
HAL Id: hal-02572062
https://hal.science/hal-02572062v2

Preprint submitted on 24 Apr 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Demonstration of Newton’s law of gravitation
F Salmon

To cite this version:

F Salmon. Demonstration of Newton’s law of gravitation. 2021. �hal-02572062v2�

https://hal.science/hal-02572062v2
https://hal.archives-ouvertes.fr


Demonstration of Newton’s law of gravitation

F. Salmon
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Abstract

Most of scientists describe gravitation with two theories depending on the desired ac-
curacy: Newton’s law of gravitation and general relativity. In previous work, we found
two formulas that could give the Planck constant and the speed of light according to
fundamental constants and vacuum properties. If they are not coincidences, they suggest
that gravitation stems from a physical deformation process. We propose here the mathe-
matical description of this theory. Based on four-dimensional continuum mechanics, this
approach yields a similar law to Newton’s law of gravitation. However, this theory would
imply that the mathematical expression of gravitation might be different for high masses.
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1 Introduction

Many theories of gravitation have been built throughout history, from the ancient Greek period
to present. Among them, Newton’s law of gravitation marked a turning point in this physics
field. In Philosophiae Naturalis Principia Mathematica, he assumed that the gravitational forces
experienced by planets were reciprocally proportional to the squares of their distances. The
proportional constant was first measured by Henry Cavendish. In 1915, Newton’s theory was
then superseded by general relativity. Einstein’s theory met with strong success: the perihelion
precession of Mercury [1], [2], [3], the bending of light by the Sun [4], [5], [6], gravitational
redshift [7], gravitational waves [8], [9], etc.

In 1913, V.M. Slipher observed the universe’s expansion [10]. This will be confirmed by Hubble
in 1929 [11]. In 1998, two independent teams discovered that this expansion is accelerating
[12], [13]. Scientists explain this phenomenon with dark energy [14] but its physical nature
remains unknown. Similarly, Newton’s law of gravitation and general relativity requires the
existence of dark matter [15]. This unknown matter would explain the galaxy rotation curves
[16]. Different investigations are being carried out to observe this putative matter.

In a previous paper [17], we found two relations which seem to give the speed of light and the
Planck constant. We then developed a novel theory under the assumption that both formulas
were not coincidences. Gravitation would stem from the accelerating expansion of the universe
and the deformation of four-dimensional matter. The theoretical framework is summarized in
the first section of the present article. This section also discusses about the continuum mechan-
ics theory to choose to describe the physical deformation of the hypothetical four-dimensional
material. The second section addresses the mathematical part of the gravitation theory. In
particular, the resolution of the equations agrees with Newton’s law of gravitation. Finally, we
touch upon the dark universe issue in the framework of the theory.
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2 Theory

2.1 Framework

This study relies on the previous paper [17] which presents the following relation√
10

(ε0e−2)3(kBT )4

ρc
∼ 3× 108 m.s−1 (2.1)

where ε0 is the vacuum permittivity, e is the elementary charge, kB is the Boltzmann constant,
T is the temperature of the CMB (Cosmic Microwave Background) and ρc is the critical density
of the universe. The consequences of this relation are discussed in [17] and outlined here. This

formula, which is homogeneous to
√

P
ρ

(usual relation for the speed of material waves), seems

to indicate that light and gravitational waves propagate in matter. The low density of vacuum
drove us to reject a simple three-dimensional propagation. Instead, we pointed out in [17] that
additional spatial dimensions did not affect relation (2.1) while being able to increase the value
of the multidimensional density. Being consistent with Einstein’s feeling, we assumed that our
living world was a 3-sphere. In the framework of the theory, the universe would thus be a
4-ball containing matter and we would live at its surface. In adhering to the strong equivalence
principle, gravitation would correspond to acceleration. Since the only acceleration that affects
the whole universe is the acceleration of the expansion, we assumed that gravitation derives
from this acceleration. In that respect, we proposed another definition of gravitation. Due to
the accelerating expansion, heavy bodies in the 3-sphere would be maintained against four-
dimensional matter and deform it. A light body in the vicinity of a heavy one would then
experience the acceleration of the expansion on a deformed three-dimensional surface. It would
therefore be ”attracted” by the heavy body from the three-dimensional point of view. The
deformation of spacetime in general relativity could then be linked to a tangible deformation
of matter. Fig. 1 presents this hypothetical behaviour.

