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Abstract

We study the stochastic control-stopping problem when the data are of polynomial
growth. The approach is based on backward stochastic differential equations (BSDEs for
short). The problem turns into the study of a specific reflected BSDE with a stochastic
Lipschitz coefficient for which we show existence and uniqueness of the solution. We then
establish its relationship with the value function of the control-stopping problem. The
optimal strategy is exhibited. Finally in the Markovian framework we prove that the
value function is the unique viscosity solution of the associated Hamilton-Jacobi-Bellman
equation.

Keywords : Reflected Backward stochastic differential equations; Mixed stochastic control;
control-stopping problem; stochastic Lipschitz condition; Hamilton-Jacobi-Bellman equation;
Viscosity solution.
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1 Introduction

The main objective of this paper is to deal with the finite horizon control-stopping problem in
its weak formulation (see e.g. [4, 6, 7, 12| to quote a few, and the references therein) which we
describe hereafter.

Let us consider a controlled system whose dynamics (z5)s<r is a weak solution of the
following functional stochastic differential equation:

dzs = f(s,x,us)ds + o(s,z)dBY, s € [0,T] and o € R? fixed; (1.1)

u := (us)s<7 is a stochastic process by which the controller intervenes on the system by choosing
the law P", equivalent to a reference probability P, under which B" := (BY)s<7 is a Brownian
motion. On the other hand, at her/his convenience, the controller chooses also the time 7 to
stop controlling the system. As a result this incurs a payoff, which is a reward, J(u,7) given
by:

J(u,7):=E" [/ [(s,2,us)ds + Lr 1oy + g(2)Lir—1y | - (1.2)
0

*Université Ibn Zohr, Equipe. Aide a la decision, ENSA, B.P. 1136, Agadir, Maroc. e-mail:
b.elasri@uiz.ac.ma

fLMM, Le Mans Université, Avenue Olivier Messiaen, 72085 Le Mans, Cedex 9, France. e-mail:
hamadene@univ-lemans.fr

tUniversité Ibn Zohr, Equipe. Aide & la decision, ENSA, B.P. 1136, Agadir, Maroc. e-mail:
khalid.ofdil@gmail.com.



Here: i) I is the instantaneous reward; ii) L, is the reward if the controller decides to stop at
7 before the terminal time T7; iii) g is the reward at the terminal T'.

This problem is termed of control-stopping (or mixed) type because it combines control and
stopping. It has been considered in several papers including |2, 11, 12, 15]. There are at least
two methods to tackle this problem. One is based on the martingale approach ([11, 15]) and
the other one uses the notion of backward stochastic differential equations ([2, 12]). However
in all those works there are technical restrictions on the data (f, ', L, g, etc.) which define
this problem. Actually, in [11, 15], f is supposed of linear growth w.r.t. z and I, L, g bounded
while in [2]| this latter assumption of boundedness is relaxed to linear growth. On the other
hand, in [12], f is supposed bounded while the other functions can have an arbitrary polynomial
growth w.r.t. . Therefore the main objective of this work is to unify those frameworks, i.e.,
to consider the control-stopping problem when f, on one hand, and I', L, g, on the other hand,
are of linear and polynomial growths respectively. The approach is based on reflected BSDEs.

To deal with the control-stopping in our general framework we are led to study the following
reflected BSDE (1.3) and to prove that it has a solution:

Yi = g(@) + f[ H*(s,2,Z)ds + Kp — Ky — [ Z,dB,, t < T
(1.3)
L<Yand [ (Vs Ly)dK, =0,

where
H*(s,x,z) = sup,eq H(s,x,z,u) with

H(t,x,z,u) = zo L (t,2) f(t,x,u) + T (¢, 2,u).
The function H is the Hamiltonian of the problem and A the set of values of the controls.
First let us notice that if 0~! f is bounded then obviously the function H* is Lipschitz w.r.t.
z and consequently the existence-uniqueness of a solution for the above reflected BSDE (1.3) is
obtained from the classical result by El-Karoui [10]. Now in the case when o~! f is not bounded
and satisfies a linear growth condition only, H* verifes the following property which is called
the stochastic Lipschitz condition: V z, 2’ € R?,

|H*(t,2,2) — H*(t,2,2)| < C(1+ ||z|lo)]z — 2| (=]l = sup |2s])- (1.4)
s<

which means that the reflected BSDE (1.3) is not standard and of stochastic Lipschitz type.
These latter RBSDEs are already considered in some papers including [17, 19] (for non reflected
ones, see [3]). However the results of these works do not allow to deduce satisfactorily the
existence of a solution to (1.3) since they have been stated in frameworks which do not fit
completely to ours. Indeed, had we applied those results, we would have been led to assume
restrictive conditions on the horizon T of the problem which, among other conditions, should
be small. Therefore the first task is to show that the reflected BSDE (1.3) has a solution for
arbitrary finite horizon 7. Under condition (1.4) on H* and the polynomial growth of ', g
and L with respect to x, we show that the reflected BSDE (1.3) has a unique solution. In this
proof, one point plays a crucial role which is the existence of a constant p > 1 such that

dpPv
dP
Further the link with the control-stopping problem is stated, an optimal pair (u*, 7*) is exhibited

and finally the associated Hamilton-Jacobi-Bellman equation, in the Markovian framework, is
studied.

E[(—)?] < oc.



The paper is organized as follows. In Section 2, we formulate the problem and consider a
specific reflected BSDE with stochastic Lipschitz coefficient whose solution provides appropriate
estimates for the solution of the reflected BSDE (1.3). In Section 3, we show that equation
(1.3) has a unique solution (Y, Z, K). This solution is constructed as a limit (twice) of an
approximating scheme obtained by truncating H* twice. Namely we show that

Y = lim lim Y™™

m—r00 N—r00

where (Y™™, Z™™ K™™) is the solution of the standard reflected BSDE associated with
(H*"m, g(x), L) with

H™™™(t, 2, 2) = max{H"(t,r, 2), 0} 1{z,<n} — max{—H"(t,2,2),0} L), <m}

which is Lipschitz w.r.t. z since H* verifies (1.4). Another property which plays an important
role in this construction is the comparison of solutions of reflected BSDEs. We then show that
Yp is nothing else but the optimal payoff of the control-stopping problem. The optimal pair of
control and stopping time is exhibited.

In Section 4, we consider the Markovian framework of the mixed control problem, i.e.,
roughly speaking, for (t,z) € [0,T] x RY, the dynamics of the controlled system is given by:

dzt® = f(t,24% ug)ds + o (s, z5%)dBY, t € [0,T] and " = € R? fixed. (1.5)

The payoff J;(u,7) on the time interval [¢, T, is defined by:

Jt(’LL, 7—) = E* |:/ F(Sv xé’x) uS)dS + h(Tv xf—’m)l{T<T} + g(‘r’zfp)l{’r:T} : (16)
t
We show that the deterministic function

u(t,x) = Yf’z = sup Ji(u, 1),

(u,7)

where (Y4 Zb% K% is the unique solution of the reflected BSDE (1.3) in this Markovian
framework, is the unique viscosity solution of the Hamilton-Jacobi-Bellman associated with the
control-stopping problem, i.e.,

min [u(t, z) — h(t,x), —Ou(t, z) — Lu(t,z) — H*(t, 2, Vyu(t,x)o(t,z))] =0, (t,z) € [0, T[xRY;

uw(T,z) = g(x), x € R%

(1.7)
Moreover u is continuous and of polynomial growth. The main difficulty is to show continuity of
™ (t, ) = lim, 00 Y;""™™. Due to the polynomial growths of I', h and g, this continuity can-

not be obtained by the usual characterization by means of Snell envelope of processes. To over-
come this difficulty we have shown that the comparison principle holds for the partial differential
equation (PDE for short) associated with the RBSDE verified by Y5%™ = lim,,_,o, YH&™™ (see
(4.47)) and that @™ (¢, x) is a solution. Consequently it is continuous and unique in the classe
of functions with polynomial growth. Finally, similarly, we deduce that u(¢,z) is continuous
and is the unique solution of (1.7) in the classe of functions with polynomial growth. O



2 Formulation of the problem. Study of a specific reflected
BSDE

Let Q =C ([O,T];Rd) be the space of R%valued continuous function on [0, 7] endowed with
the metric of uniform convergence on [0,7]. Denote by F the Borel o-field over Q. Next for
weNand t <T,let us set ||w||t = supges<; |ws|. Let z := (z5)s<7 be the coordinate process
on , i.e., z,(w) = w(s) and denote by (F? := o(xs,s < t))iefo,r]; the filtration on Q generated
by x.

Let o be a function from [0, 7] x € into R?*? such that:

Al) o is FP-progressively measurable.
A2) There exists a constant C' > 0 such that:

a) For every t € [0,T] and w,w’ € Q,|o(t,w) — o(t,w')] < Cllw — ']z,

b) o is bounded, invertible and its inverse o~! is bounded.

Let P be a probability measure on € such that (2, P) carries a d-dimensional Brownian motion
(Bt)o<t<7 and for any zg € R?, the process (xt)o<t<r is the unique solution of the following
stochastic differential equation:

vy =0+ [y o(s,x)dBs, t€[0,T]. (2.1)

Such a pair (P, B) exists thanks to Proposition 4.6 in ([14], pp.315) since o satisfies (A2).
Moreover, for any p > 1,
E [l«l3] < G, 2:2)

where C), depends only on p, T, the initial value x¢ and the linear growth constant of o (see
[14], pp. 306). Again, since o satisfies (A2), Fy is the same as o{Bs,s < t} for any t <T. We
denote by F := (F;)o<t<r the completion of (F{)i<r with the P-null sets of Q. Finally let P
be the F-progressively measurable o-algebra on Q x [0, T].

Let us introduce some notations. In the following, for ¢,k > 1, we denote by:

i) L9 :={¢ is an Fp-measurable random variable s.t E[|{]?] < 4o00}.
q
ii) Ho* .= {Z := (Zs)s<r, P-measurable, R¥-valued process s.t. E [(fOT \Zs]2> 2] < +00}.

iii) S%:={Y := (V})i<r, P-measurable, R-valued and continuous process s.t. E [supg<,<p [V2|7] <
+o00 }.
iv) By convention inf{(}} = +oo0.

Let us now consider the following functions g, ¢ and obstacle (L¢)i<7.

(i) ¢:C — Ris a Borel measurable function of polynomial growth, i.e., there exist constants
C and p such that:

lg(@)| < C(A+ [lzl7), vz ecC.



