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The symmetries of the Outer space of a universal Coxeter
group

Yassine Guerch

May 12, 2020

Abstract

This paper studies the geometric rigidity of the universal Coxeter group of rank
n, which is the free product W,, of n copies of Z/2Z. We prove that for n > 4
the group of symmetries of the spine of the Guirardel-Levitt outer space of W, is
reduced to the outer automorphism group Out(W,,). E]

1 Introduction

Let n be an integer greater than 1. Let F' = 7Z/27 be a cyclic group of order 2 and
W, = %, F be a universal Coxeter group, which is a free product of n copies of F.
The geometric study of automorphisms groups of free products is currently in strong
expansion, see for instance [MM] [GLL [Pig, HMI, [Gupl [GH, [DL]. This paper proves a
major geometric rigidity result of the outer automorphism group Out(W,,) of W,,.

The study of Out(W,,) benefits from analogies with algebraic groups, with Out(Fy),
the outer automorphism group of a free group of rank N, and with the mapping class
group of a connected compact surface. As usual in geometric group theory, the under-
standing of the group Out(W,) is related to the construction of geometric spaces on
which it acts nicely (properly or cocompactly). Such constructions appear in the study
of Out(Fy), which involves the study of its action on the spine of the Outer space intro-
duced by Culler and Vogtmann in [CV]. Similarly, the study of the mapping class group
of a connected compact surface involves the study of its action on the Teichmiiller space
and on the curve graph of the surface, while the study of algebraic groups implies the
study of their actions on buildings.

The spaces introduced in these cases are rigid geometric models in the following sense:
the symmetries of these spaces are induced by elements of the group itself. Indeed,
for algebraic groups, Tits showed that, if the rank of a spherical building associated
with a simple connected algebraic group is at least 2, then the full group of simplicial
automorphisms of the building is isomorphic to the algebraic group itself ([Tit]). In the
context of a connected orientable compact surface of genus at least 3, Royden proved that
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the group of isometries of the Teichmiiller space with respect to the Teichmiiller metric
coincides with the extended mapping class group of the surface (J[Roy]). Moreover, Ivanov
([Lval, Theorem 1]) showed that the group of simplicial automorphisms of the graph of
curves is isomorphic to the extended mapping class group. In the context of Out(Fy),
Bridson and Vogtmann proved that, if N > 3, the group of simplicial automorphisms of
the spine of Outer space is isomorphic to Out(Fy) ([BV2]).

In the case of Out(W,,), spaces on which Out(W,,) acts properly or cocompactly in-
clude the McCullough-Miller space [MM]| or PO(W,,), the outer space of W), introduced
by Guirardel and Levitt in [GL]. These two spaces are Out(W,,)-equivariantly homo-
topy equivalent (see [MM, Theorem 8.5.]). Moreover, it was proved by Piggott ([Pig}
Theorem 1.1]) that, for n > 4, the McCullough-Miller space is a rigid geometric model
for Out(W,): the group of simplicial automorphisms of the McMullough-Miller space is
isomorphic to Out(W,,).

In this article, we study the action of Out(W,,) on a simplicial flag complex on which
PO(W,,) retracts Out(W,,)-equivariantly, called the spine of PO(W,,) and denoted by
K,,. Vertices of K, are homothety classes of marked graphs of groups whose fundamental
group is isomorphic to W,,. Two homothety classes X and ) of marked graphs of groups
are adjacent in K, if they have representatives X and Y such that one can obtain Y
from X by collapsing a forest in the underlying graph of X, or conversely. The group
Out(W,,) naturally acts on K, by precomposing the marking. The aim of this article is
to prove that K, is a rigid geometric model for Out(W,,) in the following sense. Here
we denote by Aut(K,) the group of simplicial automorphisms of K.

Theorem 1.1. Let n = 4. The natural homomorphism
Out(W,,) — Aut(K,)

s an isomorphism.

This question is first motivated by the aforementioned examples, but also by algebraic
results on Out(W,,). Indeed, for instance in the case of the mapping class group of a
connected orientable compact surface of genus at least 3, the fact that the curve complex
is a rigid geometric model for the extended mapping class group is used by Ivanov in
order to prove that any automorphism of the extended mapping class group is in fact
a conjugation (see [Ival, Theorem 2]). Similarly, the fact that the spine of Outer space
is a rigid geometric model for Out(Fy) with N > 3 is related to the fact that any
automorphism of Out(Fy) is a conjugation ([BVI]). As, for n > 4, any automorphism of
Out(W,,) is a conjugation (see [Gue, Théoreme 1.1]) and as the proof relies on the study of
the action of Out(W),,) on K, it was natural to expect that K, is a rigid geometric model
for Out(W,,). Even though the McCullough-Miller space and PO(W,,) are Out(W,)-
equivariantly homotopy equivalent, the author does not know how to deduce the rigidity
of K,, out of the rigidity of the McCullough-Muller space. Indeed, there is no canonical
graph isomorphism between K, and the McCullough-Miller space, and corresponding
vertices in the McCullough-Miller space and in K, do not share the same properties of



minimality. For instance the negative link of a {0}-star (see Sections [2.2|and 4| for precise
definitions) is nontrivial in K, whereas it is trivial in the McCullough-Miller space.

The proof of Theorem |[1.1|relies on the study of the action of Out(W,,) on a subgraph
of K,, called the graph of {0}-stars and F-stars and denoted by L,. Vertices of L,, are
{0}-stars and F-stars (see Section and Figure [I). Two vertices of L,, are adjacent if
and only if they are adjacent in K. We first prove that L, is a rigid geometric model for
W, (see Theorem [3.1). This relies on studying systoles of L,,, that is, embedded cycles
of minimal length. For this, we introduce (see Section [3|) a new complexity associated
with an edge of L,, and a relative complexity associated with pairs of {0}-stars. For
n = 3, the same study is not possible as the {0}-stars are no longer the vertices with
minimal degree in L,. We do not know whether Theorem holds for n = 3.

The rest of the proof consists in showing that there exists a homomorphism from
Aut(K,) to Aut(L,) defined by restriction which turns out to be injective. We note
that the characterization of the vertices of L, in K, is only based on the study of
the possible decompositions of the link of the vertices of K,. This differs from the
proof of the similar result by Bridson and Vogtmann in the case of Out(F,,) since they
used homological arguments in order to characterize some vertices of the spine of Outer
space. Another major difference is that the strictly local rigidity properties of L, are
much weaker than the ones of the spine of Outer space, and we need to explore the
combinatorial balls of radius 4 in L,, in order to acquire a sufficient rigidity. Note that
in the case of algebraic groups, Tits only needed to explore the combinatorial balls of
radius 2.

In Section we study the simplicial completion of K,,, denoted by K,,. The simplicial
complex K, is also known as the free splitting complex of W, (see [AS, [HM2] and
Section . This complex has an analogue in the case of a free group of rank N, called
the free splitting complex of Fy. It was proved by Aramayona and Souto that the free
splitting complex of Fy is also a rigid geometric model for Out(Fx) when N > 3 (see
[AS| Theorem 1]). In Section [5, we prove the following theorem:

Theorem 1.2. Let n = 4. The natural homomorphism
Out(W,,) — Aut(K,,)
s an isomorphism.

Theorem can be deduced from Theorem as follows. The spine K, has a
natural embedding into K,. We first show that any automorphism of K, preserves the
image of K,. This gives a homomorphism Aut(K,) — Aut(K,) and the main point,
using techniques of Scott-Swarup and Horbez-Wade, is to prove its injectivity. We then
conclude using Theorem
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2 Preliminaries

2.1 Background on the outer space of W,

Let n be an integer greater than 1. Let F' = 7Z/27 be a cyclic group of order 2 and
W, = %, F be the universal Coxeter group of order n. We recall the definition of the
outer space PO(W,,) introduced by Guirardel and Levitt in [GL]. A point in PO(W,,) is a
homothety class of metric graph of groups X whose fundamental group is W,,, equipped
with a group isomorphism p: W,, — m1(X) called a marking, which satisfies :

1) the underlying graph of X is a finite tree ;

2) every edge group is trivial ;

4

(1)
(2)
(3) there are exactly n vertices whose associated group is isomorphic to F ;
(4) all the other vertices have trivial associated group ;

()

5) if v is a vertex whose associated group is trivial, then deg(v) > 3.

Two metric graphs of groups (X, p) and (X', p') are in the same homothety class
if there exists a homothety f: X — X’ (meaning an application multiplying all edge
lengths by the same scalar) and such that f.op = p’. We denote by [X, p] the homothety
class of such a metric graph of groups (X, p). If the marking is implicit, we denote by
X the homothety class. The group Aut(W),,) acts by precomposing the marking. As, for
any « € Inn(W,,), and for any X € PO(W,,), we have a(X) = X, the action of Aut(W,,)
induces an action of Out(W,,).

The set PO(W),,) is equipped with a topology which we recall now. Suppose that
[X, p] e PO(W,,) and let (X, p) be the representative of [X, p] such that the sum of the
edge lengths is equal to 1. To (X, p) we associate a simplex by varying the lengths of
the edges, so that the sum of the edge lengths is still equal to 1. A homothety class
[X',p'] € PO(W),,) defines a codimension 1 face of the simplex associated with (X, p) if
we can obtain (X', p’) from (X, p) by contracting an edge of the underlying graph of X.
The weak topology is then defined in the following way: a set is open if and only if its
intersection with every open simplex is open.

We now recall the definition of a deformation retract of PO(W,,) known as the spine
of PO(W,,) and denoted by K,. It is a flag complex whose vertices are the open simplices
associated with each homothety class [X, p] € PO(W,,). Two vertices corresponding to
two homothety classes [ X, p] and [ X, p’] are adjacent if [ X, p] defines a face of the sim-
plex associated with [X’, p'] and conversely. There is an embedding F': K, — PO(W,,)
whose image is the barycentric spine of PO(W,,). We will from then on identify K, with

We now give a description of the stabilizer of a point in K, due to Levitt. If X € VK,
we denote by Stab(X’) the stabilizer of X under the action of Out(W,). Let X be



a representative of X. We denote by Stab®(X) the subgroup of Stab(X) made of all
elements F' € Out(W,,) such that the automorphism induced by F' on X is the identity.
We write the next proposition in a more general context where the nontrivial vertex
groups are not necessarly isomorphic to F' (see Section .

Proposition 2.1. [Lei, Proposition 4.2] Letn > 4 and X € VK,,. Let X be a represen-
tative of X and let vy, ..., v be the vertices of X with nontrivial associated groups. For
ie{l,...,k}, let G; be the group associated with v;. Then Stab®(X) is isomorphic to

k
[T60# ™ x Aut(Gy) |

i=1

where Aut(G;) acts on Gleelvi)—1 diagonally.

2.2 The graph of {0}-stars and F-stars.

In order to prove Theorem [1.1] we introduce a graph included in the spine K, called the
graph of {0}-stars and F-stars.

Definition 2.2. (1) A {0}-star is the equivalence class in K, of a metric graph of
groups whose underlying graph has n + 1 vertices and n leaves.

(2) A F-star is the equivalence class in K, of a metric graph of groups whose underlying
graph has n vertices and n — 1 leaves.

(3) The graph of {0}-stars and F-stars, denoted by L, is the full subgraph of K,, whose
vertices are exactly the {0}-stars and the F-stars. There is an edge between two vertices
of L, if and only if there is an edge between the corresponding vertices in K.

As Aut(W,,) acts on K, by precomposition of the action, the graph L,, is invariant
by Out(W5,).

(x1)
(x2) (we) (w1) (ws5)

(x3) (z5) (z2) (x4)
(x4) (x3)
Figure 1: A {0}-star (left) and an F-star (right).
Since any two {0}-stars are at distance at least 2 in K, the neighbors of a {0}-star

in L,, are F-stars. Conversely, since any two F-stars are at distance at least 2 in K, the
neighbors of an F-star in L,, are {0}-stars. The number of neighbors in L,, of a {0}-star is



equal to n. They correspond to collapsing exactly one edge of the underlying graph. The
number of neighbors in L,, of an F-star is equal to 2" 2. They correspond to blowing-up
the central vertex of the underlying graph while applying a partial conjugation by the
generator of the preimage by the marking of the group associated with the center. As
Aut(W,,) acts transitively on the set of free bases of W,,, we see that Aut(W,) acts
transitively on the set of {0}-stars. Thus, as partial conjugations and permutations
generate Aut(W,,) by [Miih, Theorem B], it follows that the graph L,, is connected.

(z1) (z6T176)

(w2) (w6) (w1) (ws5) (w2) (w6)
{0} E— {x6) e {0}

(x3) (x5) (z2) (4) (z3) (x5)
(x4) (x3) (T6T476)

Figure 2: Examples of two neighbours of an F-star in Lg.

3 Rigidity of the graph of {0}-stars and F-stars

In this section, we prove the following theorem.

Theorem 3.1. Let n = 4. Let f be an automorphism of L, preserving O, and F.
Then f is induced by the action of a unique element vy of Out(W,,).

For n > 5, any F-star has 2"~2 neighbours in L,, and any {0}-star has n neighbours in
L,. As 2"=2 > p precisely when n > 5, we see that every automorphism of L,, preserves
the set of {0}-stars and the set of F-stars. We thus have the following corollary.

