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Abstract

In this work, we develop a discretisation method for the mixed formulation of the magnetostatic
problem supporting arbitrary orders and polyhedral meshes. The method is based on a global dis-
crete de Rham (DDR) sequence, obtained patching the local spaces constructed in [17] by enforcing
the single-valuedness of the components attached to the boundary of each element. The first main
contribution of this paper is a proof of exactness relations for this global DDR sequence, obtained
leveraging the exactness of the corresponding local sequence and a topological assembly of the mesh
valid for domains that do not enclose any void. The second main contribution is the formulation and
well-posedness analysis of the method, which includes the proof of uniform Poincaré inequalities
for the discrete divergence and curl operators. The convergence rate in the natural energy norm is
numerically evaluated on standard and polyhedral meshes. When the DDR sequence of degree k > 0
is used, the error converges as K51 with b denoting the meshsize.

Key words. Discrete de Rham, magnetostatics, mixed methods, compatible discretisations, polyhe-
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1 Introduction

In this work, we develop a discretisation method for the mixed formulation of the magnetostatic problem
supporting arbitrary orders and polyhedral meshes. The stability of the method hinges on a global version
of the discrete de Rham (DDR) sequence of [17].

Let Q c R? be an open connected polyhedral domain that does not enclose any void (that is, its
second Betti number is zero), with boundary 02 and unit outward normal n. Denote by H (curl; Q) the
space of vector-valued functions over Q that are square-integrable along with their curl and by H (div; Q)
the space of vector-valued functions over € that are square-integrable along with their divergence. Let
f € curl H(curl; Q) and g € L*(dQ)* denote, respectively, the forcing term and boundary datum. We
consider the following problem (see, e.g., [1, Section 4.5.3]): Find o € H(curl; Q) and u € H(div; Q)
such that

a0y =bguw) == [ g-& Ve Heurti),
ey
b(o,v)+c(u,v) = /f -y Vv € H(div; Q),

Q

with bilinear forms a : H(curl; Q) X H(curl; Q) — R, b : H(curl; Q) x H(div;QQ) — R, and ¢ :
H (div; Q) x H(div; Q) — R such that, for all v,{ € H(curl; Q) and all w,v € H(div;Q),

a(v,?) ::‘/Qv-{, b({,v) ::/Qv-curlg, c(w,v) ::/Qdivwdivv.
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The solution of problem (1) satisfies almost everywhere

o—curlu =0 in Q, (2a)
curlo = f in Q, (2b)
divu =0 in Q, (2¢)
Uuxn=g on 0Q. 2d)

In the context of magnetostatics, the interpretation of the above relations is as follows: equation (2a)
expresses the magnetic field o in terms of the vector potential u; equation (2b) is Ampere’s law (with
unit magnetic constant) relating the magnetic field to the current density; (2c) is the so-called Coulomb’s
gauge which, together with the boundary condition (2d), ensures the uniqueness of the vector potential
(notice that, since the second Betti number of € is zero, the space of 2-harmonic forms is trivial).

The well-posedness of problem (1) hinges on the fact that, under the above assumptions on the
domain, the image of the curl operator coincides with the kernel of the divergence operator, and the
latter is surjective in L?(Q); cf., e.g., the discussion in [17, Section 2]. These relations correspond to the
exactness of the rightmost portion of the de Rham sequence

R —2% H(Q) 2% H(curl; Q) Y H(div; Q) —2 £2(Q) —% {0}, 3)

where iq is the operator that maps a real value to a constant function over Q and H'(Q) the space
of scalar-valued functions over Q that are square-integrable along with their derivatives. The design
of stable numerical approximations of problem (1) requires to mimic these exactness properties at the
discrete level. In the context of Finite Element approximations, this is achieved by a nontrivial choice
of finite-dimensional subspaces of H (curl; Q) and H (div; Q); cf. [1] for a comprehensive introduction
to this topic. Finite Elements can, however, display severe practical limitations: the construction of
the finite-dimensional spaces hinges upon conforming meshes with elements of simple geometric shape;
the number of degrees of freedom on hexahedral elements can become very large when increasing the
polynomial degree; the definition of unisolvent degrees of freedom can be tricky for high-order versions
(cf., e.g., [6] and references therein). Low-order frameworks that involve exact discrete sequences of
spaces and operators on general polyhedral meshes have been developed over the last years, among which
we cite Mimetic Finite Differences (see [5] and references therein), the Discrete Geometric Approach
(see, e.g., [13]), or Compatible Discrete Operators (see [8, 9] and also [7]). More recently, a de Rham
sequence of arbitrary-order virtual spaces has been proposed in [4]; see also the related works [2, 3]
concerning the Virtual Element approximation of the magnetostatic problem based on the formulation of
[18], different from the one considered here. Virtual spaces are spanned by functions whose expression
is not available at each point, therefore projections on polynomial spaces are used in practice. For
this reason, the exactness of the virtual sequence cannot be directly exploited to prove the stability of
numerical schemes. Fully nonconforming approximations of the magnetostatic problem have also been
explored, where stability is ensured by additional penalty terms. We mention here, in particular, the
Discontinuous Galerkin method of [20], the Hybridizable Discontinuous Galerkin methods of [11, 12,
19], and, on polyhedral meshes, the Hybrid High-Order method of [10].

The approach proposed in this work relies on a global DDR sequence involving spaces of (polynomial)
discrete unknowns and discrete counterparts of vector operators acting thereon. This sequence is obtained
patching the local spaces constructed in [17] by enforcing the single-valuedness of the components of
these spaces on the element boundaries. Its exactness, which constitutes the first key contribution of this
work, is proved in Theorem 2 below leveraging the exactness of the local sequence and a topological
assembly of the mesh valid for domains that do not enclose any void. The second contribution of this work
is the development and well-posedness analysis of a discretisation method for the mixed formulation (1)



of the magnetostatic problem (the first, to our knowledge, supporting polyhedral meshes). The discrete
problem is formulated in terms of the spaces and operators appearing in the global DDR sequence, along
with discrete counterparts of L2-products. For this reason, the stability and well-posedness (Theorem 9
and Corollary 10) of the discrete problem are direct consequences of the exactness of the DDR sequence,
together with uniform Poincaré inequalities for the discrete divergence and curl operators. Besides
supporting polyhedral meshes and arbitrary orders, the proposed method has fewer unknowns than (non-
serendipity) Finite Elements on hexahedra (cf. Remark 7 below) and allows for great freedom in the
practical implementation of the polynomial spaces that lie at its core. The convergence rate of the method
is numerically evaluated on a set of standard and polyhedral refined mesh families. When the DDR
sequence of degree k > 0 is used, the error in the natural energy norm associated with the problem
behaves as #¥*!, with i denoting the meshsize.

The rest of this paper is organised as follows. In Section 2 we introduce the setting, recalling the
appropriate notion of polyhedral mesh, the definitions of vector operators on faces, and those of the
local polynomial spaces. In Section 3 we define the global DDR sequence and prove the required
exactness relations. Section 4 contains the statement of the discrete problem along with a theoretical
well-posedness result and a numerical assessment of its convergence rate. In Section 5 we discuss the
practical implementation. Finally, Appendix A contains the proof of the stability result, which is based
on uniform discrete Poincaré inequalities. The proofs in this appendix are rather technical, and the reader
mainly interested in the practical aspects of the proposed numerical scheme can skip them at first reading.

2 Setting

In this section we define the discrete setting: the mesh, the vector operators on faces, and various
polynomial spaces that appear in the construction.

2.1 Mesh

Given a set X c R3, denote by hy its diameter, that is, the supremum of the distance between two points
of X. We consider meshes My, := 7, U F, U &, U V), where: (i) 7}, is a finite collection of polyhedral
elements that partitions Q and such that 7 = maxreq, hr > 0; (ii) F, is a finite collection of planar
faces; (iii) &, is the set collecting the polygonal edges (line segments) of the faces; (iv) V), is the set
collecting the edge endpoints. It is assumed, in what follows, that (75, ;) matches the conditions in
[16, Definition 1.4]. Notice that this notion of mesh is related to that of cellular complex from algebraic
topology. We additionally assume that the polytopes in 7, U ¥, are simply connected and have connected
boundaries that are Lipschitz-continuous (that is, each polytope can locally be represented as epigraphs
of Lipschitz-continuous functions). We denote by ﬁb C 9, the set of boundary faces contained in Q.

For all F € ¥, an orientation is set by prescribing a unit normal vector ng. Similarly, each edge
E € &, is endowed with a unit tangent vector ¢ defining its orientation. Given a mesh element T c R?,
we denote by ¥ C ¥, the set of faces contained in the boundary 0T of T. For all F € ¥7, we denote by
wrr € {-1,1} the orientation of F relative to T, that is, wrr = 1 if np points out of 7, —1 otherwise.
With this choice, wrpnp is the unit vector normal to F that points out of 7. Similarly, for a face F,
we denote by Ef the set of edges that lie on the boundary F of F. The boundary of F is oriented
counter-clockwise with respect to n g, and we denote by wrg € {—1, 1} the orientation of ¢ opposite to
OF: wpg = 1if tg points on E in the opposite orientation to 0F, wrg = —1 otherwise. For any polygon
F and any edge E € &, we also denote by n g the unit normal vector to E lying in the plane of F such
that (¢ g, n g g) forms a system of right-handed coordinates in the plane of F, which means that the system
of coordinates (¢g,npg,nr) is right-handed. It can be checked that wrgnrpEg is the normal to E, in the
plane where F lies, pointing out of F. In what follows, we will also need the set of edges of an element
T c R3, which we denote by Er, and the set of vertices of a mesh entity X € My,, which we denote by
“Vx. Finally, for all V € V},, we denote by xy the corresponding vector of coordinates.



2.2 Vector operators on faces

The DDR construction requires vector operators on faces. Specifically, for any F' € 7, we respectively
denote by grad and divr the tangent gradient and divergence operators acting on smooth functions and,
for any r : F — R smooth enough, we define the two-dimensional vector curl operator such that

rotr r == 0_x), (gradyr),

where ©_r, is the rotation, in the oriented tangent space to F, of angle —5. We will also need the

two-dimensional scalar curl operator such that, for any v : F — R? smooth enough,
rotg v = divp (0-xpV) .