(ii) The process (Lt)i<7 is P-measurable, continuous, R-valued. Moreover there exist positive
constants C' and p such that Vt € [0, T,

|Le| < CQA A+ ]l7). (2.3)
We moreover assume that P-a.s. Ly < g(x).
(iii) The function ¢ is defined as follows: For some p > 1, for any (¢,z,2) € [0,T] x C x R?,

ot x,2) = c(l +[lzfle)]z] + (1 + [|=[I7).

We now introduce a property of exponential martingales which plays an important role in
this work. Let ¥ be a function from [0, 7] x C into R? which is 7P-measurable. For ¢t < T we

set:
G = efg I(s,w)o ! (s,w)dBs—3 OtW(s,w)cr_l(s,w)Pds'

We then have:

Lemma 2.1.
i) Assume that ¥ is bounded. Then ((t)i<T is a martingale such that for any ¢ > 1,

E[(¢r)] < Cror

where Cyg1 is a constant which depends only on T,  and the constant of boundedness of Jo~!.

ii) Assume that ¥ is of linear growth, i.e., for any t < T, |9(t,w)| < cy(1 + |wl|¢). Then there
exist constants ¢ > 1 and @ which depend only on T, o, o~ ! and cy such that

E[(¢r)7] < . (2.4)

Moreover ((t)i<T s a martingale.

i4i) In both cases, the measure Q such that dQ = (p.dP is a probability on (2, F).

Proof: Point i) is classical and based on the fact that when ¢ is bounded, the familly of (’s
are martingales. The proof of point ii) is given in ([13]|, Equation (2.8), pp. 3). Finally point
iii) is obvious since ( is a positive martingale. O

Next let ® be a function from [0,7] x C x R into R which is P ® B(R%)-measurable. First
we define the notion of a solution of the reflected BSDE associated with a triplet (g, ®, L) which
we counsider throughout this paper.

Definition 2.1. A triplet (Y, Z, K) = (Yi, Z¢, Ki)i<r of P-measurable and Rt _yalued
processes is a solution of the reflected BSDE associated with the lower reflecting barrier L, the
terminal value g(x) and generator ® if the followings hold:

i) Y is continuous, K is continuous non-decreasing (Ko = 0), P-a.s. (Zi(w))i<r is dt-square
integrable;
ii) Yy = g(a) + [ ®(s,x, Zs)ds + Ky — K, — [} ZdB,, 0 <t < T;
i) Y; > Ly, 0< t < T and [ (Ys — Lg)dK = 0.
We are going to show that the reflected BSDE associated with (¢, L, g) has a solution which

also satisfies other integrability properties. As it is mentionned previously, ¢ is not a standard
generator which does not enter neither in the framework of [10| nor in the one of |3].



Proposition 2.1. There exist P-measurable processes (Y, Z, K) valued in R'T4 and a sta-
tionary non-decreasing sequence of stopping times (Ty)g>1 such that:

i) (Y, Z,K) is a solution for the BSDE associated with (¢, L, g).
i) For any constant v > 1 and 7 a stopping time valued in [0, T],

E[|Y:]"] < 4o0. (2.5)
i) For any k > 1,
Elsupser [Yonr,|? + K2, + [o* | Zs|*ds] < +o0, (2.6)
where T, depends only on g, L and x.

Proof: For n > 0 let us set
P (t,x,2) = [e(1+ ||lz]le) An]lz] +c(1 + [Jz]|).

Then ¢y, is Lipschitz w.r.t z. Therefore by El-Karoui et al.’s result in [10], there exists a triplet
of processes (Y, Z", K™) € §? x H?>? x §? (K™ is non-decreasing and K# = 0) such that :

2.7
Ly <Y/, Vt€[0,T] and [ (V! — Ly)dK? = 0. 27

s

{ Y =g(a) + [ ¢ (s, 2, 20)ds + K§ — K — [T ZdB,, ¢ €[0,T];

Next by the comparison Theorem (see e.g. [10]) we have, for any n > 0, Y™ < Y"*! and
dK" < dK™ since ¢" < ¢"T! and the barrier L is fixed.

We now show the following Lemmas (which are steps forward in the proof of Proposition
2.1) related to estimations of the processes Y, n > 0, and the convergence of the sequence

(Yn)nZO-

Lemma 2.2. There exists a P-measurable RCLL (for right continuous with left limits) process
Y := (Yi)i<r, R-valued such that P-a.s. for any t <T, Y™ /Y. Moreover for any v > 1 and
any stopping times 7 € [0,T],

E[Y; [ <c

where ¢ is a constant independent of T.

Proof: Let P™ be the probability, equivalent to P, defined as follows:
dP" = L7pdP
where for any ¢t < T,
Ly = exp{ [y {c(1 + [[z|ls) An}(Z2)dBs — § [ [{c(1 + [|2[ls) An}e(Z2)|?ds}

with ¢ is a bounded measurable function such that £(z).z = |z|, Vz = (2i)i=1,..a € R%. Such a
function ¢ exists and it is enough to take £(z) = (¢;(2))i=1,..q Where for i =1,...,d -1

li(z) = (\/ZZQ + ..+ 22— \/ZEH + ... +z§)z;11{zﬁg0} and (4(z) = |zd|z;11{zd¢0}. Then by
Girsanov’s Theorem, the process (B} := B; — fg{c(l + ||z|ls) A n}l(Z7Y)ds)i>0 is a Brownian
motion under P" and the triplet (Y, Z™, K™) verifies: For any ¢ € [0, T],

Y = g(@) + [} e+ |alf)ds + Kf — K7 — [ Z7dBY ;
Ly <Y and [ (Y] — Ly)dK? = 0.
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Therefore for any stopping time 7 < T, P-a.s., we have:

(o}

Y = esssupUZTEP" [/ c(1+ ||z|8)ds + Loligery + g(xT)l{U:T}U:T}

(one can see [10] for this characterization). Next by using polynomial growth of ¢ and L and
the fact that P and P™ are equivalent, we deduce that:

T
v < B[ e felds 2001 + el
T
< e(L+E7 ||| 7).
Next let v > 1. Then by conditional Jensen’s inequality we have:
VP < e(1+ET [lf71F]) (2.8)

= c(1+E [L] 7ll2ll7”|F-])

where for any ¢t < T,

Lyp =L+ L}
T 1 T )
= eXP{/t {e(X + [Jz]ls) An}l(Z)dBs — 2/t [He( 4 [lz]ls) An}e(ZS)|Pds}

T
—exp{ [ Lusuer) ({614 llll) AmbZDIB, — JIHelt + lell) A mZDIPds ). (29)

Now by Lemma 2.1, there exist constants ¢ and ¢ > 1, which do not depend on n and 7 such
that E[(L? 7)7] < c. Next by Young'’s inequality we get from (2.8):

Y2 < e+ E |7 (L) + a3 F ),
where ¢~ + ¢~ = 1. Taking now into account of (2.2) we deduce that:
Vn >0, E[|Y"] <c (2.10)

where ¢ is a constant which does not depend on n. As for any n > 0, Y < Y"*! then P-a.s. for
any t < T, Y —, Y, = liminf, ;o Y". Therefore P-a.s. Y" —, Y; and by Fatou’s Lemma
and (2.10) we have E[|Y;|"] < c.

It remains to show that Y is RCLL. But this a direct consequence of the fact that Y is
a continuous supermartingale which converges increasingly and pointwise to Y and then the
limiting process Y is also RCLL (see [9], pp.86).

Next let 6 = |zg|+|Lo| +|YY| +|Yo| (0 is a constant) and for k > 1 let us define the sequence
of stopping times (73)r>1 by:
T o= inf{t > 0, Y| + ||zl + |Le| + Y| > 04+ k} AT.

The sequence of stopping times (7% )x>1 is non-decreasing, of stationary type (i.e. constant after
some rank ko(w)) converging to T since the process Y is RCLL and Y, x and L are continuous.
Moreover for any k£ > 1,

maz{sup |Ly|, sup |V;|, sup |Y;"|} < 0 + k := 6.
t<Tg t<T t<T

Next we have the following result:



Lemma 2.3.

i) The process Y is continuous.

i) There exist P-measurable processes (K, Z) valued in R such that (Y, Z, K) is a solution
of the reflected BSDE associated with (¢, g, L) and verifies (2.6).

Proof: For any k£ > 1 and n > 0 we have: Vt € [0, 7]

Vi, = Yo [T @ (s.x, Z0)ds + KT, — Kiy, — [7 Z0dBy;

tATE tATE
Line, <Y, and [J* (Y7 — L) dK? = 0.

By using the It6 formula with (Y2, )? and taking into account of (2.2), we classicaly deduce
the existence of a constant C%, which depends on k, such that uniformly on n, we have

Tk
E [/ \Z;‘st} < Cy, (2.11)
0

since |Yi4,, | < 0, for any t < T, and YO <Y < Y.
Next once more by Ité’s formula we obtain: Vt € [0, 7],

Tk
(Vi — Y ) = (V2 — Y 42 / (Y2 = YI)("(5, 2, Z7) — @™ (5,2, Z))ds
Tk
Tk

Tk :
1 / (Y7~ Y™K — KT / 12— 2 s
t

ATk tATE

Tk
9 / (Y7 Y™ (20— Z7)dB,.
t

/\Tk

The definition of ¢™ and the fact that (Y,* — Y")d(K? — K7*) < 0 imply that: V¢t < T,

Tk
(Vi = Y2+ [ 122 = 20 Pds < (v - Y3 (2.12)
tATE
Tk

Tk
19 / Y — YO+ o) (120 + | 20)ds — 2 / (YT~ Y") (2 — Z™)dB,.
t

ATk tATE

Take expectation on both hand-sides to deduce that

Tk Tk
E| / |27 — Z72ds) < E[(YD — ")) + 2E] / Y YO el (122 + 12 ds).

AT tATE

Now the definition of 73, estimate (2.11) and the Cauchy-Schwarz inequality yield:

Tk
IE[/ |Z — Z™?ds] — 0 as n,m — +oo. (2.13)
t

/\Tk

Consequently the sequence ((Zg1{9<s<r,})s<7)n>0 is of Cauchy type in H?? and then there
exists a process Zj, which belongs to H>? such that (Z8 1 go<s<r})s<T)n>0 —n Zi(s) in H24.

