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Abstract. Pocket milling is a common task in manufacturing of aeronautical or space use parts, but also for molds and dies. This 

process is time-consuming and has an important impact on the cost of the final product. 

For this paper, among all the possible directions of 2D1/2 pocketing improvement, the optimization of toolpath geometry has been 

chosen. Most of time, the toolpaths are computed from a Computer Aided Manufacturing software using classical tool trajectories 

such as “zig-zag” or “contour parallel”. These trajectories show discontinuities or local high curvature, creating frequent stop and 

go of the tool. These toolpaths are, fundamentally, not efficient in High Speed Milling. Some authors and software designers 

proposed methods to tackle those problems by local modification of the toolpath to improve his higher order continuity. Others, 

like M. Bieterman, build directly a C2 spiral tool path with low curvature (this strategy propose to solve numerically a 2D Partial 

Differential Equation problem and to use the iso-curves as structure curves to build the spiral). These strategies are efficient for 

High Speed Milling but leads to much longer toolpaths, so it can’t be necessarily a beneficial way. 

The goal of this paper is to compare, for 2D1/2 pocket roughing, the time performance of different machining strategies:  

“zig-zag”, “contour parallel”, morph spiral and “Bieterman” used on different homothetic rectangular pockets. For this purpose, 

VPOp software developed in the LURPA Lab from Cachan is used. With this procedure, it will be possible to see, for which ratios 

of size, a milling strategy is efficient or not. 

INTRODUCTION 

The importance of the cavity machining in the industry is reflected in many research works. The research lines are 

mainly about a fine understanding of the cutting phenomena [1], the improvement of tools [2], the cutting conditions 

optimization [3], the tool path geometry [4], the tool(s) choices [5], the milling time modeling [6, 7]. 

The most mechanical cavities are 2D1/2 i.e. with their wall perpendicular to the XY plane, so they can be milled, 

on a 3-axis machine. The milling process is often decomposed in three phases: roughing, semi-finishing and finishing.  

During the roughing phase, a maximum material removal rate must be reached, taking constraints into account (spindle 

power, axis speed and acceleration, vibrations, …). 

For milling a 2D1/2 pocket, the toolpaths come, most of time, from a Computer Aided Manufacturing (= CAM) 

software who proposed classical tool trajectories as “zig-zag” or “contour parallel”. Because of tangency discontinuity 

(or local high curvature) of the trajectory but also stop and go of the tool, these toolpaths are, fundamentally, not 

efficient in High Speed Milling (HSM). Aware of this kind of problems, some authors [8] and software designers 

modify locally the toolpath to improve his efficiency in HSM. From another hand, M. Bieterman and D. Sandström 

[9] have proposed a method to generate a globally HSM efficient toolpath (ie. a C2 spiral with low curvature). 
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The goal of this paper is to characterize the time performance of four different machining strategies, for pocket 

roughing (zig-zag, contour parallel, morph spiral and Bieterman), using a software developed in the LURPA Lab from 

Cachan and called VPOp [10].  

DETAILED PRESENTATION 

The pockets and the tools 

In order to study the impact of the pocket size on the choice of a toolpath, a simple geometry pocket is chosen: a 

rectangle of  200 mm per 120 mm with 4 fillets of  20 mm radius (cf. Fig.1). Such cavities are often used in the 

aerospace field and serve to contain and fix electronic components. This pocket is machined with a cylindrical tool of 

10 mm diameter engaged at 75%. A homothetic factor, called k, is applied on the various dimensions of the pocket to 

create a set of various pockets. The different pockets will be called by their k factor. The same homothetic factor is 

applied to the tool size. 

 

FIGURE 1. Geometry and dimension of the reference pocket 

The VPOp software 

In HSM, the actual feedrate is limited by the velocity, acceleration and jerk of each axis of the machine tool. The 

VPOp (Velocity Profile Optimization) algorithm aims at finding an optimized feedrate profile which makes the best 

use of the kinematical characteristics of the machine. This is achieved by intersecting all the constraints given by the 

axes in an iterative algorithm. The milling time is estimated through the feedrate profile [10]. 