2.2 The deformation profile

This section handles the deformation profile associated with Newton’s law of universal grav-
itation (Fig. 1b). We note f the surface equation. The z-coordinate of the light body is
z = f(r, θ, φ). Due to the spherical symmetry, the equation is independent on θ (polar angle)
and φ (azimuthal angle) so z = f(r). According to Newton, the acceleration experienced by
a body in the gravitational field of a heavy body is a = GM

r2
outside it. Within it, under the

assumption that the high-mass body is homogenous, a = GMr
R3 (R is the high-mass body radius).

With the notations in Fig. 1b, tan Ψ = dz
dr

and sin Ψ = a
g
.

Both relations yield

dz

dr
=

 tan
(

arcsin
(
GMr
gR3

))
if r ≤ R

tan
(

arcsin
(
GM
gr2

))
if r ≥ R

(2.2)

By assuming that GM
g
� 1,

dz

dr
∼
{ GMr

gR3 if r ≤ R
GM
gr2

if r ≥ R
(2.3)

The deformation profile would then be given by z ∼

{
GMr2

2gR3 − 3
2
GM
gR

if r ≤ R

−GM
gr

if r ≥ R
.
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Figure 1: a. The universe would correspond to a 4-ball in expansion (its acceleration is noted
g). b. Cutaway view of the three-dimensional profile (in green) which is deformed because
of a high-mass body (grey disk). According to Newton’s law of gravitation, the acceleration
a experienced by a light body (red star) is equal to GM

r2
. g is the radial acceleration of the

universe and R is the support reaction.

2.3 Which material properties?

This section focuses on the choice of the most suitable theory to describe the hypothetical
deformation process. First, Newton’s law of universal gravitation states that gravitation forces
are proportional to the mass of bodies. Then, the force experienced by a light body in the grav-
itational field of two heavy bodies corresponds to the sum of both. The theory of deformation
must thus be linear. Second, no gravitational field has been observed without matter. So the
deformation due to bodies disappears when they move away. The deformation must then be
elastic. Third, the gravitational attraction due to a body does not depend on its radius. There-
fore, the hypothetical deformation of four-dimensional matter cannot derive from the surface
tension phenomenon of a fluid. The deformation of a fluid by this process indeed depends on
the load surface. For a solid, the deformation does not always depend on the load surface. For
instance, the deformation of thin plates or beams depends only on the applied force magnitude
(with the material and geometrical properties). Thus, for the deformation to be independent
on the body radius, it seems that the hypothetical four-dimensional material must be thin in
the fourth dimension. Given the previous considerations, continuum mechanics with Hooke’s
law will be the adopted theory. We thus consider a linear elastic thin four-dimensional solid
material in the paper.

3 Results

3.1 The set of equations

The static equations of continuum mechanics correspond to ∇.σ = 0 with σ the Cauchy stress
tensor. Due to the spherical symmetry of gravitation, the spherindrical coordinates (equivalent
to the cylindrical coordinates in four dimensions) lend themselves to this problem (Fig. A.1).
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The tensor analysis in spherindrical coordinates is presented in the appendix.

The Cauchy stress tensor is calculated from Hooke’s law

σ = 2µε+ λtr(ε)I (3.1)

where λ and µ are the Lamé coefficients and ε = 1
2

(t∇u + ∇u) with u the displacement.

Due to the symmetries, we assume that u = ur(r, z)er+uz(r, z)ez. Relation (A.5) then provides
the gradient of the displacement and the strain tensor

ε =


∂rur 0 0 1

2
(∂ruz + ∂zur)

0 ur
r

0 0
0 0 ur

r
0

1
2
(∂ruz + ∂zur) 0 0 ∂zuz

 (3.2)

Considering the symmetries, the strain tensor expression and Hooke’s law, relation (A.15) leads
to

∇.σ =


∂rσrr + ∂zσrz + σrr−σθθ

r
+ σrr−σϕϕ

r

0
0

∂rσrz + ∂zσzz + 2
r
σrz

 =


0
0
0
0

 (3.3)

3.2 Resolution

3.2.1 General solution

The low thickness hypothesis yields ∂zuz = 0. The second equation of (3.3) becomes

µ

[
∂r (∂ruz + ∂zur) +

2

r
(∂ruz + ∂zur)

]
+ λ∂z

(
∂rur + 2

ur
r

)
= 0 (3.4)

⇒(µ+ λ)

