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Abstract

We improve the error term in the Bombieri asympotic sieve when the summation
is restricted to integers having at most two prime factors. This results in a refined
bilinear decomposition for the characteristic function of the primes that enables us
to get a best possible estimate for the trigonometric polynomial over primes.
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1 Introduction

Since the discovery and systematic use of bilinear forms, our understanding
of primes has greatly improved. This technique enables one to translate our
knowledge of integers to the one of primes, and quite often, problems get re-
duced to finding a suitable bilinear form with which to write the characteristic
function of the primes. Such a bilinear form converts the problem to a corre-
sponding one over integers ranging an interval. However this decomposition of
the characteristic function of primes introduces divisor functions, amounting
to a loss of some power of Log X when working with primes < X (in fact the
"trivial bound” is increased by such an amount). We produce here a family
of bilinear forms that do not have this feature; more precisely our divisors
will have a bounded number of prime factors. Moreover we shall completely
explicitate the dependence in this number of prime factors and further re-
duce their effect by using a preliminary sieving. We first choose an integer f

and write H*pgy for a product over primes < y and prime to f, and Z*dgy to
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denote a summation over integers d < y and prime to f. We put A®(n) for
A(n)(Logn)t=1/(t — 1)! and study

S(f,X) = 3 A® () f(n) + 3 TAY < AV (n) f(n) (1)

n<X n<X

for a fairly wide class of non-negative functions defined below. The dependence
on f is easily handled. The non-negativity assumption is much more drastic.
However, since we can close the set for which the asymptotic expression holds
under linear combination, we can also deal with complex-valued oscillating
functions that are bounded by an element of this class. We shall details some
applications in Corollary 30, 31 and 32. Let us mention here that Lemma 29
provides us with an asymptotic for the reference quantity >,(1, X). A close
look at the proof will also reveal to the reader that the contribution coming
from A is very close to the contribution of A®) « A®),

Our course of action will be as follows. We will assume a simple "model” fy is
given for f (in a sense to be precised below) and show in Theorem 1 and 2 that
¥, (fo, X) is a good approximation to X, (f, X). This part is better sketched
in subsection 2.1. In many problems the relevant expression with f; may be
evaluated by different tools. We fail to evaluate this sum because the function
F that appears in (H;) below is too general for such a purpose.

Theorem 2 is quite sharp to describe the mean value of functions over integers
having at most two prime factors. In many cases however, one would like to
know the mean value of functions over primes only. Starting from Theorem 1,
two courses of actions are possible: using a tauberian argument or handle the
bilinear part as a remainder term. This is the path we follow in Theorem 3 in
order to bound

> A(n)e(na)

n<X

for a small « close to a rational with a small denominator.

1.1 Description of the properties required on f

The parameters X > €?° and v > 1 are fixed throughout this paper. The
parameters Dy = X172 and 2z = X° are also fixed with some § < 1/(4v). We
further assume that f has only prime factors less than z.

o To be able to sieve the sequence (f(n)), we need some regularity which we
express in the following form. For d prime to f, define

> fldn) = o(d)F(y) +ra(f.y)

n<y/d



where the 74(f,y)’s are looked upon as error terms, o is a multiplicative func-
tion and F' is any function. We suppose given a ”simple” model f, for f and
define r4( fo,y) again by

> foldn) = oo(d)F(y) +rafo. y)- (2)

n<y/d
These parameters are assumed to verify

[F(y)| < F(X) (yé)f), 0 < o(p),oo(p) <1,

V<X, fo(n) < BoF(X)/X,

H
[T o)+ IT (- o0p) " < er B 2<v<u) .
v<p<u v<p<u 0g v
where c is a constant > 2.
We assume also an inequality in the other direction, namely:
V,o(2) < ¢/Log z (Hs)

where we use the definition (& being a generic multiplicative function)

Va(z) =TT(1—5(p)). (3)

p<z

The introduction of oy and f; serve two purposes. The first problem we meet is
that the main terms are going to be difficult to compute; so much so that we do
not even attempt this evaluation but only show how to replace a difficult one
(with f) to a supposedly simpler one (with fj). In [6], the problem is handled
in a similar fashion by assuming the main term to simply vanish. The second
problem is the one of uniformity which becomes stringent when working with
the sequence (A(N — p)),<n for instance. The sieve knows how to deal with
that, the key observation being that the one sided condition (22) is really what
is required: the parameters introduced usually diminish the left-hand side so
that ¢ has some uniformity. The proof of Corollary 32 displays on an example
how all of that works. This takes care of the uniformity for the primes < z.
For the larger ones, the main term with fj still has to be computed; this main
term is a sum over integers prime to z.

One of the fundamental hypothesis we make concerns positivity
J =0 and fy=>0. (Hs)

This will be crucial to use the sieve argument, but as we remarked above,
there is a workaround for oscillating functions; the proof of Theorem 3 uses
such a technique.



We quantify the fact that r4(f,y) (resp. r4(fo,y)) is an error term with an
assumption on
R(f.D.r) = Y7 (d) ma |ra £, 9). @)
d<D ysX
where 7, is the r-th divisor function. Our precise hypothesis is as follows:

R(f, Do, 2v) + “//U((Z;) R(fo, Do, 2v) < AF(X)/Log X. (Hy)

Such an inequality may be tricky to verify when v is a function of X and we
provide in (Hy) a simpler hypothesis.

o To handle the difference from f to fy, we shall use

A= 3 |o(p*) —oo(p)] (5)

X>pt,p>z

and we control the large values of oy by

T Yoo <

2<p<X a>0

Log X

. H
CLogz (H)

In Lemma 21, we deduce from A and (Hs) a control on the large values of o.
1.2 A first result

We start with a fairly raw result taht requires few hypotheses. It still contains
a preliminary sieving, which is easily removed in most cases. This of course

corresponds to the case f = [[,<, p and we a priori do not need more nota-
tions. However, in the course of the proof, we will write 5 for a summation
restricted to integers having no prime factors below z. To maintain notational

consistency, we denote by ¥ (f, X) the sum 3 (f, X) when f = [],<, p.

Theorem 1 Assuming (Hy)—(Hs), we have

Vo(2)
Voo (2)

(Log X)Qufl

5, (f. X) = v — 1)

S (fo. X) + (p+7) - F(X)

where
| < (5612)"{2A + (Co(c)0™ + 40 A)(c/6)*},
171 < Bo(2004%5 Log(1/0))",

provided that

v?0Log(1/6) <L 2v+1<dLogX, 20<LogX, 4"°A<

1
-



Co(c) is defined in Lemma 3.3.

Note that when v increases, A« A?) tends to give more weight to the points
n = p"¢* with p" ~ ¢* ~ VX.

1.8 A result without a preliminary sieving

We now turn to a more refined result, but which requires finer hypotheses. We
first need a mild control over the values taken by ¢ and oy on prime powers :

max(o(p")p", oo (p")p") < ¢, (p < 2), (Hs)
Such a hypothesis is a consequence when h = 1 of (H;) by taking u = v =p
there. It is sensible since (H;) corresponds to a sieve of dimension 1. The

hypothesis o(p") < ep~" simply says that individual values do not vary in too
vaste a range. For o(, we further assume that:

V,, (X4 < ¢/Log X. (H7)

Furthermore, the simplest treatment uses the following two bounds:
F(X)>2vX6™,  max(||flle [ follw) < B. (Hs)
Theorem 2 Assuming (Hy)—(Hs), we have

Vo(2)
Voo (2)

Zz/(va): Zu(f07X>+(p+9>

where

ol < (362" {A+ (Co(e)0™ + 408 ) (¢/5)™ },

|0] <. A+ (B + By) (200028 Log(1/4))”
provided that

v’ Log(1/6) <%, 2v+1<dLogX, 20<LogX, 4Y°A<

1
3-

Comparing with [8], our result is better in that the error term is (essentially)
(126 Log(1/6))” while it was (essentially) 6 Log(1/d) in the aforementioned

paper.