Next going back to (2.12), take the supremum over ¢, make use of Burkholder-Davis-Gundy
(see e.g. [14, 18] and BDG for short) inequality and finally take the expectation to deduce that

Efsup [Yih,, — Yar,, [?] = 0 as n,m — +oo. (2.14)
s<T



As (Y™)p>0 — Y then the process (Ysar, )s>0 is continuous for any k£ > 1 and

Efsup [Yih,, — Yonr, )] = 0 as n — +oo. (2.15)
s<T
But the sequence (7x)k>1 is of stationary type, therefore the process Y is continuous.
Now by (2.11) and (2.13), for any k& > 1, the sequence of processes ((¢" (s, Zs, Z§) 1 {s<r,})s<T)n>0
converges in H> to (¢(s,z, Z1(s $))1{s<r.})s<7). Therefore if we set, for k > 1 and ¢t < T,

tATE tATE
Ki(t) =Yy — Yinr, — /0 o(s,x, Z(s))ds —|—/O Zy(s)dBs

we obtain that
MMK

SATE

— Ki(s)]!] = 0 as n — 4o0. (2.16)

Finally the uniform convergences (2.16) and (2.15) imply that, in view of Helly’s Convergence
Theorem (see [16], pp. 370),

%
/ (Vs — Ly)dKy(s) = 0.
0
It means that for any £ > 1 we have: Vt < T,

Yirne, = Yo, + ftTA"Tk o(s,x, Zk(s))ds + K (1) — Ki(t A 11) ft/\Tk
(2.17)
Lt/\Tk < Yt/\Tk and foTk (Y:@ - Ls) de(S) =0.

Take now the reflected BSDE satisfied by (Y, Zxy1, Kxy1) on [0,7x] (since 7, < 7x41) yields:
forany t < T,

Yinge = Yo + [0, (5,2, Ziia(s))ds + Kiy1 (r) — Kiaa(EA ) — [ Zit1(s)dBs;

Lt/\T;C < }/;Z/\Tk and f(;rk ()/s - Ls) de+1(5) =0.
(2.18)
By uniqueness (which holds since on [0, 7%],  is Lipschitz w.r.t z), we have for any k& > 1 :

Zk(s)l{ngk} = Zk+1(8)1{3§7-k} ds ® dP — a.e and Kk+1(8 A Tk) = Kk(s A Tk), Vs < T.

Then let us define (by concatenation) the processes Z and K as follows: V¢ < T

Zy = Z()g<ry + > Z6()lin,  <t<ny
k>2

and
Kl(t) ift S 71,
K, =
(Krt1(t) — Ki1(1r) + K(73) for 7 <t < 741, k> 1.

Note that the processes Z and K are well-defined since the sequence (74)r>1 is of stationary
type. On the other hand, K is continuous non-decreasing and P-a.s., Kr(w) < 400 and
(Zs(w))s<T is ds-square integrable. Finally for any k& > 1, it holds:

Y;f/\‘rk = YTk + fttfﬂ'k @(87 L, ZS)dS + K”'Ic - Kt/\Tk o fttfﬂ'k ZSdBS;
(2.19)
Lt/\Tk < Yi/\’?'k and fOTk (}/:9 - Ls) sz = 0.
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Take now k great enough and since once more (73);>1 is of stationary type to obtain: V¢t < T,

Y, = g(z) + [ p(s,2,Z(s))ds + K — K; — [,/ Z,dBy;
(2.20)
Ly <Yyand [) (Ys— Lg)dKs =0

which completes the proof. O

3 Study of the stochastic mixed control problem

Let A be a compact metric space and let U be the space of P-measurable processes u := (u¢)i<r
with values in A. We first introduce the objects and assumptions which we need in this section.

(1) £:[0,T] x Q x A — R?is a function such that:

i) For each a € A, the function (t,w) — f(t,w,a) is P-measurable.
ii) For each (¢,w), the mapping a — f(t,w,a) is continuous.

iii) f is of linear growth, i.e., there exists a real constant C' > 0 such that:
lf(t,w,a)| <C(L+||wllt), VO<t<T,we, ac A (3.1)

(2) T': 0, T] x 2 x A— RisaP ®B(A)-measurable function such that for each (¢,w) the
mapping a — I'(t,w,a) is continuous. In addition there exist positive constants C' > 0
and p such that:

ID(t,w,a)| < C(L+ |w|P), VE< T, weQ, ac A (3.2)

Next let u := (ut),<p be an adapted A-valued stochastic process and P* the probability on
C (which is actually one) equivalent to P such that:

dP" = MrpdP
where for any t < T,
M, = eJo 7 () (s,2,u0)dBs =3 [o llo™ (5,) f(s,u5) 1 ds
Under P* the process (2¢),<7 verifies:

Ty = T + fot f(s,x,us)ds + fot o(s,z)dBY, t<T, (3.3)

where

B} := By — fg o (s, x)f(s,z,us)ds, t<T, (3.4)

is a Brownian motion under P*. It means that (x:):<7 is a weak solution of the standard
functional SDE (3.3).
Next let 7 be a stopping time. We associate with the pair (u,7) a payoff J(u,7) given by :

J(“v T) =E" [/O F(S, €T, Us)ds + LT]'{T<T} + g(‘r)]‘{TZT} : (3'5)
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The problem is to find a pair (u*,7*) which maximizes J(u, 1), i.e.,
J(u*, ") > J(u,7) for any (u, 7). (3.6)

This is the mixed control problem associated with x, f, I' and g. It combines control and
stopping. One can think of an agent who controls a system by choosing the probability P“
which fixes its dynamics, weak solution of (3.3), up to the time when she/he makes the decision
to stop control at time 7. Therefore its payoff is given by J(u,7) and the problem is to find an
optimal strategy (u*,7*), i.e., which satisfies (3.6).

Now let us introduce the Hamiltonian function H associated with the mixed control problem
which is given by:

H(t,z,z,u) = zo Y(t,x) f(t,z,u) + T(t,z,u), Y(t,z,z,u)€[0,T] x QAxRIx A  (3.7)

Note that for any z € R% and v € U, the process (H(t,z,z,u;))i<7 is P-measurable. On
the other hand thanks to Benes’s selection Theorem ([4], Lemma 5, pp. 460), there exists a
P@B(R?)/B(A)-measurable function u*(, x, z) such that for any given (¢, x, ) € [0, T]x QxR

H*(t,x,z) :=sup H(t,x,z,u) = H(t,z,z,u™(t, z, 2)). (3.8)
ueA

First we are going to show that the reflected BSDE associated with (H*, g, L) has a unique
solution which moreover verifies some integrability properties. The following result is a step
forward the proof of this result.

Proposition 3.1. For any m > 1, there exist P-measurable processes (Y™, Z*™ K*™) in
R quch that:

i) For any v > 1 and any stopping time T € [0.T],
E[Y™] <e¢, Vm>1, (3.9)
where ¢ is a constant independent of m and T.

it) The triple (Y*™, Z*™ K*™) is a solution of the reflected BSDE associated with (H*™, g, L)
(in the sense of Def. 2.1) where

H*m(sax’z) = H*Jr(sal'az) - H*7(8,$,2)1{1+||I“3§m},
with for any « € R, a™ =a V0 and a~ = (—a) V0.
Proof: For any m,n > 1 let us set,
H*n’m(t,{l), Z) = H*+(S,l’, Z)l{l-f-Hl’HsSn} — H*i(s, x, Z)1{1+||I\|s§m}‘ (3.10)

Then H*"™ is Lipschitz w.r.t z, therefore by El-Karoui et al’s result [10], there exists a triplet
of processes (Y*mm, z*xnm Knm) ¢ §2 x H? x S? that satisfies:

{ Y = g(a) + [T HT (s @, 25 ds + KT — Ky — [T 2B, (3.11)

L <Y;/™™, Vte[0,T]and [} (Y™™ — L)dKi™™ = 0.

11



Thus from the definition of H*™™, we can clearly see that it is a non-decreasing (resp. non-
increasing) sequence of functions w.r.t n (resp. m). Then once again by comparison (see [10])
we deduce that

yHm < Y*n—l—l,m and Y*n,m—H < yrmm (312)

On the other hand we have
H (s, 2, Z25™) < Cl(1 A+ [[2]|s) An]| 25 + CI(+[2][5).
Then again by comparison we have: Vt € [0, 7]
L <Y <Y<Y, Vnm>1, (3.13)
where Y™ (resp. Y) is the process of (2.7) (resp. of Proposition 2.1).

Next we will divide the proof into two steps. In the first (resp. second) one we will prove
i) (resp. ii)).

Proof of i): From the growth condition on L (2.3), there exist positive constant C' and p such
that vVt € [0,7] and = € )
Lo < O [J][7).

From Lemma 2.2 we have that for any v > 1 and any stopping times 7 € [0, T,
E[Y:]"] <,

where ¢ is a constant independent of 7. Then from (3.13), we deduce that for any v > 1 and
any stopping time 7 € [0.7],

E[Y™™[] <e, VYn,m>1 (3.14)
where c is a constant that does not depend neither on n nor m. Next for m > 1, let us set

Y™ = lim inf Y*™™.
n—-+4o0o

Then by Fatou’s Lemma and (3.14) we have:

Vm > 1, E[|Y™]7] < ¢ and then |Y*"| <00, P —a.s.. (3.15)
On the other hand from (3.12) it holds that

LYy ™l <ysm <y, V¥m>1. (3.16)
Proof of ii): Let (7})x>1 be the sequence of stopping times defined as follow:
Vk > 1, 7 = inf{t > 0,|Yy| + ||z||: + |Li| > 0 := 0" + k} AT,

where 6% = |zo| + |Lo| + [Yo|.
The sequence of stopping times (7})x>1 is non-decreasing, of stationary type converging to 7'

since the processes Y, x and L are continuous. Moreover for any k > 1,

max{sup |L¢|, sup |Y], sup |Y;""|} < 65
i<ty t<7; t<7;
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Let us now consider the following reflected BSDE. For any n,m > 1 and any k£ > 1 we have:
vt € [0,T],

Y*n,m _ Y*n,m + fT:
T

* *
AT, o

*
YR *1,1M *n,m mm Ty *70,1M .
o H (s, 2, 25 ds + K7™ — KUt = [O8 L 25 dB;

Linez <Y and [75 (V™™ = Ly) dKI"™ = 0.

Now we take into account (2.2) and the fact that V¢ € [0, T, |Y;\Zgn\ < 6; and YO < yrm <

2
Y*™ then using It6’s formula with ()@;ﬁ?) to conclude that there exists a constant Cj, such
that : .

E [ i \Z;k”’m\zds] <O (3.17)

Next by It6’s formula we have: Vt € [0, 7]

*

(Y*n1,m o Y*nQ,m)Q — (Y*n1,m o Y**ng,m>2 -9 /Tk (l/s*nl,m _ sz*ng,m)(Z;ml,m _ Z;kng,m)dBS
t

tAT) tATS T T,
k k k k /\T]::

n:
+ 2/ (}/;*nl,m _ Y;*nz,m)(H*nl,m(S’.r’ Z:ru,m) _ H*ng,m(s’x’ Z:TLQ,m))ds
t

AT
Tk *Nn1,m *12,M *Nn1,m *N2,Mm Tk *Nn1,m *no,m|2
Y 1 _ Y 2 K 1 _ K 2 _ Z 1 _ Z 2
2 ( s s )d( s s ) | s s ‘dS
* *
t/\Tk t/\Tk

Obviously for any t < T,

T (sz*nl,m N sz*ng,m)d(K:nl,m o K:ng,m) <0.

