N

N

Modular affine Hecke category and regular unipotent
centralizer

Roman Bezrukavnikov, Simon Riche, Laura Rider

» To cite this version:

Roman Bezrukavnikov, Simon Riche, Laura Rider. Modular affine Hecke category and regular unipotent cen-
tralizer. 2025. <hal-02571688v2)

HAL Id: hal-02571688
https://hal.science/hal-02571688v2

Preprint submitted on 31 Jan 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-02571688v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

MODULAR AFFINE HECKE CATEGORY AND REGULAR
UNIPOTENT CENTRALIZER

ROMAN BEZRUKAVNIKOV, SIMON RICHE, AND LAURA RIDER

ABSTRACT. In this paper we provide, under some mild explicit assumptions, a
geometric description of the category of representations of the centralizer of a
regular unipotent element in a reductive algebraic group in terms of perverse
sheaves on the Langlands dual affine flag variety. This equivalence is suggested
and motivated by the “geometric Langlands” philosophy, and is used in later
work [ , | to construct equivalences of categories relating various
geometric incarnations of the affine Hecke algebra of the given reductive group.

1. INTRODUCTION

1.1. Towards an equivalence between the two modular categorifications
of the affine Hecke algebra. The present paper is the first one in a series ded-
icated to proving a modular variant (i.e. a variant for coeflicients of positive char-
acteristic) of the equivalence between the two categorifications of the affine Hecke
algebra attached to a reductive algebraic group constructed by the first author

for Q,-coefficients [3¢2]. Such a variant is motivated by applications in modular
representation theory; in particular, in | | we derive a proof of the Finkelberg—
Mirkovié conjecture [FM] describing the principal block of representations of a

connected reductive algebraic group over a field of positive characteristic in terms
of perverse sheaves on the Langlands dual affine Grassmannian.

The origin of this construction is the fact that the Hecke algebra of the affine
Weyl group attached to a reductive algebraic group admits two natural (and useful)
geometric realizations: one (due to Iwahori-Matsumoto [[M]) in terms of Iwa-
hori-bi-invariant functions on the loop group of the given group, and one (due to
Kazhdan—Lusztig [I[{I.] and Ginzburg [C(G]) in terms of the equivariant K-theory of
the Steinberg variety of the Langlands dual group. The equivalence of [Be2] “lifts”
the isomorphism between these algebras to an equivalence of monoidal categories
relating the Iwahori-equivariant derived category of the affine flag variety of the
given group to a certain derived category of equivariant coherent sheaves on the
Langlands dual Steinberg variety, both of the categories being defined over Q,. (The
precise statement of the equivalence requires some care, and will not be reviewed
here.)

The construction of this equivalence in [Be2] was based on a previous work of
S. Arkhipov and the first author [AB] which provided an equivalence of categories
“lifting” an isomorphism between two geometric realizations of the antispherical
module for the affine Hecke algebra; see the introduction of [AB] for more de-
tails. It turns out that adapting the constructions of [AB] to the modular setting
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2 R. BEZRUKAVNIKOV, S. RICHE, AND L. RIDER

presents several technical issues that we cannot overcome at the moment in gen-
eral.! Although it will be based on similar ingredients, our strategy will therefore
be different: in addition to the constructions of local geometric Langlands theory,
we will employ Soergel’s method of describing the categories we want to compare
in algebro-combinatorial terms.

1.2. The regular quotient and representations of the regular unipotent
centralizer. The goal of the present paper and its sequel | ] is to lay the
foundations for this algebro-combinatorial description on the constructible side.
The role of Soergel bimodules in the present paper is played by the category of
representations of the centralizer of a regular unipotent element; this is motivated
by [AB] where a similar construction is carried out for Q,-coefficients, see also [Dod]
where affine Soergel bimodules are related to centralizers of regular elements. Thus,
following the pattern of [So], we establish an equivalence between a Serre quotient of
the category of Iwahori-equivariant k-perverse sheaves on the affine flag variety with
one (if G is semisimple and simply connected) simple object and representations
of the regular unipotent centralizer in the dual group defined over k; this can be
thought of as an analogue of Soergel’s Endomorphismensatz, in its interpretation
from | ]. (Here k is an algebraic closure of F, for some prime £.) In [ ]
we bootstrap this construction to an equivalence between appropriate categories
of constructible k-sheaves on the affine flag variety and coherent sheaves on the
Steinberg variety, establishing an analogue of Soergel’s Struktursatz.

To describe more explicitly the equivalence that we prove here, let us introduce
more notation. We will denote by G a connected reductive algebraic group over an
algebraically closed field of characteristic p > 0. Let us choose a Borel subgroup
B C G and a maximal torus T C B. The choice of B determines an Iwahori
subgroup I in the arc group LG of G, and we denote by Flg the associated affine
flag variety. This ind-scheme admits a natural action of I, and we can therefore
consider, for k an algebraic closure of F, with ¢ # p, the I-equivariant derived
category

DI,I = DP(Fle, k)

This category is endowed with the perverse t-structure, whose heart will be denoted
P11, and it admits a natural monoidal structure with product given by convolution,
denoted ;. Note that x; does not restrict to a monoidal product on P;1; however
we can construct an abelian monoidal category out of these data as follows. If we
denote by PRI the quotient of the category Py by the Serre subcategory generated
by the simple objects whose support has positive dimension, then it is not difficult
to check (see §5.1) that the assignment (#,9) — P#(F x1 ¥) descends to an
exact monoidal product on P%I, which we denote by *?.

On the dual side we consider the Langlands dual reductive group Gy over k, a
regular unipotent element u, and the corresponding centralizer subgroup Zgy (u).
(Under the assumptions we will impose, this group scheme is smooth.) We de-
note by Rep(Zgy (u)) the abelian category of finite-dimensional representations of
Zgy (u); this category has a natural monoidal structure given by the tensor product
of representations.

n [ , 88], P. Achar and the second author explain how to generalize this construction in

case G = GL(n) and the characteristic £ of the coefficient field satisfies £ > %(Ln% J)‘
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Let us denote by R the root system of (G,T), and by RY the corresponding
coroot system. We will assume that:

e cither ¢ is very good, or X*(T)/ZR is free (i.e. Gy has simply connected
derived subgroup) and X, (T')/ZR" has no {(-torsion;

e /is bigger than some explicit bound depending on fR and given in Figure 5.1
below.

Under these assumptions, the main result of this paper (Theorem 5.4) states that
there exists an equivalence of abelian monoidal categories

(1.1) (PY1,%1) = (Rep(Zgy (), @x)

which satisfies a natural compatibility property with the geometric Satake equiva-
lence and Gaitsgory’s central functor (see §1.3).

Remark 1.1. In case k = Qy, the equivalence (1.1) (or in fact a slightly less explicit
variant) is a special case of the main result of [Bel], and it plays a technical role in
a proof in [AB]. The equivalence itself is stated in a remark in [AB], and is proved
explicitly in [ , §7.2].

In | ] we will use this theorem to construct a fully faithful “functor V”
for certain tilting monodromic perverse sheaves on the natural T-torsor ﬁlg —
Flg, with codomain the category of representations of the regular centralizer group
scheme (whose fiber over the base point is Zgy (u)). The latter category is related
to the category of equivariant coherent sheaves on the Steinberg variety of Gy (via
restriction to the regular locus) in [ ]

1.3. Strategy of proof. Our construction of the equivalence (1.1) will rely in a
crucial way on the geometric Satake equivalence and Gaitsgory’s theory of cen-
tral sheaves. Let Grg denote the affine Grassmannian of G. This ind-scheme
admits a natural action of LTG, and we can consider the category Pp+¢g +q of
L+ G-equivariant étale k-perverse sheaves on Grg. This category admits a natural
convolution product *r+g, and the geometric Satake equivalence [MV] provides an
equivalence of abelian monoidal categories

(1.2) (PL+G,L+Ga*L+G) = (Rep(Gﬁé),@k).

The relation between perverse sheaves on Grg and on Flg is provided by Gaits-

gory’s functor
Z: PL+G,L+G — PI,I~

This functor, defined in terms of nearby cycles, provides a “categorical lift” of
Bernstein’s description of the center of the affine Hecke algebra, and the perverse
sheaves in its image have a number of very favorable properties, studied in particular
in [G1, G2, AB] and reviewed in [AR3]. Using a general lemma from [Bel] (or, more
precisely, a slight extension of this lemma), the properties of this functor provide
a unipotent element u € G}/, a subgroup scheme H C Zgy (u), and an equivalence
of monoidal categories between a certain subcategory F’RI of P?’I and the category
of finite-dimensional representations of H, under which the composition of Z with
the quotient functor Pr; — P%I corresponds to the composition of the Satake
equivalence (1.2) with the restriction functor Rep(G)/) — Rep(H). Most of the
new material in this paper will then be used to prove the following claims:

(1) u is regular;
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(2) the subcategory ﬁ%l is the whole of P} ;
(3) the embedding H C Zgy (u) is an equality.
These proofs will use modular variants of some technical constructions from [AB].
In particular we will prove that, under appropriate assumptions, the images in the
category of Iwahori-Whittaker perverse sheaves of the objects Z(#) with # tilting
in Pp+¢ 1+¢ are tilting.

1.4. Contents. In Section 2 we recall properties of centralizers of regular unipotent
elements in reductive groups, and provide a general criterion on subgroup schemes
of such centralizers that will be used to prove statement (3) from §1.3. In Section 3
we prove a slight extension of the general lemma from [Bel] alluded to in §1.3.
Section 4 provides a reminder on the geometric Satake equivalence and Gaitsgory’s
central functor. In Section 5 we state our main result more precisely, and explain
the construction of u and H. In Section 6 we prove statement (1) from §1.3. In
Section 7 we introduce the category of Iwahori-Whittaker perverse sheaves on Flg,
and explain the relation with Py and P?,r In Section 8 we prove that the images of
certain central sheaves in the category of Iwahori-Whittaker perverse sheaves are
tilting. Finally, in Section 9 we use this to prove statements (2) and (3) from §1.3,
and thus complete the proof of our main result.

1.5. Acknowledgements. R.B. was supported by NSF Grants No. DMS-1601953
and DMS-2101507. This project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innova-
tion programme (S.R., grant agreements No. 677147 and 101002592). L.R. was
supported by NSF Grant No. DMS-1802378.

We thank M. Korhonen for explaining the proof of Lemma 2.13 to one of us and
for a helpful discussion on centralizers of regular unipotent elements, A. Bouthier
and S. Cotner for other useful discussions on centralizers of regular unipotent ele-
ments, and M. Finkelberg for spotting some typos.

2. PRELIMINARIES ON REDUCTIVE GROUPS

In this section we collect a number of general results on the geometry or represen-
tations of reductive algebraic groups which will be needed later in our arguments.
We fix an algebraically closed field K, whose characteristic we denote by ¢.

2.1. Quotients of group schemes. In our considerations below we will have to

consider some quotients of affine K-group schemes of finite type by closed subgroup

schemes, without any reducedness assumptions. For the reader’s convenience, in

this subsection we briefly recall the properties of this construction that we will use.
Let H be an affine K-group scheme of finite type.

e For any subgroup scheme H' C H, the fppf-sheafification of the functor
R — H(R)/H'(R) is represented by a K-scheme of finite type, denoted

H/H'; see [DG, 111, §3, Théoreme 5.4].

e We have dim(H/H') = dim(H) — dim(H'); see [DG, III, §3, Remarque
5.5(a)].

e If H' is smooth then the natural map H — H/H' is smooth; see [DG, 11,
§3, Corollaire 2.6].

e If H is smooth, then the scheme H/H' is smooth; see [DG, 111, §3, Propo-

sition 2.7].
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e If H' is a normal subgroup, then the quotient H/H' is an affine group
scheme (of finite type); see [DG, III, §3, Théoréme 5.6].

For h € H(K) we will denote by Zg(h) the scheme-theoretic centralizer of h

in H, i.e. the scheme-theoretic fiber over h of the morphism H — H defined by
1

g ghg™.
2.2. Centralizers of regular unipotent elements in reductive groups. From
now on we assume that G is a connected reductive algebraic group over K, and
denote by u € G(K) a regular unipotent element. We denote by B C G the unique
Borel subgroup containing u, by U its unipotent radical (so that v € U(K)) and
choose a maximal torus T C B, so that multiplication induces an isomorphism
T x U = B. We will also denote by R C X*(T) the root system of (G, T), by
RY C X.(T) the associated coroots, and by ZR C X*(T) and ZRY C X,(T) the
root and coroot lattices. We will denote by Z(G) the (scheme-theoretic) center of
G. We start with the following observation.

Lemma 2.1. The group scheme Z(G) is smooth iff the quotient X*(T)/ZR has
no {-torsion.

Proof. 1t is well known that Z(G) is the scheme-theoretic intersection of the kernels
of the roots of (G, T); in other words it is the diagonalizable K-group scheme whose
group of characters is X*(T)/ZR. This implies the desired claim. O

The following statement gathers some statements regarding the centralizers of
u in U, B and G established in [Co, Lemma 3.4 and Corollary 3.11] (building on
classical results of Steinberg) in a more general setting.

Proposition 2.2. The group scheme Zy(u) is smooth, and multiplication induces
an isomorphism of group schemes

If moreover X.(T)/ZRY has no {-torsion, then the natural closed immersion
Zg(u) = Zg(u)

is an isomorphism, and these group schemes are commutative.
In particular, if neither X*(T)/ZR nor X.(T)/ZRY has {-torsion, then Zg(u)
is smooth.

Remark 2.3. At the time when the first version of this paper was written, the
rerence [Co] was not yet available. That version contained an independent proof of
a slightly weaker form of Proposition 2.2.

2.3. The unipotent cone and the multiplicative Springer resolution. We
continue with the notation of §2.2. The multiplicative Springer resolution is the
induced scheme

U:=GxBU,
where B acts on U by conjugation. This scheme is a locally trivial bundle over
the flag variety G/B, with fibers isomorphic to U; in particular it is smooth. Let
us denote by U C G the unipotent cone, i.e. the closed subvariety whose K-points
are the unipotent elements in G. (This variety is denoted %3* in [Co, §4.2].) The
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adjoint action of G on itself induces a morphism U — G which factors through a
morphism

T U= U.
This morphism is surjective (see [Bo, Theorem 11.10]), hence induces an embedding
of G-modules
(2.1) o) — o)

where, for a scheme X, we write 0(X) for I'(X, Ox).

We will also denote by Ueg C U the regular locus; then, as explained in [Co,
Proof of Lemma 6.5], if u € G(K) is as in §2.2, the conjugation action on u induces
an isomorphism

(2.2) G/Zc(u) = Ureg;

in particular, using [J1, §1.5.10 and Proposition 1.5.12] we deduce that we have an
isomorphism of G-modules

(2.3) O (Ureg) = Tndg, () (K).

The choice of B determines a system of positive roots for (G, T), chosen as the
opposites of the roots appearing in the Lie algebra of B, and therefore a notion
of dominant weights. For A € X*(T) we denote by Og,g()) the line bundle on
G/B naturally associated with A, and by &;()) its pullback under the projection

U — G/B.

Lemma 2.4. If A\ € X*(T) is dominant, then there exists an embedding of G-
modules T'(G/B, Og/B(\)) = T'(U, Oz(N)). In particular, T'(U, Oz(X)) # 0.

Proof. The pushforward of the structure sheaf under the projection U — G/B
is the quasi-coherent sheaf on G/B associated with the B-module &(U) (in the
sense of [J1, Chap. 1.5]). In particular, the natural morphism from Og g is in-
duced by the embedding K < &(U), hence is injective. We deduce an embedding
I'(G/B,0g/g(\) = T'(U,Oz(N)).

The claim follows, since the domain of this map is nonzero if \ is dominant. [

We set

Ureg = w*l(ureg).
For each simple root o we denote by U,y C U the subgroup generated by the root
subgroups associated with roots different from —« (in other words, the unipotent
radical of the parabolic subgroup of G containing B associated with the subset {a}
of the set of simple roots). Then U(,) is stable under the B-action, so that we can
define

D, = G XB U(a)-

The subvariety D,, is a divisor in u , and we have

ﬁg(Da) = ﬁa(*&)

For any sum of positive roots A, written as A = " n, - @ (where o runs over
the simple roots), we set

D) ::Zna~’l)a.
(6%
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Then D, is an effective divisor in U with

(2.4) O(Dx) = Og(=X),
and if each coefficient n,, is positive the associated closed subscheme Y, C U satisfies
Uy = Ureg,
see e.g. [Hu, §4.1]. Tt follows that if jreg : L{reg < U is the embedding, then we have
(2.5) (Jreg)« Oz, = lim Oy(m-Dy)
MEZL>o

(where the maps Oy (m - Dy) — Oz((m + 1) - Dy) are induced by the natural
embedding 0y — O(D.)).

