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SMITH-TREUMANN THEORY AND THE LINKAGE PRINCIPLE

SIMON RICHE AND GEORDIE WILLIAMSON

Dedicated to Roman Bezrukavnikov,
in admiration.

ABSTRACT. In this paper we apply Treumann’s “Smith theory for sheaves” in
the context of the Iwahori-Whittaker model of the Satake category. We deduce
two results in the representation theory of reductive algebraic groups over fields
of positive characteristic: (a) a geometric proof of the linkage principle; (b) a
character formula for tilting modules in terms of the p-canonical basis, valid
in all blocks and in all characteristics.

1. INTRODUCTION

1.1. Geometric representation theory of reductive algebraic groups. Let
G be a connected reductive algebraic group over an algebraically closed field k of
characteristic £ > 0, and consider the category Rep(G) of finite-dimensional alge-
braic representations of G. The study of this category has led to significant progress
in modular representation theory over the last fifty years; however several funda-
mental questions (e.g. dimensions and characters of simple and tilting modules)
remain only partially understood.

One tempting avenue of pursuit is to find relationships to Z-modules or con-
structible sheaves, and hence bring sheaf theory into play. The archetypal example
of the success of such an approach is the Beilinson-Bernstein localization theorem,
which establishes such an link for modules over complex semi-simple Lie algebras.
Beilinson—Bernstein localization is an indispensable tool in modern Geometric Rep-
resentation Theory, leading to proofs of the Kazhdan—Lusztig conjectures, character
formulas for real reductive groups, etc.

Back in the setting of Rep(G), the geometric Satake equivalence provides such
a connection to constructible sheaves. To G we can associate the affine Grass-
mannian §r of its complex Langlands dual group (an infinite-dimensional algebraic
variety), and one has an equivalence of tensor categories between Rep(G) and a
certain category of perverse sheaves with k-coefficients on Gr. The geometric Sa-
take equivalence is central to modern approaches to the Langlands program, and
has become a cornerstone of Geometric Representation Theory.

However, in contrast to Beilinson-Bernstein localization, the geometric Satake
equivalence has been surprisingly ineffective at answering questions about Rep(G).
For example, several basic statements and constructions involving Rep(G) (e.g. the
linkage principle, or Frobenius twist) have no geometric explanation. This is the
more surprising, as several known or conjectured formulas (e.g. Lusztig’s character
formula) involve Kazhdan-Lusztig polynomials or their ¢-counterparts, which en-
code dimensions of stalks of sheaves on the affine Grassmannian and flag variety.
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2 SIMON RICHE AND GEORDIE WILLIAMSON

Nowadays we have several proofs of Lusztig’s character formula for large ¢, however
none of them pass through the geometric Satake equivalence!

1.2. Overview. The main result of the present paper is a proof of the linkage
principle via the geometric Satake equivalence. Our proof also explains that each
“block” in the linkage principle is controlled by a partial affine flag variety for the
Langlands dual group, which gives us new proofs of Lusztig’s conjecture on simple
characters (for large ¢) and of a conjecture of the authors on tilting characters (for
all ¢). The techniques of this paper provide a powerful new tool in the study of
representations of G.

Our argument is a simple application of two new tools in Geometric Repre-
sentation Theory. The first one is Smith—Treumann theory, which is a variant of
equivariant localization for tori. In this theory the circle action is replaced by the
action of a cyclic group of order ¢, and the coefficients must be of characterstic
£. We apply this theory to the loop rotation action on the affine Grassmannian.
Whilst the fixed points under the full loop rotation action are rather boring (infin-
itely many finite partial flag varieties), the fixed points under the subgroup of ¢-th
roots of unity are rich (finitely many partial affine flag varieties).

The second ingredient is the Iwahori-Whittaker realisation of the Satake cate-
gory. This replaces the category of perverse sheaves in the Satake equivalence with
an equivalent category satisfying a certain equivariance condition with respect to
the pro-unipotent radical of the Iwahori subgroup. (This condition is inspired by
“Whittaker conditions” in the representation theory of p-adic groups, hence the
name.) It turns out that in the Iwahori-Whittaker realisation, the components
of the fixed points discussed above match precisely the decomposition of Rep(QG)
given by the linkage principle. Our main theorem asserts that the Smith restriction
functor gives an equivalence between tilting sheaves in the Iwahori-Whittaker re-
alisation and a certain category of parity complexes on the fixed points. It is then
straightforward to deduce the linkage principle. The character formulas for simple
and tilting modules alluded to above are also an immediate consequence.

In the rest of the introduction, we give a more detailed overview of the techniques
and results of this paper.

1.3. The linkage principle. As above, let G be a connected reductive algebraic
group over an algebraically closed field k of characteristic £ > 0, and let Rep(QG)
be its category of finite-dimensional algebraic representations. Fix a maximal torus
and Borel subgroup T < B c G, and let R < ;R = X denote the (positive) roots
inside the lattice of characters of T.! The simple objects in Rep(G) are classified
by dominant weights Xt < X; given A € Xt we denote by V() the induced
G-module of highest weight A, and by L(\) its simple socle.
Let W¢ denote the Weyl group of (G, T), and consider the affine Weyl group

Wag = Wi x ZR

which acts naturally on X. The linkage principle [Ve, , J1, Al] states that we
have a decomposition
(1.1) Rep(G)= @  Rep,(G),

YEX/(Watt,0¢)

We warn the reader that in the body of the paper we switch to a Langlands dual notation.
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where each summand is the Serre subcategory
Rep, G = (L(A) : A ey n XT).

Notice that we do not consider the standard action of W,g on X, but rather the
“dot” action (denoted e;); that is, if p := %Zaew «, then

(wty) eg Ai=wA+Lp+p)—p
for we Wi, e ZR and )\ € X.

Remark 1.1. The subcategory Rep,Y(G) will be called the block of ~. This is an
abuse since this subcategory might be decomposable, hence is not a “block” in the
strict sense, but is convenient. In fact the blocks of Rep(G) in the strict sense
have been described by Donkin [Do]. We believe our methods should allow to shed
some light on this description, and hope to come back to this question in a future
publication.

1.4. The geometric Satake equivalence. Let H be the complex’ reductive
group which is Langlands dual to G, and denote its maximal torus by T (so that
X«(T) =X = X*(T)). Let LH and L' H denote the “loop” group (ind-)schemes
whose R points are H(R((z))) and H(R[[#]]) respectively, for any C-algebra R; and
let Sry := LH/LTH denote the affine Grassmannian. The affine Grassmannian
is an ind-projective ind-scheme whose T-fixed points (resp. LT H-orbits) are in
bijection with X (resp. X1).

The geometric Satake equivalence [1.3, Gi, , ] gives an equivalence of
Tannakian categories
(1.2) (Pervi+ g (Gry, k), *) = (Rep(G),®)

where Pervy+ (97, k) denotes the category of LT H-equivariant perverse sheaves
on Gry with coefficients in k, with its natural convolution product *.

1.5. Smith—Treumann theory. A fundamental role in our proof is played by
Treumann’s “Smith theory for sheaves” [Tr]. The basic idea is that, when dealing
with coefficients of characteristic ¢, one should be able localize to fixed points of
actions of cyclic groups of order ¢. (This theory should be compared with Borel’s
“localization theorem” for manifolds equipped with an action of the circle group;
in this analogy, finite cyclic groups become “discrete circles”. See [W2] for more
comments on this analogy)

More precisely, let X be a variety endowed with an action of the group p, of

{-th roots of unity. One has two (Verdier dual) restriction functors
-1
i
— 3
b b
Dy, (X, k) Dy, (X#e k)
s —

Z’*

between the p,-equivariant derived categories of constructible k-sheaves on X and
on XHe.

2In a few paragraphs we will instead assume that H is defined over a field of characteristic p
where p # 0, £.
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A fundamental observation of Treumann is that the compositions of these func-
tors with the quotient functor to the Smith category

SMpyey (XH4, k) := ng (X*e k) /{pp-perfect complexes)

become canonically isomorphic. Here an object in DEZ (XHe k) is p,-perfect if
its stalks (naturally complexes of p,-modules) may be represented by a bounded
complex of free k[p,]-modules. The resulting Smith restriction functor

HEY
Db (X, K) ~— Smrpyeq (X#¢, k)

has remarkable properties. For examples, it commutes with essentially all sheaf
theoretic functors [Tr]. It can be thought of as an analogue of hyperbolic localization
for pe-actions.

For technical reasons (namely, to ensure that the Smith category of a point
satisfies appropriate parity vanishing properties), we use a variant of Treumann’s
construction, proposed by the second author in [W2]. Namely, we assume that the
action of p, can be extended to an action of the multiplicative group Gy, on X and
consider the equivariant Smith category

b complexes whose restriction
Sm(X*#,k) := Dg,, (X”’f,]k)/< to pu, < Gy, are py-perfect >

With this definition, the theory of parity complexes from | | applies in the
Smith quotient, which will be crucial for our arguments.®

1.6. Fixed points. To apply this idea in our setting, note that Gry has a natural
action of Gy, via “loop rotation,” induced by the action of G,, on C((z)) which
“rescales” z. A beautiful fact (that we first learned from R. Bezrukavnikov) is
that, if g, € Gy, denotes (as above) the subgroup of ¢-th roots of unity, we have a
decomposition

(1.3) Gy = L] Srua

YEX/(Wast,00)

where the action o, is defined by (wt,) o A = w(X + u) for w e Wy, p e ZR and
A € X. Moreover, each component on the right-hand side is a partial affine flag
variety for the loop group LyH representing R — H(R((z"))), whose “partiality”
is governed by the stabilizer of an element in . For example, for v = Wog 0, 0
we obtain the “thin affine Grassmannian” (defined as above for Gry, but now with
z replaced by 2); and if v has trivial stabiliser under W,g then Gr H, is the full
affine flag variety for H.

The similarity between (1.3) and (1.1) is rather striking; for example there are
as many components in the right-hand side of (1.3) as summands in the decom-
position (1.1). However there is a fundamental difference: (1.1) involves the dot
action (with Wt fixing —p); whereas (1.3) involves the unshifted action (with W
fixing 0). Thus we do not expect the Smith restriction functor to realise the linkage
principle in this setting.*.

3The fact that Smith-Treumann theory can be made to accommodate the theory of parity
sheaves was first pointed out by Leslie-Lonergan [L.I.]. The version they use is however different,
and—from our point of view—technically more involved.

4The effect of Smith restriction in this setting is investigated in [LL]. The authors show that
it realises the “Frobenius contraction” functor of Gros-Kaneda [GK].
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1.7. The Iwahori-Whittaker model. To get around this issue, we replace the
“traditional” Satake category Pervy+p(Gry,k) with the “Iwahori-Whittaker mo-
del” considered in | ]. There it is proved that (under a mild assumption,
satisfied e.g. if H is of adjoint type, which we assume from now on for simplicity)
one has an equivalence of abelian categories

(1.4) Pervy+ i (97w, k) = Pervow (G, k)

where the right-hand side denotes a category of perverse sheaves of Gry which
satisfy a certain equivariance condition with respect to the pro-unipotent radical
Iw, of an Iwahori subgroup; such perverse sheaves are called “Iwahori-Whittaker.”®

A crucial point for us is that on simple objects the equivalence (1.4) sends the
intersection cohomology complex associated with the Lt H-orbit parametrized by
A € Xt (which corresponds to L(A) under (1.2)) to the Iwahori-Whittaker inter-
section cohomology complex associated with the Iw -orbit parametrized by A + p.
Thus, after passage to the Iwahori-Whittaker model, our issue with the two dis-
tinct actions goes away, and the linkage principle is reflected perfectly in geometry of
the p,-fixed points. In particular, two simple Iwahori-Whittaker perverse sheaves,
parametrized by some weights A and p, lie in the same summand in the linkage
principle if and only if the corresponding fixed points Ly and L, lie in the same
component of the fixed points!

Another favorable property of the Iw, -action on Gry is that each orbit is iso-
morphic to an affine space. This setting is known to imply nice properties for
categories of perverse sheaves (see e.g. | ]), and in particular that this category
admits a transparent structure of highest weight category. The situation is even
more favorable here in that the “relevant” orbits (i.e. those which support a nonzero
Iwahori-Whittaker local system) have dimensions of constant parity in each con-
nected component of §ry. This implies that the tilting objects in Pervzyy (Gr g, k)
are parity in the sense of | ]; in particular the indecomposable tilting perverse
sheaves coincide with the self-dual indecomposable parity objects.

1.8. Main theorems. Recall that we let G,, act on Grg via loop rotation. The
Iwahori-Whittaker condition and the loop rotation equivariance are compatible; we
thus obtain a Smith restriction functor

i"*: D2w g, (9rm: k) — Smzw ((Sru)H. k).

We write Parityzyy (97w, k) (resp. SmParityz,, ((G7x)*¢, k)) for the additive cat-
egory of parity sheaves in the source (resp. target) of this functor. Our first main
result is the following.

Theorem 1.2. Smith restriction yields a fully faithful functor
Z'* . ParityIW’Gm (ST'H, k) ;’ Smparltyl'w((ng)Hka).

Remarkably, the proof of this theorem is a few lines once one has the appropriate
technology in place. It is an easy consequence of Beilinson’s lemma, once one knows
that i'* preserves standard and costandard objects; this in turn follows because i'*
commutes with *- and !-extension.

50ne can make sense of this condition in various ways. In this work (following Bezrukavnikov)
we use étale sheaves and the Artin—Schreier covering, which necessitates passing to Gry defined
over a field of characteristic p > 0 (with p # £). The geometric Satake equivalence is also available
in this setting.
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Recall from §1.7 that the self-dual indecomposable Iwahori-Whittaker parity
complexes on Gry coincide with the indecomposable tilting perverse sheaves in
Pervzyy (9rg) (which in turn correspond to tilting modules under the geometric
Satake equivalence). Given A € p + XT, we denote by &' the corresponding
indecomposable parity complex.

By Theorem 1.2, the image of any &IV under i** has to be supported on a single
component. This has the following consequence, from which one easily obtains the
promised proof of the linkage principle.

Corollary 1.3. If Hom(&EY, éfw) # 0 then Wyg o A = Wag 0p p.

Theorem 1.2 implies that many questions about tilting Iwahori-Whittaker per-
verse sheaves on Grg (and hence about tilting G-modules) may be answered after
applying Smith restriction. However, in order for this to be useful, one needs an-
other way of understanding the Smith parity complexes on (Gry)*¢, which is the
subject of our second main result.

Consider the following diagram of quotient and forgetful functors:

0 D%Wg,Gm((ng)”lv k)
or

— i

Smzw ((G7m)He, k) D2y, (7 ), k).

(Here the subscript in ZW, indicates that the Iwahori-Whittaker condition is im-
posed with respect to the action of an Iwahori subgroup in LyH now.) Our second
main theorem is the following.

Theorem 1.4. The functors QQ and For preserve indecomposable parity complexes.

The first step towards the proof of Theorem 1.4 is the observation that given
parity complexes &, .F € D%We,Gm ((Grg)He, k) of the same parity we have canonical
isomorphisms:

(1.5) Hom* (For(&), For(#)) = Hom® (&', .7 ) Qo k.
(1.6) Hom(Q(&), Q(F)) = Hom®* (&, .F) Q1 k.

(Here, = € Hém (pt,k) denotes the equivariant parameter, and Hom®(&, %) is
viewed as an Hg, (pt, k)-module in the natural way. The tensor products are taken
over Hg, (pt, k), with the indicated module structure on k.) The isomorphism (1.5)
is simply the equivariant formality of homomorphisms between parity complexes,
which follows from a standard parity argument. The isomorphism (1.6) essentially
follows from the analysis of the Smith category of a point.