2.3 Polynomial spaces

For given integers £ > 0 and n > 0, we denote by P!, the space of n-variate polynomials of total degree
< ¢, with the convention that Pg := R for any £ and P,,! := {0} for any n. For X polyhedron, polygon
(immersed in R?), or segment (again immersed in R?), we denote by P*(X) the space spanned by the
restriction to X of functions in P4. Denoting by 0 < n < 3 the dimension of X, P“(X) is isomorphic to
P? (the proof, quite simple, follows the ideas of [16, Proposition 1.23]). With a little abuse of notation,
we denote both spaces with P¢(X), and the exact meaning of this symbol should be inferred from the
context. We will also need the space P*¢(X) := {q e PUX) : fX q= O} spanned by functions in P¢(X)
with zero average over X.

For any X € 7, U 7, U &y, ﬂi,’ e L'(X) — P{(X) is the L?>-orthogonal projector such that, for any
q € L'(X),

‘/(nfD’Xq —q)r=0 Vr € PK(X).
X

As a projector, ﬂgj’X is polynomially consistent, that is, it maps any r € P{(X) onto itself. Optimal
approximation properties for this projector have been proved in [15]; see also [14] for more general
results on projectors on local polynomial spaces. Letting n be the dimension of X, we also denote by
71"7;’ e L'(X)* — P{(X)" the vector version obtained applying the projector component-wise.

For any F € ¥, and any integer £ > —1, we define the following relevant subspaces of P¢(F)?*:

Gi(F) = grad, P(F), G!(F)*:= L*-orthogonal complement of G¢(F) in P!(F)?,

RE(F) = roty PHY(F), RY(F)*:= L*-orthogonal complement of RY(F) in P!(F)>.
The corresponding L2-orthogonal projectors are, with obvious notation, 71'27,’ Fo ﬂJg"f;:, TR po and ﬂ;i,”i;.

Similarly, for any T € 7;, and any integer £ > —1 we introduce the following subspaces of P¢(T)3:

GA(T) = grad PITN(T), G(T)* = L*-orthogonal complement of G¢(T) in P!(T)?,

RUT) = curl PIH(T), RY(T)*:= L*-orthogonal complement of RY(T) in PX(T)>.
The corresponding L?-orthogonal projectors are nfg’T, ng’f;, TR and ”qu’,(;-
At the global level, we will need the space of broken polynomial functions of total degree < ¢ defined
by
PUT) = {q € LXQ) : qr e PYT) VT € T} 4)



Continuous space Discrete space  Definition

R R —
H'(Q) Xieead.n Eq. (6)
H (curl; Q) Xiin Eq. (9)
H(div; Q) Xiion Eq. (13)
LX(Q) P*(Tn) Eq. (4)

Table 1: Correspondence between continuous and discrete spaces in the de Rham (3) and DDR (18) sequences.

Continuous operator Discrete operator Definition

grad G! Eq. (15)
curl cr Eq. (16)
div Df Eq. (17)

Table 2: Correspondence between continuous and discrete vector operators in the de Rham (3) and DDR (18)
sequences.

3 Global DDR sequence

In this section, we define a DDR sequence mimicking the de Rham sequence (3). Each space in the DDR
sequence consists of vectors of polynomial functions attached to appropriate geometric entities of the
mesh in order to imitate, through their single-valuedness, the continuity properties of the corresponding
space in the continuous sequence. The discrete vector operators in the DDR sequence are defined
taking L2-orthogonal projections of full operators, each mimicking an appropriate version of the Stokes
formula. The adjective full refers to the fact that these operators map on full polynomial spaces (and,
correspondingly, enjoy optimal approximation properties). Full operators that only appear in the discrete
sequence through projections are identified by a dot. The correspondence between continuous and discrete
spaces and operators are summarised in Tables 1 and 2, respectively. For the sake of brevity, we recall
here only the main facts and refer to [17] for a more detailed presentation of the local DDR sequence.
As pointed out in [17, Section 2], the exactness relations

Im curl = Kerdiv, Imdiv = LZ(Q) ®))

play a key role in the well-posedness of problem (1). The main result of this section, proved in Theorem
2, is a discrete counterpart of (5) for the global DDR sequence. In what follows, we fix an integer k > 0
corresponding to the polynomial degree.

3.1 Discrete H'(Q) space and full gradient operators
The discrete counterpart of the space H'(Q) is

Xpradn = {Eh = ((r)r e, rF)r e, (rB)EcE, (V)vew,)
rr € PKNT) forall T € Ty, rp € PXY(F) for all F € 7,
rg € PYYE) forall E € &, and ry € Rforall V € (Vh}' (6)

The restrictions of X grad. andr, € X' grad,; 102 mesh element, face, oredge X € 7, U ¥, U&Ey, are denoted

- k k : k o 7k 7o) k
by, respectively, Xorad x and ry € Xorad X The interpolator on Xoradn 18 Lopaay + C Q) — Xorad.n



such that, for all r € CO(Q),
L ant = (1P )red, (05 b1 F e, (0 pr)Ecs, (FEV)vey, ), )

that is, the discrete element I'; rad,n/ TEpresenting r is obtained taking the L?-projections of r on the

polynomial spaces composing X* Xorad.i*

For any edge E € &, and any r, = (rg,(rv)vey,) € Xk
k+1

denote by yk*'r,. the unique
k+1

—grad,E’
rp)(xy)=ry forall vV € Vg and 7r (y

— PX(E) setting

polynomial in P**!(E) such that (v
the (full) edge gradient Gk

rp) = re. We define

grad E

k+1

GErE (vg rp) Vrp € Xgrad £ (®)

where the derivative is taken along E in the direction of .

Remark 1 (Edge unknowns). Selecting a family ((rE)Eigh,(rV)Ve(vh) of edge and vertex degrees of
freedom is equivalent to selecting a function g : Ugcg, E — R on the edge skeleton that is polynomial
of degree < k + 1 on each edge and continuous at the vertices (hence, ¢ is globally continuous on the

edge skeleton). This function is simply given by g = yif‘ rgforall E € &.

For any face F € ¥, we define the full face gradient ék x* — P¥(F)? such that, for all

—grad,F
k
G Xgrad F’
Gk _ . k+1 k(2
/ F£F~V——/er1VFV+ ZQ’FE/VE rp(v-nrpg) Vv € P(F)-,
F F Ecep E
along with the corresponding scalar potential yk*! : X’;m ar — P*TU(F) such that, forall r . € Xgra 4P
7’?15«“ =TIF T 7’?1% - ”7) F(~k+1rF)‘
Above, yk“ X ’g‘m ar = P +1(F) is a face potential reconstruction that is consistent for polynomials of
total degree < k + 1, that is, denoting by I* Loraa r : CUF) — X’g< ad F the restriction of the interpolator
(7) to F, yk+1(1 grad,F" r) = r for all r € P¥*1(F). Finally, for all T € 7, the full element gradient
Gk gradT — PK(T)3 is such that, for all . € Xgrad -
/G’}KT-V = —/erlvv+ Z wTF/yF rp(v-np) Yy ESDk(T)3
T T Fe¥r

3.2 Discrete H(curl; Q) space and full curl operators

The role of the space H(curl; Q) is played at the discrete level by

Xﬁurl,h = {Uh ((U’R T,qu ren,, (U, F,U«R F)Fefr,,,(UE)Eeah) :
vrr € RENT) and Vg € RX(T)* forall T € Ty,
vr.r € R1(F)and Upp € RE(F)* for all F € 7,

and v € PX(E) for all E € ah}. )

k
The restrictions of X url ) and v, € X

X a0 @ mesh element or face X € 7, U ¥, are denoted by,

respectively, Lurl, X and Uy € X ]éurl X



For any face F' € ¥, we reconstruct the discrete (full) face curl Cp, k _curl P — PK(F) approximating
rotx such that, for all v, € &url o
Crvpq= - k
/ FUpq = / UR,F - TOLF ¢ Z wFE/UECI Vq € P*(F), (10)
F F E

Ec&EF

— PK(F)? such that, for all v € X

as well as the discrete tangential face potential yi‘ X k Xeurl.F

“curlLFF
it holds, for all (r,7) € POK+1(F) x R¥(F)*,

/yﬁFgF-(rotFr+‘r) = / Cf,gFr+ wFE/UEV+/URF T. (11)
F F EecEF

Similarly, for any element T € 7, we define the discrete full element curl operator CT Xi‘url T PK(T)?
such that, for all v, € lcurl T

/é'}gT-T:/vR,T-curlT+ Z wTF/yﬁFQF-(Tan) VT e PH(T). (12)
T T F

FETT

3.3 Discrete H(div; Q) space and full divergence operator
The discrete counterpart of the space H (div; Q) is

k .
Xiivp = {wh = ((WQ,T’WJQ_,T)TE‘E’(WF)FG‘E,) :

wg.r € G\ (T) and wg ;- € GX(T)* forall T € Ty, and wp € P*(F) forall F € ﬁ} (13)

The restrictions of X vpandw, € X'gi to a mesh element T € 7}, are denoted by, respectively, XX Xivr

k
and wy. € X, 7.

For any T € 75, starting from the discrete unknowns in XX we define the (full) discrete divergence

—div, T’
reconstruction Df. : X%, ;. — P*(T) such that, for any w,. € X% .,
k _ k
/Drmrq = / wg.r - gradg + Z wTF/ wrq Vg e PHD). (14)
T Fefr
3.4 Global DDR sequence and exactness
Define the discrete counterparts G G Xgra an Xc urt,, ©f the gradient operator, ck G, : Xﬁuﬂ n Xﬁiv, n

of the curl operator, and D¥ : XX — PK(7;) of the divergence operator such that, for all (r VW) €

h * =div,h
k k k
Xgrad h X Xcurl h X Xdlv h’

Gkrh' ((”RlGIYC" T’ﬂ'RI;" FT)TEﬁn(”R FGk rF’”'R];" VF)FGTm(GE_E)EeSh) (15)
Ch, = (51 Chuy gt Chvp)rer, (Chvp)pes,). (16)
(Dfw, ) = Dkw,. VT € F. (17)

Recalling the definition (7) of the interpolator on X' ’g‘r the global DDR sequence reads

ad,h’
k
Lgrad,h

ci, D;, 0
gradh } —curlh — Xﬁiv,h — Pk((ﬁl) — {0} (18)

The following theorem establishes a discrete counterpart of the exactness relations (5), a crucial step to
prove the well-posedness of the discrete problem.
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Figure 1: Illustration of the proof of Theorem 2: adding a new element to the mesh.