Corollary 3.2. Let n = 5. The natural homomorphism
Out(W,,) — Aut(L,)
s an isomorphism. O

Before proving Theorem we first prove a lemma which characterises the number
of paths in a ball of radius 4 centered at a {0}-star.

Let X be a {0}-star, and (X, p) a representative of X'. Let v1,...,v, be the n leaves
of the underlying graph of X. For i € {1,...,n}, let z; be the preimage by p of the
generator of the group associated with v;, and let ); be the F-star adjacent to X such
that a representative of )); is obtained from X by contracting the edge adjacent to v;.
For distinct 4,5 € {1,...,n}, let 0;;: W), — W,, be the automorphism sending z; to



(x3z123) (xs5) (1) {w3r573)
{0} {0}

(z37273) (z4) (z2) (r3143)
(x3) (x3)

Figure 3: Two representatives of the same homothety class X’ realizing ky ;(X”).

z;x;x; and, for k # j, fixing x;. In this context we will call x; the twistor of o;;. For
distinct 7,7 € {1,...,n}, let (i j) be the automorphism of W,, switching z; and z; and,
for k # 4,7, fixing x. A theorem of Miihlherr (c.f. [Miih, Theorem B]) implies that
{oijli # j}u{(ij)|i # j} is a generating set of Aut(W,). Note that, for every integers
i, 7, k, ¢, there exist p, g such that (i j)og (i j) = opq-

We now fix i € {1,...,n}. Let X’ be a {0}-star adjacent to V; and distinct from X.
Let (X', p') be a representative of X’. Let wi,...,w, be the leaves of the underlying
graph of X', and, for j € {1,...,n}, let y; be the preimage by p’ of the generator
of the group associated with w;. Up to composition by an inner automorphism and
reordering, either y; = x; or y; = z;y;jz; (see Figure 2f with ¢ = n = 6). Thus, there
exist k € {1,...,n— 1} and iy,...,i, € {1,... iy ,n} pairwise distinct such that, for
all je {1,...,n},

k
(H Uz‘m) (x5) = y;.
=1
Let Tnn™ (W,,) = (Inn(W,,), {0;; | i # j}). We define the first term complezity of X' by

i1, ... i€ {1,...,4,...,n}, I € Inn¥(W,) such that

Vie{l,...,n}, ITo <l {11_[ k}Uz‘l,z‘)(CUj) = Yj
e{l,...,

kxi(X') =min< k

This definition does not depend on the choice of a representative of X’. Note that the
sequence i1, ...,% realizing the minimum is not necessarily unique (see Figure [3| with
n =5 and i = 3). However, if ky ;(X’) # n — kx ;(X’) — 1, such a sequence is unique.

We now define a notion of relative complexity in O,,, the set of {0}-stars in L,,. Let Z
be a {0}-star in L,, distinct from X and let (Z, 1) be a representative of Z. Let wy, ..., wy,
be the leaves of the underlying graph of Z, and, for j € {1,...,n}, let z; be the preimage
by 9 of the generator of the group associated with w;. As {0 ;i # j} v {(Z j)|i # j}
is a generating set of Aut(W,,) (c.f. [Miih, Theorem B]), we see that, up to composition
by an inner automorphism and reordering,

Ik e N, it 41), ..., (e, je) € {1,....n}2 = {(z,2) |z e {1,...,n}},
k
vie L ooonhy (11 G ) (@) = 2.
m=1
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We now define the second term complexity of Z by

Jai,...,ap € {1,...,n} pairwise distinct,
3I € Inn* (W,,) such that, 3k e N
Lx(Z)=min< £ | A(i1,51),.--, (i, Jk) € {1,...,n} x {a1,...,as} — {(z,2) | x € {a,...,as}},

‘ k
Vie{l,...,n}, ITo ( 1_—[1 Uim,jm>(37j) = Zj

The intuition behind the second term complexity is the following. We want to count
the minimal number N of elements of {z1,...,x,} such that, for all j € {1,...,n}, the
generator z; can be obtained from z; using partial conjugations by at most N twistors.

k
Note that, in the definition of £x(Z), if ( 11 oim,jm)(xj) = z;, andif my,mg € {1,....k}
m=1

are distinct, we do not require that jy,, + Jms, SO that the same twistor can appear in
distinct partial conjugations. Note also that £y (Z) does not depend on the choice of a
representative of Z.

Lemma 3.3. Let X, (X, p), vi,...,v, and (Vi)i=1,..n be as above.
(1) Fizie{l,...,n} and let X' be a {0}-star adjacent to YV; and distinct from X. Then
lx(X') =1 and a set {a1,...,as} realizing the minimum defining Lx(X') is {i}.

(2) Let B(X,r) be the closed ball in Ly, of radius v centered at X. Let Z € B(X,4)nO,.
Then Lx(Z) < 2. Moreover, the set realizing the minimum defining Lx(Z) is unique.

Proof. Let (X', p’) be a representative of X’. Let yi,...,y, be the preimage by p’
of the generators of the nontrivial vertex groups of X’. Then, up to composing by an
inner automorphism and reordering, for all j € {1,...,n}, either y; = z; or y; = z;z ;.
Thus, for all j € {1,...,n}, the only twistor that we need in order to obtain y; from x;
using partial conjugations is z;. Since X’ # X, it follows that £y (X”) = 1 and that a set
realizing the minimum defining it is {7}.

For the second assertion, let Z be a representative of Z, and let z1,..., 2, be the
preimage by the marking of the generators of the vertex groups. Then, there exist
J,k € {l,...,n} such that, for all m € {1,...,n}, one of the following holds:

(1) zm = xm,

(2) zm = zjTma;,
(3) Zm = TpTmIf,
(4) 2zm = TRTTRTMTRT T,
(5) 2Zm = TRT;TmTjTh.

Thus, for all m € {1,...,n}, as we only need z; and xj, as twistors to obtain z,, from
T, We see that (x(Z) < 2.

Moreover, the twistors x; and xj, are the unique elements of {z1,...,xy,} such that,
for all i € {1,...,n}, the generator z; is obtained from x; by partial conjugations using



xj and xy, as twistors. Thus, for all Z € B(X,4) n Oy, the set {a1,...,q} realizing the
minimum defining ¢x(Z) is unique. O

We isolate here a technical argument that will appear frequently in the proof of
Lemma 3.5

Lemma 3.4. Let X, (X, p), vi,...,v, and (V;)i=1,..n be as above.
Fizie {1,...,n} and let X' be a {0}-star adjacent to YV; and distinct from X. Let

k,le{l,...,n} —{i} be distinct. Let XE) be a {0}-star such that:
o d(X, Xy =2,
. KX(X,@) = 2 and a set realizing the minimum defining it is {i, k}.
Let X,gg) be a {0}-star at distance 2 of X]gm and such that any set realizing EX(XIS?’))
contains ¢. Then KX(XS)) > 3.

Proof. Let (X', p') be a representative of X’. Let wy,...,w, be the leaves of the
underlying graph of X', and, for m € {1,...,n}, let y,, be the preimage by p’ of the
generator of the group associated with w,,. For j € {2,3}, let (X ,gj ), () be a represen-
tative of Xéj), let w%j), . ,wy(lj) be the n leaves of the underlying graph of X,gj) and, for
me{l,...,n}, let y%) be the preimage by 1) of the generator of the group associated

with w,(rjl). Note that, up to composition by an inner automorphism and reordering, for
allme {1,...,n},
Bm .0m

2 « B
yﬁn) = :czmxk x; xm:cim:ckmxzm, Ay By Ym € {0, 1}.

Note also that 7, = 1 precisely when yi = x;xpx; and B, = 1. Thus, for all

m € {1,...,n}, the element y,(,g) is obtained from x,, using partial conjugations with
twistors x; and zx. Moreover, as k # i, and as X’ # X, there exists ny € {1,...,n} such

that ay,, # 0 or v,, # 0. Since X,SQ) # X', there exists ng such that 3,, # 0.

As ( is contained in any set realizing the minimum defining EX(XIE?’)), there exists
p € Nand m; € {1,...,n} such that

P
3
( H O-im:jm)(xml) = yg)l%’
m=1
and there exists m such that j,, = £.

Claim. The elements x; and x; are twistors of any set realizing the minimum defining
3

Lo (X)),

)), a representative of XIES) is

obtained from X 122) by contracting the edge adjacent to wéz) and then blowing-up an
edge at the central vertex. We then distinguish different cases according to the value of

i

Proof. As ¢ is contained in any set realizing EX(XIES



If yéQ) = xy, then for all m € {1,...,n},
yﬁn) = xgmaz x£m$am$mxamx£mx7m$g s Qmy Bms Ym, Om € {0, 1}.

7

Since ny and ng are such that ay,, # 0 or v,, # 0, and 3,, # 0, the claim follows.

If yf) = x;xpx;, then for all m € {1,...,n}, we have
yg) = xf’"mgmxz + xf " Ty xf Z + 5 f Oy By Yims Om € {0, 1},

Since ng is such that 3,, # 0 and n; is such that v, + d,, # 0, or a,, # 0 or §,, # 0,
the claim follows.
If yf) = xpxx), then for all m e {1,...,n}, we have

3 Om .0m . Ym  .Bm am Bm Ym  Om .0m ,.Om
()—xk ) ]  xy  a ] a  ey™ Qons Bny Yms Om € {0, 1},

Since n; and ngy are such that ay,, # 0 or v,, # 0, and S, # 0, the result follows.
Finally, if yf) = XLT;Tpx;T), Or if yf) = X;TRTpxTRT;, or if yf) = X;TET;ToT;TRpTy,

then y,,, is obtained from z,,, using z;, x} and z, as twistors. This concludes the proof

of the claim. O

(3))

Thus, i, k and ¢ are contained in any set realizing the minimum defining £x (X,
and this implies that ¢ X(X,g?’)) > 3. O

We are now ready to prove a lemma concerning the number of embedded paths in
B(X,4).

Lemma 3.5. Let X, (X, p), vi,...,v, and (Vi)i=1,..n be as above.
Fizie {1,...,n} and let X" be a {0}-star adjacent to Y; and distinct from X. Let
(X', p') be a representative of X' and let X' be the underlying graph of X'. Let

{it, - i aan} S {14y}
be a set realizing the minimum defining kx ;(X"), and j € {1, ... Jiy...,n}. Let ..l
be the preimages by p' of the generators of the nontrivial vertex groups. Up to reordering,
suppose that, for all k€ {1,...,n}, x} is obtained from xj by a conjugation.

(1) If x; = xj, the number of distinct injective edge paths in B(X,4) — {X'} of length

at most 5 between X' and Y; is equal to on—kxi(X)-2 _ 1

(2) If 2 = wizjx;, the number of distinct injective edge paths in B(X,4) — {X} of
length at most 5 between X' and Y); is equal to okx i (X)-1 _ 1,

(3) Let Z be a {0}-star distinct from X and adjacent to Y and such that kx ;(Z) = 1.
Let {t} be a set realizing the minimum defining kx j(Z). Suppose that x; = ;.

Ift e {iy,.. "ikX,i(X/)}’ then there is no path between X' and Z of length at most
4in B(X,4) —{X}. Ift ¢ {in, ... g, (x)}, then there is at least one path between
X" and Z of length at most 4 in B(X,4) — {X}.

10



(xa1120) (xa1120)

(x2) (xe) (x2) (wam1m2)  (w2) (xe)
{0} {0}
(x3) (xs) (x3) (xsy  {xew3we) (x5)
2y (xq) (xerax6)
X Vi X
{x1)
(x2) (x1) (x2) (xey  {xew3w6) (1)
(x6) —_— {0} —_— (x2)
(x3) (ws)y  (xew3T6) (xs)y  (wewams) (w6
(xa) (weTaz6) (xs)
N 6 XG(S) y((f)

Figure 4: Example of a path in Lemma between X’ (adjacent to ); with ¢ = 2) and
yj Withj = 6.

Proof. We prove the case x; = xj. The proof of the case x; = x;x;2; is similar. The
proof consists in showing that the possible arcs P are as represented in Figure [4]

Let P be an arc (that is, an injective edge path), in B(X,4) — {X} between X’ and
Y; of length at most 5. Let wq,...,w, be the leaves of Y,, and, for k€ {1,...,n}, let yx
be the preimage by p’ of the generator of the group associated with wy. Note that, up
to reordering and composing by an inner automorphism, if & ¢ {i1,... Uk x7)}, then
Yk = xp, and, if k € {i1,... 7ik;(,i(X’)}’ then yi = z;xpx;. For k # 1, let y,’g be the F-star
such that a representative of ) is obtained from X’ by contracting the edge adjacent
to wg.

Claim. If k ¢ {i,j}, the path P cannot contain ).

Proof. Suppose towards a contradiction that Y, € P, with k& ¢ {i,j}. Since P is
an arc, there exists in P a {0}-star X,?) adjacent to )} and distinct from X’. By
Lemma (2), we see that lX(X]§2)) < 2. We claim that lX(X,EQ)) = 2. Indeed, let
(XIEQ), 1) be a representative of X,EQ), let w@, - ,wg) be the n leaves of the underlying

graph of XIEQ) and, for m e {1,...,n}, let y,(g) be the preimage by 1 of the generator of

(2)

the group associated with wy,”. Note that, up to composition by an inner automorphism
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and reordering, for all me {1,...,n},

2 Bm .« am B
yfn) = )"t el e l™ Qs Bm, Ym € {0, 1}

Note also that v, = 1 precisely when y; = x;xpx; and B, = 1. Thus, for all
m € {1,...,n}, the element yg) is obtained from x,, using partial conjugations with
twistors x; and x;,. Moreover, as k # 7, and as X’ # X, there exists nq such that either
Qp, #0or v, #0. As X,EQ) # X' there exists ny such that §,, # 0. It implies that
Lo (47 = 2.