1.4 A simpler hypothesis on the remainder term

Hypothesis (H4) may be troublesome due to the uniformity required in v. We
prove in section 6 that it can be replaced by

vd < Do, max(lra(f,y)l, Ir(fo, y)l) < CE(X)/d,

V,(2) (Hy)

R(f, Do, 1) + 57~ 5 Rifo, Do, 1) < AF(X)/ Log™ X

in which case we can take A = \/0(2 Log X)%* A’
1.5 A sum over primes

When studying prime numbers, it is often useful to have some information
about their distribution in arithmetic progressions. We first introduce a nota-
tion: for a sequence f, real numbers X and X’ €]X,2X] and « on the torus,

we put
S(fra)=" > [(n)e(na). (6)

X<n<X'’
By using only combinatorial arguments, we shall prove

Theorem 3 For X > 1, Logq < &(Log X)'/* and a = a/q + B with 8| <
qX 'exp((Log X)'/3) and a prime to q, we have

3 Logpe(pa) < X/7/6(q).

p<X

All constants are explicit. We now discuss the optimality of Theorem 3. As-
suming the Riemann hypothesis for L-functions, one would get

1A afg)] < (‘;((j)) X Logx) X ™)

while by using the prime number Theorem for the modulus ¢ and assuming
that there exists a Siegel’s zero at 1 — 4, we get

1S(Asa/q)] ~ qs(fj)xl-?

Thus multiplying our bound by a function of ¢ which goes to 0 would improve
on our effective knowledge of Siegel’s zero, and in this sense it is optimal.
It also improves on [3] in the main term as well as in the range in (. Let
us note here that in [13] we can already find a proof of an upper bound for



|S(A;a/q)|/ X that has the main characteristic of this one: it is independant of
X, goes to zero when ¢ remains smaller than a power of Log X and is obtained
via the bilinear form technique; use Theorem 2b of chapter IX therein with

¢ = 2Log ¢/ Log Log X — the upper bound obtained is about X - (Log ¢)'°/,/q.

The range in 3 is amply sufficient for applications but a much shorter one
would not do.

1.6 Notations

We write Z/ for a summation restricted to integers free of prime factors < z.
The function fy should be a good model for f. More precisely, define

> wlnfln) = 722

n<y/d

S w(n) foldn) + 14 (w,y) (8)

0<’Z) n<ly/d

where w is a weight. We further define

For D > 1, we set

57 (d) mage s (w, )| = Re(w, F, D7),

d<D

=0 ] (10)
Z Tr(d> max ‘Td,z(wa y)‘ = R;(U), fv D7 T)'
d<D ysX

There exist relationships between these quantities, and it is the topic of the
third section to show how to control them in terms of some R(fy, D’,r) and

R(f, D r).
To avoid typographical work, we set

. (Log X)L V(2
MT = F(X) (21g/ —)1)! VUO<(z))‘

(11)

As a matter of notations, we shall use either standard ones (in particular p
shall always stand for a prime number) or define them when required but for
two exceptions : we write a = b|q] to say that a is congruent to b modulo ¢ and
the notation f = O*(g) to mean that |f| < g. Though we shall not compute
every constant implied in O-symbols, some of them are easy enough to get and
displays clearly the dependence of the constants on the various parameters.
We finally use Log to denote the natural logarithm.



1.7 Comments and acknowledgements

This paper started as a collaboration with Henryk Iwaniec, and we completed
the main frame around 1997. It was presented partially in talks, and we some-
how forgot about it. The recent papers [4] and [6] made us believe that it
would be a good idea to make this work available. Note in particular that in
6], the sequence f is essentially assumed to be of ”dimension” 2, where the
dimension comes from (H;): the upper bound we assume is ¢(Logu/Logv)"
where k = 1 is (an upper bound of) the dimension.

I then started to update and complete our initial work. Henryk Iwaniec does
not wish anymore to appear as an author, since to his opinion, the input to this
work is not distributed enough among the former co-authors. I could express
thanks to him for interesting discussions, but that would be lessening far too
much his contribution to this work.

I end this part by thanking the referee for his/her very thorough reading of
this paper.

2 Diamond & Steinig identity and some further notations

In their elementary proof of the Prime Number Theorem with a good remain-

der term in 1970, Diamond & Steinig introduced a generalisation of Selberg’s

identity. We are mainly concerned in this part with creating a confortable en-

vironment for using these identities as bilinear forms, their main default lying

in the fact that they are not easy to write.

Let us fix an integer v > 1.

When kq, ko ...k, are integers, we define the function L(ky,..., k) by
L(ky, ... kn) = Logx---xLogxLog? % - - -xLog® % - - -xLog™ % - - -xLog™, (12)

while p; denotes the k-fold convolution power of .

Let us denote by K = K(v) the set of all 2v-tuples (ki, ..., ko, ) satisfying

ey 4 Ay =k <,
{ Lt R =Y (13)

k1+2]€2+"'+21/k?2V:2V.

A generic element of K will be denoted by k and its length (i.e. > k;) by k.



Let us also define the functions ¢ and w over K by

=DMk =)

) = T
11 1

wik) = 3 g (20)lkzs

(14)

We denote by H = H(v) the set of all 2uv-tuples (K, ... k., kY, ... k) satisfy-
ing
K+ + kK +K+ 4k =K+E <u, (15)
ki+-+vk =kl +---+ vkl =v.
A generic element of H will be denoted by h = (k’, k”) and its length by h.
The functions ¢ and w are defined on H by

G A G L e A G V]!
AN KLk (16)
11 111 1

I T R LA T T A Tk

After these preparations, the identity under question reads:

Lemma 4 (Diamond & Steinig)

A L AW L AW
=2v Y c(k)w(k)u, * L(k) +v* > é(h)w(h)uy, « L(k') * L(k").

kek heH
This Lemma follows from an identity of the shape

1 ¢ (2v-1) 1 ¢! (v-1) 2_ P(LC;---aC(QV))
2 1) (g) * {(y—n! (g) } - v (17)

where P is a polynomial with integer coefficients. The key here is that ¢
appears on the denominator with a power v and not 2v.

We shall often use the following short form

A 4 A®) % AC) = 3 a(8) g % L(0) (18)
£

Finally, we write ju;, p for the function defined by

pr(m) if m <T,

_ 1
fk, (M) { 0 otherwise. )



2.1 A more precise sketch of the proof

We said that our plan is to prove that X, (fy, X) is a good approximation to
Y, (f, X). As a matter of fact, we use the assumed level of distribution given
by hypothesis (Hy) and the fact that o is close to oy to show that

> > al@)(per* L(€))(n) f(n)

n<X £
is small. Here 7T is a truncation parameter that we will choose later so large

that
3 5 ale)e — gl = LOY) (F0) + 374 o)

n<X ¢

is indeed an error term. The fact that ¢ is bounded above by v is essential
in this part. If we were to carry out this programm, we would reach an error
term for this part of size

L0g3<X/T>)u

» MT -
< ( Log X

thus forcing us to take X/T rather small. However the preliminary sieving
reduces the above term (see (29)) to

L0g3(X/T))”

, MT - (
< 52 Log® X

and thus enables us to take X/T as a power of X°. (We take X/T to be
(X%)*Lee(1/9) in (32)). The treatment of the main term, which is already
rather intricate due to the iterated convolutions, is made even more intricate
by this preliminary sieving. This treatment accounts in fact for most of the
length of the paper.

