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UNITARY SKEW-DILATIONS OF HILBERT SPACE OPERATORS
VIDAL AGNIEL

ABSTRACT. The aim of this paper is to study, for a given sequence (pn)n>1 of complex num-
bers, the class of Hilbert space operators possessing (pr)-unitary dilations. This is the class of
bounded linear operators T acting on a Hilbert space H, whose iterates T" can be represented
as T" = pn,PuU"|u, n > 1, for some unitary operator U acting on a larger Hilbert space,
containing H as a closed subspace. Here Py is the projection from this larger space onto H.
The case when all p,’s are equal to a positive real number p leads to the class C, introduced
in the 1960s by Foias and Sz.-Nagy, while the case when all p,,’s are positive real numbers has
been previously considered by several authors. Some applications and examples of operators
possessing (pn)-unitary dilations, showing a behavior different from the classical case, are given

in this paper.

1. INTRODUCTION

Classes C, have been introduced by B. Sz-Nagy and C. Foias [22] in 1966. For a complex
Hilbert space H and a real number p > 0, a bounded linear operator 7" € L(H) is said to be
in the class C,(H) if all powers of T' can be skew-dilated to powers of a unitary operator on a

Hilbert space K, containing H as a closed subspace. This means that
T" = pPgU"| g, for all n > 1,

where U € L(K) is a suitable unitary operator, and Py € L(K) denotes the orthogonal pro-
jection onto H. Such an operator T is called a p-contraction, while the unitary operator U is
called a p-dilation, or a p-unitary dilation, of T'.

The famous Sz.-Nagy dilation theorem (see [22]) shows that C1(H) is exactly the class of all
Hilbert space contractions i.e., operators of norm no greater than one. It is also known (see
[6]) that the class Co(H) coincides with the class of all operators T' with numerical range W (T')
included in the closed unit disk; equivalently, those T" satisfying w(7T") < 1. Here the numerical
range W (T') and the numerical radius w(T') of T' are defined by

W(T) ={(Tz,z): ||lz| =1} 5 w(T)=sup{[A]: A€ W(T)}.
Let T be an operator in the class C,. Then

max(1,p), for all n > 0. In
L;

(i) T is power-bounded. More precisely, we have |17 <
particular, the spectral radius r(7T") of T" satisfies r(T") <

(ii) T% is in C,(H) for every k > 1;

(iii) For a closed subspace, F', of H which is stable by T' (i.e., T(F') C F'), the restriction

T |Fisin C,(F);
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(iv) The functional calculus map f — f(7') that sends a polynomial f into f(7) can be
extended in a well-defined manner to the disk algebra A(D) := C%(D) N Hol(D). It is a
morphism of Banach algebras, and satisfies

[F (D) < max(1, p)[|f]| oo (m);

(v) T is similar to a contraction: there is an invertible operator L € L(H) such that
|[LTL7Y| < 1.

We refer the reader to [11,12,15,17,23] for proofs of these results, which mainly use several

characterizations of classes C,(H). We record the principal ones in the following theorem.

Theorem. — Let T be an operator in £(H) and let p > 0. The following are equivalent:

(i) T e Cy(H);
(ii) 7(T) <1 and, for all z € D, we have (1
(iii) For all z € D and all h € H we have (%

— )+ 2Re((I - 2T)7") > 0;
—1)[|=ThI? + (2 — 2)(=Th, b) < [[h]

We remark that these characterization can be expressed in terms of classes of operator-valued
holomorphic functions. For instance, (ii) says that the map z — (1 — %)I + %(I — 2T)7 !
is in the Caratheodory class of operator-valued holomorphic functions on D, having all real
parts positive-definite operators. Item (iii) can be equivalently expressed by the membership
of 2+ 2T ((p — 1)2T — pI)~! to the Schur class of holomorphic maps f : D — £(H) having all
norms no greater than one (i.e., || f(2)|| <1 for every z € D).

J.AR. Holbrook [11] and J.P. Williams [24] introduced the notion of p-radius of an operator
T € L(H) as follows:

1
w,(T) :=inf{u >0: =T € C,(H)}.
u
This p-radius is a quasi-norm on the Banach space L(H), equivalent to the operator norm,
whose closed unit ball is exactly C,(H). Recall ([13]) that a quasi-norm satisfies all properties

of a norm, except that the triangular inequality holds true up to a multiplicative constant. For
p > 2, the quasi-norm w, satisfies ([14,23])

wp(Th +12) < p(wp(Th) + wp(12)) -

Therefore the p-contractions are exactly the contractions for the p-radius, and many relationships
between classes C, can be expressed more easily using the associated p-radii. The p-radius is a
usual Banach-space norm for 0 < p < 2.

Some generalizations of classes C, have been studied, like classes C4(H) introduced by
H. Langer (see [23, page 53] and its references, and [20]), or the classes C, \(H) considered
by several authors (see [4,17,18]). This latter generalization will be the main topic of study
in this paper, with the novelty that we consider the general case when the p,’s are non-zero
complex scalars. This will lead to classes of operators with several new features and different

behavior.
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2. HILBERT SPACE OPERATORS WITH (p;,)-DILATIONS

Definition and first properties. In light of the preceding discussion we introduce the follow-

ing definition.

Definition 2.1 (Classes C,,)). — Let (pn)n>1 be a sequence of complex numbers, with p,, # 0
for each n. We write (p,)n>1 € (C*)N'. Let H be a complex Hilbert space. Define now

Clp)(H) :={T € L(H) : there exists a Hilbert space K and a unitary operator U € L(K)
with H C K and T" = p, PgU"|g, Vn > 1}.

Here Py € L(K) is the orthogonal projection from K onto its closed subspace H. We say in

this case that T' possesses (py,)-dilations.

In other words, an operator T is in the class C(pn)(H ) if and only if all its powers admit
dilations of the form p,U"™ for a certain unitary operator U acting on a larger Hilbert space.
For the rest of this paper, we will suppose that the Hilbert space H on which T acts is fixed.
pn) (H) will be abbreviated as C(,,).
(pn) = (pn)n>1 starts at n = 1: for n = 0 we have of course T? = Iy = PyU°|y.

If there is no ambiguity, C Note also that the sequence

In the papers [4,17,18], the case when the p,’s are non-negative real numbers is considered.
We went for a broader choice of sequences as the main ideas do not rely heavily on the fact that
pn are in R and as this eventually allows for some interesting new phenomena for the classes
C(p,)- One first difference is recorded in the following remark.

Remark 2.2. — The definition of C(, ) easily gives that T" € () if and only if T* € C.

Therefore, when the p;, are real scalars, the class C(,,) is stable under the adjoint map 7' — T™.

pn)
This is no longer true in the general case.

Remark 2.3. — As another basic remark, we note that if T"is in C{,,), then we have ||T"| < [py|.
Thus, r(T) < lim infn(|pn]%). This relationship implies that two different cases appear in the

study of the classes C,,):

(i) 0 < liminf,(|pn|n) < +oo;
(i) liminf,(|pa|7) = 0.

Although many of the proofs below work the same way in both cases, most of the results will
be stated in the case (7). The study of the case (i7) is more problematic. Indeed, in case (i7), the
class C(,,) will only contain quasinilpotent operators, that is operators whose spectra reduce to
{O} 1 1
We also note that when lim inf,,(|p,|=) = 400, we trivially have r(T") < liminf,,(|p,|=) for every
operator T'. We also note that the condition lim inf,, (| pn|%) = 400 leads to small changes in the
proofs below: the main difference between this condition and lim inf,, (| pn|%) < 400 in case (i)

is the fact that the quantity , which exists when lim infn(|pn]%) €]0, 400, has to be

T
lim infy, (|pn| ™)

replaced by 0 when lim inf,, (| pn|%) = +o00. This motivates the following convention.
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Convention. For the rest of this paper, we assume that
1

——————— =0 whenever liminf(]pn\%) = +00. (2.1)
lim inf,, (| pn|7) "

One of the main tools to characterize the classes C(,, ) is the following Herglotz-type theorem.

Theorem 2.4. — Let H a Hilbert space. Let F : 1D — H be an analytic function such that:
(i) F(0) =1
(ii) Re(F(2)) >0, Vz €D.
Then, there exists a Hilbert space K containing H and U € L(K) an unitary operator such that
F(2)=Py(I+20)I - 2U)" |y, V2 €D
A proof of this theorem can be found in [8, p.65-69].

Definition 2.5. — For (pn)n € (C*)Y" and for w in a complex Banach algebra, f(,,) denotes

the entire series given by f(, )(w) =3, 5, 2;1;".

For a € R, we denote Re>, the half-plane {z € C, Re(z) > a}, while Res, is the half-plane
{z € C, Re(z) > a}.
Proposition 2.6. — Let (p,)n € (C*)N and let T € L(H). The following are equivalent:

(i) T € Cppys

(ii) The series

f(pn)(ZT) = Z ;ZnTn

n=1

is absolutely convergent in L(H) and
I+ Re(f(,)(2T)) >0, for all z € D.

Proof. (i) = (ii) Let U be an unitary operator on a Hilbert space K, with K containing H as
a closed subspace, such that
" = pp PpU"™| g, Yn > 1.

For every polynomial P(X) = ag + - -- + a, X" and every z € D, we have

a a
aol + p—lzT ot p—”(zT)” = Pylaol + a12U + - -+ + an(2U)")| g = Py P(zU)| .
1 n

Since the series 1+ 3", - 2w™ converges absolutely to f(w) = 122 for all w € D, and since U

is unitary, the series I + 3 -, 2(zU)" converges in norm to
f(zU) = (I +2U)(I — 2U)71, for all z € D.
Thus, as

TTL
== PaU"|u| < [IU"| <1,
Pn

the series Ig+) 5, p%(zT)” is absolutely convergent and converges to Py [(I+2U)(I—2U)"]|g
for all z € D. As U is unitary, f(zU) is normal, so the closure of its numerical range W (f(zU))
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is the convex hull of its spectrum. We have

o(f(2U)) = f(a(zU)) C f(D) C Rexo.

Thus,
W((I+2U)(I—2U)"")) =W(f(2U)) C Hull(o(f(2U)) C Rexo.

Furthermore, W (P f(2U)|n) C W(f(2U)), so the numerical range of Iy + f(,,)(27') is included
in Rexo. This is equivalent to Re({y + f,,)(2T)) > 0, so (i7) is true.

