € (2)
Theorem 2.4. [3, 1] If £ € C" ([a,b],R), n—1<a<n and 0 < 5 <1, then
o Hpyafitbe (1) _ GG C)) R e
(2.12) Ly PDoy 5(1:)—5(:5)7; o kg L £ (a)
and
(0) =¥ @)™ ek 1-pn—a
2.13 I HpoF (w( In—klg(1=B)(n—o)swe (4
(2.13) £ kz::l TG ki £(0)

. 1 d n—k
where fz[p " (z) := (1// @ dx) & (x).

Next, we will prove the integration by parts for the 1-Riemann-Liouville fractional integral and the -Hilfer
fractional derivative.
The relation

(2.14) /a ’ (Ig YE()) O (t)dt = / €)Y ()L (5/%) dt

is valid.
One can prove Eq.(2.14) directly by interchanging the order of integration by the Dirichlet formula in the
particular case Fubini theorem, i.e.,

[ (@rem)oma

' 1 ' / a—1
/a m/ W (5) (1 (8) = ()" € (s) dsh (1) dt
b b
- /L/ W' (5) (1 (£) = (5))7 7 O () dt€ () ds

()

= [ eovon ()

Theorem 2.5. Let 1(-) be an increasing and positive monotone function on [a,b], having a continuous
derivative ¥’ (1) # 0 on (a,b). If0 < a <1 and0< B <1, then

(2.15) /: (HDa’ﬁ Ye(t)) 0 (t)dt = / )y (t) HDyY <zl((tt))>dt

for any € € ACY and § € C! satisfying the boundary conditions & (a) = 0 = £ (b).
Proof. In fact, using Eq.(2.8), Eq.(2.10) and Theorem 2.4 (Eq.(2.12)), we have

/ §0v @ i (51(&) &

[eovor: ”DW(ZI‘SJ“

/ o) lw e gy 1 W0 = w(a»v—ldj] e g ( 0(t) ) N

I'(y) P (1)

(swhere = () 17 e @)
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/ W ()12 HDO Ve (1, — Y DY (z'((tt))) dt
p(a) L i ( 0(t) )dt
- [y ogeone (50 ) a

/ " (MDze ) o0

_|_

We now present some particular cases of the integration by parts of some fractional derivatives.

Theorem 2.6. Let 0 < o < 1 and taking limit § — 1 in Eq.(2.15), we have the integration by parts for
¥-Caputo fractional derivative, given by

/ab(CD;“”é £)dt = / ¢ (t m/’(o((tt)))dt

for any € € ACY and 6 € C?! satisfying the boundary conditions & (a) = 0 = £ (b).

Theorem 2.7. Let 0 < a < 1, ¥(t) =t and taking limit 8 — 1 in Eq.(2.15), we have the integration by
parts for Caputo fractional derivative, given by

/ (CDeLE®) 0 (t)dt = / £(t) CDY_0(t)dt
for any € € ACt and 6 € C! satisfying the boundary conditions & (a) = 0 = £ (b).

Theorem 2.8. Let 0 < a < 1 and taking limit 8 — 0 in Eq.(2.15), we have the integration by parts for
¥-Riemann-Liouville fractional derivative, given by

[ ieo)oon= [eov o (5 )a

for any € € ACY and 6 € C! satisfying the boundary conditions & (a) = 0 = £ (b).

Theorem 2.9. Let 0 < a < 1, ¥(t) =t and taking limit 8 — 0 in Eq.(2.15), we have the integration by
parts for Riemann-Liowville fractional derivative, given by

/b(CDﬁg t)dt = /5 CDY 6 (t)dt
for any £ € ACY and 6 € C* satisfying the boundary conditions € (a) =0 =& (D).
Theorem 2.10. Let 0 < <a<1and qg= 25 Then for any { € LP, we have:
(1) Ia+ is Holder continuous on [a,b] wzth ezponent a— ; > 0.
(2) lmIZe (1) =
Proof. The proof is a direct consequence of Proposition 7.3 [43]. O

Consequently Ig‘f’f (t) can be continuously extended by 0 in t = a. Finally, for any £ € LP, we have
I;“f’g € C. Moreover, the following inequality holds

(¢ (b) = ¢ (a))

15 < 1€1] Lo
ot || Lojo, 1) T(a)((a—1)g+1 )% L»[0,T)
for any £ € LP.
Lemma 2.11. [2, 26] Let 0 < o <1 and 1 < p < co. For any £ € L? ([0,T],R), we have
a;p < (’l/} (T) - /(/) (0))04
Ia+ Leo,T] F(Oé—Fl) ||£||LP[0,T]

for any t € 0, 7).



6 J. VANTERLER, J. ZUO*, AND D. O'REGAN

Consider the Banach space L? ([0,7],R) (1 < p < o0) of functions on [0, 7] with values in R with the norm

T 1/p
lell, = ( / 5<t>|pdt>

and L* ([0, T],R) is the Banach space of essentially bounded functions from [0, 7] into R equipped with the
norm

1€]loc = ess sup [ ()]

t€[0,T]
Definition 2.12. [2, 26] Let 0 < o <1, 0 < <1 and 1 < p < oo, The -fractional derivative space
Hg-A% .= HGA% ([0,T],R) is defined by the closure of C§° ([0,T],R), and is given by
gt = { cer (0.71.R): MO Ve € L (0.7).B) 1P Ve (0) = 1 Vg (1) =0 |
(2.16) - OB

with the following norm

agw.|IP \1/P
21) el o = (1€l + [*D3,) ™
where BDGY (-) is the ¢-Hilfer fractional derivative with 0 < a <1 and 0 < 3 < 1.

Lemma 2.13. [2,20] Let 0 < a<1and0< <1 and1l<p<oo. Forany & € L?([0,T],R) we have

W) ()

k4
LP[O,T] — F (a _|_ 1) ||€||LP[O,T] )

0+

for any t € [0,T7.

Proposition 2.14. [2,20] Let 0 < a < 1,0< 8 <1l and 1 <p <oo. Forall{ € Hg‘*ﬂ?’/’, ifl—a>1/p or
a > 1/p, we have

(00) = O gy
1

2.18) el < X v,

1 1
Moreover, if « > 1/p and — + — =1, then
P q

(¢ (T) — 4 (0)* /7

2.19 €l < HD047,3;¢€ 7
(2.19) el < S g T | |
where ||€]| ., = sup [£(2)].
te[0,T]
From the inequality (2.19), we also have
. a—1/p
||£||OO S (d} (T) 1,[)(0)) - HHDSt_fﬂ/)g‘ 4
I (@) ((a=1)q+1)" .

that HY-P is continuously injected into C ([0,T]) for oo > %.

According to (2.18), we can consider Hg"ﬁ % with respect to the equivalent norm

(2.20) lell = "o -
Proposition 2.15. [2, 26] Let 0 < a < 1 and 0 < 8 < 1. For any £ € H;‘,"B”p, we have
Hpyo.8:¢ (1/] (T) — w (0))a Hpo,8:% (H a, B ) ’
D ’ <) vl |Hp D .
H C e~ T(a+1) T od ¢ Lr

1 1
Moreover, if a > 1/p, 0 < 8<1 and — + — =1, then
p q

(Y (T) =9 (O))a_l/p [ (T)]" HHD;{,ﬁ;w (HDgf’;wf)‘

||£||oo < F(a) [(a—l— 1)q_|_ 1]1/<1 I‘(a+ 1)

Lp
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Proposition 2.16. [2, 2] Let 0 < a < 1,0 < 8 <1 and 1 < p < oco. Assume that « > 1/p and the sequence
{&k} converges weakly to & in Hg"ﬁ”" ie., & — & Then & — & in C([0,T],R), i.e., | =&l — 0 as
k — oo.

Proposition 2.17. [2, 26] The space HYP¥ is compactly embedded in C ([0, T],R).