3 Some preliminary estimates

Lemma 5 For fixed ky and v > 1, we have

S e < Y Je(k)| = ;G%_D

heH keK
h=kq k=ko

Proof. The equality comes from computing the coefficient of Y?*X* in
(1+ XY +XY?+ -+ XY?)? in two different ways (cf between (5.10) and

10



(5.11) in [5]). Indeed, a direct expansion yields

1+ XY + XY+ 4 XYH)¥

_ Z 2v Xkl+k2+.--+k2,,Yk1+2k2+---+21/k2u
kv, - koy

0<ky, ko <2v

while :
(1+X(Y+Y2+...+Y2V)> v <1+1*X_);/> +O(y2u+1)
k—14+7\...
_kz:< ) ;)( k_TJ>YJ+O(Y2u+1)
>0 3>

1

3 ( 2v ) B <2y> <2y— 1)
0<ky - Koy <20, ki, - o ko k k—1

k14-ko+--+-kay =k,
k14+2ko+---+2vko, =2v

(with the convention (:1) =1 and (*i”) = 0 when 7 > 1). This leads to

from which our claim follows easily. The inequality is easy. ¢ ¢ ¢
Lemma 6 Fork in K, w(k) <27, and for h in H, w(h) <27".
Proof. We want to get the minimum of
w g
S = Z k; Log/

Jj=1/4=1

under Y jk; = 2v and ) k; < v. Introducing the variables K, = Z?ie kj;, we
solve easily this problem. The other inequality follows from this one. ¢ ¢ ¢

Lemma 7

2v ) le(kw(k)| +v* Y e(h)o(h)| < (v +2)2"7

kekK heH

Proof. By Lemma 5 and 6, the LHS of Lemma 7 is not more than

w4+ XL (2v—1)\1 v+ 2 1 9y—1 4
— < 1+ dt < 2)2¥
ov <k0—1>/<:0— 2 /0(+> <@+

hence the result. ¢ ¢ ¢

11



Lemma 8 We have V,(2)/V,,(z) > 1/(2¢%).

Proof. By (H)), we get V,(z) > £%2Z > 1/(2cLogz) and (H,) concludes.

cLogz
000
Lemma 9 We have n! = (2mn)2(n/e) /2 for n > 1 and some 0, €
10,1]
Cf [5, (2.9)].

3
Lemma 10 When v > 1, we have (2v —1)!/(v — 1)1? < /v2* 2.
This follows readily from [5, (2.10)].
Lemma 11 We have 7,(p") < 1(e(1 4 r/A))* whenever a < A.

Proof. Indeed, we have

") r—1+a <el/12 r o [r+a(r+a)te
Ty = >
P r—1 NoArr+a ra rTa

ol/12 e

< o\ e (L) (L afr) < (14 r/A) 2

since x — (1 + r/x)* is increasing; indeed the derivative of its logarithm is

r/x

Log(1+r/z) — m

and Log(1+vy) > y/(1+y) for y > 0 (the derivative of the difference is > 0).
000

Lemma 12 We have 7,.(¢m) < 7,.(£)7.(m).

Proof. This submultiplicativity is classical. We can establish it by showing
that 7.(p"*t") < 7.(p")7-(p") for every prime p. Let A(w) be the set of r-
tuples such that a; + --- + a, = w. We simply want to build an injective
map from A(u + v) into A(u) x A(v). There are several way to achieve that,
and for instance, we can associate to (a1, - - ,a,) € A(u+v) the two r-tuples
(af, -+ ,a.) € A(u) and (a1 — a}, -+ ,a, — a.) € A(v) where
a; = min(ay,u), ay = min(ag, u — @), a3 = min(az,u — aj — ay), - -
a, = min(a,,u —a} —ay, —---—a._,).

SO0

12



Lemma 13 We have

2

Z 7,(n)?/n < (Z 1/n)r )

n<N n<N

Proof. Indeed and on using Lemma 12, we find that

3 7(n) 7(n) Y 1< % 7 (n1) 70 (1) - - - 7 (ny)

niNg -« « - Ny

S

ning:--nr=n ning--ny <N

< (X wm/m)'< (S 1m)”

n<N

and the Lemma readily follows. ¢ ¢ ¢

The following Lemma is not essential but will help in keeping our estimates
explicit, and thus, hopefully, more understandable.

Lemma 14 For 300 < a < b, we have

II 1—1/p)~" <1.04(Logb)/ Loga.

a<p<b

Proof. We use inequalities (3.25) and (3.28) from [12], to get that

IT (1=1/p)™" < c1(Logb)/ Loga

a<p<b

1+ ! 1 L B
= —— — :
! 2Log?b 2Log%a

A numerical application concludes. ¢ ¢ ¢

with

Let us recall the following lemma (this is th 01 of [9]):

Lemma 15 Let H be a non-negative multiplicative function verifying

(1) Zpgy H(p) Lng S O‘y fOT Z/ Z 07
(2) Xy Xaz2 H(p")p™ Log(p®) < 6.

Then, for x > 1, we have

S H(n) < (a+ 8+ 1>Lo”;x " H(n)/n.

n<x n<x

We use it to prove:

13



Lemma 16 Forr > 1 and z > 300, we have

7-(n)

S 7(n) < N3'(Log N)'/(Log )", and Y < 3"(Log N)™*'/(Log 2)".

n<N n<n T

This Lemma gives the correct order of magnitude in N and z.

Proof. To use Lemma 15, note that 7,.(p) = ¢ while 7,.(p*) = (T:Jlr“) This
leads to

a —a a Logp T+(I—1 —(a—
S () Log(p") — Zr( >p< b

a>2 P > r

Logp 1 1
= T _
» (1—p1)y+t

Logp r(r+1) Logp
< 2t —-=.
pr (L—p Lyt = r(r+1) P2

As a consequence, we reach

/ N N
Y ogr2 1—1/p) 7" < 2(2.08)"5°"
S ) € o IL 0= < o208

n<N z<p<X

where we used Lemma 14 to estimate the product over the primes. We conclude
by noticing that 72(2.08)" < 3". The second estimates follows readily from the
above lines. ¢ ¢ ¢

Lemma 17 Let m < M be an integer with no prime factor < z. The following
upper bound holds true for £ in K or in H:

L(E)(m) < n<m>(6“’gm)2y/ww>.

2v
(Replace w(€) by w(€) in case £ € H).

Proof. Indeed, we have to write m as a product

m= [ I miy

1<i<v 1<5<4;

where (1,05, - , {5, define £ and thus verify

Z Z.fiZQV, Z EZZESV

1<i<2v 1<i<2v

14



Since Log 1 = 0, we have to count only the m; ;’s that are > 1 and thus > z.
We set m; ; = 2% so that

(Log 2)~* L(€)(m)/7e(m) < ajj=exp Y . ilogai;

1<i<20 1<j<t; 1<i<20 1<<t;
and we should maximize the sum containing the Log «; ;s under the conditions

a;>1, Y a;; =A< (Logm)/Logz.

,J

We can use Lagrange multipliers, forgetting the individual lower bounds, and
prove that we should have o, ; = i/A for a fixed A\. We readily discover that
A = 2v/A and thus that

LOm/mim) < (V% m)H < <L§m)n<u>

i %

since Lemma 9 implies that (i/e)’ < i!. We conclude easily. ¢ ¢ ¢

When using the above Lemma, we will replace Lemma 7 by the following one,
which we prove in the same way:

Lemma 18

2v Y e(k)|+v* > [é(h)| < (v +2)2* "
kek heH

4 Inter-relations between different error terms

Our aim is to derive estimates for

3" w(n) f(dn)

n<X/d

where w is a weight to be precised. When this weight is intricate, obtaining the
main term for the above sum in terms of similar expressmn for f is difficult,
hence the introduction of fy. Recall that f = f — fo

If g is a C'-function over [1, X], we define

X
19112 :/1 lg'(DldE, gl = max [g(1)], gl = max(llg'[l1, [lglls). (20)

1<t<X

15



4.1 Smooth weights

Lemma 19 When w is a C*-function over [1, X], we have

Rz(w,f,D,r) < 3||wl| Rz(l,f,D,r),
R, (w, f,D,r) < 3|lw|| RL(1, f, D,r).