Theorem 2 (Exactness). It holds
Im Df = PX(Ty), (19)
ImC, k = Ker Dk (20)

Remark 3 (No voids assumption). The assumption that Q2 does not enclose any void is only used to prove
Ker Dk cImC,. K The relations Im Dk Pk(T;,) and Tm C, k¢ Ker Dk hold for any polyhedral domain.

Proof. 1. Proof of (19). We only have to show the inclusion Im Dz > PKTR). Let g, € PK(Tp).
A classical result gives the existence of v € H'(Q)? such that divv = g, (see, e.g., [16, Lemma 8.3]
in the case where gj has a zero average over (); the case of a generic g, follows easily since constant
functions can be trivially written as divergences). Letw, € k ,, be the global interpolate of v, that is,

wQT—ﬂ'kngvandng ﬂg vforallTe'i;’l,whllewF—n p(v-np)forall F € F. Then, for all

T € Ty, wy is the local interpolate of v in the cell T and by [16, Lemma 25] we have
Diﬁr = ”P,T(diVVIT) = ”P,T%IT-
This proves that Dﬁ w,, = gn and concludes the proof that Im D,’; = Pk(Tp).

2. Proof of (20).
2.a) Proof that Im Ck C Ker D’Z. Letw, € Im gﬁ For any T € 7}, denote by g; the restriction of C' ;‘l to

T such that, for all v, € Xk

—curl,T’
k k-1 Lk pk k
Crug = (” CTUT’ 61Crlr (CrYp)Fes:)-

Then, for all T € 7j,, we have w, € Im g; = Ker D;, the last equality following from the exactness of
element-wise operators stated in [17, Theorem 17]. This shows that D; w, =0forall T € 7, and thus
that Dim ,» = 0 as required.

2.b) Proof that KerD’Z C Imgfl. Letw, € Ker Dfl. We have to find v, € X url,, Such that ck W =W,

By definition of DX, for all T € 7;, we have D’; w, = 0 and the local exactness stated in [17, Theorem

17] gives v, € Xk ch that Ck 7Yy = w,. However, nothing ensures at that stage that the vectors

—curl, T su
(V)T e7;, are the restrictions to the spaces (xXk Xeurr)Te7, of some v, € Xk Xeur1, s, this only happens if the
face and edge values of these local vectors (v, )re7; match between each pair of neighbouring elements.
To construct local vectors with matching interface values, we use an inductive approach. Since Q
does not enclose any void, the mesh M;, can be topologically assembled starting from a single element

by a succession of the following two operations:



Figure 2: Illustration of the proof of Theorem 2: gluing two faces in a mesh.

A. Adding a new element by gluing one of its faces to the face of another element already in the mesh;
see Figure 1.

B. Gluing together two faces of elements already in the mesh, such that the edges along which the faces
are already glued together form a connected path (which could be empty); see Figure 2.

‘We note that, for a domain enclosing one or more voids, these two operations alone would not be sufficient
to construct the mesh (see Remark 4).

From the analytical point of view, we do not “deform/move” the elements, their faces, or edges to
actually assemble the mesh; our elements/faces/edges are those already in the final mesh. However, we
will interpret the topological aspects of this construction the following way: polynomial functions defined
on faces/edges that are already glued together are single-valued (as in the global space gurl, »)» While
polynomial functions on faces/edges that are not yet “glued” have two values, one for each element on
each side of the face we are gluing along. We nonetheless preserve the topological vocabulary of “gluing”
faces together as it seems more intuitive and helps following the arguments in the proof.

The inductive construction of v, € ﬁu n., Such that € ’;l v,, = w,, starts from one element and follows
the two operations described above. The base case is already covered above: if T € 73, [17, Theorem 17]
gives a pre-image v, through g§ of w,.. We therefore only have to consider the inductive step: starting
from a submesh My, , of M;, (possibly with some unglued faces) and an element

v, , €X; suchthat Cjv, , =w; VI €Ty 1)

Zcurl,h, %

and considering a submesh M, , of M, built from M;, , through one of the operations A or B, we need
to establish the existence of

k k
Yo € Xunpo suchthat Crv,  =w, VT € Th.o. (22)
Above, for o € {x,0}, X ]c‘url oo and 7, . denote, respectively, the discrete curl space and set of elements

associated to M .. In what follows, for any 7' € 7j, we denote by My = {T} U 7 U Er U Vr the
submesh associated with 7.



Operation A: Adding a new element by gluing one of its faces. Let us call T, the element added to
My, «, and F the face along which we glue it; let 75 be the element in M}, , to which T is glued. We will
construct an extension v Yy of v v, to Mo = Mp » U Mz, such that its values on F viewed from 7, and

from 7 match (which ensures thatv, € Xcur] n.)> and such that g’;ogh,o =Wy, Sincey, , =v,  on
each T € 7y, «, the inductive assumption (21) will then prove that (22) holds.
Since Wp € Ker Di, the local exactness of [17, Theorem 17] gives £ T, c Xk that satisfies

—curl,T,
k —
gTo £T<> - KTO :

between T, and T, we have Ckg’ = Ck Vp . (where v Vr . is the restriction to F of v, ). Hence,

£F —VUp, € Ker Clkp =Im Qk (see [17 Theorem 8]), where Gk grad F Xcuﬂ  is the restriction to

of the global gradient G Gk defined by (15). There exists thus 4, . € Xk grad, F such that § +Gk =Vp .

Since C ; v, , = W, by restricting these two relations to the face F in common
A — Lk

The vector 4, ,can easily be extended into an element 4, e Xk letting gs5F o be the contmuous
<&

rad, ]"
piecewise polynomlal function on OF corresponding to the boundgary values of 4, (see Remark 1), it
suffices to extend gsF o by continuity to Er, (following the notations in Figure 1, the function ggF o can
be continuously extended as a linear function along each edge E; from its value at the vertex V; to O at
the other end of E;, and then set to zero on the remaining edges), and to set all the face values (except on

F) and the element value of ;. to zero. Then, vy := ¢ T Ql}og e Xk Xeun 1, satisfies Ck Ur = Wr

(because Im Q’;O C Ker Q’;@ by [17, Theorem 17]) and, by construction, the values of v, , and v, on F
coincide. This completes the construction of the extension v, , of v, _ in the case of Operation A.

Operation B: Gluing together two mesh faces, already glued together along a connected path of their
edges. No new element is added to the mesh, but two faces of neighbouring elements T, and T, are glued
together along one of their faces F. In this situation, the element v, , given by (21) has, on F, two values

VUp oVUp, € Xcuﬂ > viewed from T, and T, respectively, which coincide only along the edges that are
already glued together (e.g., those with vertices V1, V3, V3, V4 in Figure 2). We have to find a modification
Yo of Yy that preserves the relation gggh’ o =Wy forallT € 7 4 = Th,0, and is single-valued on
F. This will be done by modifying the vector v, . so that it coincides with v, _ ; this modification will,
however, have repercussions on other values of v;l .- that need to be properly tracked.

Let Sg be the set of edges of F already glued between T and T, and (‘Jng Er\ Sg the edges that
are not glued, similarly, (Vg and (V =Vr \ Vg £ respectively denote the vertices of F that are glued
and not glued between T and To. In Figure 2, 8% is made of [V}, V2], [Va, V3] and [V3, V4], 8 comprises
[V4, V5] and [Vs, Ve, Vi = {V1, V5, V3, V4} and V.2 = {V5, Vs } (remember that there is only one face F, its
representation as two faces in this figure is just a mnemotechnic way to remember that some functions
can be double-valued on the face or some of its edges).

As in Operation A above, we start by noticing that Ck (Vg * " Up o) = wr —wr = 0, and thus that

there exists 4, € Xk psuchthatv,  —vp = =Gk Gra, . By definition (8) of the boundary gradient,

“—grad,
the derivative of qor .o oneachedge E € EF is (v Fox~Ur <>)| E, and therefore vanishes on the connected
path of edges in 8%;. The function gsF o is thus constant along this path and, since adding a constant
vector to 95, does not change the relationv,. , —vp , = Q’;gF’O, we can assume that ggr o = 0 on the
edges in &F..