- (ii) = (i) We define F'(z) := Iy + f,,)(¢T). Thus, F is analytic on D, F(0) = Iy, and
Re(F(z)) > 0 for all z € D. By applying Theorem 2.4, we obtain a Hilbert space K and a
unitary operator U € L(K), such that F(z) = Py(I + 2U)(I — zU)~ Yy, for all z € D. By
developing both analytic expressions in entire series, and identifying their coefficients, we obtain
p%T" = 2PyU"|y for all n > 1. Therefore T' € C, ). O

We will obtain most of the following results by applying Proposition 2.6. We can directly see
by applying this proposition that any class C,, ) contains 0, the null operator, so none of these

classes is empty.

One remark is in order. We did not consider the case where p, = 0 for some n in Definition
2.1. Indeed, this condition does not go well with computations similar to the ones in the proof
of Proposition 2.6. Having p, = 0 implies 7™ = 0, but it does not give any information on
PyU™| . This prevents us from showing that certain sums of powers of 7' and T™* are positive,

which is a crucial tool when dealing with operators in the class C,,).

If we were to denote m := inf({n : p, = 0}), then any operator T in C(,,) would need to
be nilpotent of order at most m. The following Corollary treats this nilpotent case and gives a
characterization that was the one we expected in the case p,, = 0. See also [5, Proposition 6.1]

for another use of the positivity condition (ii) below.

Corollary 2.7. — Let (pn)n € (C)N and m > 1. Let T € L(H) be such that T™ = 0.

Then, the following are equivalent:

(i) T € C,,);

m—1
(ii) I+ Re( ). z”p%T”) >0 for all z € D.
n=1

Thus, for any sequence (1) such that py = 7y, for all 1 <k < m, we have T € C(4, if and only
if T e C(pn) .

Proof. A direct application of Proposition 2.6 with the extra condition 7™ = 0 gives the equiv-
alence. g

Now we come back to Proposition 2.6. When lim inf,, (| pn|%) > 0, we can see that the series

o0
> p%z”T” is absolutely convergent if and only if |z|r(T) < liminfn(]pn\%). We can thus
n=1

reformulate Proposition 2.6 as follows.
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1

Theorem 2.8. — Let (py)n € (C)N" with liminf, (|p,|») > 0. Let T € L(H).
Then, the following assertions are equivalent:

(ii) r(T) < liminfn(\pnﬁ) and, for f,\(2T) = > p%z”T”, we have
n=1

I+ Re(f(pn)(zT)) >0,Vz € D.

Remark 2.9. — Replacing the condition of absolute convergence of a series by a condition
concerning the spectral radius of T is useful in several instances. We can first notice that if
we take v > 0 small enough, then vT will satisfy the spectral radius condition. However, if
1
17" =
lonl
be satisfied by certain quasinilpotent operators. Hence, aside from nilpotent operators and

lim inf,, (| pn|%) = 0, this condition must be replaced by lim sup,,( ) < 1, which can only

Corollary 2.7, knowing which operators can be "near” operators belonging to a class C,,) is a
difficult problem. In this case, the map f,,) also has convergence radius 0, so we cannot use
analytic or geometric properties related to the images of certain disks by f(,,).

Many of the following results, related to specific operators or to f(,,) will have no meaning

in this case, but others will be true under the additional condition

1
. [T\
lim sup <1
n ‘pn’

We look now at the closure of the class C', ) for the operator norm.

Corollary 2.10. — Let (p,)n € (CN" with lim infn(\pnﬁ) > 0. Then the class C,, is closed
for the operator norm: if (T,)m a sequence of operators converging in L(H) to T, such that
T € C(pn)7 then T € C(pn)

Proof. Let (Tin)m a sequence of operators converging to 7' such that T,, € C(,,). We have
r(T) = im(r(Ty)) < liminf(|pp|7 ).
m n

Thus, for any 2 € D, the series f(,, (2T converges absolutely and f,,)(27) = limy, f(,,)(2Tm)-
Hence, for any h € H, we have

Re(((I + f(p,)(2T))I; b)) = Re[lim{(I + f,,,)(2Tm))h, h)] = 0.
This implies that I + Re(f(,,)(2T) > 0, and the proof is complete by using Theorem 2.8. O

Operator radii. The condition in Theorem 2.8 will be useful when studying the (p,,)-radius,
which is introduced in the following definition.

Definition 2.11. — Let (p,), € (C*)V'. Let T € L(H). We define the (p,)-radius of T as:
T
Wpn) (1) :=inf{u >0 — € C,,)} € [0, +o0].

The definition of the (p,)-radius is similar to the definition of the p-radius that can be found
in [1-3,11]. As the classes C, ) and C, share the same type of definition, the (p,)-radius and
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the p-radius will share the same role with some slight different variations.

We will for now focus on properties of the (p,,)-radius.

Lemma 2.12. — Let (pp)n € (CHN" with liminfn(|pn|%) > 0. Then, the map T > w,,)(T)
takes values in [0,400[, is a quasi-norm, is equivalent as a quasi-norm to the operator norm
|-, and its closed unit ball is the class C,,-

We also have

A
|pm]

r(T)

1
" and w AT > —————.
) () lim i, (|| )

(1) 2

Proof. We start off by showing that the (p,,)-radius is finite while obtaining its equivalence with
the operator norm ||.||. Let "€ L(H). Let u > 0 be such that % € C(p,)- For any m > 1, we

have % < |pm/|, that is 1
o> (1)
N\ lpml

Therefore, by taking the infimum over u such that % € C( we get

Pn)’

1

\ww»m
w T > | —
o) (ma

For m = 1 we obtain w,,)(T) > (|||p |‘|) If we also take the limsup of the right-hand side

quantity, we get

r(T)
Wp) (1) 2

lim inf,, (| pn| ")

Now, let r < liminfn(\pnﬁ). Therefore, the series f,,)(rz) = Z | 2" s absolutely

convergent for all z € D, thus analytic on D. Since f,,)(0) = 0, there is a radius rg, with
1 > 7o > 0, such that [f,,)(row)| <1 for all |w| <. Let u > 0 be such that % < ror. Thus,
we have
T - 1
r(—) < ror < liminf(|p,|"),
u n

and for all z € D we have

> 2 n n
£ (2 H < E !Z\ "<y ;IZ! (ror)"™ = [ f(pa)) (ol 2lr)[ < 1.
n=1""

We recall that for any B € E( ) we have
B —I— B*

Re(B) > —[|Re(B)||.I = || 1= —[|B[|I.

Thus, for any z € D, f(,,) (z ) converges absolutely and we have

T
T4 Bel(f(5-0)) 2 T = gy (=2 )T 2 0.
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This means that I € C,,) according to Proposition 2.6, so w(,,)(T) < u < +oco. Furthermore,
H H Al

— rorT

since % € Clpn) for every w such that v > . Hence, we have

, we get w(,,)(T) <
@ <w, (T) <

1T
s (on) = ror

With these inequalities we immediately get
w(pn)(T) =0&T1T=0.

These inequalities also imply that, for S, T € L(H ), we have

IS +TI _ ISI+IT) _ loal,

S+T)<
W) (S +T) < ror ror = ror

w(pn) (S) + +’U)(pn) (T))

In order to show that w(pn)(.) is a quasi-norm, we still have to show that it is homogeneous,
that is w(,,)(2T) = |z|w(,,(T) for any z € C. Let z € C. The cases 2 = 0 and 7' = 0 have
been treated, so we now consider z = €”|z| # 0 and T # 0. Let u > w,,\(2T) be such that
2L € C(,,)- Denote u' = 127~ We can see that r(2L) = r(%) and that f(,,\(wZl) = f(pn)(e“fwT)
for any w € D. Thus, the series f, (e’ twL) converges absolutely and I+ Re(f(,,)(e"w4 L)) >0,
for any w € . Hence L 7 € Clpn)s 80

u' ’Z’ = w(pn)(T)

Thus, by taking the infimum for u > wy,, \(27'), we get
w(p )(ZT) Z |Z‘w(pn)(T).

Applying the same result to 7" = 2T and 2’ , we obtain

1
W(p)(T) = W) (Z'T") = |2, (T) = Ey“’(pn)(ﬂ’)v

which proves the desired equality.

We will now prove that the closed unit ball for the (p,)-radius is exactly C(p,)- Notice again
that w,,)(T") = 0 reduces to T'= 0. If T' € C{,,), then w(, \(T) < 2 = 1. Conversely, suppose
that w(,,)(T) < 1 and let (um)m be a sequence, with u,, > 0, converging to w(,,)(T") such that
L € C(,,)- Using the fact that the class C(,,) is closed for the operator norm, as proved in
Corollary 2.10, we get — ( y € C(p,)- Therefore, we have

on)

T

1

P(T) < r(——) < liminf(|pa|")

and
I+ Re(f,,)(2T)) > 0, for every z with |z| < ———.

(pn) w(pn)(T)

Since W > 1, we can conclude that 7" € C(,,). The proof is now complete. ]
Pn

Remark 2.13. In the case when liminfn(|pn|%) = 0, we have w,,)(T) = +oo unless T is

quasinilpotent and the sequence of HT"H% decreases to 0 fast enough.
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Remark 2.14. Since the (py,)-radius is homogeneous and
w(pn)(T) <l Te C(pn)’

whenever T' # 0, we have

{u>0: *GC }—[w(p )(T),+OO[.

Corollary 2.15. — Let (p,)n € (C)Y with lim inf,, (\pn| )>0. Let T € L(H). We have

(i) For any z # 0, |71‘111(/)71)(T) = w(p,)(IT) = wiznp,)(T);
(ii) If T € C(p y(H), then T* € C,, (H), for all k > 1;
(iii) W(pp)n (TF) < W(p,) (T, for all k > 1;
)

(iv) Wi, (T) = wi) (T).

Proof. (i) The left-hand equality is given by the homogeneity of wy,,)(-). For the right-hand
one, we can see that

T
(5)" = puPuU" |y if and only if T" = 2" p, PuU" 1.