Proposition 2.18. [2, 26] Let 0 < <1, 0< 8 <1 and 1 < p < co. The fractional derivative space Hg’ﬂ?w
s a reflexive and separable Banach space.

Choosing p = 2, in definition Eq.(2.16), we have the -fractional derivative space Hg’ﬁ " is defined on

C§° ([0,T],R) with respect to the norm

T T 5 1/2

The space HS"? is a Hilbert space with the norm

" , 1/2
||§HHg,ﬁ;w = </0 ’HDgf;wf (t)’ dt)

Theorem 2.19. [28] Let E a normed vector space and {x,},.y C E be a sequence. Then, the following
statements are valid:

(1) z, =z < f(x,) = f(z) for all f € E*;

(2) If z, — x, then x, — x;

(8) If x,, — x, then x, is bounded and moreover ||z| < liminf, . ||z,]-

Theorem 2.20. [29] Let £ : M — N be a differentiable map with dim M = m, dim N = n, m > n and
p € N. Let dé(x) be of class C™, VYo € M, with £&(x) = p. Then £~ 1(p) is a sub-variety of M, of dimension

m—n.

withO<a<land0<pg<1.

Now we state a compactness result for the integral space Hg"ﬁ W when 0 < a < %. This will be the principal

key for our analysis in the sequel. For any h € R and any u € L? ([0, T]), we consider the translation of u by
h defined by

_ [ &t+h) , t+he(0,T]
(221) AR SR
Theorem 2.21. [28] (Frechet-Kolmogorov) Let Q@ C R™ be bounded open and 1 < p < co. A subset Y of

L? (Q,R™) is relatively compact if and only if the following conditions are satisfied:
(1) Y is bounded, i.e., there exists a ¢ > 0, such that ||£||,, < ¢ for all§ €Y

(2) fn (&) — & in LP (,R™) as h — 0, uniformly for £ €Y, i.e.,
S‘;B”fn (&) =&l =0

as h — 0.

Theorem 2.22. Let o € (0,1). Then the embedding HY#% — LP ([0,T],R) is compact.

Proof. From Proposition 2.14, the embedding Hg"ﬁ‘w — LP([0,T],R) is continuous, and so it is sufficient

to prove that every bounded sequence in Hg"&d’ is pre-compact in L? ([0,7],R). According to the Frechet-
Kolmogorov theorem, it is sufficient to prove that

Sli’p ||fn (fn) - SRHLP —0

as h — 0.
Now, using the Theorem 2.4, for any u € Hg’&w and the fact that Igf’f (0) = 0, we have

I DRV () =€(1), te [0, T).
Thus, for h > 0 and ¢,t + h € [0,T], we have

T
l6n (t+ 1) — € (DIE, = A

o a,B; & P :
I TDE VG, (84 h) - TG PDEE, ()] dt
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]. o— o H
e / ¢ G (t+h) = (s)* " BDGYe, (s)ds

T
N /0 r<1a
m/o

w Pt +h) = (s)* " TDgYe, (s)ds | dt
V' (

()" HD§ e, (s)ds

Daﬂw n(S) :
dt
— () = ()" ds

p
ds) dt.

IN
o
35
'UH
h
S
~—
=
=
+
=
\
E

W () (@ ¢+ h) = ()" |G e (5)

Now, consider

Alz/otw'(s)\<w<t+h>—w<s>>“1—<w<t>—w<s> D e (9)] as

t+h
A= /
t

1 1
Let ¢ be such that — + — = 1. Now Hoélder’s inequality yields
q

/ W ()1 |
7 ()17 [ (E+ ) — 0 ()™ — (8 (8) — 9 ()"
ai [ (4 B) — ()™ — (6 (¢ + ) — 6 (0))* — (@ (&) — 9 (0)™)]

and

0 (5) (6 -+ h) = () [FDGE ()] ds

G(E+h) = () = (@ ()~ ()"

“ds

Ay

()] %

Q=

IN

1
P

x (/T 9 () (¢ R) = () = @ () = ()| D5 e (s)\pds>
(2.22)

and

t+h 1
A :/t W (5) @ 1) = ()" [ ¢ (D, (5)| [0 ) (0 04+ 1) — 0 (6)° | s

( /tt+h

(2.23)

1
q

'
W (5) (6 4 h) = () [TDE g ()] > ( (b (t+ )~ w<>>“‘1\ds> ,

IA

respectively.
Performing the following variable change s = t+ %s, it follows that HDgf Yt (s) —H D:‘fhwun (t + & )

yields

t+h Tt + hs

t w'<s><w<t+h>—w<s>>“1ds—/0Tw'(t+§s)(w<t+h>—w( ! ))“dn

Thus, from (2.23), we have
) h Tt+hs\\* "
¥ <t+Ts) <¢<t+h>¢< - >)

t+h P
e |
a, p
‘HDHW&” (t+ 24 s)’ dt
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X (/fh (4 <t+:};s) (w(t+h>—w (Tt;hs))a_l dt)édt.
(2.24)

Therefore, for every n € N, by (2.22) and (2.24) one has
P

W/T(W“(tJrh,t)(‘I’a(t*h’o) v 60)
0

6 (¢+ ) = & (8 o

I, <
t p
X(/ [ (s)] (T (t+ h,s) — U1 (¢, 5)) ]HD“W@L(S)‘ ds)dt
0

Y (t+ ;L,S) <¢(t+h) - <Tﬁ;hs>)a1

‘HDZ_ﬁthgn ( ) ‘p dt

x (/()qu' <t+28> <w(t+h)_w(Tt;hs)>a1dt>§

ﬁ L 7 WO (T +h,T) = (97 (T + h,0) - > (T,0))]

dt

T
op—1 T /
b [ |

r (a)p 0

IN

X

/ / (s)| (WL (¢ + h,s) — WL (¢, 5) ‘HD"“Wgn(s)pdsdt

LW h))p L0V

([

Y’ (t+ ;3) <w(t+h) _ <Tt4T_hs>>a_1

0 ‘HDaﬁwgn (t+%s)‘pdt

dt

t+Ls

270 L e (T 4+ h,T) — (9° (T + h,0) — B (T, 0))]

()"
[ ()] |mx o.fi
X/O ’l/J/(t ‘ D gn (5)
2r—1 1
+Wﬁ(w(t+h)—w(ﬂ)
{ & (U (T 4 b, T) — (U (T + ,0) + ¥ (T,0)))" }

1
+ iy (U (T + 4, 7))

IN

—

Q

PO (t+h,s)— (U*(T + h,s) — V> (T + h,s))

dt

,ﬁ wgn (S)’ P

Lr

<

P

)

Lr

where U (t + h,t) := (¢ (t+h) — ()" and ¥ (t + h,0) := (Y (t + h) — 1 (0))”.
Therefore the result follows from (2.25). O

(2.25) X HHDgfwgn (s)‘

3. THE METHOD OF NEHARI MANIFOLDS AND PROPERTIES

In this section, we introduce some results about the Nehari manifold structure and fibering map analysis,
related to Eq.(1.1). Now E, : ]I-]I”"ﬁ”/J — R, defined by

A T T
m©=1 [ [ropevew] a2 [ewra 2 [ hw e o

is the underlying functional associated to problem (1.1).
We say that & € Hgvﬁ‘w is a solution of the problem Eq.(1.1), if

-2
(E'A &), 77>Hg,ﬁ;w = / ’HDa Neh wg (x)‘p HDgf;wg (z) HDSzf;wn (2) dx
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T T
.\ / € @) ¢ (2) 1 () dx — / b(x) 6(2) " €(2)n(x)dx
0 0

for any n € Hg"ﬁ % and the eigenvalue problem associated with the i-fractional p-Laplacian operator is given
by
.8 : p—2 .8 _
3.1) { "7 (IHD&f’%)ﬂ 1D ’%m) = Né(@)P~2E(), forz € [0, 7]
—1); —1);
Note that,

T P
/ ‘Hngrﬁ,wE(x)‘ dx
(3.2) Al = min 29 , E#£0.

o, B T
S e
0

Lemma 3.1. Let0<a<1land0 << 1.