In the following statement we denote by Coh® ( A1), resp. Coh® (U, reg) the abelian
category of G-equivariant coherent sheaves on Z/l resp. Z/lrcg

Lemma 2.5. Let A =) nq - a, where ng >0 for all a. Then restriction to ereg
induces an isomorphism

lim EXtcth(u)(ﬁ (m-\), O )—)Ext

CohC (Ureg (T4 Ureg? ﬁﬂreg)'
meEZLx>q

Proof. The morphism j.c, is affine. Therefore, using adjunction we obtain an iso-
morphism

Ext! Ext!

Co hG(u (.71‘egﬁ> ﬁ U, )

Coh® (Ureg) (ﬁareg ’ ﬁﬂreg ) eg
>~ BExt!

ﬁgv (jreg)* ﬁ?;lr )7

QCo hG(U)( eg
where QCth (Zj ) denotes the category of G-equivariant guasi-coherent sheaves on

U. The derived functor RI'(U, —) commutes with uniformly bounded below filtered
direct limits (see e.g. [Lip, Lemma 3.9.3.1]), and so does the functor of derived
G-invariants, see [J1, Lemma 1.4.17]. Since the functor RHomQCOhG(g)(ﬁg, —) is

the composition of these two functors (see [ , Proposition A.6]), it also satisfies
this property, which implies the desired claim in view of (2.5) and (2.4). O

The following claims are standard.

Lemma 2.6. Assume that G has simply connected derived subgroup.

(1) The variety U is normal, and the morphism
OU) = O(Useg)

induced by restriction is an isomorphism.
(2) The restriction of m to Z/lreg is an isomorphism of varieties Z/lreg = Ureg -
(3) The embedding (2.1) is an isomorphism.
(4) We have an isomorphism of G-modules

OU) = Tndg, ) (K).

Proof. Note that U and U are unchanged if G is replaced by its derived subgroup,
so we can assume G is semisimple (and simply connected).

(1) For the normality of U, see [ITu, Theorem 4.24(iii)] or [Co, Lemma 4.4(4)].
Then the second claim follows using the algebraic Hartogs’ lemma and the fact that
the complement of U,eg in U has codimension at least 2 (which itself follows from
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the facts that I/ has finitely many orbits and that non-regular orbits have dimension
at most dim(U) — 2, see [Hu, Remark in §4.1], or [Co, Proof of Lemma 4.4(4)].)

(2) See [Hu, §6.3-6.4] or [Co, Proof of Lemma 6.17].

(3) The claim follows from Zariski’s Main Theorem (see [[1a, Chap. III, Proof of
Corollary 11.4]), whose assumptions are satisfied by (1) and (2).

(4) This follows from (1), (3) and (2.3). O

2.4. Tilting modules and subgroups of the centralizer of a regular unipo-
tent element. From now on we assume that:

(1) G has simply connected derived subgroup (i.e. X.(T)/ZRVY is free);
(2) ¢ is good for G;
(3) X*(T)/ZR has no ¢-torsion.

Lemma 2.7. We have
H (U, Oz) =0 foranyi>0,

and moreover the G-module O(U) admits a good filtration.

Proof. Assume first that G is semisimple. Under our assumption on ¢, U identifies
with the usual (additive) Springer resolution considered in §2.5 below (see | ,
Proposition 3] or Lemma 2.9 below), so that our claims are special cases of | ,
Theorem 2] and | , Theorem 7]. The general case follows, using the fact that
U is unchanged if G is replaced by its derived subgroup Z(G), and that a G-
module V' admits a good filtration iff V|4(g) admits a good filtration (see | ,
Proposition 3.2.7]). O

As in §2.2 we consider a regular unipotent element u which belongs to U(K).
Under our assumptions, by Lemma 2.1 and Proposition 2.2 the group schemes
Z2(G), Zy(u) and Zg (u) are smooth.

Lemma 2.8. Let H C Zg(u) be a subgroup scheme containing Z(G). If for any
finite-dimensional tilting G-module V' the embedding

vie) ., yH
is an equality, then H = Zg(u).

Proof. We will show that if H C Zg(u) is a proper subgroup scheme containing
Z(G), then there exists a finite-dimensional tilting G-module V' such that the em-
bedding V%e () «— VH ig strict.

By Proposition 2.2, multiplication induces a group scheme isomorphism

Zy(u) x Z(G) = Za(u),

and these group schemes are commutative. Since H is contained in Zg(u) and
contains Z(G), we deduce that we also have

(Zu(u) NH) x Z(G) = H,

and H is a normal subgroup in Zg(u). Hence the quotient Zg(u)/H is a smooth
affine group scheme of finite type (see §2.1). Since this group scheme is nontrivial
by assumption, it follows that €(Zg(u)/H) # K.

Let L C 0(Zg(u)/H)/K be a simple Zg(u)/H-submodule (where the action on
O (Zg(u)/H) is induced by right multiplication), and denote by F its inverse image
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in 0(Zg(u)/H). Since Zy(u) is unipotent, L must be the trivial module, and E
fits in an exact sequence of Zg(u)/H-modules

(2.6) K — E — K.

Recall that any Zg(u)-module M determines a G-equivariant quasi-coherent
sheaf 2 /76w (M) on G/Zg(u), see [J1, §1.5.8]. In particular, if f : G/H —
G/Zg(u) is the projection, then we have

[+O0c/u = Za 2w (0(Za(u)/H)),

see [J1, §1.5.12, Remark 3]. The functor Zg /7 u)(—) is exact; in particular, the
short exact sequence (2.6) provides a short exact sequence of G-equivariant coherent
sheaves

(2.7) 0G/76(w) = £ /26w (E) = Oc)zg (),
and the embedding F — 0(Zg (u)/H) provides an embedding
(2.8) 26 /26 (w)(E) = f+Og/n-

In view of (2.2), the exact sequence (2.7) can be considered as an exact sequence
in Coh® (Useg), or equivalently (see Lemma 2.6(2)) in Coh® (ereg). After choosing
a weight A as in Lemma 2.5, which we furthermore assume to be dominant, this
lemma ensures that there exists m € Z>o and a short exact sequence

(2.9) Oy — & = Og(m - \)
for some m € Zxo whose image under jy., is (2.7). In particular, & is a vector
bundle on U such that j',,& = Zqg 76 u)(E). Since Ureg is open (hence dense) in
U, the morphism

& = (Jreg)+ZG /26 (u) (E)

induced by adjunction is injective. Taking global sections we deduce an embedding
of G-modules

Composing this map with the morphism obtained from (2.8) by taking global sec-
tions, we deduce an embedding of G-modules

(2.10) LU, &) — 0(G/H).

Let us now come back to (2.9), and denote by Rep®™(G) the category of all
(not necessarily finite-dimensional) algebraic G-modules. By Lemma 2.7 we have

Hl(Z;{ , U;) = 0. Therefore, by taking global sections we obtain an exact sequence
of G-modules

(2.11) OU) = TU,&E) - T(U, Oz(m - N\)).

Now the second statement in Lemma 2.7 implies that for any finite-dimensional
tilting G-module V' we have

Exthepes () (V, 0U)) = 0.

On the other hand, using Lemma 2.4 we see that there exists a (finite-dimensional)
tilting G-module V' (e.g. the indecomposable tilting G-module with highest weight
mA) such that

HomRepw(G) (‘/a F(av ﬁa(m ’ A))) # 0.
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Applying the functor Hompgepe(q)(V, —) to (2.11) we deduce a strict embedding
Hompgepe(a)(V, O(U)) = Hompep=(a)(V,T(U, &))
and then, using (2.1) and (2.10), a strict embedding
Hompgep(c)(V, 0(U)) — Hompgep< () (V, 0(G/H)).
By Lemma 2.6(1) and (2.2), this map can be considered as a strict embedding
Hompepe(q)(V, O(G/Zg(u))) — Hompgep< () (V, 0(G/H)).
Now, by Frobenius reciprocity we have isomorphisms
Hotpep=(q) (V. 0(G/Za(u))) = (V*)?e),
Hompp () (V, 0(G/H)) == (V).
Since V* is a tilting module, this finishes the proof. ([

2.5. Fixed points of the centralizer of a regular unipotent element. We
continue with the notation and assumptions of §2.4. Our goal in this subsection is
to prove Proposition 2.12 below, which relates the dimensions of fixed points under
Zg(u) and T for finite-dimensional G-modules admittting a good filtration. We
denote by g, b, u, t the Lie algebras of G, B, U, T. The proof will involve the
geometry of the “additive” version of the Springer resolution

N =G xB u,
and of the Grothendieck resolution
g:=G xBb.

Both A and g are vector bundles over the flag variety G/B; in particular they are
smooth schemes.

Under our present assumptions, the multiplicative and additive versions of the
Springer resolution are isomorphic.

Lemma 2.9. There exists an isomorphism of G-schemes

U N.
Proof. Let N' C g be the nilpotent cone, i.e. the closed subvariety whose K-points
are the nilpotent elements in g. (This scheme is denoted A4&*" in [Co, §4.3].)
By [Co, Theorem 5.1] there exists a G-equivariant “Springer isomorphism”

U= N.
(Note that the unipotent and nilpotent schemes involved in [Co, Theorem 5.1] might
not be reduced; but under our present assumptions they are by [Co, Theorem 4.6

and Theorem 4.12], so that they coincide with our varieties & and N.) By | ,
Remark 10], such an isomorphism necessarily restricts to a B-equivariant isomor-
phism U = u; inducing from B to G we deduce the desired isomorphism. ([

Using Lemma 2.6(4) and Lemma 2.7 we deduce the following properties.

Corollary 2.10. (1) For any i > 0, we have Hi(N, Ox) = 0.
(2) We have an isomorphism of G-modules

and moreover this module admits a good filtration.
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There exists a natural morphism g — t induced by the quotient morphism
b — b/u = t, and N identifies with the fiber of this map over 0. We will also
denote by t;,; C t the open subset of regular elements, i.e. the complement of the
union of the kernels of the differentials of the roots of (G, T), see [J2, Equation (1)
in §13.3]. (Note that our assumption (3) implies that the differentials of roots are
nonzero, so that this open subset is nonempty.)

Lemma 2.11. (1) There exists a canonical isomorphism of G-varieties
G/T X treg — & Xt treg.
(2) We have a canonical isomorphism of G- and O(tyeg)-modules
Otees) D0ty O(8) = Obreg) Oxc IndF(K).
Proof. (1) As explained in [J2, p. 188], the adjoint action induces an isomorphism
U X treg — b X treg,

for the morphism b — t considered above. Inducing from B to G we deduce the
desired isomorphism.
(2) The claim follows from (1) by taking global sections. |

Proposition 2.12. For any finite-dimensional G-module V' which admits a good
filtration and any regqular unipotent element u € G, we have

dim(VZe®W) = dim(V'T).
Proof. Corollary 2.10(1) and standard arguments imply that the G-module £(g)

admits a filtration with associated graded isomorphic to @(t) @ O(N); see [ ,
Proposition 3.4.1] or | , Lemma 4.12] for similar considerations. Since the higher
derived functors of the functor of G-invariants vanish on modules admitting a good
filtration (see [J1, Proposition I1.4.13]), and since V@ @(N) admits a good filtration
(by [J1, Proposition 11.4.21]), it follows that (V ® €(g))¢ admits a filtration with
associated graded
o) e (Ve oN))<.

In particular this module is free as an &(t)-module, and by Corollary 2.10(2),
Frobenius reciprocity and the tensor identity, its rank is

dim((V @ O(N))€) = dim(V4e ™).
On the other hand, using Lemma 2.11(2) we see that
- G
O(treg) Do) (V ® O(8)F = (V@ Olbreg) @ IndF(K)) ™ 2 VT @ Obreg),
so that this @(t,eg)-module is free of rank dim(V'T). The desired equality follows.
O

2.6. Fixed points of regular unipotent elements in tilting modules with
quasi-minuscule highest weight. In this subsection we drop our previous as-
sumptions, but assume instead that G is quasi-simple and simply connected, not of
type A. We will denote by «ayg its highest short root (i.e. its unique quasi-minuscule
dominant weight).

Lemma 2.13. Assume that ¢ satisfies the conditions in Figure 2.1. Then if V is
the indecomposable tilting module of highest weight g and u is as in §2.2 we have

dim(V*) = dim(V'T).
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Bn (HZQ) Cn (n23) Dn (TLZ4) E6 E7 Eg F4 G'2
(42 tn (£2 |(£3|(£2| @ [(£3]|(£2

FIGURE 2.1. Conditions on £

Proof. ? The conditions in Figure 2.1 are exactly those which guarantee that the
Weyl module of highest weight «yq is simple, hence tilting (see [Liib], see also [I{o,
Table 1]).

Assume first that G is of exceptional type. Then the Jordan blocks of u acting
on V (in particular their number, which coincides with dim(V™)) are described
in [La]. From these tables we obtain that the number of Jordan blocks is in each
case equal to the number of short simple roots in R, i.e. to dim(V'T).

We assume now that G is of classical type. If G is of type B,, then G 2 Spin(2n+
1,K) and V is the natural (2n + 1)-dimensional representation of SO(2n + 1,K),
seen as a G-module through the canonical surjection Spin(2n + 1,K) - SO(2n +
1,K); the desired claim is then clear. If G is of type D,, then V is the adjoint
representation g. Since Zg (u) is smooth (see Proposition 2.2) we have

dim(g") = dim(Zg (u)),

and since u is regular this dimension is the rank of G, which of course coincides
with dim(gT).

Finally, we consider the case when G is of type C,, so that G = Sp(2n,K). If
E is the natural 2n-dimensional representation of this group, then V is the direct
summand of A?2E (as a G-module) given by the kernel of the natural morphism
A?E — K sending v ® v to x(v,v’), where Y is the alternating form used to define

the symplectic group (see e.g. [°S]); from this we see that to conclude it suffices
to prove that dim((A?2E)*) = n. Now u acting on E has a single Jordan block, so
that the desired claim follows from [L.in] or [Ba, Theorem 2.1(2)]. O

Remark 2.14. M. Korhonen informed us that Lemma 2.13 holds for all character-
istics, except maybe in type D for ¢ = 2. For instance in type B for ¢ = 2, the
tilting module is the restriction of the natural module for the group of type D, 1,
and a regular unipotent element for the group of type B,, is regular in the group
of type D, 11, hence acts on this module with two Jordan blocks.

3. RECONSTRUCTING A SUBGROUP FROM THE RESTRICTION FUNCTOR

In this section we prove a slight extension of [Bel, Proposition 1] which will be
required for our arguments.

3.1. Statement. Let (A, x) be a monoidal category. Recall that the Drinfeld center
DrC(A) of (A, %) is the category whose objects are pairs (X, ¢) with X an object in
A and

L X % (=) S (—)x X
an isomorphism of functors such that

tyxz = (idxtz) o (ty xid)

2This proof was explained to one of us by M. Korhonen. An earlier proof of ours required
stronger assumptions on £.
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for any Y, Z in A (where we omit the associativity isomorphism for simplicity), and
whose morphisms from (X,¢) to (X’,¢) are morphisms X — X’ in A which are
compatible with the morphisms ¢ and ¢’ in the obvious way. The Drinfeld center
of a monoidal category admits a natural structure of braided monoidal category,
with monoidal product induced by that of A, and the braiding (X,¢) x (X',//) =
(X', ) x (X, 1) given by .

If (B, ®) is a symmetric monoidal category, then as explained in [Bel, §2.1] the
datum of a braided monoidal functor from B to DrC(A) is equivalent to that of a
central functor from B to A, i.e. a pair consisting of a monoidal functor F' : B — A
(with “monoidality” isomorphisms ¢_ _) together with bifunctorial isomorphisms

oxy F(X)xY 5 Y *xF(X)
for X in B and Y in A, which satisfy the following properties.