Thus % € C(,,) if and only if T' € C(.n,,). Lemma 2.12 implies that

1
w(pn) (;T) = 'U)(ann) (T)

- (4i) By definition of the class C,,, if T' € C(,,), then
(T™)™ = prom P (UM)™ 11,

so Tk e C(ﬂkn)(H)

- (4¢iz) The result is true when 7' = 0. When T # 0, consider 7" = W
Pn

w(p,)(+), we have w, y(T") = 1, so T' € C{,,) according to Lemma 2.12. Thus, for any k > 1,

By homogeneity of

(T € C(py.n)(H). Using again the homogeneity of the (p,)-radius, we obtain

) () <
Pn

This completes the proof.
- (iv) We use Remark 2.2 and Lemma 2.12 to obtain the equivalence

Since the (py,)-radii are homogenous, these quantities must be equal. ]

Corollary 2.16. — Let (pn)n € (C)N with liminf,, (|p,|» ) >0. Let T € L(H). The following

assertions are true:

(i) Let F be an invariant closed subspace ofT Then w(,,)(T|rF) < w, ) (T);
ii) For any isometry V we have w VIv®) < , with equality of V' is unitary;
(pn) W) (T
(iii) For a Hilbert space K we have w,, (T ® IK) = wp,)(T);
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(iv) For T,, € L(Hp,), m > 1,n with sup,,(||Tm||) < +oo, we have

W(py) (©m>1Tm) = Sugi(w(pn) (Tin));

(v) If T(>®) denotes the countable orthogonal sum T ®T & ---, then w(pn)(T(C’O)) = w(,,)(T).

Proof. - (i) We have r(T'|p) < r(T). If I + Re(f,,)(2T)) is positive, then I + Re(f(,,)(2T|Fr))
is positive too. Thus, by using Lemma 2.12 we obtain

w(pn)(T) <1l= w(pn)(T‘F) <1.

The homogeneity of the (p,)-radius gives the result.
- (i1) We have r(VT'V*) < r(T) and (VI'V*)" = VT"V*. Thus, f, \GVITV*) =V f,.,(zT)V*.
Hence, for any h € H and any z € D, we have

Re(((I+ i) VTV, ) = Re(((I + i) (ZT))V*h, V1)),
By applying Theorem 2.8 and Lemma 2.12; we get
w(pn)(T) <l= w(pn)(VTV*) < 1.

The homogeneity of the (p,)-radii gives the desired inequality. When the isometry V is also
invertible, the converse inequality is true, so both quantities are equal.

- (4i7) Since ||T"|| = ||(T' ® Ix)"|, we have r(T) = r(T ® Ix). Let uw > 0 be such that
u > ﬁ . Thus the series f(pn)(zT%IK ) is absolutely convergent for all z € D, and
iminfy, (|pn|n

f(pn)(zT%IK) = f(pn)(z%) ® I . Since for any hy ® ki, he ® ko € H ® K we have
(h1 ® k1, hg ® ko) = (h1, ho)(k1, ko),
we can see that the condition

(T + Re(f, (21K

WM(h@k),h@k)>0,YVhoke H® K,

is equivalent to
T
(1 + Re(fp (=) (), 1) > 0, ¥h € H.

Hence, T8Ik ¢ Clpn)(H ® K) is equivalent to L e C(p,)(H), which implies that w, \(T) =

u
’U)(pn)(T [ IK).
- (iv) Since sup,, (||Tm]|) < +oo, the linear map T = @,,,>1T}, is bounded on the Hilbert space
H = ®&p>1Hy,, and ||T|| = sup,,(||Tm|)). Thus, »(T') = sup,,(r(T)). Let u > 0 be such that
u > "M We have

" liminf, (|pn| ™) T T
r(Z2) < (=) < lim inf(|pn| 7).
u u n

Thus, the series f(pn)(z%) and f(pn)(z%") are absolutely convergent for all z € D, and

T T
f(pn)(za) = @mzlf(pn)(zv)-
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Since for any h = (hym)m € H, we have

17+ Rel(fip (= D) = (T + Rel gy (=22 ()
this implies that -
(I + Re(fipn) (2 )))(R), h) = 0, Vh € H,

is equivalent to

(T + Re(fipy (2 (i) Fan) = 0, Yy € i, ¥im > 1.

u
Hence, the assertion % € C(p,)(H) is equivalent to % € Cp,)(Hp), ¥n > 1, which implies that

w(Pn)(T) = Squ(w(pn)(Tm))'
- (v) The proof is a consequence of item (iii) and [5, Remark 1.1]. O

The items (i) and (74) of this Corollary show that the classes C,, ) are unitarily invariant, and
stable under the restriction to an invariant closed subspace. The item (iv) is a generalization of
a known property of direct sums of operators in the class C(,). Items (i), (ii) and (v) show that,

under the condition of Corollary 2.16, the radius w,,) is an admissible radius in the terminology

p

of [5, Definition 1.1]. Thus, all the results proved in [5] for admissible radii are valid for w,,)

when lim inf, (| pn|%) > 0. In particular, the following result is true.

Corollary 2.17. — Let T € L(H), with |T|| <1 and T™ = 0 for some n > 2. Then, for each

polynomial p with complex coefficients, we have

w(,,) (P(T)) < w(p,)(P(Sy))-

Here S} is the nilpotent Jordan cell

0 0 0
01 00
5; = ;
0 0 0
0 0 O 0 0

on the standard Euclidean space C™.

Some other consequences of the condition lim inf,,(| pn|%) > () are proved in the next Propo-

sition.

1

Proposition 2.18. — Let (p,)n € (C)N" with liminf,, (|p,|=) > 0. The following assertions
are true:

(i) We have
. o 1, 1
Wy, (D) = min({r > lminf(|pa|*) ™" ¢ fip,) (DO, 1)) € Rez—1});
(ii) For any T € L(H), we have w, \(T) = r(T).w,,(I);
(iii) If T is normal, then w,,\(T) = ||T'||.w(,,)(I)-
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Proof. - (i) Take u = w(,,(I) such that S C(pn)- We have r(L) < liminfn(]pn\%), so L is

no greater than the convergence radius of f(, ). For any z € D, we have f(pn)(zé) = fom) (2)1.
Thus, I + Re(f(,,)(2£)) > 0 for any z € D if and only if f,,,(D(0, 1)) € Re>_1.

- (#) Let T' € L(H). There is nothing to prove if T' = 0 or r(T") = 0. Otherwise, let u = wy,, ) (T)
be such that L € Cpy,) (cf. Lemma 2.12). Since I + Re(f(pn)(zz)) > 0, the spectrum of

I+ f(pn)(z%) lies in Re>p. This spectrum is the set {1 + f,.)(zw), w € 0(%)} The union of
these spectra, when z describes D, is {1+ f,,)(w), |w| < @} Since @

item (7) that T 2 w(,,)(1). Hence w,, (T) > r(T)w,, ().
- (ii7) Let T' be a normal operator with T # 0. For u = ||T'||.w(,,)(I), we have
T T 1

STy Tl

U U w(pn)(

> (), we obtain from

< lim inf(|pn| ).
n
Thus, we obtain that

U o+ fipn () = {1+ Fipy(w), ol <

zeD

1

wiom D

Item (7) of this Proposition tells us that this set is included in Re>o. As T is normal, I+ f(,,) (z%)

is also normal, so
T T
W(I+ f(pn)(zg)) C Hull(o(I + f(pn)(za))) C Re>o, Vz € D.
Hence, I + Re(f(pn)(Z%)) > 0, and % € C(,,)- By Lemma 2.12, we then have

W) (T) < u = ||T||w, ()

The inequality of item (i7) provides the desired equality. O

Remark 2.19. Since we also have
1
W) ([) 2 —————7~,
liminf, (|pp|)
the inequality in Proposition 2.18 is better than the last one of Lemma 2.12. Thus, if there is
T such that w(pn)(T) = %, the same must be true for the identity operator I. In the

N lim infy, (|pn |7

case when p, = p, p > 0, this can only happen when p > 1.

3. CrAsSES C(,) FOR p # 0

In this section, we will focus on the case where p, = p, for some p € C*. This is an intermediate
class between the classical case considered by Sz.-Nagy and Foias (classes C; for 7 > 0) and
the the general C(,, )-classes. Thus the obtained results are already known when p > 0, but the
generalization to the case p € C* seems to be new. Nevertheless, we acknowledge the influence
of [1,2,14,23] for the results of this section. The results obtained here will turn out to be useful

when we will look again at C,,)-classes in the next section.

Some characterizations.
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Lemma 3.1. — Let p# 0 and p, = p, Vn > 1. Let T € L(H).
The following are equivalent:
(i) T € C,)(H);
(ii) »(T) <1 and Re((1 — %)I—i— %(I— 2T)~1) >0, vz € D;
(iii) »(T) <1 and Re(%([ —2T)) + Re(1 — %)(I —20)*(I —2T) >0, Vz € D;
(iv) Re(2(I = 2T)) + Re(1 — 2)(I = 2T)*(I = 2T) > 0, ¥z € D.

Proof. - (i) < (ii) We have lim inf (]pn\%) = 1. When r(T) <1, for z € D, we have

I+Z (2T)" 1—7)I+ (I—,zT)—1
n>1 P P P
Apply now Proposition 2.6.
- (i1) < (4i1) We will use several times the known fact that for A, B € L(H), with A invertible,
Re(B) > 0« Re(A*BA) >0
We obtain the equivalence (ii) < (iii) by choosing
A=(I-2T),B=(1- 2)I+ g(I — 277!
p’
and by rearranging the expression, using that (I —27")*(I —zT) is a positive self-adjoint operator
and Re(A*) = Re(A).
- (i4i) = (iv) is immediate.
- (iv) = (i77) Suppose that r(7") > 1. Thus, there exists v € C such that |y| = r(T) > 1, and
there is a sequence (h,,) of vectors h,, € H such that ||h,| = 1 and ||(T —~I)hy|| — 0 as n — oc.
Let 0 < e < |y| — 1 and set g, := (T — vI)hy. Let also n = e.e’, for some ¢ that will be chosen

later on. Let z := H?” Then, |z| < % = 1. Furthermore, we have

1
(I = 2Ty = (I = )b gThn + b = hn = —2gn — Nh.

Thus, we obtain

Hence, by taking the limit as n — +o0, we obtaln

2 2 -2 2
Re(=(—n) + (1 = 2)|n*) = Re(—e")e + Re(1 — =)e? > 0.
(p( )+ ( p)! ) ( 5 ) ( p)
We can then choose ¢t € R depending on arg(p) and sgn(Re(1 — %)) to obtain

-2 2 2 2
either — €+ |Re(1 — =)[e2 >0 or —e — |Re(1 — =)|e2 < 0.
ol p ol p
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But since ﬁ < 0, there is some € > 0 such that ﬁ + |Re(1 — %)]e is strictly negative, which is
impossible. This contradiction shows that r(7") < 1, which concludes the proof. U

Lemma 3.2. — Let p # 0 and o > 0 be two scalars. Let T € L(H).
The following asertions are equivalent:
(1) w(p) (T) S (%%
(i) »(T) < o, ((p — 1)2T — pad) is invertible and ||(2T)((p — 1)2T — pad) || < 1, Vz € D;
(iii) 7(T) < «, ((p — V)T — pwl) is invertible and | T((p — 1)T — pwl)~Y| < 1, Y|w| > «a.