(1) The functional Ey is well defined on H3P¥;
(2) The functional Ey is of class C* (Ho"ﬁ*w,R) and for all £,m € Hg"ﬁ;w, we have

—2
(BA () Mo s = / |pgPve (m)]” Hpo P (x) HDG 1 (2) dx

T
(3.3) ) / € (@)P2 € () () dx — / b() JE ()" € () (x) dx

Proof. (1). From Holder’s inequality and (2.20), we have

B < L[ e o) [Cewrac o [ o@le@iras
g ol [Ji€1*]|
(e PN L
B P p q+1
< a||Toe e+ callel + e |16

where co, c3, are the embedding constants. Therefore, Ey is well defined on Hgﬁ;w.
(2). Consider

_ Laposwe 3P _ A 1 +1
HEO = "B e @ - 2@l - 0@l @i,
Then, for all {,n € HY#* and for almost every ¢ € [0, 7]
limH(f (1‘) + 51 (JC)) 7H(§ (I)) _ ’HD(o)zjf;wg (x)‘p72 HDSL_,f;ng (x) HDg:f;wn (1,)

s—0 S
—AME @) € (2) n (2) = b (2) [€ ()" € (2) n ().
From the Lagrange mean value theorem, there exists a real number € such that || < s and

H(g(:zr)JrST](:))*H(f(x)) _ ‘HDgf%w(g(x)Jren

N TR (€ @) 4 0n () DG (a)
=M€ (@) + 0m (@) (€ (@) + 0 (2) n (@)
~b(a)[€ (@) + 09 ()| (& (&) + O () n (@)
D5 (€ ) + on (@) D ()
HAIE @)+ n @ 0 (@) + (@) € ) + 60 (@) )
‘H]D)aﬁwg ’ ‘H]D)aﬁw ’JF}H]D)aﬁd) @)

(3-4) FAE @) (@) + Ay (@)]7 + b (@) € ()| [ (2)] + bla) [y (2)] "

IN

IN
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Now Holder’s inequality yields

(35) [ mreref ™ [rogen o ax < |[rogeve ™| (g

p—1

T
(36) | e@rtm@ias < e
p—1
and
T

(37) | @@ < e age bl

From (3.5), (3.6) and (3.7), one concludes that the last inequality in (3.4) is in L'(Q2). Therefore, by the
dominated convergence theorem, we get

. Ex(§4sn) —Ex(€ " pos: "7 Hpos: 0k
g 2EX I [ (o] 7 Mpgive (o) DG o) ax

s—0 S

T T
p—2 q—1
) / @2 (2) () dx — / b(t) 1€ (@) € (2) n () d.

That is, Ey is Gateaux differentiable. Finally, it is sufficient to prove that the Gateaux derivative of E
is continuous, and in this case we omit the details since it is similar to [44]. O

Lemma 3.2. (1) Suppose that X < A1. Then Ey is bounded from below in HGP.
(2) If A > A1, then Ey is not bounded from below in Hg’ﬂ;w.

Proof. (1). Now (3.2), yields

T T . P
w [ le@rass [ rDgee| i
and
T T T
/ [ e[ - / E(@)Pdx = (=) / €()lPdx
0 0 0
implies that
_ T T
Ba(© = P [Newpax- o [l

D q+1J
Now b € L so there exists a b > 0 with

B T 7 T
B, > MY / E@Pd— 2 [ je@)tax,

N p q+1Jo
2 1 1
so, applying the Holder inequality, note 1 <g<p—1, — < a*? <land1l-— (q—i—) > 0, we have
p p p

g+1

T T P
BA© > S0 =) [ [€@)rax— i (/ 5<w>|pdx) .

Therefore, Ey is bounded from below in Hgvﬁ?w, when A < Aq.

(2). Let A > A1. Let E be the eigenfunction associated with the main eigenvalue Aq, that is, (8, ;) is a
solution to problem (3.1) and E # 0, and then

T P
/0 ‘HDgf;wE(x)‘ dx

T
/ IS () Pdx
0

Performing the same procedure as in (1), and taking the limit in Ey(tE), with ¢t — oo, yields

AT A [T 1 T
lim E\(t2) = lim |¢]? 7/ \E|de—f/ |E|de——/ =7+ dx
t—00 t—o00 P Jo P Jo (q + 1)tp*(‘ﬁ”1) 0

(3.8) AL =
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T T
— 1
= lim [¢P M IEPdx — ————— |E\q+1dx .
t—>00 D 0 (q + 1)tp—(q+1) 0

Thus tlim E\(t8) = —o0, and therefore Ey is not bounded from below in Hgﬁ?w, when A > A;. O
—00

Consider Sy, the subset of H;,"’B;w, given by
r={§ e HpPY; (BRE,6) =0, £ £0},

called the Nehari manifold, where (,) denotes the usual duality. Note that if £ is a critical point of the

functional Ey, then E, (§)n =0, for all n € Hgﬂ;d}_
Thus, we say that u € Sy if, and only if, it satisfies

(3.9) / g e )| /\/ 2)[Pex — / b() & ()| dx = 0,
Proposition 3.3. The set Sy is nonempty and is a sub-variety of Hg"ﬂ”p.

Proof. Consider T : Hg’ﬁ?w\{()} — R, given by T(&) = (E\ (), &).
Note,

e - | "D ax-a / " Jepax— / " b@)leax.

J1 J2 J3

Note that Jq, J2, J3, are of class C*([0, T]) and, therefore, it is observed that they are also of class C2([0,T7),

so we get that T € C*([0,77]). Note that,

’ &, P55 p-2 a,p; «.B:
Tl(é—)n :pA ‘HDO;’B”L&&_‘ HDQ;}B:’Z’&- HDOif’wn dx

T T
Y / EP~2¢n dx— (g + 1) / b(a) e[+ en dx.

Now, consider 7 € HQ*B;'/’ with 17 £ 0. Without loss of generality assume

P T T
/ ‘HDO’ ‘ dx — /\/ [nPdx > 0, / b(x)|n|?Tdx > 0.
0 0

Consider the function t — T(tn), t € R and ¢ > 0. Then,

By [P T T
Tim) = / ’HDo# n| dx— AP /0 [P dx — ¢+ /0 b()|n|"*" dx.

Then as 1 < ¢ < p—1 < o0, it follows that lim; ,o, T(tn) = 400 and lim; o T(tn) = 0~

t > 0, the function T(tn) is equal to zero, that is, tn € S,. Therefore Sy # 0.
Now, we show that T has no critical point in Sy. First, note that

T p T T
(3.10) (e =p [ D5 ax = [ lerax—a+1) [ b

For £ € Sy, with £ # 0, we have

P T
T(§) =0 = / (o5 e]" = eP) ax— [ bt iax =0,
Thus,
T
(i e -~ ver)ax= [ wigeta
Substituting in Eq.(3.10), gives
T
T()6 = (p— (g +1)) / b(z)[€|7+1dx.

Therefore, as 1 < ¢ < p — 1, we obtain that T'(£) # 0, V€ # 0 in S,.