Proof. By summation by parts we get

> wmfan = [ we) X Fanydtrw) X fdn)

n<y/d t<n<y/d n<y/d
X
< (\w(m +2/ ]w’(t)|dt> max [ra. (1, )|
1 t<X

as required. ¢ ¢ ¢
4.2 Dwvisor-like weights

Let wy,...,wy be k C'-functions over [1, X]. We consider the weight w =
wy * + -+ x wy. We put
[wll = ffws - ffws]-

Lemma 20 We have, when 1 < D < X,

{Rz(w,f,Xw/X)’“,r) <302 —1)-Ru(L f,D,r +k—1)|wl,
R, (w, f, X(D/X)*,r) <3(2" = 1) - RL(L f,D,r +k — 1)|jw|

Proof. Put D(w) = X(D/X)*. We use induction over k > 1. The case k = 1
is treated in Lemma 19. Let us prove Lemma 20 to hold for k if it holds for
k—1. We put w = wy x - - - x wg_1 and apply Dirichlet hyperbola formula to
get, with M N = y/d,

> w(n)we(m)f(dnm) = > w(n) Y wi(m)f(dnm)

mn<y/d n<N m<y/dn
/ / =
+ > we(m) Y w(n)f(dmn).
m<M N<n<y/dm

Assuming dN < D and dM < D(w), we get

ra.(Wxwy, y) = Z/w( Vdn, - (W, Y)+ Z W (M) (Tam, 2 (W, Y) —Tam, - (w, Ndm))

n<N m<M
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We take M = D(w)/d and get

’ <
> eld) max [ra.(wxwy, y)| <

d<D(wxwy,)
S ) X ) max (e, y)

d<D(wxwy,) n<X/D(w)
+2 37 n(d) D0 |we(m) max |ram, (w, )|
d<D(wkwy,) m<D(w)/d =

which in turn is not more than

Z*Tr * |w](€) max |y . (wg, y)| + 2 Z* T, % Jwg| (¢) max |ry . (w, y)].
<D ysX 1< D(w) ysX

Now note that
7 x Jw[(€) < [lwilloo - |wr-1llooTrsr-1(€)
so that our remainder term is not more than

B{Hwkl\leH o Nlwrall 228 =D - meHHwkHoo} R.(L, f, D,r+k-1)

from which the first inequality of the Lemma follows readily. The proof of the
second inequality is similar. ¢ ¢ ¢

4.8 Sieve weights

We first need a Lemma to connect o(d) and ogy(d).

Lemma 21 When A < (e +erd)~Y%, where A is defined in (5), we have

S 1 (d)|o(d) — oo (d)] < 2A(e + erd) /2 (c/)"

d<X

Proof. We get the following inequality by mimicking the proof given sec-
tion 15 of [8]:

lo(d) = ao(d)] < > |o(p") = oo(p”)| max(a(d/p"), oo(d/p")).

p°||d

We then write

17



Un(lo = o0) = > ()]0 (d) — o0 (d)|

< i/ 7:(d) 3 |o(p") — oo(p*)| max(a(d/p®), oo(d/p"))
d<D pelld
< Amax7,(p%) Z, 7,(d) max(o(d), oo(d)).

d<D/z
Notice that, by Lemma 11 and on noticing that a < 1/¢:

r—1+a
r—1

7.(p*) = ( > < (e+erd)/?)2.

We furthermore write
max(a(d), 0o(d)) < [o(d) — oo(d)| + 00(d)
so that
U,(lo — a0]) < Ale + erd)Y°U,.(Jo — oo|) + Ale + erd) U, (o).
Our bound on A enables to infer from the above that
U,(lo — ao]) < 2A(e + erd)°U,(o0).

Next we write

Ur(oo) < TI (1+ D 00(@")" < (c/d)" (21)

by (Hs) and the Lemma follows readily. ¢ ¢ ¢

Let Z > 1 be a real number and P(Z) = P(Z,f) = H;gp. We take w(n) =1
when (n, P(2)) = 1 and 0 otherwise. We first recall a well-known Lemma (cf
for instance [7, Lemma 5]).

Lemma 22 (Fundamental Lemma) Let M > 2 and Z > 1 be two real
parameters. There exist two sequences (X)), (A\,) with the following properties:

A=A =1, NS I <, ANo=X,=0 when m > M.
For any n for which (n, P(2)) # 1,

DAL S0,

while Y n Ay = X A = 1 when (n, P(2)) = 1. For any multiplicative
function ¢ verifying 0 < o < 1 and
" L

[T (-6()" <o

v<p<u

2<v< 22
foor (2<v<u) (22



we have

> Ang(m) < (14 Co(e)eFoe0tee) TT(1 — 6(p)),

m|P(Z) p<z
> And(m) > (1= Cy(e)e” e/ TTT1 - 6(p)),
m|P(Z) p<z

where Cy(€) is a number which depends only on the constant ¢.

Lemma 23 For Dy > Dz and when Ae 4 erd)'/° < 1/2, the quantity
R.(1, f, D,r) is not more than

Vo(2)
Vao(2)

LogDg/D «

4 <2Co(c)e_Long(X) +2A(e + er5)1/5> V,(2) (¢/8) B(X).

R(f, Do, r+ 1) + R(fo, Do, + 1)

Proof. We employ a sieve of level M = Dy/D > z to get

£ 3 fldn) < YUY N fdn) = Y M {o(dm)F(y) + ram(fy)}-

n<y/d n<y/dm|n m|P(z)

We find that

Y@ 3 Aaran(fw)| € X ma (@) max |re(f,y)| = RS, Do+ 1),

d<Do/M m|P(2) 2<Dy
Furthermore

Lo

S fldn) = a(d)Vy(2)F(y)(1 + O*(Colc)e

n<y/d

+O*< S ram(foy) )

m<M
m|P(z)

and a similar estimate holds for fy. To compare both, we use Lemma 21 and

bound
Z fo dn

n<y/d

Z

> fldn) - &

n<y/d

by

Log M

lo(d) = oo(d) |V, (2) F(y) + (o(d) + Uo(d)>Va(2)F(y)CO(C)€_
+ Z |Tdm(fay U( Z |rdm an

m<M m<M
m|P(2) m|P(z)

The first sum over d is treated in Lemma 21, while we treat the two next ones
as in (21). The Lemma follows readily. ¢ ¢ ¢
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4.4 Divisor-like weights with preliminary sieving

Let wy, ..., w; be C'-functions over [1, X|. We consider the weight w = w; *
ck W

Lemma 24 If Dy/D > z and when A(e + erd)'/% < 1/2, then the remainder
term R.(w, f, X(D/X)*,r) is not more than

V,(2)
Voo (2)

Log Doy /D

+ (200(0)6_ Loe= + 2A(e + er6)1/5> V,(2) (c)8) F(X)}

3'2k||w|!{R(f,Do,r+k)+ R(fo, Do, + k)

Proof. We combine Lemma 20 and Lemma 23. ¢ ¢ ¢

5 Proof of Theorem 1

Recall that ¥, (f, X') denotes the sum X7 (f, X) when f = [[,<, p. We use the
following succession of approximations

SL(f, X) = all) (Si(£,T,€) + O*(Sa(f,T,4)))

L

0(2)
—Z (VUO(Z)Sl(fO,T 0)
V,(2)

o (vgo )

¥ (fo, X) + Remainder

So(fo, T, €) + Sao( f, T, K))) + Remainder)

_ V,(2)
Voo (2)

5.1 FEvaluation of the truncated sums

We have to approximate

Si(f,T,0) =S pe(n) S L(8)(m) f(mn) (23)

n<T m<X/n
by v S1(fo, T, ). In doing so, we get a remainder term which is not more
than
, _
> me(n) max|r,.(L(£),y)| = RL(L(E), f,T.0). (24)
n<T y<X
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Let D be a parameter to be chosen later and such that 1 < D < Dy/z. We
then take T = X(D/X)", use Lemma 24, hypothesis (Hs) and (Hy). Note
that ||L(¢)|| = (Log X)?. We get that the difference

Vo (2)
Voo (2)

Sl(f7T7£>_ Sl(f07T7£>

is not more in absolute value than

Do

A A Log 7~
b+l 20 - 1/6 +0—1
32 F(X)(Log X) {2 Tog + (Co(c)e + A(e + eld) ) V,(2) (c/9) }

where it is worthwhile recalling that ¢ < r. Summing over ¢ and using
Lemma 7, we get a remainder term which is not more than

3.2% (v 4+ 2)F(X)(Log X)2”1“//"((?) X

A ce,LoiO’;oz/D o 4 05\ Lo c/§12 1
L@ e+ ef0)) V) Low X e/}

We invoke Lemma 8 and (H3) together with Lemma 9 to get the majorant

Log Dg/D

MT - (37u2)”{A62 + (C’O(c)e_ togz + Ae + 61/(5)1/6> (0/5)2V} (25)

since 3“22(4v /) et /Tv < (3T1%)".
5.2 Error term due to truncation: from Sy(f,T,€) to So(fo, T, ¥€)
We have to approximate