Proof. - (i) = (ii) When replacing T with L, all expressions in (i) and (ii) are reduced to the
case a = 1. Now, as w(,,)(T) < a = 1, we use Lemma 3.1 to have 7(T) < 1 and

2.2 )
1— ) +—-(I-2T7)")>0,Vze€D.

p P
We denote C, := (1 — %)I + %(I —2T)~ Y, for 2 € D. We recall that since Re(C,) > 0, we have
(C, + I) invertible and

Re((

I(C: = D(C:+ D)7 < 1.

A computation gives

2 2

C,— 1= ;zT(I —2T) ' and C, + I = [2] + (; — 2)2T)(I — =2T)" 1.
Thus,
1 1

(C.—I)(C,+I)"t = ;zT[I—k (; — 12T = 2T [pl 4 (1 = p)2T) ™ = —2T[—pl + (p—1)2T] L.
This means that all the conditions of (i) are fulfilled.
- (i1) = (i) We again reduce to the case @ = 1. We denote D, = 2T [pl — (p — 1)2T]~1, for
z € D. Since ||D.|| <1, we have D, € Cqy so r(D.) <1 and Re((I +wD,)(I —wD,)™') >0,
for all w € D. We obtain:

I4+wD, = [pI + (w+1— p)zT][pIl — (p—1)2T] "
and
I —wD, = [pl + (—w+1—p)2T][pI — (p — 1)2T] L.
Thus,
(I +wD,)(I —wD,)™ " = [pI + (w+ 1 — p)2T)[pI + (—w +1— p)2T] .
Since 7(T) < 1, (I — 2T) is invertible so [pI + (—w +1— p)zT]~! converges to %(I —2T)~1 when

w tends to 1, by continuity of the inverse map. Thus,

1

lim (I +wD,)(I —wD,)™ = =(pI + (2 — p)zT)(I — 2T)" ' = C..
w—1, weD P

Hence, Re(C,) > 0 for all z € D and r(T) < 1,50 T € C.

- (7) < (dii) For z # 0, we take w = ¢ to obtain the result. The converse gives the result for

all z € D, z # 0, which extends to ID by continuity. O
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Reducing to the case p > 0. With this characterization of C, classes, we are now able to
obtain the main relationship between (p)-radii and (7)-radii, p € C*, 7 > 0. This relationship
extends the ”symmetric” relationship

Twn(T) = (2 — 1w (T), 0 <1 <2,
that was already known (see [2, Thm.3]).
Proposition 3.3. — Let p # 0 and a > 0 be two scalars. Let T € L(H).

The following asertions are equivalent:
(1) w)(T) < oy
(i) ((p— 1)2T — pal) is invertible and ||(2T)((p — 1)2T — pal)~|| < 1, ¥z € D;
(iii) ((p — )T — pwl) is invertible and ||T((p — 1)T — pwI)71|| < 1, Vjw| > a.
Furthermore, we have:
plwp)(T) = (1 + |p = 1wy o1y (T)- (3.1)
Hence, the map p € C* — |plw(,(T) is constant on circles of center 1, is continuous on C* and

can be extended continuously to 2wz (T) at 0.

Proof. Using the results of Lemma 3.2, we can see that items (ii) and (iii) are equivalent and
that item (¢) implies item (4¢). We only need to show that item (éi) implies r(7T") < o. We can
reduce the proof to the case & = 1 by considering % instead of T. We also recall that if p > 0,
the result is valid (see [19, Thm.1] or [7] for a proof). Let p # 0. We denote S = L=t p,

lel
Suppose that [(p—1)2T — pI]~! exists and that ||2T[(p — 1)2T — pI]~!|| < 1, for all z € D. With

p—1=|p—1le", p=|ple’ and w = z.e"*T% we then have
1zT[(p — 1)2T = pI] 7! <1

S|2Tlp — Le"=T — |ple™I] 7| < 1

Sllze  ete T |p — 1|ze T — |p|I] 7| < 1.

sle™|[wTTp - T — |pl1] 7' < 1

S|lwT[(1+]p— 1] = DwT —[plI] 7] < 1

1+ |p—1] L+ [p—1]

ol ol
SllwS[(1+|o— 1] = DwS — (1+ |p— 1)1 < 1.

flw T +[p—1=Dw T—(1+lp—1pI 7 <1

Since w describes D when z does, this is true for all w € D. Therefore w1 ,—1)(S) < 1 as
1+ |p— 1| > 0 (see the beginning of the proof and Lemma 3.2). Thus, r(S) < 1, which implies
Now that we have showed that the condition about the spectral radius of 7" is not necessary,

we can see that the equivalences in the previous computations give

1+p—1
wip)(T) <1 & wajp-1) (;p,'T) =L
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By homogeneity of the (py,)-radii, this is equivalent to

[plwip)(T) = (L + |p = 1w p—1)(T)-

- The properties of the map p € C* + |p|w,)(T) can now be obtained from its restriction to

[1,+00], which is known to be continuous (see [2, Cor.2] for example ). O

Equation (3.1) gives a simple geometric understanding of a formula that was previously known
only for real numbers p between 0 and 2. It also implies the following relationship between C),

classes.

Corollary 3.4. — We have
_1+[p—1

C’ R L
rd

() Clit(p-1))-

We conclude that complex (p)-radii of an operator T' can be expressed in terms of the real

positive ones.

Corollary 3.5. — Let p# 0 and let T € L(H). We have:
(i) wi (1) = 2=, vp £ 0;

(ii) If T is normal, then w,)(T) = ||T| 1‘*‘lp—ll’,
il lpal”

) o
)

(iv) It T? = bl, b € C, then |plw,)(T) = w(T) + /wa(T)? + [b](]p — 1]> — 1);
)

(iii

IfT? = 0, then w(,,)(T) = w,,(T) = 220 = T,
(v) It T* = aT, a € C, then |p|lw,(T) = 2w(T) + |a||p — 1|.
Proof. - (i) It is known that w,)(I) = 1 when 1 < p. The relationship of Proposition 3.3 gives
the result.
- (41) When T' is normal, we have w,,)(T) = ||T'[|w,,(I).
- (i1i) If T? = 0, then T € C(,,) if and only if I + Re(p%zT) > 0 for all z € D. By Corollary
2.7, this is equivalent to % € C), to % € C(gy and to T' € C(,,)). Thus, Lemma 2.12 and the
following facts
wey(T) = w(T) and wy)(T) = T
imply that
2w(T) _ |[T]]

W) (T) = wpy)(T) = ol il

- (4v), (v) We can reduce these cases to T? = I (respectively T? = T)) by taking J to be a square

root of b (respectively a) and looking at % (respectively %2) Then, [2, Theorem 6] gives the
result when p > 0, and we extend it to p € C* by using Proposition 3.3. O

Computations and some applications. For the next auxiliary result we need some notation.
For an operator T acting on H and for h € H, define

Vi, := Span(T™(h), n > 0) and T}, := Ty, € L(V3).
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Lemma 3.6. — Let T € L(H). Let p # 0. Then, with the previous notation, we have

w,) (T) = :gg(w(p) (Th)).

If we also have P(T) = 0 for some P € C[X] with deg(P) = n, then T}, can be identified as
some matriz S € My, (C) such that P(S) = 0, and the computation of w,y(T) can be obtained
from the computation of w,y(S).

Proof.
Let h € H. We already proved in Corollary 2.16 that w,)(Th) < w(,)(T). Conversely, for
1 T

% = sup(wy(Th)), (I — z5;) is invertible as (I — z%) is invertible for all h € H and we have
heH

Re({((I+f(y) (2L))g,9)) > 0forallg € H. Thus L € C(,), which implies sup (w,)(Th)) = w,y (T)
heH

and concludes the proof. O
Remark 3.7. — Here is an attempt to compute w,) (T), p > 1, when T satisfies the quadratic
equation T2 +aT +bI = 0. We use some ideas from [2], which allows one to obtain an expression
of w(,)(T') depending on wyy(T) when a = 0 or b = 0.

Up to considering re®T, we can assume that |b| = 1 and Re(ab) = 0. With a, 3 the roots of
!

0
(ii), and Proposition 3.3, we obtain that w,) (M) is the largest (in modulus) z that is solution
of

X%+ aX +bandn € C, we want to compute w(,y (M), for M = < Z) Using Lemma 3.2,

lal? + |a® — 4b]
2

24 2 2

2(p—1)% + p*|2*( )+ nlPe* |2 = 1(p— 1) o] Tale = Lpz+ 0% ?+1.

In the case p = 2, the equation simplifies into

a

2+ 2|z%(|af® + |a® — 4b]) + 4|n)?|2)? = [42% + 202 + — > + 1.

lal
However, unlike the case where a = 0 or b = 0 in [2], we couldn’t find a way to have an algebraic

expression of w, (1) in terms of w(q) (7).

Using Proposition 3.3, we can also generalize some results of [1] about characterizing unitary

operators through their p-radii.

Proposition 3.8. — Let T € L(H) be invertible. Then
(i) T is unitary if and only if o(T) C 0D and there exists p € C* such that

wip) (1) < wip)(1).
(ii) T = ||T||U for U unitary if and only if there exists p € C* and m > 0 such that

W) (T™™) _ (%) (T)>m_
w(p) () wip) (1)
Proof. - (i) The formula of Proposition 3.3 can be rewritten as w(,)(S) = wy) (I)w(i4|p-1))(S).