Therefore, by Lemma (1), the {0}-star X,E2) is not adjacent to Y; since any {0}-star
Z adjacent to Y is such that [x(Z) = 1.

So P contains an F-star y,i” adjacent to X,f) and distinct from )}, (see Figurewith

k = 6). We claim that a representative of ngQ) is obtained from X 122) by contracting the
(

edge adjacent to wi2). Indeed, if it is not the case, one of the following two possibilities

holds.

(1) A representative of y,@ is obtained from X ,£2) by contracting the edge adjacent to

w,(f). But then we go back to )}, which contradicts the fact that P is an arc.

(74) A representative of y,?) is obtained from X ,gQ) by contracting the edge adjacent to
wgz), with ¢ # i,k. Let X,E?’) be the {0}-star in P adjacent to y,ﬁ” and distinct from

XS), and let X,gg) be a representative of Xég). Then, there exist p e N, my € {1,...,n}
and i1,...,4p,J1,.-.,Jp € {1,...,n} such that, if y,,, is the preimage by the marking of
(3)

a nontrivial vertex group of X kS

p
( H O-Z‘mvjm)(xml) = ym17
m=1

and there exists m such that j,, = £. Therefore, by Lemma we see that ¢ X(X,EB)) > 3.

But, by Lemma (2), we have X,g‘g) ¢ B(X,4) and this contradicts the fact that
P C B(X,4).

, we have

Therefore a representative of y,f) is obtained from X 22) by contracting the edge
adjacent to w§2) (see Figure .
But then, for every {0}-star Z adjacent to y,i”, the set realizing /x(Z) must contain

k. Indeed, let Z be a representative of Z and let z1,...,z, be the preimages by the

marking of the generators of the nontrivial vertex groups. Up to composition by an
inner automorphism and reordering, z; = ygz) and there exists m € {1,...,n} such that

Zm # yg). Thus, if 3/@(2) is obtained from x; using partial conjugations such that one of
the twistors is xg, then a set realizing the minimum defining ¢y (Z) contains k. Moreover,

2

if y,”/ = x;, then, since ny is such that 3,, # 0, we see that z,, is obtained from z,,, using
partial conjugations such that one of the twistors is z;. In any case, the set realizing
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(x(Z) must contain k. On the other hand, by Lemma[3.3] (1), if Z’ is a {0}-star adjacent
to Y}, then the set realizing £x(Z2’) only contains j. Since a set realizing the second term
complexity is unique by Lemma (2), we see that Z and ); are not adjacent in L.
This leads to a contradiction since we suppose that the length of P is at most 5. O

So the above claim implies that the path P either contains ); or y]’. (note that
YV, = yg ). The case Y; € P cannot occur by the following claim.

Claim. There does not exist a {0}-star adjacent to ); and distinct from X at distance
3 from Y; in B(X,4) — {X}.

Proof. Let XZ-(Z) be a {0}-star adjacent to ); and distinct from X and X’. Let XZ@ be

a representative of Xi(g). Let v§2), - ,07(12) be the leaves of the underlying graph of X Z-(Q)

and, for m € {1,...,n}, let a,(q%) be the preimage by the marking of the generator of the

groups associated with v,(ﬁ). Up to reordering and composing by an inner automorphism,
we can suppose that, for all m € {1,...,n}, either a,(fl) = x,, Or ag) = Z;Tme; (this is
possible by Lemma (1)). Let Xi(3) be a {0}-star distinct from X and at distance 2
of Xi@), let XZ-(?’) be a representative of Xi(g) and let agg), e ,a%g) be the preimages by
the marking of the generators of the nontrivial vertex groups. Then one of the following
holds:

(a) The {0}-star Xi(g) is adjacent to );. By Lemma (1), a set realizing EX(Xi(g))
is equal to {i}. On the other hand, the set realizing the minimum defining the second
term complexity of every {0}-star adjacent to V; contains j. As ¢ # j, we see that X ®)
cannot be adjacent to ;.

(b) There exist p € N, k € {1,...,n} — {i}, L,41,...,0p,J1,...,Jp€{1,...,n} and

S € {1, . ,p} such that
p
3
< H O.i’majrn)(:l;f) = aé )
m=1

and js = k. Thus k is contained in any set realizing the minimum defining ¢ X(Xi(g’)).
Moreover, we claim that ¢ is contained in any set realizing the minimum defining £ (Xi(3)).
Indeed, as k is contained in a set realizing the minimum defining ¢ X(X¢(3)), a represen-

tative of Xi(3) is obtained from XZ@) as follows. We first contract the edge adjacent to
the vertex v,(f). This gives an F-star denoted by Yi(g)

) by blowing-up an edge. If ag) = xp, then, as Xi(Q) is adjacent
to Vi, a set realizing the minimum defining ¢ X(Xi(Q)) is equal to {i} by Lemma (1).

As a,(f) = 11, we see that either ag) = ag) or a,(g) = mkag xp. Thus, as ¢ # k, we see

that 4 is contained in a set realizing the minimum defining £y (X (3)), If a,(f) = T;TRT;,

(2
then a,(f’) = a,(f) = x;xpx; and any set realizing the minimum defining ¢ X(Xi(?’)) must
contain i. Therefore, in any case, we have that {i, k} is contained in any set realizing the

minimum defining ¢ X(Xi(g)). This shows that ¢ X(Xi(g)) > 2. However, since the {0}-stars

. Then, a representative of Xi(g)

is obtained from Yi(3
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adjacent to ); have second term complexity equal to 1 by Lemma (1), we see that
Xi(z) cannot be such that dB(X,4)—{X}(Xi(2), Y;) =3. O

Thus, P contains y]'.. As any two distinct F-stars are at distance at least 2 in L,,, the
path P contains a {0}-star Xj@) adjacent to Y] and distinct from A’ (see Figure . Let
(X](-Q), 1) be a representative of X@, let fwgg), . ,fwff) be the n leaves of the underlying

j
graph of X](Q) and, for m e {1,...,n}, let y,(g) be the preimage by 1 of the generator of

the group associated with wqg). Note that, up to composition by an inner automorphism

and reordering, for all m € {1,...,n},

YD = 2t aatmalm, o, fm € {0,1}.

T,

As Xj(2) # X' there exist k,l € {1,...,n} such that ap # 0 and 3 # 0. Thus,
KX(X]@)) = 2 and a set realizing the minimum defining €X(Xj(2)) is {i,7}. This also
implies that the {0}-star Xj@) is not adjacent to ); by Lemma (1). So P contains

an F-star yf) adjacent to Xj@) and distinct from ); and y; (see Figure . We claim

that a representative of y]@ is obtained from X ](-2)

(

i

by contracting the edge that contains
D, Indeed, if it is not the case, then one of the following holds.

)

w

(1) A representative of y]@) is obtained from X ](-2 by contracting the edge that contains
(

ij). Then y]@ = ]’-, and this contradicts the fact that P is an arc.
)

(73) A representative of yj(?) is obtained from XJ(.2

wéz), with £ # i, 5. Let XZ(S) be a {0}-star adjacent to yj@) and distinct from Xj@), and

let X é3) be a representative of Xf’). As Xf(g) # X j(2) any set realizing the minimum

defining ¢ X(Xg(?))) must contain £. Accordingly, since ¢ # i, j we see by Lemma that
6)((.)('4(3)) > 3. This contradicts the fact that P € B(X,4) — {X'} by Lemma (2).

(

Therefore, a representative of y]@ is obtained from X j2) by contracting the edge
(2

i

by contracting the edge that contains

adjacent to w;”’. We now distinguish two cases, according to the value of j;.

Claim. (1) If 3; = 0, then, for all m € {1,...,%,...,n}, we have (am, Bm) # (1,1).
(2) If B; = 1, then, for all m € {1,...,%,...,n} such that a,, = 1, the pair (aum, Bm)
equals (1,1).

Proof. Let Z be a {0}-star adjacent to y]@), let Z be a representative of Z, and let
z1,...,%n be the preimages by the marking of the generators of the nontrivial vertex
groups of Z.

(1) Suppose that 3; = 0 and that there exists m € {1,...,1,...,n} such that (v, Bm) =
(1,1). Then any set realizing the minimum defining ¢y (Z) must contain i because,
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(2) _ 2 _

as Ym' = T;T;TmT;T;, and as y,” = x;, we see that, up to composing by an inner
automorphism and reordering, we have that z; = z; and either z,, = x;jx;x,z;v; or
Zm = LiLjTiTmTiLjLg.

(2) Suppose now that 8; = 1 and that there exists m € {1,...,4,...,n} such that
ay, = 1 and such that the pair (ay, Sm) equals (1,0). Then any set realizing the
minimum defining £y (Z) must contain 7 because, as yWQL = T;TmT;, and as yZ@) = Tjx;T;,
we see that, up to composing by an inner automorphism and reordering, we have that

z; = xjx;xj and either z, = x;xy,%; OF 2y, = TjXX X0 LT T;T5.

So, in both cases, for every {0}-star Z adjacent to yj@, the set realizing the minimum
defining /x(Z) must contain 3.

Let Z be the {0}-star in P adjacent to Y®) and distinct from X(). Then the set
realizing the minimum defining ¢y (Z) must contain ¢ by the above. Since the length
of P is at most 5, the {0}-star Z is adjacent to );. But then, by Lemma (1), the
set realizing the minimum defining /x(Z) is equal to j. Since a set realizing the second
term complexity is unique by Lemma (2), we see that Z and )); cannot be adjacent
and this leads to a contradiction. O

So if 8 = 0, then, for all m € {1,...,%,...,n}, the pair (cum,Sm) # (1,1) and if
Bi =1, forallme{l,...,%,...,n} such that a,, = 1, the pair (ay,, Bm) equals (1,1).

We now claim that there are exactly on—kx i (X)=2_1 possible values for the sequence
(Bry--s By Bjy o3 Bn)- R

First, if 8; = 1, then by the above claim, for all m € {1,...,4,...,n} such that
am = 1, we have 3, = 1. Using a global conjugation by x;, it then follows that every
marked graph of groups whose associated sequence (31, ..., 3,) satisfies the above claim
and is such that 5; = 1 is equivalent to a marked graph of groups whose associated
sequence (f1,...,[3],) satisfies the above claim and is such that 5] = 0. Thus we can
suppose that, for such a sequence (81, ..., 3,), we have 5; = 0.

Moreover, by the above claim, all the pairs (m,,Bm) such that «,, = 1 have the
same value for (,,,. Thus the sequence (f,... ,Bi, . ,Bj, ..., Bpn) is determined by the
pairs (Qy, Bm) such that o, = 0 and the choice of 5,,,. By hypothesis, there are exactly
kxi(X') values of m € {1,... Ji,...,n} such that oy, = 1 since ay, = 1 if and only if
xl, = zirmr;. It then suffices to choose whether 3, = 0 or (3, = 1. Furthermore,
let (B1,...,B,) and (f,...,3),) be two distinct sequences satisfying the above claim
and such that 8; = 8 = 0. Then there exists m € {1,... ,g, ...,n} such that g, =1
and (], = 0. Thus, since f; = B/ = 0, the associated marked graph of groups are
not equivalent and the two sequences give rise to two distinct equivalence classes of
marked graph of groups. Finally, since X@) % X there exists k € {1,... ,2, coo,n}
such that Sy = 1. Hence there are on—kxi(X)=2 _ 1 possible values for the sequence
By Bis- s Bjseevy Bn)-

Let Z be a {0}-star adjacent to y]@ and distinct from .}\,’j(2) and let Z be a represen-
tative of Z. Let z1,..., 2, be the preimage by the marking of the nontrivial associated
groups. Then, for every sequence (31, ... ,BAi, R BAJ-, ..., PBn) satisfying the above claim,
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there exists exactly one such Z such that, up to composing by an inner automorphism
and reordering, for all £ € {1,...,n}, we have either 2z, = z;xsx; or zp = x4. Such a

{0}-star is adjacent to both yj@) and );. We call this {0}-star Xj(?’).
Thus, there exists a unique {0}-star Xj<3) adjacent to both )/J(.z) and Y; . Since

P is an arc of length at most 5, it must contain Xj(3). Thus an arc in B(X,4) —
{X} with length at most 5 between X’ and ); is completely determined by a se-
quence ([, ... Bi, .. ,Bj, ..., Bp) satisfying the above claim. This concludes the proof
of Lemma (1).