Still following ideas developed in Operation A above, the boundary function gsF . is then extended
to all edges starting from a vertex in (Van: the extension is linear from the value of gsF , at the considered
vertex to zero at the other edge endpoint (in Figure 2, this extends gor o to E,, Ep, E., E4 — notice that
some of these edges do not belong to &, ). None of these edges belongs to &, , since they originate from
a vertex in (V;g at which 7, and T, are not connected. Recalling that gsr , = O at the vertices in VE,
we can further extend this function by zero on all remaining edges (that is, edges that do not contain any
vertex in (V;g). This yields a continuous piecewise polynomial function on the complete edge skeleton
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Figure 3: Example of gluing appearing when assembling a mesh of an open set enclosing a void (here, the open
set is a layer between two concentric balls, the inner one being below in the figures above).

of M, that is single-valued on all edges except those in &,°, and that vanishes on all edges of T.
Setting all face values (except F when viewed from T,) and all element values to zero, we obtain q, .

that is single-valued on the edge skeleton (except the edges in 8ng ), single-valued on the faces (except F )

vanishes on 7,, and satisfies - e Xk forall T € 7y, . By definition of Gk, the vector Gﬁq

—grad,T
be defined element-wise, and is smgle -valued on all faces except F, and on all edges except those in 8 e,

Settingv,, , =v, , Qh q, , e obtain by construction an element that is single-valued on all faces,
including F' (since 4, .= 0 on Ty, the addition of Q’Zgh’o does not modify v ,, while it adjusts v , to

match v ). Hence, vh o € Xk X urln,o- Moreover, since Im Q; C Ker g’; forall T € 7, from (21) we
deduce that (22) holds. O

Remark 4 (Domain with voids). Consider assembling, following similar steps as in Operations A and B
above, a mesh for an open set enclosing a void, e.g., a one-layer mesh of a domain contained between
two concentric (polyhedral approximations of) balls. At some stage, to close the layer, we would end up
in the situation described in Figure 3 (in which the ball enclosed by the domain is below the part of the
mesh depicted): all the mesh except one element, T, has been fully assembled and this last element has
to be glued to the existing mesh. On the left of this picture, it has already been glued to the elements
T} and 7>, which can be done using Operations A and B above. Then, applying another Operation B to
glue it to 73, we would end up in a situation described on the right of the picture: T, and T are then only
glued along the two vertical edges of F, and not the horizontal edges. The consequence is that, when
attempting to apply Operation B as in the proof of Theorem 2 to finalise the gluing of T, and T along
F, the function ggF . could only be chosen to vanish on one of the vertical edges, and not necessarily
the other; its extension to the edges skeleton would therefore have non-zero values on the edges of 7,
and the resulting element ngh . would modify the value of v, , on T, thus preventing Q’; 4, from

properly gluing vy , and vy .
4 DDR-based discretisation

In this section, we formulate the DDR-based discretisation of problem (1) The key ingredients are
reconstructions of vector potentials and discrete L-products on the spaces X' X Lk and X kiv’ »- The vector
potential reconstructions are obtained element-wise by mimicking the Stokes formula with the role of the
exterior derivative played by the appropriate vector operator reconstruction. The discrete L>-products
consist of two terms, one in charge of consistency based on the vector potential reconstructions, and the
other in charge of stability. The latter is obtained by penalising in a least-square sense the difference
between projections of the vector potential reconstruction and the polynomial functions in the space.

11



4.1 Discrete vector potential reconstructions and L>-products

Letamesh element 7" € 7, be fixed. The vector potential reconstruction on Xg, 7 i5 Py 7+ Xz —
P*(T)? such that, for all v, € Xﬁlﬂj,
k o Sk k-1 /pk
Pcurl,TgT T Pcurl,TyT - H’R,T(Pcurl,TyT) TURT, (23)

where IA”c‘url’TgT satisfies, for all (v,7) € G¥*1(T)* x R¥(T)*,
/IA’IC‘MLTQT ~(curlv + 1) = / C’}QT ey - Z WTF / yf’FgT -(wXnp)+ / vJ,é’T T 24)
T T Ferr F T

Based on this potential reconstruction, we define the discrete L?-product such that, for all v wé L € X ]c‘url o

(Hh’éh)curl,h = Z (ETaéT)curl,T

TeT,

(25)
. . k k
with (QT,QT)CUFLT = /TPcurl,TQT . Pcurl’TéT + Scurl,T(QTeéT) forall T € 7.
In the above expression, Scyrl,7 : ﬁuﬂ T X guﬂ + — Ris a stabilisation bilinear form that can be taken

such that

. k-1 pk k-1 pk
Seanl, 7(7-¢,) = ) b /F (e Pl 707 — R F) - (Wi 1Py 74— Er.r)

Fefr
L.k pk 1 1.k pk L
+ Z hF‘/(ﬂ‘R,FPcurl,TyT_UR,F)'(ﬂR,FPcurl,TéT_{'R,F)
F e F
T
+ he | (Pk v -tp —vp)(PE tg -
E cur,7ET ° E UE)( curl,TéT' E gE)
Ec& E
T

Given T € 7y, the vector potential reconstruction on Xﬁiv’T is Pﬁiv’T .4 'giv,T — PK(T)? such that for
all w, € XX itholds, for all (¢,v) € PO*(T) x GK(T)*,

/TPgiv,TKT -(gradg +v) = _/TDI;ETCI + Z wTF/FWFCI +‘/7:ng_,T V. (26)

FeFr

Based on this potential reconstruction, we define the Lz—product such that, forall w,,v, € X k

=div,h’
W2 )aivh = D Wpvpdaiv,r (27a)
TeT,
with (W, v, )div,7 = /Pﬁiv,TmT 'Pﬁiv,TKT + Sdiv,r (W, vy) forall T € 7j,. (27b)
T

Above, sgiy.T : Xﬁiv T X Xﬁiv ; — R s a stabilisation bilinear form that can be taken such that

) k=1 pk k-1 pk
Sdiv, 7 (W, V) = /(”g,TPdiv,TﬁT -wg.r) g Py V7 —VG.1)
T

* Z hr /(Pgiv,TﬂT "nFE - WF)(Pgiv,TKT "MF = VF).
F ¥4 F
T

(28)

The following result establishes, for all T € 7}, a link between the potential reconstruction P](;iv + applied
to the restriction to 7" of the discrete curl operator defined by (16), and the full element curl operator
defined by (12).
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Proposition 5 (Link between P v.r and Ck 7). Forall T € Ty, it holds

d1v T(C { ) = Cl;’{ Vg €eX —curl T (29)

Proof. Let a mesh element T € 7, be fixed. Writing (26) for w, = C: ;é‘ . and v = 0, we infer that it
holds, for all g € POK+1(T),

/ div,T (C { )-gradg = - /MCI‘F Z wTFLC§£Tq='/Té§£T-gradq,

Fefr
where we have used the fact that Ker Dk =ImCy k (cf. [17, Theorem 17]) in the cancellation, and [17, Eq.
(5.21)] to conclude. Hence, f, (P, T(C’}{ )) =g T(Cl}g‘ ). On the other hand, (26) with ¢ = 0
and v spanning GX(T)* implies nL ok (P"1V T(g’;g ) = (C’}g“ ). Combining these facts with the
orthogonal decomposition P* (T)3 Qk(T) ® Qk(T)L ylelds (29) and concludes the proof. O
4.2 Discrete problem

Define the discrete bilinear forms a, : X%, X X5, — R, by 0 X5, x X5 — R, and ¢ :

k k k
Xiiv.n X Xy, — R such that, for all vh,g’ e X* Xeunpandallw, v, € X5,

. 8,) =@, ¢ Jeurtns  bu(&,.v),) = (Qlf,éh,zh)div,h, ch(w,,v,) = /QD’ZE;, Djv,.

The discrete problem reads: Find o, € llc‘url’ pandu, € X’(jiv’ , such that

ey l,) = 0gm) == Y [erkeg, Ve, € X
FE?'_E (30)
bu(a),,vy,) + cnluy,,v,) = /Qf 'Pgiv,hlh vy, elﬁiv,h'

Remark 6 (Characterisation of by). Expanding, in the definition of by, the discrete L2-inner product on
X kw ,, according to (27) and recalling (29), we obtain the following equivalent expression, which can be

used for its practical implementation: For all ({ w,)eX _curl p XX gw o
bu(g,w,) = > /C"{ Pk W + hp/(c — ChE IPh 7wy - mp —wp)| .
25 —h T div, T =T F div,T=T
Te7, YT FeFr

Remark 7 (Comparison with Finite Elements). Even on standard meshes, the proposed method does not
coincide, in general, with the Finite Element approximation of degree k. Bearing in mind [17, Table 2],
the number of degrees of freedom is slightly higher on tetrahedra and significantly smaller on hexahedra.

4.3 Well-posedness analysis

The discrete problem (30) can be recast as: Find (o), u, ) € X« x Xk , such that

—curl,h 7 =div

ﬂh((gh’ﬂh)’ (éh’zh)) = 'Eh(éh’zh) V(( vh) € Xcurl h X thv h’

where the bilinear form Aj, : (XX Xeurln X X h)2 — R and the linear form £, : ]c‘url n X Xﬁw , — Rare
such that, for all (¥, w,,).(,.v,)) € (_curl _dw W
ﬂh((yh,mh), (éh’zh)) = ah(gwéh) - bh(gh’ﬁh) + bh(ghazh) + Ch(mh’zh) (31)
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and

L€, v),) =~ Z ‘/Fg"}/f,Féh-i-‘/f Py 2

Fe?ﬁ

In the following, we consider a regular sequence (Mj);~0 of polyhedral meshes, meaning that
(71, Fn)n>0 matches the requirements of [16, Definition 1.9]. The well-posedness analysis requires a
discrete Poincaré inequality for g;j This inequality can be established under the following assumption,
which only requires a proper control the averages of the edge unknowns. Proposition 15 in the appendix
shows that this assumption is satisfied if Q is simply connected.

Assumption 8 (Poincaré inequality for edge averages). There is an inner product on X url whose norm

is equivalent (uniformly in /) to ||||cur1,» and such that, letting (Ker C ck ,») be the orthogonal complement

of Ker Ck in X ku 11,5, for this inner product, there exists @ > 0 satisfying

1

(Z n |E|<vE>2) <alChoylavn Vo, € (KerCh)*, (32)
Ee8h

where |E| denotes the length of E € &, and vg is the average value on E of vg.

The uniform inf—sup property of Ay, is established in the following discrete versions of the H (curl; Q)
and H (div; Q) norms: denoting by ||*|lcurt., and |||lgiv.» the L2-like norms respectively associated with
the inner products (-, )cur,n and (-, *)div.n, we let

2

. k 2
1€ leurt 1 2= (1€, I + €58, 130) T VL, € Xoys

and 1

. 2 koon2)2 k
Il = (gl + 1D, I3)° Vo, € Xh

Theorem 9 (Inf-sup condition for Ay,). Let Q c R? be an open connected polyhedral domain that does
not enclose any void (i.e., its second Betti number is zero), and let (Mp)n>0 be a regular polyhedral
mesh sequence. Then, under Assumption 8, there exists B > 0 depending only on Q, the mesh regularity

k
parameter, and «, but not depending on h, such that, for all (v,,w,) € X _curl n X X

ﬂh((”h? wh)’ (g ’Kh))

SUP > B (llvy,lleunt,1.n + 11wy, lldiv.1,k) - (33)
¢, v XK xXh (0} ||§ lleurt, 1,0 + “vh”dlv 1,h ( hIERr R )
Proof. See Section A.6. O

Corollary 10 (Well- posedness of the discrete problem). Under the assumptions of Theorem 9, there is a

unique solution (o ,,u,) € X X XX giv 5 10 (30) and there exists C > 0 not depending on h such that

llo ), lleurt, 1,0 + 17, llaiv, 1.0 < C (lIglloa + I flle) - (34)

Proof. Using the boundedness of yf - stated in (45), the norm equivalence (49), and the definition of
IIlldiv,1,» (Which implies >z cq; || PX div., T_T||% ||vh||§1V 1Lp)» We obtain an upper bound of the dual norm

of L}, (for the norm&furl hxka n 2 (gh v, — ||§ lleurt, 1,1 + v}, llaiv,1,» € R)in terms of the right-hand

side of (34). The conclusion then follows from Theorem 9 and [16, Proposition A.4]. O
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Figure 4: Members of the refined mesh families used in the numerical example of Section 4.4.