The statement for For in Theorem 1.4 is immediate from (1.5), and is a basic in-
gredient in the theory of parity complexes. The statement for @) is potentially more
surprising, as inverting the equivariant parameter rarely preserves indecomposabil-
ity. The key point is that the G,,-action on (Grg)#e factors through an action of
Gm/ty = Gn. As a consequence, this action is indistinguishable from the trivial

action when we take k-coefficients. Hence we obtain canonical isomorphisms:
(1.7) Hom*® (&, .#) = Hg_ (pt, k) ® Hom® (For(&), For(.7)),
(1.8) Hom(Q(&), Q(F)) = Hom® (For(&), For(.%)).

Now the statement for @ in Theorem 1.4 follows from the statement for For, as a
finite-dimensional graded algebra is local if and only if its degree-0 part is.
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Remark 1.5. The isomorphism (1.8) shows that “QoFor™'” behaves like a degrading
functor. Degrading functors are ubiquitous in modern Geometric Representation
Theory. In algebra, they are often realised by forgetting the grading on a graded
module; in geometry they are often associated with forgetting a mixed structure.
The above shows that Smith—Treumann theory provides another possible geometric
realisation of degrading functors.

1.9. Tilting characters. A fundamental question in the representation theory of
G is to determine the characters of the indecomposable tilting modules. In | ]
we started advocating the idea that character formulas for G-modules should be
expressed in terms of the ¢-canonical basis of W,g, and illustrated this idea by a
conjectural formula for characters of indecomposable tilting modules in the principal
block, under the assumption that ¢ is bigger than the Coxeter number h of G. This
formula was proved in case G = GL,, (k) in | ], and then for a general reductive
group in a joint work with P. Achar and S. Makisumi, see [ ]. A simple
consequence of the results of §1.8 is a new and much simpler proof of this character
formula, along with an extension to a formula valid in all blocks of Rep(G), without
any restriction of £.

To state this formula, recall that the summands on the right-hand side of (1.1)
can be parametrized by the weights in the intersection A of the weight lattice with
the closure of the fundamental alcove for the dot action of W,g. For A € A we
denote by W) < Wag the stabilizer of A for e, (a standard parabolic subgroup),
and by Wég\f) the subset of W,g consisting of elements w which are both maximal
in wW)y and minimal in Wiw. Then the indecomposable tilting G-modules in the
block of W, ¢ A are in a natural bijection with Wéi‘t), and we denote by T(w ey \)
the module of highest weight w e, A.

The tilting character formula alluded to above can be stated as follows.

Theorem 1.6. For any A€ A and w € W,j‘ﬂg we have

ch(TwerA) = D1 Myw(l) - xyep0,

)
yeWir

where x,, is the Weyl character formula attached to the dominant weight u, and
eny,w is the antispherical ¢-Kazhdan—Lusztig polynomial attached to (y,w).

See [ ] for a comparison of this formula with an earlier formula conjectured
by Andersen [A2], which was one of our sources of inspiration.

1.10. Simple characters. Using ideas of Andersen [A2] recently refined by Soba-
je [Sob], from the formula in Theorem 1.6 one can in theory deduce a character
formula for simple G-modules, in all blocks and all characteristics. This can be
done in at least two ways. The first possibility is to use a “reciprocity formula” due
to Andersen [A3] (based on earlier work of Jantzen) and which expresses multiplici-
ties of simple modules in Weyl modules in terms of multiplicities of induced modules
in indecomposable tilting modules. This method has the advantage of allowing to
deduce Lusztig’s conjectural formula [[.1] in case the relevant ¢-Kazhdan—Lusztig
polynomials coincide with the corresponding standard Kazhdan—Lusztig polynomi-
als, but it requires the assumption that p > 2h — 2, and does not produce a very
natural formula in general, since it involves a certain “twist” (denoted y — ¢ below)
on indices.
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To explain this in more detail, let us assume that p > 2h — 2 and that G is
quasi-simple, and denote by « the highest coroot. We then set

Y := {w € Wag | w is minimal in Wrw and {w oy p, ay ) < p(h — 1)}.

This subset does not depend on p, and is an ideal in the Bruhat order on the set of
elements w minimal in Wiw; in fact, in terms of the notation of | ], it consists
of the elements w sending the fundamental alcove Agy,q inside the portion of the
dominant region delimited by the hyperplane orthogonal to af and passing through
p. Consider also the operation y — ¢ on W,g corresponding to the operation A — A
on alcoves considered in [Soe] or | ]. Then, in view of | , Proposition 1.8.1],
from Theorem 1.6 we obtain that for any w € Y we have

[V(wer0)] = D] ‘nug(1) - [L(y o 0)]

yey

in the Grothendieck group of Rep(G). In order to compare this formula with that
in Lusztig’s conjecture, one needs to invert these equations. In general we do not
know how to do that explicitly. However, if we assume that each polynomial anyg
in these formulas coincides with the corresponding “standard” Kazhdan—Lusztig
polynomial n,, ; (as considered e.g. in [Soc]), then the inverse matrix is computed
in [Soe, Theorem 5.1]; from this result we obtain that

[L(w o 0)] = Z (_1)é(w)+€(y)hy’w(1) [V(y e, 0)]

for any w € Y, as predicted by Lusztig in [[.1]. This property is well known to hold in
large characteristic (without any explicit bound), which explains why Theorem 1.6
provides a new proof of Lusztig’s conjecture in large characteristics.

Remark 1.7. The condition on w considered above is not the same as in Lusztig’s
formulation of his conjecture. However, the two versions are known to be equivalent
under the present assumptions, due to results of Kato; see [W1, §§1.12-1.13] for
more details and references.

The other method to obtain a character formula for simple G-modules, which
works for all values of p thanks to the results of [Sob], is to express multiplicities
of the simple G-modules whose highest weight is restricted in the baby Verma
GT-modules. In this way one obtains a formula that may be compared with the
“periodic” formulation of Lusztig’s conjecture, see [.2]. This formula was made
explicit in | ], under the assumption that p > 2h — 1. The extension of the
tilting character formula in Theorem 1.6 makes it desirable to extend the validity
of these results to smaller values of p, and we plan to come back to this question
in a future publication.
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2. PRELIMINARIES ON EQUIVARIANT SHEAVES

2.1. Equivariant sheaves. We start by recalling some generalities on étales shea-
ves on schemes endowed with an action of a finite group. We fix a coefficient ring
k (not necessarily assumed to be commutative).

Let X be a scheme, and let A be a finite group acting on X (by scheme auto-
morphisms). For any g € A, we denote by o, : X — X the action on X. Recall
that an A-equivariant (étale) sheaf of k-modules is the datum of an étale sheaf %
of k-modules on X together with a collection (¢,)g4ea Where, for any g € A,

Qg apF — F

is an isomorphism of sheaves of k-modules, this collection satisfying the condition
that for g,h € A we have

(2.1) on o aj(pg) = gn

as morphisms from o, % to #. (We will often abuse notation, and omit the
isomorphisms (pg4)gea from the notation.) Morphisms of A-equivariant sheaves
are defined as morphisms of sheaves compatible (in the natural way) with the
isomorphisms ¢,. The (abelian) category of A-equivariant sheaves of k-modules
will be denoted Sh4 (X, k). We have a natural “forgetful” exact functor

(2.2) For : Sha(X,k) — Sh(X,k)

(which simply forgets the collection of isomorphisms (¢g4)gea), where Sh(X, k) de-
notes the category of sheaves of k-modules on X. If A acts trivially on X, we have
a canonical identification

(2.3) Sha(X,k) = Sh(X, k[A]).

If X,Y are two schemes with actions of A (with actions denoted a® and oY
respectively), and f: X — Y is an A-equivariant morphism, then for any g € A we
have a canonical isomorphism

(aX)* o f* = f* o (a))*.

As a consequence, the functor f* induces an exact functor
Sha(Y; k) — Sha (X, K),

which will also be denoted f*. Similarly, we have a canonical isomorphism
(a;/)* O fu = feo (a;()*.

(Here we use the fact that (a?)* =~ (a?_,)s for Z = X or Y.) As a consequence,
9 g
f« induces a functor

s 1 Sha(X, k) — Sha(Y, k).
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2.2. Equivariant sheaves and injective resolutions. We consider again a sche-
me X endowed with an action of the finite group A. For any % in Sh(X, k) we
set
Avy(F) = (—D a;‘f/".
geA

We endow Av4 (%) with the structure of an A-equivariant sheaf by defining, for
any g € A, the isomorphism

©g s ajAva(F) = Ava(F)
as the canonical identification

| PajpZ | =P, 7 =PaiZ.
heA heA acA

This construction extends in a natural way to an exact functor

AVA . Sh()(7 ]k) - ShA(X, k)
Lemma 2.1. The functor Av 4 is left and right adjoint to the forgetful functor (2.2).
Proof. To prove the lemma we have to define morphisms of functors

FOFAOAVA—>id, id—>FOI’AOAVA7 AVAOFOFA—>id7 id—>AVAOFOI’A7
and check the appropriate zigzag relations. Here we have
Forg o Avy = C—D a;‘;
geA

and the first two morphisms are defined as the projection to and embedding of the
factor af = id. On the other hand, for (%, (¢4)gea) in Sha(X), the morphisms

F — AvyoFors(F) > F

are defined as @, 4(pg)tand P gea Pg respectively. (These morphisms of sheaves
are morphisms of A-equivariant sheaves thanks to the cocyle condition (2.1).) The
zigzag relations are all trivial to check. (I

Lemma 2.1 implies that the functor Av4 sends injective objects of Sh(X, k) to
injective objects of Sh4 (X, k). Since the category Sh(X,k) has enough injectives
(see [SP, Tag 01DU]), it follows that the same property holds in Sh4(X,k). In
fact, if .Z belongs to Sh4(X,k), and if .# is an injective object of Sh(X,k) such
that we have an injection For4(#) — £, then the map .% — Av4(¥) deduced by
adjunction is injective, and Av4(.#) is injective in Sh4 (X, k).

In particular, if f: X — Y is an A-equivariant morphism between schemes with
A-actions, recall that we have the (non derived) pushforward functor

s 1 Sha(X, k) — Sha(Y, k).

From the considerations on injective objects above we deduce that this functor
admits a derived functor

Rfy : DTShs(X,k) — D*Sha(Y k),
which can be computed by means of injective resolutions.

Lemma 2.2. For any injective object & in Sha(X,k), the object Fora(F) is in-
jective in Sh(X, k).


https://stacks.math.columbia.edu/tag/01DU
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Proof. If ¢ is an injective object in Sh(X,k) and Fors(.#) < _# is an embed-
ding, the injection & — Av4(_#) must be split since both objects are injective.
Hence .# is a direct summand in Avy(_#), so that Fors(.#) is a direct summand
in the injective sheaf Fory o Ava(_#) = @ c 4 @ # , hence is injective. O

From this lemma one obtains that for an equivariant morphism f : X — Y as
above we have a natural commutative diagram

Rfy

D*Sha(X,k) D*Sh (Y, k)

For 4 l \L Fora

D*Sh(X, k) —* . DTSh(Y, k),
where the lower horizontal arrow is the standard pushforward functor. In particular,
in case X and Y are of finite type over some field F of finite cohomological dimension
(e.g. algebraically closed), and k is torsion (e.g. a field of positive characteristic),
it is known that the “standard” functor Rf, sends D"Sh(X, k) into DSh(Y,k),
see [SP, Tag 0F10]. It follows that the “equivariant” functor Rf, considered above
restricts to a functor

Rfy : DPSh (X, k) — DPSh, (Y, k).
Of course, since the functor
f*:Sha(Y k) — Sha(X, k)
is exact, we have an induced functor
f*:DSha(Y,k) — DSha(X,k)

which maps D*Sh(Y,k) into D¥Sh4(X,k) and DPSh4(Y,k) into DPSh4(X, k)
(and is compatible with the usual pullback functor f* in the obvious way). It is
easily checked that the functor

F*: D¥Shu(Y,k) - D*Shu (X, k)

is left adjoint to
Rfy : DYSh4(X,k) — DTSha(Y, k).

2.3. Equivariant sheaves and quotient map. From now on we assume that X
is of finite type over some base scheme S, and that each o, is an automorphism
of S-schemes. We assume furthermore that the action is admissible in the sense
of | , Exposé 5, Définition 1.7]. Then we have a quotient scheme X /A, and a fi-
nite quotient morphism ¢ : X — X /A, see | , Exposé V, Corollaire 1.5]. (Here,
by definition X /A is the scheme which represents the functor Z + Hom(X, Z)4,
where A acts on Hom(X, Z) via its action on X. It can be constructed by gluing
affine schemes of the form Spec(R4) where Spec(R) — X is an A-stable affine open
subscheme of X.)

By finiteness the functor ¢, is then exact (see [SP, Tag 03QP]), and we therefore
obtain a functor

gs s Sha(X, k) — Sha(X/A,k) = Sh(X /4, k[A]).


https://stacks.math.columbia.edu/tag/0F10
https://stacks.math.columbia.edu/tag/03QP
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Remark 2.3. As explained in [ , Exposé V, Proposition 1.8], the action of A
on X is admissible iff each orbit of A is included in an affine open subset of X. This
condition is automatic if S = Spec(F) for some field F and X is quasi-projective
over S, see e.g. [Se, p. 59, Exemple 1]. (This setting is the only one we will consider
in practice.)

Recall that a complex & € DSh(X /A, k[A]) is said to be of finite tor dimension
if there exist a,b € Z such that for any ¢’ € Sh(X /A, k[A]°P) we have

HNG Sy @) =0 unless n € [a,b],

see [SP, Tag 08FZ]. Recall also that ¢ has finite tor dimension iff for any geometric
point T of X the complex of k[ A]-modules % has finite tor dimension, see [SP, Tag
0DJJ].

The action of A on X induces an action on geometric points. Namely, if
T : Spec(K) — X
is a geometric point and g € A, then the geometric point ¢ - T is the composition
Spec(K) & X 24, X,

We will say that the A-action on X is free if each geometric point of X has trivial
stabilizer for this action.

Lemma 2.4. Assume that k is a field, and that the A-action on X is free. Then
for any 4 in Sha(X, k), the sheaf ¢+4 € Sh(X,k[A]) has finite tor dimension.

Proof. By the comments above, to prove the lemma it suffices to prove that for any
geometric point 7 : Spec(K) — X /A the k[A]-module %; has finite tor dimension.
Now by [SP, Tag 03QP] we have

(Q*g)y = @ T,

where T runs over the set Xy of maps T : Spec(K) — X such that goT = 7.
However ¢ is surjective, and its fibers are the A-orbits (see | , Exposé V, §1]).
Hence Xy is nonempty, and A acts transitively on this set. Our assumption ensures
on the other hand that this action has trivial stabilizers. Therefore, if we fix some
7 € Xy, we deduce a bijection A = X7 determined by g — g-Z. The A-equivariant
structure on ¢ provides a canonical isomorphism

G — YGyz
for each g € A. Using these data we obtain an isomorphism
(2+9 )y = k[A] @k %z,

which is easily seen to be A-equivariant. Hence (¢+%)y is free as a k[A]-module,
hence of finite tor dimension. O

2.4. Stalks at fixed points. We continue with the assumptions of §2.3. The
closed subscheme X# < X is the scheme which represents the functor Z —
Hom(Z, X)#, where A acts on Hom(Z, X) via its action on X. (The representabil-
ity of this functor is easy in our setting: since our action is admissible it suffices
to treat the case X = Spec(R) is affine; then X4 is the spectrum of the maximal
quotient of R on which A acts trivially, i.e. the quotient of R by the ideal generated
by the elements z — g -« for x € R and g € A.) As a set, the closed subscheme


https://stacks.math.columbia.edu/tag/08FZ
https://stacks.math.columbia.edu/tag/0DJJ
https://stacks.math.columbia.edu/tag/0DJJ
https://stacks.math.columbia.edu/tag/03QP
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X4 < X consists of the points € X which are fixed by A and such that the
induced action on the residue field k(x) is trivial.

By definition, any geometric point of X which is stable under the A-action
considered in §2.3 factors through a geometric point of X4. In particular, if A is a
simple group then the A-action on the open subset U := X ~ X4 < X is free.

