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Abstract

In this work we consider the Landau-de Gennes model for liquid crystals with an external
electromagnetic field to model the occurrence of the saturn ring effect under the assumption
of rotational equivariance. After a rescaling of the energy, a variational limit is derived. Our
analysis relies on precise estimates around the singularities and the study of a radial auxiliary
problem in regions, where a continuous director field exists. Studying the limit problem, we
explain the transition between the dipole and saturn ring configuration and the occurence of
a hysteresis phenomenon, giving a rigorous explanation of what was conjectured previously
by [H. Stark, Eur. Phys. J. B 10, 311-321 (1999)].
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Introduction

Liquid crystals represent a type of matter with properties intermediate between liquids and
crystalline solids. They can be thought of as rod like molecules whose positional and orientational
order may vary within space, time and parameters such as temperature. For a general and
complete introduction, we refer to [5, 23]. Depending on the alignment of the molecules and its
symmetries, liquid crystals are generally divided into nematic, smectic and cholesteric. Due to
their unique properties, liquid crystals exhibit remarkable structures and applications, see for
example [31, 33, 37].

From a mathematical point of view, several models have been introduced to study the phe-
nomena arising from liquid crystals [9]. Roughly speaking, the Oseen-Frank model describes
liquid crystals by a unit vector field n, that represents the direction of the molecules. A pe-
culiarity is, that in practice we do not distinguish between n and —n, so that n should rather
take values in a projective space RP? to avoid problems with orientability. In order to represent
local averages of the directions n of the molecules, one gets an additional degree of freedom.
Models describing the liquid crystal with such a variable include e.g. the Ericksen model. The



Landau-de Gennes model goes one step further by using the idea to describe the arrangement of
a liquid crystal by a probability distribution p on the sphere of directions, taking into account
that opposite points have the same probability. Then the first moment vanishes and the (shifted)
second moment @ is a symmetric traceless tensor, which is used to model p. This allows to in-
corporate both the Oseen-Frank and Ericksen model into the one of Landau and de Gennes. A
more detailed introduction to the various models and even for more refined generalizations of
the Landau-de Gennes model, e.g. the Onsager model or Maier-Saupe model, can be found in
[8, 42]. For the challenges and a comparison of the mentioned descriptions, see [10, 11, 12, 17,
38]. In general, it is difficult to give precise descriptions of minimizers of the energy functionals
associated with one of the models explicitly, except in some very special cases such as in [44] or
for the radial hedgehog solution in [34].

Mathematically speaking, liquid crystal theory shares several techniques and results with
other subjects, for example the Ginzburg-Landau model in micromagnetics, [15, 27, 30]. Also
parts of the description, such as function spaces |7| and liftings [29, 35|, Q—tensors |16, 36]|, the
formation of topological singularities [41] or similar energy functionals |22, 39] are of interest in
a more abstract setting.

One interesting pattern one can observe in liquid crystals is the so called "saturn ring" effect.
Under certain circumstances the defect structure forming in order to balance a topological charge
on the surface of an immersed object in liquid crystals, takes the form of a ring around the
particle, see [1, 2, 28, 37]. Also more exotic structures such as knots are possible, we refer to [37]
for an overview. In addition, an electromagnetic field can be used to manipulate the occurrence
of a saturn ring. While this is known in physics for several years [4, 24, 25, 26, 43|, there are
only few mathematical results [3]|. Starting from the Landau-de Gennes model, we have to find

a minimizer of the energy

£6(Q) = [ 3IVQP + 5 /(Q)+ 50(Q) da

under suitable anchoring boundary conditions. Here €2 is the region filled with the liquid crystal,
in our case we consider 2 = R3\ Bj(0). The Dirichlet term models elastic forces, while f
incorporates bulk forces. The parameter & describes the ratio between elastic and bulk forces.
We are going to consider the limit of a vanishing elastic constant, i.e. £ will converge to zero.
The effect of an external electromagnetic field is described by the function g, with the parameter
1 coupling the field to elastic and bulk forces. We are also going to take the limit n — 0. To
complete our model, we impose a strong anchoring boundary condition on 92 that corresponds
to a radial director field n = e,. With £ and n converging to zero, we can consider different
regimes regarding the relative speed of convergence of both parameters.

1. The case of strong fields 7| In(§)| < 1, where we expect to observe a saturn ring was treated
in [3].

2. The case n|In(§)| ~ 1, where the transition between dipole and saturn ring takes place is

precisely the purpose of this paper.

Our work is organized as follows. In the first section we define the different parts of the energy
carefully, establish fundamental properties and discuss their effects in the minimizing process.



The second section contains the rescaling and states our main theorem, a I'—convergence
result in a sense that will be precised later. We will prove, that in the limit n,& — 0 in our
regime and under the assumption of rotational equivariance, the model reduces to a simple energy
stated on the surface of the sphere S? = 9. More precisely

£o(F) = @s*/F(l ~ cos(6)) dw + @s*/ (1+ cos(8)) dw + 3 26| Dxr|(87),

c

where s, > 0 is a parameter depending on f and F C S? is a set of finite perimeter that can
be seen as the projection of the region, in which a lifting of @ from RP? to S? exists and the
orientation at infinity agrees with the outward normal of 0B;. In the same spirit, F¢ stands
for the region, where the lifting has the opposite orientation. In the above expression # stands
for the angle between a point w on the sphere and e3. We see the latter perimeter term as
representation of a defect line. It tells us that switching from one orientation to the other comes
with a cost, depending on the balance between the forces (modelled by ), the length of n which
is related to s, and the length of the defect line. This is the result we are going to prove in the

next two sections.

Section three is divided into three parts: We first show that the energy bound implies the
existence of only a finite number of singularities if we are at some distance from the esz—axis.
The main idea will be to replace our functions @, ¢ by the minimizers of approximate problems
and then use the higher regularity to derive a lower bound on the energy cost of a singularity.
The energy bound then implies that in fact only finitely many singularities can occur. Next,
we provide asymptotically exact lower bounds for the energy near those singularities. Then, the
radial auxiliary problem is introduced. Given a ray from the surface 9€) to infinity such that
Q¢ is close to being uniaxial, we can explicitly calculate the energy necessary to turn along the
ray from our boundary conditions to the preferred configuration parallel to the external field in
+e3—direction. Combining the results, we are able to prove the lower bound part of the main

theorem.

The construction for the recovery sequence is made in section four. We use our knowledge
about the interplay of the three parts of the energy to define approximate regions for the singu-
larities and the uniaxial part. Here we profit from the exact formula of the optimal profile from
the radial auxiliary problem.

The remaining section deals with the limit energy. We calculate the minimizers (depending
on ) and compare their energy with that of a dipole and a saturn ring at the same S—value. We
find that by varying 8 a hysteresis phenomenon occurs. Our findings rigorously explain physical

experiments and known numerical simulations [32, 40].

1 Definitions and preliminaries

We start this section by giving precise definitions for the functions and quantities mentioned in
the introduction, namely the bulk and magnetic terms that involve the functions f and g.

Definition 1.1. We denote by Sym, the space of symmetric matrices with vanishing trace

Symo = {Q S RBXS : QT = Qa tr(Q) = 0}7



equipped with the norm |Q| = /tr(Q?). Furthermore, for a,b,c > 0 we define

F(Q) =0~ Sm(@) - Su(@) + S(r(@) (1)

and

4(0) = 5% Qesymo\ {0}
0 Q=0

(2)

As we stated in the introduction, the definition of Sym, is motivated by the second order
moment of a probability distribution p on a sphere. The symmetry between +n reads p(n) =
p(—n) for all n € S?, i.e. the expectation value of n vanishes, fSQ n dp = 0. The second moment
sz n®n dp is symmetric and has trace 1. From this we subtract the second moment of a uniform

distribution on S?, i.e. p = ﬁ to get the symmetric and traceless tensor Q.

The specific form of the function f comes from the requirement of being invariant under
rotations. Indeed, assuming a polynomial function f and demanding frame indifference for the
bulk energy (and of course for the elastic energy) we find that f has to satisfy f(Q) = f(RTQR)
for all R € O(3). This implies that f is the linear combination of tr(Q?), tr(Q?), (tr(Q)?)?,
tr(Q?)tr(Q?), tr(Q?)?, tr(Q%)?, etc (see [8, Lemma 3]). It is convenient to consider only the
first three terms although one could in principle add more. Another possible generalization is
to consider f to be dependent on the temperature. In the simplest case one writes a(T — T%)
instead of a for a reference temperature T, [36]. However, we are not going to include this into
our work. We see in the next Proposition that for a certain choice of the constant C', f vanishes
on so-called uniaxial Q—tensors (the set N in Proposition 1.2 below). This is the main property
of f one should keep in mind during our analysis.

The definition of g is inspired by the classical approach of introducing a quadratic term
penalizing n not being parallel to the external electric or magnetic field H, e.g. (n-H)2. We
choose a field in eg—direction and separate the field strength from the direction, i.e. we write
H = hes. In addition, g should be independent of |@|, since we only want n to be parallel to es
without preferring any size |@|. The constant \/2/7 is chosen such that ¢ is non-negative as we

will see in Proposition 1.4.

Proposition 1.2 (Properties of f). There exists a constant C' such that f given by (1) satisfies

1. f(Q) =0 for all Q € Symg and mingesym, f(Q) = 0. Let N == f~1(0). We have

N:{s* <n®n—:1))1d) : nESZ},

where S> C R3 is the unit sphere and s, = ﬁ <b + Vb2 + 24ac). Moreover N is a smooth,

compact, connected manifold without boundary diffeomorphic to RP2.

2. For all Q € Sym, with |Q] > \/gs*, there holds:

£Q) > f (@a&) .



3. Furthermore, there exist constants dg,v1 > 0 such that if dist(Q,N) < &y for Q € Sym,,
then

F(Q) = m dist(Q.N)?.
4. There exist constants C,Cy > 0 such that for dist(Q,N) > Cy it holds

Q) >C|Ql*.

Proof. A proof of the first statement can be found in [35, Proposition 15|. For the second result,
we refer to [18, Lemma 3.5]. The third assertion is proved in [19, Lemma 2.2.4 (F3)]. The last
claim follows as in [20, Lemma 2.4]. O

The last three statements are of technical nature. The second property is only used to
establish °°—bounds in Remark 2.2 and Proposition 3.3. The estimate in 3. simply states that
one can think of f as being quadratic close to its minimum which is attained on A, while 4. tells
us that f is of order 4 far from N. The first statement gives an interesting connection between
f and the space Sym,. In fact, N plays an important role in our analysis as it will allow us
to identify ) and +n and thus give a intuitive meaning to (). This is formalized in the next

Proposition.

Proposition 1.3 (Structure of Symg). 1. For all Q € Symy there exist s € [0,00) and r €

[0,1] such that
Q=s<<n®n—;1d>+r<m®m—;1d)>, (3)

where n, m are normalized, orthogonal eigenvectors of Q. The values s and r are continuous
functions of Q.

2. Let C = {Q € Symy : A(Q) = \(Q)}, where we denoted by A\, Ao the two leading
eigenvalues of Q. Then

C={Q € Symy\ {0} : 7(Q)=1}U{0} and C\ {0} ZRP*xR.

3. There exists a continuous function R : Symy \ C — N such that R(Q) = Q for all Q € N
In particular, Symgy \ C ~ N. The map R can be chosen to be the nearest point projection
onto N'. In this case, for all Q € Symg \ C decomposed as in (3), R is given by R(Q) =
ss(n®@n—3Id) .

Proof. The first part follows from [19, Lemma 1.3.1] for s = 2\ + X2 and r = (A1 +2\2)/s, where
A1 > Ag are the two leading eigenvalues of ). The second part is a consequence of the definition
of s,r in terms of the eigenvalues and [19, Lemma 1.3.5]. The last part is a reformulation of
Lemma 1.3.6 and Lemma 1.3.7 in [19], together with Lemma 2.2.2. O

The decomposition (3) provides us with a very useful tool to perform calculations, for example
in Lemma 1.5 or Proposition 3.15. In the second statement we introduce C, a set that can be
thought of as cone over RP2. It contains exactly the biaxial Q—tensors. If a Q—tensor is not
biaxial, there exists a retraction onto A" which coincides with the nearest point projection and
is given by the element of A corresponding to the dominating eigenvector of Q.