So(f,T,0) = Y L(¢ S u(n) f(mn) (26)

m<X/T T<n§X/m

by “/Z’O((ZZ)) Sa(fo, T, €). We can use Lemma 24, hypothesis (Hs) and (Hy) to get

Vo(2)
Voo (2)

52<f7T7£)_ S2(f07T7£>

in not more in absolute value than

3. 22 F(X) (Log X)QV Vo(2)

) V)"

A ey 1 ]
- Tog - /6 -1
{Log Tiory (G + Ae+ el) ) Vi (2) (/) } (27)
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provided that X(D/X)” > X/T. This will be ensured by 7% > X. We fol-
low the same path as above, and get the very same majorant (see (25)) but

multiplied by
Log(X/T))QV 9
2l ————= < 2(1/2)* < 1/2. 2

( Log X <201/27 <1/ (28)

5.8 Error term due to truncation: bounding Ss(fo, T, £)

Our last task consists in finding an upper bound for Ss( fo, T', £) defined in (26).
On using hypothesis (H;), we can bound above fy by BoF'(X)/X, so that
we are reduced to finding an upper bound for Sy(1, T, £) (and subsequently

multiply it by ByF'(X)/X). We follow an easy path, by using Lemma 16 (since
X/m is at least T > v/X), followed by Lemma 17:

23X /
2.3'X (eLog(X/T)\* 3! Log"™(X/T) ,
— ot LogX< 2v ) (0 Log X)* fw(f)
17 Log*(X/T)\"
= ( 1262 Log X ) fw(f)

since ¢ < v, and where, as usual, one should replace w(¢) by w(¢) in case ¢
belongs to H. We then use Lemma 6 to sum over £ and get a total contribution
of all Sy(fo, T, ¥£)’s which is not more than

A

BoF'(X)

. Log®(X/T)\"
U A 9 22V 11711
LOgl+VX(V + ) (

1262 Log X

Log*(X/T)\"

where the constant is, by Lemma 9,

cy = [T v(2)e) et/ P T < 317,
5.4 Choice of the parameters to prove Theorem 1

On taking "= X (D/X)", we derive an equality of the shape

Vo(2)
Voo (2)

5 (f,X) = 5, (fo. X) + (p+p) - MT

22



where we expect p to be o(1). We have precisely (see (25) and (28))

Log Dgy/D 2v
lp| < 2(371/2)”{02%1 + <Co(c)e Pt + Ale+ 61/5)1/5> (g) }

with (see (29))
. 31 Log*(X/T) ) v
=By| ————— .
P 0 < 52 Log® X
Let us gather the hypotheses on z, T" and D :

X>T>XV2>z2>e T=X(D/X)", Dy> Dz

We write
Log z = 0 Log X,

Log Dy = (1 — §) Log X, (30)
LogT = (1 — vyp) Log X,
which gives Log D = (1 — ¢) Log X and the conditions are

5>21/+1

> —02>0 .
Z Ve, 2 <0 = Tog X

N |

We infer from the above the following somewhat simplified upper bound for |p|:
sEm){A+ (co(c)e*“%‘s + Ale + evd)' ) (¢/5)™ } (31)

Since A will be typically extremely small, we concentrate on the other terms.
We take

¢ = 6v0 Log(1/9) (32)
provided that

2v+1
> 12 >
> v Log(1/6), 6> Tog X

and we further simplify the expression by using e+¢/4 < 4. Lemma 23 implies
also a condition on A which we simplify in a similar manner. Note finally that

(33)

1
6

w—20 1
v 61—
d 6( 6v Log(1/9)

since § < 1/4.

)yLog(l/(S) > 5v Log(1/0)

6 Simplifying (H,)

We prove that (Hy) implies (Hy). To achieve that in the simplest manner use
Holder’s inequality:
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R(f, Dy,2v)? < Z Tou (d)?d ™ Z maxd|rd(f y)|?

d<Dg d<Dg

<CF(X) Y o (d)?d 3" maX!Td [l

dSDo d<D0 -

We use Lemma 13 and note that Y,., 1/n < 2Logx as soon as x > e, to
reach

A=,/C(2Log X)»* A' (34)

which indeed is what we have announced.

7 Removal of the preliminary sieving: proof of Theorem 2

In this section, we give an upper bound for

> A®mgn)+ > AV %AV (n)g(n) (35)

n<X n<X
(n,P(2))#1 (n,P(2))#1

when g is f or fo. We use (Hg), 0 Log X > (2v + 1) and z > e* 1.

The argument is fairly simple. For the first sum we use the fact that it contains
few summands. As for the second one we proceed in three steps. We write
n = p"m with p < z and distinguish several cases: when n < X2, we use
a maximum for f and fy; we proceed also in this way when m is a power
of a prime < X2, However, when n = p"m > X2 with m prime > X1/
(and thus p" < X'/2) we have to be more cautious since taking the maximum
on f will not be enough in applications: a typical example is when f is the
characteristic function of an arithmetic progression modulo ¢ where using a
maximum would loose a factor q.

To keep our estimates precises, we shall use two results of [12] : ¢(X) < 1.04X
for all X > 0 ((3.35) of the aforementioned paper) and (see (3.24) and (3.6)
therein) :

3 Logp < Log X, m(X) <1.26X/LogX  (X>1). (36)

p<X

Here is another preliminary estimate :

Lemma 25 We have

hv—1 (v —1)!
=

h>1 P

<2%(v—1)!
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Proof. Put 3, =h""'/[h(h+1)...(h+v)] <1. We have

hvt (k+1)...(k+v—1) (v—1)!
h; T S max(f) ];) o S TR ysy

hence the result. ¢ ¢ ¢

7.1  The part with the primes

We first have

21/ 2v—1 1 2LOgX »
> Y (Logp)*h <> (Logp)? 2u< )

<z < I}:Og X p<z LOg p
— Logp

< 1.26 - 22 (Log X )% —

Log z

We divide this estimate by (2v — 1)! and use Lemma 8. This gives us an error
term of size at most

MT. B2 220 g 2 (37)
Log2  F(X)§

An appeal to (Hg) reduces this term to

MT.B. 2. 1.26 o2 5 Log X

< 0.001 MT B ¢? (46)". 38

7.2 The bilinear part: small n’s

First note that by Lemma 25

> Y (Logp)’h~" > A(m)(Logm)” "

<z Log X \/ h
p= hSQLogp m< X/p

v v—1
< 126(1 Log x ) tvx Y L8P 5~k

pgz p h< Log X p
—2Logp

< 1.26(L LogX)Hﬁ; (Loip) <1<”__1/1;)

< 252(v —1)IVX (Log X)" (Log 2)".
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This gives us (use Lemma 8) an error term of size at most

5.04 (2v)!1 VX6

MT - B¢ - . 39
© Log2 20! F(X) (39)

An appeal to (Hg) and to Lemma 9 reduces this term to
MT - B-c®-5.4(4v8*/e)’ /2 < 0.01-MT - B - 2(vd)". (40)

7.8 The bilinear part: m’s with a small prime factor

Next, we have

Z Z (Log p) h”1 Z Z (Logp') k”’l

gy e/ hs
2Log X y 2Log X \” 5
< (P wonr 3 (AT (ows)
s\ Logp v\ Logp

< (2Log X)*728 - (1.26)%2V/X /6.