Lemma 2.5. The A-action on U is admissible.

Proof. Consider the closed subset X4 < X. Since the quotient morphism g is finite,
hence closed, the subset ¢(X4) c X /A is closed. Now from the definition of the
subset X4 c X given above and the fact that the fibers of g are the A-orbits in X,
one sees that

U=q " (X/AN g(X).
Hence the claim follows from | , Exposé V, Corollaire 1.4]. O

From this lemma we obtain in particular that the quotient U/A exists as a
scheme. In fact, in the proof of this lemma we have seen that the open embedding
j : U <> X induces an open embedding 7: U/A — X /A, with complement q(X*),
and that the quotient morphism gy : U — U/A is the restriction of ¢ to U.

We now denote by i : X4 — X the closed embedding. Note that i is A-
equivariant for the trivial A-action on X4; we therefore have a functor

(2.3)
i* 1 DSha(X,k) — DShA (X4, k) = DSh(X*4 Kk[A]).
In other words, if .% belongs to DSh4(X,k), then i*(For4 (%)) admits a canonical
“lift” as a complex of sheaves of k[A]-modules. In particular, for any geometric
point Z of X4 the complex

Fi@ = (1" F)z
is in a natural way an object of D(k[A]—Mod).

From now on we assume that S = Spec(F) for some field F of finite cohomological
dimension, and that X is of finite type over F. (This assumption implies that U
is also of finite type over F. By | , Corollaire 1.5] we deduce that X /A and
U/A also are of finite type.) We also assume that k is a field of characteristic £ > 0
which is nonzero in F. The proof of the following proposition was explained to us
by L. Illusie and W. Zheng. (A different, longer and slightly less easy proof can
also be deduced from [DL, Proposition 3.7].)

Proposition 2.6. Assume that A is a simple group. If % € DPSh(U,k) is such
that For o (%) has constructible cohomology sheaves (see [SP, Tag 03RW]), then for
any geometric point T of X4 the complex of k[ A]-modules

(RjxT )z
is perfect.

Proof. Recall that the morphism j has finite cohomological dimension by [SP, Tag
0OF10]. As a consequence the complex Rj..# is bounded, so that (Rj.«%)z is
bounded. On the other hand, by | , Th. finitude, Théoréme 1.1], the complex
Rj+ % is constructible; hence its stalk (Rj.% )z has finite-dimensional cohomology.
By [SP, Tag 0658], we deduce that to prove that this complex is perfect it suffices
to prove that it has finite tor dimension. But since the image x of z is fixed by A
we have ¢~1(q(z)) = {x}, which implies that

(Rjsx T )z = (q*(Rj*f))q(E)


https://stacks.math.columbia.edu/tag/03RW
https://stacks.math.columbia.edu/tag/0F10
https://stacks.math.columbia.edu/tag/0F10
https://stacks.math.columbia.edu/tag/0658
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by [SP, Tag 03QP]. Now we have g o j = Jjo qu, so that

45 (Rjx7) = Rj,((qu)+F ).
By Lemma 2.4 the sheaf (g)«.% has finite tor-dimension, hence by | , Exposé

XVII, Théoréeme 5.2.11] and [SP, Tag 0F10] the complex Rj, ((qu)«%#) also does,
so that its stalk

(Rj* ((QU)*E))q@)
must have finite tor dimension, which finishes the proof. O

3. SMITH THEORY FOR ETALE SHEAVES

3.1. w-equivariant derived categories. The formalism of “Smith theory” that
we will build will use the equivariant derived category of Bernstein—Lunts [BL].
This category is explicitly constructed only in a topological setting in [BL], but it
is well known that it applies also in the setting of étale sheaves under appropriate
assumptions, see [B1, §4.3]. In this subsection we briefly recall this construction in
the particular case that we require.

So, from now on we fix an algebraically closed field F of characteristic p, and a
finite field k of characteristic £ # p. We will consider (admissible) actions of the
finite F-group scheme w = p, of /-th roots of unity on F-schemes of finite type.
Here since F is algebraically closed, p, is the constant group scheme associated
with the finite group u,(F), so that the constructions of Section 2 also apply in this
setting. For simplicity, we will not explicitly distinguish the group scheme p, and
the finite group p,(F).

The construction of [BL] uses some “acyclic resolutions.” In this case these
resolutions can be constructed explicitly as follows: for any n = 0 we set
Vi :=TF" {0},

with the (admissible) action of w induced by the dilation action of the multiplicative
group Gp,. We have

k if m=0;

0 ifl<m<2n-2.

H™ (Vi k) = {

From this we see that for any F-scheme X of finite type the projection
Pxp Vo x X =X

is (2n—2)-acyclic, in the sense that for any X-scheme Y of finite type the morphism
PXn Y xx (Vo x X) =Y is such that for any (étale) k-sheaf .# the morphism

F - T<2n*2((p§,n>* (p};(,n)*y)

induced by adjunction is an isomorphism. (In fact, here by the Kiinneth for-
mula [SP, Tag OF1N] we have (p}/(n)*(pg(n)*f =~ H*(V,,, k) ® -7.)

We now fix an F-scheme X of finite type endowed with an admissible action of
w. For any n > 1 we set

PX =V, x X,

and consider the projection f;X : P.X — X as above. Since the actions of  on V,,
and X are admissible, this property also holds for the product V,, x X, so that we
can consider the quotient

Ff = PX/w.


https://stacks.math.columbia.edu/tag/03QP
https://stacks.math.columbia.edu/tag/0F10
https://stacks.math.columbia.edu/tag/0F1N
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With the notation of §2.4, we have (PX)® = @; therefore, by | , Exposé V,

Corollaire 2.3] the quotient map ¢=X : P.X — ?5 is étale. In fact, in view of | ,
Exposé V, Proposition 2.6] this map is an étale locally trivial principal homogeneous
space for @ in the sense of [SP, Tag 049A].

For any n, we will denote by

DP(X,w,n,k)
the category whose
e objects are triples (%, %x, 8) where %, is an object of DbSh(Pf, k), ¥x
is an object of D"Sh(X, k), and
B (an)* Fn = (0 )* Fx
is an isomorphism;
e morphisms from (%, Zx, ) to (%.,9x,) are pairs (g, px) with
‘pn:yn_’gna @X:QX_’gX

such that o ((¢;)*¢n) = () *¢x) 0 B.

For any bounded interval I = Z we denote by D(X,w,n,k) the full subcate-
gory of DP(X, @, n,k) whose objects are the triples (.%,, Zx,3) where #™(Fx)
vanishes unless m € I. Then the category D!(X,w,n,k) does not depend (up to
canonical equivalence) on the choice of n, as long as 2n — 2 > |I|, where |I] is the
length of I; in fact, by the same arguments as in [BL, §2.3.4], if n,m satisfy this
condition then the natural functors from D! (X, w,n,k) and D!(X, @, m,k) to the
category defined similarly with PX and PX replaced by

Vi X Vi x X = PX xx PX

(with the diagonal w-action) are equivalences of categories.
We can therefore define the w-equivariant derived category

D2, (X, k)

as the direct limit of the categories D?(X,w,n,k) where I runs over the bounded
intervals of Z. This category admits a canonical structure of triangulated category,
see [BL, §§2.5.1-2.5.2]. By construction, we have a canonical triangulated forgetful
functor

(3.1) Fory : D2 (X, k) — DPSh(X,k)

which sends a triple (%, #x, ) to Zx.

Remark 3.1. As explained in [BL, Lemma 2.3.2], if 2n — 2 > |I| the functor
D!(X,w,n,k) — D*Sh(P. k)

sending (%, ¥x,[) to %, is fully faithful. In particular, morphisms between
objects in DP (X,k) can always be computed as morphisms in derived categories
of quotients of “sufficiently acyclic” resolutions.

This construction is of course functorial in X. Namely, consider F-schemes of
finite type X,Y endowed with admissible actions of w, and a w-equivariant mor-
phism of F-schemes f : X — Y. (Note that f is automatically quasi-compact since
X is Noetherian. It is also locally of finite type by [SP, Tag 01T8], hence of finite
type.)


https://stacks.math.columbia.edu/tag/049A
https://stacks.math.columbia.edu/tag/01T8
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(1) We have a (*-)pullback functor
e D;(Yv k) — wa(X7 k),

which can be explicitly described in terms of the pullback functors associ-

ated with f and the induced morphism Pij — ?Z.
(2) If f is quasi-separated we have a (*-)pushforward functor

Rfy : D2 (X,k) — D2 (Y, k).
(Here we use the fact that the usual pushforward functors respect the
bounded derived categories, see [SP, Tag 0F10], and also that the mor-

—X
phisms p:X, pY, ¢X, ¢¥ are smooth and that the induced morphism P, —
Y

P,, is quasi-compact and quasi-separated, which allows to use the smooth
base change theorem [SP, Tag OEYU] to “transport” the isomorphism £.)
(3) If we assume that f is separated and that Y is quasi-separated, then we

also have a !-pushforward functor

Rfi: D2 (X,k) — D2 (Y, k),

see | , Exposé XVII]. (Here, the fact that the I-pushforward functors re-
spect bounded derived categories follows from | , Exposé XVII, Corol-
laire 5.2.8.1], and we use the base change theorem | , Exposé XVII,

Théoréme 5.2.6] to transport 3.)
(4) Under these assumptions we also have a !-pullback functor

f': Db (Y,k) —» D (X, k),

see [ , Exposé XVIII]. (The fact that the !-pullback functors respect
bounded derived categories is explained in | , Th. finitude, comments
after Corollaire 1.5]. And once again we use the smoothness of ¢\, ¢ , pX,
pY . and the fact that for smooth maps the *- and !-pullback functors coin-
cide up to shift, see | , Exposé XVIII, Théoreme 3.2.5], to transport

the isomorphisms f.)

By construction, all of these functors are compatible with the forgetful func-
tor (3.1) in the obvious way.

Remark 3.2. In practice all the schemes we will consider will be quasi-projective,
hence separated, so that any morphism between them will automatically be sepa-
rated.

3.2. Equivariant derived categories and equivariant sheaves. We continue
with the setting of §3.1. In Section 2 we have studied equivariant sheaves on
schemes, and in §3.1 we have considered the equivariant derived category. It is
now time to explain the relation between these two constructions. This relation is
based on the observation that (for any F-scheme X of finite type with an admissible
w-action, and any n > 1) the natural pullback functor

Sh(P,, k) — She (P,\, k)

is an equivalence of categories, by the sheaf condition applied to the étale covering
X PX — ?Zc. Therefore, for any w-equivariant sheaf % on X the pullback

(pX)*Z admits a natural structure of w-equivariant sheaf on P;X, hence descends


https://stacks.math.columbia.edu/tag/0F10
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—X . . . . .
to a sheaf .#,, on P, . Using this construction we define a canonical triangulated
functor

(3.2) DPSh, (X, k) — D® (X k).
Proposition 3.3. The functor (3.2) is an equivalence of categories.

Proof. Let us first show that our functor is fully faithful. For this we need to show
that for any w-equivariant sheaves .%,.%’ on X and any m € Zxg, for n » 0 the
natural map

Hompush_ (x 1) (F, F'[m]) — Hom Fns Fy[m])

DPSh(PX ,]k)(
is an isomorphism, see Remark 3.1. By construction, this amounts to proving that
for n » 0 the pullback functor induces an isomorphism

HomeShw(X,lk) (7, T [m]) — HomeShw(Pg k) ((Pr)f)*97 (pff)*y/ [m]).

However by adjunction we have

HomeShw(Pg‘,k)((pf)*y7 (pp)*F'[m])
~ Hompush_ (x ) (F, R0y )« (0 )* F'[m]).
Now the right-hand side can be replaced by

Hom pusn_ (x,x) (F, T<o(R(py) )« (05 )*-F'[m]))
=~ Hompush_ (x k) (F s T<m (R(p )5 (03 )* F') [m]).
If 2n — 2 > m the morphism
F' = T<m (R0 ) (0 )* F')

induced by adjunction is an isomorphism, which concludes the proof of fully faith-
fulness.

Once fully faithfulness is established, to conclude the proof it suffices to prove
that images of w-equivariant sheaves on X generate D2 (X, k) as a triangulated
category. This is however clear from the construction of the “standard” t-structure
in [BL, §§2.5.1-2.5.2]. O

In particular, in the special case where the w-action on X is trivial, using Propo-
sition 3.3 combined with (2.3), we obtain a canonical equivalence of triangulated
categories

(3.3) DP (X,k) =~ DPSh(X, k[w]).

‘We now consider two F-schemes X and Y of finite type, with admissible actions of
w, and a quasi-separated w-equivariant morphism f : X — Y. We have considered
functors

Rfy

DPSh (X, k) - DPSh, (Y, k)

f*
in §2.2, and functors

Rfy

Dg(X,k) D2, (Yk)

f*
in §3.1. These functors are related in the natural way, as explained in the following
lemma.
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Lemma 3.4. The diagrams

* R
DPSh.. (Y, k) —— DPSh., (X, k) DPShe. (X, k) —% pbsh_ (Y, k)
zJ{ iz and zJ{ iz
b * b b Rfx b
Dz, (Y, k) ——— D2 (X, k) D2, (X, k) ——— Dz, (Y. k)

are commutative, where the vertical arrows are the equivalences of Proposition 3.5.

Proof. The commutativity of the left diagram can be seen on the definitions; the
commutativity of the right diagram follows by adjunction. O

3.3. The crucial lemma. We can now prove the lemma that will allow us to
develop the “Smith theory for sheaves” from [T1] in our setting of étale sheaves.

We consider again an F-scheme X of finite type, with an admissible action of w.
As in §2.4 we consider the fixed points subscheme X® and the closed, resp. open,
embedding

i: X% > X, resp. j:XNX" X

(Here i and j are automatically separated, see [SP, Tag 01L7].) For any Z in
DP (X, k) we have a canonical morphism
(3.4) i\F T

in the category D2 (X® k), which can be obtained by applying the functor i* to
the adjunction morphism 4,i".% — .Z.

From now on we will not consider the entire w-equivariant derived category
Db (X, k), but only the full triangulated subcategory DY, .(X,k) whose objects are
those Z € D (X, k) such that the complex For, (%) has constructible cohomology
objects, where Fory, is as in (3.1). For any F-scheme Y of finite type with trivial
action of w, we will say that an object % in DI;’C(Y7 k) has perfect geometric stalks
if, denoting by .Z’ the image of .# under the equivalence D2 (Y, k) =~ DPSh(Y,k[w])
from (3.3), for any geometric point ¥ of ¥ the complex 9‘% is a perfect complex of
k[ww]-modules.

Lemma 3.5. For any .Z in D, .(X,k), the cone of (3.4) has perfect geometric
stalks.

Proof. From the standard distinguished triangle in the “recollement” formalism we
see that the cone of (3.4) is isomorphic to i*Rj,j*(.%). The complex we want to
consider is therefore

where T is a geometric point of X®. In these terms, the desired claim follows from
Proposition 2.6 and Lemma 3.4. O

Later we will also need the following lemma, whose proof is close to that of
Lemma 3.5. Here we consider two F-schemes of finite type Z and Y with trivial
actions of w, and a quasi-separated morphism of F-schemes f : Z — Y. Then
we have a derived functor Rfy : D2 (Z,k) — D (Y,k), see §3.1, which sends the
subcategory D, .(Z,k) into D2, .(Y,k) by | , Th. finitude, Théoréme 1.1].


https://stacks.math.columbia.edu/tag/01L7
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Lemma 3.6. The functor
Rf* : Dﬂbw,c(Zv k) - D«B—J,c(Yv k)

transforms objects with perfect geometric stalks into objects with perfect geometric
stalks.