We finish this section with two Propositions about g. More precisely, we prove that g has the
properties that we claimed above and show that g takes an even simpler form on A. Finally we

show that g is Lipschitz continuous in a neighbourhood of /. All calculations are straightforward.

Proposition 1.4 (Properties of g). Let g be given as in (2).

1. g(Q) > 0 for all Q € Symg with equality of and only if Q = t(ez®es — %Id) for somet > 0.

2. If Q € N is given by Q = sx(n®@n — fId) with n € S?, then

0@ =2 (1-nd).

Proof. Minimizing g under the tracelessness constraint, we get the necessary conditions

1 §3 Q33ij Q33Qij

s A =0,
BIRAGE BGE QP

for a Lagrange multiplier A. For @ = 0 the claim is clear by definition. So let @ € Sym, \ {0}.

=0 fori#j

~A=0forj=1,2,

If Q33 = 0 we get a contradiction. Hence we can assume Q33 # 0. Then the third equation from
above implies Q;; = 0 for ¢ # j and the second Q11 = Q22. By tr(Q) = 0, we have Q33 = —2Q1;.
Then the first equation reads 0 = %Q§3 —|Q?, ie. Q33 = \/2/3|Q|. Inserting this into g we
get mingyy,, g = 0. Our conditions also imply the claimed representation @ = t(e3 ® e3 — %Id).

Reversely, it is obvious that g = 0 for such Q.

For the second claim, it is straightforward to check that for Q = sy,(n ® n — £1d) € N we
have |Q|*> = Zs2. Thus

o(@) = ?)—5*“3% N LI

O

Lemma 1.5. There exist constants 61,C > 0 such that if Q € Sym, with dist(Q,N) < o for
0 <6<y, then

9(Q) — g(Ro Q)| < Cdist(Q,N). (4)
Proof. We use Proposition 1.3 to write

Q:s<<n®n—;1d> +r(m®m—;ld>> ,

with s > 0, 0 < r < 1 and n, m orthonormal eigenvectors of (). Thus R o () = s, (n Xn — 7Id)
and from Proposition 1.4, we infer that g(R o Q) = \/7(1 —n3). In order to calculate g(Q), we

note that
12 1|7 1 1
1Q? = s* n®n—§Id + (s1)? m—gId + 2577 <n®n—31d> : (m®m—31d)
2
:gsz(r2—r+1).



This implies

2 1 ) 1 9 1
9(Q) = gRoQ)| = |y/2 - S Fertmi—g) _ [2 a5 5)
’ 2oVt 72 st
< n%—% ( 1 _1> g_% r '
Ji o Wi-rer? s Vi ?
1
Note, that the Taylor expansion at r = 0 is given by ———— —1 = — + O(r?) and
. y p g y g 5 (r2)
———— =7+ 0(r*). Hence
Vi—rir? ()
3
9(Q) = g(Ro Q)| < 57+ 0O(r?). )

Finally, we can estimate

2

dist?(Q,N) = |Q — R(Q)? = |(s — s.)(n®n — %Id) +sr(m®@m — %Id)

2 2
= §|s — s 2+ 5‘87”2 — gsr(s — Sx)

> L
—|s — 54« —|sr|”.
-3 3

w We define §; = L&k and

This implies |s — s4| < v/3 dist(Q,N) and |r| < )
ples s — s.] < V3 dist(@A7) and |r) < Y2 "

together with (5) we get

V3dist(@QN) _ 2V3

|s] S«

9(Q) —9(Ro Q)] < Cr < (QN).

2 Scaling and statement of result

Starting from the one constant approximation of the Landau-de Gennes energy in Q,, = R3\
By, (0) we find the energy

L
Q= [ FIVQP+ (@) +12(Q) ds ()
70
for parameters L, h,79 > 0. As we have seen before, h can be interpreted as a field strength,
ro as the particle radius and L as the elastic constant. In order to be able to work on a fixed
domain, we apply the rescaling 2 := %QTO and £ = x/rg. We introduce the new function
Q%) = Q(roZ) = Q(z) and V = V; = LV,. Then

0

3 ~ ~ ~
£Q) = /Q L0 G0P 1+ r81(Q) + h2rig(D) di

2
2rg

= [ SESQR + Q) + (k) 9(Q) i



Dividing by Lrg, we can define
5= [ 1961+ L 10)+ Lo@) ar
£6(@) = [ 5I9QP + /(@) + 9(Q) di. (7

where we introduced the new parameters & = v/L/rg and n = /L/(roh). This is the energy
that was announced in the introduction. The natural space for this energy to be well defined is
H(Q, Sym,). Minimizing the first term would lead to a harmonic map, the second term prefers
to be uniaxial with a certain norm, while the third term takes its minimum when the director is
aligned parallel to es. So the constant uniaxial map s.(es ® es — %Id) would be a minimizer of
our energy. However, this will violate the boundary conditions we are going to impose, namely
we want Q¢ € H'(€, Sym,) to satisfy

Qne=Qp on S?, (8)

where Qy(z) = s, (x ® x — $Id). So what we expect instead is a map that is close to s.(e3 ®
es3 — %Id) everywhere, except for a transition zone near the boundary. In this boundary layer,
which will turn out to be of thickness 7, we will find tubes of cross sectional area £ containing

the regions where @, ¢ is biaxial.

Since the problem is equivariant with respect to rotations around the es—axis, it is natural
to consider only rotationally equivariant maps. We say that a map @ is rotationally equivariant
if () is equivariant with respect to rotations around the es-axis. In other words, using cylindrical
coordinates, one has

cosep —singp 0
Q(p,(p,z):R;Q(p,O,z)Rw, where R, = |sing cosp 0
0 0 1

For uniaxial maps Q = s,(n ® n — %Id) this is equivalent to the usual notion of equivariance
for vectors n(R,x) = R;n(x). We define the set of admissible functions A to be the set of
rotationally equivariant functions @, ¢ € H'(€2, Sym,) satisfying the boundary condition (8).
This motivates the definition for Q € H' (2, R3*3)

577’5(62) ifQeA,
00 otherwise.

Ere(Q) =

We strongly believe that minimizers of &, ¢ are also rotationally equivariant, although this does
not follow from our work and remains an open issue. We will remove the hypothesis of rotational

equivariance in a work in preparation.
The following theorem is the main result of the paper.

Theorem 2.1. Suppose that
nn(€)| — B € (0,00) asn—0. (9)

Then n 5;745 — & in a variational sense, where the limiting energy & for a set F C S? is given
by

Eo(F) = V/24s, /F(l —cos(f)) dw + @3*/ (14 cos(f)) dw + %33,8|DXF|(SQ). (10)

c

More precisely, we have the following statements:



1. Compactness: For any sequence Q¢ € A such that n &, ¢(Qne) < C, there exists a mea-
surable set of finite perimeter F' C S? that is invariant under rotations w.r.t. the e3—axis,
measurable functions n" : Q© — S% and a set w, C Q with lim,_o |w,| = 0, Q\ w, simply
connected, such that for all ¢ > 0 it holds n" € C°(Q\ (Z, Uwy),S?) and

S (n" Qn'" — %Id) Qn&‘

lim ‘ =0, — ointwise, 11
n—0 L2(Q\Zo) Xy =7 XB P (11)

where Z, = {x € R3 : 22 + 23 <0?} and F,; = {x € 9Q : n"(z) - v(z) = —1}.

2. T=liminf: For any sequence Q¢ € A and any measurable set of finite perimeter F' C S?,
measurable functions n" : Q — S? and a measurable set wy C § that satisfy lim, g |wy| =0,
Q\ w, simply connected with n" € C°(Q\ (Z, Uwy),S?) and (11) hold for all o > 0, we
have

lim inf 7 £¢(Qne) 2 Eo(F). (12)

3. T—limsup: For any measurable set of finite perimeter F C S? that is invariant under
rotations w.r.t. the e3—awis there exists a sequence Q¢ € A with ||Qp¢l/re < \/gs* and
measurable functions n" : Q@ — S? with n" € CO(Q\ wy,, $?), limy, 0 [wy| = 0, Q\ w,, simply
connected, such that (11) holds for all o > 0 and

hmbupné’ng(Qn ¢) < E(F). (13)

774)

Remark 2.2. 1. In view of (9) we can replace the bound n &y ¢(Qne) < C, by

Ene(Qne) < C (1+[In(g)]) - (14)

2. The convergence we show is not a I'—convergence in the classical sense since the limit

functional is defined on a different functions space.

3 Lower bound

In this section we prove the lower bound of Theorem 2.1. Our strategy to obtain the lower bound
is the following: First, we approximate the sequence @, ¢ by a more regular one named Q.. We
use € := £ to meet the notation in [3, 18, 19| and let out 1 in our notation since n and £ are
related via (9), i.e. n ~ “n’ﬁ We also write & instead of &, ¢. We find that away from the
es-axis the sequence @) has only finitely many singularities in the neighbourhood of which Q. is
far from N. Then we can estimate the energy of Q. nearby these points from below by balancing
IVQ|? and f(Q.). In the region where Q. is close to N, we will use the optimal radial profile
found in [3] by balancing |VQ.|? and g(Q.).

3.1 Preliminaries

The construction of the approximation Q. of @, ¢ follows several steps. First, we are going
to show that @, ¢ can be approximated by another function @), ¢ which verifies an additional
L*°—bound.



Proposition 3.1. Let Q,¢ € H'(Q,Sym) such that (14) holds. Then there erists 6/2777/5 €
H'(, Symy) which decreases the energy E, ¢, verifies

— 2
[@n.ell L) < \/;9* (15)

and@?vgf@mg%() in L? asn,& — 0.

Proof. We can define Qvng as

2, Qn : 2
G = [ VAR T1ul> 3
e

Qne otherwise.

This function is clearly admissible and has lower Dirichlet energy. From Proposition 1.2 it follows
that f(Qn¢) < f(Qy¢) and by the scaling invariance of g we find that g(Qy¢) = g(Qy,¢). Hence

Ene(Qne) < Ene(Qye). The L~ bound is obvious. So it remains to show that [|Qy ¢ —Q ¢l 12(0)

converges to zero as 1,£ — 0. We remark that [ \CZ; —Qnel? < [(max{|Qyel — \/gs*, 0})% and
decompose 2 into three sets:

Q = {dist(Qy,e, ) < do} U {dist(Qye, N') > Cr} U {do < dist(Qne, V) < Cf},

where dg and C'y are the constants from Proposition 1.2. On the first set, we use 3. in Proposition
1.2 and the energy bound to get

— 1
/ |Que — Qnel® da < / f(Que) dz < C(1+ | Ing])€?,
{dist(Qyy.e N)<do} 7 Ja

which converges to zero as & — 0. Similarly, on the second set we use ]CT),T{ — Quel® < |Qnel? <
C’|Qn7§\4 and 4. in Proposition 1.2 to get

/ @ne = Quel? do < C [ 1(Que) di < O+ e,
{dist(@y.e N)>C} Q

which again vanishes in the limit & — 0. For the last set, where dp < dist(Q, ¢, N') < Cf, we can
estimate the measure using that f(Q,¢) > ¢ > 0 on this set

1
e b < dist(@e ) <)l <, [
€ J{50<dist(Qy,¢e N)<Cy}

< C(1+|Ing)) €.

Qne) dx

Then, using that both |Q,¢| and |Q,¢| are bounded by \/gs* + Cy, the integral [|Qye —
Qn,§|2 dx over the third set converges to zero for & — 0. Combining these three results proves
the Proposition. O

From now on, we will use the notation with € replacing 7, &, i.e. Q: = @:75 The next step
will be defining the more regular sequence (). replacing @: In view of the lower bound for the
claimed I'—limit we still want (), to be rotationally equivariant and that it converges to the same
limit as @;, while decreasing the energy.