. Thus, for some



THE NEHARI MANIFOLD FOR A ¢-HILFER FRACTIONAL p-LAPLACIAN 13

T
Let M = Hg’ﬁ;w\{O}. Note that 0 is a unique critical point in T=!(0) and 0 ¢ M, and note / ble|eT dx >

0
0. Therefore, 0 is a regular point of T|y;. From Theorem 2.20, it follows that T~1|p(0) is a sub-variety of
M. Therefore, Sy is a C! sub-variety of HS*B?'/’. O

Let us consider real functions of positive variables as follows: E¢(t) : ¢ — Ex(t£) (¢ > 0), and these
functions are known as fibering maps for each £ € Hg"ﬁ W and we have

(311) Bl = = / (57 ey ax— 2 Cbwlelax
(312) =0 =0 [ (P05 ew)] - New@r) ax— o [ wwleox
and

(313) B =@-1r /OT (|05 s@)|” = Ne(@)) dx—qre? /OT b(a)lE()|"* dx.

The following Lemma 3.4 considers the relationship between the Nehari manifold and fibering maps, which
guarantees a correspondence between the critical points of ZE¢(t) and the elements of S.

Lemma 3.4. Let E¢ be the operator defined in Eq.(3.11), with t > 0 and let € Hg‘ﬁ;w. Then

(1) £ € Sx if. and only if, E¢(1) = 0.
(2) t§ € Sx if. and only if, E¢(t) = 0.

Proof. (1). In fact, for £ € Sy from Eq.(3.12), we have

== [ (P05 e - xewr)as [ el as = B¢ =o.

0=EL(t) =t / ' (|05 (@)~ Ny ) dx — e / " b)le(@)]H dx
Multiplying both sides by t, so
0= / ' (|05 e@)]” = Ne(@) ) dx — 27 / " a)le(e)ax = By ()t
For t¢ € Sy, we have 0 = B/ (t£)t¢, and then
o= [ " (DE e - et ax — et / Ch@)le()l
Dividing both sides by ¢ > 0, yields
o=t [T (D5 e - Ne@ir)ax o [ wwletaax =2t

O

It is natural to divide the Nehari manifold into three distinct sets. Note that Eq.(3.12) and Eq.(3.13),
yields

T
=) =1 (p - 1) — g / b()|E() | dx

and ast > 0,1 < qg<p-—1, we have

>O<i>/ z)|9dx > 0,

=U(t) <0 / b(@)|E ()| dx < 0
' 0
and
=0& / (z)]"dx = 0.
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We can divide Sy into three sets:

T
s = {g €Sy / b(a)lE ()| dx > o} ,

T
Szz{sesA; / b(x>|f<m>|q“dx<o}
0
and

T
Q= ; z)|€(z) ]9 dx =
s {5e&/0 b(z) £ (z)|+1d 0},

where S; Sy and S{ correspond to the points of local minimum, local maximum and inflection of Eg,
respectively.
The analysis of the behavior of E¢ is in relation to the sign of

o - | C([mos e Ak ax ana

Y(¢) = / ba)|€ ()| .

Let € € Hg"ﬁ?w and E;(t) = 0, and we conclude that:
(1) If ©(¢) and Y (£) have the same sign, then Z¢ has a unique critical point,

R S
p—(1+4q)

T
| slewias
/OT (‘HD&FBW (x)‘p B )\|§(:c)\p) dx

This critical point is a minimum when #:£ € S;\r if, and only if, Y (&) > 0. It is a maximum point
when t¢£ € S if, and only if, Y (£) < 0.
(2) If ©(&) and Y (&) have opposite signs, then E¢ has no inflection points, so there are no multiples of
§ in S)\.

Therefore, we define (here ||.| = ||. ”H;}’ﬁ;w)

te =

T .
L+<A>={§6HW; ¢l =1 and / (\HDSf%(m\p—A|e<x>|”)dx>o} and

T
T, = {5 SH™: e = and [ b(a)ea)f* x> 0}~

Similarly, we can define L_(A) and Y_ when we replace “> 0” by “< 0” and Lg(A\) and Yo when we
replace “> 0” by “= 0”. We have the following results:
RESULTS I:
(1) If € € Ly (A\) N Y, then t — E¢(t) has a local minimum at ¢ = t¢ and t¢€ € ST
(2) If ¢ e L_(A)NY_, then t — Z¢(t) has a local maximum at ¢ = t¢ and t¢£ € Sy .
(3) f £ e Li(A\) NY_, then t — E¢(t) is strictly increasing and no multiple of £ is in S.
(4) If ¢ e L_(A) N Y4, then t — B¢(t) is strictly decreasing and no multiple of £ is in Sj.
The next result ensures that a critical point £ € Sy, of the functional Ey, restricted to the Nehari manifold,
such that & ¢ Sg is really a critical point in Hgﬁ;d)_

Lemma 3.5. Suppose that & is a local maximum point or a local minimum point for Ey in Sy, and that
& & SS. Then & is a critical point of Ex, and this means that E) (&) = 0 in (Hg"ﬁ‘w)*,

Proof. Let & a local maximum or minimum point of Ey in S). By the Lagrange multiplier theorem, 3 € R,
such that
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(1) E\(So) = p r\ (o) in (HF¥)*, where

T ) T
i) = [ ([P e = Neawl) ax— [ bl ax = By@)e = o
Thus,
)
(e @) — Mo ) ax = [ b a+lg
(3.14) | (o5 aw)] - Aea@r) a= [ el ax
Since & € Sy, (1) and Eq.(3.14), give
0= (BA(€)s&0) .,

= M<TIA(§0),€0>H;,B;¢
:p/OT dHDgf;%(@‘P B /\|§O(x)|z>> dx — (g +1) /OT () €0 () [+ dx

=(—-q- 1)/0 b(z)|&o ()| dx.

Since & ¢ SY, then EY (1) # 0. Thus, (r}(€0)é # 0) (ri (o), &o) # 0, giving us that p = 0, and E, (§) = 0.
Therefore, & is a critical point in Hg"ﬂ?w. O

We now discuss the important role played by the condition L_(\) € Y _, in determining the nature of the
Nehari manifold.
When A < Ay, we have

T
o,Bi p
| ("5 e - ve@r) ax>o.
0
for all £ € Hg"ﬁ”/’. Thus
Li(\) ={€eHy " [lg =1}, L-(A)=0 and Lo(\) =0
When A = X\, we get

/T (‘HDgf;wS(x)‘p - >‘|£(m)‘p) dx >0, Ve Hgﬁ;w'
0

Thus L_(A\) =0 and Ly(A\) = {E}, and when A > Ay, L_(\) becomes non-empty and becomes larger as A
increases.

Theorem 3.6. Suppose that there exists A, such that for any X < \, we have L_(\) C X_. Then, for all
A< A, we get

(1) Lo(A) € Y_ and, so, Lo(A\)NYTo =10,

(2) ST is bounded,

(3) 0¢ S, and S s closed,

(4) ST NSy =0.
Proof. (1). Suppose, by contradiction, that Lo(A) € Y_. Thus, there exists £ € Lo()), such that £ ¢ Y_.
This means that

T
.B: a,Bip . |P
geLon) = celyov, Jgl=1 . [ (J"D5e - Ng@)) dx =0 and
0

EEY_ = /OTb(x) <|||§”>q+ldx>0

If A < pu < A, then
g H 6% p T Fam B85 P
O:/ (’ Doy f’ */\‘§|p)dx>/ (‘ D, 5‘ *M|f\p)dx — ¢eL_()
0 0

so that L_(u) € Y_, which gives us a contradiction to the theorem hypothesis. Now Lg(A) C Y_ and as
T_N TO = @, we get Lo(/\) n TO = @
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(2). Suppose that S} is unbounded. Then there exists {£,} € ST, such that

T

a,Bip . |P
| (Foie
0

and ||&,|| = oo, when n — oo.