It allows us to obtain the same relationship between 7" and I for w(4|,—1|), and we can then
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apply [1, Theorem 2.1] to get the result.
- (74) The formula of Proposition 3.3 allows us to obtain the same relationship for w4 ,—1)),

which simplifies into:

Wiy -1 (T7) = wyg -y (T)™™

We can now apply [1, Theorem 1.1], and the proof is complete. O

Proposition 3.9. — Let p # 0 be a complex number. Then

(i) The p-radius w,(-) is a norm on L(H) if and only if |p — 1| < 1;
(ii) If |p — 1| > 1, then, for all operators Ty and Ty in L(H), we have

wp(T1 +T2) < (14 |p = 1)) (wp(T1) + wy(T2)) -

Proof. For two operators T1, Ty, we have w(,) (11 + 1) < C (w(,)(T1) 4+ w(,)(T2)) if and only if
the same is true for w4 |,—1)). It is known [14,23] that for 7 > 0, w(, is a norm if and only if
0 < 7 < 2. We conclude that w(,)(-) is a norm if and only if p lies in the closed circle of center
1 and radius 1. Moreover, when 7 > 2, w(; is a quasi-norm with multiplicative constant (also

called the modulus of concavity of the quasi-norm [13]) lower or equal to 7. We thus obtain
(ii). O

For the next proposition we recall that for » > 0 the disc algebra over the disc D(0,r),

A(D(0,7)), is the set of holomorphic functions on ID(0, ) that are continuous on D(0, 7).

Proposition 3.10. — Let p # 0 be a complex number. Let T' € C(,. Then the functional
calculus map f+— f(T) that sends a polynomial f into f(T) can be extended continuously to the
disk algebra A(D(0, m)) It is a morphism of Banach algebras, and satisfies

P

D < @+ o= Il oo o, —1—y)-
w(py(D)

Furthermore, for f € A(ID(0, m)) such that f(0) =0, we have
p

wp) (f(T) < wie) (DI fllzoo o, oL )

w(p) D)

If f € A(D) with f(0) =0, we also have
wpy(f(T) < NSl e (y-

The constants in these three inequalities are optimal.

Proof. We notice first that T' € C(,) is equivalent to wyy) (T') < 1, which is equivalent to

4 1

< = <1.
B 1+]p—1| w(p)(I) B

w(itp—1))(T)

Hence, w(,) (I)T lies in C(14]p—1]), so there exists a Hilbert space K and an unitary operator U
over K such that
(wy(HT)" =1+ |p—1))PyU"|g, Vn > 1.
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Therefore, if we denote V' := ﬁ, for any polynomial P we get
P

P(T) = Pul[(1+[p = 1)P(V) = |p = L PO)] -

Since V is a normal operator with spectral radius %, we then have

W(p)

PO < (X +[p =1 PV) = |p = HPOM] < [(1+[p = 1P = [p = P O)]| oo (m(o

,W))'
As the polynomials are dense in the algebra A (D(0, m)), the morphism of algebras P +— P(T)
extends continuously on A(D(0, m))

Let us estimate the norm of this map. For f in the algebra we denote g(z) := f(m)
Hence, g € A(D), and we have f(T) = g(w(,)(I)T). Applying a reformulation of Theorem 2 in
[15] by Ando and Okubo, we obtain

AT = llg(wipy (DT < max(1, 1+ |p = 1)ligll Loy = (1 + |p - 1|)||f||Loo(D(o,W))-

We will now prove the two remaining inequalities. The fact that V is normal implies that
f = f(V) is well defined and bounded on A(D(0, W)) Therefore
P

1
—=))
w(,) (1)
We now suppose that f satisfies f(0) = 0. If f =0, then f(T") = 0 and the statements are true.

Otherwise, up to dividing f by its norm, we may assume that ||f||L°°(]D>(0 L) = 1. For a
i)

f(T) = Pul(1+|p=1NFV) = lp = 1 f(O)]|m, Vf € A,

fixed n > 1, we get
FO)" =T = A+ 1p=1)Puf"(V)|lu = A+ 1p = 1) Puf(V)"|u-
As we have [|[f (V)| < [|fllemo,—r -y = 1, the operator f(V) lies in Cy) which in turns

Tw(p) (D)

implies that f(V') can be dilated on a larger Hilbert space as follows

fON™ = PeW™| g, Vm > 1,
with W a suitable unitary operator. Combining the two dilations, we obtain
)" = (A +1p = 1) PaW"|u, ¥n > 1.

Therefore f(T') lies in C(14|,—1)), which is equivalent to w(iy|,—1)(f(T")) < 1. This inequality is in
turn equivalent to w,)(f(T")) < w,(I), which proves the second inequality of this Proposition.
Lastly, if f € A(D) with f(0) = 0, we can use Schwarz’s lemma to obtain

1

1l Lo o, —1—y) < ——~ I f Iz (),
L (D(O’w(p)(l))) 'UJ(p)(I) Lo (D)

which in turn gives w,)(f(T)) < |||z (m)-
For the optimality of these inequalities, let us take T such that 72 = 0 and ||T| = |p|, and
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f(z) = z. We then have

17|
w,) (1) = I 1= w(p)(I)”f”LOO(]D)(O,w(pl)(U)) = || fll oo (m)
and
L) = Lol = (1 + o = DIl e oo,y
w(py()
The proof is complete. O

When p does not lie in [1, +00[, the algebra where the functional calculus is defined strictly
contains the disc algebra A(D). For 0 < p < 1, the norm of this map is then 2 — p. This result
differs from [15, Theorem 2| as Ando and Okubo looked in [15] at the map f — f(T") on A(D)
and not on a larger algebra.

4. INEQUALITIES AND PARAMETRIZATIONS FOR (p;,)-RADII

Operator radii of products and tensor products. A useful tool, used to study the behavior
of a product or sum of double-commuting operators, is the following result, proved in [11,
Thm.4.2].

Proposition 4.1. — Let T, S,, € L(H), n € Z, be such that for all0 <r < 1,t € R, the series
> rlle™ T, and ) rinle™ S converge absolutely and have self-adjoint non-negative
sums. If, moreover, we have Ty, - Sy, = Sy, - Tr,, VM, € Z, then the series y o rlnleint . g

converges absolutely and has a self-adjoint non-negative sum, for all 0 <r <1, t € R.
Using Proposition 4.1 we can easily obtain the following auxiliary result.

Lemma 4.2. — Let T, S € L(H) be two operators that are double-commuting (i.e., TS = ST,
TS* = S*T). Let (pn)n, (Tn)n € (CN" with liminf, (|pn|n) > 0 and liminf, (|7,|=) > 0. Then,
we have

w(pnTn)(S'T) S w(pn)(S)w(‘rn)(T)-

Proof. If S =0 or T' = 0, then ST = 0 and both sides of the inequality are equal to zero. If
S # 0 and T # 0, then, up to dividing S and T by their respective radius, we can consider that
W(p,)(S) = wir,y(T) = 1 . Thus, we need to prove that w,, .(S.T) < 1. We define

pimeifmzl Lsmifm>1
Tn:=¢ Iitm=0 ,Smi=<¢ Tiftm=0
ﬁ(T*)\m\ if m < —1 ﬁ(s*)lml if m < —1.

The condition w(,,)(S) = w(,,)(T) = 1, together with Lemma 2.12 and Proposition 2.6,
ensure us that the conditions of Proposition 4.1 are fulfilled, since I + Re(f(,,)(re"S) =
Y omez rimleimts  for all 0 < r < 1, t € R. Thus, Y omez rimleimts T converges absolutely, is
self-adjoint, and has a positive sum, for all 0 < r < 1, ¢t € R. This implies that the series

>

n>1

(retST)" = f )(reitST)

OnT) PnTn
n'n
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is absolutely convergent and that I + Re(f(,, -, (re""ST)) > 0 for all 0 < r < 1, t € R. Thus

ST € Cp,r,) and wy,, 1 (ST) < 1, which concludes the proof. O

PnTn PnTn

1

Corollary 4.3. — Let T, S € L(H) and let (pn)n, (Tn)n € (CHN" with liminf,(|p,|=) > 0 and
liminfn(\Tn\%) > 0.

(i) If T and S double-commute, then
W(p,) (ST) < w(1)(S)w(p,) (T) < [m1|wir,,) (S)w(p,) (T)-

This inequality is optimal when dim(H) > 4.
(ii) We have

w(1)(ST) < wy(S)wy(T) < |millp1lwir,) (S)wp, (T).

This inequality is optimal when dim(H) > 2.
(iii) For R € L(H'), we have

W(p,r) (T @ R) < w, ) (T)wir, ) (R).

Proof. - (i) We use Lemma 4.2 for S, T and (1), (pn)n to get the left-hand side inequality. The

right-hand side inequality comes from the fact wy,,)(S) > H'iﬂ (cf. Lemma 2.12). By taking

|
1

0100 0010 000 1
g_ |00 00l L Jo0 0l s |00 00
0001 0000 0000
0000 0000 0000

some computation show that S and T' double-commute, and that

IS =T = IST|l, 8% = T* = (ST)* = 0.

Corollary 3.5,(iii), shows that all three quantities are equal to %.

- (1i) The inequality on the right-hand side follows again from Lemma 2.12. By taking

S = 01 , T = 00 such that ST = Lo ,
00 10 00

|S|| = |T|| = |ST|| =1, S* = T? = 0, and ST is self-adjoint.

we have

Thus, w(z,)(S) = w(,,)(T) = % and w(1)(ST) = 1, so all quantites are equal to 1.
- (7i1) As Iy, T double-commute and I+, R double-commute too, we can apply Lemma 4.2 to
(T®Ig)(Ig®R) =T ® R. We then apply item (7ii) of Corollary 2.16. O

Although these inequalities are optimal for some operators, they tend to lose a good part of
the information in the general case. For example, we have wz)(I) = 1 < w_y(I)w_z)(I) = 5.
Such a loss of information on the radius of the identity operator I also impacts almost every

estimate of radii for other operators in L(H).
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1

Corollary 4.4. — Let (py)n € (C)N with liminf,(|p,|=) > 0. Then,

T
H < W) (1) < [T, (D)-

Furthermore, the coefficients in this equivalence of quasi-norms are optimal.

Proof. The left-hand side inequality % < w(p,)(T') has been obtained in Lemma 2.12. The
equality case is obtained for T such that 72 = 0, as seen in Corollary 3.5. The right-hand side
inequality comes from Lemma 4.2, with S = I and 7, = 1. It is an improvement of the one that

was obtained in Lemma 2.12. The equality case is obtained for any 7" normal of norm 1. O

Operator radii as 1-parameter families. To better understand the behavior of the associ-
ated radii associated with classes of operators, it is useful to look at (p,)-radii as 1-parameter

families. This is obtained by studying the map z — w;,,). We will present results for the real

Zpn
parameter case (r €]0,+o00]) and for the complex one (z € C*).
The two main ingredients we are using are the double-commuting inequality of Lemma 4.2

for T, I and (pn)n,(1)1, and the fact that f.,.) = 1f(pn).