We divide this bound by (v — 1)!? and invoke Lemma 10. We next appeal to
(Hs), Lemma 8 and d Log X > (2v+ 1) to obtain an error term of size at most

2.2 1 v
 (L.26)°¢ 22“2\/522"25+1 SMT-B-¢-(166)".  (41)

7.4 The bilinear part: m a large prime

We are left with

> (Logp)’h"™" Y (Logp))"f(p'p") (42)
ph§<\/7( VX <p'<X/ph
p_Z

where we can simply use an upper sieve up to X/* < D, / v X. This means
we invoke the Fundamental Lemma (Lemma 22) with M = 2 = X'/4 5 = ¢
and we include p inside f. The constante ¢ = ¢ is unchanged. Hypothesis (Hy)
is of course more than enough for such a simple task. The quantity in (42) is
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thus bounded above by:
(Log X)*"R(f, Do, 1)

1/4
+ (Log X)” ) (Logp)”h”_lff(p’"”)M

x =) P+ o)),

Hypothesis (H;) implies, on taking v = v = p, that (1 — o(p))™! < ¢. Now
invoke (Hg) and (Hz) and get that the above is at most

(Log X)* R(f, Do, 1)

L v
2 (Log X) V(X Y 2By T
p<lz p thp

v—1
h 9

AF(X)(1+ Co(c)). (43)

The treatment of V,(X'/*) is different from the one for V, (X'/4). For this

latter we have (H;) at our disposal, and “//"((z;) comes from the factor in front.
90
V5 (2)

Voo () and are left with

For o, we first extract
oo(p) — o
Vo) TT (=00 < V(X e 3 BEZIW) gy
2<p<X1/4 2<p<X1/4 - Uﬂ(p)
On appealing to (H;) and recalling (5), we get via (Hr):

V,(2) ce®

V(XY < .
) =y O Tosx

(45)

As a conclusion, these estimates introduce a factor u = ¢ (for 0p) and u = ce®

(for o).
We use Lemma 25 for the sum over h and reach the upper bound

212(Log X)L R(f, Dy, 1)
+ 22(Log X )" }(Log 2)" (v — 1)IuF (X)(1 4 Cy(c))
or also after dividing by (v — 1)!* (use Lemma 8)

1-2v

(v—1)12

2v —1)!
(Log X)* 'R(f, Dy, 1) + MT 4u62<(;_1))!(1 + Co(c))d".
This is not more by Lemma 9 than
1-2v

(v—1)1
21—2V

<, Ty Los X)*TIR(, Do, 1)+ MT 9uci(20)" (1 + Cole). - (46)

(Log X)*'R(f, Dy, 1) + MT Suc?e/* (46 /e)" (1 + Cy(c))
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7.5  Combining all that

We add up the contribution of f and of fy;. The error term is not more than
(01 4+ 02)MT where (adding (38), (40), (41) and (46))

01] < 11B(1 + (1 + ) (1 4 Co(c))) (8v6)Y, (47)

and by Lemma 10

21-2v(2y — 1)
(v—1)2

We finally use i > v > 2v/Log X to reach

0] < A (Log X)™* < 0.6y/vA/ Log X. (48)

102 < 0.1 A. (49)

8 Examples

The following three examples are standard. It is better to start with two
preliminary Lemmas. They require two definitions. First, we set for any integer
k>1

X
Fo(X) = / Log"~ 't dt, (50)
1
and second, we define
Log®® X }
—expl——2— { 51
< p{ Log Log/® X (51)

An integration by parts yields:

Lemma 26

Fu(X)=X 3 (—1)M! E: - ;;: Log™* X + (—1)%(x — 1)\,

When 2k < Log X, we have F(X) =< X Log" ' X.

Proof. We check this formula by recursion. Indeed, it holds when x = 1 and
we easily check that .%.(X) = X Log"™ ' X — (k — 1) .#._1(X). We obtain the
order of magnitude by first noticing that the series is alternated. Secondly,
when « is even and we are looking for a lower bound, the last term can be
discarded, while, when x > 3 is odd and we are again searching for a lower
bound, we can join this last term with the term with £k = x. We proceed
similarly for the upper bound and deal directly with Kk =1,2,3. 0o ¢
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Lemma 27 There is a positive constant ¢ such that, for X > 3 and X > § >
1, one has

S A0 @y = 25 (4 oy

n<X (KZ - 1)'

provided 2k < Log X.

Proof. Indeed when x > 2 we have, since Log™ ' n = .Z' (n)

> A Log™ ' n = 0 (X)Log™ X — [ v (1) (1)t

n<X

where

We thus reduce the expression above to the case f = 1 up to an error term of
order O(w(f) Log"™ X'). We recall that there exists ¢; > 0 such that (see [10,
Corollary 8.30]) , when y > 10,

L 3/5
°6_Y } (52)

—y+yex {—c
Y(y) =y +yexp 1LogL0g1/5y

This leads to, for a positive constant c,,

X
> An) Log" 'n = XLog" ' X — / t.F(t)dt
VX<n<X VX
+ O(VX Log" ' X + X £% Log" X).

The first O-term is of lower order than the second one. On using the conditions
k < Log X and | < X, we reach

X
S A(n)Log"tn = X Log" ' X — / t F(t)dt + (’)(X £ Log" X).
1

n<X

The main term is indeed .Z ,(X) and Lemma 26 enables us to put this main
term in factor. ¢ ¢ ¢

Lemma 28 When vy and vy are positive integers we have, for X > 1:

X T (X)) Tt Frron(X)
/1 (1 — Dl(vp — 1)! (1 +1p— 1)

Proof. We appeal to Lemma 26 with x = 11 to get that the LHS above,
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(= 1)! /X Log” ~*(X/t) Log”> ' t dt
1 t

+ (=) (1, — DN F,,(X).

The inner integral is (Log X)"*+*2=% (v — k) (1o — 1)!/(v1 + 15 — k)! (this is for
instance [5, (2.7)]). This gives us

— D)y — 1)!
EF=X k 1 (1 Log X )Vitv2—k
1<;u1 (r1 4+ vo — k)! (Log.X)

+ (=) (1 — D7, (X).

We use Lemma 26 with x = v, and check (by using the same Lemma with this
time kK = 11 + 1) that the RHS is %, 1., (X) (1 — D(ve — D)/ (1h + 15 — 1)1,
as required. ¢ © ¢

Lemma 29 There is a positive constant ¢ such that, for X > 3 and X > § >
1, one has

SAC) () + TTAW AW (n) = 2(?2”(3) (14+0(£9))

n<X n<X

provided 4v < Log X .

Proof. We invoke Lemma 27 and check that, for a positive cs:

> AVOAY (m) = T AV (V”(_Xl/f.)(w(?m%))-
<VX, <VX '
m<X/t

On using Lemma 26 together with Lemma 9, we readily check that the re-

mainder term is

Log? ' X F o (X
0g ao 2 (X)
(v—1)12 (2v —1)!

for some positive ¢;. The main term reads

<X £

w o Zr(X/0)
> AV ( -1

<VX

S AV Fbydt) (v — 1)

! 2<min(X/t,vV/X)

which up to an admissible error term equals

/1X Z,(min(X/t, VX)) .Z (t)dt/ (v —1)12.
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We use Dirichlet hyperbola principle and the estimates above to infer that
/
Z*A(”)*A _2/ X/t F(t)dt
n<X (v —1)1
Fou (X
( ) (2v —1)!

We integrate one f\)/% -+ by parts, change ¢t by X/t and finally check that the
main term above is

[PREAIO s x e -1 (53)

by Lemma 28. This concludes the proof. ¢ ¢ ¢
8.1  Primes in progressions

We take f(n) = 1 when n = alg] (where (a,q) = 1) and f(n) = 0 otherwise.
Then we select f = q. We select fo(n) = 1/¢(q) when (n,q) =1 and fo(n) =0
otherwise. This gives us o(d) = o¢(d) = 1/d (so that A = 0), furthermore
F(X)=F(X) = X/q, By=q/¢(q) and ¢ is bounded. We easily get:

R(f, DQ,QV) + R(f(),Do,QV) S 2 Z Tgy(d) S 2D0 Z Tgy(d)/d

dSDO dSDO
D A
< 2Dy(2Log X)¥ < 2%(2 Log X)*F(X) (54)
when X > 3. This leads to

Corollary 30 There exists a positive constant ¢ such that

(5 A0+ 5 4« )/ (2720 )

n<X n<X
n=alq] n=alq]
q v/2
=1+ 0(g°+qgexp{—L1dLog X} + ——5"/
( =2 J ¢(q) )
provided
0 Log X
<g< X < 2532 Log(1/6) < 1/2
N T s s og(1/6) <1/200

and 6 is small enough.