(1) For X, X’ in B, the isomorphism ox p(x) coincides with the composition

-1
¢’x/,x

Py x ~
FX)xF(X) 5 FXeX) S FX' @ X) =5 F(X')~ F(X)
where the middle isomorphism is the image under F' of the commutativity
constraint of B (applied to (X, X')).
(2) For Y7,Ys in A and X in B, the composition
ITX,Yy

id
e Y« F(X) % Ya

~

id
F(X)*Y; *Ys T Y % Yo x F(X)
coincides with ox y,xy, (where we omit the associativity constraint of A).
(3) For Y in A and X1, X5 in B, the composition

Pxq,x %Y idp(x)*0x,,y
R L MY

F(X1®X2)*Y F(Xl)*F(XQ)*Y

~ ~

F(Xl)*Y*F(Xg)

. . —1
ox,,y*idp(x,) ) idy*éyx x,

Y*F(Xl)*F(XQ

~ ~

Y % F(Xl ® XQ)
coincides with ox, % x,.v-
Our goal in this section is to prove the following statement. Here, we let K be an
algebraically closed field. For H an affine K-group scheme of finite type we denote

by Rep(H) the category of finite-dimensional H-modules (in other words, finite
dimensional ¢'(H)-comodules) and, for H' C H a subgroup scheme we denote by

Resh, : Rep(H) — Rep(H')

the restriction functor. The category Rep(H) admits a natural symmetric monoidal
structure, with product given by tensor product over K.

Proposition 3.1. Let H be an affine K-group scheme of finite type. Let (A, ®) be
a K-linear abelian monoidal category with unit object 1 which satisfies End(1) = K,
and such that ® is exact in each variable. We assume furthermore that 1 is a simple
object of A, and that Homa (1, X) is finite-dimensional for all X in A. Assume we
are given an exact, central functor

F:Rep(H) = A

such that each object in A is isomorphic to a subquotient of an object F(V) with
V in Rep(H). Then there exists a subgroup scheme H' C H and an equivalence of
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monoidal categories
®:Rep(H') = A
which satisfies FF = ® o Resg, as monoidal functor.

Remark 3.2. (1) The assumption that 1 is simple follows from the condition
that End(1) = K in case A is rigid, see [DM, Proposition 1.17].
(2) The subgroup H' C H is unique only up to conjugation; using the notation
introduced in §3.3 below, it depends on the subobject 7, which cannot be
chosen in any canonical way.

This proposition appears as [Bel, Proposition 1] with slightly different assump-
tions. (Namely, it is not assumed in [Bel] that 1 is simple, but one imposes the
extra assumption that K is uncountable.) Below we show how to adapt the proof
in [Bel] in order to fit with the present assumptions. (In later sections we will
apply this proposition in case K is an algebraic closure of a finite field, hence in
particular is countable.) No detail of this proof will be used in later sections.

3.2. Preliminaries. The main ingredient needed to extend the proof of [Bel] will
be the following easy commutative algebra lemma.

Lemma 3.3. Let K be an algebraically closed field, and let L/K be a field extension.
Assume there exists a field extension K'/K, a finitely generated commutative K'-
algebra A, and an embedding of K'-algebras K' g L C A. Then L = K.

Proof. One can of course assume that K’ is algebraically closed. Assume for a
contradiction that L #K, and let a e LNK. Let a=1®a € K ®x L C A. One
can consider a as a scheme morphism Spec(A4) — Af,. The image of this morphism
is constructible by Chevalley’s theorem (see [SP, Tag 00FE]), hence is either a finite
subset of K’ or the complement of such a subset. Now @ — ¢ is invertible in A for
any t € K, so that this image does not intersect K. We deduce that it is finite, so

that there exist a1, - ,a, € K’ such that the morphism Spec(A) — AL, associated
with the element []!_, (@ — a;) has image {0}, i.e. is nilpotent in A. Hence for some
N > 1 the elements 1,a,--- ,a” are linearly dependent (over K’) in K’ ®k L. Then
the elements 1,a,---,a’ must be linearly dependent (over K) in L, so that a is

algebraic over K. This is impossible since K is algebraically closed and a ¢ K. O
We will also require the following lemma.

Lemma 3.4. Let K be a field, and let (A, ®) be a K-linear abelian monoidal category
which satisfies the following assumptions:

(1) the unit object 1 is simple and satisfies End(1) = K;
(2) for any X in A, the K-vector space Homa (1, X) is finite-dimensional;
(3) ® is exact in each variable.

Then for all objects M and N in A, the morphism
HomA(]l, M) Rk HOIHA(]l, N) — }IOIDA(]].7 M ® N)
which, for f € Homa (1, M) and g € Homa (1, N), sends f ® g to the morphism

1=1017%% MenN,

18 injective.
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Proof. For any M in A, since dim Homa (1, M) < oo we can consider the object
Homa (1, M) ®k 1, and we have an obvious morphism

(31) HOIHA(]].,M) ®k 1 — M.

We claim that this morphism is injective. In fact, its kernel is a subobject of the
semisimple object Homa (1, M) ®k 1, hence is itself a direct sum of copies of 1. If
it were nonzero, then there would exist a morphism 1 — Homa (1, M) ®x 1 whose
composition with (3.1) vanishes. Now we have

Homa (1, Homa (1, M) ®k 1) = Homa(1, M),

and for any nonzero f in the right-hand side, the composition of its image in the
left-hand side with (3.1) is f, hence is nonzero. The kernel under consideration
must therefore vanish.

Now, consider a second object N in A. Tensoring (3.1) on the right with NV
(which is an exact functor by assumption) we deduce an embedding

Homa(1, M) ®x N < M @ N.
Finally, applying the left-exact functor Homa (1, —) we deduce an embedding
Homa (1, M) ®x Homa (1, N) — Homa (1, M ® N),
which is easily seen to be given by the formula in the statement. O

3.3. Proof of Proposition 3.1. In this subsection we assume that the condi-

tions in Proposition 3.1 are satisfied, and we explain how to prove | , Lemma 1]
without assuming that K is uncountable. Once that is in place, the argument for
Proposition 3.1 follows in the same manner as for [Bel, Proposition 1].

We recall the necessary notation from loc. cit. Let ' p denote the ring of regular
functions on H regarded as a commutative ring object in the symmetric monoidal
category Ind(Rep(H)) of ind-objects® in Rep(H) with H-action coming from left
multiplication of H on itself. Then, still denoting by F' the natural extension of this
functor to ind-objects, F(&;) inherits a structure of ring object in the category
Ind(A) of ind-objects in A. Let J C F(Op) be a maximal left ideal subobject;
then as explained in [Bel, p. 73], J is automatically a right ideal subobject also, so
that &5 = F(Og)/J acquires a natural ring object (in Ind(A)) structure. (For
details justifying the existence of a maximal left ideal subobject, see | ].) The
multiplication map for this algebra will be denoted mg,, : O/ @ Oy — Oy, and
the unit (inherited from the unital structure of &) will be denoted ¢ : 1 — ..

We may now consider the category of (left) € ,-module ind-objects in A; we

denote morphisms in this category by Homg ,,(—, —). Since Oy, is simple when
regarded as an & g,-module, the K-algebra L := Endg, (€ /) is a division algebra.
The content of [Bel, Lemma 1] is then the following.

Lemma 3.5. We have L = K.

The proof of this lemma will be given at the end of the subsection, after some
preliminary results that we now consider.

3For generalities on categories of ind-objects we refer to [I{S, Chap. 6]. We will use in par-
ticular the fact that the category of ind-objects in an abelian category is abelian, see [KS, The-
orem 8.6.5(i)], and that extensions of exact functors to ind-objects are exact, see [IXS, Corol-

lary 8.6.8].



16 R. BEZRUKAVNIKOV, S. RICHE, AND L. RIDER

Lemma 3.6. There exists a canonical isomorphism
§ZQH/®@H/ 1>QH/®QH'
which satisfies the following equalities:
(1) for any morphism f: 1 — Oy, we haveso (idg,, ® f) = f®idg,, (where
we identify 1 @ O and O @ 1 with O using the unit constraint);
(2) mQH/ o6 = mQH/;
(8) ([d®@mg,,)o(s®id)o (id®¢) =¢o (mg,, ®id);
(4) (mg,, ®id)o (id @) o (c®id) =co (id@mg,,).
Proof. As part of the central structure on F, we have a canonical isomorphism
06, ro,) F(Oy) @ F(O) =S F(Oy) @ F(Oy),

which by functoriality this isomorphism sends F(&)®J to JQF (0 ). Moreover,
this isomorphism is also (via the appropriate identifications) the image under F' of
the commutativity constraint in Rep(H), which is symmetric; therefore it satisfies
0g, F(0,)°00, Fo,) = id, hence also sends J @ F'(O ) to F(0 )@ 7. Tt follows
that this isomorphism sends J ® F (O ) + F(Og) ® J to itself, so that it induces
the wished-for isomorphism

§ZQH/®@H/1>QH/®QH/.

All the desired equalities hold for the corresponding structures on & in the
category Ind(Rep(H)); hence they hold for F(&j) in Ind(A), and finally for its
quotient &y . d

Corollary 3.7. The division algebra L is commutative, hence a field.
Proof. Composition with ¢ defines an isomorphism
L& Homyyqa) (1, Og),
with inverse given by f +— mg , o (idg,, ® f). In these terms multiplication can
be described as follows: given f,g: 1 — O/, the product f - g is the composition

1=1012%% 6, 0 0, —22 0.

Using the isomorphism ¢z, and properties (1)-(2) in Lemma 3.6, from this de-
scription it is not difficult to check that L is commutative, hence a field. O

Lemma 3.8. (1) For any V in Rep(H) we have a canonical isomorphism of
O ypr-modules
QH/(X)F(V)%JQH/ ®]KV
(2) For any M in A, the O g/ -module O @ M is isomorphic to a finite direct
sum of copies of Oy
(3) The functor M — Homp,q(a) (1, O g ® M) is exact.

Proof. (1) We have a canonical isomorphism of H- and & j-modules
Oy ®V = O & For™ (V),

where in the left-hand side we consider the diagonal H-action and on the right-hand
side we consider the action on & only. Applying F' we deduce an isomorphism of
F (O p)-modules

F(Oy)@F(V) = F(Oy) @ V.
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Being an isomorphism of F'(& p)-modules, this morphism must send
T (F@u)®F(V)) =T @ F(V)
to
T (F(Cy)@x V) =T @k V;

we deduce the desired isomorphism by passing to the quotients by these submodules.

(2) By assumption, M is a subquotient of F'(V') for some V in Rep(H). Then,
in view of (1) the & p,-module &5, ® M is a subquotient of &5, ®k V. The latter
object being a direct sum of copies of the simple module O/, O ® M must also
be a direct sum of copies of this module.

(3) Consider an exact sequence 0 — M; — My — M3 — 0 in A. By exactness
of ®, tensoring with &4, we deduce an exact sequence

in Ind(A). Then, applying the left-exact functor Homp,q(a) (1, —) we deduce an
exact sequence

0— Homlnd(A)(]l,QH, X Ml) — Homlnd(A)(IL,QH, X MQ)
— Homlnd(A)(]l,@H/ ® Md)
Now, each Homp,g(a) (1, O @ M;) has a natural structure of L-vector space, and
each map in this sequence is L-linear. The dimension of Homy,qa) (1, O g @ M;)
is the number of copies of &y, appearing in & ® M;. The exact sequence (3.2)
shows that the number of copies in &5, ® My is the sum of the number of copies
in Oy ® My and O @ M3. Therefore the morphism Homp,qa) (1, O @ Ma) —
Homlnd(A)(]l,QH, ® Ms3) must be surjective, showing that the above sequence is
exact. ([l

Proof of Lemma 3.5. We set
R:= Homlnd(A)(]]-aﬁH’ ®QH/)'

Properties (3)—(4) in Lemma 3.6 ensure that the composition

(O ®Op) @ (O @ Op) 222 6, 0 O @ Oy @ Oy
Mg, ®meo

5 Oy @Oy

defines a structure of ring-object on 05, ® Oy ; hence, copying the description of
the product in Homlnd(A)(L O 1), we see that R admits a natural ring structure.
As for L one sees that this ring is commutative.

The embeddings

QH/:QH/(g].Ld@%ﬁH/@QH/ and QH/:H.@ﬁH/Lv@gﬁH/@QH/

induce two K-algebra morphisms . -+ R. We use the first one to turn R into an
L-algebra. Considering also the second one we obtain an IL-linear morphism

L ®K L — HOmA(]].,QH/ ®QH’)
which, for f,g: 1 — Op/, sends f ® g to the morphism

1=101%% 6, 20,.

By Lemma 3.4 this morphism is injective. It is also easily seen to be an L-algebra
morphism.
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Now by exactness of ® we have a surjective morphism
Oy @F(Oy) » Oy ® Oy,
which by Lemma 3.8(1) can be interpreted as a surjective morphism
O @k OH) = O @ Oy

This morphism is an algebra-object morphism, where the structure on the left-hand
side is the tensor product of the ring structures on &, and ¢'(H), and the structure
on the right-hand side is as above. Applying the functor Homy,q(a)(1, —), in view
of Lemma 3.8(3) we deduce a surjective L-algebra morphism

Leg O(H) - R,

which shows that R is finitely generated over L.
We have now checked the assumptions of Lemma 3.3 for A = R and K’ = L;
this lemma implies that . = K, which finishes the proof. (I

4. GEOMETRIC SATAKE EQUIVALENCE, CENTRAL SHEAVES AND WAKIMOTO
SHEAVES

In this section we provide a reminder on the geometric Satake equivalence and
the construction of “central sheaves” on the affine flag variety.

4.1. The affine Grassmannian and the geometric Satake equivalence. We
let G be a connected reductive algebraic group over an algebraically closed field F of
characteristic p > 0, and k be an algebraic closure of a finite field of characteristic
£+ p.
We will denote by LG, resp. LT G, the functor from F-algebras to groups defined
by
R G(R((2))), resp. G(R[Z]),

where z is an indeterminate. It is well known that the functor LG is represented by
an ind-affine group ind-scheme (which will be denoted similarly), and that L*G is
represented by an affine group scheme (which will also be denoted similarly). One
can then define the affine Grassmannian Grg as the fppf quotient

GI‘G = (LG/L+G)fppf.

It is well known also that Grg is represented by an ind-projective ind-scheme, which
will once again be denoted similarly.

If k' is a finite subfield of k, then we can consider the L+ G-equivariant derived
category Dy ,(Grg k') of k’-sheaves on Grg. (The definition of this category
requires a little bit of care, but we will ignore these subtleties here; see [G1, §6]
or [BR, §1.16.4] for discussions on this topic. Similar comments apply for various
categories of sheaves on ind-schemes considered below.) Taking the direct limit of
these categories over all finite subfields of k one obtains a category which will be
denoted Dy +¢g 1+, and which we will consider informally as the L*G-equivariant
derived category of k-sheaves on Grg. This category admits a natural convolution
product %1+, and an associativity constraint ¢ for this product. The skyscraper
sheaf dg, at the base point of Grg is a unit for x, so that we obtain a monoidal

Category (DL+G,L+G3 *, @, 5Gr)'
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On Dp+¢g 1+¢ we also have a natural perverse t-structure, whose heart will be
denoted Pr+¢ 1+¢. The bifunctor x,+¢ restricts to an exact bifunctor

Pricrte X Prigarre — Puranras
see [BR, §1.6.3 and §1.10.3] for details and references; moreover the restriction of
*1+¢ to the category Pr+¢ 1+¢ admits a commutativity constraint which can be
constructed (following an idea of Drinfeld) using a description of this product as a
“fusion product;” see [B1, §1.7] for details. In this way, Pp+g +¢ comes equipped
with the structure of an abelian symmetric monoidal category.
Using a detailed study of the so-called “weight functors,” Mirkovié—Vilonen con-

struct in [MV] an affine k-group scheme Gy and an equivalence of abelian symmetric
monoidal categories
(4.1) Sat: PL+G,L+G = Rep(ék),

where the right-hand side denotes the category of finite-dimensional ék—modules.
Following earlier work of Lusztig [Lu], Ginzburg [Gi] and Beilinson—Drinfeld [BD],
they then prove the following.

Theorem 4.1 (Geometric Satake equivalence, [MV]). The group scheme Gy is a
connected reductive group, and its root datum is dual to that of G.