Proposition 4.5. — Let T € L(H) and consider (pp)n € (C*)N" with lim infn(|pn|%) > 0.
(i) For all z # 0, we have:

|z
H|Z’_1|w(zpn)(T) S W(p,)(T) < wizp,) (T) (2] + [z = 1)
(ii) The map z = w(.,,(T) is continuous on C*, and r > w(,. cit,,\(T) is continuous and
decreasing on |0, +o0[, for all t €] — m, ].

(iii) We have
1

3Wepn) (1) S W1z, (T) < 3wz, (T),

and these inequalities are optimal.

Proof. - (i) We use Lemma 4.2 to obtain
W(zp,) (1) < wizy(Dw(,,)(T) and w(,, ) (T) < wiz-1)(Dw(zp,)(T).

As wi, (1) = % and w(,-1)(I) = [2| + |z — 1|, we obtain the desired inequalities.
- (13) Up to changing (pp)n by (wpp)n, the continuity must only be shown at the point w = 1,
that is when z — 1. As we have
1+]z—1]
||

W(p) (T) S Wiz, (T)(|2] + |2 = 1) S wip, ) (T)(|2] + |2 = 1)

14|z—1]
|2

and as (|z| + |z — 1)), both tend to 1 from above as z — 1, we obtain

lim wzp,) (1) = wp,(T)-

For any t € R and 0 < r < R, we have

W(Reitp,) (T) < W(R.r—1) (I)w(re“pn) (T) = W(reitp,,) (T)
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Thus, 7+ w(;.cit,,)(T) is decreasing on |0, +ool.

- (iii) We use the fact that w(I) =1+ le®t — 1| has a maximum of 3 when e = —1. The
equality case for the inequality on the left-hand side is attained at T'=1I, p, = 1 and z = —1,
whereas the equality case for the one on the right-hand side is attained at T' = I, p, = —1,
z=—1. (I

Since r + wy,)(T) is decreasing, the classes C(,,,) are increasing (for the usual order of
inclusion of sets), for r €]0,+oc[. By using nilpotent operators of order 2, and item (iii) of
Corollary 3.5, we can also immediately show that these inclusions are always strict.

L =0 if iminf,(|ps|7) = +oo.

For the following propositions, we recall that
lim infy, (|pn| ™)

Proposition 4.6. — Let (p,)n € (C*)N and T € L(H) be such that lim infn(|pn|%) >r(T) > 0.
Then, there is 7 > 0 such that for all z with |z| =,
r(T)

D M <t
limint, (%) 7

Proof. Let s > 1 be such that r(sT) < liminfn(|pn]%). As

(2HT||) T

lim sup o]
Pn

n—oo

= — — <1,
lim inf,, (| pn| ")

there is B > 0 such that % < B. Thus, for all w € D, we have

ol B 1 sB
| fzpmy (D) < < R
Gon) Z}mmm EQVWL EERE

By taking |z| large enough, we have || f(.,,)(wT)| < 1, which implies that

ZpPn

I+ Re(f(zp,)(wT)) >0, Vw € D.

Thus w(,,,)(T) < 1. The left-hand side inequality comes from items (i) and (ii) of Proposi-
tion 2.18: we have

liminf, (|zpn|7)

1

O

Proposition 4.7. — Let T € L(H) and let (py)n € (C)N be such that liminfn(|pn|%) > 0.
Then )

) r

lim (w(ep,(T)) = — e

|2 =00 liminf,, (|pp| =)
Proof. According to Proposition 4.5 and Proposition 2.18, the map 7 + w(,it,,)(T') is decreasing
on |0, +oo[ and
r(T)
w(pn)(T) > T(T)w(pn)(f) >

= 1.
liminf,, (| pn|™)
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We will show that w(zpn)(T) is as close to this lower bound as we want when z is large enough.
Let € > 0. If 7(T) = 0, then r(1T) = 0, so Proposition 4.6 implies the existence of r > 0 such
that w,,,) (L) <1 for all z with |2| = 7. Thus, w(,,,)(T) < e.

Ifr(T)#0,for 0 < R < liminfn(\pnﬁ) we have

() < o).

an)

Thus, by Proposition 4.6, there exists r > 0 such that w,, (%) < 1 for all z with

|z| = r. Hence,
r(T)

(1+r(T)
lim inf,, (| pp |7 )

< w(p,(T) < I

1

We then obtain the result by taking R = liminf, (|p,|»)(1 — €) if lim infn(|pn|%) is finite, or
R = Lif liminf, (|p,|#) = +oo. O

1

Proposition 4.8. — Let T € L(H). Let (pn)n € (C*)N" be such that liminf,(|p,|») > 0. We
have:

(i) 2 = w(zp,)(T) is uniformly continuous on C\ D(0,¢), for all e > 0. This maps tends to
r(T)

lim infp (|on|7)
(ii) For anyt € R, the map r = Wity )(T) is log-convex on |0, +o0.

+00 as |z| = 0, and to as |z| = 4o0;

Proof. - (i) On the closed set C\ (0, €), the function

Z = W(an)(T)

is continuous, decreasing on every half-line of the form e[, 400, and converges to

r(T)

lim inf,, (| pp |7 )
as |z| — +oo. Thus, a standard argument (considering two cases, € < |z| < R and |z|] > R)
shows that this map is uniformly continuous. One can also use the double-commuting inequality
of Lemma 4.2 for 7' and Iy, as well as the uniform continuity of the map z — w,(I) on
C\ D(0,7), in order to prove the uniform continuity of z +— wy,,,)(T"). The limit as |z| — 400
has been obtained in Proposition 4.7, while the limit as |z| — 0 comes from the fact that

Wzp)(T) 2 |Z”‘Tp”1‘, as remarked in Lemma 2.12.
- (i) Let t € R. Denote G'(z) := —e " f(, y(T). For any o > 0, we have Wreitp,) (T) <

if and only if f(eitpn)(z%) is analytic on D and I + Re(%f(eitpn)(zg)) >0, for all z € D. By
taking w = Z, this is equivalent to G’(w) being analytic on D(0, 1) and Re(G'(w)) < I, for all
w € D(0,1). The result is then obtained by mimicking the proof of 2, Theorem 1] by Ando and
Nishio and replacing G with G'. O

2_w
4

1=, the main regu-

Even though the expression of f(;,, ) is more complex than f)(w) =

larity properties remain valid due to its analyticity.
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Proposition 4.9. — Let (p,)n € (C*)N" be such that lim infn(|pn\%) > 0. If one of the following
assertions is true
(i) limint,(|pn|n) < 1;
(i) |pn| <1 for somen > 1;
(iii) w(,,) (1) > 1;
(iv) pn =M + zp, (x5)n € £2(C),
then all operators in C(, \(H) are similar to contractions.

If, on the contrary, we have:

(i) wip,y(I) <1,
then C,,\(H) contains operators that are not similar to contractions.
Both statements remain true if the conditions are only fulfilled for the subsequence (pin)n, for
some fized k > 1.

Proof. - (i), (i1), (i7i) We can see that (i) = (ii) = (ii7). If (i77) is true, then for T' € C,, ), we

have

r(T) < w(pn)(f)

<1,

so T is similar to a contraction.

- (iv) It has been shown in [17, Ch.2] (see also [4, Cor 5.2.1]) that when p, = M + zp, (zn)n €
l2(C), all operators in C,, are similar to contractions

- (') On the contrary, when w,)(I) < 1, ( aoml € C(p,) and this operator is not similar to a
contraction.

The last assertion of the theorem follows from two facts. The first one is that 7" € () implies
Tk ¢ Clppn)- The second one is that T* is similar to a contraction if and only if T is similar to

a contraction: see [10, Problem 6,(ii)] for a proof when k& = 2 that extends to any k by taking
((f,9)) = Yh=1(Aif, Alg). 0

Proposition 4.10. — Let (pp)n € (C)N be such that lim infn(|pn|%) > 0.
(i) If liminf, (ypnﬁ) +00, then U,q Clrpn) (H) = L(H).
(ii) If liminf,(|pn|» ) < +o00, then we have
{T :r(T) < hmmf \pn )} C U Clrpny(H) CH{T : r(T) < liminf(]pn]%)}.
r>0
(iii) Moreover, we have

{T :r(T) < hmmf \pn )= U Clrpn) (H

r>0
if and only if
Wy (liminf (| pn|#).1) > 1, ¥r > 0.

Proof. - (i) By using Proposition 4.6, for any T there exists r > 0 such that w,,,\(T) < 1.

- (ii) We use again Proposition 4.6 in order to obtain the left-hand side inclusion. The other
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inclusion follows from Proposition 2.6.
- (#4i) Suppose that there is a number r > 0 and an operator 7" with r(7") = lim infn(]pnﬁ) such
that w(,,,)(T) < 1. Then

r(T)
= i,
liminf, (|pn| =)
Thus all inequalities are equalities, and wy,,, (lim infn(|pn\%).l ) = 1. Hence, the union of all

C(Tpn
The proof is complete. ]

) strictly contains {7 : r(T) < lim infn(|pn|%)} if and only if it contains (lim infn(|pn|%)l).

Remark 4.11. — Replacing (pn)n by (¢p,)n leaves unchanged the quantity lim infn(]pnﬁ).
However, the union of all classes C,,, ) can become a different set.
With p,, = p, we have lim infn(\pnﬁ) =1 and w(,)(I) = 1 if and only if p € [1,+oo[. Thus,

U Cresty,, (H) ={T = n(T) < 1} if t # 0 [27].

>0

This is not an equality if ¢ = 0 (look at the identity operator I). However, the set |, C(y(H)
does not contain all operators with spectral radius one. Indeed, it has been proven in [17, Ch.2]
(see also [4, Cor 5.2.1]) that all operators contained in this union are all similar to contractions.
Furthermore, all operators similar to a contraction are not in this union. For a counterexample,
any non-orthogonal projection T (that is 72 = T and ||T|| > 1) is not in this union since
Corollary 4.3,(v), says that w,(T) = % > 1.

- For a sequence (pn)n that satisfies @ = liminf, (|pn|%) €]0, 00|, we can go back to the case
lim inf,, (| pp | n) =1 by considering the sequence (2%),. As this normalization is equivalent to a
dilation by a factor + - on the class C(, ), we can then try to see if in this case the class C,
is always included in the set of operators that are similar to contractions. This question is
motivated by Properties 4.10 and 4.9. The answer is true when w,,\(I) > 1, but Corollary 4.18
will give a negative answer in many remaining cases, even if we consider the inclusion in the set

of power-bounded operators.