Proof. We write the error term as € + p + . First € comes from the main
term, see Lemma 29, and |¢| < £% for some positive constant cs; secondly, p
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comes from the first part of the error term in Theorem 2:
lp| < (56V2)V{Qg<2 Log X)* + C’o(c)(0253)”}.
Finally § depends on 6 and is bounded by (recall that Dy = X'79)

0] <2< 9 (2Log X)* + Cy(c)(56¢2125%) + q(200026 Log(1/8))".

X
This leads to

Ip| + 6] < 112v Log X)* + q(2000°6 Log(1/6))”

X‘5(

provided 0 be small enough. Our hypotheses imply that v < 112 Log X when

X is large enough. This enables us to reduce the above bound to
Ip| + 6] < ¢X°Log® X + ¢6 "/ « qexp(—%é LogX) + g6V,

OO0

8.2 An oscillatory function

We want to study g.(n) = e(na) with a = 2 + f, (a,q) = 1. We take f = ¢
and assume |Dogf3| < 3. We notice that, when (d,§) =1 and d < Dy:

_ e yelyb) - 2 Gy ,
n%:/d ga(dn) = ¢ d 2imyB O(¢*/9(q)) = —= + O(¢*/#(q)). (55)

d
(n,g)=1

Proof. Indeed, we treat the condition (n,q) = 1 via the Moebius function:

Y. Galdn)=%_pu(d) D ga(dém)

n<y/d dlq m<y/(ds)

ad + [dq
“ule) 5 atagm) + 0 o)/ L)
m<y/(dq) g, 4
(n,g)=1 6#q

The O-tem is O(q*/$(q)). The main term does not depend on a anymore, but
we should still separate y and d. We achieve that in two steps. We first write
this main term as follows:

e(fdaly/(da)]) 1 e(5y) —1
e(Bdg) — 1 e(Bdg) — 1

e(Bdqn) — 1
e(fdq) — 1

+ e(By)
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with —n being the fractionnal part of y/(dq). The second summand on the
RHS is O(1). We further write

e(By) —1  e(By)—1 N e(By) — 1( 2irfdg 1)
e(Bdg) —1  2imBdq 2irfBdg \e(Pdq) — 1

where the second summand on the RHS is again O(1). This proves our claim.
RR

We apply Theorem 1 to the functions 1 + Rg,, 1 + g, and 1, the model
function for g, being ¢;. In these three cases, we proceed as for (54) and get

D
R(f, Do, 2v) + R(fo, Do, 2v) < —L L0 (2,08 X)? . X,

o(q) X

and we take F(X) = X and By = 2. We thus get the same results as in the
preceding case, save that A is to be multiplied by O(q/¢(q)). This leads in
this case to

q2
o(q)X?

on assumptions very similar to the ones of Corollary 30, namely:

Log X
Log Log X’

| +10] < Log® X + 0"/* < %Log‘*”X + §v/?

3<q¢<X, 1lv<$ 12632 Log(1/68) < 1/200.

To remove the model g;, we sum 3, (g,, X) over a modulo ¢ (but invertible
modulo ¢) and majorize the resulting sum by taking § = 0 therein and ap-
pealing to Lemma 29. Let us state formally:

Corollary 31 Let o = (a/q) + 3. We have

X Log® ™t X

Y(e(na), X) < 20— 1)

1
+qexp{—1idLog X} + 5”/2>
<¢(Q) L }
with f = q, provided

Log X
3<g<X, [X'gp<l lw<i—2

2¢3/2
532 Log(1/6) < 1/200
< osLosX’ og(1/9) <1/

and ¢ s small enough.

8.8 Representation of an integer as a sum of a prime and product of two
primes

Our result is also adapted to the Goldbach problem by selecting f(n) = A(N —
n). This example is interesting since it shows that our hypotheses on o and oy
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have been properly tailored; this part is almost entirely copied from [8]. We
select the following parameters:

Ta,n=1 1 -
=1, o(d) = —= =1 d)=-, F(X)=X, F(y) =y.
f , o(d) o(d) , fo(n) , 00(d) d’ (X) , Fly)=vy
This enables us to take By = 1. We consider the hypothesis:
S maxlg(N;d, N) — | < A'N(1LLog N) ™2 (Hy)
d<N176 y=X gb(d)
(d,N)=1

with the aim of producing an asymptotic formula for the weighted represen-
tation number

ST AM)(A®) + A« A)(m). (56)

n+m=N

Bombieri [1] considered a similar question for the problem of twin primes
and with ¢ tending to zero; Iwaniec & Friedlander in [7] extended this work
in several directions, and in particular were able to handle the problem of
uniformity to produce a similar result in the case of Goldbach’s conjecture.
In both cases, the asymptotic formula is obtained by letting J go to zero.
The result we state below has this same feature, but we can increase v to
get a better error term, thus allowing larger §’s. Let us recall that Chen [2]
proved that every large enough integer is indeed a sum of a prime and an
integer having at most two prime factors, but his method, or any subsequent
improvement (see for instance [14]), are not able to produce any asymptotic.

We define also

)
2117 H 17 (57)
p|N, b= p>2 < - 1>2
p>2
Corollary 32 There exists a constant ¢ > 0 such that, for any large enough
even integer N and when (Hyg) holds for some small enough 6 > 0 and some
v > 1, we have

N)S(N
R,(N) = (14 O(ge+VA" + (v'5)"2))
provided that

6 >100//Log N, %6 Log(1/8) <1/8, A" > N2

Proof. We note that (H;) is verified for some constant ¢ > 0 independent
of N: the coprimality condition at most diminishes the product [],<,<,(1 —

34



o(p))~'. Hypotheses (H,), (Hs) and (H7) hold true since, this time, o does not
depend on N. Hypothesis (Hy) follows on one side from the Brun-Titchmarsh
Theorem (see [11] for instance) with C' = O(Log Log N) and on the other side
from (Hjp) with any A’ chosen so that

A'> A'(11Log )™ + [ —L-N"Log?N.
pINp2 P~

Since we suppose N large enough, we can assume that

66
0Log N >2————— LogLog N
BN = S og(1/5) B8
which ensures us that 11(5v2 + 4) Log Log N < %5 Log N. This implies that
A" > N792 > (11Log N)*’*4N=9_ As a consequence, we can take A’ =

2A"(11 Log N)~®. It is thus enough to have A > \/(2/11)%*A”. We finally
take

A = e1(5602) VA

for a suitable constant ¢; > 0. The reader will check that (see [8, (2.4)])
A < (Log N)/N°.

Hypothesis (Hg) is trivial to verify in our case, and (Hg) holds true with
B = Log N (we defined f on the integers n < N only but readily extend it by
0 out of this range). We are thus in a position to use Theorem 2. The quantity

Z*V( fo, N) is evaluated in Lemma 29. The quotient ‘Z‘; ((2)) is given by
V,(2) 1 Iy-1 I -1
=9 1——)(1— - 1——
Vo’o(z) 2<p11§z( p_l)( p) 2<11:£z’( p—]_)
pIN
01+ LogLog N
—6(N)+0 ( e =6(N)+0 (VA").

We further have, following notations of Theorem 2:
| + 10] < VA" + (561)" (6™ + 4 A) (¢/8)* + (2000 Log(1/5))” Log N.

The assumption § > 2/y/Log N ensures that 4'/9A < el/® < e5/(879) < 55
when N is large enough. When ¢ is small enough, we reach

Ip| + 6] < VA" + (2000%6 Log(1/6)) Log N < VA" + (v46)"/? Log N

At this level, we have proved the estimate of the Corollary with a (4§)*/? Log N
instead of a (v19)"/2. This additional Log N is due to our simplistic hypothesis
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on the maximum of f in (Hg). In fact, we have here F(X) > 2v/X67" Log X
(since X is N here); fj is bounded by 1. As for f, the estimates (38), (40) still
hold divided by Log X, while we can sieve more efficiently to reach both (41)
and (46) multiplied by an additional factor of order &(N)/Log N. ¢ oo

9 Proof of Theorem 3

We first note that a bound for S(A®);a) (notation defined in (6)) yields di-
rectly a bound for S(A;«) by

maxx < x/<2x |S(A(k)$ )|
Logk‘—l X

IS(As )] < 2(k —1)! (X>2). (38)

We then write S(A®"); q) as

Sy(e(na), X') = S,(e(na), X) = Y. AY(m)AY(n)e(mna) (59)

X<mn<X'

where we have taken § = 1. This does not change anything in the bounds given
for 3, (e(na), X) given in Corollary 31. We first reduce the last summand
of (59).