The modelized milling center 

VPOp uses a model of the MIKRON UCP710 milling center (5-axis). The acceleration of X and Y axis are 2.5 

and 3 m/s² respectively. The programmed feedrate (Vf) is 10 000 mm/min. 

The classical toolpths 

The toolpaths referenced in this point are generated by the software Mastercam X2®. 

Zig-zag 

Also known as direction parallel milling, this toolpath is detailed by M. Held [11]. The tool covers the pocket by 

following lines parallel to a given reference direction (Fig. 2 (a) ). This method is relatively easy to encode but creates 

a lot of “stop and go” for the tool. Note that this trajectory leaves non-machined zones (red arrows on the figure); to 

mill the same volume as other trajectories, an offset toolpath should be added. 
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(a) (b) 

  
(c) (d) 

 

FIGURE 2.  Zig-zag (a), contour parallel (b), morph spiral and Bieterman toolpaths applied to the rectangular pocket. 

Contour Parallel 

The trajectories elements are parallel to the pocket borders (offset curves). The tool travels from inward to outward 

(Fig. 2 (b)). The first difficulty of this method is to find the offset curves. H. Persson [12] proposed a method who was 

generalized by M. Held [13, 14] with the use of Voronoï diagrams. This category of toolpaths creates also tangency 

discontinuities who lead to a decrease of the average feedrate of the tool. Note that with this toolpath, all the pocket 

is directly machined. 

Morph spiral 

This trajectory is built like a spiral. There is therefore no stop and restart of the tool, as on conventional trajectories. 
However, we observe that the toolpath quickly takes the appearance of the border’s pocket. Continuity in tangency 

seems guaranteed (no feedrate jump) but not the continuity in curvature (acceleration jumps) (Fig. 2 (c) ). 

 

The Bieterman and Sandström ‘s toolpath 

The Bieterman and Sandström’s trajectory, detailed below, offers a double advantage: C2 continuity (no feedrate 

and no acceleration jumps) and a spiral shape who progressively morph to the border’s pocket. So, the local curvature 

remains low and the toolpath can be followed at high speed [9]. 

Principle 

This spiral path is obtained by interpolation between structure curves which are solutions of an elliptic partial 

differential equation (PDE). M. Bieterman and D. Sandström use Poisson’s equation as PDE. Once the trajectory 

obtained, the feedrate is optimized with the use of a two-pass algorithm. 
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Implementation of the Bieterman and Sandström method 

Solving the Poisson’s equation (–u(x,y)=1) for a closed surface amount to research the stationary temperature 

field (T(x,y) in [K]) of this uniformly warmed surface and maintain at 0 [K] on the borders (Eq. 1). The thermal 

conductivity of the material is  ([W/K]) and the thermal power areal density is q ([W/m²]). 

𝜌. 𝑐.
𝜕𝑇

𝜕𝜏
= �⃗� ( . �⃗�  𝑇) +  𝑞

𝑆𝑡𝑒𝑎𝑑𝑦 𝑆𝑡𝑎𝑡𝑒
⇒          − ∆𝑇 =

𝑞


, 𝜕 = 0   (1) 

Thanks to this physical model, Solidworks® and his finite elements module can be used for drawing and offsetting 

the pocket and also for researching the temperature field [15]. The geometry and the results are afterwards imported 

to MATLAB® for the toolpath determination. This method directly gives a start point to the spiral: the point where 

the temperature is maximum. Then, the spiral is built by a blending work on isotherms. The selected ones are those 

for which the maximum radial distance is equal to the tool diameter corrected with a safety factor (=stepover). Then, 

a linear interpolation is realized between these isotherm curves (Eq. 2). Let s() the polar equation of the spiral arc 

between two isotherms (  belongs to [0,2[ ) , e() and i() the polar equation of the external and internal isotherms 

respectively. Figure 1(d) gives an example of so build Bieterman’s toolpath. 