T
- A\gnv’) dx = /0 b(x)|€, |1 dx >0

Let n, = Note {n,} is bounded so there exists a subsequence of {n,} (without loss of generality

[1€nll

assume it is the whole sequence) with 7, — 7o in Hg”@ . Now from Theorem 2.22 (without loss of generality
assume it is the whole sequence) we have 7, — 19 in LP(Q) and in LIT1(Q), as 1 < ¢ < p — 1. Note also
there exists a subsequence (without loss of generality assume it is the whole sequence) with 7, converging
a.e. to 9. Since &, € S;\r, we have

T 1
| s@mir
0

 lgallett

T

/ b(z)|€,]9 dx > 0.
0

Thus (note b € L™)

T
/ b() o+ dx > 0.
0

Furthermore, since &, € Sy, from Eq.(3.9), we have

(3.15) /OT (’HDgf;wEn " )\|§n\p) dx = /OT b(x)|&, |7 dx.

Divide Eq.(3.15) by [|€,]|?, and since b(z)|n,|9Tt is in LIT1([0,T]) and ||, || — oo, we have

T
By P
/ (‘HDO-&- Tn
0

T
1
_ P — g+1 -
Al | ) dx = /0 b(x)|nn| G dx — 0 as n — oo.

Now
T T
lim \nn|pdx:/ |no [Pdx
and . .
HRo8%  |P . ‘H By P
< .
/o ’ Dyl mo dx_hnrglgéf/o Dy, " nnl| dx
Combining the above gives
T T
. P . p
/ (D8 0| = Almol?) dx < limin / (|8 | = A7) dx = 0
0 n—oo 0

T

and so, ”ZO” eL_(\)CT_or ”ZOH € Lo(A\) € T_, which is impossible because / b(x)|n0\q+1dx > 0.
) 0 0

Therefore, Sj\' is bounded.

(3). Suppose that 0 € § Then, there exists a sequence {£,} C S, such that
T
B |P
(3.16) / (" D6
0

and [|£, ]| — 0, when n — oco. Take n,, =

T
- A|§n|f’) dx = /0 b(z)|€,| " dx < 0.

”?L|, and we have {n, } is bounded so there exists a subsequence of
n
{nn} (without loss of generality assume it is the whole sequence) with n, — 1o in Hgﬁﬂ/’. Now from Theorem
2.22 (without loss of generality assume it is the whole sequence) we have 7, — 19 in LP(2) and in LIt1(Q),
as 1 < ¢ < p—1. Note also there exists a subsequence (without loss of generality assume it is the whole
sequence) with 7, converging a.e. to 7.

Since &, € S, we have

’ +1 1 ’ +1
ol = e [ bl ax <0,
/0 [1€nll7*t Jo
Thus (note b € L)

T
/ b(x)|ne| 7 dx < 0.
0
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Divide Eq.(3.16) by |[|&,]|P, and since b(z)|n,, |7t is in L9T1([0,T]) and ||&,]| — 0, we have

p
[ i

T
if/ b(x)|no|9T dx < 0. Thus
0

T
- /\\nn|p) dx = H§n||(q+1)_p/o b(x)|n,]9 T dx — — o0 as n — oo

T
(3.17) / b(x)|no| T dx = 0.
0
Now

T T
lim |nn\de:/ lim |n,|[Pdx
0 n— oo

n—oo 0

and

et [P ogw, P

/ ‘HDO_;_’ no| dx < lim inf/ ‘HD Mn| dx.
0 n—roo
Combining the above gives
(3.18) / (|mo5 o‘p — Alol”) dx < limn inf/ (|05 " = Amul?) ax < 0.
n—oo
Hence, H H eL_(A)NTYyor ” ” € Lo(A) N Y. In both cases, this is impossible. For the first one note
7o

that L_(A) € Y_ and Y_N 7Yy = 0. For the second one note Ly(A) € Y_ (see (1)) and Y_NYy = 0.

Therefore, 0 ¢ S X
Next, we prove that S is closed. The idea here is to show that S} € S} . Let { € S . Then there exists
a sequence {{,} C S} such that §, — ¢ in Hgﬁ?w. Also &, — £ in LP(Q) and in LIT1(Q), as 1 <g<p—1.

Now
T
Ho0:0 . |P
/ (‘ D0+ fn
0
so taking the limit as n — oo we have

/ (J*oi” wg‘p = el = /OT b()[¢[*H dx < 0.

T
NP = [ b@lelax <o,

T
If/ b(x)|€] 1 dx = 0 then both integrals are equal to 0, so H%\I € Lo(A) NYo, which contradicts (1). Hence
0

both integrals must be negative and so § € Sy . Thus S} = S, so S} is closed.
(4). Suppose that there exists £ € S§ N S . Note from (3) that £ # 0. Since £ € S} we have

T
(3.19) b(x)|€]7M dx < 0.
0
Also since € € g, we have
T
(3.20) / b(w) ||+ dx > 0,
0
which is impossible. Thus, we conclude that g ns, =0. d

Lemma 3.7. Suppose that L_ (A\) N # 0. Thus, there exists k > 0 such that, for any € > 0, there exists
¢ € Ly (M) NY 4 such that

/OT (‘HDgf;w& (x)‘p TS (x)‘p) dx < &
and

T
/0 b(z)]& (2)]"T dx > k.
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Proof. Let £ € L_ (A\)N Y4, so that

/OT (’HDjfwg(x)’P B /\|§(x)|p) dx < 0
and

T
/0 b(x) € (2)|" dx > 0.

T
. P
We can choose h € Hg"ﬂ?w in such a way that / ‘HDZ[f’wh (x)‘ dx is arbitrarily large and so we can
0
take h so that

T 1 1 T L
[ @l @t acs 5 [ @)@ ax vee o
0 0
and

/0 " (D (¢4 thy ()] = Al(E + 1) (@) dx >0,

Consider & := é 1 ihll So, for ¢ € [0, 1], we have & € Y. In fact,
Gar 1 17 g+l
I 052 s [ @l 0

Now, & € L_ (\) and 51 € L, (A\). Take

(1) = / (’HDQ Bivg, (x)’p T3 (x)v’) dx, vt € [0,1].

So, the function ¢ : [0,1] — R is a continuous function such that ¢ (0) < 0 and ¢ (1) > 0 and so for any
€ > 0 given, there are values of t such that & has the required properties. 0

4. EXISTENCE AND NONEXISTENCE OF WEAK SOLUTIONS

In this section, we will discuss the existence and non-existence of weak solutions to the nonlinear problem
with a fractional p-Laplacian as given by Eq.(1.1), introduced via the v-Hilfer fractional derivative.

Theorem 4.1. Suppose that there exists A > 0, such that for any A < X, we have L_(\) C X_. Then, for
all X < X\, we have

(1) E, is bounded from below in S .
(2) inf Ex(§) > 0, proving that S is nonempty.
€esy

Proof. (1). It is a direct consequence of bounded of S .
(2). Notice that Ex(§) > 0, for all £ € S} . In fact, if £ € Sy, then { € S, so

E,(6) = (; - qil) / ([Po8 e~ wiir) ax

(4.1) - (; - qi1> /OT b(w)|E|™ dx > 0,

Suppose that inf Ex(£) = 0. Then, there exists {§,} C S}, so that lim Ex(§,) = 0. From (4.1), we
ISSEN n—00

observe that
T
a8, |P
[ (e

As we saw, 0 ¢ S (see (3) of Theorem 3.6), therefore there exists a ¢ > 0 with ||&,|| > c.