Proof. As in the proof of Proposition 2.6 it suffices to check that Rf, transforms
objects of finite tor dimension into objects of finite tor dimension, which follows
from | , Exposé XVII, Théoreme 5.2.11] and [SP, Tag 0F'10]. a

3.4. Gy-equivariant derived categories. Later we will also need to consider
equivariant derived categories for actions of the multiplicative group Gy, over F.
The construction of this category is similar to, and in fact simpler than, the con-
struction in §3.1. Namely, for any n > 1 the w-action on V,, is obtained by restric-
tion from a natural G,,-action, and moreover we have a canonical map V,, — Pg‘l
which is a Zariski locally trivial principal Gp-bundle. Therefore, given any F-
scheme X endowed with an action of Gy, we consider the diagonal action on V,, x X,
and we have a Zariski locally trivial principal G,-bundle

Vi, x X =V, xBn X

for some scheme V;, x®» X which can be constructed by (Zariski) gluing over the
natural cover which trivializes the map V,, — IP’]?_l. If we assume X to be of finite
type, then as in §3.1 the map px.,, : Vi, x X — X is (2n — 2)-acyclic, which allows
to define a category DP(X,Gy,,n,k) in terms similar to those for D(—,w,n, k),
and check that the subcategory D! (X, G, n,k) does not depend on the choice of
n as long as 2n — 2 > |I|. We can finally define the equivariant derived category
D¢ (X,k) as the direct limit of the categories D' (X, G, n,k) (with n » 0) over
the finite intervals I < Z. These categories have the same functoriality properties
as the categories DY (X,k); in particular we have a natural (triangulated) forgetful
functor
Forg,, : D&_(X,k) — D"Sh(X,k).

As in the w-equivariant setting, we will denote by Dgn” (X, k) the full subcategory
of DR (X,k) whose objects are those .# such that Forg, (.#) has constructible
cohomology sheaves.

The category ng (X, k) has a canonical object whose image under Forg, is the
constant sheaf k; it will also be denoted k. In these terms, the Gy, -equivariant
cohomology of a complex .% in D(gm (X, k) is defined as

HE,. (X, F) = @ Hongm(X,k) (kx, #[n]).
nez

In the case X = Spec(F) =: pt, it is well known (and easy to see) that we have a
graded algebra isomorphism®

(3.5) HE.,. (pt Ky ) = Kk[z],
where x has degree 2. If n is even, we will denote by
cang; : Ky — ki [n]
6To be more precise, to get the isomorphism (3.5) one needs to fix a trivialization of the Tate

sheaf on pt, see e.g. the proof of Lemma 3.9 below. This is possible—though not canonical—since
F is algebraically closed; we fix such a trivialization once and for all.
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the morphism obtained as the inverse image of /2.

By definition we have an embedding w < G,,, which provides a w-action on X
by restriction, and we have a canonical “restriction” triangulated functor

ResZ® : Dg_(X,k) — D2 (X, k).

This functor is compatible (in the obvious sense) with the pushforward and pullback
functors when they are defined, and moreover satisfies

Gm ~
Forg o Res™ = Forg,,.

As a consequence, it must send DJEWC(X7 k) into D, (X, k).

3.5. The “Smith category” of a point. In this subsection we consider the spe-
cial case of the constructions of §3.4 where X = pt. In this case, in view of (3.3)
we have an equivalence of triangulated categories

(3.6) DP (pt, k) = DP(k[w]—Mod).

Under this equivalence, the full subcategory Dg,c(pt,k) corresponds to the full
subcategory of DP(k[ww]—Mod) whose objects are the complexes whose cohomology
is finite dimensional (or equivalently finitely generated over k[w]), which itself is
canonically equivalent to the category DP(k[w]—Mof), where k[w]—Mof is the
category of finite-dimensional k[zw]-modules.

We will denote by

DEH,,C(ptv k)w—perf < Dgnnc(pt, k)

the full triangulated subcategory whose objects are the complexes % such that
ResPm(#), considered as a complex of k[w]-modules through (3.6), is perfect
(i.e. isomorphic in DP(k[ww]—Mod) to a bounded complex of finitely generated pro-
jective modules).

We then set

Sm(pt, k) := Dg,, .(pt,k)/Dg,, o(pt, K)eo—pert,

where we consider the Verdier quotient category.
The following lemma will be crucial for us below, in that it will allow to use
some parity vanishing arguments in various variants of the category Sm(pt, k).

Lemma 3.7. For any n € Z we have

k if n is even;

Homsm(pt’k) (kpt’kpt[n]) - {0 otherwise

where we omit the quotient functor D(Emvc(pt,]k) — Sm(pt, k).

The proof of Lemma 3.7 will require some preparation. We start with the fol-
lowing claim.

Lemma 3.8. For any % in DElmc(pt,k), there exists a canonical isomorphism of
graded k-vector spaces

D Hompy (i) (Kpe ResZ™ (F)[m]) = HE, (pt, F) @ HE, (pt, Z)[1].

meZ
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Proof. We fix .# in Dg_ .(pt,k) and m € Z. Then for n » 0 the object .7 is
represented by a triple (.%,, Zx,3) in DP(pt,Guy,n,k), and by an analogue of
Remark 3.1 we have
HE (pt, 7) = Home(P]?q,M (kp;z—l , Fnlm]),
and similarly for Hgftjl(pt, F). If we denote by
Tn : Voo — P%L_l

the natural map, then Resg‘“ (%) is represented by the object ((7,)* %, #x, ) in
DP(pt, w, n, k), so that we have

Hompp (4t (K Res&m (7)[m]) = Hompo v, e i) Ky, /o> (70)* Fn[m]).

To prove the lemma, it therefore suffices to prove that for any ¢ in Db(]P’gfl, k) we
have a canonical isomorphism

(3.7)  Hompw(v, /o) (ky, jm (T0)*Y) =
Hom py, pr—1 ) (klp;;—l Y)® Hompy, pn-1 (k[@];—l Y1)
We start by proving that
(3.8) (M) sy o = s ® g [1]
In fact, V,,/w is the complement of the zero section in the line bundle 7, : (¢) —

Ppt. If iy, : PR < €(¢) is the embedding of the zero section, and j,, : V,,/w <
O (?) is the complementary open embedding, then we have a distinguished triangle
. . (1]

(ln)*kp;fl[*ﬂ - kﬁ(@) - j*kVn/w -

Applying the functor (7, )4 we deduce a distinguished triangle
(1]
k}pé}*l [_2] - k]pgfl e (Wn)*kvn/w g
in which is the first map is (by definition) the (shift by —2 of the) Euler class of
0(¢). Since k has characteristic £ this Euler class vanishes, and we deduce the
desired isomorphism (3.8).
Next, we claim that for any & in DPSh(Pp~', k) we have a canonical isomorphism

(3.9) Y Rk (Wn)*kvn/w — (ﬂ—n)*(ﬂn)*g
In fact adjunction provides a canonical morphism from the left-hand side to the
right-hand side. To prove that this morphism is invertible it suffices to check this
property after pullback under the surjective morphism m,,. However m, is a principal
Gm/w = Gp-bundle, so that we have a Cartesian diagram

Voo x Gy ——V,/w

Lk

T n—1
Vi@ Py,

hence the claim follows from the smooth base change theorem [SP, Tag 0EYU].
Combining (3.8) and (3.9) we obtain, for any ¢ in DPSh(PE! k), an isomor-
phism
() (1) *9 = 9 ©Y[-1].
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In view of the isomorphism

Hom pe (v, e k) Ky, /s (10)*Y) = Home(Vn/w,k)((Wn)*kp;—u (mn)*9)
= Hom pp pn—1 4 (kwq, (7)) % (m0)*9),
this implies (3.7), hence finishes the proof of the lemma. a

Using Lemma 3.8 we will be able to give a more explicit description of the
category D2 (pt,K)w—_perf, as follows.

n]7c

Lemma 3.9. The full subcategory DEHHC(pt,k)w,perf c D(gmyc(pt,k) consists of
the complezes F such that

dimy (Hg, (pt,.#)) < o0.
As a consequence, in Sm(pt,k) we have a canonical isomorphism of functors
id = [2].
Proof. Recall from (3.5) that there exists a canonical morphism
Canit tkp — kg (2]

in ng (pt, k). More explicitly, this morphism can be constructed as follows: con-
sider the natural dilation action of Gy, on Al. If we denote by i : pt = {0} — A}
the embedding, then we have i!(k%) = k,[—2]. Using adjunction, we deduce a
canonical map
i (e [—2]) = K.
(Note that we have ignored a Tate twist here; see Footnote 6.) Applying ¢*
and shifting by 2, we obtain the morphism canZ;. Since (Ap)® = {0}, from
this description and Lemma 3.5 we obtain that the cone C' of cauaf)t belongs to
ngc(pt, k) —perf. In particular, since the tensor product of any bounded complex
with a perfect complex is perfect, this implies that for any % in D(IID;,,, (pt, k) we
have a canonical isomorphism
F = 72,

providing the desired isomorphism of functors id =~ [2].

Now we claim that the triangulated subcategory (C)a of DEW .(pt, k) generated
by C is exactly the subcategory whose objects are the complexes % such that

dimy, (H{;m (pt, 33)) < 0.

Indeed we have Hg (pt,C) = k[2], so that C belongs to this subcategory. To
prove the opposite inclusion, we prove by induction that for any n € Zso, any
complex .# such that dimk(Hém (pt, #)) = n belongs to (C)a. In fact, if n =
0 then using Lemma 3.8 we see that any object # such that Hg (pt,#) = 0
satisfies Res®™(.#) = 0, hence Forg, (%) = 0. From the definition, we see that
this implies that .# = 0. Fix now n > 0, and assume the result is known for n. If
dimy (Hg,_(pt,.#)) = n + 1, and if m is maximal such that

HE., (pt, F) # 0,
then any choice of a nonzero vector in this space provides a morphism

k

Spt [_m] -7
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in D (X,k). By maximality the composition of this map with canZ [—m — 2]
vanishes, so that this map must factor through a morphism
Cl-m-2] - %.

From the long exact sequence in equivariant cohomology we see that the cone ¢4 of
this map satisfies dimk(HE}m (pt, ¢ )) = n, which allows to conclude by induction.

The two claims we have proved so far show that the subcategory with ob-
jects those complexes # such that Hg (pt, #) is finite dimensional is included
in Dg_ .(pt,k)w_perr. On the other hand, if .# is an object of Dg_ . (pt,k) such
that Res®m (%) is perfect, then

dimy <@ Hompy (p¢,1) (Kpss Resg‘“ (ﬁ)[n])) < o0.
nez

From Lemma 3.8 we deduce that in this case Hg (pt, &) is finite dimensional,

which concludes the proof. O

We can finally give the proof of Lemma 3.7.

Proof of Lemma 3.7. Lemma 3.9 shows in particular that k,; does not belong to
Dam’c(pt,k)w_perf, hence has nonzero image in Sm(pt, k). In view of the isomor-
phism id = [2], this shows that Homsmpt,x) (Kps Ky [12]) # 0 for any even n. Hence
to conclude it only remains to prove that

1 if n is even;
dim Homgop 1 (k... K < ’
i Homsm e (Kpe. Kpe[7]) {0 otherwise

A morphism @ from k; to k,; in Sm(pt, k) is represented by a diagram
kpt i f i) kpt [’ﬂ]

in which % belongs to ngc(pt, k), f and g are morphisms in D&mc(pt, k), and the
cone of f belongs to D&mc(pt, k) —perf, i.€. has finite-dimensional cohomology (see
Lemma 3.9). In particular, from the long exact sequence in equivariant cohomology
and (3.5) we obtain that there exists N € 2Z (which, for later use, we will assume
to be at least —n) such that for m = N we have

k if m is even;

HE (pt, F) =
G‘“(p ) {0 otherwise.

If we choose a nonzero element in H@fl (pt, F), considered as a morphism h :
k¢

cohomology, i.e. belongs to D(})}m,c(pt,k)w_perf by Lemma 3.9. As a consequence,
w can also be represented by the diagram

foh oh
ky, < Ky [-N] == kyy[n].

[-N] - % in Damc(pt, k), then the cone of h has finite-dimensional equivariant

In case n is odd we have
HomDEm (pt.k) (kpt [7N]7kpt [TL]) = Oa

,c

so that g o h must be zero, which finishes the proof in this case.

On the other hand, if n is even both spaces Hompp (¢ 1) (kpe[—N], k) and

Hompp (1) (Kpe [ N1,k [n]) are 1-dimensional, with a basis given by can){[—N]
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and canp” N[=N] respectively. Hence to conclude, it only remains to prove that

for M, M’ > n even, the diagrams

cang{ [—M] can” "M [=M]

kpt kpt [_M] = kpt [TL]
and
canﬁ{/ —M’'] cang'jM/[fM’]
ko K [-M'] ———— ky[n]

represent the same morphism in Sm(pt, k). However we can assume that M’ > M;
then the morphism cangf MM - ko [-M'] — k,[-M] has a cone which
belongs to ng - (Pt, k) w—perf, and satisfies

can' [~M'"] = (can [-M]) o (cand! =M [-M")),
canSﬁM' [-M'] = (cangg“M[_M]) o (Can%'—M[_M/]).

The desired claim follows. O

4. FIXED POINTS OF ROOTS OF UNITY ON THE AFFINE GRASSMANNIAN

As in Section 3 we let F be an algebraically closed field of characteristic p > 0.

4.1. Affine Weyl group. Let G be a connected reductive algebraic group over F,
and choose a Borel subgroup B < G and a maximal torus 7' B. The Weyl group
of (G,T) will be denoted W;. (Here, the subscript stands for “finite,” and is here
to avoid any confusion with the affine Weyl group introduced below.) We will also
denote by U the unipotent radical of B, by B+ the Borel subgroup opposite to B
with respect to T', and by U™ the unipotent radical of BY.

We will denote by X := X*(T') the character lattice of T', and by XV := X, (T)
its cocharacter lattice. Let R =« X be the root system of (G,T), and let R = R
be the system of positive roots consisting of the T-weights in Lie(U™). Let also $R®
be the associated basis of R (the “simple roots”). These data define a set St of
Coxeter generators for W, consisting of the reflections s, with « € R,

The affine Weyl group is the semi-direct product

Waff = Wf X va,

where SRY < XV is the coroot system, and ZR" is the coroot lattice. For A\ €
ZRY we will denote by t) the image of A in Wyg. The group W,g admits a
natural structure of Coxeter group extending that of W%; the corresponding simple
reflections S,g © Wag consist of S; together with the elements tgvsg with 8 a
maximal root in fR.

Given n € Z, we will consider two actions of Wog on V := XV ®z R defined, for
w € Wr and X € ZRY, by

(Wtr) - pp=w(p—nA),  (wty) on = w(p+nA)

for p € XV, where in the right-hand side we consider the natural action of W¢ on
XVY. (Here the action -, appears due to the sign conventions in Bruhat—Tits theory;
but the action o, is closer to the action which will be relevant when considering
Representation Theory.) Of course, these actions are related via

wo, p=—(w-y (—p))
for any w e Wyg and pe V.
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We set
a, :={ eV |VaeR", —n <\ a) <0}
Then the closure a,, of a,, is a fundamental domain for the action of Wog on V'
via -, and via o,. These actions stabilize XV, and a fundamental domain for the
action of W on XV (for each of these actions) is therefore a, n XV.
The affine roots are the formal linear combinations a+mh with o € R and m € Z.
To such a combination we attach an affine function f7 _, , on V, determined by

farmn(v) = {a,v) + nm,
and an element so1mu € Wag determined by

Sa+mh = tmav Sa-

‘We then have

Sa+mh 'n U =71V — Zlermh(U)av

for any ve V.

Remark 4.1. In practice, when considering these constructions in later sections, the
integer n will be either 1 or a prime number different from p. As this assumption
does not simplify the discussion in any way, we will not impose any restriction on
n in this section.