4.4 Numerical assessment of the convergence rate

In order to numerically assess the convergence properties of the DDR-based method (30), we consider
the following manufactured exact solution on the unit cube Q = (0, 1)3:

sin(rrx) cos(mrxy) sin(7rx3) cos(mrxy) sin(7rxy) sin(7rx3)
o(x)=3n 0 , u(x)=|-2sin(mx;) cos(mxy)sin(mx3) |,
—cos(mxy) cos(mxy) sin(mx3) sin(7rx1) sin(7rx;) cos(mrxz)

with g inferred from u and forcing term

cos(rrxy) sin(mrxy) sin(7rx3)
f(x)=3n%[-2 sin(mrx) cos(mxy) sin(zrxz) |-

sin(mrxy) sin(7rx) cos(mwxz)

Specifically, we compute numerical approximations of this solution on refined Cartesian, tetrahedral, and
Voronoi mesh sequences (see Figure 4) and polynomial degrees k ranging from O to 3. The implementation
has been carried out within the HArDCore3D C++ framework (see https://github.com/jdroniou/
HArDCore), using linear algebra facilities from the Eigen3 (see http://eigen. tuxfamily.org) and,
for the resolution of the sparse linear systems, Intel MKL PARDISO (see https://software.intel.
com/en-us/mkl) libraries.

Define the following interpolate of the exact solution:

A . k-1 k k-1 Sk k k
gh = ((nR,TU’n%,TO-)TE(EL’ (nR’FO-t,FaﬂJak,Fo-t,F)FEﬂ’(ﬂP’E(O- : tE))EESh) € Xcurl,h’

. k-1 k k k
u, = ((”Q,Tu’nJg_,Tu)TGTh’(ﬂP,T(u “nE))Fes,) € Xiivno
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where, for all F' € F,, o F = np X (0|r X nf) denotes the tangential component of o over F. We
display in Figure 5 the error ||(0), — &, u;, — @, )||en versus the meshsize &, with ||-||e, denoting the energy
norm naturally associated with problem (30), that is

1,2 llen = (20(£,-€,) + on(22,))

The observed convergence rate is of A%*!, with a slight degradation on the “Voronoi-small-0” mesh
sequence, which can be ascribed to the fact that the regularity parameter increases upon refinement in this
case. A full theoretical justification of the fact that the scheme converges with order £ + 1 is postponed
to a future work.

To assess the impact of the degree k, we plot in Figure 6 the energy norm of the error as a function
of the total number of degrees of freedom. For all the considered mesh families, the convergence rate
increases as expected with the polynomial degree. For the standard Cartesian and tetrahedral meshes, a
trade-off is present between the meshsize and the approximation degree. Specifically, on the Cartesian
mesh family, the choice k = 0 is advantageous for less than ~ 2 - 10° degrees of freedom, while on the
tetrahedral mesh family this threshold is ~ 7- 103 degrees of freedom. We notice however that, on generic
polyhedral meshes such as those obtained by Voronoi tessellation, increasing the polynomial degree
appears to always be advantageous. Complex geometries can be more efficiently meshed using generic
polyhedral elements (which result in fewer elements than meshes of tetrahedra, for example); the tests
presented here justify the practical interest of developing and using arbitrary-order methods on generic
polyhedral meshes. Finally, it is worth noticing that these results can be further improved resorting to
static condensation to eliminate the element (and, possibly, face) unknowns by the local computation of
a Schur complement, which we have however not done in the current implementation.

5 Implementation

In this section, we discuss the implementation of the DDR-based method (30). We start with the
identification of suitable bases for the local polynomial spaces introduced in Section 2.3, then move to the
implementation of the discrete vector operators defined in Section 3 along with the vector potentials and
discrete L?-products of Section 4.1. In what follows, we use the C++ convention that numbering starts
from 0. Vectors and matrices are denoted with simple and bold sans-serif font, respectively. Intervals of
integers are denoted using double brackets so that, e.g., for any n,m € N with n < m, [n, m| denotes the
set of integers greater or equal than n and strictly smaller than m.

Note that the principles described here are very close to those used in the implementation of other
polytopal methods; in particular, the reader will find many similarities with the implementation of the
Hybrid High-Order method for the Poisson problem described in [16, Appendix B].

5.1 Bases for the local polynomial spaces
Let a mesh element T € 7, and an integer £ > 0 be given, set N}, . := dim (P(T)) = (6;3), and denote
by

Bl = {gp;)’T e |[O,N7‘;’T|[}

a basis for the space P¢(T), such that gog) + is constant over 7" and fT 90;3 Tgog)  =0foralli e [[I,Ng, 7l

For a discussion on the choice of the basis ‘B;, we refer the reader to [16, Section B.1.1]. Here, we limit
ourselves to noticing that the choice of 331{ can have a sizeable impact on the conditioning of the discrete
problem, especially on distorted meshes. In practice, especially when non-isotropic elements are present,
choosing ‘B; orthonormal with respect to the usual L*(T)-inner product can mitigate these issues. A basis

B = {(p;,j e [[O,3N£,T[[}
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R i %NS
for PY(T)*® can be obtained by tensorisation of ‘Bf setting g, , = go;l) T P’T)e(HN;) ) for all i €

[o, 3N7€ [, where + and % denote, respectively, the integer division and the modulo operations and, for

J € [[0,2], e; denotes the (j + 1)th vector of the canonical basis of R3. For future use, we notice that it

holds .
. (i%NS ..)
curl pip ;- = grad g, . " €-ng ) (35)

Letting Né’T = dim (GY(T)) = st,f} — 1, and recalling that grad : P%*1(T) = GY(T) is an

isomorphism, a basis ("){} for the space G¢(T) is obtained setting
(f’)f} = {‘Pigj = grad gp’;;’lT RS [[O,Né’T[[} .

In order to find a basis for G*(T)*, the L?(T)*-orthogonal complement of G(T) in P(T)?, define the
matrix

N& x3NE
e RV 17T,
(i.))el0,N§ £ Ix[0.3Nf, [

l . [ j
Agr = [/T o1 Ppr

The right null space of this matrix is formed by the vectors V = e R*N%.1 such that

[‘/J']je[[o,zzv;;j[[
4
AL .V =0.

3NS -1 ;
Hence, V is in the right null space of A[g o ifand only if v := ijop T ngo]P , satisfies

(/ pgr v=0 Veogre (6[}) = v e G'T)*.
T

A basis (f)‘} for G/(T)* is thus easily obtained once a basis for the right null space of the matrix A‘é + has
been found, which can be done in Eigen3 using the method FullPivLU: :kernel. As the matrix Ag T
has full rank, this basis is composed of N;”lT = 3N§;’T - Né,T vectors, each containing the coefficients

of the expansion of a basis function gag r € (f)‘} in ‘,Bg.

Recalling that curl : g“H1(T)* 5 RY(T) is an isomorphism, a basis ﬁig for RY(T) is simply obtained
taking the curl of the elements of (5§+1’l, that is,

j 3 : 041,
RE = {WR’T = curl (p’ng i € o, NQJ:Tl }

Notice that the curl of gog T € (6{T&+l’L is easily computable from (35) using the expansion of this function

;“. Finally, a basis m‘f for RY(T)* from a basis for the right null space of the matrix

i J
‘/T‘pR,T “Por

where ng T = Ng}’l is the dimension of R(T).
For any F € ¥y, bases for the spaces P{(F), PL(F)?, G (F), G (F)*, RE(F), R (F)* can be obtained
in a similar way considering a local orthogonal system of coordinates.

in

-
Agr =

(/) l0.Nb  IX[0.3N} 1
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5.2 Vector operators and potentials

The construction of the discrete vector operators and potentials requires the solution of local problems
on mesh elements and faces. For the sake of simplicity, we only detail the construction of the discrete
divergence operator defined by (14) and of the corresponding potential defined by (26) for a given mesh
element T € 7;,. The construction of the discrete curl operators and of the corresponding vector potentials
on mesh faces and elements follows similar principles.

According to the discussion in the previous section, a basis 8%

k . .
for Xy, - can be obtained taking

div,T
the Cartesian product of the bases for the spaces that compose XﬁiV’T, that is,
k. k-l k,L k
B, 7 = 65 x 65 x X B (36)
FeFr

Letv, = (vg.r, VJQ_,T’ (VF)Fer) € Xﬁiv’T be given, and denote by V. the corresponding vector of degrees
of freedom, partitioned as follows:
Vg.1

1
VQ,T
k
VF1 (= RNdiv,T .

| <
~
I

_VFNaT ]

. — k+2 — k - k,
Above, letting N’;,’F = dim (P*(F)) = (3), we have set Né‘iv’T = dim (X§, ;) = Ng} + Ng} +
k-1 k,L k
card(?'r)N;‘,  and the subvectors Vg 7 € RNQ’T, Vg r € RNQ,T, and Vg € RNP,F, F € 7, collect the
coeflicients of the expansions of vg r, ng_,T and vg in (6’}‘1 s (6?’{ and ‘B{;, respectively.
k

Denoting by Dr € R™?.7 the vector collecting the coefficients of the expansions of D;KT in ‘B% the

algebraic realisation of (14) is
Mp,rDr = -BprVgr + Z wrrBp FVF, (37)
FGTT

with

> »/}‘ QDP,TSDP,T (i,j)e|[0,N7’§ T[[2

Bpr = |/ grad¢l, . - ¢/ ] ;
D,T »_/]v"g QDP,T (pg,T (i’j)EﬂO’Né’TﬂxﬂO’NgyT[[

Bp.r = »/F "DiP,T(’O]P,F]

The linear operator D§ : l’giv’T — PX(T) is thus represented, in the selected bases for Xﬁiv - and PKT),
XN, 7 whose ith column is the solution of the algebraic problem (37) for

(i./)el0.NS_[XI0.Nj [

by the matrix Dy € RN;T
V, = e;, with e; denoting the ith vector of the canonical basis of R éva. In the spirit of [16, Appendix
B], these conditions can be translated into an explicit single equation on Dr.