(
∂2rzur +

2

r
∂zur

)
+ µ

(
∂2ruz +

2

r
∂ruz

)
= 0 (3.5)

×r2⇒ (µ+ λ)
(
r2∂2rzur + 2r∂zur

)
+ µ

(
r2∂2ruz + 2r∂ruz

)
= 0 (3.6)

⇒(µ+ λ)∂r
(
r2∂zur

)
+ µ∂r

(
r2∂ruz

)
= 0 (3.7)

⇒(µ+ λ)∂zur + µ∂ruz =
φ(z)

r2
(3.8)

with φ an unknown function which only depends on z. We deduce

σrz = µ (∂ruz + ∂zur) = µ

(
∂ruz +

φ(z)

(µ+ λ)r2
− µ

µ+ λ
∂ruz

)
(3.9)

⇒∂zσrz =
µ

µ+ λ

φ′(z)

r2
(3.10)

since ∂zuz = 0.
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The first equation thus yields

2µ∂2rur + λ∂r

(
∂rur + 2

ur
r

)
+

µ

µ+ λ

φ′(z)

r2
+

4µ

r

(
∂rur −

ur
r

)
= 0 (3.11)

⇒(2µ+ λ)∂r

(
∂rur + 2

ur
r

)
+

µ

µ+ λ

φ′(z)

r2
= 0 (3.12)

⇒∂rur + 2
ur
r

=
µ

(2µ+ λ)(µ+ λ)

φ′(z)

r
+ 3α(z) (3.13)

The solution of this equation is ur = α(z)r+ β(z)
r2

+ µ
2(2µ+λ)(µ+λ)

φ′(z) with α and β two unknown

functions. The equation (3.8) gives the vertical displacement

∂ruz =
φ(z)

µr2
− µ+ λ

µ
∂zur (3.14)

⇒∂ruz =
φ(z)− (µ+ λ)β′(z)

µr2
− µ+ λ

µ
α′(z)r − φ′′(z)

2(2µ+ λ)
(3.15)

uz =
(µ+ λ)β′(z)− φ(z)

µr
− µ+ λ

2µ
α′(z)r2 − φ′′(z)

2(2µ+ λ)
r + γ (3.16)

with γ a constant since ∂zuz = 0.

3.2.2 Determination of the unknown functions

We segregate two cases, inside and oustide the high-mass body.

1. Outside

• lim
r→+∞

ur(r) = 0⇒
{
α = 0
φ′ = 0

• lim
r→+∞

uz(r) = 0⇒


α′ = 0
φ′′ = 0
γ = 0

The boundary conditions on the displacement when r →∞ lead to{
ur = β(z)

r2

uz = (µ+λ)β′(z)−φ(z)
µr

(3.17)

• σ.ez = 0 for z = 0 and z = −l (l is the material thickness). This leads to σrz = 0
and σzz = 0 for z = 0 and z = −l.

– σrz = 0⇔ ∂ruz = −∂zur ⇔ φ− (µ+ λ)β′(z) = −µβ′(z). This yields

β′(0) = β′(−l) =
φ

λ
(3.18)

– σzz = 0⇔ ∂rur + 2ur
r

= 0: always true
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In addition, the profile of the horizontal displacement along the thickness of a thin material
is well known. The profile is linear and the displacement is negative at the top and positive
at the bottom. Then, we assume ur(r, z) = −

(
2z
l

+ 1
)
|ur,max(r)| with |ur,max| the absolute

value of the maximum displacement when z = 0,−l. This means that β(z) = −a
(
2z
l

+ 1
)

with a a constant. Then, φ = −2aλ
l

. The displacements are thus given by{
ur = −a

(
2z
l

+ 1
)

1
r2

uz = −2a
lr

(3.19)

2. Inside

• ur(r = 0, z) = 0⇒
{
β = 0
φ′ = 0

• ∂ruz = 0 for r = 0. This involves

{
φ = (µ+ λ)β′

φ′′ = 0

The boundary conditions on the displacement when r →∞ lead to{
ur = α(z)r

uz = −µ+λ
2µ
α′(z)r2 + γ

(3.20)

For the same reason as outside the high-mass body, α(z) = −b
(
2z
l

+ 1
)

with b a constant.