4.2. Some Bruhat—Tits theory. For any positive integer n, we set %, := F((z")).
We will consider £ := J#; as a valued field with its natural valuation (such that
z has valuation 1), and endow each ., with the valuation obtained by restriction.
(In this way, all the fields J#, are canonically isomorphic, but their valuations dif-
fer.) We will denote by &, the valuation ring of J%,, so that &, := F[[2"]]. For
any A € X we have a point 2* € G(¢), defined as the image of z under the map
(#)* — G(H) induced by A. If A € nX ", then 2* belongs to G(.%,).

The group scheme G Xgpec(r) Spec(#;,) is a (split) connected reductive group
scheme over J#,, so that one can consider the associated (enlarged) Bruhat—Tits
building B,,. Our choice of maximal torus in G provides a split maximal torus
T Xgpec(r) Spec(Hr) © G Xgpec(r) SPec(#y, ), which itself defines an apartment A,
in ®8,,. This apartment is an affine space with underlying vector space V', and
it is endowed with a canonical action of Ng(T')(#;,) whose vectorial part factors
through the natural action of Ng(T)(#;,)/T () = Wt on V, and such that for
A € XV the element 2™ € T(.#;,) acts by translation by —n\. Let us choose, for
any w € We, a lift w of w in Ng(T). Then we will consider the map

by : Wag — NG(T)(%)

defined by v, (txw) = 2™ for w e Wy and \ € ZRY.
If we choose a W;-fixed point in A,,, then the action of V on this point defines
an identification

(4.1) VA,

under which the action of Ng(T)(,) on A, identifies with the action of Wag on
V provided by -,. We will fix such an identification once and for all, and use it to
identify all the data considered above related to V' as data related to A,. (None of
our considerations below will depend on the choice of identification (4.1).)

The collection of fixed points of the reflections s, 1 mp (or in other words of kernels
of the functions f7, ) defines a hyperplane arrangement in A,,, hence a collection
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of facets (whose closures are the nonempty intersections of such hyperplanes). In
particular, a,, is a facet of maximal dimension, i.e. an alcove. Another example
of facet is the intersection o, of the reflection hyperplanes associated with all the
reflections sz with 5 € R, i.e. the set of W-fixed points. The facets we will mainly
be interested in are those contained in the closure @, of a,,.

To any facet f in A,,, Bruhat—Tits theory associates a “parahoric group scheme”
Pr over Spec(0,), characterized as the unique (up to isomorphism) smooth affine
group scheme over Spec(&,,) with connected geometric fibers such that

(42) P X Spec(G,) Spec(%fn) =G X Spec(F) Spec(’%/’n)a

and whose &,,-points identify (via this isomorphism) with the pointwise stabilizer
of f in G(;,). In particular we have

Py, = G Xgpec(r) Spec(Oy),

and P, is an Iwahori group scheme, whose group of &,,-points is the inverse image
Iw,, of B under the map G(&,,) — G of evaluation at z™ = 0. This construction is
compatible with inclusions of closures of facets in a natural way; in particular for
any facet f contained in @&, we have an inclusion

(4.3) Pa, © P

4.3. Loop groups and partial affine flag varieties. As above we fix a positive
integer n. The n-th loop group associated with G is the ind-affine group ind-scheme
L,,G over F which represents the functor sending an F-algebra R to G(R((z"))). The
associated arc group (or positive loop group) is the affine group scheme L} G over
F which represents the functor sending R to G(R[[2"]]).

The case we are mostly interested in is when n = 1. In this case (here and in
later related notation), we will usually omit the subscript from the notation. The
case of a more general n however naturally appears when considering the action
of n-th roots of unity by loop rotation. Namely, we have a natural action of the
multiplicative group Gy, over F on LG by loop rotation. This action stabilizes the
subgroup LTG. Denote now by p,, < Gy, the subgroup scheme of n-th roots of
unity; we can then consider the fixed-points ind-scheme (LG)*~ and the fixed-points
scheme (LT G)Hn in the sense of §2.4.

Lemma 4.2. We have identifications
(LG~ = L,G, (LTG)*» =L}G.

Proof. For any F-algebra R, the R-points (LG)(R) consist of the F-schemes mor-
phisms Spec(R((z))) — G. Therefore, the R-points of (LG)*» consist of the p,,-
invariant morphisms Spec(R((z))) — G, i.e. the morphisms which factor through
the quotient Spec(R((z))) — Spec(R((z)))/m,, = Spec(R((z™))). This proves the
first identification. The proof of the second one is similar. (Il

It is well known that the fppf sheafification of the functor
R~ (LG)(R)/(L*G)(R)

is represented by an ind-projective ind-scheme of ind-finite type over IF, which is
called the affine Grassmannian of G, and will be denoted Grg. The main goal of
this section is to describe the ind-scheme (Grg)*=, see Proposition 4.6 below. This
will require discussing more general “partial affine flag varieties” attached to L, G,
as follows.
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If f c &, is a facet, we can consider the affine group scheme L} P over F
which represents the functor sending R to Pe(R[[2"]]). In view of (4.2), L} P is a
subgroup of L, G. The partial affine flag variety

F13

associated with f is the ind-projective ind-scheme of ind-finite type over F which
represents the fppf sheafification of the presheaf

R~ L,G(R)/L} P(R).

These ind-schemes are the main object of study of [PR]. In particular, the connected
components of FIi are in a natural bijection with the algebraic fundamental group
of G (see [PR, Theorem 0.1]); the component corresponding to the neutral element
will be denoted Fig*°.

If a € R, we will denote by U, the root subgroup of G attached to «. Then,
for an affine root o + mh, we will denote by Uyymi the subgroup of LG which,
for any isomorphism u, : G, — U,, identifies with the image of the morphism
x> ug(xz™).

The following statements are easily checked.

Lemma 4.3. Let o € R and m € Z.
(1) The subgroup Uyymp is stable under the action of w,,, and we have

Ussmn if menZ;
U Ky —
Wamn) {{1} otherwise.

(2) If A e XV, we have

Z/\ . Uaerh ' 27>\ = Ya+(m+\a))h-
(3) Iff c a, is a facet, we have Ugymnn < L} Pe iff fI, ., takes nonnegative

values on f.

4.4. Big cells in partial affine flag varieties. Our arguments below will make
use of the “big cell” in Fif', whose construction we now recall following de Cataldo—

Haines—Li | ]. We first consider the affine group ind-scheme LSVG which
represents the functor sending R to the kernel of the morphism

G(R[z™"]) > G(R)

of evaluation at 27" = 0. Then Lg,_l)G is a subgroup ind-scheme of L, G, and we
set

L; P, =LSYG.-U*.

With this definition, it is well known (see e.g. [Fa, §2]) that the action on the base
point induces an open embedding

L, Pa, — J1,°,

and that from this one can obtain an open cover of F Z;O parametrized by Wag,
where the open subset corresponding to w is the image of

tn(w) - Ly, Pa, - L'rb(w)71
under the map g — g [tn(w)]. (Here, [tn(w)] is the image of ¢, (w) in FI3°.)
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For a general facet f < @, we denote by Wi the pointwise stabilizer of f in
Wag (a finite parabolic subgroup) and set

L.~ P = m tn(w) - L, " Pa, - tn(w)™"

weWaf“
The following claim is easily checked.

Lemma 4.4. For a € R and m € Z, we have Unynmn © Ly, ™ P iff fi,,.n takes
negative values on f.

With this definition, as explained in | , §3.8.1], the action on the base point
defines an open embedding

L;ipf — g:l?’o.
One can obtain from this an open cover of 3"1?’0 parametrized by the quotient

Was/ szff, where the open subset attached to a coset wVVBﬁcf is the image of the
subgroup

tn(w)- L, " Pr- Ln(w)*1

under the morphism of action on the image of ¢, (w). (These data do not depend on
the choice of w in its coset, and this claim can be deduced from the corresponding
fact for a,, by using the morphism F13"° — FI¢"° induced by (4.3).)

Note that in the special case n = 1 and f = 01, we have

L7~ P, = LY.

For m € Z=,, we will also denote by L=V G (m), resp. Lgl_l)G(m)7 the subgroup
of L1 @G, resp. L%_l)G which represents the functor sending R to the preimage of
T(R[t~']/t~™) under the composition

LEVG(R) — G(R[ET']) — G(R[E]/t7™),
resp. the preimage of T'(R[¢t~"™]/t~™") under the composition
LVG(R) — G(R[E™]) — G(RIE] /™).

n

Below we will require the following properties of these subgroups:

(1) for fixed A € XV and m € Z-g, for m’ » 0 we have 2*LEVG(m/)z=> <

LEDG(m);

(2) for any facet f — &,, for m » 0 we have Lgfl)G(m) c L~ Ff.
(Here, (2) follows from the fact that for any given w € W,g, for m » 0 we have
L%_l)G(m) C tn(w) - Ly~ Pa, - tp(w)™1, see | ]. For (1), we can use | ,
Remark 3.1.1] to reduce the claim to the case G = GL, (F), which is clear from a
matrix calculation.)

Lemma 4.5. For any A € (—a,) n XV, we have
(2% Ly Po, -2 )Hn = L, " P,
where £\ c @, is the facet containing —\.

Proof. For any « € R, let us denote by i, the largest integer such that the function

Jori,n takes negative values on fy. In fact, since fy < @, we can describe this

integer very explicitly; namely:
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e if « € R then (\,a) € {0,--- ,n}, and

~ {0 if () > 0;

4.4 o
(44) ! -1 i\ a)y=0;

o if v e —RT then (\,a) € {—n,---,0}, and

{1 it (\,a) > —n;

(4:5) foe = -2 if\ay=—n.

Recall from (1)—(2) above that we can choose m large enough such that
LEYG(m)c L; P, and 2 - LEYG(m)-2* <« LEYG.

Then the arguments in | , Proofs of Lemma 3.6.3 and Proposition 3.6.4] show
that we have a direct product decomposition

L, P, = Lgfl)G(m)' 1_[ n Ua+jnh - H n Ua+jnh-
aeR* j=—m ae—R* j=—m
(Here we use an arbitrary order on /8 and on —R*.) Our choice of m guarantees
that 2= - LS Y G(m) - 2 ¢ LEYG, and in view of Lemma 4.3(2), for any affine
root a + jnh appearing in the decomposition above, the fact that fg+jh(—)\) <0
implies that
Z_A ' Uoc-‘rjnh ' Z)\ < L(_l)G
These considerations show that
L, Py c2)- L7 Py -2,
so that
L, P, © (2% L7 Py, - 27 N)Pn,
To prove the reverse inclusion, we continue with some m as above, and choose
m’ » 0 such that
ALEVG(m)z < LEVG(nm)
(see (1) above). We then have
(ALEVGm) 27 e < (LEYVG(nm))e = LTYG(m).

As above we have a direct product decomposition

—-1 —1
L(fl)G:L(fl)G(m/)' H n Uatjn- n H Ua+jn»

aeRtT j=—m/ ae—Rt j=—m'

where now (for notational convenience) we choose the order on R* such that all
the roots such that (A\,a) = 0 are bigger than the other ones, and the order on
—M* such that all the roots such that (A\,a) = —n are bigger that the other
ones. From this decomposition we see that (z* - L(=DG - 27*)#a is the product of
(ALY G(m! )2~ )#n, which is included in L, ~ P, by the choices of m and m/,
and of

—1+(a) —1+ @) Hon

] [T Uarin- | [T Uatin|

aeRt j=—m/+{(\0) ae—Rt j=—m/+{(\0)
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which by Lemma 4.3 is included in

0 —1
[T 11 oo T1 T Ve

aeRrt j=—N aeRrt j=—N

Aa)>0 M ay=0
—1 -2
[T 11 Uswinn- 1 11 Uatinn

ae—mt j=—N ae—m+t Jj=—N
a)y>—n ay=—n

for N » 0. Here all the affine root subgroups are included in L, ~ P, by (4.4)-(4.5)
and Lemma 4.4, which finally proves that

(A LEVG 2N ¢ LT Py,
and concludes the proof. O

4.5. Fixed points on the affine Grassmannian. The main result of the present
section is the following claim. (Here, for A € XV we denote by Ly the coset of z*
in Grg.)

Proposition 4.6. For any A € (—a,) n XV, the map g — g - Ly factors through
an open and closed embedding

?l;:o - (9TG)#n'7
where £\ is as in Lemma 4.5. Moreover, the induced map
L] T = (Sre)
Ae(—a,)nXV
is an isomorphism of ind-schemes.
Proof. Arguments similar to those for Lemma 4.5 show that for A € (—a,) n XV,
the point Ly is fixed under the action of L} P, . Since this point is also stable

under the action of lifts of elements in Waff*f, it is stabilized by L} Ps,. Since p,,
acts trivially on L,,G, our morphism therefore indeed factors through a morphism

3:’1;7; - (QTG)”" )

which we can then restrict to the wished-for morphism JFIg° — (Grg)H».
We will now prove that the induced morphism

(4.6) L] F15° = (Gre)#

Ae(—a,)nXVv

is an isomorphism, which will conclude the proof. For this we use the “big cell”
theory recalled in §4.4. Namely, recall that for v € XV the morphism g — ¢ - L,
defines an open embedding

2V L] Py - 27" — Gra,

and that the images of these maps constitute an open cover of Grg. These open
subsets are stable under the Gy,-action by loop rotation, hence also under the u,,-
action we consider here; it follows that (Grg)*» has an open cover parametrized by
XV, with the subset corresponding to v naturally isomorphic to (2" L]~ Po, 27" )#n.

Similarly, for any A € (—a,) n XV and any coset u}ngf in Wag/ W:@r, we have
considered in §4.4 an open subset of f}'lg’o naturally isomorphic to ¢, (w) - L~ Py, -
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tn(w)~t. Now since (—a,) n XV is a fundamental domain for the action of W,g on
XV (via o,), we have a bijection

] Wae/Wi = XY
Ae(—a,)nXV
sending wW € Wag /W to —(w -, (=) = w o, .

To conclude the proof, we will show that the map (4.6) identifies the open subset
of &"lg’o associated with the coset waf} with the open subset of (Grg)H» corre-
sponding to w o, A. For this it suffices to prove the equality
(4.7 (299X LT Py - 27O M e = 1 (w) - Ly~ Py -t (w) 7L

In case w = 1, the equality (4.7) was checked in Lemma 4.5. The deduce the
general case, write w = t,v with y € XV and v € W;. Then we have

A7 —wa, A )+ —— —v(\)—
(ann -L1 P01 .y WO )un _ (zv( )+np | Ll P01 .2 v(A) nu)un
= 2" (2N L] T Poy - 27 NP Ty = gy LT Py 0T T,
which concludes the proof. (Il

For A € (—a,) n XV, we will denote by Gr¢ () the image of fﬂg’o in (Grg)Hn
under the map of Proposition 4.6. We then have

(Gre)* = || Sreom

Ae(—a,)nXV
which describes (Grg)H» as the union of its connected components.

Remark 4.7. The action of L, G on Ly induces an embedding
L,G/L}G — (Srg)”.

Here L,,G/L} G is of course isomorphic to Grg. In terms of the decomposition in
Proposition 4.6, this embedding identifies L,,G/L;}} G with the union of the compo-
nents Gr¢, (1) where A runs over (—a,) n nX".

4.6. Orbits on the affine Grassmannian. A crucial role in our discussion will be
played by the following Iwahori subgroups of LG, for which we introduce special
notation:
Iw:= L] Pa,, Iw" =1 Iw- (1p) "

(Here, wyg is the longest element in W.) More concretely, Iw, resp. Iw", is the
inverse image of B, resp. B*, under the map evy : LYG — G sending z to 0.
We also denote by Iw, and Iw," the pro-unipotent radicals of Iw and Iw™, i.e. the
inverse images of U and U™ under evy.

The group scheme LT G acts on the affine Grassmannian Grg (see §4.3), and the
orbits of this action are parametrized by the subsemigroup Xy < X" of dominant
cocharacters. More precisely, we have

(4.8) (SrG)red = |_| Grey  with Grgy := L¥G - Ly,
)\EX}r
where the left-hand side denotes the reduced ind-scheme associated with Grg.