The computation of the vector potential on X'giv] follows similar principles. With the same notations

k
as above, and additionally denoting by Pgiv.7 € RMav.7 the vector collecting the coefficients of the

expansion of Pﬁiv 7Y in ‘B’}, the algebraic realisation of (26) reads
Mp,r —Bp D7V, + Xpes wrrBp FVF
| Pdiv,r = Lol ; (38)
M B; -V
P.T PTVG,T
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where Pgiy 1 € R3Vp.r contains the coefficients of the expansion of PX div. 7Y in ‘B’} while

Mp 1 = /Tgrad <P¢> T ‘PP T](l DeElLNATHIXI0.3N, T[[’

M5 . = g ] ’
P.T ./T Por ‘PV”T (i,/)€l0,Ng 7 [x[0,3NK 11

Brr = | [ ¢l 1] ] ’
P.T /T()DP,TQD]P,T (i,j)ell, Nk*l[[x[[() TII

1 o—
Brr = /T‘PQT o T]( DElONG T2

By = VF € ‘777“

/F "DP T"DP F]( JDell, Nk |IX|IO FlI

xNk

k
Hence, PX . : Xk — Pk(T)3 is represented by the matrix Pdlv T € R3Np.r*Nav.r whose ith column

div,T * =div,T

is the solution of the algebraic problem (38) for V., = e;,i € [O,N d1v ol

5.3 Discrete L>-products and bilinear forms

The last ingredient for the implementation of the DDR-based scheme (30) are the discrete L2- products
in X_ k arl. ) and XX Xiv.p- For the sake of simplicity, we will focus here on the local L2-product in XX Xoivr

deﬁned by (27b). The corresponding global L?-product is obtained assernbhng the local contributions
element by element in the usual (Finite Element) way. The L?-product in X r1,7 1S constructed following
the same general ideas.

The matrix representing (-, -)giv,7 in the basis (36) for X« Xivr i

xNk

Nk
Ldiv,T =PT MdiV,TPdiV,T + SdiV,T € R div.T " Vdiv, T,

div,T

k+1 k+1
where Mgy 7 € R 3Np 7X3Np T s the mass matrix of Pk(T)3, while Sy, 7 is the matrix counterpart of

the stabilisation bilinear form sg;y 7 defined by (28). This stabilisation bilinear form penalises in a least-
square sense the difference between (projections of) the potential reconstruction and the corresponding
components of the vector of polynomials in X . k Xiv.r- In the spirit of [16, Section B.2.2], the difference
operator Xﬁiv,T Sy, 7t (P div., Yr)=Ve.T € gk (T) is represented, in the selected bases for XX

and G 1(T), by the matrlx

—div, T

— k=1 Nk
AdiV,T = Hkg’r}vpdiv,T - [lNé—%o o 0] = R G, TXNdw T, (39)
where, denoting by Mg 7 the mass matrix of G N(T),
kL = mz! [ il ]
G.T G.T /]." ‘og,T (IDP,T i,/)elo, Nk IHXHO 3N [[

is the matrix representing the L?-orthogonal projector ﬂ"g‘lT with domain restricted to P*(T)3, while the
identity matrix lyx-1 in (39) occupies the columns corresponding to the component v 7. Similarly, for
G.T

all F € Fr, the face difference operator X]div OV P’giv rYr " RF —VF € PK(F) is represented by
the matrix
Adgiv,F = TrPaiv,T - [0 Y 0] , (40)

where the matrix Tr representing the normal trace operator applied to functions in P*(T)? is such that,
denoting by Mp_ the mass matrix of PX(F),

Tr =My | [l (0 )] ,
F P.F fF‘pP’F(‘p’”T nr) (i.)€l0.N) - [x[0.3N5 L[
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while the identity matrix Iy« in (40) occupies the columns corresponding to the component vx. Finally,
P.F

denoting, for all F € ¥r, by Mp_r the mass matrix of PK(F), we set

. T T
Saiv,7 = Agiy 7Mg. 7 Adiv,T + Z heA g, pMp FAdiv,F-
FE?T

A Proof of the inf-sup estimate (Theorem 9)

Throughout this section, it is assumed that the mesh Mj, belongs to a regular sequence in the sense made
precise in Section 4.3. This implies, in particular, that the diameter 47 of a mesh element T € 7}, is
comparable to the diameters hr and hg of any of its faces F' € 7 or edges E € &r, uniformly for
all meshes in the sequence. Assumption 8, on the other hand, is only useful for Theorem 19 and, as
a consequence, for the proof of the inf—sup estimate. For the sake of conciseness, we write a < b as
a shorthand for a < Cb with C independent of &, of the chosen element/face/edge, and of the chosen
functions involved in the quantities a, b (so C depends only on the mesh regularity parameter, on Q and,
when appropriate, on @ in Assumption 8). The notation @ ~ b means thata < band b < a.

We first establish a few results on the interpolators, operators, and potentials linked to the portion of
the DDR sequence (18) relevant to our purpose. Similar results can also be proved the remaining portion
of the sequence. The analysis is more easily carried out using L?(Q)3-like norms on ﬁu ., and g'g
that are equivalent to, but not coincident with, ||-||cur1,» and ||-|laiv.», respectively. Specifically, we let

iv,h

1/2
Z, Newrtn = (Z |||gT|||3ur.,T) forall £, € Xy (412)
TeT,

I/2
with (£ lleurt7 = (||4R,T+ Lrrld+ ) hF|||gF|||3.,r.,F) forall 7 € 7; and all § € X§,q 7 (41b)
Fefr

1/2
and (1€l = (HJR,F Vel Y hEugEué) forall F e F andall §, € X5, . (410)
Ec&EF
and
1
2
Iy, M = (Z |||zT|||§iv,T) forall v, € X5,

TeT, (42)

1/2
with v .7 = (||v§,T +vgrlf+ > hF||vF||,%) forall 7 € 7 and all ;. € X%, ..
FeFr

We note that, by orthogonality, in the expressions above we have ||{ % 7 + {j-‘, T ||% =l{rr ||% + ||§j-‘, T ||%,

IS r + $rplp = 1erpllE + 1k FI7 and Ivgr +vg plI7 = Vg rli7 + lvg 4117, The power of
the face and edge diameters in front of the various contributions to the norms |||||lcur1,» and |||-[|laiv,» are
selected so as to ensure that all the terms have the same scaling.

A.1 Boundedness of curl operators

Lemma 11 (Isomorphism property of curl on elements). For all { > 0 and all T € T}, the mapping
curl : GIYY(T)*E = RUT) is an isomorphism and

Irllr < hrllcurlrlly  Vr e gNT)* . (43)
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Proof. The fact that curl establishes an isomorphism between G‘*!(T)* and RY(T) follows from [1,
Corollary 7.3]. We therefore focus on proving (43). Using a scaling argument as in, e.g., [16, Lemma
1.28], we can assume that 7" has diameter 1, is contained in the unit ball $; centred at 0, and contains the
ball B, centered at 0 and of size o 2 1. Letr € G 1 (T)*, which can be considered as a polynomial 7
on B;. Set g := curl¥ € RY(B)). The mapping curl : G*(B))* — R(B)) is an isomorphism, and its
inverse is therefore continuous with a norm that only depends on these spaces — that is, only on ¢ and d.
There exists therefore 7 € G“H1(8))* ¢ P*1(8B))3 such that curl 7 = ¢ = curl 7 and

I7lls, < llqlis, (44)

In particular, curl(r |7 — r) = (curl7);7 — curlr = g — curlr = 0, and thus 7|7 — r lies in the kernel
of curl on P¢*1(T)3, which is G+ (T). Taking the projection on G‘*1(T)*, to which r belongs, we infer

VISR 11 . .
;TJ“ 3; r = r. The estimate (44) then yields

L6+l - -
Irllr = llx gy Frrle < I7llr < 17l < llglls, < llglis, < lqllr,

the second last inequality following from [16, Eq. (1.43)] and the fact that ¢ € P¢(T)>. Since we are in
a situation where 7 has diameter sy = 1, this concludes the proof. |

Proposition 12 (Boundedness of curl operators and vector potentials). It holds

k -1 k k
”CFQF”F < hp |||QF”|curl,F and ||7t,F2F”F < |||QF”|curl,F VF € Fp, Yy, € Xcurl,F’ (45)
k -1 k k
”lgTQTl”div,T < hy |||2T|||curl,T and ”Pcuﬂ’TQTHT < |||2T|”curl,T VT €T, Vup € Xcur]’T' (46)

Proof. Let g € P¥(F) and apply the Cauchy—Schwarz inequality along with the inverse and discrete trace
inequalities of [16, Sections 1.2.5 and 1.2.6] to (10) to write

1
k -1 -2
/CFQFq S lvr rllrhe gl + § lvellehp’ lglle-
F EGSF

Taking the supremum over the set {q e PK(F) : |lqllF < 1} andrecalling that hr = hg by meshregularity
leads to

1

-1 b3 -1

ICkvLllF S hp (||vR,F||F+ § hlvelle | s Y g llea, F- (47)
EcEF

This proves the estimate on CI'§ v, in (45).
Let o € PK(F)? and let r € POK+1(F) be such that roty r = ”];e 70, thatis, gradp r = Qn/z(ﬂ’;e FO).
The local Poincaré—Wirtinger inequality [16, Remark 1.46] then yields