INT)

On the other hand,
(7 (s, 25| < Y (5,2, 2] < O+ [l )| 23|+ C(1+ [lal D).

Therefore,

*Mm

Tk
Vo™ =Ygy [ = 2 < @19

*
ATL

7
(Y*’m,m _ YT**n27m)2 _ 2/ (n*nl,m _ Y;*ng,m)(Z:nhm _ Z:ng,m)st
t

*
.
k k *
ATE

+2/ [Ygmm = YO+ |2lls) (125" + 12572 ) + 200 + [l2[1§)] ds.
t

*
AT

Take now expectation in (3.18) to deduce that:

E < E [(Y%m,m o Y%nz,m)Q]

T*
k
*N1,Mm *1n9,M |2
/ |Zs ’ _Zs ’ ‘ds
t

*
A

T:
2L / Yo = YO+ [[alls) (125" + 125727 ]) + 200 + [|l[I9)] ds | -
t

*
A
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Then we conclude that
E [ tTA’:T; |Zs™™ — Z;mQ’mlzds} =0 as  ni,mp — +oo. (3.19)

This is due to estimate (3.17), the definition of 7} and Cauchy-Schwarz inequality. Thus there
exists a process Z;™ € H>“ such that ((Z:n’m1{0<t<7;})t<T> o (Zy™(t))i<r in H?4 as
<t< <T). <

n — 400, Vm > 1. Next by (3.18) and the use of BDG inequality we obtain

E

*N1,m *192,1M |2
sup Y, L7 =Y 2T =0 as ni, Ny — +00.
s<T k k

Since (Y*™™),>0 — Y*™, the process (K?T;)tzo is continuous for every k and m, also

E 2

s anrz 7| =0 as n — +o00. (3.20)

sup |V, 2 — Y0
s<T

Next due to the fact that (7}) is of stationary type, then the process Y*™ is continuous.
Now for m > 1, let us set

AT AT
K =Yg v - [ e g e)ds+ [ zn(s)ab,
0 0

In taking into account (3.17) and (3.19) we deduce that for any k > 1, m > 1,
{(H ™ (t, 2, 2™ )1 (1< )e<T }n>1 converges in H2 to (H*™(t, z, Z{™)1{r<rey i<t and then,

E{sup |[K'" — K;™(s)|*} — 0 as n — 4o00. (3.21)
s<T

SAT}
The uniform convergences in (3.20) and (3.21) imply that
JoF (Ygm — Ly) dK;™(s) = 0.

Now if we consider the reflected BSDE satisfied by (Y*™, Z;™, K;™) on [0, 7;;] and the reflected
BSDE satisfied by (Y™™, Z;7", K;l) on [0, 7], we get by uniqueness: Vk > 1, ¥m > 1

2" (8) s<rry = Zi41(8)s<ryydt @ dP — a.e and Kty (s A7) = K" (s A1), Vs < T.
So let us define Z*™ and K*™ by concatenation as follows: Vt < T and m > 1

2™ = 2" Olprpy + 0 B Oy <vrt) (322
k>2

and
Kim™(t) it t <7
K™ = (3.23)
(K (t) — Kt () + K () for i <t <y, B> 1

Then for any £ > 1, and any m > 1: Vt < T,

Y*m :YTEm_i_

tINTS

e (s, z, 25 ds + K — K

AT

7_*
k *m .
thy T Jing Z5"dBs;

(3.24)
Lipr, <Y and [7% (Y™ — Lg) dK;™ = 0.
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It is worth noticing that the processes Z* and K*™ are well defined since the sequence (7})r>1
is of stationary type. Moreover K*™ is continuous, non-decreasing and P-a.s. K7™ (w) < 400
and P-a.s. (Z*™(t))i<r is dt-square integrable. Finally going back to equation (3.24), take the
limit when k — 400 to obtain: Vm > 1

Yo = g(a) + [ H™ (5,2, 25 ds + Ky — Ki™ — [ Z:mdBy;
(3.25)
L<Y*" and [ (Y7 — L) dK™ = 0.

S
The proof is now complete. O

In the following result we show that the reflected BSDE (1.3) has a unique solution. Then
after, we address the question of the link between the component Y* of the solution and the
value function of the control-stopping problem.

Theorem 3.1. There exist P-measurable processes (Y*, Z*, K*) in R4+ sych that:

i) Y* is continuous, K* is continuous non-decreasing (K§ = 0) and P — a.s., (Z*"™(t))i<r is
dt-square integrable.

i) For anyt € [0,T],

}/; :g(x)+ﬁ H (5’$7ZS)dS+KT_Kt _ft ZSdBS7 (326)
Ly <Yy and [](YF — Lg)dK: =0.
ii1) For any v > 1 and any stopping time T € [0,T],
E[V7P] <, (3.27)

where ¢ which does not depend on 7.

w) If (Y, Z,K) is another triple which satisfies i), ii) and iii), then (Y, Z,K) = (Y*, Z*, K*),
i-e., the solution of the reflected BSDE associated with (g, H*, L) is unique to satisfy i)-11i).

Proof: From Proposition 3.1, we have that for any m > 1, there exists a triplet (Y™, Z*™ K*™)
that satisfies the following reflected BSDE: Vt < T,

Yim = g(x) + [T H™(t, 2, Z:™)ds + Km — K™ — [ Z:maB,,
L <Yy, and [ (V2™ — Lo)dK:™ = 0.

s

where H*™(s,x,2) = H** (s,2,2) — H* (5,2, 2) 1 {14 || |s<m}-
From (3.16) we know that for any m > 1, L < Y*™mH <y*m <Yy So, let us set for t < T,

. *
Y =lmY,""™.
m

Therefore L <Y* <Y and then by (2.2), (2.3) and (2.5), Y* verifies (3.27).
Next let (7;7)r>1 be the sequence of stopping times defined as follows:

VE>1, 7 :=inf{t >0,V + |zl + |Le| > 0" + k} AT,

where 0* = |zo| +|Lo| + [Yo|. Thanks to the continuity of Y, L and z, the sequence of stopping
times (7;)k>1 is increasing of stationary type and converges to 7. In the same way as in the
proof of Proposition 3.1, there exists a constant Cy (depending on k) such that:

E[[J* |Z:™|2ds] < Cj.
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2
This inequality follows in a classic way after using [t6’s formula with (}Q’;\’%) and taking into

account (2.2). Next we apply again It6’s formula and we have:

T*

(Vi = Yo = (v =i =2 [ (v - vz - Zimas,

AT

T:
+ 2/ (Y™ =Y (H™ (s, @, Z5™) — H™ (s, @, Z5"))ds
t

/\7',;k
9 / " v - K - / "z -z s,
t/\‘r,;‘ t/\‘r,;‘

It follows that (in the same way as in the proof of Proposition 3.1): for any k > 1,

a) There exists a process Z; € H?¢, such that ((Ziml{ogng;})ssT)mzl —m Z7(s) in H>4,
which is a consequence of the fact that ((Z*ml{ogng;})ng)mzl is a Cauchy sequence in
H24.

b) lim,, 10 E SUpg<p Y, —Y ] = 0 and the process Y* is continuous.

S/\T S/\T ‘
Next we set
t/\‘l‘k t/\T
Ki(t) = Y5 — Yo — / H* (s, 2, Z; (s))ds +/ Z:(s)dBy,t < T,
0 0

and then we have,

lim E

m—r—+00

sup | K —K;;<s>\2] 0. (3.28)
s<T

It follows, from the uniform convergence of (Y*"),,>1 and (K*™);,>1 (see [16], pp. 370), that:

[TV = Ly)dK, =0

S

Now considering the reflected BSDE satisfied by (Y™, Z}, K}) and the one satisfied by (Y™, Z;, |, K}, )
on [0, 7;], yields. For any ¢t < T,

Yinee = Yo +fw H*(s,, Z}\(s))ds + KG(17) = K (A7) = [k Zii(s)dBs;

(3.29)
Lipry < YMT* and [* — Ls)dKj(s) =0
and
Yirey = Y2 +fm H* (s, 25 (8))ds + Ky (7)) = K (EAT) fm r1(8)dBs;
Liprr < Yt/\r* and f — Ls)dK} (s) = 0.

(3.30)
Therefore for any k£ > 1, by uniqueness, we have:

Zi($)s<rry = Zis1 () Ys<rry dt @ dP — ace and Ky (s A7) = Kp(s A7), Vs <T.

16



Finally by concatenation let us define the processes Z* and K* as follows: Vi < T,

ng = Zf(t)l{tgrl*} + Z Zz(t)1{7;71<t§~r;}
E>2

and
Ki(t) if t <77,
K} =
(K (t) = Ky () + K™ (7)) for 7 <t <7y, k2 1

The processes Z* and K* are well-defined. This is due to the fact that the sequence (77})x>1
is of stationary type. Moreover K* is continuous non-decreasing and P-a.s. K} (w) < 400 and
(Z¥(w))s<r is ds-square integrable. Finally for any k& > 1 it holds:

Y*

t/\T

=Y + fw H*(s, 2, Z5)ds + K7 — Kj 1 — W

Z*dBy;
(3.31)
Lipre < YMT* and fo Y —Ls)dK} =0.

We now take the limit when & — 400 and since once more (7;)>1 is of stationary type, we
have: Vt < T,

Y =g(x)+ ftT H*(s,z,Z})ds + K} — K — ftT Z*dBs;
(3.32)
L <Yy and [ (Y,

s

— Ly)dK* =0,

which completes the proof of ).

We will now prove iv). Let (Y, Z, K) be another triple which satisfies i), ii) and iii). Then,
using [td’s formula, we obtain:

Yy —Y)? =2 [ (YF—Y,)(Z: ~ Z,)dB,
+2 [T (Y7 = Vo) (H (s, 2, Z2) — H* (s, 2, Zs))ds (3.33)
2 [T (Y = V)d(K: — Ky) — [ 25 — Z2ds.