See [BR] for a detailed study of the proof of Theorem 4.1. In view of this
theorem, in the rest of the paper we will denote the reductive group ék by GY. In
the course of the proof of Theorem 4.1, Mirkovi¢ and Vilonen construct a canonical
maximal torus 7/ of GY. (More precisely, given a choice of Borel subgroup B C G
and of maximal torus T' C B, one obtains “weight functors” which allow to define
a maximal torus 7)Y C G,/ with a canonical identification X*(7}) = X,.(T). The
authors then prove that the resulting subgroup 7}Y does not depend on the choice
of B and T, see [BRR, §1.5.5] for details.)

4.2. The affine flag variety and Gaitsgory’s central functor. We now choose
a Borel subgroup B C G. We have a natural group scheme morphism

ev:LTG — G,

induced by the evaluation of z at 0. The preimage of B under this morphism will
be denoted I. One can then define the affine flag variety as the fppf quotient

Flg = (LG/D)ippt-

As for Grg, this functor is represented by an ind-projective ind-scheme. Moreover
the natural projection 7 : Flg — Gr¢ is a smooth projective morphism, all of whose
fibers are isomorphic to the flag variety G/B.

As for the category Dy +¢ 1,+¢, there exists a natural structure of monoidal cat-
egory on the I-equivariant derived category Drj = D}’ (Flg, k), whose product will
be denoted *1, and whose unit object is the skyscraper sheaf §g; at the base point of
Flg. This category also admits a perverse t-structure, whose heart will be denoted
P11; however in this setting it is not true that a convolution of perverse sheaves is

perverse.
Following an earlier construction of Gaitsgory [(G1] together with a remark of
Heinloth [Hei], Zhu constructs in [Zh] an ind-scheme

(4.2) CGrom — Al
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whose fiber over 0 identifies canonically with Flg, and whose restriction to A~ {0}
identifies with Grg x (A! \ {0}). Using this ind-scheme one can then define the
“central functor”
Z: PL+G,L+G — PerV(Flg,k)
by setting
L
Z() = Ugpgen (o R kpr (o3 (1]),

where \IIGrgen is the nearby cycles functor associated with the morphism (4.2).
(Here Perv(Flg, k) denotes the category of all k-perverse sheaves on Flg.)

This functor will be fundamental for our constructions. Its main properties are

summarized in the following statement. (In (2) we consider the natural “extension”
of %1 to a bifunctor from DP(Flg, k) x D11 to D2(Flg,k).)

Theorem 4.2 (Gaitsgory). (1) For any o/ € Prigr+q the perverse sheaf
Z() is L-equivariant; in other words, the functor Z factors through a func-
tor

Pr+aL+e = Pri,
which will be denoted similarly.
(2) For any o/ € Prig+q the perverse sheaf Z(</) is convolution-exact, in
the sense that for any F € Perv(Flg, k) the convolution product F x1 Z()
s a perverse sheaf.
(3) For any o/ € Pr+g1+¢ and F € Dy, there exists a canonical (in particu-
lar, bifunctorial) isomorphism

Ow.z L)1 F = Fx L(A).
(4) The composition
z
Pr+er+e — P — Di

has a canonical monoidal structure; in other words we have an identification
Z(6Gr) = Op1, for o, B € Prig +q there is a canonical isomorphism

Qﬁg{’gg : Z(% *L,+G %) l) Z(%) *1 Z(f%),

and these isomorphisms intertwine the associativity constraints of the mono-
idal categories Pr+g 1.+¢ and Dr in the obvious way.
(5) For o/ € Py+q 1+, we have a canonical isomorphism

T (Z(H)) S o

For the original proof of these properties (in the setting where k is replaced
by Q,, and using a different version of the ind-scheme Gr&™), see [(i1].* For a
modification of these proofs using the present definition of Grgen (but still in the
setting where k is replaced by Q,), see [Zh, §7]. For a detailed review of this proof,
which allows more general coefficient rings, see [AR3].

Recall the notion of a central functor (see §3.1). By Theorem 4.2 the functor Z
admits a natural monoidal structure, and we have the natural isomorphisms o #
for & in P+ r+e and % in Dyy. These data are exactly the ingredients that
enter the definition of central functors. The following statement says that this
triple indeed is a central functor.

4n [G1] the isomorphism o4 g is constructed only in the special case when .Z is perverse,
which causes complications for our later considerations.
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Theorem 4.3 (Gaitsgory). The triple (Z,¢_ _,0_ _) is a central functor from
Pr+g,L+c to Dir.

See [G:2] for the original proof of Theorem 4.3, written in the setting where k
is replaced by Q,. See | | for a detailed review of this proof, adapted to the
present setting.

4.3. Monodromy. For any &/ in Pp+q 1+¢, since the perverse sheaf Z(.#7) is de-
fined in terms of nearby cycles, it comes equipped with a canonical monodromy
automorphism®

my : Z() = Z().
Below we will need the following properties of these automorphisms.

Proposition 4.4. (1) For any o/, % in Pr+g i+, under the isomorphism
o, We have
Mo/, 4B = Moz ¥1 M.
(2) For any o in Pr+g 1+a, the automorphism mg, is unipotent.
(3) For any o/, % € Prgi+¢ and f € Homp, [ (Z(«/),Z(%)) we have
Mg O f = f O Myy.

Here the proof of (1) is easy, see | , Proposition 3.4.2]. For the original proof
of (2), in the setting where k is replaced by Q,, see [ 1, Proposition 7]. This proof
does not easily adapt to our present setting; however an alternative proof, which
also implies property (3), is provided in [BM]. This proof does work in our present
setting, see | , Proposition 2.4.6] for details.

The proof of Proposition 4.4(2)—(3) requires a different (but equivalent) descrip-
tion of the automorphisms mg,, which we now explain for later use. Consider
the “loop rotation” action of Gy, on Flg, induced by the action on F((z)) which
“rescales” z. Since the I-orbits on Flg are stable under this action, every object
F of Pry is monodromic for this action in the sense of [Ve]; therefore it admits a
canonical automorphism 901 2° (see [B)\] or [AR3, §9.5.3] for details and more pre-
cise references), and 9 defines an endomorphism of the identity functor idp, ;.
As explained in [BM, §5.2], for any & in Pp+g 1+ we have

(4.3) My = (mz(&g))il.

4.4. ITwahori orbits. From now on we fix a choice of maximal torus T C B. We
then obtain a canonical identification X, (T") = X*(1}/), see §4.1. We will denote
by PR the root system of (G,T). The choice of B determines a choice of positive
roots R4 C R (such that the T-weights in the Lie algebra of B are the negative
roots), hence a subset X (T') C X.(T) of dominant coweights. We will also denote
by B C G}/ the Borel subgroup containing 7}’ such that the 7}'-weights on the
Lie algebra of By are the negative coroots of G.

We denote by Wt the Weyl group of (G, T). Then Wt acts canonically on X, (T),
and the semi-direct product

W= W; x X,(T)

5More precisely, Z(/) comes equipped with a canonical action of Z,(1), the inverse limit of the
groups of £™-th roots of unity in F for all n. Below we fix once and for all a topological generator
of this group, and consider the action of this element.

6More precisely, .# admits a canonical action of Zy(1); we deduce a canonical automorphism
by taking the image of our fixed topological generator of this group.
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is called the (extended) affine Weyl group. This group parametrizes the I-orbits on
Flg in the following way. For A\ € X.(T), we will denote by t(\) the image of A in
W. Then if w = t(A)z for some A € X,(T') and = € Wy, we denote by Flg,, C Flg
the I-orbit of the coset z*#I, where:

e 2 is the image of z under the morphism F((2))* — LG induced by \;

e 7 is any lift of x in the normalizer Ng (7).
Then it is well known that we have

(Fle)rea = | | Flow.
weW
For w € W we will denote by j,, : Flg,.w — Flg the embedding, and set

(w) := dim(Flg 4,).

A formula due to Iwahori-Matsumoto [IM] states that if w = zt(\) with © € W
and A € X, (T), we have

(4.4) wy= > e+ D (e +1].
acRy acRy

z(a)ERL z(a)E—R4

Set
WE™ .= W x ZRY,

where RV C X, (T) is the coroot system of (G,T) and ZR" C X, (T) is the coroot
lattice. If we set S = {w € W | £(w) = 1}, then it is well known that (W©°x )
is a Coxeter system, whose length function is the restriction of £. Moreover, if we
set Q= {w € W | ¢(w) = 0}, then for any w € Q conjugation by w stabilizes
S, hence acts on W as a Coxeter group automorphism. Finally, the product
induces a group isomorphism

QO x W™ = w,

such that £(ww) = £(w) for w € Q and w € WX,
For any w € W, we define the standard and costandard perverse sheaves associ-
ated with w as

AL = kg ()], VY = Gl ()]

These complexes are indeed perverse sheaves because j,, is an affine embedding, and
are I-equivariant. It is well known that if w,y € W are such that £(wy) = £(w)+£(y)
there exist canonical isomorphisms

(4.5) A+ A=A, ViV, =V,
and that for any w € W there exist isomorphisms
(46) AL) *T Vij,l = 6F1 = Viﬁl *1 AL}

In particular, the objects AL and V1, are invertible (in the monoidal category Dy )
for any w € W.

For any w € W, the intersection cohomology complex of Flg ,, (i.e. the image
of the unique—up to scalar—nonzero morphism Al — V! ) will be denoted .#6,,;
then the assignment w — #%,, induces a bijection between W and the set of
isomorphism classes of simple objects in Py .

The following lemma is an analogue of [ , Lemma 2.1] for Flg. The same
arguments as in [ ] apply.
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Lemma 4.5. Let w € W, and assume that w = wx for some w € Q and x € W,
Then the socle of AL is F€,,, and the the cokernel of the embedding I€,, — Al
does not contain any object of the form S€,, with w' € Q as a composition factor.
Dually, the top of V., is 7€, and the kernel of the surjection V., — %€, does
not contain any object of the form S€,, with w' € Q as a composition factor.

4.5. Wakimoto sheaves. Fix A € X, (T). Given u,v € X (T) such that A = p—v
and .Z in D1, we can consider the k-vector space
HOHlDLI (Vi(u), V‘I:(V) *1 ng)

If ', v € XF(T) are such that A = p/ — v/ and p’ — p € X (T), then convolution
with vi(u'—u) induces a canonical isomorphism

HomDI,I(Vi(uﬁ Vi(l,) *1 Lgé\) l} HOHIDI‘I (Vi(ul), V%(V,) *1 cgz)
One can check that if (u”,v”) is another pair such that A = p” — v and " — i/ €
XF(T), the two isomorphisms

HOHlDLI (Vi(u), Vi(u) *1 33) 1) HomDI,I(Vi(u”)’ Vi(u”) *1 ﬁ)

obtained by first convolving with V,{( W) and then with V,I:( v or directly with

\%

_M/)v
{( W) coincide; we can therefore consider the (filtrant) direct limit
hﬂ HomDI,I(vi(
(n)€(XF(T))?
A=p—v
with respect to the order such that (u,v) < (¢, v") if @’ — p € X}(T). We denote
by #, € D11 the object which represents the functor

F hg HOIIlDLI (V%(MV Vi(y) *1 3‘\)

(n)e(XH(T))*
A=p—v

1
> Vi) *17)

(This functor is indeed representable since Vi(y) is invertible, see (4.6).)

Following Mirkovié¢ (to whom this definition is due), the objects (#4 : A € X (T))
are called Wakimoto sheaves. Their properties are investigated in [BM] (in the
setting where k is replaced by Q,) and in | , Chap. 4] (in the general setting).
Those which will be useful for us are the following. (Here, we denote by =< the
order on X, (T) such that A < p iff u — X is a sum of positive roots.)

(1) If A = p— v with u,v € X (T) we have noncanonical isomorphisms
P52 Ay %1 Vi = Vigy %1 By
(2) For any A, A € X, (T) there exists a canonical isomorphism
W x1 W = Waix-

(3) For any A € X.(T'), the object #, is a perverse sheaf supported on Flg ¢(»),
and its restriction to Flg (x) is isomorphic to kg, [€(t(A))].
(4) For \, N € X,.(T) and n € Z we have

Homp, , (#4, #x/[n]) =0 unless X < A.
(5) For A € X, (T) we have
Homp, ,(#3,#3) =k and  Extp  (#x, #3) = 0.
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Remark 4.6. Following [Z1], in [ ] Wakimoto sheaves are defined in a more
general setting, where X (T) is replaced by the intersection of X,(T') with any
fixed choice of Weyl chamber in R®y X, (T'). All the properties listed above remain
true in this generality, with the appropriate replacement for (1) and for the order
in (4). Below we will also use the Wakimoto sheaves associated with the anti-
dominant chamber, which will be denoted #,* (A € X.(T)). So, if A = p— v with
w,v € X (T) then we have

WP 22 Vi %1 Dy 2 Ay %1 Vi)
We also have Homp,  (#,", #y"[n]) = 0 unless X' = \.

4.6. Wakimoto filtrations. We will denote by PY; the full subcategory of Py
whose objects are the perverse sheaves which admit a filtration by Wakimoto
sheaves, i.e. a filtration whose subquotients are of the form #, with A € X, (T).
This category admits a natural structure of exact category, inherited from the am-
biant abelian category Py 1. Since a convolution of Wakimoto sheaves is a Wakimoto
sheaf (in particular, is perverse), P{”I is a monoidal subcategory of (Dy 1, *1).

It follows from properties (4)—(5) in §4.5 that for any .% in PLWI and any ideal
Y C X.(T) (i.e. any subset such that if A € Y and g < A then p € Y) there exists
a unique subobject Fy C .% which is an extension of objects #)\ with A € Y and
such that the quotient .7 /%y is an extension of objects %}, with p € X,.(T) \Y;
moreover the assignment .# — vy is functorial.

In particular, given A € X, (T) one can choose an ideal Y C X, (T') such that
A €Y is maximal, and consider the quotient

gr\(F) == Fv /Ty -
By construction gry (%) is a direct sum of copies of #5, and we set
Grady (%) := Homp,  (#A,gr\(F)).
Lemma 4.7. The object gry (%) does not depend on the choice of Y. Moreover,

the functor # — Gradx(%) is exact (for the exact structure on P{/I considered
above).

Proof. For the first claim, see | , Lemma 4.3.4]. For the second claim, see | )
Proposition 4.6.1]. O

The following result is due to Arkhipov and the first author [AB, Theorem 4(a)]
in the setting where k is replaced by Q,. The proof is also reproduced in [Zh, §7.3]
and (in the present setting) in [AR3, §4.4].

Theorem 4.8 (Arkhipov-Bezrukavnikov). For any # in Pr+q +q, the perverse
sheaf Z(F) belongs to P{VI.

Remark 4.9. In [Zh] and | ], Theorem 4.8 is proved with the more general
definition of Wakimoto sheaves alluded to in Remark 4.6. In particular, for any .#
in Pp+g 1+ the perverse sheaf Z(.%) also admits a filtration with subquotients of
the form 7\ with X\ € X,(T).

To simplify notation, from now on we will use the notation
% :=ZoSat™ " : Rep(GY) — P11,

where Sat is as in (4.1), and write my for mg,—1(y).
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Thanks to Theorem 4.8, we can consider for any V in Rep(G)/) and any A €

X..(T) the vector space Grad,(Z'(V)). By | , Lemma 4.8.1], we have a canonical
identification
(4.7) Gradx(Z(V)) = Vi ()

where wy is the longest element in We. (Here, in the right-hand side we consider
the weight space for the action of the canonical maximal torus T,” C GY.)

5. THE REGULAR QUOTIENT

In this section we introduce the main player of the paper, namely the “regular
quotient” of the category P .

5.1. The regular quotient. We consider the Serre subcategory (#%,, : {(w) >
0)serre C P11 generated by the objects £, with w € W satisfying ¢(w) > 0, and
the Serre quotient
P?,I = PI,1/<ﬂ<€w : Z(w) > O>Serre-
The quotient functor Pr; — P?’I will be denoted HRI. Every object in the cate-
gory P%I has finite length, and the assignment w — H?yl(f‘fw) induces a bijection
between () and the set of isomorphism classes of simple objects in P%I.
The proof of the following lemma can be copied verbatim from | , 86.5.6].

Lemma 5.1. (1) If F belongs to (IEC, : L(w) > 0)serre and 4 is any object of
P11, then for any n € Z the perverse sheaves PH" (F x19) and PH" (G x1.F)
belong to (I€, : L(w) > 0)gerre-

(2) For F,% in P11 and any n € Z ~ {0} we have I (P (F %1 9)) = 0.