Lemma 33 Let T be a real number > /X and not more than X/2. Letv > 1
be an integer. We have for X > 10

S(AW « AW ) =2 > A (p) > AV ()e(apt)
VX<p<T £<p
X/p<t<X'/p

: X
+0 (Xi Log? ™' X + X Log”"™* T Log"” X) J(v— )12

Proof. We do not assume X > exp(50) for the estimates that follow. We
have

SA <« AW a0y = 3 AV ()AY (Ly)e(aliby)
X<tilax'

which now equals
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1.04 Log® 12X
2 3 A<v>(£1)A<v>(£2)e(aelez)+o*( Y \/zx(“g)

o<ty 2 v =1¥
X<lilae<X'
—2 ¥ AW (p) > AW (0y)e(aply)
\/)7<ng €2<p ’
%<€2SX7
. [ 1.04 2w—1 o ya/aLog” Tt X 2
+O (22V_1\/2XLog 2X 4 (2 x 1.04)2X%/ Lozt /(v —1)F,

since ¢(X) < 1.04X for all X > 0 (cf [12, (3.35)]). We now need to remove
the large p’s, which does not give rise to any problem, whence the result. ¢ ¢

To handle the remaining bilinear part, we use a diadic decomposition and the
following lemma.

Lemma 34 When vX < P < P' < 2P, X/P > ¢, |gf] < X%, X <
X' <2X and X > 2, we have

) D e (omey) < 208 (2X/P) Log" ™ (2P) /g X
p2z, M) ATelme) < T T T el

the constant in the <-symbol being absolute.

Proof. For simplicity, we put p = 1/(r—1)! and call ¥ our sum. We apply the
Cauchy inequality and we relax the condition “p prime” into “p survives a sieve
of level M”. We use the Fundamental Lemma with M (which we shall later
choose as M = 1XV20) » = /M, §f = q. We assume MqLogq < P/Log P
and M > X¢ for some € > 0. Then |X|? is not more than

> AYE? Y YA Y AYmAY (R)e(am(n — 7).
P<p<P’ P<m<2P dim n,i

X 5< X
poey <n,n< =

The first sum is < p?P Log®~*(2P) and we now study the second one.

o When n = nq], and on using the Brun-Titchmarsh Theorem (see [11]) the
contribution is

qP 5 p*qP X\ 2 5 [2X
_ar A () A®) _rar () Loo2—2 ()
< E (n) (n) <. (a7 Log P \ P og 7

o When n # n[q], the contribution is at most

> AY@AY@E) SN Y elam(n— 7)) (60)
n#n|q] d<M mel(Pyn,i)
Xenn<X dlm
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where I(P,n,n) is an interval of length < P. The inner sum is
< @llad(n —a)[) ™" < llad(n —7)/q|

provided ¢M2X|8]/P < 3. Since Y ycpr [Ny | < M, and MqLogq < P/Log P
by hypothesis, the total contribution is

2qLoquQJW 99 (2X> 5 1 X2 S (2X>
- L — . L — ).
S5 P P) 73 Plogh " P

Finally we get

gX?
¢(q)*
Note that the constants do not depend on v. Since ¢*> < X/P, we surely have

g < X4 We take M = 1X'/?0. Taking the squareroot yields the Lemma.
000

2X
S]? <. p* Log™ > (P) Log® ~*(2P)

Using a diadic decomposition, we get

D () A (me(ona) < YIX 2
i, AT <G e

n<p,X <np<X’

with o
£ = > {Log(VX2"~) Log(vX2+) ),

c=0

C being the integer part of (Log(2v/X)/ Log 2. Putting D = (Log 2)/ Log(2v/X),
our upper bound becomes

;f(_q))( Logé:_ (12[ }_% (1 — eD)(1+ cD)P?

The summation over c is less than

Log X < Log X
N4 N4

under the assumption Log X > v. Under this same assumption, we also have

2v—-2 2v—2
Log(2vX) (1 Log 2 <1
Log v X Log X

Note also that thanks to Lemma 9, we have
2v—2\2rv—1 <1
v—1)2%/v
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Thus, for Log X > v,

(v) ) \/GX LOgQV—l X
J;EEST ATy AT melpna) < ¢(q) (2v—1)!

n<p, X <np<X’

(61)

To complete the proof of Theorem 3, we write
S(A®): ) =%, (e(na), X') — B, (e(na), X)

co (e [t (M) ) @

provided (Log(X/T)/Log X)*~' > X~V4 X/T > ¢* and ¢ < X'/?*. We take
X/T = ¢* and use (58) and Corollary 31 to get

¢(q)

~1
8
IS(A, )| —= <<1+\/_< qu) +q3/Qexp{—%6LogX}—l—\/§5"/2

VaX Log X
provided that
Log X
X8 <t 1w <d—2— v2%%Log(1/6) < 1/200
Xl < ;0 1w < TogLog X " og(1/0) <1/

(the LHS of first condition should have X’ instead of X which is why we
have divided the RHS by 2). We take § = (Log X) 2/ and assume Logq <
L(Log X)"/? as well as Log ¢ < v Log Log X and X large enough. Our bound
simplifies into o)

— 1
(0,001 0 <
as required. We finally take v to be the integer part of (Log X)'/3/(11 Log Log X)
and assume that Log ¢ < z(Log X)"/%.

References

[1] E. Bombieri. On twin almost primes. Acta Arith., 28(2):177-193, 457-461,
1975/76.

[2] Jing-run Chen. On large odd numbers as sum of three almost equal primes.
Sci. Sin., 14:1113-1117, 1965.

[3] H. Daboussi. Brun’s fundamental lemma and exponential sums over primes. J.
Number Theory, 90:1-18, 2001.

[4] H. Daboussi and J. Rivat. Explicit upper bounds for exponential sums over
primes. Math. Comp., 70(233):431-447, 2001.

39



[9]

H.G. Diamond and J. Steinig. An Elementary Proof of the Prime Number
Theorem with a Remainder Term. Inventiones math., 11:199-258, 1970.

E. Fouvry and P. Michel. Crible asymptotique et sommes de Kloosterman.
In Proceedings of the Session in Analytic Number Theory and Diophantine
Equations, volume 360 of Bonner Math. Schriften, page 27, Bonn, 2003. Univ.
Bonn.

J. Friedlander and H. Iwaniec. On Bombieri’s asymptotic sieve. Ann. Sc. Norm.
Sup. (Pisa), 5:719-756, 1978.

J. Friedlander and H. Iwaniec. Bombieri’s sieve. In Bruce C. (ed.) et al. Berndst,
editor, Analytic number theory. Vol. 1. Proceedings of a conference in honor of
Heini Halberstam, May 16-20, 1995, Urbana, IL, USA. Boston, MA, volume
138 of Birkhauser. Prog. Math., pages 411-430, 1996.

R. Hall and G. Tenenbaum. Divisors, volume 90 of Cambridge Tracts in
Mathematics. Cambridge University Press, Cambridge, 1988.

[10] H. Iwaniec and E. Kowalski. Analytic number theory. American Mathematical

Society Colloquium Publications. American Mathematical Society, Providence,
RI, 2004. xii+615 pp.

[11] H.L. Montgomery and R.C. Vaughan. The large sieve. Mathematika, 20(2):119—

133, 1973.

[12] J.B. Rosser and L. Schoenfeld. Approximate formulas for some functions of

prime numbers. Illinois J. Math., 6:64-94, 1962.

[13] I. M. Vinogradov. The method of trigonometrical sums in the theory of numbers.

Dover Publications Inc., Mineola, NY, 2004. Translated from the Russian,
revised and annotated by K. F. Roth and Anne Davenport, Reprint of the 1954
translation.

[14] Jie Wu. Chen’s double sieve, Goldbach’s conjecture and the twin prime problem.

Acta Arith., 114(3):215-273, 2008.

40