In order to prove the third assertion of the lemma, let P be an arc between X’ and
Z of length at most 4. Then there exists an arc P’ between X’ and Y; of length at
most 5 which contains P. Thus, P is contained in one of the paths constructed in the
proof of the first assertion of the lemma. Therefore, using the notations of the proof
of Lemma (1), we see that Z = Xj(g). Let X](-g) be a representative of X].(S) and let
ygg), e ,y7(13 be the preimages by the marking of the generators of the nontrivial vertex
groups. Then for all m € {1,...,n}, if a,, = 0, then yg) = x?mxmxf’”

(3) (3)

then either yrs’ = Ty OF Ym' = T;jTmxj. Moreover, by construction, we know that there
exists m such that o, = 0 and S, # 0. As kx;(Z) = 1, and as oy = 0 if and only if
t ¢ {i1, ... iry,(X')}, we see that there is an arc between X’ and Z of length at most 4
if and only if ¢ ¢ {i1,...,ix, ,(X")}. This concludes the proof. O

, and if o, = 1,

Proposition 3.6. Let n > 4. Let X € O,,. Let f € Aut(Ly) be such that f restricted to
the star of X is the identity. Then f =1idp,, .

Proof. In order to prove Proposition we prove that f fixes the star of all {0}-stars
at distance 2 from X. This concludes by propagation since L,, is connected.

First, we prove that f fixes B(X,2) n O, — {X}. Let X1,X2 € B(X,2) n O, be
distinct {O}-stars. If there exist distinct 4,5 € {1,...,n} such that X; is adjacent to )
and X, is adjacent to Y, then f(X)) # A, because f(V;) = Vi, f(Y;) = Y, and there is
no {0}-star adjacent to both ); and Y; apart from X'

Suppose that there exists i such that ); is adjacent to both A} and X5. For a € {1, 2},
let X, be a representative of X, and let y{',...,y> be the preimages by the marking
of the generators of the nontrivial vertex groups of X,. Since A7 # X5, we see that,
up to reordering and composing by an inner automorphism, there exist j, k € {1,...,n}
such that yz-l = y? = x;, such that y]l = xj and yJQ- = xjxjr; and such that y,}: = y,%. By
Lemma (1), if kxi(X1) # kxi(X2), then the number of arcs of length at most 5 in
B(X,4) — {X} between X; and Yy is distinct from the number of arcs of length at most
5in B(X,4) — {X} between Xy and Yj. Suppose that ky;(X1) + kx i(X2) # n—1. In
particular, we have that n — kx ;(X1) — 2 # kx i(Xs2) — 1. Therefore, by Lemma (1)
and (2), the number of arcs of length at most 5 in B(X,4) — {X'} between X and Y is
distinct from the number of arcs of length at most 5 in B(X,4) — {X'} between Xy and
Yj. Thus f(X)) # &> since f restricted to the star of X' is the identity. In particular,
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since n > 4, if ¥’ € B(X,2)—{X'} is such that &’ is adjacent to }; and that kx ;(X”) = 1,
then f(X') = X'.

It remains the case where kx;(X1) = kxi(X2) = ;1. Let X* be the {0}-star
adjacent to YV such that ky;(X*) = 1 and such that the set realizing kx ;(X*) is {j}.
As ky ;(X%) = 1, we have that f(X*) = X*. Moreover, as yjl» = z; and as y]z =z,
Lemma (3) implies that there is no path of length at most 4 between X» and X'*
in B(X,4) — {X} while there is one such path between &X; and X*. Thus f(X;) = AJ.
Hence f fixes B(X,2) n O,, — {X}.

Now let X' € B(X,2) n O, — {X} and let Y be the F-star adjacent to both X and
X’ (the uniqueness of this F-star follows from the uniqueness of the set realizing the
minimum defining £y, see Lemma (2)). Let X' be a representative of X’ and let
v}, ...,v), be the leaves of the underlying graph of X’ and, for i € {1,...,n}, let =} be
the preimage by the marking of X’ of the generators of the group associated with .
Then, up to reordering, we can suppose that a representative of ) is obtained from X’
by contracting the edge adjacent to v/,. Let Y! and Y? be two distinct F-stars adjacent
to X' and distinct from ). We prove that f()!) # V2. Up to reordering, we can suppose
that, for « € {1,2}, a representative of Y is obtained from X’ by contracting the edge
adjacent to v),. Let Z be a {0}-star adjacent to ) such that :

(1) kxrn(2)=1;
(2) a set realizing the minimum defining kx- ,,(2) is {1}.

Then Lemma 3.5/ (1) and (2) tells us that the number of paths of length at most 5 in
B(X',4) — {X'} between Z and P! is equal to 2kxn(Z)=1 _ 1 while the number of paths
of length at most 5 in B(X’,4) — {X’} between Z and )? is equal to 2" Fxn(£)=2 _ 1
Since k' (Z) = 1, since n > 4 and since f restricted to the star of ) is the identity, we
see that (') # Y? and the proposition follows. O

Proof of Theorem The uniqueness of v is immediate since no automorphism of
W, fixes the conjugacy class of each element appearing in every free generating set of
W,,. It thus suffices to prove that every automorphism preserving O,, and F}, is induced
by an element of Out(W,). Let f be an automorphism of L, preserving O, and Fj,.
Since Out(W,,) acts transitively on O,,, we can suppose, up to composing by an element
of Out(Wy), that f fixes a {O}-star X. Now Stabgyw,)(X) is isomorphic to &,, and
every element of Stabgygw,)(X) acts on the underlying graph of a representative X of
X by permuting the leaves. As a representative of any F-star adjacent to X is obtained
from X by contracting the edge adjacent to a leaf, we see that Stabgyw,)(X) acts
transitively on the link of X. Thus, we can suppose, up to composing by an element of
Out(W,,), that f fixes the star of X'. Proposition then implies that f is the identity.
This concludes the proof of Theorem O

4 Rigidity of the outer space of W,

The aim of this section is to prove Theorem by constructing an injective homomor-
phism Aut(K,) — Aut(L,). We first give a characterization of the {0}-stars and the
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F'-stars which is preserved under automorphisms of K,. This characterization relies on
a study of the link of the vertices of K,,. We begin with some definitions.

Definition 4.1. Let X be a graph. A join of X is a decomposition of X into two
nontrivial subgraphs A and B such that VAN VB = @ and, forallae VA and be VB,
the vertices a and b are adjacent in X. We then write X = A« B.

The fact of being decomposed as a join is preserved under automorphisms of graphs.
In the case of a vertex z € VK, there is a natural decomposition of the link lk(z) of x
in K,,.

Definition 4.2. Let z = X € VK,,. Let X be a representative of X.

(1) The positive link of z, denoted by 1k (), is the maximal subgraph of 1k(x) whose set
of vertices consists in the homothety classes which have a representative that collapses
onto X.

(2) The negative link of x, denoted by lk_(x), is the maximal subgraph of lk(x) whose
set of vertices consists of homothety classes which have a representative Y such that X
collapses onto Y.

For all vertices x of K,,, by definition of the adjacency in K,,, we have
k(z) = lky (z) = lk_(z).

It is in fact, as we will prove in Proposition below, the only decomposition of lk(x)
as a join.

Lemma 4.3. Let n > 4. Let x = X € VK, be such that Iky(z) # @. Let X be a
representative of X and let X be its underlying graph.

(1) Iflki(x) is nontrivial and has no edge, then 2 < [lk4 ()| < 3. Moreover, |lky(x)| = 3
if and only if the underlying graph of any representative of x has n leaves.

(2) Let Ik! (z) be the set of vertices of K, such that any element of Ik (x) has a repre-
sentative that can be obtained from X by blowing-up exactly one edge. Then |lkfr (x)| = 2.

Proof. Suppose that lk.(x) is nontrivial and has no edge. Then the graph X has at
least n —1 leaves. Otherwise, one can blow-up two distinct edges at two distinct vertices
of X with nontrival vertex groups which are not leaves. This gives rise to two vertices in
the positive link of x that are linked by an edge. This contradicts the fact that lk(x)
has no edge.

Moreover, if X has exactly n — 1 leaves, then all vertices of X with trivial associated
groups have valence 3 since otherwise one can blow-up an edge at a non-leaf vertex of X
with nontrivial vertex group and another edge at a valence-four vertex of X with trivial
vertex group. This gives rise to two vertices in the positive link of x that are linked by
an edge. Moreover, the only non-leaf vertex with nontrivial associated group has valence
equal to 2 since otherwise one can blow-up two edges at this vertex, giving rise to two
vertices in the positive link of z that are linked by an edge.
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If X has n leaves, then at most one vertex of X has degree at least 4 since otherwise
one can blow-up two edges at two distinct vertices of X. This gives rise to two vertices
in the positive link of = that are linked by an edge. Thus X has at most one vertex v
with degree at least 4. The degree of v is in fact equal to 4 since otherwise one can blow
up a two-edge graph at v, which gives rise to two vertices in the positive link of x that
are linked by an edge.

Thus, there are two possibilities for X.

(i) The graph X has n leaves. Moreover, there are exactly one vertex v of valence 4
and |[VX| — (n + 1) vertices of valence 3. In this case, the number of possible vertices
in Ik (z) corresponds to partitioning the set of edges adjacent to v into two subsets of
order 2. This shows that |lky(x)| = 3.

(ii) The graph X has n — 1 leaves. Moreover, there are exactly one vertex v of valence 2
and |V X| —n vertices of valence 3. In this case, the group associated with v is nontrivial
and it is the only vertex of X that has nontrivial associated group and is not a leaf. In
that case, the number of possible vertices in 1k (z) corresponds to blowing-up an edge
e at v so that one of the endpoint of e is a leaf. Since v has valence 2, Proposition
implies that Stab®(zx) is isomorphic to F. Thus, there are two possibilities for blowing-
up the edge e (either blowing it up while applying the nontrivial element of Stab’(x) or
blowing it up such that the preimages by the marking of the generators of the nontrivial
vertex groups of the new graph of groups are the same as the preimages by the marking
of X of the generators of the nontrivial vertex groups). This shows that |k (z)| = 2.

We now prove the second part of the lemma. Suppose that 1k, (z) is nontrivial (it
might have edges). Suppose first that X has at most n — 2 leaves. Let v1 and vs be two
vertices of X with nontrivial associated groups that are not leaves. Then one can find
two elements of Ik! (z) by blowing up an edge at either vy or va. Thus, [Ik} (v)] = 2.

Finally, if X has at least n — 1 leaves, then the constructions of distinct elements of
lkfr (x) are similar to the case where lk(x) is nontrivial and has no edge. O

Lemma 4.4. Let n > 4. Suppose that x = X € VK, is such that lIk_(x) is nontrivial
and has no edge. Let X be a representative of X and X be its underlying graph.

(1) There exists a unique vertex in X with trivial associated group.

(2) The negative link satisfies 3 < |lk_(x)| < n. Moreover, [lk_(z)| = n if and only if x
is a {0}-star.

Proof. (1) The graph X contains at least one vertex with trivial associated group since
otherwise there would not exist an element ) € V K,, such that a representative of ) is
obtained from X by collapsing a forest. This would contradict the fact that lk_(z) is
nontrivial. Thus X contains at least one vertex with trivial associated group.

Suppose towards a contradiction that X contains two vertices with trivial associated
groups. Then, since the degree of any vertex of X with trivial associated group is at least
3, there exists two distinct edges e; and ey in X that can be simultaneously collapsed to
get a new element in V K,,. Moreover, if i € {1,2}, and if ); is the homothety classes of
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the marked graph of groups obtained from X by collapsing e;, then Vi, Vs € lk_(z) and
Y1 and )» are adjacent in lk_ () and distinct. This contradicts the fact that 1k_(x) has
no edge. Thus, there exists a unique vertex in X with trivial associated group.

(2) Let v be the unique vertex in X with trivial associated group guaranteed by the
first assertion. It follows that deg(v) = 3. Thus |lk_(z)] > 3. Since X contains exactly
n vertices with nontrivial associated group, deg(v) < n. Thus |lk_(z)| < n.

Now, if [Ik_(z)| = n, then deg(v) = n. Thus X contains exactly n leaves and n + 1
vertices and X is a {0}-star. Conversely, if X’ is a {0}-star, then there exists exactly
one vertex in X with trivial associated group. Moreover, its degree is equal to n. Thus
lk_(z)| = n. O

Lemma 4.5. Letn > 4. Let x = X € VK, be such that Ik_(x) is nontrivial. Let X be a
representative of X and let X be its underlying graph. Let vq,...,v, be the vertices of X
with nontrivial associated group. Let e € EX and let {vi,, ..., v } U{vj,...,v;} be the
partition of {v1,...,v,} obtained by considering the vertices contained in each connected
component of X — é.

(1) Let Fy € X be a forest (that may be empty) such that the homothety class of the
marked graph of groups Y obtained from X by collapsing Fy is a vertex of Ky. Let
p: X =Y be the canonical projection.

Then, if p(e) is not a vertex, it is theo unique edge f of Y such that the partition
of {p(v1),...,p(vp)} induced by Y — f is {p(vs,),...,p(vi,)} U {p(v;,),...,p(v;)}.

(2) Let y,z € lk_(z) be distinct vertices. Let Y and Z be representatives of y and
z respectively, and let Y and Z be their underlying graphs. Let p,: X — Y and
p.: X — Z be the natural projections.

If one can obtain Z from'Y by collapsing a forest of Y, and if p.(e) is not a point,
there exists a unique edge p,(e) € EY such that the partition of {py(v1),...,py(vn)}

—~——

induced by p,(e) is
{py(vir); - py(ui )} 0 {py (v5), - - py(vj )}

Remark 4.6. Let X, Y and Z be as in the above statement. Let G be the forest of Y
such that Z is obtained from Y by collapsing G.