In addition, σ.ez = − Mg
4
3
πR3 ez for z = 0 leads to σzz = − Mg

4
3
πR3 ⇒ α(0) = − Mg

4πR3λ
. Then,

b = Mg
4πR3λ

and {
ur = − Mg

4πR3λ

(
2z
l

+ 1
)
r

uz = µ+λ
lλµ

Mg
4πR3 r

2 + γ
(3.21)

3. r = R

• ur(R, z) = − Mg
4πR3λ

(
2z
l

+ 1
)
R = −a

(
2z
l

+ 1
)

1
R2 ⇒ a = Mg

4πλ

• uz(R) = µ+λ
lλµ

Mg
4πR3R

2 + γ = −2a
lR

= − Mg
2πRlλ

⇒ γ = − Mg
4πRlλ

(
2 + µ+λ

µ

)
Eventually, the solution is

ur(r, z) =

{
− Mg

4πR3λ

(
2z
l

+ 1
)
r if r ≤ R

−Mg
4πλ

(
2z
l

+ 1
)

1
r2

if r ≥ R
(3.22)

uz(r) =

{
µ+λ
µλ

Mg
4πl

r2

R3 − 3µ+λ
µλ

Mg
4πlR

if r ≤ R
−Mg
2πλlr

if r ≥ R
(3.23)

The solution can be compared with Newton’s law of gravitation

uz(r) ∼

{
GMr2

2gR3 − 3
2
GM
gR

if r ≤ R

−GM
gr

if r ≥ R
(3.24)

The law outside the high-mass body requires G = g2

2πλl
. This definition avoids having the

same law inside the body, except if µ � λ. The assumption µ � λ is equivalent to a very
weak Poisson ratio. In this case, µ+λ

µλ
∼ 1

λ
and 3µ+λ

µλ
∼ 3

λ
which leads exactly to Newton’s law
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of gravitation.

Note that there is no proof that Newton’s law of gravitation is accurate inside bodies. The
assumption about Poisson’s ratio to fit with Newton’s law could thus be unreliable.

4 Dark matter

In that respect, Newton’s law of gravitation would rely on the linear elastic assumption. For low
masses, this law agrees with observations. However, for black holes or galaxies, the deformation
of the space could be different from the profile provided in the paper. In this theory, gravitation
could be given by other equations since the linear elastic assumption could become unreliable.
Then, the equations from general relativity that are based on Newton’s law could also fail to
describe correctly gravitation for high mass bodies. Therefore, the assessment of dark matter
quantities based on the current theories of gravitation might be impossible according to the
present theory. The very existence of dark matter might also be questioned.

5 Conclusion

In prior work [17], based on two formulas giving the speed of light and the Planck constant, we
developed a qualitative theory of gravitation. We assumed that gravitational acceleration de-
rived from the acceleration of the universe’s expansion and the deformation of four-dimensional
matter. In that respect, Newton’s law of gravitation would result from these processes. We
have developed here the mathematical part of this theory in order to find back Newton’s
theory. To fit with physical evidence, we considered the deformation of a linear elastic thin
four-dimensional solid material. Continuum mechanics with Hooke’s law was then selected to
describe the deformation process.

Under these hypotheses, the deformation profile outside a high-mass body is proportional to
the reciprocal function and is parabolic inside it. Then, in a four-dimensional space expe-
riencing an accelerating expansion, a light body in the vicinity of a high-mass body at the
three-dimensional surface could be described by Newton’s law of gravitation. Therefore, this
theory agrees with Newton’s one with the appropriate definition of the gravitational constant.

According to this theory, Newton’s law describes the linear elastic deformation of four-dimensional
matter. When the mass of a body is high enough, the process could become non-linear. Then,
Newton’s law of gravitation could become unreliable for heavy bodies or galaxies. In that sense,
dark matter models might also be inaccurate.
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A Appendix

Let us note (e1, e2, e3, e4) the natural basis of R4 and (er, eθ, eϕ, ez) the spherindrical basis
(Fig. A.1).

Figure A.1: Spherindrical coordinates.

We consider the spherindrical coordinates (r, θ, ϕ, z) such as x1 = r sin θ sinϕ, x2 = r sin θ cosϕ,
x3 = r cos θ and x4 = z. The spherindrical basis vectors can be expressed in the natural basis
such as:

er = sin θ sinϕ e1 + sin θ cosϕ e2 + cos θ e3

eθ = cos θ sinϕ e1 + cos θ cosϕ e2 − sin θ e3

eϕ = cosϕ e1 − sinϕ e2

ez = e4

(A.1)

The nabla operator is given by ∇ = er∂r + eθ
1
r
∂θ + eϕ

1
r sin θ

∂ϕ + ez∂z. The symbol ∂α denotes
the partial derivative with respect to the variable α.
Let us calculate the partial derivatives of the spherindrical basis vectors.