T
- /\|gn|P) dx -0 and / b(2)]€, ]9 dx — 0, when n — oo.
0

Let n, =
IIEnH

T
. H8Y  |P
A (i

Hence,

. 1 T B |P
—Alml”) dx = J;H;ow/o (o3[ - M) ax =0,



THE NEHARI MANIFOLD FOR A ¢-HILFER FRACTIONAL p-LAPLACIAN 19

and
T 1 T »
lim/ b(x atldx = limi/ b(x T dx = 0,
A )

Also there exists a subsequence of {n,} (without loss of generality assume it is the whole sequence) with
Np — Mo In HS’B " and as usual we may assume without loss of generality that

T — no in HGAY;
= 1o in LP(Q);
N — Mo in LITH(Q);
N — Mo a.e. S

(4.2)

From the dominated convergence theorem (note b € L), we have

T T
0= tim [ b(z)|n.|Hdx :/ b() 0|4+ dx,
SO o €Yy
170l
Now &, € S and
T T
; Dy — ; P
dm [ o= [ o
T s 1P T S
/ ‘HDOf’wnO dx < lim inf/ ‘HDOf’d}nn dx,
0 n—oo 0
S0
g o B [P g o P
(4.3) / (‘HDOJ}’ 770‘ *)\|770|p) dx < lim inf/ (‘HDOJ}’ M ,,\|,7n|p) dx < 0.
0 n—oo 0
Hence, 0 ¢ Lo(\) or ¢ L_(\). However from above 0 ¢ Y, and this is a contradiction, because

l[moll [0l 7o
L.(AN)CY_,Y_NYy=0and Ly(A\) NYo =0 (see (1) of Theorem 3.6). Therefore, inf Ey(§) >0. O
=N

Theorem 4.2. Suppose that there exists X > 0, such that for any A < \, we have L_(\) € Y_(\). Then,
for all X < X\,

(1) There is a minimizing point for Ey in ST,

(2) There is a minimizing point for Ey in Sy, proving that L_(\) is non-empty.
Proof. (1). In view of Theorem 4.1, we know that E, is bounded from below in SY. Thus, there exists a
minimizing sequence {£,} C Sj\', such that

(4.4) lim Ey(£,) = inf Ey ().

n—oo Eesi’
Since S is bounded (see (2) of Theorem 3.6) there exists a subsequence of {&,} (without loss of generality
assume it is the whole sequence) such that
& — & in Hg,ﬁ;w
& — & in LP(Q);

(4.5) €n — & in LT+ (Q);
&n — & ace. Q.
Thus, we have
T T
3 p — 1 p

(4.6) R [ [P dx = /0 Jim |, |Pdx
and

T T
(4.7) /O ‘HDSf’“’go(pdx < lim inf/o ‘HDg’f"”gn " dx.

Combining the above gives

T o.fB: p T a,B3; p
| (Fosal ey ax <t [ (D5,
0 0

li
n— oo

- >\|§n|p) dx
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T
= lim inf [ b(2)|&,|7  dx
0

n— oo

T
(48) / b)) o+ d.

Also, from (4.5) and {£,} C ST, we have

T
/ b()[go| " dx = Hm/ b()|€n ] dx > 0,
0 n—roo 0

||£ e Y. JYo. Note that, H£ ” it follows from (4.8) that |é°| € Lo(A) UL_()). First if
0 0
eL_ ()\) then %0 eL_ ()\) CY_so—— o € Y_, and so we have —— o € Y_N7Yy, which is impossible.
H§o|| [Ill 1€l [I€oll
Secondly if —— &€ Lg(A) then € Lo(A\) € Y_ so So_ € Y_, and so we have So_ € Y_N7Yy, which
||§ | ||£ I [1€oll [1€oll
is impossible. Therefore, 20” € Y,. Also as above (since Y_NY;: = 0) neither ﬁ € L_(\) nor
0
HEOH € Lo()) is possible, so H ” € L ()N), and as a result ||§ i eLi(AM)NTY,.

From our previous (1) of RESULTS I, we obtain that the fibering map Z¢, has a local minimum at ¢,
and t¢,& € ST, where

1
p—(q+1)

T
/ b(a) 6| dx
0

te, = > 1.

T
a.B: p
/ (‘HDOf’wfo‘ —)\|§0|p) dx
0

Furthermore, we have

T B T
Ba@) = [ (P05 e —Ner) ax— [ el ax
T (Epefi, [P » T g1
Snlin;olnf ; (‘ Dy & — A& )dxfnlirréolnf ; b(x)]|&n| T dx
T T
< lim inf / (|05 60| = Ngal?) dx - / ()] L dx
T
. B, [P
= Jim (/ (D56 ey ax— [ b<x>|en|q+1dx>
(4.9) = lim Ej(&n)-

Also from (4.8), we have the E;O(l) < 0. Now suppose tg, > 1. Then we have Elgo(l) < 0. Since E¢, has

a local minimum at t¢, and t¢,& € SY it follows that Ey(te,&0) = B, (te,) < Eeo (1) = Ex(&o).
From (4.9) and (4.4) we have

Ex(te,60) < Ex(&0) < hm E\(&) = glensf+ E\(8),

which is impossible. Hence t¢, = 1 5o & = t¢,&0 € Sj\'. Thus &y is a minimizing point for E, in Sj\r; note
E, (&) < lim, o0 Ex(&) = infeegt E,(€) and since & € S} then Ey (&) = infe g E\(¢) .

(2). Let {&,} be a minimizing sequence for Ey in S} and from Theorem 4.1 we have

T T
Taxx [ e s | b<w>|§nq+ldx>=£insf_EA<§>>o.

n—oo
A

T
(4.10) lim E,\(gn)_ lim (/0 ‘HDg’f”"fn

Now we claim that {&,} is a bounded sequence. Suppose otherwise, so we may assume that ||€,] — oo as

n — oo. Let n, = Then there exists a subsequence {n,} (without loss of generality assume it is the

&n
1€nll”
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whole sequence), such that
Mn — 1o in H;ﬁﬁﬂ/’;
M — Mo in LP(Q);
N — Mo in LITH(Q);
N — Mo a.e. S

(4.11)

From (4.10) we have

P
lim (’HDof wnn

n—roo

From (4.11), we have

T
= Alml?) dx = lim. / b(a)|rga| T dx€]|7T1 P = 0.
0

T i » T i »
/ (’HDOf’%O‘ - )\|770|p) dx < lim inf (’HDof’wnn - )\|nn|p) dx = 0.
0 n—oo 0
Moreover, since &, € S}, we have
’ +1 1 g +1
b | = | saearax <o
/0 1€nll* Jo
S0,
T
/ b(x)|no|9 T dx = hm / z)|n, | dx <0.
0
Since &, € Sy, we have
1 1 H&B% . [P
E)\(fn) = (p - q+1> / (‘ D0+ gn - )\|fn‘p) dx

1 1 g +1
=|-- b(z)|&n|*" dx,
p q+1/)Jo
which implies

(4.12) / @)l 7 dx = (1 - 1)1 E\(£,).

p q+1

T
Since, {Ex(&,)} is bounded, it follows that / b(x)|€, |7 dx is bounded so
0

’ +1 ! +1 1 ’ +1
b(x a dX:lim/ b(x)|n,|T dx = lim / b(x)|&n|TT dx = 0.
/ (@)Ino am [ bl Lzl (@)leul

n—oo
Thus, ” ” eL_(A)NYgor ol H € Lo(A) N Y. First if || || € L_(A\)NYy, then H || eL_(\)cCcT_,
Mo o
” ” € Y _, and so we have ”77—0” € Y_N7Yy, which is impossible. Secondly, if W € Lo(A) N Yy, it is
7o o 7o

also impossible, because it contradicts (1) of Theorem 3.6.
Hence {&,} is bounded. Thus we may assume there exists a subsequence {&,} (without loss of generality
assume it is the whole sequence) such that
€0 — & in HOP;
&n — &o in LP(Q);
&n — & in LITLH(Q);
& — & ace. (.

Now since lim Ey(§,) > 0 and 1 < ¢ < p — 1, taking the limit as n — oo on both sides of Eq.(4.12), we
n— oo
have

T —1
(4.14) / b(x)|& T dx = hm / z)[&, |9 dx = (1 1) lim Ey(&,) <0
0

p q+1 n—oo

(4.13)

From (4.14) and (4.13), we get

T T
«, o p
/ (‘HDOf ’”go‘ 7A|50|P) dx < lim inf/ (’HDOf Ve,
0 n—oo 0

— >\|§n|p) dx
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T
= lim inf [ b(z)|&,]9 T dx
0

T
(4.15) - /O b()|€o "L dx < 0.