 

                         𝜌𝑠(𝜃) = 𝜌𝑖(𝜃) + ( 𝜌𝑒(𝜃) − 𝜌𝑖(𝜃) ) ∗
𝜃

2𝜋
        (2) 

Efficiency indicators 

Two indicators have been chosen to compare the different toolpaths: the simulated milling times (noted tzz, tcp , tms, 

tbiet for zig-zag, contour parallel, morph spiral and Bieterman toolpaths) and the quotient (used as efficiency indicator 

and noted eff) between the theoretical milling time (tth) and the simulated one (Eq. 3, 4). 𝑉 is the average speed along 

the toolpath. 

 

                                                            𝑡𝑡ℎ =
𝑡𝑜𝑜𝑙𝑝𝑎𝑡ℎ′𝑠 𝑙𝑒𝑛𝑔𝑡ℎ

𝑝𝑟𝑜𝑔𝑟𝑎𝑚𝑚𝑒𝑑 𝑓𝑒𝑒𝑑𝑟𝑎𝑡𝑒
=

𝐿

𝑉𝑓
     (3) 

 

                                                                𝑒𝑓𝑓 =
𝑡𝑡ℎ

𝑡𝑧𝑧 / 𝑐 𝑝/𝑚𝑠/𝑏𝑖𝑒𝑡
=
𝑉𝑧𝑧/𝑐𝑝/𝑚𝑠/𝑏𝑖𝑒𝑡

𝑉𝑓
                   (4) 

 

EXPERIMENTAL PROCEDURE 

A series of homothetic pockets has been generated. The tool used to mill the pocket suffers the same homothetic 

factor. Mastercam X2® is then used to create zig-zag, contour parallel and morph spiral toolpaths. Gcode files are 

also created by Mastercam. The Gcode toolpaths are transformed in point to point toolpaths with Matlab who will be 

used in VPOp to estimate the milling time. The Bieterman’s toolpath is directly injected in VPOp. The table 1 details 

the most relevant input parameters. 

TABLE 1. Most relevant parameters used in softwares. 

 

Mastercam 

(toolpath generation) 

VPOp 

(milling time estimation) 

Cylindrical tool 

Diameter: 10*k 

Stepover: 75% 

Only roughing, no finishing path 

 

B-spline interpolation 

Programmed feedrate: 10 000 

mm/min 

Autorized jerk overrun: 120% 

Acceleration: 10 m/s² 

Jerk: 5 m/s³ 

 

k is the homothetic factor linking the pockets of the family, 0.1<k<2. 
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RESULTS 

The simulated milling times and the efficiency indicator (eff) for each value of k and for the different toolpaths are 

synthetized in the table 2. The figures 3 and 3 show this results in graphics. 

 

 

TABLE 2. Simulated milling times and efficiency indicators for different toolpaths 

 
k tzz (s) tcp (s) tms (s) tbiet (s) effzz effcp effms effbiet 

0.2 16 22,5 27,5 19 0,23 0,17 0,20 0,34 

0.4 19 26 35 24 0,39 0,29 0,31 0,53 

0.6 23 30 40 29 0,48 0,38 0,41 0,66 

0.8 27,5 33 46 34 0,54 0,46 0,48 0,75 

1.0 33 39 51 39 0,57 0,48 0,54 0,82 

1.2 35 41 55 45 0,64 0,55 0,60 0,85 

1.4 37,5 44 59 50 0,69 0,60 0,65 0,89 

1.6 41 46 63 56 0,72 0,66 0,70 0,91 

 

 
FIGURE 3. Simulated milling time for different toolpaths 

 

 

 
FIGURE 4. Efficiency indicators for different toolpaths 
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CONCLUSIONS AND PROSPECTS 

These simulations prove an intuition: when the cavities are small, the kinematic performance of the machine is 

very important and Bieterman’s toolpaths, even if they are longer than the conventional trajectories, are temporally 

efficient. This is less the case for larger cavities. Furthermore, this article offers a procedure for quantifying the type 

of temporally efficient trajectories, given a cavity, a tool and a machine. 

Simulations show also that the efficiency indicator is always the best for Bieterman’s spiral, which proves that this 

geometry of trajectory allows the feedrate to remain close to the programmed one. It should also be noted that spiral 

trajectories respect more the machine tool and increase the lifetime of the tools. 
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