(1) The statements of the lemmas can be reinterpreted in terms of decompositions in
free factors of W,,. Indeed, a partition of the vertices with nontrivial associated groups
{v1,...,v,} = A1l B induced by an edge of X gives rise to a decomposition of W,, as
W, = W,f #* Wffk well-defined up to global conjugation. In this case, W,f is generated
by the groups associated with the vertices in A, and Wf_k is generated by the groups
associated with the vertices in B. In particular, Lemma (1) can be stated as follows.

If X is a graph of groups whose fundamental group is Wy, and if e and f are distinct
edges of the underlying graph of X, then e and f induce distinct free factor decomposi-
tions.
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Moreover, if Y is a graph of groups obtained from X by collapsing a forest, and if g is
an edge of the underlying graph of Y, then there exists a unique edge § in the underlying
graph of X which induces the same free factor decomposition as g.

(2) Let H be a forest in Z. The second statement of the lemma gives a unique minimal
forest H in Y that lifts H. Indeed, if h € FH, let h be the unique edge of Y given by
Lemma (2). Then {h}neq is a lift of H. This lift has the property that H NG is
contamed in the leaves of G and that every vertex of His adjacent to an edge in H. We
call it the canonical lift of H.

Proof. For the first statement, we only need to prove the uniqueness result. Let f
be an edge of Y distinct from p(e). Let A; 11 A5 be the partition of {p(v1),...,p(vn)}
induced by p(e), and let By 11 By be the partition of {p(v1),...,p(v,)} induced by f.
We prove that there exist two vertices v and w of Y with nontrivial associated groups
such that v and w are in the same connected component of Y — f while they are not
in the same connected component of Y — p(e), or conversely. This will imply that there
exists a € {1, 2} such that B, n A1 # @ and that B, n A2 # &, or conversely. This will
conlcude the proof. There are two cases to distinguish, according to the endpoints of
ple). -

If both of the endpoints of p(e) have nontrivial associated groups, then, since Y is
a tree, p(e) is necessarily the unique edge of Y such that the endpoints of p(e) are in
distinct connected components of Y — p(oe).

Suppose that one of the endpoints of p(e), denoted by vy, has trivial associated group.
Then there exists an arc P between two distinct leaves of Y, say p(v;) and p(v;), such
that p(e) and f are (up to replacing them by their opposite edges) contained in this
path and in this order. Since vy has trivial associated group, deg(vg) = 3. Thus, up to
exchanging the roles of p(v;) and p(vj), there exists a path P’ between p(v;) and a leaf of
Y, say p(vg), distinct from both p(v;) and p(v;), such that P’ contains vy (see Figure [3)).

So if P contains p(e) (see Figure |5, Case 1), then p(v;) and p(v;) are not contained
in the same connected component of X - p( ) while they are contained in the same
connected component of X — f If P does not contain p(e), then there are two cases to
distinguish.

Let v; be the other endpoint of p(e). If there exists £ € {1,...,n} such that we
have v1 = p(vg) (see Figure [p] Case 2), then p(v;) and p(vy) are contained in the same
connected component of X — p( ) while they are not contained in the same connected
component of X — f

If v; has trivial associated group (see Figure [5| Case 3), then deg(v1) = 3. So there
exists £ € {1,...,n} such that v; is contained in the arc P() between p(v;) and p(v,) and
such that p(e) is not contained in P(?). Thus p(v;) and p(v,) are contained in the same
connected component of X — p( ) while they are not contained in the same connected
component of X — f In any case, p(e) and f do not generate the same partition of

{p(vl)a te ap(vn)}'

Let Y and Z be as in the second statement of the lemma. By the first state-
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p(vi)

p(vj) ¥ p(e) p( z)
Case 1
p(ve)
p(vi) p(vi)
p(v;) p(v;) e
Case 2 p(vg) Case 3 p(vk)

Figure 5: The arcs constructed in Lemma

—~—

ment of the lemma, there exists a unique edge p,(e) € EY such that the partition

—

of {py(v1),...,py(vn)} induced by pz(e) is {py(vi,), ..., py(vi )} T{py(vj,), ... py(v;)}
(namely it is py(e)), and we take this edge to be our lift. O

Proposition 4.7. Let n > 4, and x = X € VK,. Suppose that both 1k_(z) and
ki (x) are nontrivial. The only nontrivial decomposition of 1k(x) as a join is lk(z) =
Ik, (z) =1k _(z).

Proof. Let X be a representative of X and let X be its underlying graph. Let lk(x) =
Ax* B be a nontrivial decomposition as a join of Ik(x) such that A # lky(x),1k_(z). Then
there exist x1,x9 € Ik (z) or x1,x9 € lk_(x) such that 1 € A and x5 € B. For i € {1,2},
let X; be the homothety class corresponding to z; and let X; be a representative. Let X;
be the underlying graph of X;. Since x; and x9 are joined by an edge, up to renumbering
and changing the representatives, there exists a forest I in X; such that X is obtained
from X by collapsing F. We now investigate both cases.

Suppose first that x1,x9 € ki (). We are going to construct two other vertices z;
and zp such that z; € A, 20 € B and 21 and 23 are not linked by an edge, which will lead
to a contradiction (see Figure [6)).

Since 9 € Ik (x), up to changing the representative X of X', there exists a forest G
in X5 such that X is obtained from X5 by collapsing G. Let G be the canonical lift of
G in yl-

Let f € EFy. Let Zy be the homothety class of the marked graph of groups Zj
obtained from X3 by collapsing f and let zy be the corresponding vertex in K,. Since a
representative of 2 is obtained from X; by collapsing an edge, we see that z; € k4 (20).
Moreover, since f € EFj, we see that zp € lky(x2) and zp € lk;(z). Lemma (2)
applied to zg then implies that there exists 21 = 21 € lky(2¢) distinet from 7 such that

22



f h 7
g Z
Zs 0
Xo
G
X

Figure 6: The adjacency of the homothety classes constructed in the first case of

Lemma @

the underlying graph of any representative of z; has the same number of edges as X;.
Since z; € k4 (20) and zp € lky(x), we have z; € Iki (). As 2 has a representative that
has the same number of edges as X;, and as x1 # 21, we see that z; ¢ lk(x1). Therefore
we have z; € A.

In order to construct zo, let § be an edge in G. Let 25 be the homothety class of the
marked graph of group Z obtained from X7 by collapsing §. Let 25 be the corresponding
vertex in K,,. Then, since § € CN?, we see that z3 € 1k (z). Asge ECN¥, and as two distinct
edges induce distinct free factor decompositions by Remark (1), there exists an edge
g € EX5 (namely the edge whose lift in X is §) such that the free factor decomposition
induced by g is distinct from the free factor decomposition induced by any edge of the
underlying graph of Zs. Thus we see that xo and zo cannot be adjacent. Indeed, if
it was the case, then as Zs is obtained from X; by collapsing exactly one edge, either
|EXs| = |EZ3| or there would exist a representative Z} of Z5 such that X is obtained
from ZJ by collapsing a forest. Both cases would contradict Remark (1) because the
edge g of X5 induces a free factor decomposition that is not induced by any edge of the
underlying graph of Zj. This implies that zs ¢ lk(z2) and that z; € B.

Claim. The vertices z; and zy are not adjacent in 1k(v).

Proof. Suppose towards a contradiction that z; and zo are adjacent. Let Z; be a
representative of the homothety class corresponding to 21, and, for i € {1,2}, let Z; be
the underlying graph of Z;. As |EZ,| = |EZ5| + 1, up to changing the representatives
Z1 and Zs, we can suppose that Zs is obtained from Z; by collapsing an edge e € EZ.
Let h be the edge in Z; such that the marked graph of groups obtained from Z; by
collapsing h is in zg. As Z; is distinct from X}, the edge h is such that the free factor
decomposition of W,, induced by h is distinct from the one induced by any edge of X;.
Thus, by Lemma (2), the free factor decomposition of W, induced by h is distinct
from the one induced by any edge of Z5. Therefore, by Remark (1), the marked
graph of groups Zs is obtained from Z; by collapsing h. This implies that zo = 2y by
the choice of h. However, Gn Fy does not contain any edge by the properties of the
canonical lift of G (see Remark (2)). Thus there exists an edge in Zy which induces
the same free factor decomposition of W, as §. As Zs is obtained from X; by collapsing
g, Lemma (1) implies that there is no edge in Z that induces the same free factor
decomposition as §. Thus zy # 29, and this leads to a contradiction. ]
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Figure 7: The adjacency of the homothety classes constructed in the second case of

Lemma @

Therefore z; and 2o are not adjacent in lk(x). However, z; € A and 22 € B. This
contradicts the fact that lk(z) = A = B is a join decomposition.

Now suppose that 21,22 € Ik_(x). We use the same strategy as when x1, x9 € lk ()
(see Figure [7)).

Since x;1 € lk_(x), up to changing the representative X of X, there exists a forest G in
X such that X is obtained from X by collapsing G. Let g € EG. Let F} be the canonical
lift of Fy in X. Remark that ﬁo NG does not contain any edge. Let Z; be the homothety
class of the marked graph of groups Z; obtained from X by collapsing Fy U (G — {g})
and let z; be the corresponding vertex. Let py,: X — X, and Dz X — Z; be the
natural projections. We claim that x; and z; are not adjacent. Indeed, suppose that z;
and z1 are adjacent. As z1 and z; are distinct, we see that |EX | # |EZ;|. Therefore,
as |E(Fy u (G —{g}))| = |EG|, we see that |[EX | > |EZ1|, and a representative of Z; is
obtained from a representative of X} by collapsing a forest. Let X| be a representative of
X obtained from Z; by blowing-up a forest. As p,,(g) is an edge in Z1, Remark (1)
implies that there exists a unique edge § in X1 such that § induces the same free factor
decomposition as p;, (g) and g. But since p,, (g) is a point, Remark (1) implies that
there is no edge in Y’l which induces the same free factor decomposition as g. So z; and
z1 are not adjacent and z; € A.

In order to construct 29, let f € EFy. Let Y be the marked graph of groups obtained
from X; by collapsing Fy — {f}. Let pp: X1 — Y be the natural projection. Let a; and
az be the endpoints of po(f). Let X;i/Fy be the marked graph of groups obtained from
X1 by collapsing Fy. Since the homothety class of X;/Fy is an element of K,, (namely
it is X3), one of the endpoints of po(f) has trivial associated group. Suppose without
loss of generality that a; has trivial associated group. In particular, deg(a;) > 3. Let
a3z and a4 be two distinct vertices adjacent to a; other than as and let e be the edge
between a1 and a3. Finally let Z5 be the homothety class of the marked graph of groups
Zy obtained from Y by collapsing {e}. Let zo be the corresponding vertex in K,,. Then,
since |EX3| = |EZ;| and since Xy and Z3 are obtained from X by collapsing two distinct
forests, we see that z9 and x9 are not adjacent in K,,. So 29 € B.

Let us prove that z; and z5 are not adjacent in lk(z). Suppose towards a contradiction
that z; and 29 are adjacent. As G contains at least one edge, we have that Z; is
obtained from X by collapsing |Fy| + |G| — 1 edges. Moreover, Zs is obtained from X
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by collapsing |Fp| + |G| edges. This implies that the number of edges of a representative
of z1 is greater than the number of edges of a representative of zo. Thus, there exists a
representative of z; that collapses onto a representative of zo. Let p,,: X — Z5 be the
natural projection. Let f € Fo be the canonical lift of f in X. Since p.,(f ) is an edge in
75, Remark |4.6} . ) implies that there exists an edge in Z which induces the same free
free factor decomposition as f But, as p., ( f) is a point in Z;, Remark |4 ) shows
that there is no edge in Z5 that induces the same free factor decomposMon as .]? Thus,
z1 and 29 are not adjacent.

This contradicts the fact that lk(z) = A % B is a join decomposition. This concludes
the proof of the proposition. O

Corollary 4.8. Let n > 4 and f € Aut(K,). Then f preserves the set of {0}-stars and
the set of F'-stars.

Proof. Let p be a {0}-star. Since lk_(p) has no edge and is of cardinal equal to n,
Proposition [4.7] tells us that either lk,(f(p)) has no edge and its cardinal is equal to n,
or Ik_(f(p)) has no edge and its cardinal is equal to n. Since n > 4, Lemma[4.3] (1) tells
us that the first case is not possible. So Ik_(f(p)) has no edge and its cardinal is equal
to n. Then Lemma (2) shows that f(p) is a {0}-star.

Let p’ be an F-star. Then there exists a {0}-star p such that p’ € Ik_(p). Therefore,
f(p) € Ik (f(p)). As f(p) is a {0}-star and since the negative link of a {0}-star is
composed of F-stars, we see that f(p') is an F-star. O

Thus, there exists a homomorphism Aut(K,) — Aut(L,) defined by restriction. We
now prove that this homomorphism is in fact injective.

Lemma 4.9. Let n > 4. Let f € Aut(K,) be such that f|o, = ido, and f|r, = idp,.
Let y =Y € VK, be such that 1k_(v) is trivial. Then f(y) =y

Proof. In order to prove Lemma we prove the following claim.

Claim. Let 0 < £ € n—3. Let X and Y be vertices of K,,. Let X and Y be
representatives of X and ). We write X and Y for their underlying graphs. Suppose
that X has a nontrivial negative link with no edge and that ) has a trivial negative link.
If X has k vertices with nontrivial associated group that are not leaves, and if Y has
k + 1 vertices with nontrivial associated group that are not leaves, then f(X) = X and

fQ) =Y.