10



We thus define the three dimensional approximate energy for 0 < v < 2 and w C €2
1 1 1 —
E3D — - 2 - - _ . 2 d .
Q) = [ FIVQP+ 31(Q)+ 5510 -G ds

Wee seek Q. by minimizing E3(Q, () among rotationally equivariant fields Q. Because of
the equivariance, the problem can de stated as a two dimensional problem. Indeed, calculating
]QDQ\Z for a rotationally equivariant map @ € H*(£, Sym,), and using the equivariance, we can
write Q(p, ¢, 2) = R;Q(p, 0,2)R, and thus

2
0,Q = [(9,R.) QR + RLQOR,)| = 1QF +6(Q% — QuQn).
This expression does no longer depend on . In order to shorten notation, we introduce the
matrix

2(Q11 — Q22) 4Q12 Q13

Qax2 = ;<agzj|8«pQ|2> = 4Q21 2(Q22 — Q11) Q23

“ Qa1 Q32 0
Note that, Qaox2 : Q = %\&PQP. So the whole energy does not depend on ¢ any more and using

cylindrical coordinates, it can be rewritten as
2
EP(Qu) = [ EP(@u9) dp = 2 BP(Qu ).
0
where EEQD is the two dimensional energy given by
2D no_ Prorn2 , L . P p 12
ES7(Q,w') = §|VQ\ +;Q2x2-Q+:2f(Q)+g|Q—Qe| dpdz,
w/

where V/ = (0,,0,) denotes the two dimensional gradient and o’ C ' = {(p,2) € R?

p >0, p>+ 22 > 1}. In order to shorten notation, we are going to write %|VQ|2 instead of
%|V’Q|2 + p%ngg : @@ whenever we make no use of this division of the gradient. Now we define
Q. to be

Q. = argmin EED(Q, ), (16)
QeA

where A’ = {Q € H' (€, Symg) : (8) holds for p? + 2% = 1}. We eventually extend Q. to a map
in H'(2, Sym,) which we will also call Q. by defining Q.(p, ¢, z) = RZQe(p, Z2)R,.

Remark 3.2. 1. Note that @:|Q/ is an admissible function in (16), so that Q. does exist.
2. Neglecting the contribution from g for a moment, then Q¢ has lower energy than @;
3. Thanks to the energy bound in (14) we know that
1Qc — Qcll 2y < Clnel + 1) =0 ase—0,
i.e. the two sequences have the same limit for vanishing €.

4. The minimizer Q. solves the two dimensional Euler-Lagrange equation

~PAQe+ ~Quzxa = 9,Qc+ 5DIQ) + (@0~ Q) = A1a. (17)

Note that the equation contains an additional term (RHS) due to the fact that Symy is a

subspace of the space of real matrices, i.e. a Lagrange multiplier A is needed to ensure the

tracelessness constraint.
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5. The function Q. also solves the three dimensional Fuler-Lagrange equation
1 1 —~
~AQ. + 5 DF(Q) + = (@~ Q) = Awp 1d, (18)

€

despite the fact that it does not need to be a minimizer of E3P. To see this, write

Agp 10 = ~AQc + 5DF(Q) + = (Qc — Q)

— 020~ 9,0~ ;030 - Q.+ 5DAQ) + Q.- Q)

€
=R [ -0%0Q 18@ 92Q 1 Q.- Q)| R
_go_pe_;l?ﬁ_zﬁ_'_?y(e_ E) ©
1 1
—~ ﬁﬁi(R;QeR@) + 5 DF(RIQeR).

One can explicitly calculate that ai(R;QeRw) = R;Q2><276R¢ and since Df(P) = —aP —
bP? + ctr(P?)P for symmetric matrices P we also have Df(R;QER@ = R;Df(QE)R@.
This implies that a rotationally equivariant extended solution of (17) is also solution of

(18).

The last part of this subsection will be the following Proposition which quantifies the reg-
ularity we have gained by replacing Q). with .. This result relies on the three dimensional
Euler-Lagrange equation. In fact, this is the only time we use (18) and cannot use (17) due to

its singular behaviour near p = 0.

Proposition 3.3. Let H@:HL"O < 1 and let Q. be the rotationally equivariant extended minimizer
of (16). Then Q. € C*(£, Symy),

2 C
[QcllLe < \/;8* and ||VQ¢||pe < —.

€

Proof. From equation (18) and by elliptic regularity we deduce that for 676 € H' we have
Q. € H?, ie. Q. € O3 since we are in dimension 3. Note that the boundary of €2 is smooth.

To prove the L°°-bounds we define a comparison map

o — \/gs*‘g—z' if |Qe| > %s*,
.=

Qe otherwise.

Then [VQc| < |VQ, f(@) < f(Qc) by Proposition 1.2 and [Qc — Qc| < |Qc — Qc|. Hence
E3P(Q., Q) < E3P(Q., Q) with strict inequality unless Q. = Q.. The estimate |VQc||z~ < %
follows from [14, Lemma A.2]|, using (18), (15) and v < 2. O

3.2 Finite number of singularities away from p =0

We introduce the notation Q, = {z € Q : 22 + 2% > 02} = Q\ Z, for ¢ > 0, with
Z, defined as in Theorem 2.1. In the same spirit, we define the two dimensional analogue
QL ={(p,z) € ¥ : p> o}, ie Q, can be obtained from € through rotation around the

eg—axis.

The main theorem we want to prove in this subsection is the following:
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Theorem 3.4. For all 0,6 > 0 there exists \g, €0 > 0 and a set X, C U such that for e < ¢

1. The set X, is finite and its cardinality is bounded independently of €.

2. If x € QL and dist(z, X¢) > A€, then dist(Qc(z),N) < 4.

The general idea behind this subsection is the same as in [18, 19|, where the analysis has
been carried out for the case of minimizers of the energy [|VQ|? + 6% f(Q¢) and uses ideas
from [13]. We will show that in our situation with the additional term 1@, — C/ZH%Q the same
results hold. There are two main ingredients for the proof of Theorem 3.4: Proposition 3.10 that
tells us that a singularity has an energy cost of order |Ine| and Proposition 3.6 that allows us
to deduce that Q. is close to being uniaxial provided 6% | f(Qe) is sufficiently small. While the
second ingredient uses only the regularity of Q., the first one makes use of equation (17) in the
form of the following Proposition.

Proposition 3.5 (IToxoxkaes). Let Q¢ be the minimizer of (16) and w' C Q' open with Lipschitz
boundary, T € w'. Then

1 1 1 1 —~
[ ot =210 (GIVQP + 55100 + 5@ + 510 - Q)
1 1

1 3 3 —~
_ 4 rn2, L 1 2, 9 9 o 2
=3 /w,P|V Qe|” + 5 /w/ p|a¢Qe| + 2 /w/ pf(Qe) + 27 /w/p‘Qe Q|
1 — -
R HCEE B R AICEE B AR 8]
where v denotes the outward unit normal vector on Ow'.

Proof. To improve readability, we drop the subscript € in the proof. Our calculation only requires
that @ is solution of equation (17).

Let w’ C €' open with Lipschitz boundary and let T € w’ be an arbitrary point. By translation
and without loss of generality we may assume that T = 0. Testing the ¢j-component of equation
(17) with 24,0,Q;; and summing over 4, j, k we find

1
0= [ -rBQuuanQy+ 5 [

i,j,k w w
1
- // 0,Qijxr0L Q5 + /, ;QZxQ,ijxkainj
= I+ 1T+ IIT+1IV+V.

of 1 -
/p@xkainj + = /w/ p(Qij - Qij)xkzainj

Note, that the RHS of (17) vanishes since Q);; is traceless, i.e.

Z/IA(Sijxkainj = Zk:/w/ Az, 0, Z%‘sz = Z/

Axkak(tr(Q)) =0
igk i PR

For the first term (I) we calculate, using integration by parts

Z/ —p FQijrrOrQij = 2/ palej(Smainﬂ'/ P 01Qijrk 010k Qij
ijkl ikl 7 Y (20)

—/(9 lpalQijxkainle + /, 0p101QiOkQijk,

13



where v is the outward-pointing normal vector on dw’. Note, that the last term reads fw,(apQ) :
((xz - V)Q) and thus is cancelled by (IV). We apply another integration by parts to the second
term on the RHS of (20). This yields

1
> / p 0Quzr00k Qi = ) 2/,ka8k(alQijalQij)

1,5,k 1,7,k

=75 Z/ palegalQm + Z / P alQUalQkal/k

2,7, i,5,k,0

- 2/,5pk$kalQijalQij-
Combined with (20) this gives

I+IV—<1—2—1>//p!V’QI2+;/8,,0V’QIQ(w-V)—/a,p(m-V’Q):(v-V’Q)-

2 2
(21)
The second integral (II) simply gives
1 1 1
H=3 5 [pat@m=—g [ i@+ [ pr@ @

For (III) we need to add (and subtract) the same integral with derivatives on @; Then

1 ~
HI—W/M (Qij — Qij)OQijrr

2% P Ok(Qij — Qi) i + 17/ P (Qij — Qij) Ok Qij
W’ € w! (23)
3 1 ~
=55 /,° (Qij — Qij)? t 55 - p (Qij — Qij) v
1
+ = = /w’p ng Qz] aley’Wc
The fifth integral (V) simply gives
| 2@ (@ V10 = [ 236 V)(Qua: Q)
(24)
__1 1 2,1 o Yia.02
——5 [ (02 )0.ar 45 [ weoio0n
Combining (21), (22), (23) and (24), the equality (19) reads
1 1 1 ~
[ pte (3908 + 510,08 + 31(@ + 5510 - GF)
1 , 3 3
=5 [ pvar+soer+ 5 [ 01y [ rl0-GF
1
+67/w,p(Q—Q) : (x~V’Q)+/8w,p(:c-V’Q) Q)
which gives the result.
0
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Since almost all term in consideration contain a p factor due to the passage from 2 to L, it

is natural to introduce

p?nin(x()v l) ;= inf {p : (p7 Z) S Bl(xO) N Q;} ’ (25)

for a point zy € Q, and [ > 0. Note that if we write 9 = (po, 20), then pZ. (zo,!) = max{py —
l,o}. In particular, p7. (xo,l) > o.

The following Proposition is a key ingredient in the proof of Theorem 3.4.

Proposition 3.6. For all § > 0 there exist constants Ao, po > 0 such that for all o > 0, x¢ € QL
and | € [\oe, 1] the following implication holds:

E P FQD) < o P (0,20) = dist(Qu, N) < & on Bi(zo) N <Y, .

2
€ J By (wo)NSY,

Proof. We claim that Ag, uo can be defined as

J

)\ = —
0 207

T
Ho = ZA(%fmina

where C' is a constant such that €||VQ¢| L~ < C (see Proposition 3.3) and fmin is the minimum
of f on the set {Q € Sym : |Q] < \/gs*,dist(Q,N) > 0/2}. Note that fmin > 0 since on this
compact set f is strictly positive.

In order to show that the definition indeed gives the desired implication, we argue by con-
tradiction. Therefore we assume that there exists zp € Q and [ € [Ape, 1] such that there is an

x € By(zg) N QL with E% fle(a:o)ﬂQ{, p f(Qe) < popZ,(z0,20) and dist(Qc(x), N) > 4.

This implies that By,c(z) C Ba(zo) N (R?*\ B1(0)). Indeed one can show that dist(x, d) >
Aoe. Otherwise one would have dist(Q¢(z), N) < ||[VQ| peedist(x,02) < CAg = % by definition
of A\g. This clearly contradicts the assumption that dist(Q.(z),N) > §. Then, for all y €
Bj,e(x) N QL by the triangle inequality

N S

dist(Qe(y), V) > dist(Qe(x), V) = [Qe(x) — Qe(y)| > 0 — A€l VQe|[ L~ >

By definition of fuin this implies f(Qe(y)) > fmin. Since By, (x) N Q, C Bo(xo) N, and
| Bage(z) N Q| > %71'()\06)2 we know that

1 1
1 / P F(Q) = - pZn(0,20) / Qo)
€ J By (o)NSY, € Bige(z)NQ2,

1 s
> gﬂﬁm(”ﬁo? 2l)§<)‘06)2fmin = 240 Pmin (0, 21) ,

which contradicts our assumption. O
The next Lemma basically tells us that for o € (0,1) there has to be some radius r < €*/2 so
that we can control the energy on 0B, in terms of the energy on B a/2. It will become important

later on when we will use it to bound the energy contributions of the boundary terms from
Pokhozhaev identity.
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Lemma 3.7. For all g € Q' there exists r € (e*,€2) (depending on xo and €) such that
1 1 1 ~ AE?P(Qc, Beay2 (10) N QY
[ o (5v0r+ L@+ 5510, - QR o < E@eBantn) OR),
8Br(m0)mﬂ’ 2 € 26

ar|lne|
Proof. The proof consists of an averaging argument. Assume that no such r exists. With the

notation B’ = B.a/2(x0) N Y, this would imply

/2
2D - 2
gr@us) = [ [ o(GIVer s 5@+ 510 - QF) drar

/2
/ / (rvw L1Q)+ 10 @eF) da dr
8Brxoﬂﬂl

a/2

4E2D / €
2 € (QC?B)/ ldr
allne| o T
4E2D(Q€,B/)
—*Iln( )|
allne|

=2E%P(Q., B').