Thus, HE—OH € L_(A\)NY_. Now Z¢ has a local maximum at t¢, (see (2) of RESULTS I), and t¢,& € S},
0

where

T =D
/ b(a) 6| dx
0

tey = T <1
w B |P
[ (moieeaf —ver)e
0
Also from (4.15), we have Eéo(l) > 0. Now since tg, & — tg,&o in Hg"ﬁ?w we have

E)\ (tfg fo) S nhﬁnolo inf E)\ (tfo 67,).

Also since t — Ey(t&,) reaches its maximum at ¢t = 1 so from (4.10) we have

Ek(tfofO) S lim infE)\(tfofn) S lim E)\(fn) = inf E)\(g),
n—oo n—0o0 565;

and so since t¢,§o € S, we must have

Ex(tg,&0) = nhﬁﬂgo E\(é) = gierg* E\(§) ie. Ex(teéo) = 711320 Ex(&n)-

Thus &, — tg,&o in HYP% and since &, — & in H3#% we must have t¢, = 1.
Hence tg, = 1 s0 & = tgéo € Sy . Thus & is a minimizing point for Ey in Sy; note Ey(&) <
limy, 00 INf E) (&) < limy, 00 Ex(§n) = infges; E) (&) and since & €€ S} then Ey (&) = infges; E\(§. O

The existence of the above minimizing point implies the existence of corresponding non-negative solutions
for Eq.(1.1). Indeed, for example, & is a minimizing point for Ey in S} . Since Ej (§) = Ej (|{]), we can
assume that &y is not negative in [0,T]. Note that, S} is closed, so & is a local minimum for Ej in S} .

Theorem 4.3. Suppose L_ (\)NY 4 £ (. Then
(1) inf Ey (§) = —oo, when Sy # 0;
cest

(2) inf E\ (§) =0, when S} # 0.
€esy

Proof. (1). Suppose & € L_ (A\) N Y. It follows from Lemma 3.7 that there exists k& > 0 and a sequence
{&,} C Ly (M) N Y4 such that

/OTb(x) 1€, (2)[" dx > k and 0 < /OT (|# D5 e @)~ Alen @) ax < %

So for t,&, € S;, we have

Batng) = (5= tg) 6 [ (F0ive o) - Al @) ax

p q+1
T m
</ b<x>|£n<x>|‘”1dx>
0

_ 1 1
- (I’_Eq«+-1> T .
(/0 (’HDS‘f;wgn (x)‘ — )&, (x)|p) dx)

1 1 at1 P
— — — |\ pp—G@FD kr—(FD) — —0
p q+1

q+1
p—(q+1)

when n — oo.

Thus inf Ey (§) = —oc.
cest
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(2). Let £ € L_ (A\) N Y4. We can choose h € H3#* such that
r o M p 1 r [0 5 P
| (i my @ =2l +m @) ax< 5 [ (|05 @) <Al @) ax
for all t € [0, 1] and

T
/0 b () (€ + h) ()| dx < 0.

th
Let & := ”g:::th', then for ¢ € [0, 1], we have §; € L_ (\). Moreover & € Y, and & € Y _. By the same
argument as in the proof of (1), we can deduce that there exist 6 > 0 and a sequence {£,} C L_(A\)NY_
such that
T (apesie, [P
/ (|mDg e Mg @) ) dx <
0

and
T 1
/ b(a) ¢ ()] dx < ——.
0 n

Thus for t,&, € S}, we have

(/T<>| (@l )”
b(zx)|€n (2)]7 1 dx

1 1

E) (tnén) = < ) T . iﬂ.w ) %
</0 (’ Dy &;,(x)‘ 7)\|§n(z)|p) dx)

1 1 1\ 76D /1\ 7D 0
- ) (= - —
(p q+1> ( n) <5> ’

when n — oo. Hence E) (¢,£,) — 0 as n — oo and inf Ey (u) = 0. O
£esy

5. CONCLUDING REMARKS

In this paper we obtain the existence and non-existence of weak solutions to the nonlinear problem with a
fractional p-Laplacian introduced by the i-Hilfer fractional operator via the combination of Nehari manifold
and fibering maps. The results investigated here were discussed in the -fractional derivative space Hg,ﬁ;d)_
The results presented here will allow one to investigate other p-Laplacian problems in the fractional sense.

Authors’ contributions

All authors’ contributions to this manuscript are the same. All authors read and approved the final manu-
script.

Acknowledgment

The work is supported by the Fundamental Research Funds for Central Universities (2019B44914) and China
Scholarship Council (201906710004). JVCS acknowledges the financial support of a PNPD-CAPES (number
of process n°88882.305834/2018-01) scholarship of the Postgraduate Program in Applied Mathematics of
IMECC-Unicamp.

REFERENCES

[1] Nehari, Z. On a class of nonlinear second-order differential equations. Trans. Amer. Math. Soc. 95 (1960), 101-123.

[2] Sousa, J. Vanterler da C., Leandro S. Tavares and Cesar T. Ledesma, A Variational approach for a problem involving a
y-Hilfer fractional operator, submitted, (2020).

[3] Sousa, J. Vanterler da C., and E. Capelas de Oliveira. ”On the ¢-Hilfer fractional derivative.” Commun. Nonlinear Sci.
Numer. Simul. 60 (2018): 72-91.

[4] Sousa, J. Vanterler da C., and E. Capelas de Oliveira. ”Leibniz type rule: ¢-Hilfer fractional operator.” Commun. Nonlinear
Sci. Numer. Simul. 77 (2019): 305-311.



24 J. VANTERLER, J. ZUO*, AND D. O'REGAN

[5] Sousa, J. Vanterler da C., and E. Capelas De Oliveira. ”Ulam-Hyers stability of a nonlinear fractional Volterra integro-
differential equation.” Appl. Math. Lett. 81 (2018): 50-56.

[6] Sousa, J. Vanterler da C., and E. Capelas de Oliveira. ” A Gronwall inequality and the Cauchy-type problem by means of
y-Hilfer operator.” Diff. Equ. Appl. 11(1) (2019) 87-106.

[7] Sousa, J. Vanterler da C., and E. Capelas de Oliveira. ”On the ¥-fractional integral and applications.” Comput. Appl. Math.
38.1 (2019): 4.

[8] Binding, P. A., P. Drébek, and Y. X. Huang. ”Existence of multiple solutions of critical quasilinear elliptic Neumann
problems.” Nonlinear Anal.: Theory, Meth. Appl. 42.4 (2000): 613-629.

[9] Brown, K. J., and Y. Zhang. ” The Nehari manifold for a semilinear elliptic equation with a sign-changing weight function.”
J. Diff. Equ. 193.2 (2003): 481-499.

[10] Dréabek, P., and S. I. Pohozaev. ”Positive solutions for the p-Laplacian: application of the fibrering method.” Proc. Royal
Soc. Edinburgh Section A: Math. 127.4 (1997): 703-726.

[11] Figueiredo, D. G., J.-P. Gossez, and P. Ubilla. ”Local superlinearity and sublinearity for indefinite semilinear elliptic
problems.” J Func. Anal., 199 (2003) 452-467.

[12] Wu, T.-F. ”Multiplicity results for a semi-linear elliptic equation involving sign-changing weight function.” The Rocky
Mountain J. Math. (2009): 995-1011.

[13] IL’Yasov, Y. On non-local existence results for elliptic operators with convex-concave nonlinearities. Nonlinear Anal., n. 61,
p. 211-236, 2005.