I7llF S hellaly polle < hello|lF, (48)

the last inequality being a consequence of the L?(F)>-boundedness of "I;e, - Applying the definition
(11) ofyﬁFgF to this 7 and T = n;’k

70, we obtain, with the help of Cauchy—Schwarz and discrete trace
inequalities

1
k k -2
/%,FEF o S |ICpypllrllrllF + E lvellehy lIrllF + lvg pllrllolle
F Ec&EF

1
< llepllenrllole + > llvelehilole + vk plelollr
Ec&F
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where the conclusion follows from (47) along with (48) and hr ~ hg. The estimate on 'y{‘ U follows

by taking the supremum over o € P*(F)? such that ||o||r < 1
The estimates (46) are obtained applying the same arguments as above, using the boundedness of
yf  stated in (45) and invoking Lemma 11 in lieu of the Poincaré-Wirtinger inequality to ensure that,

for a given o~ € P¥(T)?, the polynomial v € G**(T)* to be used in (24) and such that curlv = ”];z o
satisfies ||v||r < hrllo||r- O

A.2 Equivalence of norms

Proposition 13 (Equivalence of norms on discrete spaces). For & =T € T, or & = h, it holds

Vg lleurt.a ~ W, lleurts Yo, € X5 (49)
k
1w llaive = 1w llaive — Yw, € X5 ,. (50)

Proof. We only prove (49), the equivalence (50) being obtained similarly. The case & = h follows
summing over T the squares of the cases # = T, so we focus on this latter situation. Let T € 7,
and v, € Xk Xeurl The definition (25) of the inner product to which ||Illeurt,r corresponds and the
L?(F)?*-orthogonality of 7l' (Pcurl V) —URF € R*1(F) and 7r (Pcurl V) — U;‘Q’F e RK(F)*
give

2 2
“vT”curlT ”Pcurl r¥rlly + Z hF||(7T7e FAR )Pcurl V7 — WrF + Vg pllp
FeFr

+ > WPk s te — vEllR. (51)
EcéEr

Applying (24) with v = 0 yields ”1% T(Pcurl V) = v;-{T. Taking the projection 71;}’,’} of (23),
we infer that 7r (Pcurl TvT) = U,RT By (23), we also have ﬂl;%_,%"(P]ccurl,TyT) = vgr. Hence,

URT + UR = (JZ'k LI 7t )P v,. Using hp ~ hg for all E € Ef, we infer

curl, T

2 2
oz ~ Wt +vgrlf + D hellver + vk I+ Y Killvel}

FeFr EcéEr
2
Sher + 7R Pan sl + 3, helvrr + v p = @k + 7R )P 27 |
Fefr
2 k 2
+ Z hE”UE - Pcurl,TgT ' tEHE Z hF”(”R Ft ”R F)Pcurl TQTHF
Ec&Er Fe¥fr
2
+ Z h ||Pcurl T= tEHE
EcéEr
2
S IPGnrrlif + 3 helvrr +vie p = (e + g )Péan 7
Fefr
2 k 2
+ Z hellVE = Py 707 - tE|E
E EST
where the first inequality follows introducing (71"7‘{ )Pcurl 7Yy in the face terms, Pcurl TYr " LE
in the edge terms, and using triangle inequalities, whlle the second inequality is obtained invoking the
boundedness of the L2-projectors (7("‘1 l’k ) and (7rk‘1 L’k )» and discrete trace inequalities on

each face F € ¥r and edge E € &r. Recalhng (51), we infer |||vT|||curl S ||vT||curl T
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To establish the converse estimate, we start from (51) and use triangle inequalities to write

2 2
IIET”curl T ~ ”Pcurl TQTHT Z hF”(ﬂR Ft ﬂ?{ F)Pcurl TET“F Z h HPcurl V1 tE“E
FETT EEST

2 2 2
+ Y hellvrr + vk el + D hEllvel}
FeFr EcéEr

~ ||Pcurl TETHT + |||yT”'curl T ~ |”_T”|curl T

where the second inequality follows from the boundedness of L2-projectors (71"7‘{11E + 71';,'2’];:) together with
discrete trace inequalities, while the conclusion is obtained invoking (46). O

A.3 Preliminaries to the Poincaré inequalities for C fl

Lemma 14 (Poincaré inequality for C, K with averages of edge unknowns). Let (Ker C k w7 be the ortho-
gonal complement of Ker C, kin XX Xeurlh f0r an inner product whose norm is, uniformly in h, equivalent to

Illcurt,n- Forv,, € Xcurl , and any E € &y, denote by vg the average value of vg on E. Then, it holds,

1

HUthurl h < ”l_h_h”ldlv ht ( Z hz |E|(UE)2) Vvh € (KGI'C )J_ (52)
EES/I

Proof. Let us construct a vector éh = (({R,T,O)Tefi;“({R,F,O)Feﬂ,({E)Eeah) € ﬁuﬂ,h such that
v, +4 € Ker gﬁ We first set {g = —vg for all E € &,. This readily gives, denoting by Sj(v,,) the
right-hand side of (52),

D ElE < Suwy) (53)

EGS;,

Recalling (10) and enforcing, for all F € ¥, Cllé (v Ft+ é F) = (, we obtain

/F(UR,F +{r ) TOtF g — Z WFE '/E(UE +le)g=0 Vg e P F). (54)

EESF

For all E € &, by construction of (g, /E(UE + (r) = 0. Hence, the above equation is automatically

satisfied if ¢ is constant, and we only have to impose it for g € P%¥(F). Since rotz : PO (F) =, Rk (F)
is an isomorphism, this defines {% r € RK=1(F) uniquely. Moreover, by definition (10) of Cf;g 7> the
terms involving vg g and vg can be replaced in (54) and we have

/é"m: rotr q = Z wFE/(Eq /Czkszq Vg € PX(F). (55)
F

EESF

Working as around (48) with o- = {'g , which satisfies 71";e rO = {gp,wefind g € P¥(F) such that
rotr g = {g r and |lqllr < hrll{g rllF. Plugging this ¢ into (55) and using Cauchy—Schwarz and
discrete trace inequalities leads to

1

_1
1§ %,FllF < ( > héngEné) hyt + hel CRygllr.

Ec&EF

Squaring this inequality, multiplying by /g, summing over F € ¥, and usingcard {F € 7, : E € Er} <
1 and hr < 1, we infer that

D el el < D7 hellChupl} + > HEIZelR < Su(y) (56)

Fe¥y, FeF, Ee&y,
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where the conclusion follows from (53) and the definition of |||C' flg pllldiv, -
By [17, Eq. (5.22)], and recalling that Cf;(gF + £F) = for all F € ¥, we have, forall T € 75,

/ ITCT(UT + { )-gradr = Z a)TF/ C'}(gF +£F)r =0 Vr € PX(T).

FeFr F
This shows that, whatever the choice of ({% 7 )77, we have 71"‘ ! C k (v + { )=0forall T € 7;,. To
ensure that gﬁ(gh + £h) = 0 we therefore only have to show that ﬂg’kTC';(gT + £T) =0forall T € 7y,

which reduces to, recalling the definition (12) of C k.

/T(UR,T+{R’T)-curlT+ Z wTFLYﬁF(QF +£F)-('r><np):0 V‘regk(T)L.

FGTT

Since curl : GK(T)* 5 RK=1(T) is an isomorphism, this equation defines a unique ¢ RT € RE1(T).
Moreover, using the definition (12) of C’}QT to replace the terms involving v 7 and ('yf FUR)FeFrs W
have

/vae,r'c“rlTZ— Z wTnytF{ (TXnp)- / lkavT--r vr € GH(T)*.

Fefr

Invoking Lemma 11, we select T € GX(T)* such that curl T = Spr and ||T|lr S hrll{grllr. Using
Cauchy—Schwarz and discrete trace inequalities, we obtain

ISrrllr < ( Z hFll?’tF{ ||F) + hT||7TLk CTUTHT

FeFr

Squaring, summing over T € 7, using hr < 1, the definition of g’,;, the boundedness of 'yf F Stated in
(45), and recalling (56) and (53), we infer

D MerrlF < Suw,) (57)
TeT,
We have therefore found { e Xk Xeurlh such that v, + £ L € Ker g’; and, gathering (53), (56) and (57),
|||§ lleur,r < Sh(v,,). Let N (-) be the norm associated to the inner product for which v, 1L Ker Ck and
ch‘url A (KerC )* be the orthogonal projector for this inner product. We have P+ (v, + { ) =
which gives v, = —P* {h since v, € (Ker Ck)l Hence, N(v,) < N({h) and thus, by the assumed
equivalence of N(-) and ||- ”curl n= |l ”lcurl n (see (49)), we infer ”Uh”curl hs ”lg |||curl h < Sh(vh) O

Lemma 14 highlights the interest of Assumption 8 when establishing a Poincaré inequality for g’,;
The following proposition gives a situation when this assumption is satisfied.

Proposition 15 (Assumption 8 on simply connected domains). IfQ is simply connected, then Assumption
8 holds with a not depending on h.