At this point we would like to mention that, for every k£ > 2, there is ([9]) a Hilbert space
operator T' ¢ U,~oC, but with T' k¥ belonging to C(r for every 7 > 1. Related results are given

in the next proposition.

Proposition 4.12. — Let (p,)n € (C)N° be such that hminfn(]pnﬁ) > 0. Let H a Hilbert
space of dimension at least 2.
(i) For T € L(H) with T* =0 and |T|| > |p1|, T* is in the class C(,,) for every k > 2, but

T is not.
(i) Ifliminf (|pn]n) > 1, then T* € U~ Clrp, for some k > 2 implies that T € |, Clrpp)-

(iii) If lim 1nfn(\pn|n) < 1, then there exists T € L(H) such that T* lies in |J,~ Clrpn) for

every k > 2 whereas T does not.
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(iv) Iflim infn(|pn]rll) =1andI ¢ U,oClpn)s then TF € U, Crpn) for some k > 2 implies
that T € Ur>0 C(rpn) .

Proof. - (i) As we have | T|| > |p1|, T cannot lie in C,,), whereas T% = 0 does.
- (i) Let T be such that T% € J,(C(yp,) for some k > 2. Then, r(T*) < liminfn(]pnﬁ).
Hence,
r(T) < hmninfupnﬁﬁ < lim inf(|pn|»),
that is T' € (J,~q C(rp,) according to Proposition 4.10, (i) and (7).
- (#i1) Take r > 0 Such that

liminf(]pn\%) <r< liminf(]pn\%)%,
n n

and denote T' = r.I. Thus, using item (i) of Proposition 4.10, we can see that since for every
k > 2 we have
r(TF) < r(T?) < liminf(|pa| %) < r(T),
n

T doesn’t lie in |, C(
- (i) FTF € U,>0 Crp,)» then r(T*) < 1 according to item (iii) of Proposition 4.10. This
implies that r(7') < 1, which implies in turn that 7' € | O

on) whereas T* does.

r>0 Clron)-
Remark 4.13. — As the classes C(,,,) are increasing for the inclusion of sets, the assertion
T € U,0C(rp,) is equivalent to the existence of R > 0 such that 7" € C{,,, for every r > R.

When liminfn(|pn]%) = land I € (J,~C(rp,), Which is the case when p, = p > 0, we do
not know if the result of Gavruta [9] stays true, as the type of operators he used in his proof

is not suited in this setting: since there are sequences (p,) such that (U, Cp,) contains all

r>0
power-bounded operators (see Corollary 4.18), taking a T such that T = I will not work.
Example 4.14. — For p, = 2(n!), we have I + f(,)(2T) = exp(2T), and a quick computation
gives wg(n) (1) = 2 < 1 (see item (iv) of Example 4.20 for another proof). Therefore 21 €
C(2(n1))(H) and this class contains an operator not similar to a contraction.

We can also try to obtain some relationships between the (7,pn)-radii of an operator, for
sequences (), € ODY | in order to see for which sequences (), the maximal or minimal radii
are attained. The following Lemma answers the question for the maximal radii when T' = 1.

Lemma 4.15. — Let (p,)n € (C)Y be such that o = liminfn(|pn\%) > 0. Iflimg o f(ip.p () >
L, then f(p.(x) =1 has a unique solution, r1, on |0,a[. Otherwise, denote r1 = . We then
have:

() wjpuy (1) = 7

(i) wjpy(I) = Wyp) (1) = L, for any (), € ODV;

(iii) The condition

1
w(T"/npn)(I) = a, Vr > 1, Vv, € 0D
s equivalent to
lim f,.p(z) <1

T—o
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and to .
W-lpah () =

Proof. - (i), (#i) The right-hand side inequality of (i¢) is the last inequality of Lemma 2.12.
For any z € D(0, @) and ~,, € ID, we have

202" _
Fompm) @D <D 75 = Fpap (121).

=1 1ol

Also, the map = + f(|,,|)() is strictly increasing on |0, af, as f(|,,|) is non-constant with positive
Taylor coefficients, so if lim,_,o~ f(,,)(z) > 1 the real number 7 is indeed unique. Let u > 0
be such that v > % > L Then L <r; and
1 (07 u
lim f,,/(z) <1
z—17
Since we have

1 .
f(’ann)(D(07 —)) € D(O, hm7 f(|,0n|)(x)> C D,
u z—
Proposition 2.18 implies that w,, ,,)(I) < % When ~,, = _% we have

Fompn) @) = F—lpu)) (@) = = L(pu) (2)-
Thus, the negative number lim__, , - (—f(|,,)(«)) lies in the adherence of f_,,(ID(0, 1)), and
the smallest u > é such that

F10an (D(O, %)) C Re>-1

|
is =~. Hence,
T1 1
W(ou) (D) = = Z Wyapn) (1)-

- (ii7) By (i7) and using that r — wy y(1) is decreasing, we have

wy Ve > 1, V() € oDN”

if and only if

This equation is equivalent to r1 = «, that is lim,_,o (f(|,,.)(z)) < 1. O

We do not know if the (|p,|)-radius of I is always the minimal one.
The idea of the proof of Lemma 4.15 can be transported to any operator 7' if we add a summa-

bility condition to the sequence (py, ).

Proposition 4.16. — Let a = (an)n € (C*)N" be such that En>1 Gy S 1. Let T € L(H) and
define
) 2a,[|T if T #0
P = 1 otherwise
(i) If r(T) > 0 or if T is nilpotent, then T € C(,,).
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(ii)) If r(T) > 0 and liminfn(|an|%) =1, then we.,,,)(T) = 1, for all z, such that |z,| > 1

and limn(|zn\%) =1.

Proof. - (i) Suppose first that r(7") > 0. Since ), ﬁ < 400, we have lim infn(|an|%) > 1, thus
lim infn(\pnﬁ) > r(T) > 0. We also have:

2|
o G < 2 310, iy < Z \an\

Thus, I+Re(f(,,(2T)) > (1—Hf(pn)(zT)H)I >0forallz € ID), soT € C(,,)- If T is nilpotent then
f(pn)(2T") becomes a finite sum and the same computation gives the result, as lim infn(\pn]%) > 0.
- (i) When 7(T) > 0 and liminf,(|Jan|) = 1, we have 7(T) = liminf, (|pn|" ), so
13 0y (1) 2 —— =y
lim inf,, (|pn|7)
Thus w,,(T) = 1. If we multiply each a, by a complex number z, with |z,|] > 1 and
limn(|zn|%) = 1, the sum > -, m decreases, while liminfn(\znanﬁ) = 1. Thus, we can

apply the previous result to (z,0,)n and obtain wy,, (1) = 1. O

ZnPn

Remark 4.17. — For any T with »(T) > 0, if we take a sequence (p,), as in item (i7) of the
previous Proposition, then the result says that z +— w;,,)(T") is constant and equal to 1 on
C\D.

- The choice of (py), only depends on ||T"||. For example, with any 7" normal with ||T|| = 1,

by taking a,, = %QnQ,

we have w(aq,z,)(T) = 1 for any sequence (2y), such that 1 < [z,| and
sup |zp| < +o0.
- If T is quasinilpotent but not nilpotent, we have lim inf,,(| pn]%) = 0. However, the statement

of item (7) holds true for such a T, with a very similar proof.

Using the ideas in the proof of Proposition 4.16, we can show that some sets J
C(py or {T : r(T) < 1} even if hmlnfn(|pn]n) =1.

r>0 (rpn)

largely differ from | >0

Corollary 4.18. — Let (pn)n be such that lim infn(\pnﬁ) = 1. The following assertions are

true:

€ then contains all power-bounded operators;
(i) If (o) € €, then U, Clrp,) Il power-bounded op
(i) If f(pn € H*(D) and f(pn € H>(D), then U,~o Crp,) contains an operator that is not
power-bounded.
11 n = Pn|) Jor kK € and some € > 0, then r contains all operators
iii) If nftite =0 for k € N* and 0, then U0 Cirpn) ins all
T such that | T"|| = O(n¥).

Proof. - (i) Let T' be a power-bounded operator with ||7"| < C. Let r > 0 and z € D. We have

o 2C
||f(7,pn)(zT)||§Zr M7 < Z*<+OO

2 4lpn] < Jpn]
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Hence, for r large enough, we have || f(,,,)(2T)|| <1 for every z € D. This implies that
I+ Re(f(rpn)(ZT) >0,VzeD.

This in turn implies that T' € C,,,,) since we also know that r(7) < 1 = liminf,, (]rpnﬁ)

- (i7) We first note that both the entire series f(%n)(z) =D > i”z and f(,,) have radii of
convergence 1, so their sum is analytic on D. We also have fen ) (2) = 2 f(pn (z). Let N be a
nilpotent operator of order 2 and set "= I + N. Since T™ = I +nN, we have | T"|| ~ n.||N|| so
T is not power-bounded. We will show that 7" belongs to a class C,,, for large enough r > 0.
Let r > 0 and z € D. We have:

1
1oy DI =11 JZ (I +nN)| = || o))+ 2, ()N

n>1 n

1
< =~ ipuy [ + 1 () Lo [IN]) < +o0.

<

Hence, for r large enough, we have || f(,,,)(2T)|| < 1 for every z € D, which implies that
I+ Re(f(rpn)(ZT) >0,VzeD.

This in turn implies that T' € C,,,,) since we also know that r(7) = 1 = lim infn(]rpnﬁ).

- (#9i) Let T be such that [|T"|| = O(n¥) and let z € D. We have % = O(n11+€), so this

sequence is in ¢'. If T is nilpotent, then T is power-bounded and we can apply (i) to get a

positive r > 0 such that T € C,,,,). Otherwise, we can consider the complex numbers

= Y H(E H>n

Z H <”Tn”>
|an| |p’I’L n
Thus, for 7, = 2an||T"||7 we can use Proposition 4.16 to obtain 7' € Ci. ). Since 7, =
I
( |p”| )n
The condition f('pn) € H*(D) implies that the sequence (p%)n is bounded, but it does not
imply the condition (i) € (! from (i). Thus, for a sequence (p,) satisfying the conditions of

We have
17"

=1.