Lemma 5.1 has the following consequence.
Proposition 5.2. (1) The bifunctor
Pi1x P — P?,I
sending a pair (F,9) to II°(P#°(F x19)) factors through a bifunctor
(=) *? (—): P?,I X P?,I — P?,I'

(2) The bifunctor %) is exact on both sides, and admits natural associativity
and unit constraints.

Proof. Lemma 5.1 implies that the bifunctor (#,%) — I {(°#7°(F <1 9)) is exact
on both sides, and vanishes on (F%,, : £(w) > 0)serre X P11 and on Pry x (F6, :
{(w) > 0)serre- Therefore it factors through a bifunctor «V, which is exact on both
sides (see [Gab, Corollaires 2-3, p. 368-369]). This observation also shows that for
F1, Fo, F3 in P?’I we have canonical isomorphisms

(F1x) Fo) ) Fy X I (PHO( Ty %1 Fo w1 F3)) 2 Ty +) (Fo ¥ Fs),
which provides the desired associativity constraint. The unit object for this product
is 50 = H%I((spl). O
Thanks to Proposition 5.2, we can now consider the abelian monoidal category
(PY1,*1). We set
70 = H%I o Z :Rep(Gy) — P11,
and for V in Rep(GY) we set m{, := II{ (my) € Endpgl(fO(V)).
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An (Tl Z 1) Bn (n > 2) Cn (n Z 3) Dn (n Z 4) E6 E7 Eg F4 GQ

1 n 2 2 3 (19|31 3 3

FIGURE 5.1. Bounds on ¢

The following claim is an immediate consequence of Proposition 4.4(3).

Lemma 5.3. For any V,V' in Rep(GyY) and any f € Hompgl(fo(V), Z0(V") we
have fomY =mY, o f.

5.2. Main result: statement and strategy of proof. The main result of the
present paper can be stated as follows.

Theorem 5.4. Assume that the following conditions hold:

(1) either X*(T)/ZR is free and X.(T)/ZR" has no L-torsion, or { is very
good;

(2) for any indecomposable factor of the root system R, the prime £ is strictly
bigger than the corresponding value in the table of Figure 5.1.

Then there exists a reqular unipotent element u € Gu\(/ and an equivalence of monoi-
dal categories
0" : (PYy,47) = (Rep(Zgy (u)), ®)
\4
such that ®° o 20 > ForCx

Zey (W)’

Remark 5.5. Let us briefly discuss the assumptions in Theorem 5.4. The condition
that X*(T')/ZR is free is equivalent to requiring that the derived subgroup of Gy
is simply connected. (Alternatively, since the quotient X*(T")/Z9R identifies with
the group of characters of the center Z(G) of G, this assumption is also equivalent
to the condition that Z(G) is a torus.) The assumption that X, (7)/ZR" has no
(-torsion guarantees that Z(G)) and Zgy (u) are smooth group schemes, see §2.2.
(This assumption in fact follows from (2) if 98 has no component of type A.) Finally,
assumption (2) is an artefact of our proof of the statement considered in (ii) below;
it is a likely that it can be refined (at least) to the condition that ¢ is good for G.

Our proof of Theorem 5.4 will proceed as follows. First, using standard consid-
erations one can reduce the proof to the case of the first possible assumption in (1);
see §9.3 for details. In this case we will use Proposition 3.1, applied to the abelian
monoidal category (PPy,+{) and the functor 2 : Rep(Gy) — P{;. For this we
will need to construct a central structure on this functor; this will be done in §5.3,
and does not require any assumption. The first real difficulty appears when trying
to show that any object in P%I is a subquotient of an object 2Z7°(V). In fact we
will not show this directly; instead we will provisionally replace the category P%I

by the full subcategory 5?71 whose objects are precisely the subquotients of objects
Z°(V). With this replacement Proposition 3.1 applies, and provides a closed sub-
group H C G/, see §5.4. The rest of the paper will then be devoted to the proof of
the following two claims (under the assumptions of Theorem 5.4), which will imply
the theorem:

(a) the embedding 5?71 C P?; is an equality;

(b) the subgroup H is the centralizer of a regular unipotent element.
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These properties will be proved in Section 9. The main two ingredients of these
proofs are the following:

(i) the construction of the unipotent element appearing in (b) (based on the
use of the monodromy automorphisms m(‘),) and the proof that this element
is regular, which will be explained in Section 6;

(ii) the proof that the images of the central sheaves in the Iwahori-Whittaker
category Pzyy 1 are tilting perverse sheaves, which will be obtained in Sec-
tion 8 after some preliminaries (including the definition of the category
PIW,I) in Section 7.

5.3. Central structure on 2°. The following claim is an easy consequence of
Theorem 4.3.

Lemma 5.6. The functor Z° admits a canonical structure of central functor from
Rep(GY) to P?’I.

Proof. Let us first explain how to define the “monoidality” and “centrality” iso-
morphisms for the functor 2°. Given V,V’ in Rep(G)/), we have the canonical
isomorphism

Gsat-1(v) sat-1(vr) 1 Z(Sat™ (V) g Sat™ (V7)) = Z(Sat™' (V) %1 Z(Sat™ ' (V')).

see Theorem 4.2(4). Using the monoidal structure on the functor Sat™', one can
interpret that isomorphism as an identification

ZWVeV) S Z2(V)x Z2(V)).

These complexes are perverse sheaves; applying the functor H?,I we deduce the
wished-for isomorphism

Vvt 20V e V) S 20V 20%V).

It is easily seen that these isomorphisms define a monoidal structure on 27°.
Next, for V' in Rep(G)/) and .Z in P%I, we must define a canonical isomorphism

09/79 OV R T S F ) 2OV,

However, the objects of P%I and Pry are the same; % can therefore also be consid-
ered as an object in Py, for which we have the canonical isomorphism

Osa-1(v),7 : Z(Sat ™ (V) 51 F =5 F x Z(Sat™(V)),

see Theorem 4.2(3). Here again both sides are perverse sheaves, see Theorem 4.2(2),
and applying the functor HRI we obtain the wished-for isomorphism 09,’ 7z

We must now check that these data satisfy properties (1)—(3) from §3.1. Prop-
erties (1) and (3) immediately follow from the corresponding properties for the
functor Z by applying the functor H?,p since all the involved objects are perverse.
In order to check property (2), we consider some V in Rep(Gy) and .Z#,¥ in P?,r
As above .# and ¢ can also be considered as objects in Py 1, and we know that the
composition

Tsat—1(v), g *1id id*10g,—1 (v
—_ _

FV)x F*x¥ FxZV)x¥4 Fx G *x Z(V)
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coincides wWith og,-1(1) 749 Let us apply the functor TI7; o P70, By exactness
of the functors Z' (V) x1 (=) and (=) x1 Z°(V) (see Theorem 4.2(2)), the domain,
resp. codomain of the morphism we obtain identify with

I (Z(V) PN F 1 9) = 2°(V) & TG,

resp. with
I}, (PN F ) Z (V) = F 1 G+ Z°(V).
It is clear also that under these identifications we have TIY 0P (051 (v 7a) =
V, PR On the other hand, since Z'(V) x1 # and % *x; Z (V) are perverse we
have
PHNL (V) T, Y) =T (L (V)% F)x ¥
and

LoPHNF x Z(V) D) =1 (F 1 Z(V) ¥,
and under these identifications we have TIf oA (0,1 (v #*1idy ) = 0, 5] idg.
Similarly we have
H?,I oPHNF x Z(V)%19) = F Y H?,I(ff(V) *x19)
and
I}, o PANF G r Z(V)) = F K I} (G % Z(V)),
and under these identifications we have H(ﬂl PO (id g *1 0551 (v ) = idzA{ 0?,%.

Combining these descriptions we obtain that our data satisfy property (2), which
finishes the proof. O

5.4. Description of a subcategory of the regular quotient as a category of
representations. We will denote by ﬁ%l the full abelian subcategory of P?}I whose
objects are the subquotients of objects of the form 2°(V) with V in Rep(GY). It is
not difficult (using in particular Lemma 4.5) to check that this subcategory contains
all the simple objects of P?,I. Obviously, the functor 20 factors through a functor

Rep(G)) — ﬁ?)l, which we will denote similarly.
Lemma 5.7. If & and ¥ belong to PI 1, then F *I 19 also belongs to P0

Proof. If F is a subquotient of Z°(V) and ¥ a subquotient of Z°(V"), then by
exactness of the product ) (see Proposition 5.2) the object .F *9¢ is a subquotient
of ZO0(V) 9 20(V') =2 2°(V ® V'), hence belongs to Py O

As a consequence of Lemma 5.7, IS?’I admits a natural structure of abelian monoi-
dal category. Moreover, Lemma 5.6 implies that 20 : Rep(G)) — FIS%I has a
canonical structure of central functor.

Proposition 5.8. There exist

(1) a subgroup scheme H C Gy ;
(2) an element u € Gy such that H C Zgy (u);
(3) an equivalence of monoidal categories

: (PY1 A1) = (Rep(H), ®);

(4) and an isomorphism of functors n: ®° o Z0 = Forﬁ,‘kv
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such that for any V in Rep(Gy), the endomorphism n(®°(m{,)) coincides with the
action of u on V.

Proof. Using Proposition 3.1 we obtain the subgroup scheme H C G}/ and the
\2

equivalence of monoidal categories ®° such that ®° o 20 2 For* . Lemma 5.3

implies in particular that the morphisms (m{, : V € Rep(G)/)) define an auto-

morphism of Z° as a monoidal functor; composing with For? o ®° (where For®

Rep(H) — Vecty is the forgetful functor) we obtain a tensor automorphism of

For 0 ®° 0 20 = For% | hence an element u € GY (see [D)\I, Proposition 2.8)).
Vv

The fact that this automorphism is induced by an automorphism of Forg[‘ means

that u commutes with H, i.e. that H C Zgy (u). O

Remark 5.9. The monodromy automorphism with respect to loop rotation action
defines, for any object .Z of P{|, an automorphism 9M%. It follows from (4.3)

that for V' in Rep(Gy) we have m{, = (M%)~ ', see (4.3). This shows in
particular that the automorphism of the functor For®« defining u is induced by an

automorphism of For : Rep(H) — Vecty. Hence u in fact belongs to the subgroup
H. (This observation will not play any role below.)

6. REGULARITY OF u
In this section we assume that X*(T')/ZR is free.
6.1. Statement. The following statement will be crucial for us.

Theorem 6.1. The element u € Gy is regular unipotent.

In order to prove this statement we will construct a Borel subgroup BY C Gy
containing u in its unipotent radical U v, and then show that the image of u in
uv / ((7\/7 ﬁv) has nontrivial components in each (simple) root subgroup, see Propo-
sition 6.2 below.

Recall (see §4.6) that for any V in Rep(G)/) and any ideal Y C X we have
a canonical subobject Z°(V)y C Z(V). We define an increasing Z-filtration on
Z (V) by setting, for n € Z,

F"Z(V) = Z(V){(xex.(T)|(x20)<n}-
(Here, 2p denotes the sum of the positive roots of G.) Composing with the exact
functor H%I we deduce a filtration on 2°(V), and then applying the fiber functor

For' 0@ we obtain an exact ®@-filtration on the fiber functor For” o®00 20 = For®"
in the sense of [SR, Chap. IV, §2.1]. (In fact the associated graded for this filtration
is the functor sending V' to

(6.1) P Gradi(Z(V)) @x (8° o 7 1(#4)),
AEX,(T)
which is exact by Lemma 4.7.) By [SR, Théoréme in Chap. IV, §2.4] (a general

result due to Deligne), such a filtration is automatically “splittable.” Hence [SR,
Chap. IV, Prop. 2.2.5] ensures that the subgroup scheme B of G}/ consisting of
tensor automorphisms of For® which are compatible with this filtration (see [SR,

Chap. IV, §2.1.3]) is a parabolic subgroup, with unipotent radical the subgroup UV
of automorphisms inducing the identity on the associated graded. The Lie algebra



30 R. BEZRUKAVNIKOV, S. RICHE, AND L. RIDER

of BY is also described in [SR, Chap. IV, Prop. 2.2.5]; from the dimension of this
Lie algebra we see that in our case BY is in fact a Borel subgroup in G)/. (In this
computation we use (4.7) and the fact that in (6.1) the vector space ®° o HRI(%)
is 1-dimensional, since it is invertible in the monoidal category of vector spaces.)

For V in Rep(G)/), the automorphism m{, is induced by the automorphism my of
Z(V), which must respect the filtration F'*2°(V') by functoriality of this filtration.
Therefore m(‘)/ respects the filtration of 2°°(V), showing that u belongs to BV.
Moreover, since #, is equivariant under the loop-rotation action, (4.3) implies that
the action of mY, on the associated graded for our filtration is trivial. Therefore, u
even belongs to UV.

We now consider the quotient

T =0 /U, TY),

a commutative algebraic group. This group admits a natural action (by group
automorphisms) of the “universal maximal torus” AV. (This group is defined as
the quotient of any Borel subgroup by its unipotent radical; so in particular we have
BY/UY = AY canonically.) This action “breaks” T asa product of subgroups UZ
isomorphic to G, and naturally parametrized by the opposites of the simple roots
of (GY,T})), seen as characters of T,)) = B} /(B}/, B)) = A".

By a well-known characterization of regular unipotent elements (see e.g. [Hu,
§4.1]), Theorem 6.1 will follow from the following claim.

Proposition 6.2. For any simple root o, the component u_, of u in Ui 18 non-

trivial.

[e3

The proof of this proposition will require some preparation; it will be given
in §6.3 below.

6.2. Computation in rank 1. In this subsection we fix a simple root « of (G, T),
and set s := s,. We also choose an element @ € X} (T') such that (ww,a) =1 (or
equivalently s(w) = @ — V). (Our running assumption in this section guarantees
that such a coweight exists.)

Lemma 6.3. We have
Ve = vil:(w) = V{(w)s *1 VIM We—av = Ai A V{(W)S'
Proof. The equality #,, = Vi(w) follows from the definitions (and the fact that

w is dominant), and the isomorphism Vi(w)s x V5 = Vi(w) from the fact that
{(t(w)s) = £(t(w)) — 1 (which can be checked using (4.4)) and (4.5). Next, we
observe that @w — a¥ = (2w — o) — @, with 2 — ¥ € X (T'). Hence

Wo—av = Ay o) 1 Viggm_av)-
Now as above we have ((t(w)s) = £(t(w)) — 1, hence Ai(_w) = Al 5 Ait(_w).

On the other hand we have £(t(2w — o)) = £(t(2w)) — 2 = 2{(t(w)) — 2, and
t(2w — V) = (t(w)s)?. It follows that

v’{(2w7av) = V%(w)s *1 vils(w)s
We deduce as desired that
Wav = AL %1 Vi
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since Ait(_w) *1 Vi(w)s = gy by (4.6). O
‘We now set
X1 :=Flgw), X2 =Flgiw_av), Y :=Flgiw)s

and X := X; UXoUY. Then Xy, X5 and Y are isomorphic to affine spaces, X is
a locally closed subvariety in Flg, X7 and X5 are open in X, and Y is closed in X.
The corresponding embeddings will be denoted

jX‘—)Fl, jlle‘%X, ngXQL)X, i:Y = X.
Corollary 6.4. We have
Ve = Je (i, [(E(@))]): - Weomav = i (ot [U(8())])-

Proof. The first isomorphism is clear from the first isomorphism in Lemma 6.3,
since j o j1 = ji(w)- For the description of #4_,v, we start with the isomorphism
Weor—av = Alxg Vi(w)s from Lemma 6.3. Let us denote by g : LG — Flg the natural
projection. By definition of convolution, we have

where f : ¢~ }(Flg ) X! Y — Flg is the morphism induced by multiplication in LG.
Now f induces an isomorphism ¢~ (Flg ) x! Y = Y U X5, under which the open
subvariety ¢~ 1(Flg s) X1 Y identifies with X5. Hence AL ! V{(w)s is obtained from
k., [((t(w))] by taking !-pushforward under the embedding Xy < Y LU X5, and then
s-pushforward under the embedding Y U X5 < FI. The latter map can be written
as the composition of the closed embedding Y LI Xs — X followed by j, and we
deduce the desired identification. O

In the following lemma we denote by Pervgroix1(Flg, k) the category of Gy, x I-
equivariant perverse sheaves on Flg, where G,,, acts on I and Flg by loop rotation.