S

Next let P* be the probability, equivalent to P, defined as follows:
dP* = LpdP

with

T H* zZ5)—H* Z H* Zy)—H* Z
LT o (s,, Z*) Zs(sz S)l{Z* Z ;éO}dB9 ” (s,z, )7Z (s,z, S)I{Z;‘—Zs¢0}||2ds

and where ( ) ( )
H*(s,z,Z¥) — H*(s,x, Z
AH(s) == e 7 “Liz:-7.20)
S S

is a P-measurable, R?-valued stochastic process such that

Vs <T, H*(s,2,27) — H*(s,2,Zs) = AH*(s) x (Z* — Zy).

|H*(s,z,2) — H*(s,z,2)| < C(1+ ||z||s)|z — Z|
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then
Vs <T, |[AH"(s)] < C(1 + [|z]s)

It means that P* is actually a probability equivalent to P (by Lemma 2.1). Next for k£ > 1, let
Tt be the following stopping time:

= inf{t > 0, Y| + Vil + [y | Z¢1ds + [y | Zelds > k + Y57 |+ [Yol} AT
As (Y = Y)d(K? — K,) <0 then going back to (3.33) to obtain:
(Vige = Yinn )2 < (V7 = Yo )2 42 [0 (Vs = Y)(Z2 — Z,)dB,

where (By := By — fot AH*(s)ds)i<r is a Brownian motion under P*. Thus for any ¢t < T and
k>1,

EP [(Yyhry — Vinn)?] < EF (V2 — T2, (3.39)
But for any v > 1 and 7 stopping time, E[|Y;|” + |Y*|?] < C and by Lemma 2.1 there exists
a constant p > 1 such that E[L%] < co. Then there exists a constant C' such that for any

stopping time 7, E¥" [(Y* — ¥;)?] < C. Consequently, the process (Y* —Y)? is of class [D] under
the probability P*. Therefore (one can see e.g. [8], Theorem 21, pp. 36)

EY((Y — ¥o)?] =k BV (Y7 — Yp)*) = 0.

Going back now to (3.34), using Fatou’s Lemma to obtain EF [(Y;* — ¥;)?] = 0 for any ¢ < T.
It implies that Y* = Y, P* and P-a.s. since the probabilities are equivalent. Thus we have also
Z =7 and K = K, i.e. uniqueness. O

We then have the following result:

Theorem 3.2. Let (Y™, Z*, K*) be the solution of the reflected BSDE associated with (H*, g(z), L),
u* = (u*(t,z, Z}))i<r and 7" = inf{t € [0,T],Y* < L} AT. Then,

Yy =J@w", )= sup J(u,7) (3.35)

ueU,7>0
i.e., (u*,7*) is an optimal strategy of the mized control problem.

Proof: Recall that (Y*, Z*, K*) verifies: Vt < T,

3.36
L<Y*and [} (YF— Ly)dK: =0, (3.36)

Y = g(x +ft H*(s,x, Z%)ds + K3 — K; — [ Z2dB,,
S
Next for k > 1, let us set
e = nf{s >0, |Ls| + Y| + [§ 1Z; Pdr > k + |Lo| + [YF [} AT

Now since Y} is a deterministic constant we have:

Vg = B (Vi o+ fo O H (s, Z5)ds + K,

A

=E* [ Cn T Jo D (s, @, ut (s, @, ZF))ds + K OT*M" Z;‘dB”;*] .

T*AYE
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From the definition of 7* and the properties of reflected BSDEs we know that the process K.

does not increase between 0 and 7* then K7.,, = 0. On the other hand, using the Burkholder-

Davis-Gundy inequality and the assumptions on f we deduce that { fg Z:dBY ,t € [0,v]} is
an P* -martingale. Then,

Yo = EY {f(;r M L(s,z,u*(s, z, Z:))ds + LT*/\’Ykl{T*/\'yk<T} + g(x>1{‘r*/\‘rk:T} .

But the sequence of stopping times (y;)r>1 is increasing, of stationary type and converges to
T, then by taking the limit when k& — 400 we deduce that,

Yy = J(u*, 7). (3.37)

Now, let u be an admissible control and 7 be an arbitrary stopping time. Since P and P* are
equivalent probabilities on (€2, F) we have:

TAVk TAVk
Yy = EY[Yy] = B [YT*/\% —|—/ H*(s,z,Z5)ds + K]\, —/ Z:dBS] ,
0 0
TAVE TAVE
=E" [YT*A% +/ (s, z,us)ds + K‘t/\% — / Z;kstu}
0 0
TN\ Yk
+E“ [/ (H*(s,x,Z:)H(s,x,Z:,us))] .
0

But K*

Try =0, H(s,2, Z5)—H (s, x, Z5,us) > 0 and {fg Z¥dBY,t € [0,vk]} is a PY-martingale,
then,

TAVk
YE)* > E* |:/O F(S, €L, us)ds + LT/\'Ykl{T/\Tk<T} + g(m)l{T/\va}:| .

The sequence of stopping times (vx)x>1 is increasing, of stationary type and converges to T,
then by taking the limit as k — +oco we get,

1/0* = J(u*’ 7-*) > EY |:/ F(S, x, us)ds + L71{7-<T} + g(x)l{T:T}] = J(u, T)
0

which is the claim. O

Remark 3.1. The process Y™ is the value function of the mized optimal control problem, i.e.,
for any t € [0,T7,

Y[ = esssup,>; ey [/ L(s, @, us)ds + Ly 1oy + 9(37)1{T=T}’}—t} : (3.38)
t

This is another way to show uniqueness of the solution of (3.26). Ol

4 The Markovian framework: The HJB equation associated
with the mixed control problem

In this section we are going to restrict the previous framework to the Markovian one and study

the properties of the value function and the Hamilton-Jacobi-Bellman equation associated with

the mixed control problem. We will show that the first one provides the unique solution in
viscosity sense of the second.
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To begin with let us introduce the following spaces:
i) For any v > 0, Hz)g be the following space of functions ¥ defined on [0, 7] x RY, R-valued
and such that

V(t,z) € [0,T] x R, |W(t,z)| < C(1 + |z|") for some constants C' > 0.

ll) Hpg = U’YZOH;l'
Next let us specify the functions o, f, g, h and ', with their properties, in the following

assumptions which we assume satisfied hereafter:

(HM): the functions o, f, g, h and T" verify:

a) o :[0,T] x R? — R4 is a bounded continuous function, Lipschitz w.r.t x invertible and its
inverse o~ 1(¢,z) is bounded and continuous.

b) h:[0,T] x R? » R and g : R? — R. They are continuous and belong to Mpg-
¢) T':[0,7] x R* x A — R is continuous. In addition sup,c 4 I' belongs to Ipg.

d) f:[0,T] x R* x A — R? is continuous and the mapping x € R? s f(t,x,a) is Lipschitz
uniformly w.r.t (¢,a). Moreover it is of linear growth, i.e., sup,c 4 f belongs to Hllr)g and then
for any (¢,z,a),

|f(t,z,a)] < C(1+ |z|) for some constant C' > 0. O (4.1)

Now for (¢,z) € [0,T] x R?, let X®* := (Xé’:E)SgT be the solution of the following standard
differential equation:

X0 = o(s, XE")dB,, s € [t,T);
{ X0 =g, s < t. (4.2)
In the following result we collect some properties of X%,
Proposition 4.1. (see e.g. [18]) The process X' satisfies the following estimates:
(1) For any q > 2, there exists a constant C' such that
E[ sup |XL"7 < C(1+ |z|9). (4.3)
0<s<T
(i1) There exists a constant C such that for any t,t' € [0,T] and z,2’' € R?,
E[ sup | X5 — X712 < O+ ) (jo — &/ + [t — ¢']).0 (4.4)

0<s<T

Next for (t,x,z) € [0,T] x R4, let us introduce the function H* which is the same as the
one given in (3.8) in this Markov setting:

H*(t,z,z) :=sup H(t,z,z,a) (4.5)
acA
where (with a € A),
H(t,z,z,a) == zo ' (t,z)f(t,z,a) + [(t,z,a). (4.6)
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The function H* is continuous in all its arguments (see Lemma 4.4 below), property which is
needed later to deal with the HIJB equation associated with the mixed control problem. Now
to proceed, for (¢,x,2) € [0,T] x R% ¢ and n,m > 0, let us define H*™™ by

H*™ M (t,x, 2) i= H* T (t, 2, 2)pn (@) — H*™ (t, 2, 2) p ().
where for an = € R,

pm (%) = Ljgi<my + (@ + 1 +m) 1 1<ocmy + (=2 + 1+ m)1pncacmi)

The function H*™™ is also a truncation of H* which is moreover continuous w.r.t (¢,z, 2). It is
uniformly Lipschitz in z and have the same monotonicity properties as H*™™ defined in (3.10),
i.e., H*™™ is also increasing (resp. decreasing) w.r.t. n (resp. m) and lim,, oo lim,, oo H*™™ =
limy, o0 limy, 0o H*™™ = H* since pp,(x) 1. Finally the following estimate holds true:

|H*™ ™ (t, 2, 2)] < @(t, @, 2) = C(1+ [z])]z] + C(1 + |2[?), V(t,2,2) € [0,T] x R (4.7)
Next for n,m > 0, let (YH&mm zhenm [henm) he the unique solution of the following BSDE
associated with (H*™™ g, h): Vs < T,

ytenm gtrnm e §2 and Zbwnm ¢ Jid (KLTmm increasing and K’é’z’n’m =0);
t,x,n,m t,x T 17 t,x Zt,x,n,m t,x,n,m t,x,n,m T Zten,m .
v — g(XET) + [T Homm (u, XET, ZEE ™ du + K~ ghenm (T ghanmg g

h(«S?X};’x) < Y/St,:p,n,m and fOT(YJ’xm’m _ h(U,XZ’x))qui’w’n’m —0.
(4.8)
By comparison we have: Vn,m > 0,

}_/t,w,n,m < Yt,:v,nJrl,m < Yt,x,nJrl,mfl' (49)
On the other hand by Theorem 8.5 in [10], since the framework is Markovian, then:

i) Gpn(t,z) = Y™™ (t,z) € [0,T] x R, is a deterministic continuous function which is
moreover solution in viscosity sense of the following parabolic PDE:

min [tn,m (¢, 2) — h(t, ), —O¢lnm(t, ©) — Lipm(t,x) — H*™"(t, z,0(t, 2)Valnm(t, z))] =0,
(t.x) € [0,T) x RY

unm(T, ) = g(x),x € R<.