This gives that E2”(Q., B') = 0 and thus @, is constant on B’ and Q. = Q. = q € N. But since
the constant map ¢ satisfies the Lemma, we get a contradiction. O

The following two results (Lemma 3.8 and Proposition 3.10) are similar to [13], see also
[19, Lemma 1.4.8, Proposition 1.4.9]. Lemma 3.8 states that we can derive a better bound
(independent of €) than (14) on balls Be for the energy contribution of f. Then Proposition
3.10 tells us the cost in terms of energy for such a ball if @), is not close to /. Both results rely
on Pokhozhaev identity (Proposition 3.5) and Lemma 3.7.

Lemma 3.8. Let xg € Q. Then there exists a constant Cp > 0 which depends only on a7y, <),
the energy bound in (14) and the boundary data in (8) such that if € is small enough

1
2/ pf(Qe)deCa
Bea (CC())QQ’

€

Proof. By Lemma 3.7 there exists r € (e %) and a constant C' > 0 such that for e small enough

1 9 1 1 ) C
Lo o(amaeai@)+ grio-ar) < o o5)

where we also used the energy bound (14).

=)

Now assume in a first step that B, (xg) C €. Using the Pokhozhaev identity from Proposition
3.5 with ' = B.(z¢) and T = x¢, we find

; 1 1 1 .
62/3 ( )pf(Qe) < /{)B P((l‘—xo) 'l/) (ZIVQ€|2+62f(Q€)+2€’Y|Q€ Qe|2)
Jr/ P|Qe*@ve||($fxo).v/@‘ (27)

— / p((x—20)-V'Qe): (v-V'Qe).
OBr(z0)
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Notice that since = € B, (zg) we have (x — x¢) - V'Qe = rv - V'Qe, i.e.
(x—20) - V'Q): (v-V'Q) =r|v-V'QJ|* >0,

and (z — x0) - v = r|v|? = r. Substituting this into (27), one gets
3 / 1 , 1 1 S
L@ (Gl 5@+ pnle - GP)
62 B,,,(gjo) ( ) 8BT.((EO) 2‘ | 62 ( ) 2€7| ’

] N EACEER e

€7 BT-(x()
By (26) and Cauchy-Schwarz inequality this entails

3 C T —~ : ~ 5\’
S erQuase s w L[ ple-Ql) ([ ovar
€ By (zo) ar € Br(z0) By (z0)

o

bl 1
+ C’% (14 |In 6|)2€’Y) 2 < 2 4 el
€

el

provided o > « and € small enough. This proves the claim in the case where B, (zg) C .

In a second step we show that the result also holds if B, (zo) € €. We define I' = B, (z¢) N0’
which is now non-empty. This enables us to write (B, (o) NQ') = TU (OB (xo)NY'). Again we
apply Proposition 3.5 with w’ = B,(x¢) N Q' but this time we set T = z, where z € Q' N B, (x0)
is given by Proposition 3.9 for y = x¢. By Proposition 3.5 we get

- o 1 9, 1 1 S
2 /Br(xom/p f(Qe) dz < ABT(mO)mQ/ p((x—7)-v) (Q\VQEI + 5/(Q0) + 551Q - Qd >

1 1 1 —~
# [t =20) (590 + 37(@Q) + 510 - Q)
_i _N2_l A, R 7
Sl ATl MRS AR CRE R L)
- / p((e—7)-V'Q): (v-V'Qu) - / (@ —7)-V'Q): (v-V'Qu),
r OBy (w0)NQY

where we denoted v the unit outward normal. For the integrals on B, (z0)NQ and B, (x0)NQ we
proceed as before using |(z—=)-v| < 2r. Note, that this time (x—Z)-7 does not necessarily vanish.
Nevertheless, the integral involving this term can be estimated from above by |, oB,nq 2TP V'Q.|?
and then be estimated using (26). Now we estimate the integrals involving I'. First note that
Qe = Qc = Qp on I'NOQ with f(Qp) = 0, i.e. mean f(Q¢) =0 and fl‘man Qe — Q> = 0.
On I'\ 092 C {p = 0} we find that all integrals vanish because of the bounds in Q. established
in Proposition 3.3. We are left with the two integrals on I' N Q) with gradients. The idea is
now to split the gradient into a tangential and a normal part. The tangential part depends
only on the boundary data (), the normal part needs to be estimated. So let 7 be the unit

tangent vector on I'. Decomposing V'Q, = (v - V'Q.)v + (7 - V'Q¢)7 and substituting this into
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Jrroa P(@ —T) - vEV'Qc|? yields

3 C o _
3 p F(Q) dr < 45 4 O/ / o (@ —7) V'Q) : (v-V'Q.)
By (o) e TnoQ
1

- —)- V'Q| + = — 7). ') 2
+2/mp<<w 7)-v)lv - V'Qd +2/mp<<x ™) V) V'Q

<aSicde i e -3 [ p(@-m) vl VP
@ 2 Jrron

_/ p (@ —7) -V : (v-V'Qo),
T'noQ2

where we used that (x —Z) = ((zr — ) -v)v + ((x — ) - 7) - 7 and that 7- V'Q. = 7 - V'Qy only
depends on the given boundary values. We apply the inequality ab < a?/(20?) 4+ C?b?/2 with
C = /Cq/2 from Proposition 3.9 to get

C 1
s p F(Q0) dr < 45 4 oo/t 4 g e L [ eta-m - vap
€ JB.(Qoney a 2 Jrroa
1 — / 2 CQ — ! 2
t e plle =) -7llr- V" + =~ pllx =) 7llv-V'Q" .
o Jrnoo rnoQ

Then we apply Proposition 3.9 to get

1 c 1
€ JB.(Qne o 2 Jrnoo
% 2TP|V‘VIQ6|2
4 Jrrao
C

= 45 + Cele™M/ 4 0,2
O

Proposition 3.9. There exist constants Cq, €1 > 0 such that for all 0 < e < €1, r € (€%, e%) and
y € Q there exists z € B.(y) N QY such that

v(z) - (x—2)>Cqor VzednB.(y),

where v is the outward unit normal on OSY.

Proof. Let us start by considering the domain R = {(z1,72) € R? : 21,29 > 0}. Let y € R and
r > 0 such that B,(y) N OR # 0 (otherwise the result is trivial). Let L1 = [{z2 = 0} N B,(y)]
and Ly = [{z1 = 0} N B,(y)|. Then we define 2 = y + 5 (Ry/L(0,1)" + L1/L(1,0)"), where
L? = L? + L2. We will show that this definition of 2 indeed satisfies our claim. Without loss of
generality we may assume that y; > y2. We consider the following cases:

1. (0,0) € By(y). In this case, Ly = y; + /72 — y3 and Ly = yo + /72 — y}. Let = = (x1,0).
Then v(x) = (0,—1)" and

v()- (@ —2) = (g2 —22) + =2 > -1,

Analogously, for x = (0,z9) we find v - (z — 2) > g% Since y1 > y2 we have also the

inequality Ly > Lo. Minimizing Lo /L subject to the constraint y; > y2 we get y1 = ya and
thus Ly = Lo, ie. v(x) - (x — 2) >

"
2V2°
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2. Ly # 0 and (0,0) ¢ B,(y). Then L; = 2¢/r2 —y3 and Ly = 24/r2 —y{. A similar

calculation as in the first case shows that v(x) - (z — 2) > 2\7"/5.

3. Ly = 0. The lengths L1, Lo are given as in the second case, but since Ly = 0 we get directly
v(z) (z—2) > 5 =1

Now we consider the domain €’. For a radius 0 < r < % the angular difference between the
normal vectors of Q' and R is smaller than arccos(1 — r). Thus, for €; small enough, 0 < € < €y,
re (e*,e2), we can find Co > 0 such that

v(z) (x—2z)> %cos (% + arccos(1 — r)) > gcos (% + arccos(1 — e?/2)) >Cqr>0.

O

We have now all the necessary tools to prove the second important ingredient for the proof
of Theorem 3.4.

Proposition 3.10. For all 6,0 > 0 there exist €2,(y > 0 such that for 0 < e < eg and x € QU
the following implication holds:

dist(Qe(wo), N) >0 = EXP(Qe, Bea(0) N Q) 2 Cal| Ine| + 1)p0 (w0, €%)

with pS. > o defined as in (25). The constant (, can be chosen to be dependent only on o and

0, while es depends on 0,0, a, .

Proof. Let’s assume that the conclusion does not hold at zg € Q. i.e. E*P(Q., Bea(z0) N Q') <
Ca(llne| 4+ 1)pT;, (w0, €¥). Then there exists a radius r € (e2*,€®) such that

1 1 1 — 2ap®s (20, €Y)
p | =IVQI* + 5 f(Qe —I—QS—QEz) dg < 22 min\ 7 = /. 28
/é’Br(zo)m/ <2’ P+ 2/Qd+ 55 | (28)

ar

Indeed, otherwise

e~ 9 o o a
EED(va BGO‘ (l’o) N Q,) Z / M d’l“ = 2(04,0;111(1'0, 6a)| 1H(€)| )

e2a ar

which clearly contradicts our assumption for e < %
Replacing (26) by (28) in the proof of Lemma 3.8, i.e. C = 2(, 0% (70, €¥), we find

1 8 « o ) @ a—
- 5 £(Q) < a0 €) | o fa=)/s

2 — 2 3
€ J By (z0)NQ «a

where the constant C' can be chosen to be independent of a and €. We choose €2 small enough

4
such that it satisfies the estimate \gea < %e% Now choose (o < %52 and €3 < (5%7)a=7, where g

is the constant from Proposition 3.6. These bounds imply that pop?.. (zo,€*) > 8cap?“+($o’ea) +

C’ega_w/él, i.e. we can apply Proposition 3.6 with [ = %ea. This implies dist(Qc(zo),N) < 9,

which proves the claim. O

19



Now we can finally prove Theorem 3.4 and define the set of singularities X.. To do this, one
can proceed as follows: In a first step we cover {2 with balls of size €* and look for balls where
the energy is large. The number of such balls has to be finite because of the energy bound. In
view of Proposition 3.10, Q. will be almost uniaxial outside of these balls. In the second step
we improve our estimates to the scale e. We cover the balls with high energy from step one with
balls of size € and determine balls where f is large. By Lemma 3.8 this number will be finite too
and Proposition 3.6 implies that Q. is indeed close to A/ on all other balls. We can then take X,
to be the set of all centers of balls with large energy.

- -o

~

EP(Qc, Baen) > Cal|Ine| + 1)os

dist(Qe, N) < 6

Figure 1: First covering argument: Find balls Bea, where the energy is large

Proof of Theorem 3.4. Let §,0 > 0 be given and choose « € (0,1). Let {Bea(y) : y € 2} be a
covering of €', By Vitali Covering Lemma there exists a countable family of points {y; };cs. such
that

' C | Bei), Bra(i)Braly) =0ifi#.
icle

Let ¢, > 0 be given as in Proposition 3.10. We define
J. = {z cl : E?D(Qe,Bgea(yi) NQY) > (o1 +| lne])a} .
Then by the energy bound (14),

Ca(l+ [ne)o#te <> E2P(Qe, Baeo (i) NQY) < CEP(Qe, ) < C(1+ |Ine).  (29)
1€ Je

Indeed, note that there is a constant C' depending only on the space dimension such that each
point in ' is covered by at most C balls. This implies the second inequality in (29). From
(29) we directly infer that the cardinality of J, is bounded by a constant dependent on 4,0, «

as well as the space dimension and the energy bound, but independent of €. Let i € I, \ J. and
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7o € Bea(y;) N . If dist(Qc (o), N') > § we deduce by Proposition 3.10 that E2P(Q., Baca (y;)N
) > E2P(Q., Bea (19) N Y) > (o(| In(e)| + 1)o, a contradiction to i € I, \ J.. Hence

dist(Qe(z),N) <3 Va € Bea(y;) N Qi€ I\ J..
See also Figure 1. Note, that this estimate is not good enough since we announced the radius
around points in X, to be of order € instead of €“.