Proposition 6.5. We have
Extllgerwm Flog) (P Wer—av) = 0.
Proof. Using Corollary 6.4 and adjunction, we see that
Ethljerval?t ok (Ve Wo—av) = EthgervGE?t L x) Uk, [d], Jaik g, [d]),

where d := {(t(w)). We denote by 7, : Xo = X UY — X the embedding
of the closure X5 (a smooth closed subvariety) in X, and consider the natural
distinguished triangle

) _ . (1]

J2kx,[d] = Jakxgld] — iky [d] — .
Here the second term is a simple perverse sheaf, which we will denote by #%5, and
the third term is the shift by 1 of a simple perverse sheaf which will be denoted
%y . Hence this triangle induces a short exact sequence of GI* x I-equivariant
perverse sheaves

(6.2) j%y — j2!kx2 [d] — f%g
on X. Similarly, we have a short exact sequence of G x I-equivariant perverse
sheaves

(63) ](gy — jl!le [d] - jcgl
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where .#%, is the pushforward of the constant sheaf on X; LI'Y shifted by d. Ap-
plying Verdier duality to (6.2)—(6.3) we deduce short exact sequences of Gt x I-
equivariant perverse sheaves

(64) jch — jQ*kXQ [d] —» j(gy, f%l — jl*le [d] —» jcgy

Applying the functor Hompery,,.. (Figk) (= J21k x, [d]) to the second exact se-
quence in (6.4) we obtain an exact sequence

(6.5) Ext'(IGy, jaky, [d]) = Ext' (jr.ky, [d], jnky,[d])
— Ext! (S, jakx,[d]) = Hompy (x) (FCy, jakx, [d +2).

Hence to conclude, it suffices to prove that
(6.6) Ext' (S, jaky, [d]) = 0;
(6.7) the third map in (6.5) is injective.

For this, consider (a portion of) the long exact sequence obtained by applying
the functor Hom(.#%y, —) to (6.2):

(6.8) Ext'(IS%y, ICy) — Ext!(ICy, jaky, [d]) — Ext' (ICy, IE)
— Hongrot MI(X’k) (fcgy, j%y [2]) — HomDErot D(I(X,]k) (ﬂ%y,jz[k_x2 [d + 2])

— HongrotKI(X’k)(j%Y, jch [2])

The first, resp. fourth, term in this sequence identifies with Hi,.., ;(Y,k) = 0,
resp. with HZ,o., 1 (Y. k) = k®z X*(Gy xT). It is also easy to check using adjunction
that we have
Ext!(IEy, 762) = Hgror 1 (Y, K) = k
and
HOme I(X’k) (f%y,ﬂcgg[2]) = H%;fI?tD(I(Y7 k) =0.

Grot x
For any 8 € R we have a root subgroup Uz C G, and for m € Z we denote
by Usm C LG the subgroup which identifies, for any choice of isomorphism ug :
Ga — Up, with the image of ¢t — ug(tz™). We set

J= 1] Usm

BeRT{a}

0<n<(w,B)
where the product is taken in an arbitrary fixed order. Then the map j +— jz%sI/1
induces an isomorphism J — Y, and the map (u,j) — ujz®$I/I induces an
isomorphism between U, x J and an open neighborhood of Y in Y U X5. Hence,
arguing as in | , Proof of Lemma 6.5], we see that the image of the map
Ext' (S €y, I6,) — Hongth(xk)(ﬂ‘Ky, JEy[2]) in (6.8) is the line generated

by 1 ® a. It follows that the third map in (6.8) is injective, proving (6.6), and
providing moreover an isomorphism

(6.9)  Hompy (i (FGy, jaikx, [d][2]) = (k@2 X* (G x T)) /K- (12 ).
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Now, let us consider (a portion of) the long exact sequence obtained by applying
Hom(.#%1,—) to (6.2):

Hom(.#6,, 96,) — Ext'(I€,, Iy ) —
Ext' (I, jakx, [d]) = Ext' (S%1, I62).

Here the first term vanishes. The fourth term also vanishes: in fact this follows
from the observation that any extension of #%; by #%5 must be the intermediate
extension of its restriction to the open subset X; LI X5 (because so are %) and
J6>); hence this extension must split. These considerations show that the natu-
ral morphism Ext!(.#%,, #6y) — Extl(/%l,jglk)Q [d]) is an isomorphism, which
allows to identify the third map in (6.5) with the composition

Eth(fgl, ICy) — HomDErocM(Xvk) (ICy, I6v[2])
— Hompp  (xx (ICy, jakx, [d][2]).

As above the first term is 1-dimensional, the middle term identifies with k ®z
X*(Gy x T), and the first map is injective with image k- (1 ® (o — h)), where £ is
the tautological character of Gy,. (To see this, one observes that the map (j,u) —
jz%usl /I induces an isomorphism between J x U_,, and an open neighborhood of
Y in YU X;.) In view of (6.9) we deduce that our composition is indeed injective,
finishing the proof of (6.7), hence of the proposition. O

6.3. Proof of Proposition 6.2. We can now give the proof of Proposition 6.2.
We fix a simple root «, with corresponding simple reflection s. We also fix an
element w € X, (T) = X*(T}) such that (w,a) =1 and (w, ) = 0 for any simple
root (3 different from «, and use it as our choice of cocharacter denoted similarly
in §6.2. To simplify notation, we set r := (w, 2p) = {(w).

Let V := Ind?{ (@) (where @ is identified with a character of AV = B /U" via
the canonical isomorphism 7} = AV see §6.1). For the filtration on V' constructed
in §6.1 we have V.= F"(V), V/F"2(V) is one-dimensional (with weight = for the
action of AY), and so is F"=2(V)/Fr=*(V) (with weight @ — " for the action of
AY). This shows that the perverse sheaf

F =2 (V)/F*Z (V)
fits in an exact sequence of I-equivariant perverse sheaves
(6.10) W — F = W
Lemma 6.6. The extension (6.10) is nonsplit.

Proof. Let W(w) be the set of T,'-weights of V. Then since 2 (V') admits a filtra-
tion whose subquotients are of the form #) with A € W(w) (see §4.6), in view of
Property (3) in §4.5 its support must be

U Flg -
AEW(w)

It is clear that the subvariety X of §6.2 is contained (and open) in the closed
subvariety Flg (o) U Flg t(w—av). Moreover, X does not intersect any subvariety

Flgtn) with X € W(w) \ {w, @ — a¥}; in fact this is clear for dimension reasons
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ifA¢ W -w, and if A € Wr-w \ {w,w — a"} then t(w)s is not smaller than t()\)
in the Bruhat order.

From this observation we deduce that the restriction of 2°(V') to X coincides with
that of %, and is a perverse sheaf. Restricting (6.10) to X and using Corollary 6.4
we see moreover that we have an exact sequence

(6.11) (J2hky, [r] = Z(V)1x = (j1)kx, [r].

Now, similar considerations using the “opposite” Wakimoto sheaves (see Re-
mark 4.6 and Remark 4.9) show that 2°(V') has a canonical subobject #’ such that
Z(V)x = Z|y and which fits in a short exact sequence WP — F' — WL .
Restricting to X and using the “opposite” version of Corollary 6.4 we obtain a short
exact sequence

(J1)iky, [r] = Z(V) x = (j2)«kx,[7].

The existence of this exact sequence forces (6.11) (and hence (6.10)) to be nonsplit.
(For instance, if (6.11) were split there would exist no injective map (j1)ikx, [r] —
Z(V)x.) O

Now we consider the action of u on the 2-dimensional BY-module V/EF"=4(V).
(Since u belongs to BY, it stabilizes F”~4(V), hence indeed induces an endomor-
phism of this quotient.) It is clear from the description of this module that this
action coincides with the action of the component u_,. Hence to conclude the
proof it suffices to prove that this action is nontrivial, or in other words that the
endomorphism of T {(.#) induced by m?, is nontrivial. In view of (4.3), for this it
suffices to prove that IT) (M) is nontrivial.

First, we claim that 912 is nontrivial. In fact, in view of | , Lemma 2.6] (see
also [ , §10.1] for a discussion of the étale version) this is equivalent to saying
that .# is not equivariant under the action of G*°*. However, by construction .%#
is I-equivariant. If it were G'%"-equivariant, then it would be Gt x I-equivariant,
which is impossible by Proposition 6.5 and Lemma 6.6.

Now that this claim is established, we know that the nilpotent endomorphism
Mg — idg is nonzero. This endomorphism stabilizes the filtration (6.10), and
induces the zero endomorphism on the associated graded. It therefore factors as a
composition

T We L, v 7,

where f # 0. Now we have #,, = VL whose top is isomorphic to .#%, for some
w € Q by Lemma 4.5. Hence the image of f admits #%,, as a composition factor.
Since .76, is not killed by TI{; it follows that TI?;(f) # 0, so that TIP (9 ) #

idpo (#), which finishes the proof.

7. ANTISPHERICAL AND IWAHORI-WHITTAKER CATEGORIES

In this section we drop the assumption that X*(T)/ZR is free. Instead, from §7.2
on we will assume that either X*(7T")/ZR is free or ¢ is very good for G. (The
definitions and statement in §7.1 will later be used without this assumption.)



AFFINE HECKE CATEGORY AND REGULAR UNIPOTENT CENTRALIZER 35

7.1. Iwahori—-Whittaker perverse sheaves. We denote by B™ C G the Borel
subgroup containing 7' and opposite to B, and by I™ C LTG the corresponding
Iwahori subgroup. Let also I be the pro-unipotent radical of I, i.e. the inverse
image of the unipotent radical Ut of Bt under the natural map It — BT. We
choose a nondegenerate character x': UT — G, (i.e. a group morphism nontrivial
on each simple root subgroup), and denote by x its composition with the projec-
tion I — U™. Finally we choose an Artin—Schreier k-local system Z5s on G, (see
e.g. | ]), and consider the derived category Dzw,1 = D%, (Flg, k) of Iwahori-
Whittaker sheaves on Flg, i.e. the (IT, x*(Zas))-equivariant derived category of
k-sheaves on Flg. (As for the LT G-equivariant derived category of Grg or the I-
equivariant derived category of Flg, the “true” definition of this category requires
restricting to finite unions of orbits, and considering a finite-type quotient of I}
through which the action factors; this procedure is standard, and will not be dis-
cussed.) This category is endowed with the perverse t-structure, whose heart will
be denoted Pz 1.

The I -orbits on Flg are parametrized in the standard way by W. Those which
support a nonzero (I}, x*(Zas))-equivariant local system are those corresponding
to elements in the subset {1 C W of elements w which are minimal in Wiw. For any
A € X.(T) we will denote by wy the minimal length element in Wy - t(\), by Flévx
the corresponding orbit, and by %, » the unique rank-1 (I}, x*(Z£as))-equivariant
local system on FI§Y. We also denote by j7" : FI§’Y — Flg the embedding, and
set

AV = )G dim(FIZY)), VY = (X)L [dim(FIEN)].

(These objects are perverse sheaves because jfw is an affine embedding.) As usual
we have

k if \=pandn=0;
Iw ALY ~ )
(7.1) HongW(Flg,k)(AA 7V;L [n]) = {0 otherwise,
and the image of any nonzero morphism AfW — Vfw is simple; this simple object
will be denoted FELV. Tt is well known also that the category Pzyy 1 has a natural
structure of highest weight category, with weight poset X, (T (for the order <*"
defined by A <TW 4 iff FlG x C Fléwu) and standard, resp. costandard, objects
(ATW . X € X.(T)), resp. (VIW (A€ X.(T)).
In Section 8 we will need some properties of the associated order on X.(T).
Here, for 1 € X, (T) we denote by u™ the unique dominant We-conjugate of y, and
for A € X.(T) we set

W) = {p € Xo(T) | pt < AT},

where < is as in §4.5. In other words, W(A) is the set of T}/-weights of the Weyl
module for G} of highest weight AT (so that this notation extends the notation
used already in the proof of Lemma 6.6). The other standard description of these
weights shows that W(A) coincides with the set denoted conv(A) in | ], i.e. the
intersection of the convex hull of Wi\ with X\ + ZRV.

Lemma 7.1. (1) If \,pp € X.(T) and FIZN FIG H, then A € W(p).
(2) If x € X;F(T) and € Wi(N), then Fl CFI
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Proof. Tt is not difficult to see that for any v € X, (T) we have
W _
FI&") = Fla,wow, »

where (as in §4.6) wy is the longest element in Wr. Hence Flévx C Fléwu iff wowy <

wow,, in the Bruhat order. In view of [Dou, Lemma 2.2], this is equivalent to the
property that wy < w,. Hence (1) follows from [ , Lemma 9.12(3)], and (2)
from the fact that w, < wy = t(\) in this case (see e.g. | , Lemma 2.4]). O

7.2. Statement. As explained at the beginning of the section, from now on in this
section we assume that either X*(T')/ZR is free or ¢ is very good for G.

Note that since the closure Flg/g does not contain any orbit Flg/x with A # 0,

the natural morphism AZY — VZW is an isomorphism (and this complex coincides
with #6Z"). We consider the functor

(7.2) Avzy : D11 — Dzw1
defined by

AVIw(y) = Agw *1 ZF.
We will denote by Py the Serre quotient of the category Py by the Serre

subcategory generated by the simple objects .#%,, with w ¢ fIW. The associated
quotient functor will be denoted IT7}” : Pry — PTY’. (Here, “asp” stands for “anti-
spherical.”)

The main result of the present section is the following statement.

Theorem 7.2. (1) The functor Avzyw is t-exact for the perverse t-structures
on DIAI and DIW,I'
(2) The functor
Avzy : Prr— P
factors through a fully-faithful functor
AV%SV% : Pislp — PIW,I-
Moreover, the essential image of this functor is closed under subquotients.

Remark 7.3. We will see later (see §9.1) that, under appropriate assumptions, the
functor in Theorem 7.2(2) is an equivalence of categories.

The proof of Theorem 7.2 is very close to the corresponding proof in [AB, §2],
which is repeated with more details in | , Chap. 6]. We will not repeat the
proofs that can simply be copied from these references.

7.3. Exactness. We start by proving Theorem 7.2(1).
The following lemma can be proved as in [ , Lemma 6.4.4 & Lemma 6.4.5].

Lemma 7.4. (1) For w € W we have Avpwy(I%,,) = 0 unless w € TW.
(2) For any w € W we have

AVIW (A{U) = Afw and AVIW (V{U) = Vfw,
where A\ € X, (T) is the unique element such that Wy - w = We - wy.

Asin | , Corollary 6.4.7] one deduces the following corollary, which in par-
ticular establishes Theorem 7.2(1).

Corollary 7.5. The functor Avgy is t-exact. Moreover, for any A € X we have
AVIW(jCKwA) = jcg)\IW
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7.4. An adjoint functor. The functor Avzyy admits another description. Namely,
we will denote by Iy the intersection of I and I, or in other words the kernel of

the morphism ev : LTG — G from §4.2. We can then consider the associated
equivariant derived category Dﬂ (Flg, k), and the functor

'Indf)V : D} (Flg, k) — D% (Flg, k)

sending a complex .Z to ai(x*(ZLas) ¥.Z)[dim(U )], where a : I x™ Flg — Flg
is the action morphism. It is not difficult to see that we have

Iw
di,

!
Avzyy ='In o For%o,

where For%0 : D — D}DO (Flg, k) is the forgetful functor, and moreover that the
functor !IndIIOW is left adjoint to ForIIOW[dim(Uﬂ], where ForIIOW : Db, (Flg, k) —
Dy, (Flg, k) is the forgetful functor (see e.g. [ , Lemma A.3] for similar consid-
erations).

Now we also consider the induction functor

*Ind, : D} (Flg,k) — Dig

sending a complex .Z to b, (kX.Z)[dim(B)], where b : I x0 Flg — Flg is the action
morphism. This functor is right adjoint to the functor For%n [~ dim(B)]. Therefore,
the functor

“Ind], o For{”Y[— dim(T)]

is right adjoint to the functor Avzyy.
As seen in Corollary 7.5 the functor Avzyy is t-exact; therefore its right adjoint
*Ind%o o ForIIOW[— dim(7")] is left t-exact, and the functor

(73) F: PIW,I — PLI

defined by
F(F) =P#°(*Ind], o FortV (F)[~ dim(T)])

is right adjoint to the functor Avzwy : Pr1 — Pz 1.