(4.10)
ii) For any s € [t, T, B
VIO = 4y (s, X0T). (4.11)
Next for m > 0 let us set
H*™(t, 2, 2) = limy,_yoo H™™(t,2,2) = H* " (t,2,2) — H* " (t, 2, 2) pm (). (4.12)
and B B
Yhem = lim S YhEmm, (4.13)

n—oo

By Proposition 3.1, there exist a P-measurable process Z»*™ and an increasing continuous
process K“®™ such that (Yt@m Ztem [H3m) g a golution of the reflected BSDE associated
with (H*™(s, X5°, 2), g(X55), h(s, X§")), i.e., Vs < T,

}_/vst,x,m _ g(X;a:) + fsT I—{*m(h )(112,:1:7 Zﬁ,x,m)dr + I_{%x,m o Kﬁ,x,m . fsT Zﬁ,x,mdBr;
h Xt,x t,x,m T /x t,x,m t,x t,x,m
(s, Xs") < Vs and [, (Y7 — h(r, X;""))dK, =0.
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Note that Y®™ verifies the estimate (3.9), and P — a.s, Z%®™ is ds-square integrable and
K2"™ < oo. The inequalities (4.9) imply that for any (t,z) € [0, 7] x R?,

ﬂn,m(t, .Z') S ﬁn—i—l,m(t7 1') S ﬁn+1,m—1(t7 1’)
Now for any (t,x) € [0,T] x R? and m > 0, let us set

a™(t,x) = T}Ln;o Un,m(t, ).

Then by (4.11) and (4.13), it holds that for any (¢,z) € [0,T] x R?
Yt = g™ (s, X597, Vs € [t, T). (4.14)

Next once more as a consequence of (4.9), the sequence (Y™%),,¢ is decreasing and then so
is the sequence of deterministic functions (@™),,>0. So let us define the process Y** and the
deterministic function u by:

Yt,a: — lim \ ?t,a:,m and u(t, 1’) = lim \ ﬂm(t,:v).

m—00 m—00

By (4.14), those latter objects are connected by the following relation:
YE = (s, X4%), Vs € [t, T). (4.15)

As in Theorem 3.1, there exists a pair of processes (Zb%, K%*) valued in R4*! such that
(Yt zb® K%%) is the unique solution of the following reflected BSDE: Vs € [0, T],

YT = g(XE) + [T H (r, X2, 280 dr + KR — KY— [T 207 dB,;
(4.16)
h(s, X2") < Y$* and [ (h(r, XF") = Y;P)dK " = 0.

Lemma 4.1. There exist two positive constants C' and p such that for any (t,z) € [0,T] x RY
and m > 0:

i)
[a™(t, )| + u(t, z)] < C(1+ |zfP). (4.17)

ii)
T —
E[/ {12772 + | 2072 ydr] < C(1+ [afP).
0
Proof: i) Recall the function ¢ introduced above in (4.7):
o(t,x, z) := C(1 + |x|)|z| + C(1 + |x|P).
By Proposition 2.1, there exists a triplet of processes (y»%, 25, kb*) such that:

a) (yb*, kb®) is R '-valued, k%% is non-decreasing and ky* = 0, (26%(w))s<r is R%-valued
and ds-square integrable P — a.s.
b) For any constant v > 1 and 7 a stopping time valued in [0, T,

E[Jy>"

7] < +oo. (4.18)
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c¢) For any s < T,

us" = g(XFT) + [{CI | (L4 [X07)) + C(L | X" P)Yr = [ o dBy + k" — k5"

(4.19)

Now by the standard comparison result of solutions of reflected BSDEs and thanks to (4.7),
one has: )

L < yhemm < ybt ys < T (4.20)

Next let P* be the probability, equivalent to P, defined as follows:
dP"" = Mp"dP
where
My = exp{ fy Comr, XE ()0 +XE)aB, — 4 [ Co (r, XE7)U(=1) (1 + | XE7)) P

where £ is bounded measurable function such that £(2).z = |2|, Vz = (2)i=1...a € R? (see the
proof of Lemma, 2.2 for its defintion). Under P»* X% is a weak solution of the following SDE:

{ dXE" = ce(zEYC (1 + | XET))ds + o(s, XE")dB,, s € [t,T;

4.21
X = g, s <t. ( )

were B is a Brownian motion under P*. Then it verifies the following estimate: Vg > 2,

EY[ sup [X07|1 < C(1 4+ |a]9) (4.22)
0<s<T

where Eb® is the expectation under PH%; the constant C' does not depend on ¢, z. Next writing
the reflected BSDE(4.19) under the probability P“® reads: For any s < T,

Yot = g(X5T) + fST C(L+ |XP"Pydr — [T 267dB, + kb — kL™

s

(4.23)
ygz > L= h(s,Xﬁ’x) and fOT(yfam - lﬁ’x)dkﬁ’x = 0.

Taking now into account of (2.5), we obtain as previously (see the proof of Theorem 3.2 or
Remark 3.1) the following representation for y>*: Vs < T,

yz’z = ess supTzsI_Et’w[fST C(l + |Xﬁ’m|p)d7’ + li’xl{T<T} + g(X;lx)l{T:TH]:S}.
Next by the polynomial growth of h and g we deduce that: Vs < T,
ly”| < C(1 + E[sup | X 7|7 7))
s<T

for some constants C' and ¢q. Then by (4.22), we deduce that
E"*[ly;") < O(1 + |=fP)

for some fixed C' and p. Going back now to (4.20), take s = ¢, expectation w.r.t P»* (which is

equivalent to P) and since Y;"*"™" is deterministic one deduces that

h(t, @) < G n(t, ) < B[y "] < C(1+ [2f?).

The proof is now completed in taking the limit w.r.t n then m since h is polynomial growth .

ii) It is obtained by the use of It6’s formula with |Y*|2 and |Y2™""|? and in taking into
account the representations (4.14) and (4.15), the polynomial growths (4.17) of u and @™,
estimate (4.3) on X** and finally the fact that Zi" = Z{""* = 0 for s € [0,]. O

23



Remark 4.1. By the polynomial growth of u and estimate (4.3), we have also

E[sup |Y*[P] < oo, Vp > 1, (4.24)
s<T

O

Next let ®(¢,z,2) be a function from [0,7] x R*? into R which we assume continuous in
all its arguments. Let us now consider the following PDE with obstacle:

min [v(t,z) — h(t, z), f%(t, x) — Lo(t,z) — (t,z, Vyu(t,x)o(t,z))] =0, (t,z) € [0, T[xRY;

v(T,z) = g(x), z € RY,
(4.25)
where V,, is the derivative w.r.t. z and L is second order partial differential operator associated
with X5 ie

ij=1,d

In the case when we take ® = H*, we obtain the HJB equation associated with the mixed
control problem in the Markov framework.

Next let us define the notion of a solution of (4.25). Let v be a funtion defined on [0, 7] x RY
which is moreover locally bounded on each (t,z). We define the upper (resp. lower) semi-
continuous enveloppe of v by: V(t,z) € [0,T] x R,

v(t,x) ;= limsup  o(t,2) (resp. vi(t,z) := liminf  o(t,2")).
(t,,$,)—>(t,$),t/<T (tl,l‘/)—>(t7$),t/<T

The definitions of the limiting parabolic superjet (resp. subjet) J%Tv (resp. J> v) of an
upper (resp. a lower) semi-continuous function v defined on [0, 7] x R? are given e.g. [5], pp.47,
11.

Definition 4.1. Let v be function defined on [0,T] x RY, R-valued and locally bounded:

a) It is said a viscosity supersolution (resp. subsolution) of (4.25) if:
(i) v(T,2) > g(2) (resp. v*(T,z) < g(x)), Vo € RY;
(i4) For any (t,x) € [0,T) x R and (p,q, X) € J> w.(t,x) (resp. J>Tv*(t,z)),

min {U*(t, x) —h(z),—p— %TT[O’TXO'(I‘J, x)] — ®(t, x, qo(t, {E))} >0

(resp.
1
min {’u*(t,x) — h(z),—p— §T7’[JTXU(t,x)} — @(t,x,qa(t,x))} <0). (4.26)
b) It is called a viscosity solution if it is both a viscosity subsolution and supersolution.

Remark 4.2. There is another definition of the notion of viscosity solution which uses test
functions which we will use sometimes later on (one can see e.g. [5] in pp. 10-11) for more
details. O
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To begin with we are going to deal with the issue of comparison principle, and consequently
uniqueness of the solution, for the PDE with obstacle (4.25). For that let us introduce the
following assumptions on the function ®:

(HD):
i) For any (t,x, z,2') € [0,T] x Ri+d+d,

O(t,x,2) — O(t,x,2") > -C(1+|z|)]z — 2/ (4.27)

ii) For any k > 0, there exists a function ¥, from [—2k,2x] into R, continuous, ¥, (0) = 0
and such that for any (t,2,2') € [0,T] x R¥, |z| < &, |y| < &,

O(t, x,20(t, 7)) — (L y, 2’0 (t,y)) < Cullz] + ||z — yl + Crlz = 2| + Vu(lz —yl)  (4.28)

where Cy; is a positive constant which may depend on k. O

As a preliminary result we have:

Lemma 4.2. Assume that the function ® verifies (H®)-i). If v is a supersolution of (4.25)
which belongs to Tlpg, i.e.,

V(t,z) € [0,T] x R, |u(t, )] < C(1 + |=|*)

for some constants C' and ~v non negative. Then there exists Ag > 0 such that for any A > Ao
and 0 >0, (v(t,z) + 0e M (1+ | z [27+2) is a supersolution for (4.25) .

Proof. We assume w.l.0o.g. that the function v(¢,z) is Isc. First note that the condition at T
holds true since fe T (1+ | x [27+2) > 0. Next let t < T and ¢ € C"? be such that the function
© — (v+0e (14 | 2 |272) has a local maximum in (¢, ) which is equal to 0. Since v(t,x) is
a supersolution for (4.25), then we have:

min {U(t, x) — h(t,z),
-0 (gp(t,x) — 66_>\t(1+ | x |27+2)> — 1T?“ [G.UT(t,x)Dgw (go(tw) — fe M | z \2'”2 )]
2
(1,2 Valp(tia) = 6 | 2 [ )o(t.a) | >0
Hence
(v(t, ) + 0e M1+ | z |PF2)) — h(t,z) > v(t,x) — h(t,z) > 0. (4.29)
On the other hand:

-0, (gp(t,:l:) — e M(14 |z |2“/+2)) — %Tr [U.UT(t,l‘)Dgx (go(t,:n) — Qe | g | H2 )]
—®(t, 2, Va(o(t, ) — e | 2 [PH2)o(t,2)) > 0.
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Therefore
~0up(t, ) — 5 Tr[o0T (1) D2t )] - @7, Vol 2))o (1, )

> e M1+ | 2 |PH2) - %Oe*)‘tTT [O’.O’T(t,x)D?m | x |27+ }
+ Ot 2, Valo(t,2) — 0™ | @ 1720 (t, 2)) — Ot 2w, Va(o(t, 2))o (t, )
> e M1+ | 2 |PH2) - %QefktTr [U.UT(t,x)Diz | |22 }
— C(1+|a)|Va(—0e™ | 2 7)o (t, 2))|
1
> 0N (1 | [719) - L0e (G20 + (27 + D)ol
— C.Cp(1+ |z]) (27 + 2)0e™ M | z |27 (4.30)

where C, is the constant of boundedness of 0. But there exists a constant Ao > 0 such that
for any A\ > g, the right-hand side is positive for any 6 > 0. Consequently for any A > Ag and
0 >0, (v+ e M (1+ |  |2+2) is a supersolution of (4.25). O

In the follwowing lemma, for which we omit the proof since it is classical, we transform
the PDE (4.25) into another one which is more adapted to show uniqueness of the solution of
(4.25).