Now fix ¢ € J.. Again by Vitali covering Lemma we can consider a covering of Beo(y;) N2
of the form

Beo(yi) N © | Brge(zi),  Buyyelz) N Buy,(z) = 0if j # &,
jele,i

with all z; € Bea(y;) and where Ag is given by Proposition 3.6. Furthermore, we define

. 1
Jei = ]GIE»i:Q/ pf(Qe) > oo,
€ Bg)\oe(Zj)ﬂQé.

with po again from Proposition 3.6. By Lemma 3.8, recalling that 2X\ge < €

1 C
o< 3 5 | p1@<S [ pr@isc. @)
€ B2>\0€(Zj)m9{7 € Beo‘(yi)nﬂl

jeJe,i

so that #J.; is also bounded independently of €. Applying Proposition 3.6 to the sets Bay,e(2;)
for j € I; \ Je; we get that dist(Qe(x), N') < § for all x € By,(zj) N, see Figure 2. Thus,

setting X = ;e Jei yields the result. O

dist(Qe, N) <6

Figure 2: Second covering argument: Find balls, where 6% [ pf(Qe) is large
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3.3 Lower bound near singularities

The goal of this subsection is to precisely determine the cost of a singularity. The plan is to
use estimates as in [21, Chapter 6] which generalize the idea of [30, 39]. The general idea is to

decompose the gradient of a function into a derivative of its norm and of its phase as for example
2 2 2| U |2
Val? = 9]l + |

for any vectorial function u that does not vanish. Following [19], we replace the phase u/|u| by
the projection of Q. onto /. As a substitute for the norm, we introduce the auxiliary function

¢.

Definition 3.11. We define the function ¢ : Symy — R by

LS - T 1
HQ) = 5 (Q)(1-r(@) @Qe€Symg\ {0},
0 onu

where s, is given as in Proposition 1.2 and s,r are the parameters from the decomposition of Q
i Proposition 1.5.

Proposition 3.12. The function ¢ is Lipschitz continuous on Sym, and C' on Symg \ C with
#(Q) =1 for all Q € N'. Furthermore, for a domain w C  and Q € C'(w,Symy), the function
RoQ is C! on the open set Q~(Symg \ C) and the following estimate holds:

2
VQP 2 ZIV(60Q)P + (60 QPIV(RoQ)?  inw,
where we use the convention that (¢ o Q)}|V(R o Q)|? = 0 if Q(z) € C.

Proof. The Proposition follows directly from Lemma 2.2.3 and Lemma 2.2.7 in [19]. O

The next theorem gives the desired lower bound close to a singularity on a two dimensional
unit disk. A proof of this can be found in [20, Proposition 2.5].

Theorem 3.13. There exist constants r.,C > 0 such that for Q € H'(By,Sym,) satisfying
Q(z) ¢ C for all x € By \ B% and (R o Q)|ap, is non-trivial, seen as element of m (N) the
following inequality holds

1 1
[ 3IVQP + 57(Q) dr > m}(@ B\ Bylinel € (31)
B
for a number ¢o(Q, By \ B%) = essinfp\ g, #(Q) > 0. Furthermore, r, = s2T
2

*Q

The constant x, can be calculated as in [20, Lemma 2.9] or [19, Lemma 1.3.4] and is specific
for N/ = RP2. For other manifolds, there are analogous results with different constants, see [21].
For our purposes, we will use the following version of Theorem 3.13.
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Corollary 3.14. Let zy € Q' such that By(zo) C . Let Q € H'(B,(x0),Symy) satisfying

Q(z) ¢ C for all x € B, \ By, and (R o Q)lap, is non-trivial, seen as element of m(N). Then,
2

with the same constant C' > 0 as in Theorem 3.13

1 1
/Bn(xo) §\V'Q\2 + :Qf(Q) dz > kd3(Q, By \ B%n)(\ Ine| - |Inyl) — C (32)

27

where Ky, = 8% g

Proof. By translating € we can assume that g = 0. In order to apply Theorem 3.13, we define
T = %x and Q(Z) = Q(nT) = Q(x). Therefore Q@ € H'(B1(0),Sym,) and verifies the hypothesis
of Theorem 3.13 with € = en, i.e.

1 1 1 _ 1 .
Lo+ Q) de = / LR+ L r@)
/Bnuo) 2 e? By (o) 2 n?e?

> kx3(Q, B1 \ By)|Iné| — C
> ke 93(Q, By \ By,)(|Ine| — [Inn]) - C.

3.4 Lower bound away from singularities

In the previous subsection we introduced the functions ¢ and ¢g. The following Proposition

shows that we can uniformly bound these functions if @ is close to N.
Proposition 3.15. Let dist(Q,N) < § onw C Q. Then

2\@5 < 2v3

1- < (poQ)(zx) <14+ 55,

S Sx

Proof. Let Q € Sym, with dist(Q,N) < §. In other words, |Q — R(Q)| < J, since R is the
nearest-point projection onto A/. We use Proposition 1.3 to write

st((n@n—éld) +T<m®m—;1d>> and R(Q) = s« <n®n—;1d> ,

for n, m orthonormal eigenvectors of @), s > 0 and r € [0,1). We can estimate

2

?>1Q -RQ)P =|(s —s)(n@n— éld) tsr(m®m— %Id)

2 2
= g\s — s.|? + 5]5r|2 - gsr(s — S4)
> Z|s— 5] + zsrl?
2 gls = sul + glsr]”.
This implies |s7| < /36 and |s — s,| < v/36. Therefore, using ¢(Q) = s (s — sr), we have

|52(A(Q) — 1)| = |s — 54 — 577 < 2V/36.
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Away from singularities the main contribution to the energy comes from the Dirichlet term
and the external field since Q. is close to N'. More precisely, we only need the energy in ra-
dial direction, i.e. [VQc|? can be replaced by |0,Q¢|?> and the problem becomes essentially one

dimensional. We formalize this thoughts by introducing the following auxiliary problem as in [3]

T2 o210,/ |2 3
inf / 5*\n3|2 +4/5(1—n3) dr (33)
n3€H([r1,r2],[0,1]) r1 1- ng 2

ng(r1)=a, ng(ra)=b

for 0 < r; < ry < o0, a,b € [—1,1] and name the infimum I(ry,rs,a,b). Note, that this is
equivalent to minimizing [ (3/9,Q> 4+ ¢(Q)) dr for uniaxial @ subject to suitable boundary
conditions. For the infimum we have the following result.

Lemma 3.16. Let 0 <71} <19 <13 <00 and a,b,c € [-1,1]. Then

1. I(T17T2aaa b) + I(’I"Q,T‘g,b, C) > I(Tl,T‘g,a,C).
2. I(rq,m2,—1,1) > 2+/24s,.
3. Let 0 € [0,7]. Then
I(0, 00, cos(f), £1) = v/24s,(1 F cos(f)) .
Furthermore, the minimizer n(r,0) of 1(0,00,cos(0),1) is C! and |9yn|?,|0,n|?, |n — e3
decay exponentially as r — co. The minimizer can be explicitly expressed as

2
1—n3

n(r 0) — el g) = A(0) — exp(—+v/24/5,7) 1+ cos()
(r,0) = r(1)3 ’ 3(r,6) = A(0) 4 exp(—+v/24/5,7) Al = 1 —cos(f) "

Proof. The first part follows directly from definition, since any function that is admissible for
I(r1,7r9,a,b) combined with one for I(ra,7s,b,c) is admissible for I(r1,73,a,c). For the second
claim, we use the inequality X?+Y? > 2XY with X = s,|n}|/y/1 —n3and Y = %\4/24\/1 —n}

to get
T2
/ n; dr
T1

r2

I(ry,re,—1,1) > \4/243*/ In§| dr > V/24s, = V/24s,|n3(r9) — n3(ry)| = 2v/24s, .
1

The third part follows from Lemma 3.4 and Remark 3.5 in [3]. O

T

In the definition of the approximate energy E2? we did not include the term modelling the
external field since this would complicate the proof of Theorem 3.4 and in particular the proof
of the regularity for (). Nevertheless, it is desirable to completely replace @; in &, ¢ by Q¢ in
order to work only with the regularized sequence. The following Lemma shows that on bounded
sets that exclude singularities the replacement of g(@;) by g(R o Q¢) can be justified. Although
for our needs only this substitution is necessary, one could also take g(Q.) instead of g(R o Q)

(see Remark 3.18).

Lemma 3.17. There exists a constant K > 0 such that for all 0,8 > 0 it exists e3 > 0 such that
onw' C QL N Br(0) for 1 < R < 0o and dist(Qe,N') < 6 on W', € < eg it holds

1 1
/ pp9(Qc) du / p,pd(RoQc) dr — KR2e*,
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Proof. By triangle inequality we can estimate
1~ 1
, p?g(Qe) dw Z , p?g(R © Qe) dz
1 ~ —~ 1 ~
- [ Pl9(@) —9(Ro QoI dr = — [ pla(Ro Q) ~ g(Ro Q) d.

Compared to the announced estimate, it remains to show that the last two terms are bounded
by K R2¢7/2. For the last term we use Proposition 1.4 and Cauchy-Schwarz to get

1 ~ 1 ~ C  —~ 1
= [ plaRoQ) ~ (R0 Q) de < O [ 1Q: = Qul do < TG = Qullago ol

where w C R? is the set defined through rotating «’ around the e3—axis. The last expression is

seen to be bounded by n%e“*/ 2| In e|%R% in view of the energy bound.

For the other term, we want to use Proposition 1.2 to derive a similar bound, but this requires
dist(Qe, N') < 2. So on the set U' = {z € ' : dist(Q¢(z),N) < 2§} we get

7712/U/p!9@v€) ~g(RoQ)|dz < 07712 /U/,odist(@:,/\[) dz
C — c N A
= nz/U,p f(Qe) dz < = </wf(Q€) dx) w|Z,

resulting in an upper bound of n%e\ In e\%R%. We claim that |w"\ U'| < %67. Since on W’ \ U’
one has |Q. — @:’ > dist(@:,./\/) — dist(Qe¢, N') > 6, we infer from the energy bound that

_ 52
c>/ pL 10— G2 dr = T\ 1),
w’\U’ 26’Y

2¢€7

which proves the claim. Since g(Q.),g(R o @;) < % are bounded, we can deduce that

77% fw'\U’ p\g(@: —g(Ro 6/2:)| dr < CReY/* for 1, € small enough. O

Remark 3.18. With the same assumptions as in Lemma 3.17, there exists another constant
K > 0 such that

1~ 1 -
/%29(@6) dfcz/pn?g(Qe) dz— KRz,

This follows as in the proof of Lemma 3.17 if we introduce the additional term —n% fw, plg(R o
Q) — 9(Qc)| dz and use dist(Qe, N') < 4.

Now we can combine all our previous results to prove the lower bound of Theorem 2.1. The
idea consists in replacing 62; by its approximation @, (except for the term with ¢g) and use the
equivariance to write the energy as a two dimensional integral. By Theorem 3.4 we can exclude
regions in ) where Q. is far from A. Extending the sets if necessary, we can assure that
the union has vanishing measure in the limit 7,¢ — 0 and that the complement € is simply
connected. The scaling of n and € allows to apply Corollary 3.14 to each of these extended sets
where the boundary datum is nontrivial. The expression we calculate here can later be identified
as the perimeter term in &. In the simply connected complement )y there exists a lifting n€ of
Q. which fulfils the compactness (11). In order to apply Lemma 3.16 to the rays in g, we want
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to replace g(@:) by g(R o Q). This can be accomplished using Lemma 3.17 on bounded sets. In
order to get the lower bound, consider the rays with high energy (that we can estimate easily)
and those with low energy where we need to be more precise about their behaviour far from the
boundary 0f). Using a diagonal sequence, we can pass to the limit ¢ — 0.