Lemma 4.9 then follows from the claim because for every vertex y € V K,, with trivial
negative link, there exists k € {0,...,n — 3} such that y has a representative ¥ whose
underlying graph has exactly k£ + 1 vertices with nontrivial associated group that are not
leaves.

We prove the claim by induction on k. When & = 0, X has n leaves, so by
Lemma (2), we have that |lk_(v)| = n. Thus, by Lemma (2), we see that X
is a {0}-star. Moreover, Y has n— 1 leaves and n vertices, so ) is an F-star. Thus, when
k = 0, the claim is a restatement of the fact that f fixes the {0}-stars and the F-stars.
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Now suppose that the claim is true for some 0 < k < n —4. Let X and Y be such
that X has a nontrivial negative link with no edge and that ) has a trivial negative link.
Let X and Y be representatives of X and )V, and let X and Y their underlying graphs.
Suppose that X has k + 1 vertices with nontrivial associated group that are not leaves,
and that Y has k + 2 vertices with nontrivial associated group that are not leaves.

We start by showing that f(X) = X. First, by Proposition the homothety class
f(X) has either a nontrivial negative link with no edge or a nontrivial positive link with
no edge.

Claim. The homothety class X cannot be sent by f to a homothety class z = Z such
that lky(z) has no edge.

Proof. Suppose towards a contradiction that it is the case. By Lemmal[d.4] |Ik_(X)| > 3,
while by Lemma (1), k4 (2)] < 3. Thus, |k_(X)] = [lk+(2)|] = 3. But then,
Lemma (1) implies that the underlying graph of any representative of Z has n
leaves. However, such a vertex z is adjacent to n F-stars whereas X is adjacent to at
most one F-star. Indeed if k + 1 = 1, the homothety class X is adjacent to exactly one
F-star obtained from X by collapsing the unique edge between the vertex with trivial
associated group (the uniqueness of this vertex follows from Lemma (1)) and the
non-leaf vertex with nontrivial associated group. If K+ 1 > 2, then X is not adjacent
to an F-star because X has at least two vertices with nontrivial associated group that
are not leaves, whereas any F-star has exactly one such vertex. As the set of F-stars is
fixed by f, we get a contradiction. O

_ So f(&) has a nontrivial negative link with no edge. Let v be the unique vertex of
X with trivial associated group given by Lemma (1).

Claim. The underlying graph of any representative of f(&X') has exactly n — k — 1
leaves.

Proof. By the induction hypothesis, the automorphism f fixes all vertices of K,, whose
negative link is nontrivial and has no edges and such that the underlying graph of any
representative has at least n —k leaves. Thus, the underlying graph of any representative
of f(X) has at most n — k — 1 leaves.

Now, suppose that Z is the homothety class of a marked graph of groups Z whose
underlying graph has at most n —k — 2 leaves and such that lk_(Z) is nontrivial and has
no edge. Then lk_(Z) does not contain any homothety class of marked graphs of groups
whose underlying graph has n — k — 1 leaves. But lk_(&X") contains one such homothety
class, namely the homothety class of a marked graph of groups obtained from X by
collapsing an edge between v and a vertex that is not a leaf. As f fixes all vertices of
K, with trivial negative link and such that the underlying graph of any representative
has at least n — k — 1 leaves and as f(lk_(X)) = lk_(f(X)), it follows that f(X) # Z.
Thus, the underlying graph of any representative of f(X') has at least n — k — 1 leaves.
Therefore the underlying graph of any representative of f(X') has exactly n—k—1 leaves.
O
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To prove that, in fact, f(X) = X, we distinguish between two cases, according to
the vertices adjacent to v. Note that, as X is connected, the vertex v is adjacent to at
least one vertex that is not a leaf.

Case 1. Suppose that v is adjacent to at least two vertices w; and ws that are not
leaves.

For i € {1,2}, let ¢; be the edge between v and w;, and let ); be the homothety class
of the marked graph of groups Y; obtained from X by collapsing e;. Then ); and )» are
homothety classes of marked graphs of groups with trivial negative link and such that the
underlying graphs of Y7 and Y, have k 4 1 vertices with nontrivial associated group that
are not leaves. By induction hypothesis, f(J1) = V1 and f(Qh) = Va. Let p1: X - Y}
and po: X — Y5 be the natural projections. In Case 1, the fact that f(X) = X is a
consequence of the following claim.

Claim. The homothety class X is the only vertex in k(Y1) n 1k()%2) whose negative
link is nontrivial and has no edge.

Proof. Let Z € lk()1) n 1k()%2) be such that 1k_(Z) is nontrivial and has no edge.
Assume towards a contradiction that Z # X. As ); has trivial negative link, for all
Z' € VK, such that Z’ € 1k(}1), we have in fact 2’ € Ik ()1). Thus, there exists a
representative Z of Z such that Z is obtained from Y; by blowing-up a forest Fy. Let Z
be the underlying graph of Z, and let plz : Z — Y1 be the natural projection.

We claim that there exists a unique edge in Fy. Indeed, otherwise there would exist
two vertices in Z with trivial associated groups. As lk_(Z) has no edge, this would
contradict Lemma (1). Thus, there exists a unique edge f € EFy.

Since Z € 1k()%) and since lk_(Z) is nontrivial and has no edge, Lemma (1)
implies that there exists an edge g such that the homothety class of the marked graph of
groups Z/{g} obtained from Z by collapsing g is ». Let p5: Z — Z/{g} be the natural
projection. By Remark (1), there exists a unique edge h € EZ such that pZ (h)
induces the same free factor decomposition of W,, as pa(e1). But since Z is a blow-up
of Y1 by an edge, and since Y7 is obtained from X by collapsing e;, Lemma (2)
implies that p?(h) is reduced to a point. Therefore f = h and Z is obtained from Y; by
blowing-up the edge e;. It follows that the graph Z is isomorphic to the graph X. Thus,
we can suppose that X = Z. We can also suppose, by Lemma (2), that g = eg. As
v has trivial associated group, deg(v) = 3. If X # Z, since both X and Z are obtained
from Y7 by blowing-up the edge e, there exist an integer £ € {0, 1} and a vertex w3 € VX
distinct from w; and wo and adjacent to v such that:

(1) For i € {1,2,3}, the preimage by the marking of X of the generator of the group
associated with w; is x; ;

(2) The preimage by the marking of Z of the generator of the group associated with
wy is x{@x{ and the preimage by the marking of Z of the generator of the group

associated with ws is xf“x;z,x{“.
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As po(w2) and po(w3) are in the same connected component of po(X) — {p2(w1)},
it follows that p(e1) and pa(eq) induces distinct free factor decompositions of W,,. This
contradicts the fact that Z/{e1} € J» by Remark (1). The claim follows. O

Case 2. Suppose that v is adjacent to only one vertex w that is not a leaf.

Let e be the edge between v and w and let )’ be the homothety class of the marked
graph of groups Y’ obtained from X by collapsing e. Let Y be the underlying graph of
Y. Let px: X — Y be the natural projection. Then, as lk_()) is trivial and as )’ has
a representative whose underlying graph has n — k — 1 leaves, by induction hypothesis,
we see that f()') = )'. So f(X) € 1k()’). Thus a representative Z of f(X) is obtained
from Y’ by blowing-up a forest Fy € EZ. As lk_(f(X)) has no edge, the forest Fy
contains a unique edge ¢/. Let Z be the underlying graph of Z, and pz: Z — Y be the
canonical projection.

Suppose towards a contradiction that f(X) # X. By the claim above Case 1, the
underlying graph of any representative of f(X’) has exactly n — k — 1 leaves. Therefore
none of the two endpoints of ¢’ is a leaf. Thus, as one of the endpoints of €’ has trivial
associated group, there exists a vertex a € VY’ such that deg(a) = 3 and such that ¢
collapses onto a. As )’ has trivial negative link, we see that the group associated with a
is nontrivial. Let y; be the preimage by the marking of Y’ of the generator of the group
associated with a. Let @ be the lift of a in Z such that @ has nontrivial associated group.
Then y; is the preimage by the markmg of Z of the generator of the group associated
with @. Let b be the endpoint of ¢’ distinct from @ (see Figure [8). As Z/{e'} € ), the
vertex b has trivial associated group and deg(b) = 3. Moreover, by the previous case,
the vertex b cannot be adjacent to two vertices that are not leaves.

Suppose first that Z is not a blow-up of Y’ at px(e). This implies that p)_(l (a) is a
vertex.

As b is not adjacent to two vertices that are not leaves, there exist two distinct
leaves wi and wg of Y’ adjacent to a such that w; and wy have lifts @; and @y in Z with
nontrivial associated group that are adjacent to b. Let y; and y; be the preimages by the
marking of Y’ of the groups associated with wy and wy. Then there exist «;, oy, € {0, 1}
such that yza J yjy?j and yl "yry;* are the preimages by the marking of Z of the groups
associated with wy and ws.

Let Z{ be the homothety class of the marked graph of groups Z] defined as follows
(see Figure [3)):

e The underlying graph of Z] is obtained from Y by pulling-up an edge h at a so
that one of the two endpoints of h is a leaf. Let p’: 7’1 — Y be the projection. Let x be
a vertex of the underlying graph of Z]. Remark that, as ws is a leaf, p'~!(wy) is a leaf.

o If z is distinct from p'~!(wq) and is such that p/(z) # a, then the group associated
with z in Z] is the same one as the group associated with p’(x).

o If p/(x) = a and if x is a leaf, then the group associated with z is the same one as
the group associated with a.

o If p(x) = a and if = is not a leaf, then x has trivial associated group.
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Figure 8: The construction of Z] in Lemma 4.9 when px(e) # a.

e Finally, the preimage by the marking of Z] of the generator of the group associated
with p'~!(ws) is yfkﬂykyf’“ﬂ.
By the induction hypothesis, Z] is fixed by f. What is more, dlk(y/)(é\,’ , Z1) = 2. Indeed,
a common refinement of X and Z] is obtained from X by pulling-up the edge h at p}l (a)

(this is possible since px(e) # a).
Claim. In 1k()'), we have dyyn(Z, Z7) > 2.

Proof. Since both Z and Z] have nontrivial negative link with no edge, we see by
Lemma (1) that |VZ| = |[VZ}|. As both Z and Z| are trees, we have |EZ| = |EZ}|.
Thus, as Z # 27, we have dy (2, 2]) > 1. As )’ has trivial negative link, the only way
dik(yy(Z2, 21) = 2 is that Z and Z] have a common refinement. Let z be the leaf of Z
such that p’(z) = a. Then p'~!(w;) and p'~!(ws) are in the same connected component

of 7’1 —{z}. Let Z{Q) be a refinement of Z7, and let yEQ), .. ,yT(f) be the preimages by the

marking of ZEQ) of the generators of the nontrivial vertex groups of Z£2). Suppose that,

for all m € {1,...,n}, there exists a,, € {0, 1} such that yg) =y ymy; ™ and that there
exist mg and m; such that a,,, = 0 and a,,, = 1. Since the preimage by the marking
of the generator of the group associated with z is y;, we see that Z§2) is obtained from
Z1 by blowing-up a forest and applying a twist at an edge whose terminal point is z.
As a consequence, since p'~!(w;) and p'~!(ws) are in the same connected component
of 7; — {2z}, there does not exist a refinement of Z] such that the preimages by the
marking of the generator of the group associated with lifts of p’ ! (w1) and p'~!(ws) are
respectively yfé I yjy?j and y; " yry;*. Thus, Z and Z] do not have any common refinement

and dlk(y’) (Z, Z{) > 2. O

Since di( ¢y (f(X), f(2])) = diyry (X, Z1) = 2, the last claim implies that f(X) =
X when px(e) # a.

Suppose now that px(e) = a. Then, as [Ik_(X)| = |lk_(f(X))], and as X and Z
both have a unique vertex with trivial associated group by Lemma (1) (namely v
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Figure 9: The construction of Z) in Lemma [4.9)in Case (7).

and b), we see that deg(v) = deg(b) = m. Moreover, both v and b are adjacent to a
unique vertex that is not a leaf (namely w and @). Thus, both v and b are adjacent to
exactly m — 1 leaves. Note that, as v and b have trivial associated group, m —1 = 2.
Let vi,...,Um_ -1 be the leaves of X adjacent to v, and let bl, .. bm 1 be the leaves of
A adjacent to b. For jef{l,. — 1}, let yj be the preimage by the marking of the
generator of the group associated with v; and let y] be the preimage by the marking

of the generator of the group associated with gj. As we suppose that X # Z, up to
reordering and composing by an inner automorphism, one of the following holds.

(i) There exist j,k € {1,...,m — 1} distinct such that y]X = yiyjzyi and y;¥ = yZ (see
Figure E[)

(1) There exist j,k € {1,...,m — 1} distinct and a leaf G adjacent to @ such that
y]X = ylyJZ y; and such that the preimage by the marking of the generator of the group
associated with ay, is yg{ . Moreover, there exists a leaf wg in X adjacent to w such that
the preimage by the marking of the generator of the group associated with wy is y,f (see
Figure .

(i1) There exist j,¢ € {1,...,m — 1} distinct and a leaf @; adjacent to @ such that
yg( = WZ and such that the preimage by the marking of the generator of the group
associated with @; is yJX (see Figure .