∂reα = 0, ∀ α ∈ [r, θ, ϕ, z]
∂θer = eθ, ∂θ eθ = −er, ∂θeϕ = ∂θez = 0
∂ϕer = sin θ eϕ, ∂ϕeθ = cos θ eϕ, ∂ϕeϕ = − sin θ er − cos θ eθ, ∂ϕez = 0
∂zeα = 0, ∀ α ∈ [r, θ, ϕ, z]

(A.2)
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Let us consider a vector v = vr er + vθ eθ + vϕ eϕ + vz ez and calculate the gradient of this
vector G = ∇v = ∂v

∂α
⊗ eα. Then,

G.er =
∂v

∂r
=

∂

∂r
(vr er + vθ eθ + vϕ eϕ + vz ez) = ∂rvr er + ∂rvθ eθ + ∂rvϕ eϕ + ∂rvz ez (A.3)

because ∂reα = 0, ∀ α ∈ [r, θ, ϕ, z] according to relation (A.2). Then,

G.eθ = 1
r
∂v
∂θ

= 1
r

[(∂θvr − vθ) er + (vr + ∂θvθ) eθ + ∂θvϕeϕ + ∂θvzez]
G.eϕ = 1

r sin θ
∂v
∂ϕ

= 1
r sin θ

[(∂ϕvr − sin θvϕ) er + (∂ϕvθ − cos θvϕ) eθ+

(∂ϕvϕ + sin θvr + cos θvθ) eϕ + ∂ϕvzez]
G.ez = ∂v

∂z
= ∂zvr er + ∂zvθ eθ + ∂zvϕ eϕ + ∂zvz ez

(A.4)

Then, the gradient of v can be written

∇v =


∂rvr

1
r
∂θvr − vθ

r
1

r sin θ
∂ϕvr − vϕ

r
∂zvr

∂rvθ
1
r
∂θvθ + vr

r
1

r sin θ
∂ϕvθ − cot θ vϕ

r
∂zvθ

∂rvϕ
1
r
∂θvϕ

1
r sin θ

∂ϕvϕ + vr
r

+ cot θ vθ
r

∂zvϕ
∂rvz

1
r
∂θvz

1
r sin θ

∂ϕvz ∂zvz

 (A.5)

The divergence of the vector v is given by

∇.v = tr(∇v) =
1

r2
∂r(r

2vr) +
1

r sin θ
∂θ(sin θvθ) +

1

r sin θ
∂ϕvϕ + ∂zvz (A.6)

Now, let us consider a symmetric second-order tensor field σ and calculate its divergence. With
“:” denoting the double dot product and I = er ⊗ er + eθ ⊗ eθ + eϕ ⊗ eϕ + ez ⊗ ez the second
order identity tensor, ∇.σ = ∇σ : I. With A a third-order tensor field and b and c two
vectors, we have A : (b⊗ c) = (A.b).c. The divergence of σ can then be expressed as

∇.σ = (∇σ.er).er + (∇σ.eθ).eθ + (∇σ.eϕ).eϕ + (∇σ.ez).ez

= (∂rσ).er +
1

r
(∂θσ).eθ +

1

r sin θ
(∂ϕσ).eϕ + (∂zσ).ez

(A.7)

The calculation of ∂γσ can be divided into two parts:

∂γσ = ∂γ
∑

α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

σαβ eα ⊗ eβ

=
∑

α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

(∂γσαβ)eα ⊗ eβ +
∑

α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

σαβ[(∂γeα)⊗ eβ + eα ⊗ (∂γeβ)]
(A.8)

The calculation of the derivatives of the basis vectors are provided by relations (A.2).
Since ∂reα = 0, ∀ α ∈ [r, θ, ϕ, z], γ = r yields ∂rσ =

∑
α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

(∂rσαβ)eα ⊗ eβ.