7.5. Some properties of tilting objects. As explained in §7.1 the category
Pzw1 has a natural highest weight structure, with weight poset X, (T') (which
we have identified with {1#7). In such a category we can consider the tilting objects,
and the general theory of highest weight categories (see e.g. [Ri, §7]) shows that the
set of isomorphism classes of indecomposable tilting objects in Pzyy 1 is in a natural
bijection with X, (T); the object associated with A will be denoted ZZ"V. In this
subsection we prove some properties of these objects which will not play any role
in the proof of Theorem 7.2, but which will be needed in Section 9 below.

We begin with the following claim. Here we denote by P%WJ the quotient of
the abelian category Pzyy 1 by the Serre subcategory generated by the objects of
the form FELY with £(wy) > 0; the associated quotient functor will be denoted
H%W,I : PIW,I — P%W,I'

Lemma 7.6. For any tilting objects F and J' in Prw1, the quotient functor
H%W,I induces an isomorphism

HomPIW,I(y7 7/) = HomP%WYI(H%W,I(y)’H%W,I(yl))'
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Proof. The idea of this proof is copied from | , §2.1]. From the definition of
morphism spaces in a quotient category, the lemma will follow if we prove that the
socle, resp. top, of each object AW, resp. VI, is a sum of objects J‘fﬂzw with
{(w,) = 0. Here it suffices to prove the claim for V1"; the other one will follow
by Verdier duality. If we choose w € W such that Wy - w = Wt - wy, then for any
€ X.(T) we have

Homp,,, , (Vfw, f‘ﬁHIW) = Homp,,, , (AVIW(VL}), f‘fHIW)
= Homp, , (V,,, F(#¢,"Y))

by Lemma 7.4(2) and adjunction. By Lemma 4.5, the top of V. is .#%" where
w € § is the unique element such that wW ™ = wW < If f(w,) > 0, and if s € S
is such that ¢(w,s) < £(w,), then w,s € ‘W, and JEY is the shifted pullback
of a simple perverse sheaf on the partial affine flag variety FI¢, associated with s.
Then F(.#%"V) also the shifted pullback of a perverse sheaf on FI¢;, which shows
that
Homp, , (V5 F(J%MIW)) =0

and finishes the proof. O

The other result we will need is the following.

Lemma 7.7. For any A € X.(T), the object 7V is isomorphic to a subobject of
a direct sum of objects of the form %IW with p € X (T).

Proof. We denote by I,, the pro-unipotent radical of I, by Pervy, (Flg, k) the cat-
egory of I,-equivariant perverse sheaves on Flg (or equivalently the category of
perverse sheaves which are constructible with respect to the stratification by I-
orbits), and set for w € W

Al = Forj (A}), Vi = For] (V},),

where For%u : D1 — D}’D(Flg,k) is the forgetful functor. Then the category
Pervy, (Flg, k) admits a structure of highest weight category with weight poset
W (for the Bruhat order) and standard, resp. costandard, objects the objects Al
with w € W, resp. Vi with w € W.

The setup of §7.4 allows us to construct a functor Avr,, : DE. (Flg, k) —
D%,,,(Flg,k) such that Avzyy = Aviy,, o For%“. Then by Lemma 7.4(2), for any
w € W we have

AV (Ay) =AY and - Avgy (Vi) = V37,

where A € X, (T) is the unique element such that We-w = Wr-w). These formulas
show that Av7,, is t-exact, and sends tilting objects in Pervy, (Flg, k) to tilting
objects in Py 1. Moreover, if we denote by I the indecomposable tilting object
in Pervy, (Flg, k) associated with w € W, then one can check that the indecom-
posable tilting object in Pzyy 1 associated with A € X, (T) is a direct summand in
AV/IW(quK)- Therefore, to conclude we only have to prove that any indecompos-
able tilting object in Pervy, (Flg, k) is isomorphic to a subobject of a tilting object
whose image under Av7,, is a direct sum of tilting objects associated with dominant
weights.

Let us fix an indecomposable tilting object .7 in Pervy, (Flg,k). Denote by
]?‘VIG the “extended” affine flag variety, i.e. the ind-scheme representing the fppf
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quotient (LG/I,)ppe; then we have a T-bundle 7 : Flg — Flg. Recall the “free
pro-unipotently monodromic” tilting perverse sheaves on li‘le7 see [BY] or [BR,
§5.4]. By [BR, Proposition 5.12] (see also [BY, Lemma A.7.3] for a closely related
statement) there exists an indecomposable free pro-unipotently monodromic tilting
perverse sheaf 7 such that 7 = m é\[dim(T)]. Now we have a convolution ac-
tion % of free pro-unipotently monodromic tilting perverse sheaves on the category
Dy (Flg,k) (see [BR, §7.3] for a discussion of a similar construction in the context
of usual flag varieties), and the considerations in the proof of [BRR, Lemma 7.8] show
tll\at for any free pro-unipotently monodromic tilting perverse sheaf 7" the functor
' % (—) is t-exact and sends tilting perverse sheaves to tilting perverse sheaves.
In particular, since Aé“ is a subobject of 9153 by Lemma 4.5, the tilting object
T =mZ[dim(T)] = 7 % Al is a subobject of the tilting object 7' = 7 * T
What remains to be proved is that Av7,,,(7’) is a direct sum of tilting objects
associated with dominant weights. However if A € X, (T) is not dominant then there
exists s € SNW; such that wys > wy and wys € TW (see e.g. | , Lemma 2.4 and
its proof]). Then if ¢, is the projection from Flg to the partial affine flag variety
FIZ, associated with s, the indecomposable tilting object in Py 1 associated with A
is not killed by the functor (gs); (because the restriction of its image to the I -orbit
associated with w) is nonzero). Hence to prove the claim we only have to observe
that (¢s)1 7’ = 0 for any s € SN W;. This fact follows from the properties that
(¢s)1 742 = 0 (which is standard, and can e.g. be deduced from the fact that 7
is the projective cover of Alv in Pervy (LTG/I), see | , Proposition 5.26]), and
that the functor 7 % (—) commutes with (gs): in the appropriate sense. O

Recall that in a highest weight category, any object is isomorphic to a subquotient
of a tilting object (see e.g. [Ri, Proposition 7.17]). Therefore, Lemma 7.7 has the
following consequence.

Corollary 7.8. Any object in Pz 1 is isomorphic to a subquotient of a direct sum
of objects of the form %IW with p € X (T).

7.6. Proof of Theorem 7.2(2). We have now introduced all the tools needed for
the proof of Theorem 7.2(2). We begin with a general lemma.

Lemma 7.9. Let A and B be abelian categories, let M be a Serre subcategory of
A, let N be a Serre subcategory of B, and consider the associated quotient functors
IMp : A — A/M and llg : B — B/N. Assume we are given functors F : A — B,
G:B — Aand F* : A/M — B/N, G° : B/N — A/M such that the following
diagram commutes:

F
A—/———=B

G
HA\L \LHB
FO

A/M ————=B/N.
GO

If F is left adjoint to G, then F° is left adjoint to G°.
Proof. We have adjunction morphisms F'oG — id and id — Go F. Composing with

IIg and IIa respectively on the left, we deduce morphisms of functors F0oGCollg —
IIg and IIp — G° o F® o II5. Such morphisms must be induced by morphisms
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F%0G% — id and id — G o F. Since our original morphisms satisfy the zig-zag
relations, so do these morphisms, which implies the desired claim. ([

By Lemma 7.4(1) and | , Corollaires 2-3, p. 368-369], the restriction of Avzyy
to the hearts of the perverse t-structures factors through an exact functor
AV%SVR} : Pislp — PIW,I;
i.e. we have Avzyy = Avgy, o IITY". Moreover, by Lemma 7.9, the functor F**P :=
I} o F is right adjoint to AvEY),,.

The following lemma can be proved using the same arguments as in | , Proof
of Lemma 6.4.10].

Lemma 7.10. Let % in Pr1. If 9 € D11 belongs to the full subcategory generated
under extensions by the objects of the form JE€,,[n] with (w,n) € Wi X Z<o and
either n <0 orn =0 and w # e, then we have

I}Y o P NG 5 F) = T[T 0 P (4 51 F) = 0.

The fact that the functor AvZy, is fully faithful is now equivalent to the following
lemma.

Lemma 7.11. The adjunction morphism id — F*P o Av%ﬁ% is an isomorphism.
Proof. We have to prove that for any .7 in P{}" the morphism
F — F¥P o AVE(F)
is an isomorphism, or in other words that for any .# in Py the morphism
Hislp(ﬁ) — Hislp oFoAvp (%)

induced by the adjunction morphism id — F o Avzyy is an isomorphism. Now we
have

Fo Avzyw(F) = P20 (*Ind] (AT 1 F)[— dim(T)])
= P70 (*Indp, (ATY) %1 F [~ dim(T)]),
and the adjunction morphism considered here is induced by the adjunction mor-
phism
1 * I 1 . _oxpadl w :
(7.4) Ag = “Indy, (Avzw (AL))[— dim(T')] = *Indy, (AG")[— dim(T")].

Hence to conclude we must show that for any .% in P11 the latter morphism induces
an isomorphism

MP(F) = TGP (P (Indy, (APY) 51 Z [~ dim(T)]) ).

We start by analyzing the morphism (7.4). The G-action on the base point of
Flg induces an isomorphism between Flg ., = LTG/I and the flag variety G/B,
from which we obtain equivalences of categories

Dy (Fly,, k) = DR(G/B,k),

b S ~ b
Dt xe(2asy) Flaawo, K) = Diyre () (225)) (G/ B, K)-
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Using these equivalences, we can apply [ , Lemma 12.1],” which guarantees
that the complex on the right-hand side of (7.4) is concentrated in non-negative
(perverse) degrees, and that moreover we have

PO (Indk (ADY)[— dim(T)]) = P dim(T) (*mdio(AgW)) ~ Al

It follows that (7.4) is induced by a nonzero morphism AL — Al . Such a morphism
is automatically injective, and the composition factors of its cokernel are of the form
ICw with w € We~{e}, see Lemma 4.5. In particular, the cone € of (7.4) belongs
to the full subcategory of Di; generated under extensions by the objects of the
form #6,,[n] with (w,n) € Wi X Z<( and either n < 0 or n = 0 and w # e. By
Lemma 7.10 it follows that we have

1P 0 Pt~ (€ w1 F) = TE 0 P (% % F) = 0.

The desired claim follows, using the long exact sequence in cohomology associated
with the distinguished triangle

F = *Ind}, (ADV) 5 F[— dim(T)] — €+ F >
induced by (7.4) and the exactness of TIfT". O

To complete the proof of Theorem 7.2(2), it only remains to prove that the
essential image of AvZ}, is closed under subquotients. This property follows from

Corollary 7.5 and the following general lemma.

Lemma 7.12. Let A and B be abelian categories, and let F : A — B be an exact
fully faithful functor. Assume that every object in A has finite length, and that
F(M) is simple for any simple object M in A. Then the essential image of F is
closed under subquotients.

Proof. Our assumption implies that every object in the essential image of F' has
finite length, and that each of its composition factors is of the form F(M) with
M simple in A. Any subquotient of such an object can be obtained by repeatedly
taking a cokernel of a morphism from an object of the form F(M) with M simple
in A, or a kernel of a morphism to an object of this form. To prove the lemma it
therefore suffices to show that if M, N are objects of A with M simple and if f :
F(M)— F(N), resp. f: F(N) — F(M) is an embedding, resp. a surjection, then
cok(f), resp. ker(f), belongs to the essential image of F'. However, since F' is fully
faithful we can write f = F(g) for some morphism g : M — N, resp. g: N — M,
and by exactness we then have cok(f) = F(cok(g)), resp. ker(f) = F(ker(g)). O

Remark 7.13. Lemma 7.12 is stated in [ , Lemme 4.2.6.1] under the extra
assumption that F' admits left and right adjoints. Our arguments above show that
this condition is in fact not necessary.

8. CENTRAL AND TILTING PERVERSE SHEAVES
The considerations in this section do not require the assumptions of Sections 67

(unless this is explicitly notified).

"In that lemma it is assumed that X *(T)/ZR is free; however this statement also holds in
general if £ is very good, see [ , Remark 12.2].
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8.1. Statement and strategy of proof. To simplify notation, we now set
gIW = AVIW o % : Rep(Guz) — PIW7I~
Our goal in this section is to prove the following result.

Theorem 8.1. Assume that for any indecomposable factor of the root system R,
the prime £ is strictly bigger than the corresponding value in the table of Figure 5.1.
Then for any tilting Gy -module V', the perverse sheaf 22V (V) is tilting.

Remark 8.2. Tt is likely that the assumption on ¢ in Theorem 8.1 can be weakened;
however, in view of [ , £3.8], this extension will require a different strategy.

The first step towards Theorem 8.1 is the following claim, whose proof can be
copied from [AB, Lemma 25] or | , Proposition 6.5.7]. (This statement does not
require any assumption on G or £.)

Proposition 8.3. IfV, V' are tilting G/ -modules such that 2TV (V) and ZTVW (V')
are tilting, then ZTWV(V @ V') is tilting.

Assume now for a moment that G is simple (i.e. quasi-simple of adjoint type),
so that G}/ is quasi-simple and simply-connected. Recall that in this context a
dominant coweight A\ € XF(T) is called minuscule if for any root a we have (\, a) €
{0, £1}, and moreover that in this case we have W(X) = WA (where the left-hand
side is as in §7.1). We will also denote by ag the maximal root of (G,T) (for
our given choice of positive roots), and by ay the associated coroot.® Then ay is
dominant, and we have W(ay) = Wrag U {0}.

The following result is proved in | , §83.6-3.7].

Proposition 8.4. Assume that G is simple and that € is strictly bigger than the
value corresponding to its type in the table of Figure 5.1. Then any indecomposable
tilting Gy -module appears as a direct summand of a tensor product of indecom-
posable tilting modules whose highest weights are either minuscule or equal to oy .
Moreover, if G is of type A then only minuscule coweights are needed.

This proposition shows the importance of understanding the objects Z°(V') (or
ZTW(V)) when V is an indecomposable tilting module whose highest weight is
either minuscule or equal to «. These objects will be studied in the rest of the
section. In particular, in §8.3 we will prove the following claim.

Proposition 8.5. Assume that G is simple, and let V' be an indecomposable tilting
G}/ -module with highest weight \. We assume that

(1) either \ is minuscule;
(2) or A= qy, G is not of type A, and { satisfies the conditions in Figure 2.1
with respect to the type of Gy .

Then ZTW(V) is tilting.
For now, let us explain why these results imply Theorem 8.1.

Proof of Theorem 8.1. Consider the quotient group G/Z(G) (which is semisimple
of adjoint type), and the associated affine Grassmannian Greg/z (). The quotient
morphism G — G/Z(G) induces a morphism

(81) Grg — Grg/z(G).

8Note the slight conflict with the notation of §2.6. But here the group under consideration is
G = G}/, whose highest short root is ay .
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We claim that this morphism restricts, on the reduced ind-subscheme associated
with each connected component of Grg, to a universal homeomorphism onto the
reduced ind-scheme associated with a connected component of Grg,z (). In fact,
since the connected components of Grg are permuted by the action of LG it suffices
to check this claim for the reduced ind-scheme (Grg)? , associated with the con-
nected component containing the base point. Now by [PR, Proposition 6.6], if 2G
is the derived subgroup of G, the embedding 2G < G induces an isomorphism

(G196 )vea — (GIG)ed-

We have Z(2G) = Z(G) N 2G, and the morphism 2G/Z(2G) — G/Z(G) induced
by the embedding G — G is an isomorphism, which reduces the proof of our
claim to the case G is semisimple. In this case the claim follows from the results
of [PR, §6]; see [BR, Footnote on p. 3]. (In case p does not divide the order of the
fundamental group of G/Z(G), then it is proved in [PR] that Grg and Grgz(q)
are reduced, and that the above morphism restricts to an isomorphism on each
connected component of Grg.)

Our claim implies that pushforward along the morphism (8.1) induces a fully
faithful exact functor

Pervy+q(Grg, k) = Pervi+a/za)) (Grayza), k).