Lemma 4.3. Let v(t,z) be an R-valued locally bounded function defined on [0,T] x R%. The
function v is a viscosity subsolution (resp. supersolution) of (4.25) if and only if v(t,x) =
elo(t,z), (t,z) € [0,T] x RY, is a viscosity subsolution (resp. supersolution) of the following
PDE with obstacle:

min {ﬁ(t, x) —eth(t,x),
—04o(t,x) + v(t,z) — L(t,x) — ' D(t, 7, e_tvx@(t,x)a(t,x))} =0,(t,x) €[0,T) x R%
o(T,x) =elg(x). O

We now address the question of comparison of subsolutions and supersolutions of the PDE
(4.25).

Proposition 4.2. Assume that ® verifies (H®)-i), 11). Let u (resp. v) be a subsolution (resp.
supersolution) of (4.25). If u,v belong to lpg, then u < v.

Proof. First let v be a positive constant such that
lu(t, 2)| + [v(t,z)| < C(1+ |z[*7).

We now that there exists \g such that for any A > g and 6 > 0 such that v(¢,z) + e (1 +
|2|?772) still a supersolution of (4.25). Therefore it is enough to show that u(t,z) < v(t,z) +
O~ (1 + |2[2*2) and then to take the limit as # — 0 to obtain the desired result. Next the
growth condition on u and v implies the existence of a positive constant R such that for any
t€[0,T), |z| > R, u(t,z) — (v(t, ) + 0~ (1+]2|>’*2)) < 0. Finally by Lemma 4.3, e‘u (resp.
et(v + e (1 4 |2[>712))) is a viscosity subsolution (resp. supersolution) of (4.26) such that

le‘u(t,z)| < C(1+ |2*7) and |e’(u(t, @) + O (1 + |2[*72))] < C(1 + [2*2).

Therefore to obtain the proof it is enough to show that if u (resp. w) is a subsolution (resp.
supersolution) of (4.26) such that:
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i) There exits R > 0 such that u(t,z) — w(t,z) < 0 for any |z| > R and ¢ € [0,T7;
i)
lu(t,z)| < C(1+ |z|*7) and |w(t,z)| < C(1 4+ |z[27T2).
Then u(t,z) < w(t,z), for any (t,z) € [0,T] x R%.
We will proceed by contradiction and suppose that there exists (g, ) € [0,T) x R? such
that u(tg,z0) — w(to, o) > 0 ; w.lo.g we assume u usc and w Isc. So let (¢, ) be such that:

ot M) TG = R () )

where Bg := {r € R%|z| < R} and (£,7) € [0, T[x Bg.

Now let us take 6 and 8 € (0,1], and w.l.o.g we assume v > 2. Then, for a small € > 0, let
us define:

1 - _ _
Belt,,y) = ult,x) —wlt,y) — 5w~y — e — 4 fy — ) - (-1 (432)
Since u is usc and w is Isc, then there exists a (t, ., y.) € [0,T] x Br x Bg such that:

®€<t6ax€7y6> = max _ (I)E(t7$>y)
(t,z,y)€[0,T|x BRx Br

where Bp, is the closure of Bgr. Therefore from the inequality 2®.(tc, ¢, ye) > Pc(te, Te, x) +
D (te, Ye, Ye), we deduce

%|xe - ye|2’y < (U(tea xe) - u(teaye)) + (w(téa 1:6) - w(tea ye)) (433)

Consequently 1|z, — y[*" is bounded (thanks to the growth conditions on u and w), and as
€ = 0, |ze — ye| — 0. By the boundedness of the sequences, one can substract subsequences
which we still index by € such that (z¢)e (resp. (Ye)e, resp. (te)e) converges to x (resp. x, resp.
t) when € — 0. Next

w(t,z) — w(t, T) < Pe(te, Te,Ye) < ulte, ) — W(te, Ye)- (4.34)

As u is usc and w is Isc, then we have:

u(t,

j) - w(ﬂ i') < liminf. ;o ‘I)e(tea e, ye) < lim SUP¢—0 (be(tev Le, ye) <
limsup,_o(u(te, ve) — wlte, ye)) < ult,x) — w(t,x) < u(t, ) — w(t, 7).

It follows that:
i) the sequence (Pc(te, T, ye)), is convergent to u(t,z) — w(t, T);
ii) lim sup,_,(u(te, zc) —w(te, ye)) = u(t, ) —w(t, ) and then taking into account of (4.34),

we deduce that lime_,o(u(te, ze) — w(te, ye)) = u(t, ) — w(t, 7);
iii) From (4.32), we deduce that

(te: Tesye) —e (1,7, 7). (4.36)
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Therefore there exists a subsequence of (€) such that

(u(t67 xe) - w(tea ye)) >

N3

But w is a supersolution then w(te,y.) > e'h(te,y.) and by continuity of h one can find a
subsequence such that |efh(tc,ye) — e'h(te,zc)| < %. Therefore for this last subsequence it
holds .

u(te, we) > eh(te, ze) + T (4.37)

To proceed let us consider this latter subsequence and let us denote by
1 _
et z,y) = ol =y + 0lw = 2T 4y — 3 + (- 1) (4.38)

Then we have:

( Dt@e(tvxay)zzﬁ(t_f)u _
Dm@e@v €, y) = %(.’IJ - y)’.’,lf - y|2772 + 9(?7 + 2)('%' - j)|x - i|277
Dype(t,z,y) = =Lz —y)le —y[ 7% +0(2y + 2)(y — D)y — 7[>,

o 1 a(zy)  —ai(z,y) az(x) 0 (4.39)
B(t,z,y) == D2 joc(t,x,y) = 1 (_al(m,y) ar(z.p) > + < 0 a2(y)>

with a1(z,y) = yle —y[* 1 +9(2y = 2)(z — y)(z — y)*|z — y*’* and
as(z) = 02y + 2)|x — 2|21 + 20v(2y + 2)(z — Z) (2 — 2)*|z — 7|>7 2

Applying now the result by Crandall et al. (Theorem 8.3, [5]) to the function

u(tax) - w(tv y) - goe(t,ac,y)

at the point (te, ze, y.) (we choose € small enough in such a way that te < T, and |z.| < R and
lye| < R), for any v > 0 we can find ¢,c¢; € R, q1,¢2 € R? and X,Y € Sy, such that:

( (Ca QI7X) € j2’+u(te>$e and (_ClaQny) € jz’iw(tevye)a
q1 = Dx@e(tea xeaye) = %(Jje - ye)|l‘e - ye|2’y_2 + 9(27 + 2)(xe - j)‘xe - j|2'y’
q2 = _DySOe(tea Te,Ye) = %(1’6 — Ye)|Te — ye|2772 — 027+ 2)(ye — Z)|ye — 3_5|277 (4.40)
¢+ c1 = Dipe(te, Te,ye) = 2B(te — t) and finally '

X 0
BT < (3 ) < Bl +vBlaze )

\

Taking now into account (4.37), and the definition of viscosity solution, we get:

—c — %TT[JT(te, 1) X0 (te, )] + u(te, we) — ee®(te, e, e teqro(te, ze)) <0
and
C1 — %TT[O‘T(tE, ye)YU(tea ye)] + w(ta ye) - eteq)(tev Ye, e_tEQQU(te’ ye)) > 0.

Then

U(te, k) —w(te,ye) —c—c1 < %TT[UT(Q, 2)X0(te,x) — 0" (te, y )Y o (te, ye)]
+€teq)<t67 m€7 eiteqla(tev xe)) - etéq)<t67 3/57 eitEqQU(t& y€))
(4.41)

28



But from (4.39) there exist two constants C' and C (which may change from line to line) such
that: _
llar(ze, ye)l| < Clre =y =2 and (laz(zo)|| V [laz(ye)l]) < C16.

On the other hand we have (B := B(te, Te, Yc))

B< %xe —ye[ (_II ‘f) +C101.
It follows that:
B+vB?* < C(%]:ﬁe — P2+ %m — oy <_II _II> + C401. (4.42)
Choosing now v = ¢, yields:
BB’ < %(m gz — y Y (_II ‘II> + . (4.43)

From the Lipschitz continuity of o, (4.40) and (4.43) we have:

Q =

1 _
iTr[aT(tE, x)Xo(te,xe) — UT(tg, y)Yo(te,ye)] < —(|xe — yEPV + |z — y6]47*2) +Ch10. (4.44)

€
Next taking into account of (H®) we have:

etéq)(tea Te, eitEQIU(ta Ie)) - ete(b(tfa Ye, eitEQQU(tea ye))
< e'{Crlle " “q1| + e " qal)|ze — ye| + Crle g1 — e " qo| + Vr(|zc — ycl)}

But lime0(|q1| + |g2])|ze — ye| = 0 and lime_0 [g1 — g2 = 0. It follows that

lim sup et‘q)(te, Te, e_teqla(ts,aze)) — et‘<1>(t€, Yes e_t‘qga(te,ye)) <0.

e—0

Next go back to (4.41) take the superior limit w.r.t € on each hand-side and take into account
of (4.44) to obtain: B
u(t, ) —w(t,z) < C16.

) _

t
Send now # — 0 to obtain that u(t,z) — w(t,Z) = 0 which is contradictory. The proof is now
complete. O
As a by-product we have

Corollary 4.1. Under (H®), if the PDE (4.25) has a solution in Ilpg, then il is unique and
continuous. O

Let us now go back to the HJB equation associated with the mixed control problem, i.e.,
equation (4.25) when @ is replaced with H* whihc reads

min [v(t,z) — h(t, z), —%(t, x) — Lo(t,z) — H*(t,z, Vou(t,z)o(t,z))] =0, (t,z) € [0, T[xR%
o(T,z) = g(x), z € R%

(4.45)
To begin with we will focus on the properties of the function H*.
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Lemma 4.4.
i) The function H* is continuous in (t,x,z).
i) H* verifies (4.27) and (4.28).