So,

(∂rσ).er =
∑

β=r,θ,ϕ,z

(∂rσrβ)eβ = (∂rσrr)er + (∂rσrθ)eθ + (∂rσrϕ)eϕ + (∂rσrz)ez (A.9)

When γ = θ,∑
α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

σαβ[(∂θeα)⊗ eβ + eα ⊗ (∂θeβ)] =

σrr(eθ ⊗ er + er ⊗ eθ) + σrθ(eθ ⊗ eθ − er ⊗ er − er ⊗ er + eθ ⊗ eθ)

+ σrϕ(eθ ⊗ eϕ + eϕ ⊗ eθ) + σrz(eθ ⊗ ez + ez ⊗ eθ)− σθθ(er ⊗ eθ + eθ ⊗ er)

− σθϕ(er ⊗ eϕ + eϕ ⊗ er)− σθz(er ⊗ ez + ez ⊗ er)

(A.10)
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We directly replaced the derivatives and used the symmetry of σ. Then,

(∂θσ).eθ =
∑

β=r,θ,ϕ,z

(∂θσθβ)eβ + (σrr − σθθ)er + 2σrθeθ + σrϕeϕ + σrzez

= (σrr − σθθ + ∂θσrθ)er + (2σrθ + ∂θσθθ)eθ + (σrϕ + ∂θσθϕ)eϕ + (σrz + ∂zσθz)ez

(A.11)
When γ = ϕ,∑
α=r,θ,ϕ,z

∑
β=r,θ,ϕ,z

σαβ[(∂ϕeα)⊗ eβ + eα ⊗ (∂ϕeβ)] =

σrr sin θ(er ⊗ eϕ + eϕ ⊗ er) + σrθ(cos θer ⊗ eϕ + sin θeϕ ⊗ eθ + cos θeϕ ⊗ er + sin θeθ ⊗ eϕ)

+ σrϕ(2 sin θeϕ ⊗ eϕ − 2 sin θer ⊗ er − cos θ(er ⊗ eθ + eθ ⊗ er)) + σrz sin θ(eϕ ⊗ ez + ez ⊗ eϕ)

+ σθθ cos θ(eθ ⊗ eϕ + eϕ ⊗ eθ) + σθϕ(2 cos θeϕ ⊗ eϕ − 2 cos θeθ ⊗ eθ − sin θ(eθ ⊗ er + er ⊗ eθ))

+ σθz cos θ(eϕ ⊗ ez + ez ⊗ eϕ)− σϕϕ(sin θ(eϕ ⊗ er + er ⊗ eϕ) + cos θ(eϕ ⊗ eθ + eθ ⊗ eϕ))

− σϕz(sin θ(er ⊗ ez + ez ⊗ er) + cos θ(eθ ⊗ ez + ez ⊗ eθ))
(A.12)

Then,

(∂ϕσ).eϕ =
∑

β=r,θ,ϕ,z

(∂ϕσϕβ)eβ + (sin θσrr + cos θσrθ − sin θσϕϕ)er

+ (sin θσrθ + cos θσθθ − cos θσϕϕ)eθ + (2 sin θσrϕ + 2 cos θσθϕ)eϕ + (sin θσrz + cos θσθz)ez

= (sin θσrr + cos θσrθ − sin θσϕϕ + ∂ϕσrϕ)er + (sin θσrθ + cos θσθθ − cos θσϕϕ + ∂ϕσθϕ)eθ

+ (2 sin θσrϕ + 2 cos θσθϕ + ∂ϕσϕϕ)eϕ + (sin θσrz + cos θσθz + ∂ϕσϕz)ez

(A.13)
When γ = z,

(∂zσ).ez = (∂zσrz)er + (∂zσθz)eθ + (∂zσϕz)eϕ + (∂zσzz)ez (A.14)

Finally, the divergence of σ given in the spherindrical basis is

∇.σ =


∂rσrr + 1

r
∂θσrθ + 1

r sin θ
∂ϕσrϕ + ∂zσrz + σrr−σθθ

r
+ σrr−σϕϕ

r
+ cot θ

r
σrθ

∂rσrθ + 1
r
∂θσθθ + 1

r sin θ
∂ϕσθϕ + ∂zσθz + 3σrθ

r
+ cot θ σθθ−σϕϕ

r

∂rσrϕ + 1
r
∂θσθϕ + 1

r sin θ
∂ϕσϕϕ + ∂zσϕz + 3σrϕ

r
+ 2 cot θ

r
σθϕ

∂rσrz + 1
r
∂θσθz + 1

r sin θ
∂ϕσϕz + ∂zσzz + 2σrz

r
+ cot θ

r
σθz

 (A.15)
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