(To justify the fact that this functor takes values in LT (G/Z(G))-equivariant per-
verse sheaves, we use the fact that equivariance follows from constructibility with re-
spect to the stratification by L1 (G/Z(G))-orbits; see [MV, Proposition 2.1] or [BR,
Proposition 1.10.8].) It can be easily seen that this functor is monoidal; hence in
view of Theorem 4.1 it provides a monoidal functor Rep(Gy) — Rep((G/Z(G))y).
It is well known that this functor is induced by a natural morphism (G/Z(G))y —
G}/ which identifies (G/Z(G)),; with the simply-connected cover of the derived sub-
group of G}

Since the morphism Flg — Grg is a (Zariski) locally trivial fibration with fibers
G /B, and similarly for the morphism Flg/7(q) — Grg)z(), we also have a similar
claim as above for the natural morphism Flg — Flg /7y, which allows to iden-
tify, for any connected component of Flg, the subcategory of Py 1 consisting of
perverse sheaves supported on this connected component with a full category of
the corresponding category for G/Z(G). Since the construction of the functor Z is
compatible with these identifications in the obvious way, since 2°(V') is supported
on a single connected component if V' is indecomposable, and since the pullback to
(G/Z(G))Y of a tilting G)-module is a tilting (G/Z(G)))-module, this reduces the
proof of the theorem to the case G is semisimple of adjoint type. Then, since such
a group is a product of simple groups, we can further assume that G is simple.

Recall that (by the general theory of highest weight categories) a direct summand
of a tilting object in Pzyy 1 is again tilting. If G is of type A, then by Proposi-
tion 8.4 any indecomposable tilting G)-module is a direct summand of a tensor
product of tilting modules with minuscule highest weights; hence in this case the
theorem follows from Proposition 8.3 and case (1) in Proposition 8.5. If G is not
of type A, the claim follows similarly from Proposition 8.3, Proposition 8.4, and
Proposition 8.5 (cases (1) and (2)). O

8.2. Stalks and costalks of objects 22"V (V). The proof of the following propo-
sition can be copied from [AB, Lemma 27] or | , Proposition 6.5.4].
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Proposition 8.6. For any G)/-module V' and any p € X.(T) we have
Z(_l)i : dim(HomD;W(Flg,k)(Aiwv QFIW(V)[Z])) = dim(V},),
i>0

> (=1 - dim(Hompy g, 10(Z7Y(V), VYL = dim(V},).
i>0

Remark 8.7. Once Theorem 8.1 will be proved, in view of (7.1) we will know that
the morphism spaces

Hongw(Flg,k)(Aiwv gzw(v)[i]) and Hongw(Flg,k)(gzw(V)7 Viw [i])

vanish for i % 0. Proposition 8.6 will then imply that for any V tilting and A\ €
X.(T) we have

(2PV(V): ADY) = (ZPV (V) : VEY) = dim(Va),

where the first, resp. second, expression means the multiplicity in a standard,
resp. costandard, filtration. From this one can in particular deduce that if V has a
highest weight A € X" (T'), then the indecomposable tilting object 77" is a direct
summand of ZTW (V).

Corollary 8.8. Let V in Rep(GY) and A € X} (T). If the T, -weights of V all be-
long to W(\), then ZTW (V) is supported on the closed subvariety Uewoynx () Fléwﬂ

Proof. Let U be the open complement of UMGW(A)OX**(T) Fléwﬂ Then Lemma 7.1

shows that Flévl\j cUiff v € X, (T) ~ W(X). Our assumption and Proposition 8.6
show that the Euler characteristic of the restriction to any such orbit of the perverse
sheaf 2 IW(V)|U vanishes. Hence this perverse sheaf is 0 (because the restriction
of a perverse sheaf to a stratum which is open in its support is nonzero, and con-
centrated in one degree). O

The proof of the following lemma is similar to that of [AB, Lemma 28] or | ,
Lemma 6.5.11].

Lemma 8.9. For any V in Rep(GY), any X € X (T), any x € Wy and any n € Z
we have

HongW(Fla,k) (Agw’ D@FIW(V)[”]) = HongW(Flg,k) (Agg/)\\})v D@FIW(V)[”])
and
HongW(Flc,k) (QPIW(V): Vfw [”D = HongW(Flc,k) (gzw(v)’ VQ/X) [”D
The next statement involves the element u from Proposition 5.8.

Lemma 8.10. Assume that either { is very good, or X*(T)/ZR is free. For any
G}/ -module V' which admits a good filtration, we have

dim (Hompml (Agw,szw(fc‘”(V)))) < dim(VY).
For any G)/-module V' which admits a Weyl filtration, we have

dim (HompIW’I (Avow (Z(V)), vgw)) < dim(VY).



AFFINE HECKE CATEGORY AND REGULAR UNIPOTENT CENTRALIZER 45

Proof. We prove the first claim only; the second one can be treated similarly (us-
ing the fact that the invariants and coinvariants of u acting on V have the same
dimension).

We have ATY = Avryw (#6.); hence Theorem 7.2 provides an isomorphism

Homp,,, , (AT, Avp (Z(V))) = Hompasp (IFP(IE.), ITT(Z(V))).

Recall now the quotient functor H(ﬂl P — P?,r It is clear that this functor factors
through an exact functor P{{” — P{1; one can easily check that the latter functor
identifies P{; with the Serre quotient of PrT by the Serre subcategory generated
by the simple objects TI}Y(56,,) with w € I < Q. Since ;Y (I6,) is simple,
any nonzero morphism I (F%.) — 17 (Z(V)) is injective, and its image is not
killed by the quotient functor PT}” — PP ;; we deduce that this functor induces an
injective morphism

Hompesr (I} (€, 1T (2(V))) < Hompo (27 (k), 2°(V)).
Next, since m{ = id, using Lemma 5.3 we see that
Hompo (2°(k), 2°(V)) = Hompy (2°(k), ker(m?, —id)).
And then using Proposition 5.8 we obtain an injection
Hompy (2°(k), ker(m{, —id)) — Homy(k, V") = V".
The desired inequality follows. ([l

8.3. Proof of Proposition 8.5. In this subsection we assume that G is simple,
and give the proof of Proposition 8.5. We will use the easy observation that a
perverse sheaf in Pervryy (Flg, k) is tilting iff its restriction and corestriction to
each orbit Flé‘/}f contained in its support are perverse.

Let us first consider case (1). Corollary 8.8 shows that 22"V (V) is supported on
Flé‘g\), which contains the orbit Flgyx iff uw € Wr - A. The orbit Flévx is open in this
subvariety; hence the restriction and corestriction of the perverse sheaf 22"V (V)
to this stratum are perverse. Using Lemma 8.9, we deduce the same property for
each orbit Fléwu with g € We - A, which completes the proof in this case.

Now we consider case (2). In particular we assume that A = o, that G is not of
type A, and that ¢ satisfies the conditions in Figure 2.1 with respect to the type of
GY . The perverse sheaf 2”7V (V) is supported on Flévx UFIQ/S, which contains the
orbit Fléwu iff p € We- AU{0}. As in case (1), the restriction and corestriction of
ZTW(V) to any orbit Flgwu with p € Wt - A are perverse, so to conclude it suffices

to prove the similar claim for Flg/g. Let i : Flg/g — Flg be the embedding, and let
7 be the embedding of the open complement. Then we have distinguished triangles

G ETVV) = FTVV) it 2PV

id ZVV) = VW) 5 ) B

What we have proved so far implies that j* 22" (V) admits a filtration with
standard subquotients, and a filtration with costandard subquotients; hence both
G ZTV(V) and j.j* ZTW(V) are perverse sheaves; it follows that i* 22V (V)
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is concentrated in perverse degrees 0 and —1, while 7' 27V (V) is concentrated in
perverse degrees 0 and 1.
By Lemma 8.10 we have

dim Home,,,,  (AFY, Z7V(V)) < dim(V").

Now by Theorem 6.1 the element u is regular unipotent, so that by Lemma 2.13 we
have

dim(V") = dim(Vp).
Finally, by Proposition 8.6 we have
dim(Vp) = Z(*l)n - dim HongW(Flc,k)(A%W, ZPV(V)[n)).
n>0

Combining all these remarks, we obtain that
dim Home,,,, (AT, Z7V(V))
< Z(—l)n - dim HongW(Flc,k)(AgW’ 2PV (V)[n)).
n>0

The remarks in the preceding paragraph imply that the right-hand side equals
dim Homp,,, , (A", Z2TV(V)) — dim Hompy (k1 1) (APY, 2PV ()[)),

so that we necessarily have dim Hompy =gy, i) (ATY, 2T (V)[1]) = 0; in other
words, the corestriction of ZZW (V) to Flgfg vanishes in perverse degree 1, hence

is perverse. Similar arguments show that the restriction of this perverse sheaf to
Flgjg is perverse, which completes the proof.

9. PROOF OF THEOREM 5.4

In this section we finally give the proof of Theorem 5.4.

9.1. Comparison of 5?’1 and P?’I. In this subsection we assume that either
X*(T)/ZR is free or { is very good for G. In addition, we assume that for any
indecomposable factor of the root system R, the prime £ is strictly bigger than
the corresponding value in the table of Figure 5.1. We start with the following
consequence of Theorem 8.1.

Proposition 9.1. Any object in Py 1 is isomorphic to a subquotient of an object
of the form ZTW(V) with V in Rep(Gy).

Proof. In view of Corollary 7.8, to prove the proposition it suffices to prove that
each object ZI" with € X (T) is a subquotient of an object 2"V (V). This
property follows from Theorem 8.1, see Remark 8.7. O

Using this proposition we obtain the following.

Corollary 9.2. The functor Av3),, of Theorem 7.2(2) is an equivalence of cate-
gories.

Proof. By Theorem 7.2(2) we already know that AvZyy, is fully faithful, and that its
essential image is stable under subquotients. Now this essential image contains the
objects 2T (V) with V in Rep(G)); hence Proposition 9.1 implies that it contains
all objects, or in other words that AvZY), is essentially surjective. (I
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Corollary 9.2 allows us to restate Proposition 9.1 as saying that any object in
PTT is a subquotient of an object II}}"(2°(V)) with V' in Rep(G}/). Now, recall the
quotient functor PT}" — P?| considered in the proof of Lemma 8.10. Applying this
functor we deduce the following, which establishes Property (a) in §5.2.

Corollary 9.3. The inclusion ﬁ?’l — P?,I is an equivalence of categories.

9.2. Description of H. In this subsection we assume that X*(T")/ZR is free, that
the Z-module X, (T")/Z9R" has no (-torsion, and finally that for any indecomposable
factor of the root system fR, the prime ¢ is strictly bigger than the corresponding
value in the table of Figure 5.1.

Recall the subgroup H C Zgy (u) introduced in Proposition 5.8. Corollary 9.3
allows us to restate this proposition as providing an equivalence of monoidal cat-
egories P%I = Rep(H). In view of the comments in §5.2, to complete the proof of
Theorem 5.4, it therefore only remains to prove the following.

Proposition 9.4. The embedding H C Zgy (u) is an equality.

Proof. The proof will be based on the results of §§2.4-2.5, which will be applied to
G = G)/. Since the conditions in Figure 5.1 imply in particular that ¢ is good for
G}/, our assumptions indeed guarantee that these results are applicable.

Recall that the connected components of Grg are in a canonical bijection with
the quotient of X, (T") by the coroot lattice of (G, T), which itself indentifies with
X*(Z(GY)). In particular, every object of P+ 1+ has a canonical decomposition
as a direct sum of subobjects parametrized by X*(Z(G}/)); under the geometric
Satake equivalence (see §4.1), this decomposition corresponds to the canonical de-
composition of a G/-module according to the (diagonalizable) action of Z(G)).

The projection Flg — Grg induces a bijection between the sets of connected
components of Flg and Grg. Hence any object of P?’I also admits a canonical
decomposition as a direct sum of subobjects parametrized by X*(Z(G)/)), and from
this we see that the embedding Z(Gy) — G}/ factors through H; in other words H
contains Z(GY).

We have proved in Theorem 6.1 that u is regular unipotent. Hence the proposi-
tion will follow from Lemma 2.8 provided we prove that for any finite-dimensional
tilting G}/-module V' the embedding

Vzc;kv(U)  VH

is an equality, or in other words that dim(VZGnZ(u)) = dim(V#). Now, by Propo-
sition 2.12 the left-hand side is equal to the dimension of the 0-weight space V; of
V. On the other hand, in view of Proposition 5.8 we have

V= Homp (k, V) = Hompo (6%, 2°(V)).
Corollary 9.2 allows to identify the category P with the category P}y, ; of §7.5,
and using Lemma 7.6 we deduce an isomorphism
HomP?YI((sOv QFO(V)) = HomPIW,I(AgWV 'E&PIW(V))
Theorem 8.1 implies that the right-hand side is equal to the multiplicity (22 (V) :
AIYW). Finally, by Remark 8.7 this multiplicity is also equal to dim(Vp), which
shows that dim(VZGn«v(u)) = dim(V#) and therefore finishes the proof. O
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9.3. End of the proof. We have now proved Theorem 5.4 under the first possible
assumption in (1) (and assumption (2)). So, it only remains to explain how to
deduce the version of the theorem under the second possible assumption in (1),
namely that ¢ is very good for G (and, of course, assumption (2)).

In this case one can proceed as follows. The center Z(G) of G can be written
(non canonically) as a product of a torus and a finite diagonalizable group. Choose
such a decomposition, and let G’ be the quotient of G by this finite part. Then the
quotient morphism G — G’ induces a morphism of ind-schemes Flg — Flg/, which
as in the proof of Theorem 8.1 identifies (up to some universal homeomorphism) Flg
with a union of connected components of Flg.. We also have a “dual” morphism
(G")Y — Gy which is a finite étale isogeny, and an obvious commutative diagram
involving the geometric Satake equivalences for G and G’. If we denote by I’ the
Iwahori group associated with G’ (and the Borel subgroup given by the image of B),
then we can consider the categories P?; (associated with G) and Py, 1, (associated
with G”).

The group G’ satisfies the conditions considered above, so Theorem 5.4 applies to
it: there is a regular unipotent element u’ € (G’)y and an equivalence of monoidal
categories

(9'1) (P?’,IH*O) = (Rep(Z(G/)kv(u/)), ®)'

Using Corollary 9.2 to identify these categories with those considered in §7.5, one
sees that P%I identifies with a monoidal subcategory of (P?,J, ,%Y), in fact the direct
summand consisting of perverse sheaves supported on the components in the image
of Flg. On the other hand, denoting by u the image of u’ in G}/, by Proposition 2.2
the centralizer Zgy (u) identifies with the quotient of Z(gny(u’) by the kernel of
the isogeny (G')y — Gy/. As a consequence, the category Rep(Zgy (u)) embeds
as a direct summand in Rep(Z(g)y (u’)) stable under tensor products. One can
easily check that the equivalence (9.1) restricts to an equivalence between the direct
summands PP; and Rep(Zgy (u)), which finishes the proof.

9.4. Complement: indecomposability of the objects 2°Z"(V). We finish
this section by proving the following complement to Theorem 8.1.

Proposition 9.5. IfV is an indecomposable tilting Gy -module, ZTV (V') is inde-
composable.

Proof. By considerations similar to those in §9.3, the proof reduces to the case
where the conditions in Proposition 9.4 are satisfied.

Recall the quotient functor H%W,I :Powr — P%W’I, and consider an indecom-
posable tilting G)-module V. In view of Lemma 7.6, to prove that ZZW(V) is
indecomposable it suffices to prove that 113, ;(Z7"(V)) is indecomposable. As
observed in the course of the proof of Proposition 9.4, Corollary 9.2 allows us to
identify P{; with P%,, , so that to conclude it suffices to prove that 2°(V) is
indecomposable. Now Proposition 5.8 and Proposition 9.4 imply that we have an
algebra isomorphism

Endpgl(go(V)) = Endz,,, ) (V);
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hence to conclude we have to show that the algebra Endy_, ) (V) is local. By
k

Frobenius reciprocity we have an algebra isomorphism
Endz, ) (V) = Homgy (V. V @ O0(GY /Z¢y (u)))

(where the description of the algebra structure on the right-hand side involves the
multiplication in the ring &(Gy /Zgy(u))). As seen in the course of the proof of
Lemma 2.9, the nilpotent cone Ngy of Gy is isomorphic to its unipotent cone; using
Lemma 2.6 we deduce a Gy/-equivariant isomorphism of algebras

0(Gy /Zgy () = O(Ngy).

The dilation action of G, on Ngkv induces a grading on & (NGkv), such that G acts

by graded algebra automorphisms, and whose degree-0 part is k. This structure

induces a grading on EndZGv(u)(V), whose degree-0 part is the algebra Endgy (V),
k K

which is local since V' is indecomposable. We deduce that Endyz_, ) (V) is local,
k
see [GG, Theorem 3.1]. O
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