[14] Nyamoradi, N., and M. Shekarbaigi ” The Nehari Manifold and Application to a Quasilinear Elliptic Equation with Multiple
Hardy-Type Terms.”J. Part. Diff. Eq., Vol. 26, No. 3, pp. 193-216.

[15] Chen, C., Z. Xiu, and J. Huang. " The Nehari manifold and the existence of multiple solutions for a singular quasilinear
elliptic equation.” J. Math. Anal. Appl. 393.2 (2012): 671-679.

[16] Qiu, M., and L. Mei. ”Existence of Weak Solutions for Nonlinear Time-Fractional-Laplace Problems.” J. Appl. Math.
Volume 2014, Article ID 231892, (2014) 9 pages http://dx.doi.org/10.1155/2014/231892.

[17] Agarwal, R. P., Donal O’Regan, and S. Stanék. ”Positive solutions for Dirichlet problems of singular nonlinear fractional
differential equations.” J. Math. Anal. Appl. 371.1 (2010): 57-68.

[18] Li, C. F., X. N. Luo, and Y. Zhou. ”Existence of positive solutions of the boundary value problem for nonlinear fractional
differential equations.” Comput. Math. Appl. 59.3 (2010): 1363-1375.

[19] Jiao, F., and Y. Zhou. ”Existence of solutions for a class of fractional boundary value problems via critical point theory.”
Comput. Math. Appl. 62.3 (2011): 1181-1199.

[20] Ledesma, César E. Torres, and N. Nyamoradi. ”Impulsive fractional boundary value problem with p-Laplace operator.” J.
Appl. Math. Comput. 55.1-2 (2017): 257-278.

[21] Ledesma, César E. Torres. ” Boundary value problem with fractional p-Laplacian operator.” Adv. Nonlinear Anal. 5.2 (2016):
133-146.

[22] Ledesma, César E. Torres, and O. Pichardo. ”Multiplicity of Solutions for a Class of Perturbed Fractional Hamiltonian
Systems.” Bull. Malaysian Math. Sci. Soc. (2020): 1-26

[23] Ledesma, César E. Torres. ”Existence and symmetry result for fractional p-Laplacian in R™.” Thbilisi Math. J.. 9(2) (2016),
115-127.

[24] Ledesma, César E. Torres. ”Existence of solutions for fractional Hamiltonian systems with nonlinear derivative dependence
in R.” J. Fract. Calc. Appl 7.2 (2016): 74-87.

[25] Ledesma, César E. Torres. ”Existence of solution for Liouville-Weyl Fractional Hamiltonian systems.’
Craiova-Math. Computer Sci. Series 42.2 (2015): 318-329.

[26] Ledesma, César E. Torres. ”Mountain pass solution for a fractional boundary value problem.” J. Fract. Calc. Appl. 5.1
(2014): 1-10.

[27] Ledesma, César Torres. ”Existence and symmetric result for Liouville-Weyl fractional nonlinear Schréodinger equation.”
Communications in Nonlinear Science and Numerical Simulation 27.1-3 (2015): 314-327.

[28] Brezis, H. Functional analysis, Sobolev spaces, and partial differential equations. Universitext. Springer. 2010..

[29] Jost, J. Riemannian Geometry and Geometric Analisis. [S.l.: s.n.], 2011.

[30] Zhang, Ziheng, and César E. Torres Ledesma. ”Solutions for a class of fractional Hamiltonian systems with a parameter.”
Journal of Applied Mathematics and Computing 54.1-2 (2017): 451-468.

[31] Li, Ying, and Binxiang Dai. ”Existence and multiplicity of nontrivial solutions for Liouville-Weyl fractional nonlinear
Schrodinger equation.” Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Mateméticas 112.4
(2018): 957-967.

[32] Jiao, F., and Y. Zhou. ”Existence results for fractional boundary value problem via critical point theory.” Inter. J. Bifur.
Chaos 22.04 (2012): 1250086.

[33] Zhang, W., and W. Liu. ”Variational approach to fractional Dirichlet problem with instantaneous and non-instantaneous
impulses.” Appl. Math. Lett. 99 (2020): 105993.

[34] Kolagar, S. M., Ghasem A. Afrouzi, and John R. Graef. ” Variational analysis for Dirichlet impulsive fractional differential
inclusions involving the p-Laplacian.” Appl. Anal. Disc. Math. 13.1 (2019): 111-130.

[35] Agarwal, R. P., M. B. Ghaemi and S. Saiedinezhad. The Nehari manifold for the degenerate p-Laplacian quasilinear elliptic
equations, Adv. Math. Sci. Appl. 20(1) (2010) 37-50.

[36] Tian, Y., J. Wang, and W. Ge. ”Variational methods to mixed boundary value problem for impulsive differential equations
with a parameter.” Taiwanese J. Math. 13.4 (2009): 1353-1370.

[37] Boucenna, A., and T. Moussaoui. ” Existence of a positive solution for a boundary value problem via a topological-variational
theorem.” J. Fract. Calc. Appl. 5(3S) (2014), 1-9.

[38] Saoudi, K., P. Agarwal, P. Kumam, A. Ghanmi, P. Thounthong. ”The Nehari manifold for a boundary value problem
involving Riemann-Liouville fractional derivative.” Adv. Difference Equ. 2018.1 (2018): 263.

> Annals Univer.



THE NEHARI MANIFOLD FOR A ¢-HILFER FRACTIONAL p-LAPLACIAN 25

[39] Ghanmi, A., and Z. Zhang. ” Nehari manifold and multiplicity results for a class of fractional boundary value problems with
p-Laplacian.” Bull. Korean Math. Soc. 56(5) (2019): 1297-1314.

[40] Wu, T.-F.. ?Multiplicity results for a semi-linear elliptic equation involving sign-changing weight function.” The Rocky
Mountain J. Math. (2009): 995-1011.

[41] Xu, J., J; Jiang, and Donal O’Regan. ” Positive Solutions for a Class of p-Laplacian Hadamard Fractional-Order Three-Point
Boundary Value Problems.” Math. 8.3 (2020): 308.

[42] Fu, Z., S. Bai, Donal O’'Regan and J. Xu ”Nontrivial solutions for an integral boundary value problem involving Riemann-
Liouville fractional derivatives.” J. Inequa. Appl. 2019.1 (2019): 104.

[43] Yong, Z., J. Wang and L. Zhang. Basic theory of fractional differential equations. World Scientific, 2016.

[44] Ghanmi, A. and Z. Zhang. ”Nehari manifold and multiplicity results for a class of fractional boundary value problems with
p-Laplacian.” Bull. Korean Math. Soc. 56.5 (2019): 1297-1314.

(J. Zuo*) FACULTY OF APPLIED SCIENCES, JILIN ENGINEERING NORMAL UNIVERSITY, CHANGCHUN 130052, P. R. CHINA &
COLLEGE OF SCIENCE, HOoHAT UNIVERSITY, NANJING 210098, P. R. CHINA & DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE
EsTADUAL DE CAMPINAS, IMECC,, RUA SERGIO BUARQUE DE HOLANDA, 651, CAMPINAS, SP CEP 13083-859, BRAZIL

Email address: zuojiabin88@163.com

(J. Vanterler) DEPARTMENT OF APPLIED MATHEMATICS, IMECC-STATE UNIVERSITY OF CAMPINAS,, 13083-859, CAMPINAS,
SP, BrAzIL
Email address: vanterler@ime.unicamp.br

(D. O’Regan) SCHOOL OF MATHEMATICS, STATISTICS AND APPLIED MATHEMATICS, NATIONAL UNIVERSITY OF IRELAND, HO1
TK33 GALWAY, IRELAND
Email address: donal.oregan@nuigalway.ie



	1. Introduction
	2. Preliminaries and the -fractional derivative space Hp,;([ 0,T],R) .
	3. The method of Nehari Manifolds and properties
	4. Existence and nonexistence of weak solutions
	5. Concluding remarks
	References