, we have 7, = rp, for some r > 0, which concludes the proof. O

2pn ”

item (i), the set UT>0 p,) May not contain every power-bounded operator.

Some examples. We conclude this paper by providing a computation of w(zpn)(f ) in two
examples, where sequences (p,), were chosen to match some common analytic maps. The
difficulty lies in the computation of the boundary of f.,)(ID(1, %)), as some specific points on
the boundary do not always have an explicit expression.

Example 4.19. — Let R > 0 and —7 < ¢ < m. We have:

(1) I+ f(Re“n) (ZI) =1- R R.et IOg(l - ZI)
(ii) w(geitn)(I) =1 if t =0 and R > 2log(2);
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(ifi) w(peitn) (1) = @ >1ift=0and 0 < R < 2log(2);

(iv) w(geitn)(1) = ﬁ(%’%) > 1if t =m;

(V) WReitny(I) =1 ift ==+7 and R > T;

(Vi) w(geitn)(1) = m ift==4% and 0 < R < T;

(Vil) w(geitn)(I) = 1if 0 < || < § and R > 2cos(t) log(2 cos(t)) + 2sin(t)t;
(viii) If we have 0 < [t| < § and 0 < R < 2cos(t)log(2cos(t)) + 2sin(t)t, then

2
'U}(Reitn)([) = 1nf({u >1:1- Egt ) > O} > 1

with g¢(u) := cos(t) log(~ uz_SinS)QJFCOS(t)) + arcsin(%) sin(t).

The same holds if § < [t| < 7.

Proof. Let R >0, t €] —m,7m]. Asn € R, we have w(pe—itn) () = W(geity)(I), S0 We can restrict
the study to ¢ € [0, 7]. A direct computation gives:

2
f(R.eitn) (ZT) = —@ log(l — ZT)
As liminf, (|n|

%) 1, we have w(pgeitny(I) > 1. Thus, we consider those u > 1 such that
I+ Re(f(R.eitn (21)) is positive for every z € D. It is equivalent to look at the positivity of

z

1+ Relfonn(2)) = 1 - 5 Re(elog(1 — 2)).

We start off by studying the boundary of log(D(1,1)). By analyticity, we have dlog(D(1,2)) C
log(OD(1, 1)). Aslog(e”*RND(1, 1)) is a horizontal interval that is non-empty if and only if |s| <
arcsin(2), the previous sets are equal and log(ID(1, 1)) is convex. Thus, the set log(OD(1, 1))
can be parametrized by two arcs depending on the imaginary part of its elements:

1 1 1
s — log (cos(s) +—/1-— sin(s)2u2> +is, s € [~ arcsin(—); arcsin(—)].
u u u

We want to compute the minimum of 1 — 2 Re(e~* log(1 — ﬁ)) in order to find for which u > 1
this minimum is non-negative. For the cases t =0, t = 7, and t = %, computing this minimum
amounts to finding the extrema of the real or imaginary part of the elements in log(9D(1, ))
As these extrema are log(1+ 1) for the real part and + arcsm( ) for the imaginary part, an easy
computation gives all the u > 1 such that inf,er(1 — %Re(e " log(1 — Zw))) > 0 in all three
cases, which proves the items (i7), (iii), (iv), (v), (vi).

For 0 <t < 5, computing this minimum leads to searching the lower bound of
1

f1(8) := cos(m — t)log(cos(s) — —/1 — sin(s)?u2) — ssin(m — t).
u

For § <t <, computing this minimum leads to searching the lower bound of

f2(s) := cos(m — t) log(cos(s) + % 1 —sin(s)?u?) — ssin(w — ¢).
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The derivatives of these maps are:

sin(s)u cos(m — t) sin(s)u cos(m — t)

(s) = —sin(m —t), fa(s) = — —sin(m — t).
o) = = I i 1), () s i)
Both of them only have one zero, at s = —arcsin(Sh;(t)). And in both cases the searched
minimum for 1 — 2 Re(e~log(1 — £)) is:
2 2 — sin(t)? t in(¢ 2
1-— E[cos(t) log( “ smi)  cos( )) + arcsin(SH;( ))sin(t)] =1- Egt(u).

If 0 < ¢t < Z, this minimum decreases towards 1 — %g;(1) := 1 — %[cos(t) log(2 cos(t)) + ¢sin(t)]
when u — 17. So L € C(Reity) for every u > 1 if and only if 1 — Zg:(1) > 0, that is R > 2g(1).
This proves item (vii) and half of item (viii).

If § <t <, this minimum decreases towards —oo as u — 1%, so the smallest u for which this
minimum is non-negative verifies u > 1 and w(geity) (/) = u. This gives the other half of item

(viii) and concludes the proof. O

Example 4.20. — Let R > 0 and —7 < ¢ < m. We have:
() I+ fireitn)(21) = 1+ R (exp(zf) I);

(i) wgeitny(I) = ( y 1ft

(iil) w(geitn)y( 1ft:0andO<R§2—%;

)
)
) WReitny) (I
)
)
i)

(2 %)

) =

) = f if 0 < [t| < § and R = 2cos(t);
) meI’R>2+2COS(t);
) >

2
1 : s
if0<|t| < Z and R > 4cos(t);
( Nrr m—E <3 (t)
vii) In general, we have

(iv
(v

W(Reitn!) (I
(Vl U}(Reitnl (I

sin (@)

W(Reit gy, (1) = inf({u >0 : VO € [, 7] with 0 +
u

=t+ km,

cos(6)

k € Z, we have (—1)ke u cos(f) > cos(t) — g})

For R > 2¢™2 — 2, we can restrict the infimum after u in 0, %} and to the smallest

6 €)=, 0] such that § + 20 — ¢ 4 g,
Proof. Let R >0, t € [-m, 7] and u > 0. As n € R, we have w(pe—it,1)(I) = W(geitn) (1), s0 we
restrict the study to t € [0,7]. A computation gives

R.Qe“ (exp(zl) —1I).

We will first use Lemma 4.15 to compute w(_pgy1)(I) and rule out the case t = m. As f(rn)(7) =

I+ f(Re“n!)(ZI) =1+

%(exp(z) — 1), we get
R

Hence, w(_pgpn (1) = and item (i) is proved.

1
log(g—i—l)
As liminfn(|n!\%) = +o00, we have % € C(geitny if and only if u > wgeity) (1), if and only if
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I+ Re(f(Reitn!)(Zé)) for every z € D. Thus, we need to study the positivity of

z

L+ Rel(fenny(5)) = 1+ 5 Re(e(exp(2) 1),

for every z € D and for any v > 0. By analyticity, we only need to make the computations for
z € 0D. We have

u

2 A
1+ ERe(exp(g —it) —e ") >0

< exp(Re(—)) cos <IWZ(Z> - t) > —g + cos(t).

z
u

Denote, for s € [—m, 7],

cos(s) 1
gu(s) :==e w cos(t — sin(s)

).

u
Thus, 5 € C(Reitn) 1s equivalent to

min (g,(s)) > —g + cos(t).

SE[—m,7]

Therefore, this inequality will be verified if and only if u > w(peit,) (I). Also, since

min(g,(s)) = min (Re(exp(w —it))) = min (Re(exp(w — it))),
s |w|=7 |w| <
we can see that ming(g,(s)) is the minimum of a harmonic non-constant map over the disc
1

D(0, ;). The maximum principle implies that the map u — min,(gy(s)) is strictly increasing.
Hence, w(geityn (1) is the only number u > 0 such that minge[_r - (gu(s)) = — % + cos(t).
Let us focus now on the minimum of g,. The derivative of g, is

—5).

1 cos(s) 1
gi(s) = —e w sin(t— sin(s)
u

u

Hence, the minimum of g, will be reached for a sg such that h,(sg) :=t — sg — = km, for

sin(sp)
u
some k € Z. For such a sg, we will also have

cos(sg)
gu(s0) = (=1)Fe v cos(sp).

If w > 1, the map h,, is strictly decreasing, with range [t — m,¢ + 7]. Hence, there will only be
2 (resp. 3) values of s such that h,(s) = kr if ¢ €]0,7[ (resp. t =0). If t =0 and u > 1, these
values of s will be —, 0, 7, and the minimum of g, will be g, () = exp(%). Thus, if t = 0 and

w(gnty (1) > 1, we will have

( —1 > il +1
exp| ——— | = ——
P w(Rn')<I) 2 ’

which is equivalent to 0 < R < 2 — 2. Thus w(gy)(I) , proving item (7).

_ 1
T log(525)
When ¢ €]0, 7[ and u > 1, we have however no explicit formula for the two values of s mentioned

above.

cos(s)

cos(s) = 0 if and

only if s = £, this minimum will be attained at § or %, and w(geit, (1) will be the largest

Fort € [0, 5[ and R = 2cos(t), we will have mins(gw(Reitn')(I)(s)) =0. Ase
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u > 0 such that g,(5) =0 or g,(—5) = 0. The latter condition is equivalent to + +¢ = Z + k,

that is % = § 1+ km. Since we have 0 < ¢ < 7, the integer k needs to be positive. By looking

at the smallest possible value for 1 we get W(geitnn) (1) = =, proving item (iv).
2

In general, we can see that ming(gy(s)) > —ew. When R > 2 + 2 cos(t), the inequality —eu >

R : . 1 . .
cos(t) — 5 is equivalent to u > g —— which proves item (v).
— 22
If ur < 1, we have ur = sin(a) for some a > 0, and g,(a) = — cos(t)e =~=. When R >

4 cos(t), the inequality g,(a) < cos(t) — % is equivalent to u < L

. Item (vi) is
\/7r2+10g(ﬁ12(t)—1)2 (vi)

now proved.
Taking R > 2¢™/? — 2 = Ry, we get —% +1<2—¢"? < —1and
2
Wieitn)) (1) < w(— g (1) < Wi Rronty (1) = —,
for every 0 <t < m, according to Lemma 4.15. We can then see that for u = w(geitn)y(I) and
for a number sy such that g,(sg) = ming(gy(s)) and hy(so) = km, the relationship

cos(sq)

(=1)Fe ™ cos(so) = gu(so) = —g + cos(t) < —1

[

implies that cos(sp) > 0 and that k is odd. In this case, |so| will be the smallest real s in [0,
such that hy(s) or hy(—s) is equal to km with k odd. As we also have h,(5F) =t+ 5 + 2
T > 1= hy(0) > 0, we can see that sq lies in |, 0]. This gives all the announced results.

B
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