Moreover, for any A € XY the closure Sr)é is a projective F-scheme of finite type,
on which the action of LT G factors through an action of a quotient group scheme
of finite type.
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The orbits of Iw and Iw* can be described similarly: we have

(97G)rea = |_| Grga with Grg\ :=1Iw- Ly
AeX Vv

and
(Src)rea = | | Gré&s with Gré, i=Tw" - L.
AeXV
Moreover, each Iw-orbit (resp. Iw™-orbit) is also an Iw,-orbit (resp. Iw -orbit),
and for any p € XY we have

Sri, = |_| 9raa = |_| 97’5,,\~
)\Equ, )\Eny,
For A € XV, the embedding of 97‘5/\ in §rg will be denoted jy .
If n € Z~g, we can also consider the Iwahori subgroups Iw,,,Iw;” < L,,G defined

as above, and their pro-unipotent radicals Iwy, y,, letn.

Lemma 4.8. We have

Iwhn =Tw,, (IwH)H» =1Iw), (Iwy)*r =Twy,, (Iwi)H = IWIR.

For any A e XV we have
(Grga)#n =1Iwy, - Ly, (97’57)\)"” = Iwz - L.

Proof. The identifications in the first sentence are immediate consequences of Lem-
ma 4.2.

For the description of (Grg y)#», for any a € R we set §, = 1 if @ € RT, and
0o = 0 otherwise. Using the notation introduced in §4.3, we set

IWﬁ = H H Ua+mh )

aeR \ Jo<m<{\,a)

where the products are taken in any chosen order. Then it is well known that the
map u — u- Ly induces an isomorphism Iwﬁ — Grg.a. We deduce an isomorphism
(Iwp)#n =5 (Grg.a)#n, and here by Lemma 4.3 we have

e =TT T Ve

aeR | do<m<{\,a)
n|m
It follows that (Srg x)#» = Iwy,-Ly, as desired. The proof that (97"57)\)”” =1Iw' Ly
is similar. g

Remark 4.9. Standard considerations show that for any facet f — a,, the Iw, -
orbits on FI§ are parametrized in a natural way by the quotient Waﬁc/szff. On
the other hand, the Iw*-orbits on Grg are naturally parametrized by XV, so that
by Lemma 4.8 the Iw, -orbits on (Grg)#» are also parametrized by XV. Under
the identification of Proposition 4.6, for any A\ € (—a,) n X the orbit in Flf
corresponding to the coset wWf; is mapped to the orbit in (rg)*" parametrized
by w o, A.
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5. IWAHORI-WHITTAKER SHEAVES ON THE AFFINE (GRASSMANNIAN
We continue with the setting of Section 4.

5.1. Iwahori—Whittaker sheaves. The category of sheaves on Grg we will study
is the Twahori—-Whittaker derived category, whose definition we briefly recall. (For
more details, see e.g. | , Appendix A].)

From now on we let k be a finite field of positive characteristic £ # p containing
a nontrivial p-th root of unity. After choosing such a root of unity ¢, we obtain an
Artin—Schreier local system Zas on G, defined as the direct summand of the local
system ASukg on which F, acts via n +— ¢". (Here, AS : G, — G, is the map
x — P —x, a Galois cover of group F,,.) We choose once and for all a morphism of
F-algebraic groups xo : UT — G, which is nontrivial on any root subgroup of U™
associated with a simple root, and denote by

x:Iwh -G,

the composition of yo with the morphism Iw, — U* induced by evy.

For X < Grg a locally closed finite union of Iw ' -orbits, we can choose a smooth
quotient J of Tw; of finite type such that the Iw,-action on X factors through
an action of J, and such that y factors through a morphism x; : J — G,. Then
the (J, x%-Zas)-equivariant derived category of k-sheaves on X is by definition the
full subcategory of D”Sh(X, k) whose objects are the complexes .# whose pullback
under the action map J x X — X is isomorphic to x%.Zas X.%. It is well known
that this subcategory is triangulated, and that it does not depend on the choice of
J; it will be denoted
It is known also that the perverse t-structure on DPSh(X, k) restricts to a t-structure
on D2,,,(X,k), which will also be called the perverse t-structure. (Here, “ZW”
stands for “Iwahori-Whittaker.” We will use this expression as a replacement
for “(J, x%-Zas)-equivariant” where J is as above, in all circumstances where this
notion does not depend on the choice of J.)

One can also define the category

Dlyyy(Sr. k)
of Iwahori-Whittaker sheaves on §rg as the direct limit of the categories D%W (X, k)
where X runs over the closed finite unions of Iw™-orbits, ordered by inclusion.
(Here, the transition functors are the—fully faithful—pushforward functors.) Since,
for X < Y, the pushforward functor D2,,(X,k) — D%,,,(Y,k) is t-exact, from the
perverse t-structures on the categories D%W (X, k) we obtain a perverse t-structure
on D2,,,(Srg, k), whose heart will be denoted Pervzyy(Srg, k).

The considerations on stabilizers from the proof of Lemma 4.8 can be used to
see that for A € XV, the orbit 97’27  supports a nonzero Iwahori-Whittaker local
system iff A belongs to the subset

XY, ={peXY|VaeR", (u,a)>0}.
Moreover, in this case there exists (up to isomorphism) exactly one such local system
of rank 1; it will be denoted .Zli‘s. This remark implies that for any e XV N XY,
the category D%W(Sra 4 k) is 0; in particular, the restriction and co-restriction of
any object in D,,,(X,k) (where X is any locally closed finite union of Iw*-orbits
containing 97’5) u) vanishes.
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Remark 5.1. If we assume that there exists an element ¢ € XV such that (¢,a) =1
for all o € R®, then we have XY, = ¢+ XY.

For A e XY, we set
APV = (GOnLRsldim(Sré )], VR == ()« ZRs[dim(Sr )]

Since jy is an affine embedding, these objects are perverse sheaves by | ,
Corollaire 4.1.3]. Standard arguments (going back to | ]) show that the category
Pervzyy (Gra, k) admits a structure of highest weight category (in the sense of [Ri,
§7]) with weight set XY, standard objects the objects (ALY : X € XY, ), and
costandard objects the objects (VW : \ e XY.). In particular, one can consider
the tilting objects in this category, i.e. the objects which admit both a filtration
with standard subquotients, and a filtration with costandard subquotients. Recall
that, as remarked in | ], this notion can also be characterized topologically:
a perverse sheaf .Z is tilting iff the complexes (ji)*.%# and (j§)'F are perverse
(i.e. are direct sums of copies of .Zs[dim(Grf ,)]) for any A e XY, .

The full subcategory of Pervzyy (Gra,k) whose objects are the tilting objects
will be denoted Tiltzyy(Grg, k). The general theory of highest weight categories
(reviewed e.g. in [Ri]) guarantees that the indecomposable objects in this category
are parametrized in a natural way by XY . More precisely, for any A € XY there
exists a unique (up to isomorphism) indecomposable object 7" in Tiltzy (Sra, k)

which is supported on 97‘5)\, and whose restriction to 97"5’/\ is L2 [dim(?;raA)];
then the assignment A\ — %\ZW induces a bijection between XY and the set of
isomorphism classes of indecomposable objects in Tiltzyy (Grg, k).

5.2. Loop rotation equivariant Iwahori—-Whittaker sheaves. We will need to
“add” the (loop rotation) G,-equivariance in the construction of §5.1. We therefore
consider a locally closed finite union of Iw™T-orbits X < Grgs as above. The G-
action by loop rotation on Grg stabilizes each IwT-orbit, hence also X, so that
we can consider the G, -equivariant derived category of étale k-sheaves D(Em (X, k).
The quotient J of Iw," as in §5.1 can be chosen in such a way that the G,,-action on
Iw, induces an action on J. Since the morphism x : Iw} — G, is Gy-equivariant
(for the trivial Gp,-action on G,), so is x s, and the local system x%.Z5s is therefore
Gu-equivariant. We define the category

D%W,Gm (Xa k)
as the full subcategory of ng (X, k) whose objects are the complexes % such that
a3 F = 5 Ls®F  in DR (J x X, k),

where ay : J x X — X is the action morphism. (Here, G,, acts diagonally on
J x X.) Arguments similar to those for the case when the Gp,-action is dropped
show that D%W’Gm (X, k) is a triangulated subcategory of Dg (X,k); in fact this
category is the essential image of the fully faithful functor

chm (X» k) - DgW,Gm(Xv k)
sending a complex .# to (G/J)[(X?;XAS 97) It is also easily checked that this

category does not depend on the choice of J, and that the perverse t-structure on
Dg._ (X, k) restricts to a t-structure on D%W,Gm (X, k).
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Taking the direct limit of the categories D%W,Gm (X,k) where X runs over the
closed finite unions of Iw*-orbits, we obtain a triangulated category

Dgw,«;m (Gra, k)

with a natural perverse t-structure, whose heart will be denoted Pervzwy g, (7. k).
We have a natural t-exact forgetful functor

(5.1) Diw e, (9ra,k) — Diy(9re; k).

5.3. Parity complexes. Let X — SGrg be a locally closed finite union of Iw™-
orbits. Recall (see [ , ]) that an object .# in DY, (X,k) is called -
even, resp. l-even, if for any A € XY, such that STE,A < X the complex (j;)*.Z,
resp. (j;\r)!e?7 is concentrated in even degrees, i.e. is a direct sum of objects of the
form Z{s[n] with n € 2Z. (Here, by abuse we still denote by ji the embedding
of QTE,A in X. Note also that if A € XV ~ XY, is such that Qra)\ c X, then as
explained in §5.1 we have (ji)*.7 = (jj\“)lﬁ = 0 for any .# in D%,,,(X,k), so that
no condition is required for these strata.) We define similarly the *-odd and !-odd
objects (requiring that n is odd in this case), and we say that .7 is even, resp. odd,
if it is both *-even and !-even, resp. *-odd and !-odd.

These notions can also be considered in DgW,Gm (X, k); more precisely an object
Z in D%W,Gm (X, k) is said to be #-even, resp. l-even, etc., if its image in D%, (X, k)
(under the forgetful functor) is #-even, resp. l-even, etc. If F € D%W,Gm (X,k) is
x-even, for any A € XY, such that §r5, < X the complex (ji)*.Z is a direct
sum of objects of the form #Rg[n] with n € 2Z in D§W7Gm(9ra)\,k). A similar
comment applies to -even objects (with respect to l-restriction), and to *-odd and
l-odd objects.

By definition, the category D%, (Srg, k), resp. D%y ¢ (97, k), is the direct
(X,k), where X runs over the
closed finite unions of ITw™-orbits in Grq. Hence it makes sense to consider even
and odd complexes in these categories. The general theory of | | (see also | ,

] for some comments on the Iwahori-Whittaker case) guarantees that for any
A € XY there exists a unique (up to isomorphism) indecomposable object in

D2, (Gra, k), resp. D%Wﬁm (Sra,k), which has the same parity as dim(Sr¢ ),

limit of the categories D2, (X, k), resp. D%W,G

m

which is supported on 97’57)\, and whose restriction to Gr¢ \ is Zag[dim(Sr )]
This object will be denoted

EPW resp. é‘}\z}év

m

It is known also that the image of éf}/;}fn under the forgetful functor (5.1) is &V,
see e.g. [MR, Lemma 2.4]. ’

As remarked already in | ], these objects have an alternative description,
as follows. It is known that the parity of dim(SraA) (with A € XY ) is constant
on each connected component of Grg. As a consequence, a tilting object supported
on a component where these dimensions are even, resp. odd, is even, resp. odd. In
particular, by unicity, for any A € XY, we must have

(5.2) T = 6DV

Using these considerations we prove the following lemma, to be used later.
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Lemma 5.2. The forgetful functor induces an equivalence of categories
Pervrw .. (Gra. k) — Pervoy (Grg, k).

Proof. Tt follows from the general theory of equivariant perverse sheaves (recalled
e.g. in [BR, §1.16]) that the forgetful functor Pervg,_(Srg,k) — Perv(Srg, k) is
fully-faithful; therefore, so is its restriction Pervzw g, (97g, k) — Pervow (Grg, k).
This general theory also implies that the essential image of this functor is stable
under subquotients (see e.g. [J3, §12.19]). Now from (5.2) and the fact that each ob-
ject &Y belongs to the essential image of the forgetful functor DgW,Gm (Grg, k) —
D%,,,(S7a, k) (see the remarks above), we see that the essential image of our functor
contains all the tilting objects. By the general theory of highest weight categories

(see [Ri, Proposition 7.17]), the canonical functor provides an equivalence of trian-
gulated categories
(5.3) K Tiltzw (7. k) = DPPervryy (Grg, k).

In particular, it follows that any object of Pervry(Grg,k) is a subquotient of a
tilting object, hence that it belongs to this essential image, which finishes the
proof. O

6. SMITH THEORY FOR IWAHORI-WHITTAKER SHEAVES ON Grg

We continue with the setting of Sections 4-5. Our goal in this section is build a
“Smith theory” for the category D%, (Sr¢, k), following Treumann [11] and Leslie
Lonergan [LL].

6.1. The Iwahori—Whittaker Smith category. As in Section 3 we consider the
subgroup scheme w = p, c G, and the fixed points (Grg)® < Grg with respect
to the loop rotation action. This subscheme is described in §4.5; in particular since
(Iw")® = Iw/ (see Lemma 4.8), this group acts on (Grg)®, and each Iw; -orbit is
also an IWI ,-orbit.

The Gy-action on Grg stabilizes (Grg)®, hence induces an action on this sub-
ind-scheme. On the other hand, as explained above we also have an action of
ij’e on (Grg)@. The analysis in §4.6 shows that the orbits of the latter action are
naturally parametrized by XV, and that each orbit is stable under the action of G,.
Repeating the construction in §5.2, now with the morphism Iwie — (G, obtained
by restricting x one can define for any locally closed finite union of IWZ—orbits
Y < (§rg)® the Iwahori-Whittaker loop rotation equivariant derived category

D%Wﬁ ,Gm (}/’ ]k) °

We define D%We,Gm (Y,k)w—pert as the full subcategory of D%Wz,Gm (Y, k) whose
objects are the complexes .% such that Resg’“ () has perfect geometric stalks in
the sense of §3.3. We then define the Iwahori—Whittaker Smith category of Y as
the Verdier quotient

Smzw (Yv k) = DgWZ,G (Y’ k)/D%WZ,Gm (Y7 k)w—Perf'

This category has a natural structure of triangulated category; the (cohomological)
shift functor will be denoted [1] as usual.
We now check that this construction is functorial in the following sense.

m
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Lemma 6.1. Let Y,Z < (Srg)® be two locally closed finite unions of Iw, -orbits
such that Z < Y. Denoting by f this inclusion, for 7 € {*,1} there exist canonical
functors

™ Smow(Z,k) — Smow (Y, k), fo o Smow (Y, k) — Smopw(Z, k)
such that the diagrams

”

Rf» I

D%Wz,Gm (Z’ k) D}%Wz \Gm (Y’ k) DZIZ)WZ,(Gm (Y7 k) > D%Wg,Gm (Z’ k)
i l and J{ J/
f2m Fom
szw(Z7k) —>sz1/\;(3/, k) szw(Y, k) —>Sm1y\)(Z, ]k)

are commutative, where the vertical arrows are the quotient functors.