Proof of the lower bound (12) of Theorem 2.1. Let 8,0 > 0 be arbitrary. We define Q. as in (16)
and extend it rotationally equivariant. From Theorem 3.4 for € < ¢g we know that there exists a
finite set X, of singular points z{, ..., zfy_in QL. In a first step, we suppose that all these points
are included in the set Q' = Q N Bg(0).

Since Q0 is bounded, there exists another finite set X, such that each sequence ' converges
(up to a subsequence) to a point in X as ¢,7 — 0. Note that there may be more than one

sequence converging to the same point in X and we a priori only know that X C €' N Bg.

We first assume that the set X is contained in 2 \ 9. Since n|Ine| — S € (0, 00) we know

that € < C’exp(—%). Assume that 7 is small enough such that 2X\pe < %n.

For z; € X we define ﬁf’ = conv{B,(z;) U{0}} N If x; is the only point of the set X that
lies on the ray from 0 through z; we define Qf := Q¢’. If x; for j € J C I define the same ray,
i.e. lie on a common line through 0, then we set Q5 = (J,; Q. After relabelling, we end up
with a finite number N of sets Qf/, k =1,..., N. We define Qf = Q[ \ Uy, Q' (see Figure 3).
Since all points in X, converge to some point in X, we may assume that € is small enough such
that

N
U Bave(@) € | Bangela) € | 925/ € 9. (34)
r€Xe rzeX k=1

We drop the € in the notation of Q2 for simplicity and call §, the three dimensional set defined
by rotating €2} around the ez—axis.

Using (16) and Remark 3.2 we can write

0. 1 1~ N
N E(Qe) = 77/Q %’VQJQ + gf(Qs) + ﬁg(Qe) + %\Qg ~O.? du
27 1 1 1 . ) N
- ’7/0 /Q P (WW + 3/ @)+ 50(@0) + 5510 - Qe\2> dp dz de
= Loy 4L 5 (35)

Qo

S L 2, 1 dpdzd
+772 /p §|VQ€| +§f(Qe) paz dy.

k=1 0 Q2

For 2 € Qg we know by Theorem 3.4 that dist(Q¢(z), ) < §. Since ) and thus Q is simply
connected there exist liftings +n€ : Qg — S? such that

1
s*<ne®n€—31d>:”RoQE and <4 on .

1
Sx <nE ®n — 3Id> - Qe

o0

In particular, Qc(z) € Symg \ C for all z € 9Q)_ for all k =1,...,N. Let M C {1,..., N} be the
set of elements k € {1,..., N'} such that (R o Qc)|sq; is non-trivial as an element of m (N). We
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then want to apply Corollary 3.14. By Proposition 3.15 we can estimate ¢y from below and get

N N
1 1 . 1 1
nz/ p<2|VQel2+2f(Qe)> dpdzznzjmfp/ (\VQG|2+2f<Qe>) dp dz
Q! € Q! Q/ 2 €
k=1 k k=1 "k k
Py — 1
>0 ) ke(Qe, Bylaw) \ B, (an) ’|f$e| | Ineln
keM k
1
2

— Ch5(Qe, By(w) \ B, (x1)) n|nn| —
Zve ) Z P g | In(e)]

> (12
keM

C<1+2\f > n|lnn| —

(36)

Before estimating the energy coming from {23, we need an additional information, namely
we want to show that n®(rw) approaches +e3 and —n‘(rw) approximates —es (or vice versa) as
r — oo for a.e. w € S?. However, it will be enough for our analysis to just show that n¢ is close
to either +e3 or —es up to some factor times §. To start with, we show that the vector n(rw)
for r — oo is close to +e3 or —es almost everywhere. By (16) and the energy bound we know,
that for a.e. w € S? the integral

/00 %|@(rw) — Q(rw)|* + 1g(’Q:(mu)) dr < co. (37)
R <€ n

We argue by contradiction, i.e. assume that there exists some w € S? satisfying (37) such that
limsup,_, [|n§(rw)| — 1] > 4€§ for a € > 0 to be specified later. This implies that there exists
a sequence 1, such that ry, — oo as k — oo and |n§(rpw)| < 1 — 8¢ for all £ € N or in other
words |Qc — s«(e3 @ es — fId)| > 46 for a suitably chosen € (A calculation shows that € > 4\[ -
is sufficient). By Lipschitz continuity of Q. this implies |Q. — s.(e3 ® e3 — 1Id)| > 26 for all
rel,:= (rk — 2655, re+ 22@‘5). Now suppose that for some point in I it holds that \676 —Q| < g.

Then dist(Qe, N) < |Qc — Qc| + dist(Qc, V') < 26 and

7
> 9.
— 4

»Noq

—~ 1
QES*<63®633ICI>} ‘QES*<83®631d)‘ |Q6 Q€| > 20 —

This implies that g(Q ) > gmin > 0 for such points in i, where we used gmin = min { 9(Q

Q € Symy, dist(Q,N) < 25, |Q — s.(e3 ® e3 — 11d)| > 76} > 0. With this estimate in mlnd it
becomes clear that we have the lower bound

—~ 1~ . 1 0\2
%’Qe - Qe|2 + 59(@6) = min {ngmina % (Z) } >0 on .

Integrating over [ and summing over disjoint intervals yields a contradiction to (37). This
implies that either limsup,_,,, n§(rw) > 1 — 4€6 or liminf, ,, n§(rw) < —1 4 4€5. Indeed,
n§(rw) cannot alternate between +1 since by continuity this yields a contradiction for ¢ small

enough such that 4¢€§ <« % Next, consider the lifting n® and suppose that there exist directions
wy,w_ € S? such that n(rw, ) is close to +e3 (resp. n(rw_) close to —e3) as r — oo. Since our
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previous analysis holds a.e., we can assume that the angle between w and w_ is smaller than =
and that wy are not parallel to es. Let v = wy —w_ and w = wy +w_. We estimate the energy
in new coordinates (r, s) in the segment between the rays defined through wy and w_ and apply
Lemma 3.17 to get

rlo]/2 w2 1
(J>/ / <77V’Q€ +s + —g( Qe +s >dsdr
eor Lo G790 W\ 70 o)
r|v|/2 5 B
> C(1—C9) / / +1\/§(1—n3) Cs )| dsdr— KO/ARS .
ey otz nv2

Lemma 3.16 gives the lower bound fr‘ |V|32 (7753“57 - V'n¢|? + %\/g(l - n§)> ds > 2v/24s, —
Using p > r min{sin(6;.),sin(6_)} for 6+ being the angular coordinate of w4, we end up with

(Y

A v/ne
! |

R
C>C(l - 05)2/ r(2/24s, — C5) dr — K2R3 > Cp(1 -6 — /2R3 > 0,
R+1
provided €, d > 0 small enough. Sending R to infinity, we get a contradiction. Hence, n¢ has to

approach either +e3 or —es a.e. and thus we can distinguish the two liftings by their asymptotics
far from 0f2.

We now introduce sets FC,,E,FT,E which we use later to prove the compactness result. First
choose one of the two possible liftings n® € CY(Qp,S?). Without loss of generality we choose
the lifting such that n®(rw) is close to +e3 as r — co. The boundary conditions (8) imply that
n(w) = +v(w), where v is the outward normal on S? for all w € 9QpNS%. We define F, . = {w €
S2N0Yy : n(w)-v(w) = 1}. Conversely, I?U; is then given by P:;; = {w € $?N0N : n(w)v(w) =
—1}. The remaining part of $2N€, is denoted Sy e = (S2NQ)\ (Frc UFy ) = Upay (S2NOQ).
Note that the sets F, ., F/}: and S, ¢ are rotationally symmetric with respect to the g_o coordinate.
Since the §—angular size of all Q converges to zero (i.e. [Syc| — 0 as € — 0) and S? N Q, is
compact, we get that (up to extracting a subsequence) x Fo.e (resp. x . ) converges pointwise to

a characteristic function xr, (resp. xz ). Note that also [[s.(n“®n®— 11d) */:Q\:EHLQ(QO) converges
to zero by Remark 3.2 and the definition of n®.

As a last step, it remains the energy estimate on y. We split the integral over g in (35)
in several parts: For w € [y, such that the energy on the ray in direction w is large, i.e.
[ HVQ + 2 f(Qe) + %g(Qg) + 55 |Qe — Qc|* dr > 2v/24s,, we can use Lemma 3.16 that

implies
() 1 — N
/ JIVQL? + 5 £(Q) + 9(Q) + S 1Qe = Q? dr 2 29245, > I(1,00,u(w), +1). (3)
1

Analogously, for points w € FA},: with energy greater than 2+v/24s, we use I(1,00,v3(w), —1) as
a lower bound. Let’s consider the set of points w € S? N 9 such that the energy on the ray
through w is smaller than 2v/24s,. We claim that there exists a constant C > 0 independent
of w and a radius R, € (R — Cn, R] such that ||n§(R,w)| — 1] < 8¢§ <« 1. Indeed, the
bound implies that [{r € (1,R) : |Q — Q| > 6}| < 4v/24672¢7/* and if ||n§(R, ,w)| — 1| > 8¢5
on (R—Cn, R\ {r € (1,R) : |Q — Q| > &} then on this set 1Qc — su(e3 ® e — 11d)| > 6.
Hence for C' large enough this contradicts 2v/24 > f 29(Q¢) dr > (R — (R — Cn))c‘s In order
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to conclude that the energy from 1 to R, is (up to some small contributions of size §) close
to I(1,00,v3(w), 1) we need to show that for w € F, . the vector n°(R, ) is close to +e3 and
not —es (and vice versa for w € F;e) Again we argue by contradiction, i.e. we assume that
In‘(R,.) + e3] < 8C5. We subdivide the ray in direction w from R to infinity into segments of
length 1, identified with the intervals Jy = [k, k + 1] for the radial variable, for integers k > R.
On every segment, the energy bound on the ray implies the existence of two points ag, by € Ji
with |ar — k| < Cn, |bp — (k + 1)| < Cn such that ||n§(ax)| — 1| < 8€4, ||n§(bk)| — 1| < 8€5.
Since we assumed n(R,, ) close to —ez and n® approaches +e3 for r — oo, there exists some
integer k£ > R such that [n§(ar) + 1| < 8¢0, [n§(br) — 1| < 8€0. As before we see that the set
where |@ — Q| > ¢ is of size Ce” and that changes of Q. can only be of size €7 due to the energy
bound on this ray. Together with Lemma 1.5 this implies

1~ _
/ g|vc2€|2 + ;g(Qe) dr > I(k, k4 1,n§(az), n§ (b)) — C(€ + 1+ K45 > 2v/24s, — C6
Jk

where K > 0 is the constant coming from replacing g(Q ) by g(Q¢) in the spirit of Lemma 3.17 on
the ray through w. In order to show that for § and e small enough this contradicts the assumption
of the ray having energy smaller than 2v/24s,., we prove that the energy coming from the segment
[0, R] has to be positive with a uniform lower bound. Since w € Fi, C 0}, one can show as in
2. in Lemma 3.16 that on such a ray flR HVQ | + %g( o) dr > V/24s,(10% —8¢6) — KR/,

So combining this result and the estimate for J, we get

2v/24s, > 2v/24s, — O + \ﬁ&( o —8@:5)—?@67/4,

which yields a contradiction for ¢,e small enough. For w € F;. we then use the change of
variables r = 1 + n7, Proposition 3.12 and Proposition 3.15 to get

R , 1 o~ (R=1)/n 1 , B \
/ §!VQ6\ + 5g(@e) dr = / §\VQ6| +g(RoQ.) dFf — KvV/Re"/
0

1
(R=1)/n
> (1—05)2/0 %|V(ROQE)\2+9(R0Q6) dr —Co  (39)

> 1(0, (Ryw — 1)/n,v3(w), n3((Ryw — 1)/n)) —
I(0, (Ryw — 1/n,v3(w), + )—05.

v

So by (38) and (39) we get that for w € F, . we have
o 1 o
/1 g‘vQE‘z + 59<Q€> dr > mln{I(Ov 00, 1/3(W>, +1>7 I(Ov (R'l?,w - 1/777 I/3(LU), +1) - 05} .