Proof. We have to prove (32). To this end, we leverage the discrete Poincaré inequality proved in [9,
Lemma 2.2] in the context of Compatible Discrete Operators, which are linked to the DDR sequence for
k = 0. We next recall this result. Let

&, = {(,uE)Eegh :ug €R VE € Sh} and ¥, = {(FF)Feq-‘h crreR VYF e ‘7‘7,}
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be the spaces of edge and face constant values, respectively. These spaces correspond to X° D. G and

X giv 5> Tespectively, but are expressed in a notation more similar to [9] to help the reader navigate this
: 0 . vk 0 . vk
reference. We define the projectors chrl’h X — &) and I1 divh - XGiv.n — T, such that

Hewn ¥ = WE)Ece, VU, € Xy, and  TIg ,w, = (Wp)rer, YW, € XG4
where wp is the average of wp on F. Let CURL : &, — ¥, be the discrete curl defined by
CURL ( ! > wrelE| ) Vi = (up)ges, €6 (58)
= _— w = .
NI O G I

with |F| denoting the area of F' € ¥;,;,. Making ¢ = 1 in (10) shows that the following commutation
property holds:

0 k 0
1_[dlv h (C Uh) CURL (chrl hvh) Vvh Xcurl h* (59)
It is inferred from [9, Lemma 2.2] that
I3, = D RilElui < ) helFICURLE)}  Vu, & (KerGURLYn,  (60)
Eec&y, Fer,

where the orthogonal complement (Ker CURL)*“x is taken for a certain inner product (-,-)g, on &,
whose norm is equivalent (uniformly in £) to [||-|||s, defined above. Notice that the norms appearing in
(60) use a slightly different local length scale with respect to the ones defined in [9, Eq. (2.15)]. By
mesh regularity, these choices are equivalent up to a constant that depends only on the mesh regularity
parameter. Our approach to leverage this lowest-order Poincaré inequality in order to prove (32) consists in
defining on XX X Curt,, @n inner product, whose norm is equivalent to |||-|[|curt,, such that ngrl’ ,(Ker C Cck e

lg .. . . . .
(Ker CURL)™®:. A preliminary step consists in constructing an extension operator from &,. to Luﬂ n
that sends Ker CURL into Ker gﬁ

1. Extension operator. The extension operator €, : &, — X Xur,, 18 constructed following similar ideas

as in the proof of Lemma 14: For allﬁh €g,, set@hﬁh s, (({R,T,O)Te'iz,({R,F,O)Feﬁ,,(#E)Eesh)
such that
VF € 5, / {r.p TOtp q — Z WFE / peq=0  VqePO(F) (61)
F EcFE E
vT € Ty, /{R’T-curl'r+ Z wTF‘/yf,F{F-(TXnF)zo V‘regk(T)L. (62)
T Ferr F -

Reasoning as in the proof of Lemma 14, these equations uniquely define ({g r)reg, and ({g r)re7;,
which satisfy

D rrllF + D) helidw pllF <, N, (63)
TeT, Fefy,
We obviously have
0
e (€t,) =1, Vu, €8, (64)

since the edge components of €, B, = e , are (14E)Eecs, - Combining this remark with (63), we infer

I, 1, Mewn = Nl lle, Vi, € &, (65)

Let us prove that
€,u, €KerCy  Vu €KerCURL. (66)
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Let H, € Ker CURL. By definition (58) of CURL, itholds }.gcg, wre|E|ug = O forall F € %, and thus
(61) is actually satisfied for all ¢ € P*(F). This shows that C;f_ (ghﬁh) = 0 for all F € ¥,. Using again
the argument, based on [17, Eq. (5.22)], in the proof of Lemma 14, we infer from (62) that C ’} (@ h Eh) =0
for all T € 7. This proves (66).

2. Construction of the inner product on XX Let us now define the inner product [-,-] on X*

—curl,h* —curl,h
such that, for all V(v,,0,) € X uﬂ n X Xcurl e

vy, 0,1 = <H2url,hzh’nourl nTpe, + ((Id =€, T1 rlh)vh’(ld €1 urlh)"'h)curlh
Letting N(-) be the norm associated with [ -] and recalling that the norm associated with (-,-)g, is

equivalent to [||-||lg, » we have, for all v, € Xcurl B

2 0
N(,)" = |||chrl h_h|||8h+||(1d ¢, curlh)vh”curlh ~ Wh curl, h—h”curlh+”(ld ¢ chrlh)vthurl h

where the equivalence follows from (65) and (49). Triangle inequalities combined with (65) and the
straightforward estimate |I|chrl v,lle, < llvglllcurt,r = ||v), llcurt,n then show that N(-) is equivalent to
Il lleurt,» as required.

3. Conclusion. Take v, € (KerC )*, where the orthogonal is taken for the inner product [, -]. Let u, €

Ker CURL. Then, ghﬁh € Kergﬁ (see (66)) and (Id — Qhﬂgurl h)ghﬁh = ghﬁh - thcuﬂ h(ghﬁh) =0
(see (64)). Hence,

_ _ 0 0 _ 0
0= [gh,ghgh] = <chrl,h2h’chrl,hghﬁ;)sh - <chrl,hgh’ﬁh>8h'

In other words,
definition of T1°

url,
and using the commutation property (59), we infer

> RIE@e < Y helFl (Chug). < Y hrliChugl.

Eec&y, Fery, Fefy

v, € (Ker CURL)*¢:. Invoking then (60) on H, = ngrl’hgh, recalling the

curl,h’

the second estimate following by Jensen’s inequality since (Cfég F) is the average of Cllig r on F. The
proof of (32) is completed recalling the definition (42) of ||||||giv,» and the norm equivalence (50). O

A.4 Boundedness of interpolator
The global interpolator on Xgiv , is given by: Forallv € H Q)
I'éw nY = ((”g TV ”g T")TE%(”@ v nF))Fe?’ ) € Xﬁw ht

Lemma 16 (Boundedness of 1 ; h) It holds

ISy o llaivs < IVl ¥y € H(Q) . (67)
Proof. By L*(T)3-boundedness of the orthogonal projector ng ; + ﬂ; kT, we have
Izl kv + a5k vllr < vl (68)

The L?(F)-boundedness of n’;) - and the local continuous trace inequality [16, Lemma 1.31] yield

¥ Hlap - np)lle < h2 IvllF < vllr + Azl grad vz < [[vllgia)- (69)

Estimate (67) follows raising (68) and (69) to the square and summing, respectively, over T € 7, and
F eF,. O
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A.5 Poincaré inequalities

Theorem 17 (Isomorphism property and Poincaré inequality for D}’j). Let (Ker D",i)l be the orthogonal
of Ker Dk in lﬁw p Jor an inner product whose norm is (uniformly in h) equivalent to ||||giv,n. Then,

DI; : (Ker Dk)L — PK(Tp) is an isomorphism and
”wh”dlv hS ||Dk_h||Q th € (KerD )J_ (70)

Remark 18 (Topology of Q). As for the exactness of D’Z stated in Theorem 2, Theorem 17 is valid for
any polyhedral domain (even if its second Betti number is not zero).

Proof. The fact that D’g : (Ker D")l — PK(Ty,) is an isomorphism follows directly from the exactness
relation (19) and the decomposition X*, o = = Ker DX @ (Ker DX)*.

Letw, € (KerD )* and set g5, = D WW,- As seen in the proof of (19), if v € H 1(©)? is such that
divy = gy, then the global interpolate y, = I kiv’hv eX kiv,h of v satisfies DX WYn = qn- We can take v
such that [[v|| 1y < [lgnlla (see [16, Lemma 8.3]), and Lemma 16 then shows that

vy, llaiv,e < IVl @p < llgnllo- 71

We have D,’i(gh -w,)=qn—qn=0s0y, —w, € Ker D’é and w, is the orthogonal projection, for the
inner product in the theorem, of v, on (Ker Dfl)l. The norm, for this inner product, of w, is therefore less
than the norm of y,. The norm equivalence stated in the theorem, (50) (with & = £) and (71) conclude
the proof of (70). O

Theorem 19 (Isomorphlsm property and Poincaré inequality for C ) Let (Ker C' ck w7 be the orthogonal
f Ker C* C,inX

(KerC ) — Ker DZ is an isomorphism. Moreover, under Assumption 8 and choosing the inner
product above as the one provided by this assumption, it holds

e rl , Jor an inner product whose norm is (uniformly in h) equivalent to ||-||cur1,n. Then,

HQh”curl,h s ”g]]iyhlldiv,h Vvh € (KCI‘C )L (72)

Proof. The isomorphism property follows from the exactness property (20) and the orthogonal decom-
position X* D KerC ® (KerC ). The Poincaré inequality (72) is a consequence of Lemma 14,
Assumption 8, and the equlvalence of norms (50). O

A.6 Proof of Theorem 9
We follow the arguments in the proof of [17, Lemma 1]. Let S denote the left-hand side of (33) and let
us start by choosing (éh,zh) = (v;,,w,,) in (31). This readily gives

+ || Dkw

”Uthurl h WWh “Q

> (73)
”Qh”curl,l,h + ||Kh”div,1,h

We then select (£h,gh) = (Q,gflgh) in (31) and use Dflgh = 0 (by the exactness (20)) to obtain S >

IIC’ i v, |laiv,» which, combined with (73), yields

+ || DFw

”vthurl 1,h —hHQ

”2h||curl,l,h + ||Eh”div,1,h

(74)

To conclude the proof of (33), it remains to estimate ||w, ||4iv,n. We split w, into

k
w, =wr+wi € Ker D} @ (Ker Dj)* = le h
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where the orthogonal is taken with respect to the (-, -)4iv,n-inner product. Invoking Theorem 17, we have
k k
||W ”le h ~ ”D J_“Q - ”D _h”Q < S (thchrl 1LLh + “wh”dlv,l,h) (75)

where the equality follows from Dkw w, = Dk (w wp+ wl) = Dk and (74) was used in the last inequality.
To estimate ||w > [ldiv,n, We use Theorem 19 to find { € (KerC )* (the orthogonal being taken for the
inner product in Assumption 8) such that C g = —wj and ||£ h”curl,h < llwyllaiv,n- This immediately
yields |I£h”curl,l,h < ||mh |lgiv.» and, using this éh together with v, = 0 in the definition (31) of Aj,, we
obtain

1willaivnS 2 1€, leurt, 1.1 S = @& eurtn + WJ5 Wy + Wi daiv.h-

Cauchy—Schwarz inequalities and [ [leurt.r S [[W} llaiv.n, (74), and (75) lead to

1w 3 s S 195 v 25 v, e+ 12, lewrtn I, lewnt e + 195 llaiv 2 S

< ”EZ”div,h [[S(thllcurl 1L,h t ”wthlV,],h)] S] .

Simplifying and using again (75) we infer ||Wh||§w hS (”Uthurl La + 1wy, llaiva h) + 82 which, com-
bined with (74), leads to ||vh||curl T Hwh”dw h S (||vh||c.m Lh+ ||wh||dw,1,h) +82. A Young
inequality then concludes the proof of the inf—sup estimate (33).
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