Proof. By the universal property of Verdier quotients, we need to show is that the
functors Rfy, Rfi, resp. f*, f', send D2y, o (Z,K)e—pers into D2y, ¢ (Y, K)o pert,
resp. D%Wz’Gm (Y, k) w—perf into D%W,;,G“,(Z’ k) —pers. For the functor f* this claim
is obvious from definition, and for Rfy it follows from Lemma 3.6. For the functor
Rfi, one can argue as follows. If 5 : Spec(K) — Y is a geometric point of Y, then
by | , Exposé XVII, Proposition 5.2.8] we have

(RfiF )y = RI'(Z xy Spec(K), F'),

where Z’ is the pullback of &#. Now Z xy Spec(K) is a locally closed subscheme
of Spec(K’), hence is either & or Spec(K). Hence (Rf1.% )y is either equal to F5 or
to 0, which shows that Rfi.7 must belong to D%y, o (Y, K) e pert-

Finally we treat the case of f'. For this we can assume that f is either a closed
embedding or an open embedding. In the latter case we have f' = f*, hence
the claim is known. In the former case, we denote by g the complementary open
embedding. Then, given .Z in D2, ¢ (V,k)m _pers we consider the distinguished
triangle

m

m

ol T = F > gug*F L
Here .# and g.g*.Z belong to D%W“Gm (Y, k) —perf, hence so does fyf'.%. This

implies that f'.Z belongs to DgWZ,G (Z,Kk)w—perf, which completes the proof. [

m

It is easily seen that (f& , Sm) and (f°™, fi.) are adjoint pairs of functors.

In particular, if f is a closed embedding then the functor f3m = f,sm is fully
faithful, so that the category Smzw(Z,k) can (and will) be identified with a full
triangulated subcategory in Smz (Y,k). Tt is also easily checked that, given a
decomposition of Y as a disjoint union of a closed (in Y) finite union of Iw;-
orbits and its open complement, we have canonical distinguished triangles as in the
“recollement” setting of | , §1.4].

The full faithfulness of pushforward under closed embeddings allows to define the
category Smzw ((Srd&)@, k) as the direct limit of the categories Smzyy (Y, k) where
Y runs over the closed finite unions of Iw/ -orbits in (Grg)@.

6.2. The Smith localization functor. We will be particularly interested in the
construction of §6.1 in the case ¥ = X® for some locally closed finite union of
IwT-orbits X < Grq. In this case, we denote by ix : X — X the embedding. For
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any . in DY, . (X,k), we have objects i'y.# and i%.Z in DY, ¢
a canonical morphism

(X® k), and

iNT —i%F,
see (3.4). It follows from Lemma 3.5 that the cone of this morphism is killed by
the quotient functor
D%y, 6. (X7, k) = Smzw (X =, k).
We can therefore define the functor
l‘;{k : D%W,Gm(Xa k) - SmIW(Xw7k)
as the composition of either ¢% or Z|X with this quotient functor.

This functor is compatible with the push/pull functors associated with locally
closed embeddings, in the following sense.

Proposition 6.2. If X,Y < Sr¢ are two locally closed finite unions of Iw™ -orbits
such that X < Y, and if we denote by f : X — Y the embedding and by f% : X% —
Y@ its restriction to X%, then we have canonical isomorphisms of functors

i o fe = (f)M 0N, e fix (fT)M o,

o ff = (fTEmoif,  iXof = (fT)sm oy
Proof. The first, resp. second, isomorphism on the first line follows from the base
change theorem (see [ , Exposé XVIII, Corollaire 3.1.12.3] and | , Ex-

posé XVII, Théoreme 5.2.6] respectively) if we see z'{,“ and z'X* as the compositions
of #4, and ', resp. of i} and 4%, with the appropriate quotient functors. The
isomorphisms on the second line follow similarly from the compatibility of pullback
functors with composition. O

Taking the direct limit of the functors z')’(" for X a closed finite union of Iw " -orbits
in §rq, we also obtain a functor

i!g*rc : D%W,Gm(gr(},k) — Smzw ((§76)7, k).

6.3. Some first properties of the Iwahori—-Whittaker Smith category. Let
us fix some A € XY, and consider the Iwiz—orbit (Sra)\)w < (Grg)@. (Once again,
the Iwahori-Whittaker category associated with an orbit labelled by a weight in
XY ~ XY, vanishes; these coweights can therefore be ignored.) We set

-zs)\m =i (gﬁ\s)-

297"?”
Lemma 6.3. For any n € Z, we have

k if n is even;

A A —
HomSmIW((ng,A)w’k) (Zsm: Zsm [n]) N {O if n is odd.

Proof. Since Iw;} , acts transitively on (Gr& ,)® (see Lemma 4.8), we have an equiv-
alence of triangulated categories

Dgwg,Gm((gra,\)wak) ~ D2, .(pt,k)
which matches fé\s with k. This equivalence induces an equivalence
Smzw (& .0) 7 k) = Sm(pt, k),

where the right-hand side is defined in §3.5. The claim then follows from Lemma 3.7.
O

rﬂ7c
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We consider once again a general locally closed finite union of Iw -orbits ¥ <
(Gre)®.
Lemma 6.4. There exists a canonical isomorphism of endofunctors of Smzyw (Y, k)
id = [2].
Proof. As explained in Lemma 3.7, there exists a canonical map k,; — k[2] in
D(Em, .(pt, k) whose cone has perfect geometric stalks. Pulling back to ¥ we deduce
a canonical morphism ky- — ky [2] whose cone has perfect geometric stalks. Since

the tensor product with ky-, resp. ky-[2], defines an endofunctor of D%W&Gm (Y, k)
which is isomorphic to id, resp. to [2], the desired claim follows. (]

Proposition 6.5. For any % ,9 in Smrw (Y, k), the k-vector space
Homsmzw(yvk) (ﬁ, g)
is finite-dimensional.

Proof. The proof proceeds by induction on the number of IWZ—orbits inY. In
fact the distinguished triangles from the “recollement” setting (see §6.1) reduce the
proof to the case Y consists of one orbit, which follows from Lemma 6.3. O

7. PARITY OBJECTS IN SMITH CATEGORIES
We continue with the setting of Sections 4—6.

7.1. Definition. As remarked already in [[.I] (using slightly different definitions),
the theory of parity complexes from [ | adapts easily to the Smith category
Smzw (Y, k), where Y < (Grg)@ is any locally closed union of Iw, -orbits. Namely,
we will say that an object % in Smzyy (Y, k) is #-even, resp. !-even, if for any A €
XY, such that (SraA)w c Y, denoting by j;\“w : (Sra)\)w — Y the embedding,
the object (j;f’w);"mﬁz, resp. (j;f’w)fsmﬁz, is isomorphic to a direct sum of copies of
Z2.. (In this case we do not need to consider even shifts because of Lemma 6.4.) We
will then say that % is even if it is both *-even and !-even, and define similarly the
notions of *-odd, !-odd, and odd objects (replacing £2\, by its shift by 1). We will
denote by Smyyy (Y, k), resp. Smyyy (Y, k), resp. Smb3h (Y, k), the full subcategory
of Smzyy (Y, k) whose objects are the even objects, resp. the odd objects, resp. the
objects which are isomorphic to a direct sum of an even and an odd object.
Recall that an additive category is called Krull-Schmidt if any object can be
written as a direct of indecomposable objects whose endomorphism rings are local.

Lemma 7.1. The categories Sm%,, (Y, k), Smiy (Y,k) and Sm3, (Y, k) are Krull-
Schmidt.

Proof. By Proposition 6.5 and | , Corollary A.2], to prove the lemma it suffices
to prove that any idempotent in the category Sm%3), (Y, k) splits. We do this by
induction on the number of Iw/-orbits in Y. If Y = (Sra)\)w for some A € XV,
and if .Z belongs to Sm73,,(Y, k) then either .# = 0 (in which case there is nothing
to prove) or A € XY, and .F = (£3,)%" @ (£2,)"[1] for some n,m € Zs. In this
case, by Lemma 6.3 we have

Endsm.,, (v (F) = My (k) x My, (k),
so that any idempotent in Endsp,,, (vx) (%) indeed splits.
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To treat the induction step, we choose a closed Iwzr—orbit Z < X, and denote by
1: 22— X, 1 XNZ—>X

the embeddings. For any .# in Sm})),(Y,k) we then have a distinguished triangle
-Sm ! ar -Sm -k [1]
i Nism T = F = J" Jsm T —

and the objects i§,.Z and j& F belong to Smy)y (Z,k) and to Smyy (Y \ Z,k)
respectively. If e € Endsm,,, (v;x) (%) is an idempotent, then ik, (e) and j& . (e) are
idempotents too, hence they split by the induction hypothesis. By [L.C, Proposi-
tion 2.3], this implies that e splits. O

We will also define the categories
Smw((Gra)™, k), Smzpw((Gr¢)™ k) and  SmiL((Sra)™, k)

as the direct limit of their counterparts for X, where X runs over closed finite unions
of Iw -orbits in (Srg)®. (Equivalently, these categories can be defined in terms of
restrictions and corestrictions to Iwzr—orbits, as for their counterparts above.) Of
course, Lemma 7.1 implies that these categories are Krull-Schmidt.

7.2. Basic properties. The study of parity objects in Smzy, (Y, k) is very similar
to its counterpart in ordinary derived categories of sheaves performed in | l;
its essential ingredients are the parity vanishing property for one stratum proved in
Lemma 6.3, and standard distinguished triangles associated with a decomposition
of a space into a closed part and its open complement. For this reason we will not
give any proof in this subsection; these can be obtained by repeating the proofs
of | | essentially word-for-word.
The following is the analogue of | , Corollary 2.8 and Proposition 2.11].

Lemma 7.2. If #,9 € Smzw (Y, k) are such that F is x-even and & is!-odd, then
we have

HomSmIW(ka) (ﬂ'7g) = 0.

As a consequence, if Z <Y is an open union of Iw, -orbits, the restriction of an
indecomposable even (resp. odd) object of Smrw (Y, K) to Z is either indecomposable
or zero.

Next, we define the support of an object % € Smzw (Y k) as the closure of
the union of the strata (Sra)\)w where A € XY, is such that 97’59\ c Y and
(j5=)E F or (j'T)5.F is nonzero. The following claim is the analogue of | )

Theorem 2.12].

Proposition 7.3. If # € Smw (Y, k) is even (resp. odd), nonzero, and indecom-
posable, then there ewists exactly one A € XY, such that (Srgy)\)w is open in the
support of F .

Moreover, for any A € XY, such that (Sra)\)w c Y, there exists at most one
indecomposable even, resp. odd, object F in Smp (Y, k) such that (91"257/\)1” s open
in the support of F and (j\'©)*F =~ L2, resp. (jy T)*F =~ L [1].
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7.3. Comparison of parity objects in D%, (Srg.k) and Smzw((Sre)@. k).
Proposition 7.3 implies that for any A € XY, there exists at most one indecompos-
able even, resp. odd, object in Smzw ((Srg)@, k) in the support of which (97‘2—,‘7)\)17
is open, and whose restriction to (97"5’)\)7” is 22, resp. 2 [1]. If it exists (which,
as we shall see very soon, is always the case), this object will be denoted é’f’ m’o,
resp. cg’fm’l. (Of course, as soon as one of these objects exists the other one ex-
ists also, and we have éafm’l ~ éa/\sm’o[l].) Then any indecomposable object in
SmZ,,((Sre)@, k) is isomorphic to an object gfm,o or éa/\sm’l, and Lemma 7.1 im-
plies that any object of Sm7J,,((S7¢)@, k) is a direct sum of such objects (in an
essentially unique way).

Recall that the connected components of (Gr¢)® are the subvarieties Grg (1) with
A€ (—ay) n XV, see Proposition 4.6. Of course, each such connected component is
contained in a connected component of Grg. Recall also (see §5.3) that the dimen-
sions of the orbits 97’5, , With g e XY contained in a given connected component
of Grg are of constant parity. We set p(\) = 0, resp. p(A) = 1, if all these orbits
contained in the connected component containing Grg (n) are even dimensional,
resp. odd dimensional. We then denote by SmhIW((SrG)w, k) the full subcategory
of Smzwy ((9re), k) whose objects are those whose restriction to Gr¢ (y) is even if
p(A) =0, and odd if p(A) = 1.

The following statement is the crux of this paper.

Theorem 7.4. The composition

idh
Pervzw. g, (S7c, k) — Smow ((Sre)”, k)

Lemma 5.2

PervIW (97"@, k)

restricts to an equivalence of categories
Tiltzw (Sra, k) — Sm,, ((Sra) =, k).
Moreover, the objects @@fm’o and é’fm’l exist for any A€ XY .

Proof. 1t easily follows from Proposition 6.2 and the considerations above that the
functor ilg*rc sends even, resp. odd, objects to even, resp. odd, objects. Therefore,
since any indecomposable object in Tiltzyy (Grg, k) is either even or odd (see (5.2)),
our functor restricts to a functor

Tiltzw(Sra, k) — Smiy, ((Sra)®, k).

Next, standard arguments allow to prove by induction on the length of the filtrations
that, for any % ,¥ in Pervzy(Grg, k) such that # admits a standard filtration and
% admits a costandard filtration, this functor induces an isomorphism

HoMper 71y, (G160 (F,9) > Homsmy (5ra)= i) (idhg (F ), i, ().

(Here, the crucial case when .# = AW and 4 = VLV for some A € XY, is given
by Lemma 6.3.) Full faithfulness of our functor follows.

For any A € XY, the object ilg*rc (éa)\z}é}m) is indecomposable (by full faithfulness)

and either even or odd. Moreover, since 97“5’/\ is open in the support of éa/\%évm we
see that (97’57)\)7" is open in the support of z'g*rc(é")\z}év) Therefore the objects



42 SIMON RICHE AND GEORDIE WILLIAMSON

s 1 .
&30 and £8™! exist, and we have

£TV ) = {5)?'"’0 if dim(Gr¢; ) is even;

7.1 S
(7.1) g (Bh6n) = 4 goma if dim(Gr; ,) is odd.

These considerations show that our functor is essentially surjective, hence an equiv-
alence of categories. O

7.4. Comparison of parity objects on (§r5)® and in the Smith category.
Now we consider the Iwahori-Whittaker categories

Dy, ((Sr¢)®.k) and D%y . ((Sra)™. k),

and the quotient functor
Q: D2y, ¢, ((576)7 k) = Smaw((Gra)™, k).

The theory of parity complexes (as in §5.3) of course also applies in the categories
Dgwg((ng)W, k) and Dgwg,Gm((ng)w» k); once again the indecomposable parity
objects in these categories are classified (up to cohomological shift) by the IWZ—
orbits in (Grg)® which support a nonzero Iwahori-Whittaker local system, and
the forgetful functor

For® s Dy, ,,((976)™ . K) = D, ((976) ™. k)

sends indecomposable parity complexes to indecomposable parity complexes. In
particular, this functor induces a bijection between the sets of isomorphism classes
of objects in Dngme((Qrc)w,k) and in Dgwe((grg)w,k); up to replacing the
category D%, ((Sr¢).k) by an equivalent category (which we will omit from
notation), one can therefore consider whenever convenient that the objects in these
categories are the same.

The situation in this setting is even more favorable than in that of §5.3, due to
the following property. (Here, if D is a triangulated category, we write Homp(—, —)

for @, Homp(—, —[n]).)

Lemma 7.5. For any parity complezes &,&" in DY\, o ((Sra)@,k), there exists
a canonical isomorphism of graded k-vector spaces

Hom},, ((ng)ka)(é‘” &'

IWy,Gm
~ He* . o Gm Gm
> HE, (ptik) @ Homyy | (g, s (For® (8), For® (£7)).
Moreover, these isomorphisms are compatible with composition in the obvious way.