Furthermore, by compactness, xr, . converges point wise a.e. to xg,. Since (R, —1)/n — 0o
as 77 — oo we can apply Fatou’s Lemma to get the energy contribution from € related to Fj .
by

hmmf/ / |VQ€|2 + g( Qc) dr dw

e,n—0

/ lim inf min{7(0, oo, v3(w), +1), I(0, (Ryw — 1/n,v3(w), +1) — Cé}xF, . (w) dw
$2NaQ0

e,n—0

z/ 10,00, v5(w), +1) dw — C5.
Fy
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Now combine this estimate, the analogous result for F/';;, the formulae for 1(0, 00, v3(w), £1)
from Lemma 3.16 and (36) to get

lim il%f NEne(Qne) > / V245.(1 — cos()) dw + [ V/24s,(1 4 cos(8)) dw
€,1— F, F,

+(1-Co? Y p’rx_|n7r2siﬁ —Cs,
kem 1k

for the points z = (p, 0k) € X.

It remains to show that for all & € M, the point xy/|xg| corresponds to a jump between
F, and F; For this it is enough to show that the orientation of n¢ relative to the normal on
0Q changes when following 0 N Q' for all k € M. So let k € M and consider the curve
I : 98 — S? defined by n|pq; . By definition of M, the curve is non-trivial in m(N), ie. T
jumps an odd number of times from one vector to its antipodal vector on the sphere. Hence, the

orientation has to change. In the limit €, — 0, this implies that

Pk
2 Y o = D (0 o> o).
kem Ik

This implies our result in the case X, X C (' N Bgr(0)) \ 9.

We now explain the changes in our construction if there are some z; € X NS?. Basically, we
use the same construction as before, but we need to take care that the lower bound involving
Corollary 3.14 stays applicable. To see this, we extend the map Q. outside of € using the
boundary values. We define

_ Qc(x) x € By(x;) NQ,
& - %m) x € By(z;) N By(0).

Then f(@) =0 and ’V@P,g(@) < C on By(x;) N B1(0), i.e.
Lomape, 1= _

2 ‘ €2 € ) ) de < Cy.

/Bn(xz‘)ﬂBl(g)Q‘vQ ’ +62f(Q)+7729<Q> <Oy

So if (RoQ¢)|sq is non-trivial as element of 71 (N), we can apply Corollary 3.14 to the extension

Q., i.e.
1 1 —_ 1
77/13 *|VQ6|2+:2JC(Q6) dx Z77/ |V/Q€|2+§f(Qe) dr —nCy

()N 2 By (z;)NR2

2
2
> (1— ;/56) gﬁnllnd—cnllnnl—cn-

If (RoQ)|pq is trivial, then we just estimate as before, using that the energy is non-negative.

It remains one last case. Assume that there is a point zj, € X, such that |zf| — oo as
e — 0. This causes two modifications to our previous results: This time, we define (/Z\i’ =
conv{B,(x5,) U {0}} N Q. Doing so, we risk to exclude a region from € that is too large for
proving the compactness, namely when we define the set w;, afterwards. But in fact this is not
really a difficulty for two reasons: First, it is possible to extend n¢ continuously in (flv;’ \ 56\’,
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with ﬁi\’ = (By(z5,) U[0,z5]) N, where [0, 2] is the line segment between the points 0 and x,.
Second, in order to conclude that also the measure of (272 is bounded, we need to show that pj
cannot grow to infinity. To see this, note that xj, € {1, and by applying Proposition 3.10 one gets
from the energy bound that pZ, (zf,€*) is indeed bounded. All estimates for the lower bound
that we have done before stay valid in this setting.

So far, we have established the inequality

liminf 0y e(Qne) > (1= CO)* Zs281Dxx, |8 N {p > o})
| (40)
+ / V245,(1 — cos(6)) dw + /N V245, (1 + cos()) dw — C6 .
Fy Fo

We now define the set w, as proxy for the set w;, from Theorem 2.1. Let wy . := Uy, ﬁ?,
where the sets ﬁ? = Q5 for bounded sequences |zf|, and given as in the second construction if
|z, | diverges. This is well defined for € (and therefore n) small, depending on ¢ and 6. Recall that
since 1| Ine| — B € (0,00), we have the asymptotic  ~ |Ine|~!. Let wy, be the corresponding
rotational symmetric extended set. Then |w) | < C|U,cx, By(z)] < Cn?|X | < Cﬂ%, ie.
choosing 7 small we can force the measure of wy, . to vanish in the limit. Note that this also
implies that the measure of w,  vanishes because we have an upper bound on the p—component
of points in X.

We now want to send ¢ — 0 and choose a diagonal sequence with the properties announced in
the Theorem. From our previous construction, for a sequence o \, 0 there exist corresponding
sequences 0 N\, 0, 7 \( 0 and €, \, 0 such that from (40)

T
nEne(@ne) > 5581 DXr,, J(S* N {p > 01}
1

+ V245,(1 —cos(f)) dw+ [ v24s,(1 + cos(#)) dw — T
de,e Fak,e

and furthermore |wg, (| < %, IS2\ (Fy, cUFy, o)] < % and H@ve—s*(nf(@ne—%Id)HLz(Q%\w”) < %

for € < €, and n < 7. The sequences €, and 7n, depend on o and §; and are related via
k| lnex| — B as k — oo.

So we can define the function n” : Q — S? announced in the Theorem as n” := n® on Qy, \wy
for n € (Nk41, M), Wy := Wey, e and extend it measurably to a map € — S?. This definition assures
that n” € C%(Qy, \ wy,S?) and the convergence in (11) holds. Furthermore, we define the set
F, = F,,  for n € (Mg41,m). Then our analysis shows that the sequence x, has the point
wise a.e. limit xr, for F' = Uy, Fy, since [xr — XxF,| < [XF — XF,, | + [XF,, — XF,, .| and the
measure of the set on which these two terms are nonzero is smaller than Co? + %

This finishes the proof of the first part of Theorem 2.1 and (12). O
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Figure 3: Construction made in the proof of Theorem 2.1. The arrows show a lifting n®. In the
region €2y the director field n® has non-trivial homotopy class, around the region g, n® has a

trivial one.

4 Upper bound

In this section we are going to prove the upper bound from Theorem 2.1, namely (13). Since all
functions are rotationally equivariant, it is useful to introduce the two dimensional energy for
sets W' C

EED(Qaw/)_/UJIP(;|VIQ|2+:2Q2><21Q+;f(Q)—i—;g(Q)) dp db.

First, we show the following Lemma, which gives the upper bound in the case where there are

no singularities near the axis p = 0.

Lemma 4.1. Let 0 > 0 and F C S? be be a rotationally symmetric set of finite perimeter such
that SN {p < 0,2 > 0},S® N {p < 0,2 < 0} are contained in one of the sets F,F°. Then

there erists a rotationally equivariant sequence of functions Q. € H'(Q, Sym,) such that the

compactness claim (11) holds, ||Qc|| L < \/gs* and

limsupn &, ¢(Qe) < Eo(F) .
e—0

Proof. The proof consists in providing an explicit definition for ()¢, generalizing the construction
made in [3]. The idea is the following: Let FF C S? N {p > o} be rotationally symmetric. Since
we assume F' to be of finite perimeter, |Dxr|(S?N{p > o}) < co. Let FNFNQ, = {0y, ..., 00}
for some M € N and 6; < 6;41 for all i = 0,..., M — 1. We now define the map Q). on the two
dimensional domain . We divide €’ into several regions and define (). on each region separately
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(see Figure 4). After that, we derive the estimates that are needed to ensure that the rotated

map R;QﬁRw satisfies the energy estimate.

Let € be parametrized by polar coordinates (r,6). As usual, we denote by F/ = F N Q" and
F¢ = F°n§. Note that p = rsin6.
Step 1 (Construction on Fy and (F°);): We define F} = F"\ UM, Bay(6:) € S' € Q' and
(F€), = F\ UM, Bay(6:) € S' € Q. For (r,6) € [1,00) x Fy we define
1 V== 1)/n.0)
Qc(r,0) == s, (n Qn — 31d> with n(r,0) = 0 , (41)
n3((r —1)/n,0)

where n3 is given by Lemma 3.16. Analogously, for (r,6) € [1,00) x (F¢), we define

1 TR 7 0)
Qc(r,0) = s, <n ®n — 3Id) with n(r,0) = 0 . (42)
n3((r —1)/n,m—0)

Since the defined @, is uniaxial, we have f(Q.) = 0 and by Proposition 1.4 we can estimate the
energy on Qpy = {(r,0) : 0 € F}}

o0 s2 1 1 /3
n€P(Qe, Qy) = n/, /1 P (si!&«n\Q + ;zlaenl2 + ;Qm,e PQe+ 2 o= n3) | rdrdo
n
— / / <s§yatn|2 + \/3(1 — n§)> (1 +nt)*sin@ dt df

2
// +nt [89n|2+ sin20(1n§)] (1+7t)*sin6 dt d,

where we set 7 = 1 + nt and used that Qax2e : Q@ = |Qc|> — 65.(1 — n3)s.n? = 252(1 — n?).
Lemma 3.16 implies

ngD(QE,QF;]) < @s*/ (1 —cos@)sinfdd+Cn. (43)
F/
Applying the same steps to (F)], we get
Ung(QE,Q(FC);]) < @s*/ (14 cosf)sinfd dd+ Cn. (44)
FC/

Step 2 (Construction on (Q+ ) and (@, )"): Next, we construct Q. for (r,0) € [1 + 4n) x
Ul o B2y(0;). Without loss of generahty, we assume 6 € By, (6p) and that smaller angles belong
to F’, while larger values lie in F*. We define (ngm)’ = {(r,0) : 6p—2n < 60 < 6y} and
() ={(r,0) = 6o <0 < 6o+ 2n}.

Since we want Q. to have H'-regularity, we need to respect the values of Q. that we already
constructed at 8 = 6y — 2n and 0 = 0y + 2n. We do this by interpolating between these given

values and s.(e3 ® e3 — 31d) at 6 = 6. More precisely, for (r,0) € (Q )’ we define

0o,m

sin(o(r, 0))
Qc(r,0) = s« <n ®@n — ;Id) with n(r,0) = 0 :
cos(o(r,0))
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where the phase ¢ is given by

o(r,0) = 90277 arccos (ng (1,00 — 2n)) . (45)

Similarly, the phase for (r,0) € (Q;(w)/ is given by

0—0
2n

o(r,0) = — 0 arccos (n3 (r,m — (6o +27m))) . (46)

Note that @), is indeed continuous for 8 = fy and that Q. coincides with our previous definition
at 0 =60y — 2n and 0 = 6y + 2.

Now we calculate the energy coming from the two regions. We assume that (r,0) € (Q;O n)’ ,
the estimates for (€2, n)/ are similar. Since @) is uniaxial by construction, f(Q.) = 0 and
furthermore by Proposition 1.4

9(Qc) = \/3(1 — cos*(¢(r,0))) = \/gsiHQ(qﬁ(ﬁ@)) < \/gsinz((b(h 0o —21)) .

For the gradient, we note that

1 i z
5IV'Qe(r, ) = $200,n(r.6)* + 5|9 (r.6)[* = 2(0,6(r,6)* + 51066 (r,0)
2

6 -6y 2 2 Sx 2
— (152 000000~ 200 + 5160000 20)

2
S*
< s210rn(r, 60 = 2m)* + 55 I6(r, 60 — 2m) .

Note, that for n — 0 the phase ¢ stays bounded. Furthermore, all terms decrease exponentially
in 7 by Lemma 3.16 and are thus integrable. Since 10,Qc* = Qax2 : @ = 2s2sin?(¢(r, )), this
term converges to zero exponentially for r — oo and is bounded for n — 0. So finally we use the
estimates and the usual change of variables t = 1 + nt to get

nEP(Qe, (2,,)) < Cn. (47)
Analogously,

nEP(Qe, (9,,)) < Chn, (48)
since ¢(r, 09 + 2n) — 0 as 7 — oo exponentially.