Proof: i) Let (t,z,2z) and (¢,2/,2") be fixed. Without loss of generality we assume that
|t —t'| + |z —2'| + |z — 2/| < 1. An easy computation shows that
|H*(t,x,2) — H*(t', 2", 2")| = |[H*(t,z,2) — H*(t',2',2) + H*(t',2',2) — H*(¢', 2/, )|
< ’Z‘ sup ’071(t7 $)f(t, Z, a) - Uﬁl(t,a x/)f(tlv CC/, a)‘
acA

+sup (¢, z,a) — (', 2", a)| + C(1 + |2'])|z — 2]
acA

Next as f, o' and I are continuous and A is compact then the right-hand side of the previous
inequality goes to 0 when (¢',2/,2") — (¢,x,2). Thus H* is continuous.
ii)
|H*(t,2,2) = H*(t,x,2")] = [sup{zo~ ! (t,2) f(t,2,0) + T(t,2,0)} — sup{z'o " (t,2) f(t,x,0) + T(t,2,0)}|
acA acA
< sup ‘Z - Z,HO'_I(t, x)f(t7 x, CL)|
acA

<C+ |z))|z — 2|

since 0! is bounded and f of linear growth. Thus H* verifies (4.27). Finally let us show that
H* verifies (4.28). Let & be fixed and (¢, z, 2’) € [0,T] x R?? z,y € R? such that || < » and
ly| < k.
H*(t,x,z0(t,x)) — H*(t,y, 2 o(t,y))
= sup{zf(t,z,a) + [(t,z,a)} — sup{z'f(t,y,a) + T'(t,y,a)}

acA acA
< sup{zf(t,a:, a’) - Z,f<t7y7a)} + Sup{r<t7x7a) - F(t7y7 CL)}
acA acA
< C(1+ )|z = 2|+ sup{z'(f(t,z,a) — f(t,y,a))} +sup{'(t,z,a) = ['(t,y,a)}
acA acA
<O+ [2))|z = 2| + Oz — y| + Uy (Jz - y]). (4.46)

where WL is the modulus of continuity of T on [0,7] x B(0,x) x A (B(0, ) is the closure in
R? of the open ball centered in 0 and of radius «). In the last inequality we have used the fact
that f is Lipschitz w.r.t . The proof now follows since |z| < k. O

We now have the following result related to u™.

Proposition 4.3. For any m > 0, 4™ is continuous and is the unique viscosity solution in I,
of the following PDE with obstacle:

min [y, (t, ) — h(t, ),
=04y (t, ) — L (t,x) — H*™(t, 2, 0(t,2)Vatm(t, )] =0, (t,z) € [0,T) x RY%  (4.47)

a(T,z) = g(x).

Proof: First recall tha by (4.17), 4™ belongs to Ilpg. Next let us show that @, is a super-
solution of (4.47). The function a™ is Isc and @™ (T,x) = g(x). Thus the terminal condition
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is verified. On the other hand, 4™ = @™. So let t < T and (p,q,X) € J> U (t,x). As
@™ = lim,, /Uy, then thanks to Lemma 6.1 in [5], there exist sequences:

ng — 00, (tjaxj) - (t,.%), (pj>Qj7Xj) € j27_anj7m(tj7xj)>
such that
(p]7QJ7X]) — (pvan)
But for any j,
—pj = 3Trlo T (tj, ) X0t x5)] > H™9" (b5, 25, qjo (), x5))

since 1y, is a viscosity solution of (4.10). But by Dini’s Theorem, (H*™™),, converges uni-
formly to H*™ on compact subsets. Therefore take the limit w.r.t. j in each hand-side of the
previous inequality to obtain

—p— 3Tr[oT (t,2)Xo(t, 2)] > H(t,2,q0(t, z)).

Finally as @™ (¢, z) = ¥;™"" > h(t, ), then @™ is a viscosity supersolution of (4.47).

Let us now show that @™* is a subsolution of (4.47). Let (¢t,7) € [0,T) x R?. We obvioulsy
have u™*(t,z) > h(t,z) since h is continuous. So assume that @™*(¢t,x) > h(t,z) and let
(p,q, X) € J>~u™(t,z). As @™ = lim,, ,/* 1y, and Uy, is continuous then

™ = lim sup®t,.m
n—00 ’

where
. — . — o
lim sup*t, m(t, ) = lim sup Unm(t, ")
n—00 n—oo,(t',z’)—(t,x),t'<T

(see [1], pp.91). Then once more by Lemma 6.1 in [5], there exist sequences such that
n; — +00, (tj,xjaanj,m(tjaxj)) — (t,m,ﬁm*(t,x)), (pj,qj,Xj) € Jz’_ﬂnj7m(tj,$j),

and
(p]7QJ>X]) - (p’q7X)

But there exists a subsequence which we still index by j such that for any j, tn; m(t;, ;) >
h(tj, z;) since @™ (t,x) > h(t,z). The subsolution property of @™ implies that:

—pj = 3Trlo " (t), 25) Xjo (t;, 25)] < H™™ (85, 25,450 (85, 25)).
Hence, as for the supersolution property, taking the limit as j — +o00, we conclude that:

1 _
—-p— iTT[O'T(t, z)Xo(t,x)] — H™(t,x,qo(t,z)) <0,

i.e. 1, verifies the subsolution property in (t,z) € [0,7) x R%. It remains to show the terminal
condition is satisfied i.e. @™*(T,x) = g(z). It is classical, however we give it in its main steps
for completeness. First note that for any z € R,

a™ (T, z) > tpgm(T,z) = g(x). (4.48)
Assume now that for some zy € R?,

a™ (T, zo) — g(x0) =2 >0 (4.49)
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and let us construct a contradiction. Let (g, xx)g>1 be a sequence in [0,T) x R such that:
(tg,xp) — (T, xo) and @™ (tg, xx) — " (T, zo) as k — oo.

Since @™* is usc and of polynomial growth and taking into account of (4.48) and the inequalilty
g(wo) > h(T,x0), we can find a sequence (0"),>0 of functions of C2([0,T] x R?) such that
0" — @™ and, on some neighbourhood B,, of (T, x¢) we have:

min{o"(¢,z) — g(z), 0" (t,x) — h(t,x)} > €, V(z,t) € B,. (4.50)

After possibly passing to a subsequence of (t;,x)r>1 we can then assume that it holds on
B = [ty, T x B(wy, 0%) for some 67 € (0,1) small enough in such a way that B C B. Now
since a™* is locally bounded then there exists ¢ > 0 such that |a™*| < ( on B,. We can then
assume that ¢ > —2¢ on B,,. Next let us define:

4¢|x — wp|?

tRE + VT —t.

or(t,x) = o"(t, ) +
Note that g} > 0" and
(@™ — Gt 7) < —C for (t,2) € [tx, T x OB(ax, 6}). (4.51)

Next since 0;(v 1T —t) — —o0 as t — T', we can choose ¢, large enough in front of ¢}’ and the
derivatives of ¢" to ensure that
—L3(t,x) >0 on B (4.52)

Next let us consider the following stopping time 6% := inf{s > t, (s, X2*"*) € B¥“} AT where
B is the complement of B, and ) := inf{s > ty, 0™ (s, Xt*"*) = h(s, X/*")} A T. Using
It6’s formula and taking into account (4.50), (4.51) and (4.52) to obtain:

3 (tk, x) = E[g7(0F wk,xgl;; ) = J M L g, X0 dr]
> B[ (05, Xt ™ ) jgr<g,) + Qk('@k’Xﬁk )19, <on)]
=E[{a; (05, X, t" or ) gr <y + (T, X7 gy gk <o, + O Ok, X557 ) 19, i)
> E[{(_m*(ek tk’xk) + O pgr oy + (€ + g(XF" ) L igr_ry M igr <y
+{€+h(ﬁkaxk’zk)}1[q9k<9 ]
> E[{(a™ (65, Xpr™) +C)1[9’“<T} + (e + g(XI “NLigr =11 gk <o,
+{e+ h(9p, X ST g, <ok
> E[a™ (05 A Ok, Xgioh )] +C Ae
=E[a™(tg, xr) — ftik/\ﬁk H*™ (s, Xl Zﬁk’x’“’m)ds] +(ANe

since on [tg,Jy], dK"®™ = 0. Finally since @™ and ||Z%®&™| ;2.4 are of polynomial growth

(Lemma 4.1) we deduce that limg_,o E fe"w’“ H*™ (s, Xt Z8"E™)ds] = 0. Therefore tak-
ing the limit in the previous inequalities ylelds

im g (tg, 2x) = lim 0" (tk, 2)+/ T =t = 0" (T, z0) > lim @™ (tx, zx)+(Ne = u™ (T, o) +(Ne.
k—o0 k—o0 k—o0

But this is contradictory since o — @™* pointwise as n — oo. Thus for any z € R¢ we have
w"™ (T, x) = g(x) and this completes the proof.
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Finally to show continuity of @™ and uniqueness of the solution it is enough to show that
H*™ satisfies the assumptions (H®). But for any (¢,z, z, )

|H*" (t,z,2) — H*""(t,z,2")| < 2|H*(t,z,2) — H*(t,z,2")| <2C(1 + |z|)|z — /|

since f is of linear growth, o~! is bounded and |p,,| < 1. Thus (4.27) is satisfied.
On the other hand,

H*™(t,x, 20 (t, ) — H™(t,y,2'0(t,y)) =
H*+(ta z, ZO'(t, I)) - H*+(t7 Y, Z/U(ta y)) +

~~

)
{—(H*(t,x,20(t,x)) — H* (t,y,2'0(t,y))) pm(x) — H*(t,5,2'0(t,9)) (pm(x) — pm(y))-

(11) (111)

Now to conclude it is enough to remark that: i) H* verifies (4.28) and to use the inequality
ut —ovt < (u—wv)T with (I); ii) H* verifies (4.28) and to use the inequality v~ — v~ < (v—u)*
with (IT); iii) H*~ verifies (4.27) and p,, is continuous Lipschitz. The proof is now complete. [

We are now ready to state the main result of this section.

Theorem 4.1. The function u is continuous and is the unique viscosity solution in lpg of the
following PDE with obstacle:

min [u(t, x) — h(t, z),
—Owu(t,z) — Lu(t,z) — H*(t,x,0(t,2)Veu(t,z))] =0, (t,z) € [0,T) x R%; (4.53)

u(T,x) = g(x).

Proof: The proof is obtained in the same way as we did for @' in the previous proposition
since: i) by (4.17) we now that u belongs to Ilpg; ii) @™ verifies the PDE (4.53), is continuous
and the sequence (™), is decreasing and converges to w; iii) H* verifies (4.27) and (4.28).
The details are left to the care of the reader. O

Remark 4.3. The characterization of u (see Remark 3.1) as the value function of the mized
control problem allows to show directly that u is continuous even if this proof is rather tedious.
However there is no way to show that u™ is continuous without using the PDEs as we did
previously in Proposition 4.3. ]
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