(iv) Forall j € {1,...,m—1}, there exists a leaf @; adjacent to @ such that the preimage
by the marking of the generator of the group associated with a; is yJX .

We then distinguish two cases, according to whether yJX = yzy]Z ; or not.
Suppose first that yj = yly] y; (Cases (i) and (ii)). Let ZJ be the homothety class
of the marked graph of groups Z!, defined as follows (see Figures |§| and |10} .

e The underlying graph 7. o of Z} is obtained from Y by blowing-up an edge h at a
so that one of the two endpoints of h is a leaf. Let p': 7’2 — Y be the projection. Let x
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Figure 10: The construction of Z} in Lemma in Case (it).

be a vertex of the underlying graph of Zj. Let y be the preimage by the marking of the
generator of the group associated with p’(x).

o If p/(z) # a orif p’(x) = a and x is a leaf, then the preimage by the marking of ZJ
of the generator of the group associated with x is y.

e If p'(x) = a and x is not a leaf, then x has trivial associated group.
By the induction hypothesis, as 712 has k vertices with nontrivial associated vertex groups
that are not leaves, the homothety class ZJ is fixed by f. What is more, dlk(y’)(X ,2h) =
2. Indeed, a common refinement of Z and ZJ is obtained from X by blowing-up the edge
h at the vertex w of p}l(a) with nontrivial associated group.

Claim. In 1k()'), we have dy (2, Z5) > 2.

Proof. Since both Z and Z) have nontrivial negative link with no edge, we see by
Lemma (1) that |[VZ| = |V712|. As both Z and 712 are trees, we have |[EZ| = |E712|
Thus, as Z # Z5, we have diy)(2,23) > 1. As )’ has trivial negative link, the only
way di(y (2, 25) = 2 is that Z and Z3 have a common refinement. Let 2 be the leaf of
7’2 such that p'(z) = a. Then the preimage by the marking of the group associated with
z is {yi).

(2 / —(2) 1 . . (2) (2)

Let Z5” be a refinement of 73, let Z5 "’ be its underlying graph and let ;. ..., yn

be the preimages by the marking of Zéz) of the generators of the nontrivial vertex groups

of Z§2). Since both Z and Z/ are obtained from Y’ by blowing-up an edge at a while
applying a twist around an edge adjacent to a, a potential common refinement of Z and
Z} is obtained from Y’ by blowing-up a forest while applying a twist around an edge
adjacent to a. Thus, we may assume that, for all m € {1,...,n}, there exists a,, € {0, 1}

Qm Qam

such that yg) =Y " YmY;
Suppose first that yX = yZ (Case (i)). Let ¥; and ¥y, be the lifts in 7%2) of respectively

' Hpx(v;)) and p' "1 (px(vr)) with nontrivial associated group. Since p'~!(px(v;)) and
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P~ Hpx(vi)) are contained in the same connected component of 7’2 — {z}, there exists

a € {0, 1} such that the preimages by the marking of Zéz) of the generators of the groups
associated with 7; and v}, are respectively yf‘y]X yi and yf‘y,f y*. As a consequence,
there does not exist a refinement of Z} such that the preimages by the marking of the
generators of the groups associated with the lifts of p'~!(px(v;)) and p'~!(px (vg)) with
nontrivial associated groups are respectively yly]X y; and y,f Thus, Z and Z} do not
have any common refinement and dyyn)(Z, Z25) > 2.

Suppose now that there exists a leaf wg in X adjacent to w such that the preimage by

the marking of the generator of the group associated with wy is yZ (Case (ii)). Let ¥}, U
and Wy be the lifts in 7&2) of respectively p'~1(px (v;)), P~H{px(vk)) and p'~(px(wo))
with nontrivial associated group. Since p' ! (px(v;)), P ' (px (vk)) and p'~!(px (wp)) are
contained in the same connected component of Z, — {z}, there exists o € {0, 1} such that

the preimages by the marking of ZéQ) of the generators of the groups associated with
¥; and 7, are respectively yf‘yJX TR yf‘y,‘f yi* and yf‘ykZ y. As a consequence, there does
not exist a refinement of Z) such that the preimages by the marking of the generators
of the groups associated with the lifts of p'~}(px(v;)), P (px (vk)) and p'~1(px(wo))
with nontrivial associated groups are respectively yiyJX Yi, y,i( and y,f . Thus, Z and Z}

do not have any common refinement and dj(y)(Z, Z3) > 2. O

Suppose now that ij # yiijyi (Cases (4i7) and (iv)). Then there exists a leaf @;
adjacent to @ such that the preimage by the marking of the generator of the group
associated with a; is y]X. Let aj = p(a;). Moreover, as Z # X, either there exists
(e {1,...,m — 1} such that either y7 = y;y;y; (Case (ii)) or y7 = y;* (Case (iii)) or
there exist £ € {1,...,m—1}—{j} and a leaf &, of Z adjacent to & such that the preimage
by the marking of the generator of the group associated with @, is yg( (Case (iv)). By
the claim above (see Case (ii)), we can suppose that yZ # y;y; y;.

Let Z4 be the homothety class of the marked graph of groups Z4 defined as follows
(see Figure [11| with ;X = y?):

e The underlying graph 7;, of Z4 is obtained from Y by blowing-up an edge h at a
so that one of the two endpoints of h is a leaf. Let p': 7& — Y be the projection. Let x
be a vertex of the underlying graph of Z5. Let y be the preimage by the marking of the
generator of the group associated with p’(x).

o If p(x) # a,a; or if p/(x) = a and z is a leaf, then the preimage by the marking of
Z!% of the generator of the group associated with z is y.

e If p'(x) = a and x is not a leaf, then x has trivial associated group.

o If p’(z) = aj, then z is a leaf. Moreover, the preimage by the marking of Zj of the
generator of the group associated with z is yZyJX Ui

Since Z4 has one less vertex with nontrivial associated group which is not a leaf, by the
induction hypothesis, Z3 is fixed by f. What is more, dyy(Z,23) = 2. Indeed, a
common refinement of Z and Zj is obtained from Z by blowing-up the edge h at the
vertex of p~!(a) with nontrivial associated group.

Claim. In 1k()'), we have dyyn (X, 23) > 2.
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Figure 11: The construction of Z} in Lemma in the case yj( = yKZ .

Proof. The proof is identical for Cases (iii) and (iv). Since both X and Z} have
nontrivial negative link with no edge we see by Lemma (1) that |[VX]| = |V7’3|.
As both X and Zj are trees, we have |EX| = |EZy|. Thus, as X # Zj, we have
diyny (X, 25) > 1. As ' has trivial negative link, the only way that dyyn (X, 25) = 2
is that X and Z4 have a common refinement. Let z be the leaf of 73 such that p'(z) = a.
Then the preimage by the marking of the group associated with z is (y;).

Let Z:SQ) be a refinement of 7, let 7%2) be its underlying graph and let y§2)’ ey yg)

be the preimages by the marking of Z§2) of the generators of the nontrivial vertex groups

of Z?EQ). Since both Z and Zj are obtained from Y’ by blowing-up an edge at a while
applying a twist around an edge adjacent to a, a potential common refinement of Z and
Z!% is obtained from Y’ by blowing-up a forest while applying a twist around an edge
adjacent to a. Thus, we may assume that, for all m € {1,...,n}, there exists a,, € {0,1}
such that y,(g) =y ymy; ™. Let ¥; and Uy be the lifts in 7&2) of respectively p'~1 (px (v;))
and p'~!(px (v¢)) with nontrivial associated group. Since p'~(px(v;)) and p'~(px (ve))
are contained in the same connected component of Zy — {2}, there exists a € {0, 1} such

that the preimages by the marking of Z:gz) of the generators of the groups associated
with ¥ and ¥y are respectively yf‘HyJX yf‘“ and yiayg( y. As a consequence, there does
not exist a refinement Zy of Zj such that the preimages by the marking of the generators
of the groups associated with the lifts of p'~*(px (v;)) and p'~!(px (v¢)) with nontrivial
associated groups are respectively y]X and yf . Thus, X and Z4 do not have any common

refinement and dyyn (X, 23) > 2. O

Since di( ) (f(X), f(23)) = diy (X, 23) = 2, the two claims imply that f(X) =
X.

We now prove that f())) = ). Let v; be a vertex of Y that is adjacent to at least
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Figure 12: The constructions of Y/ and Z’ in Lemma

one leaf. Let vg,..., vy be the leaves adjacent to v; and, for ¢ € {1,...,¢}, let y; be the
preimage by the marking of the generator of the group associated with v;. Let )’ be the
equivalence class of the marked graph of groups Y’ defined as follows (see Figure :

e The underlying graph Y’ of Y’ is obtained from Y by blowing-up an edge e; at vy
such that one of the endpoint of e is a leaf. Let p: Y/ — Y be the natural projection.
Let x be a vertex of ?’, and let y be the preimage by the marking of the generator of
the group associated with p(z).

o If p(x) # vy or if p(z) = v; and x is a leaf, then the preimage by the marking of
Y’ of the generator of the group associated with z is y.

o If p(z) = v; and x is not a leaf, then vy has trivial associated group.

By the previous step, as Y’ has k vertices with nontrivial associated groups that are not
leaves, and as lk_()) is nontrivial and has no edge, we see that f()’) = )'. By the
second claim in the proof of Lemma the negative link of f()') is nontrivial and has
no edge. Therefore, f preserves the negative link of )’ and f(Y) € lk_()). Let w be
the endpoint of e; with trivial associated group. For i € {1,...,¢}, let ¥; be the leaf of
Y" which lifts v;. Let €2, ...,¢e; be the edges of Y' such that for all i € {2,...,¢}, the
endpoints of e; are 7; and w.

We claim that there exists a unique 7 € {1,..., ¢} such that a representative of f())
is obtained from Y’ by contracting e;. Indeed, as lk_()”') is nontrivial and has no edge,
Lemma (1) implies that Y has exactly one vertex with trivial associated group,
namely w. Therefore, a representative of f())) is obtained from Y’ by contracting a
unique edge adjacent to w.

Suppose towards a contradiction that there exists an edge e in Y' between w and a
vertex w’ with nontrivial associated group that is not a leaf and such that a representative
of f(Y) is obtained from Y’ by collapsing ep. Let y; be the preimage by the marking of
Y’ of the generator of the group associated with w’. Let Zj be the homothety class of the
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marked graph of groups obtained from Y’ by contracting eg. By induction hypothesis,
f(20) = Zo. Thus f(Y) # Zo.

Thus, there exists a unique ¢ € {1,. .., ¢} such that a representative of f()) is obtained
from Y’ by contracting e;. We claim that 7 = 1. Indeed, for i # 1, let Z be the equivalence
class of the marked graph of groups Z obtained from Y’ by collapsing e;. Let Z’ be the
equivalence class of the marked graph of groups Z’' whose underlying graph is Y and
such that the preimage by the markings of the generators of the groups associated with
V1y.vyVp ATE Y1y -y Yio1, Y1YiY1, Yit1,s - - - » Yo Then Z' € 1k (Y) because Z' is obtained
from Y first by precomposing the marking of Y by the automorphism which sends y; to
y1y;y1 and fixes all the other y; and then blowing-up an edge at v; such that one of the
endpoints of this edge is a leaf and then. However, Z’ ¢ Ik(Z) because the vertex of Z
whose preimage by the marking of the associated group is {y;) is a leaf. Therefore there
is no refinement of Z such that there exist two vertex groups of the refinement such
that the preimage by the marking of the generators of the vertex groups are respectively
y1yiy1 and yi. As f(Z') = Z’ by the previous step, we have f()) € 1k(Z’). Therefore,
f) # Z and () = V. 0

We can now show the injectivity of the homomorphism Aut(k,) — Aut(L,).

Proposition 4.10. Letn > 4. Let f € Aut(K,,) such that flo, = ido, and f|r, = idp,.
Then f =idg, .

Proof. Let k € N and let X € VK, be such that the underlying graph X of a rep-
resentative X of X has exactly k vertices with trivial associated group. We prove by
induction on k that f(X) = X. If £k = 0, then X has trivial negative link. Thus, by
Lemma [4.9] we have f(X) = X.

Suppose now that £ > 1. Then, as any representative of an element of lk_(X') is
obtained from X by collapsing at least an edge, by the induction hypothesis, we have
fhi_xy = idfi_(x) and k_(f(X)) = Ik_(X).

Suppose towards a contradiction that f(X) # X. Let Y be a representative of f(X),
and let Y be the underlying graph of Y. By the induction hypothesis, Y has at least k
vertices with trivial associated group. Since X # f(X), there exists an edge e € EY such
that the free factor decomposition of W, induced by e is distinct from the free factor
decomposition induced by any edge of X. Let Z € Ik_(X). Let Z be a representative
of Z obtained from X by collapsing a forest, and let Z be the underlying graph of Z.
By Remark (1), for any edge f € EZ, there exists an edge f € EX such that the
free factor decomposition induced by f is the same one as the free factor decomposition
induced by f Thus, there does not exist any edge of Z which induces, up to global
conjugation, the same free factor decomposition of W,, as e. But, for any edge f of Y,
there exists Z’' € 1k_()), a representative Z’' of Z’ with underlying graph 7' and an
edge g of 7' such that the free factor decomposition induced by e is the same as the
one induced by ¢ (Z is obtained from Y by contracting an edge distinct from f). This
contradicts the fact that Ik_(f(X)) = lk_(&). Thus f(X) = & and f =idk,,. O
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Proof of Theorem Let n = 4. The injectivity is immediate since the homo-
morphism Out(W,,) — Aut(L,,) is injective by Theorem and since L, is a subgraph
of K;. We now prove surjectivity. Let f € Aut(K,). By Proposition the automor-
phism f induces an automorphism f € Aut(L,). By Theorem f is induced by an
element v € Out(W,,). Since the homomorphism Aut(K,) — Aut(L,) is injective by
Proposition f is induced by 7. This concludes the proof. O

5 Rigidity of the simplicial completion of K,

Let n > 4. A splitting of W, is a minimal, simplicial W,,-action on a simplicial tree S
and such that:

(1) The finite graph W,\S is not empty and not reduced to a point.
(2) Vertices of S with trivial stabilizer have degree at least 3.