Step 3 (Construction on B' and D’): Throughout this construction, we assume that we are
in the same situation as in Step 2, namely that we are switching from F’ to F as the angle 6
increases. In this situation, we are going to construct a defect of degree —1/2. Otherwise, one
would need to define a defect of degree 1/2, i.e. one needs to switch the sign of the angle in the
definition of Q(«).

e We first define a map @p on the two dimensional ball B;(0) using polar coordinates as

follows
0 r € [0,€)
Qp(r,a) =4 (5= 1) Q(a) 1 € [e2e) (49)
Q(a) r € [2¢1),
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where

sin(a/2)
m@:&(m@®nm)]yQ with n(@)=| o0
; cos(/2)

e On Bj \ Bs. we calculate

/ S|V'Qp|* dz = / / <|8TQB|2 + 2\5aQB|2> rda dr
Bi\Ba. 2 2Jo Jae r

1 1 1 27 )
== —dr |0.QB|* da
2 2¢ T 0
27

= —1n(26)/0 SEi(COS2(a/2) +sin?(/2)) de

o ln(2)7r82
S 2 2

Furthermore, f(Qp) =0 on B; \ Ba and fB1\Bze 9(Qp) de < C|B; \ Bae|. This implies

53| In(e)| —

Lviosr+ L 1 T2 &
- a 1 .7 o |
/]31\1326 2|v @s[" + EQf(QB) + nQQ(QB) dz < 28*| In(e)| + " | By \ Ba| (50)

e On By \ B we find

1 1 2w 2e 1
S |\V'Qp)*de = - 10,Qp|* + 7](9@@3]2 r da dr
BQe\Be 2 2 0 € r
1

2w p2e 1 2 1 /7 2
:2A (—Q\QWWWH(G—O|%QdeMM

€ €

2 1\ = 1 1 2
:wsz<—1> / rdr+7rsz/ f(f—l) dr
3 € . 2 e T \e€
1 2 T 1
= 752 <6—1) 62+§8£ <ln(2)—2>
<C.

In addition, f(@p) =0 and fBzg\Be 9(Qp) dz < C|Bge \ Be|. Together, we get

1 ! 1 1 1
/B%\BE 2V'@sl + 5/(Qn) + 59(@p) do < Co <1 + n2> Ba\B.  (51)

Finally, the gradient of Qp on B(0) is zero. The contributions from f and g are easily
seen to be bounded by C|B|, so that

1, 1 1 11
[ 517l + 5@+ a(@e)de < Ca (5 + o5 ) 1B, (52)

Combining (50), (51) and (52) we get
1,y 1 1 T 1
SIVQBI"+ 5 f(@B) + 59(Qp) dz < SsifIn(e)[ + C {1+ — | [B1(0)|+C.  (33)
Bi(0) 2 € U 2 n

Note that we have the same bound for Qp.(r,a) = Qp(r/7,«) on B;(0), where 7 < 1. In
addition, this bound is invariant under rotations and translations of the domain. Again we assume
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that 0 € B, (6p). We use the construction of @p to define Q. on the set B := B, (1 + 27,6) C
(1,14 4n] x [8o — 27,00 + 27| via

Qe(r,0) = Ry, Qp(T/n, ), (54)

where Ry, is the rotation matrix around the p—axis with angle 6y, 72 = (r—1—2n)?+(6—0,)? and
a being the angle between the vectors (0,1) " and (6y—6,r—1—2n)". Note, that the term | By (0)|
in (53) transforms to |B|, which can be estimated by Cn?. For the remaining term of £2P we
notice that Qax2. : Q. is bounded on B and that p > o —n, thus fB P Qaxa.e Qe < C(o—n)~L.
Then, using p < (1 + 2n)sin(6p) +n we get from (53) that

. s C
nE2P(Qe, B) < ((1+ 2n)sin(fo) + 77)58377! In(e)[ +Cn + U (55)

We now want to construct the map Q. on the set D = {(r,0) € [1, 14+4n]x[0o—27, 0p+2n|}\ B
by interpolating between the values given by Steps 1 and 2 on the one hand, and the values on
OB on the other hand. We use the same polar coordinates (7, «) as for the definition of Q. on
B to parametrize D. Let @, /() be the phase associated to the director of Q¢(n, ) and ®(«)
the phase of the boundary values on 9(D U B). We set

R(e) —

OEDE

6(T,a) = ().

L_r-n
a/2 R(Ol)
where

R(a) = Teostay i @ € [=m/4,m/4] U [3m/4,5m/4],

7
| sin(c)|

In particular, |[R(a)| < 2v/2n and |0oR(a)| < 2v/2n. Then we define

otherwise .

sin(¢(7, a))
Qp(T,a) = s, (n(r, a) @n(T,a) — 1Id) with n(7,a) = 0
’ cos(¢p(T, a))

Then f(Qe|p) = 0 since Q¢|p is uniaxial and g(Q¢|p) is bounded. We can estimate the
gradient

1 1 1
/ S IV'Q.? dz = / - <|6TQ6|2 + 2|89Q6|2) rdr df
D 2 D 2 r
27 rR(a) 1 ) 1 )
< (14 477)/ / = (‘BFQe‘ + qlaaQe‘ >7‘d7“ do (56)
0 n 2 T
2m

R(a)
<arans [ 77 (1o + Siouof ) rarda
n

0

Since @,/ and ®(«) are bounded and Jr¢ = ﬁ)l_nq)ap + mfb(a), we can easily infer

that |0r¢|? < 77% Furthermore it is clear by definition that [0,®, 2|* < C. So it remains to derive

bounds on 9,®(«). For a € [0, 7/4] we have ®(a) = arccos(ns(1 + 47,0y — 277))7W, ie.

10,®(a)|? < C. Similarly, 9,® is bounded for a € [~7/4,0]. For a € [r/4, 37 /4] and r(a) = 1+
\/RQ(a) + 812 — 4v/2R(a)n cos(3m/4 — a) one can show that ®(a) = arccos(nz(r(c), y — 21)).
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An explicit calculation yields |9,®(a)|?> < C. By the same argument, 9,® is also bounded for
o € [-3m/4, —7/4] For o € [37/4, 7] we have ®(a) = —2ntan(m — a) +6p — F, so that [0, P(a)[?
is also bounded by a constant. We plug this result into (56) and use the fact that Qax2.¢ : Q. is

also bounded and ¢ < 1+ 4n to get

2r  rR(a)
EED(QE,D)§2(1+477)33/ / <C+C2>Ud0da+ ¢ <C+ ¢ . (57)
0 n o g —cqn o—cn
Hence by (55) and (57)
nEXP(Qe, BUD) < ((1+ 2n)sin(fy) + 277)%3%7] Ine| +Cn+ — C’nn' (58)

This finishes our construction of Q¢(p, 8). If we now extend Q. to 2 by using the rotated function
Qc(p,p,0) = R;Qe(p, 0) R, and integrate 2P in p-direction, we get from (43), (44), (47), (48)
and (58)

2w 2
NE(Qc, ) <V 245*/0 //(1 — cos(0)) sin(0) d6 de + {l/ﬂs*/o /FC,(I + cos(0)) sin(f) dO dy

M—1 ot
T 2 - in Cn
+ s el z;/o (1 4 2n) sin(6;) + 2n) dp + Cn + eyl

(59)
Taking the limsup 7, e — 0 in (59) yields the inequality

limsup &, ¢(Qc) < V24s. / (1 —cos(f)) dw + @s*/
F

n,e—0

(14 cos(0)) dw + gsszXF\(Sz)

c

— &(F).

It remains to show the claimed convergence. It is clear by definition of ) that Un>0 F,=F
and Un>O(F “)p = F° which implies the convergence for xp. The continuity of n® as a function
with values in S? outside a set wy is clear by construction if we choose wy, to contain all balls B,
we used in step 3. Taking w;, as the union of all sets B and D from step 3. we can also achieve
that Q \ wy, is simply connected. Extending n® inside B measurably, yields the compactness

claim. O

Proof of the upper bound (13) of Theorem 2.1. We choose a sequence oy, > 0 which converges to
zero as k — oo. We approximate the set F' by sets Fj such that the domains S?N{p < oy, 2 > 0}
and S N {p < o}, z < 0} are fully contained in F}, or F, . By Lemma 4.1 there exist sequences
Qe such that limsup, o &) e(Qcx) < E(Fy) and (11) holds. We observe that

|DxF|(8%) = [Dxr|(S* N {p = ox}) = [Dxr|(S* N {p = ox})

and

/F (1 = cos()) dw — / (1 —cos(8)) dw

Fy

9

< Co}.

/C (1 + cos(f)) dw — /FC (1 + cos(8)) dw

Hence limsup, .0 &e(Qer) < Eo(Fr) < Eo(F) + Co? and taking a diagonal sequence Q. =
Qe,k(e) we get
lim sup £,,¢(Qc) < E(F)

n,e—0

The compactness (11) follows by triangle inequality. O
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Figure 4: Partition of Q" into regions for the construction of @, (arrows show n°)

5 Limit problem, transition and hysteresis

This last section is devoted to the study of the limit functional. In particular we are going to

study the minimizing configurations for different values of j.

In a first step, we claim that if F' is a minimizer of &y, then F' and F¢ are connected. Indeed,
assume that one of the two sets, say F', is not connected. Then there are two possibilities: If
F¢ is connected, then F' also contains the point # = m and we can decrease the energy & by
handing over this set to F°. If F° is also not connected, then we can similarly exchange points
between F' and F'° while decreasing the energy until both sets are connected.

Now that we know that F' and F'° are connected, we deduce that there can only be one angle
under which the defect occurs. Let us name this angle 6; € [0,7] and let F C S? be the set
corresponding to 0 < 0 < 3. Then we can express the limit energy as

Eo(F) = v/24s, /F(l —cos(0)) dw + {l/ﬂs*/ (1 +cos(0)) dw + gszﬁlDXFKSZ)

c

2w Oy 2n  p
= 245*/0 /0 (1 — cos(#)) sin(6) df dp + \/ﬂs*/o /ed (1 + cos(8)) sin(6) df dep

+ 5526(2msin(6,))

— 4/24rs, ( sin(6,/2) + cos4(c9d/2)> + 72852 sin(6y) .
Setting the derivative of this expression to zero gives the equation

TSy cos(0g) (Wﬂs* — 4x4/ﬂsin(9d)> =0,

which yields the two families of solutions ¢y = 7/2+ 7Z and 6y = arcsin(;ré‘%) +27Z. We note:

1. For Bs, = 44@ ~ 2.818, the two families are equal. We conclude that for Ss, > 44@ the
only stable configuration is a dipole at 6; = 0,7 (see Figure 5).
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2. The energy of the saturn ring 6; = 7/2 and the dipole 8; = 0 are equal for 8s, = 2 ~

™

1.409, which means for greater values of s, the dipole is the globally energy minimizing
configuration, while for smaller values the saturn ring is optimal.

3. The case where 6; = 7/2 is the only (local) minimizer corresponds to s, =0, i.e. f2 = 0.

Figure 5: Plot of the energy & for different values of 8s, as a function of the angle 6,

&o

6v24m T

49247 DP & & 1
| / DP

9¢ir ¥ SR DP

| | B35, } 0854
0 2981 g 409 4¥21 2818 0 V2 9 818

Figure 6: Left: Plot of the energy of the dipole and saturn ring as a function of Ss.. Right:
Hysteresis induced by changing £s,

Our analysis confirms the numerical simulations by H. Stark [40] (see also [32| for similar
problems) as well as the physical observation, e.g. |6, p.190ff|]. The reduced magnetic coherence
length &5 introduced in [40] corresponds to our parameter 7 in the one constant approximation.
The assumption of high magnetic fields £ < 1 translates to our limit 7 — 0. Although the
calculations in [40] are based on the Oseen-Frank model rather than the Landau-de Gennes that
we are using, we are able to reproduce the behaviour of the energy & as a function of 64, compare
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Figure 5 and [40, Fig. 11]|. From our calculation, we also find the hysteresis for changing values

of Bs.. For 8> 1, i.e. small external fields, the dipole is the only stable configuration. Increasing

the field, the system will maintain the dipole, until we reach § = 0, where a transition to the

saturn ring takes place. Decreasing the field while starting from a saturn ring, we will retain the

structure until we reach s, =~ 2.818 and the saturn ring closes to a dipole.

Acknowledgment. DS thanks Xavier Lamy for the useful discussions at several occasions.
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