Here minimal means that W,, does not preserve any proper subtree of S. A splitting
S of W, is free if all edge stabilizers are trivial. A splitting S’ is a blow-up, or equivalently
a refinement, of a splitting S if S is obtained from S’ by collapsing some edge orbits
in §’. Two splittings are compatible if they have a common refinement. If & > 1 is
an integer, a free splitting S is a k-edge free splitting if W,\S has exactly k edges. An
F-one-edge free splitting is a one-edge free splitting S such that one of the vertex groups
of W,\S is isomorphic to W, while the other vertex group is isomorphic to F'.

The simplicial completion of K,,, denoted by K, is the flag complex such that:

e The vertices of K, are the equivalence classes of free splittings of W,,, where two
free splittings S and S’ are equivalent if there exists a W,,-equivariant homeomorphism
between them.

e Two equivalence classes of free splittings S and S’ are adjacent in K, if there exist
S e S and S’ € 8 such that S refines S’ or conversely.

In the literature, this complex is also called the free splitting complexr. The free
splitting complex appears as well in the study of the outer automorphism group of a
free group of finite rank and more generally in the study of the outer automorphism
group of a free product of groups (see [AS, [HMI), [HM2]). In particular, Handel-Mosher
([HMIL [HM2]) in the case of Out(Fx) and Handel-Mosher and Horbez ([HMI), Hor]) in
the case of the outer automorphism group of a free product of groups proved that this
complex is Gromov hyperbolic.

We have a canonical injective homomorphism K, < K, defined as follows. Let
X € VK, be the equivalence class of a marked graph of groups, and let X be a represen-
tative of X'. Let S be a Bass-Serre tree corresponding to X, and let S be the equivalence
class of S. Then the map
o : K, K,
X S

—
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is a well-defined injective homomorphism. From now on, we identify K, with its image
in K,,.

The group Aut(W,,) acts on K, by precomposition of the action. For any a € Inn(W,,)
and for any S € K, we have a(S) = S. Therefore the action of Aut(W,,) induces an
action of Out(W),,).

In this section, we prove Theorem In order to do so, we first show that
any automorphism of K, preserves K,. Thus, we have a restriction homomorphism
Aut(K,) — Aut(K,) which, as we will see, turns out to be injective. Theorem [1.2| then
follows from Theorem 1.1}

We first characterise the vertices of K,, in K.

Proposition 5.1. Letn > 4. Let S € VK, IfSe VK, then S has finite valence in
K, IfSeVK, —VK,, then S has infinite valence in K,,.

Proof. Suppose that S € VK, and let &’ € 1k(S). Let S and S’ be representatives of S
and §'. If S refines S’, then W,,\\S’ is obtained from W;,\\S by collapsing a forest. Since
W,\S is a finite tree, there are only finitely many possibilities for W,,\S’, hence finitely
many possibilities for S’. If S’ refines S, then, since S € K,,, the equivalence class S’
also belongs to K. Thus, we have &' € IlkX"(S) where kX" (S) is the positive link of S
in K. Since lkf" (S) is finite, there are only finitely many possibilities for S’. Hence
1k(S) is finite.

Now suppose that S € VK, — VK,. Let S be a representative of S. Since we have
S € VK, — VK,, there exists a vertex of S whose stabilizer contains a subgroup G
of W,, isomorphic to Ws. Since Aut(Ws) is isomorphic to W (see e.g. [Tho, Lemma
1.4.2]), we see that Stab(S) is infinite by Proposition Moreover, we claim that there
exists 8" € 1k(S) n VK,. Indeed, let v be a vertex of W,\S whose associated group
is isomorphic to W; with ¢ > 2. then one can construct an element T € K; and then
blow-up T" at v. The equivalence class of the result is an element in 1k(S). Applying the
process to every vertex of W, \S with infinite associated vertex group gives an element
S € 1k(8) nVK,. As Stab(S) acts on 1k(S), the orbit of &’ under the action of Stab(S)
is infinite (recall that Stab(S’) is finite by Proposition [2.1). Thus 1k(S) is infinite. O

Thus, Proposition tells us that any automorphism of K, preserves K,,. This
gives a restriction homomorphism

Aut(K,) — Aut(K,).

In the rest of the section, we prove that this homomorphism is injective. In order to
show this, we first prove that any automorphism of K, which fixes K,, pointwise also
fixes the set of one-edge free splittings pointwise. We will then conclude by the following
proposition, due to Scott and Swarup.

Theorem 5.2. [SS, Theorem 2.5] Let n > 4. Any set {S1,..., Sk} of pairwise distinct,
pairwise compatible, one-edge free splittings of W, has a unique refinement S such that
Wo\S has exactly k edges. If S is a free splitting such that W,\S has exactly k edges,
then S refines exactly k distinct one-edge free splittings.
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The next lemma is inspired by [HW] Lemma 2.3] due to Horbez and Wade.
Lemma 5.3. Let n = 4. For all S € VK, the following assertions are equivalent.
(1) There exists S € S such that S is an F-one-edge free splitting.
(2) The equivalence class S satisfies the following properties.

(a) The link of S is infinite.
(b) There exists a {0}-star X such that X € 1k(S).

(¢) There exist S1,Ss € 1k(S) such that d (S1,82) = 2 and such that $; —S —S»
is the unique path of length 2 joining &1 and So.

Proof. We first prove that (1) implies (2). Let S € S be an F-one-edge free split-
ting. Then S ¢ VK, and Proposition implies that 1k(S) is infinite, which proves
Property (a).

In order to prove Property (b), let

Wy, ={x1, ..., Xp_1) = {Tp)

be the free factor decomposition of W, induced by S. Let X be the {0}-star such that,
if wy,...,w, are the leaves of X, and if i € {1,...,n}, then the stabilizer of w; is {(z;).
Let X be the equivalence class of X. Then X € 1k(S).
In order to prove Property (c), let S; be the 2-edge free splitting induced by the
decomposition
Wy ={x1,m0) % {x3, ..., 0pn_1) *{Tp),

where the preimage by the marking of the group associated with the central vertex of
Wp\S1is{z3...,2n—1). Let Sy be the 2-edge free splitting induced by the decomposition

Wn = <$17x3> * <.’I,'2,§'§, coe 7$n—1> * <xn>7

where the preimage by the marking of the group associated with the central vertex of
Wip\S2 is (@2, T3,...,xy_1). Forie {1,2}, let S; be the equivalence class of S;. Then
851,82 € 1k(S). Moreover, the equivalence classes S; and Sy are not adjacent in K,
since both S; and S are 2-edge free splittings, thus, there does not exist i € {1,2},
Jj € {1,2} — {i} such that S; collapses onto S;. So di (S1,82) = 2.

Claim. Let 7 € VK, be such that S; — 7 — Sy is a path of length 2 joining S; and
Sy. Then S =T.

Proof. Suppose towards a contradiction that there exists a representative T of T such
that T is a common refinement of S and Sa. For i € {1,...,n}, let v; be the only vertex
of T fixed by x;. Note that, for ¢ # j, the vertices v; and v; may not be distinct. Since
T refines S1, for every edge e € E'T, one of the following holds:

e the vertices v1, vy and vz belong to the same connected component of T' — {é},

¢ the vertices v; and va belong to a connected component of 7' — {é} distinct from the
one that contains vs,
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e there exist i € {1,2} and j € {1,2} — {i} such that v; is in a connected component of
T — {é} distinct from the one containing v;, vz and v,.

But if T refines Ss, there exists e € ET such that v; and vs belong to a connected
component of 7' — {é} distinct from the one that contains ve and wv,. This leads to a
contradiction.

Thus, there exists a representative T of T such that both S; and Sy collapse to T
As S is the only such one-edge free splitting, the claim follows. O

We now prove that (2) implies (1). Suppose that S satisfies the properties of Asser-
tion (2) of the lemma.

Claim. Property (¢) implies that S has a representative S that is either a one-edge
free splitting or is such that there is no free splitting of W,, that properly refines S.

Proof. Let S; and Sy be as in Property (c), and, for i € {1, 2}, let S; be a representative
of S;. Let S be a representative of S. There are three cases to distinguish.

o If S refines Sy and if Sy refines S, then Sy refines 51, so that dg (81,82) < 1. This
leads to a contradiction.

e If S refines both S; and Sy, then there does not exist any proper refinement of S
as this would contradict the uniqueness of the path of length 2 between S; and So.

e If S is refined by both S; and Sy, then S is a one-edge free splitting as otherwise
there would exist a splitting S’ that is properly refined by S. This would contradict
the uniqueness of the path.

The claim follows. O

Since a free splitting which has no proper refinement is in K,, the above claim,
Property (a) and Proposition imply that S is a one-edge free splitting. Property (b)
implies in fact that .S is an F-one-edge free splitting as the F-one-edge-free splittings are
the only one-edge free splittings that are adjacent to a {0}-star. The lemma follows. []

Lemma 5.4. Let n > 4. Let f € Aut(K,) be such that f|p, = idy,. Let S be the
equivalence class of an F-one-edge free splitting S. Then f(S) =S.

Proof. As f € Aut(K,), Corollary and Lemmas and imply that f(S) is the

equivalence class of an F-one-edge free splitting S’. Let
Wy, ={x1,...,&n_1) x{Tp)

be the free factor decomposition of W,, induced by S. Let X be the equivalence class of
the F-star X represented in Figure [I3] on the left.

Since f(X) = X, the free splitting S’ is an F-one-edge free splitting obtained from
X by collapsing n — 1 edges. But if T is an F-one-edge free splitting obtained from
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Figure 13: The F-stars X and X’ of the proof of Lemma

X by collapsing n — 1 edges, then there exists i € {1,...,n} such that the free factor
decomposition of W, induced by T is

Wn:<x1,...,:?i,...,:z:n>*<xi>.

For i € {1,...,n}, we will denote by T; the F-one-edge free splitting with associated
free factor decomposition {(x1,...,Z;, ..., 2y *{(z;), and by T; its equivalence class. For
1 # n, the free splitting T; is a collapse of the F-star X’ depicted in Figure on the
right, whereas S is not a collapse of X'.

Let X’ be the equivalence class of X’. Since f(X’) = X', we have that f(S) is not
adjacent to X’. But, for all i # n, the equivalence class 7; is adjacent to X’. Thus, for
all ¢ # n, we have f(S) # 7;. Therefore, as S = T,,, we conclude that f(S) =S. O

Proof of Theorem By Proposition there exists a homomorphism
Aut(K,) — Aut(K,)

induced by the restriction to K,,. In order to prove Theorem it suffices to prove that
this homomorphism is injective. Let f € Aut(K,) be such that f|g, = idg,. Let us
prove that f = id. By Theorem it suffices to prove that, for any equivalence class
S of a one-edge free splitting S, we have f(S) = S. Indeed, let S be the equivalence
class of a free splitting. Then, by Theorem there exist k one-edge free splittings
S1,...,Sk such that S is the unique vertex of K,, such that, for all i € {1,...,k}, S is
adjacent to S;. Thus, if, for any equivalence class S of a one-edge free splitting S, we
have f(S) = S, then f = id.

Suppose that S is the equivalence class of a one-edge free splitting S. The case where
S is an F-one-edge free splitting was proved in Lemma If S is not an F-one-edge
free splitting, let W, = (x1,...,xk) * (Tg41,...,Tny be the free factor decomposition of
W, induced by S, with 2 < &k < n — 2. Let X be the free splitting of W,, depicted in
Figure and let X be its equivalence class.

Then X € VK, so f(X) = X. As S € lk(X), we also have that f(S) € 1k(X).
Moreover, f(S) ¢ VK, by Proposition Thus, a representative of f(S) is obtained
from X by collapsing a forest F.

Claim. Any splitting S’ distinct from S and obtained from X by collapsing a forest is
either an F-one-edge free splitting or is adjacent to an F-one-edge free splitting.
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Figure 14: The free splitting X of the proof of Theorem

Proof. If S’ # S is obtained from X by collapsing a forest, and if S’ is not an F-one-
edge free splitting, there exists an edge e € V/(W,\S’) such that e is adjacent to a leaf.
This edge determines an F-one-edge free splitting adjacent to S’. O

Thus, by Lemma any equivalence class &’ € lk_(X) is determined by the equiv-
alence classes of F-one edge free splittings that are adjacent to S’. Therefore we have
f(S) = § and the equivalence class of any one-edge free splitting is fixed by f. Theo-

rem [5.2] then implies that f = id. This concludes the proof of Theorem O
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