Proof. By definition, the Gy,-action on (Grg)® through the quotient
Gm — Gp/w = Gy, t—t-

In other words, if we denote by G/, another copy of Gy,, then there exists an
action of GJ, on (Srg)® from which the G-action we want to consider is de-
duced via the morphism G,, — G/, defined by t — t‘. The G-action on le’; ’
is similarly obtained from an action of G/, so that one can consider the category
le'WavGQ ((Sr)™, k) defined in the obvious way. With this notation introduced,
the same considerations as in [MR, Lemma 2.2] show that for any parity complexes

F,F in DngG, ((Srg)=, k), the forgetful functor

G/ kovj W
(7.2) Resg™ : Dng,G;n((SrG) k) — D%Wg,Gm((ng) k)
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induces an isomorphism of graded k-vector spaces

H(?} (pt k) ®H' (pt k) Home ((Sre)= k) (ﬁ,g/)

IW,,Gy,

G/
.>HornDb ((Srg)w,]k)(ResGm( ) RGSG (ﬂ/))

IWy,Gm
Now since k has characteristic £, the morphism Hg, (pt;k) — Hg (pt;k) induced
by our morphism G, — G/, vanishes, so that we have

H(?S (pt k) ®H' (pt k) Home ((Src)w,k)(y’ﬂﬁ)

BWe.Gl
= HE,, (pi k) ®x (k Bnz, o Hombpy | ((srare, lk)(y’y/)) :
As in [MR, Lemma 2.2] the forgetful functor For® induces an isomorphism
k®ue, (k) Hom'pgw%((grc)w,k)(ﬁv F')
=, Hombgwg((grc)w’k)(ForG;‘(9), For®» (7)),
so that we finally obtain a canonical isomorphism
HZ. (pt; k) ®x Hombng((gm)w’k)(ForGin (F), For®m (F)

G! G
—> Hom},), ((QT_G)wk)(Rest(e?LReSGZ(f/"’)).

IW,,Gm

To conclude it suffices to remark that the functor Resgig from (7.2) induces a
(canonical) bijection between the isomorphism classes of parity complexes in the
categories D2, ¢, ((S7¢)@ k) and DIW[ _((Sra)®,k); one can therefore replace

For i“(ﬁ ) and ForG;‘(ﬂ ") in these isomorphisms by general parity complexes in
Diw, 6., ((5rc)® k). O

It is clear from definitions that the functor Q sends parity complexes to parity
complexes. In fact this functor (when restricted to parity complexes) is close to
being an equivalence, as explained in the following statement.

Proposition 7.6. For any complexes &,&" in D%Wz ((9ra)=, k) which are ei-
ther both even or both odd, there exists a canonical Zsomorphzsm of k-vector spaces

Homz)gwe((SrG)W,k)(Foer (&), For®(&")) = Hotismyy ((gre)=10 (Q(E), QET)).
Moreover, these isomorphisms are compatible with composition in the obvious way.

Proof. Recall from [ ] that since &,&” are either both even or both odd, the

. .
graded k-vector space Hom} DYy, o (976)= ) (&, &) is concentrated in even degrees.

Using Lemma 6.4, we see that the functor Q induces a canonical morphism

Homp, = (grey= i) (6 6") = Homsm, ((5r6)= 10 (R(E), Q(EY))

IWyp,Gm

which factors through a morphism

(gre)= (6> € [n])
— Homgm,,,, ((9r4)= 1) (QE), Q(E)),

K’ ®He (ptk) Homp,,

IWyp,Gm
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where k' means k seen as an Hg (pt, k)-module where = acts by multiplication by
1 under the identification (3.5). Standard arguments based on Lemma 6.3 and the
distinguished triangles in the “recollement” setting show that the latter morphism
is an isomorphism. The desired isomorphism follows, in view of Lemma 7.5. (]

If & is an indecomposable parity complex in D%WLG ((Srg)@, k), then as ex-

m

plained above the complex For®m (&) is indecomposable, so that the ring

Hom pp )= k) (Foer (&), For®m (£))

Iw, ((STG
is local. Since a finite dimensional graded ring whose degree-0 part is local is itself
local (see [G(, Theorem 3.1]), it follows that the ring
Gm Gm

@ZHongWZ((S,.G)wk)(For (éa), For (éa)[n])

ne
is also local. In view of Proposition 7.6, this implies that Q(&’) is indecomposable.
In other words, we have proved that Q sends indecomposable parity complexes to
indecomposable parity complexes.

8. APPLICATIONS IN REPRESENTATION THEORY OF REDUCTIVE ALGEBRAIC
GROUPS

In this section, we finally use the constructions of Sections 4-7 to derive con-
sequences on categories of representations of split connected reductive algebraic
groups over k.

8.1. The geometric Satake equivalence and its Iwahori—-Whittaker vari-
ant. The Satake category is the category

Pervepn (7, k)

of étale LT G-equivariant perverse sheaves on Grg. (By definition, this category
is the inductive limit of the categories Pervyp, (X, k) where X runs over the closed
finite unions of L*G-orbits in Grg. And given such X, the category Pervg,n (X, k)
is defined as Pervy (X, k), where H is a smooth quotient of L*G of finite type
such that the LT G-action on X factors through H, and such that the kernel of
the surjection LTG — H is contained in ker(evg); the resulting category does not
depend on the choice of H up to canonical equivalence.) The natural convolution
product * on the equivariant derived category DE+ c(Sra, k) restricts to an exact
monoidal product on the category Pervgpn(Sra, k), see [ ].

The classification of the simple objects in Pervg,,(G7¢, k) is given by the general
theory of perverse sheaves from [ ]. Namely, in view of the description of the
L*G-orbits on Grg (see (4.8)) and since each of these orbits is simply connected,
for any A € XY there exists a unique simple perverse sheaf IE in Perveon (Gra, k)

which is supported on Grgy, and whose restriction to Gry is kg, [dim(Sr)]. More-
over, the assignment A\ — .#%* induces a bijection between XY and the set of
isomorphism classes of simple objects in Pervg,n(9rg, k).
On the other hand, we denote by G, the unique split reductive group scheme
over Z whose base change to C has root datum (X, X, %Y, R), and then set
Gy := Spec(k) Xgpec(z) Gz -

We will denote by Rep(Gy) the category of finite-dimensional algebraic represen-
tations of the group scheme Gy'.



SMITH-TREUMANN THEORY AND THE LINKAGE PRINCIPLE 45

The following theorem is due (in this generality) to Mirkovi¢—Vilonen | ,
].
Theorem 8.1. There exists an equivalence of monoidal categories

S : (Pervepn(9ra, k), ) = (Rep(Gy ), ®x).

Remark 8.2. (1) In fact, the proof of | | gives slightly more than what is
stated in Theorem 8.1: the authors construct a canonical k-group scheme
out of the category Pervg,i(9r¢, k), and then check that this group scheme
is isomorphic to Gy .

(2) In addition to the category Pervgon(Gra, k), one can also consider the cat-
egory Perv(r+)(9ra, k) of k-perverse sheaves on Grg whose restriction
to each Groy (A € XY) has constant cohomology sheaves. We then have
a canonical forgetful functor Perve,,(Grg,k) — Perv(p+q)(Gra, k), which
by [ , Proposition 2.1] is an equivalence of categories.

Once an equivalence as in Theorem 8.1 is fixed, the constructions in [ ]
provide a canonical embedding 7Y — Gy, where 71’ is the split k-torus which
is Langlands dual to T (i.e. whose character lattice is Xv). We will denote by
B,Y the Borel subgroup of G}/ containing (the image of) T,Y and whose roots are
the negative coroots of G. For any A € XY we can then consider the “induced
representation”

N(A) = Ind55 (V).

It is well known that N(\) contains a unique simple submodule, denoted L()),
and that the assignment A\ — L(\) induces a bijection between XY and the set
of isomorphism classes of simple G}/-modules. It is well known also that for any
A€ XY we have

(8.1) S(FE?) = L(N).

Below we will use an alternative geometric realization of Rep(Gy ), in terms of
the Iwahori-Whittaker derived category of §5.1, which was found in | ]
The same construction as for the convolution product on DE+ (Gra, k) defines a
right action of the latter monoidal category on D%W(Srg,]k). The corresponding
bifunctor will also be denoted .

We will assume that there exists (and fix) an element ¢ € XV such that (s,a) =1

for any o € R®. Then there exists no orbit in 9T‘g7§ ~ 97"2}’g which supports a nonzero
Iwahori-Whittaker local system. Therefore, the canonical map A?W — ng is an
isomorphism, and this object is a simple perverse sheaf.

The following theorem is the main result of | ]

Theorem 8.3. The functor sending F to AfW * F induces an equivalence of
abelian categories

Pervsph(Srg, ]k) ; PeI’VI]/\;(S’I“G7 k)
Remark 8.4. Theorem 8.3 can also be used to give an alternative proof of Lem-
ma 5.2. Namely, we see as in the proof of this lemma that our functor is fully

faithful. If % belongs to Pervry (Sra, k), by Theorem 8.3 there exists an object
F' in Pervgon (9ra, k) and an isomorphism

F = ATV« 7.
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By | , Proposition 2.2], the perverse sheaf %’ is equivariant for the group
Gum x L*YG. Therefore the perverse sheaf A?W * F' is the image of an object in
Perviw g, (97c, k), and we deduce the same property for .Z.

8.2. The linkage principle. We now come back to the setting where G is an
arbitrary connected reductive algebraic group over F. Recall the actions -y and o
of Wag on XV defined in §4.1. The action which is relevant in representation theory
is the “dot action” defined by

(trv) s p=v(p+p") —p” + €A

for A e ZRY, v e Wy and p € XV, where p¥ is the halfsum of the positive coroots.
It is clear that for any w € W,g and € XY we have

Vv \

(8:2) wegp=wop(p+p)—p" =w* o (ntp’)—p",

where (ty\v)* :=t_yv for A € ZR" and v € W;.
The following statement is the first main result of this paper.

Theorem 8.5. For A\, € XY, if Ethervsph(ng,ﬂ«)(j%)\vfcgu) # 0 for some n,
then Waff oy A= Waﬂ" oy .

Proof. Note that if Extgervsph(grcﬁk)(ﬂ‘f’\, JE") # 0 for some n, then the orbits

97“)6‘; and Grf, are contained in the same connected component of Grg. If Z denotes
the center of G, then the natural morphism (57 )red — (97G/2 )red restricts, on each
connected component X of (G7g)red, to an embedding of a connected component of
(9rG)z)rea- The associated functor Pervg,, (X, k) — Perv(qz,(Srq/z,k) is then
fully faithful by Remark 8.2(2), which reduces the proof to the case G is semisimple
of adjoint type, which we assume from now on.

In particular, under this assumption we can take ¢ = p¥, and apply Theorem 8.3.
This result implies that the simple objects in Pervzyy(Grg,k) are the perverse
sheaves

IECT = APV« 76
for A e XY, = ¢+ XY. In view of (8.2), this shows that to prove the lemma it
suffices to prove that for X\, € XY, if Extpey, . (gre i) (FEXY, IECY) # 0 for
some n, then Wag o A = Wag -4 p.

In view of Theorem 7.4 (see also (7.1)) and the decomposition of (Grg)® into its
connected components (see Proposition 4.6), if X\, u € XY | satisfy Wag oA # Wag-opt
then we have

HomPervl—W(S'r'G,k) (%ZW7 %IW) =0.

It follows that any .# in Tiltzyy(Srg, k) admits a canonical decomposition
M= D My,
AE(—EZ)F\XV

where each .#(y is a direct sum of objects %IW with u € Wag ¢ A; in fact the
assignment .# — .7y defines an endofunctor Iy of Tiltzyy(Gre, k), and we have
a canonical isomorphism of functors

id =~ (—D H(A)-
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Let us still denote by II(y) the endofunctor of DPPervryy (Grg, k) obtained by
conjugating KP(II(y)) by the equivalence (5.3). Then we have

1dpopervryy (Gre k) = @ Oy,

)\G(*é[)ﬁxv

and for A # p in (—ay) N XV there exists no nonzero morphism between objects in

the essential images of II(y) and II(,. In particular, given € XY ,, there exists a

unique X € (—ay) N X" such that ITy)(.#%") # 0, and this element satisfies

M (£€DY) = 76T,

14

The existence of the nonzero maps
w w W
IC, A —> T,

shows that in fact XA is the unique element in (—ay) N XV such that Wyg ¢ A =
Wt -¢ -

Finally, if A\, u € XY satisfy Wag v A # Wag -¢ i, we denote by v,n the only
elements in (—ay) N X such that

Wast 0 A = Wagt o v, Was 0t = Wagt ¢ 1,

and observe that for any n € Z we have

HomePervIW(Srg,]k) (j(g)\zwu f(gfw [n]) =

HomePervIw(SrG,k)(H(V)(j%AIW)’ H(n)(j(guzw[n])) =0

since v # 7. (I

In view of Theorem 8.1 and (8.1), Theorem 8.5 is equivalent to the statement
that if Extﬁep(gkv)(L(/\), L(u)) # 0 for some n € Z, then W ¢ A = Woag o4 . This
property is of course well known, and called the Linkage Principle, see [J2, §IL.6].
(This statement was first conjectured by Verma, and proved by Andersen in full
generality, after partial results of Humphreys, Kac—Weisfeiler and Carter—Lusztig;
see [A1] for more details.)

The same considerations as in §4.1 show that a fundamental domain for the
action of Wyg on XV via e, is given by the subset

Cr={NeXY |VaeRT, 0<(\+pY,a) < /().

Below we will need to describe the subset (W,g o, A\) n XY more explicitly for
A € Cy. For this we set I := {s € Sag | s8¢ A = A}, so that the stabilizer in Wg
of A\ (for ey) is the parabolic subgroup W) of W, generated by I. We set

Wa(?f) = {w € W,g | w is maximal in wW) and minimal in Wiw}.
Then it is known that the assignment w — w e, A\ induces a bijection
(8:3) W S (Wag o0 2) 0 XY

see [ , §10.1] for similar considerations.
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8.3. The tilting character formula. Let H,g be the Hecke algebra of (W, Sast),
and let M?PP be its antispherical module, with “standard” basis (N, : w € fWag)
parametrized by the subset fW,q © Wag of elements w which are minimal in Wiw.
(Here we follow the conventions of [Soe].) Let us consider
Flg = &"lal ,

the connected component of the base point in the affine flag variety associated
with LG. We can then define, as for §rg, the Iwahori-Whittaker derived category
D2, (F1¢, k), and its full subcategory Parityzy, (Fl¢, k) of parity complexes. The
Iw -orbits on FI¢, are naturally parametrized by Wag, and those which support
a nonzero Iwahori-Whittaker local system are the ones corresponding to elements
in fW,.g; we will denote by VIV and &ZYW the costandard perverse sheaf and
indecomposable parity complex attached to w € fW,g, respectively. We then have
a canonical isomorphism

ch : [Parity sy (Flg, k)] => M2sPh
determined by
ch([.#]) = Z dimy Hompe (570, 1) (7, v [n]) - 0" N,
'll)EfWaff

where [Parity1yy, (Flg, k)] is the split Grothendieck group of the additive category

In terms of this isomorphism, the ¢-canonical basis (*N. w ' WE fWag) of Masph
(see [ , ]) can be characterized by
(8.4) ‘N, := ch(&IW).
The associated ¢-Kazhdan—Lusztig polynomials (Znyyw sy, w € {W,g) are character-
ized by the equality

N, = Z Ny - Ny.
YE  Wase

Remark 8.6. It is easily seen that the computation of the ¢-canonical basis and
{-Kazhdan—Lusztig polynomials can be reduced to the case G is quasi-simple. In

this case, the results of | , Part IIT] show that this basis coincides with the basis
with the same name studied in [JW], for the Coxeter system (Wag, Sagr) and the
realization considered in [ , Remark 10.7.2(2)]. In particular, these data can be

computed algorithmically using the procedure described in [JW].

These considerations have been stated for the ind-variety ?l;’f, but in practice
we will rather use them for the isomorphic variety fﬂﬁ’;, with respect to the action

of IW::,e' More generally we can consider a facet f < @y, and the basic component

in the associated partial affine flag variety fﬂf- °: see §4.3. Here again the Iwahori—
Whittaker derived category (with respect to the action of Tw; 4) makes sense, and
so does the notion of parity complexes. The 1ndecomposable such objects can be
described in terms of those on F15° , as follows.

As usual, the general theory of parity complexes ensures that there exists at most
one indecomposable parity complex on 3"1 "© associated with each Iw ug-orbit which
supports a nonzero Iwahori-Whittaker local system, and that each 1ndecomposable
parity complex is isomorphic (up to cohomological shift) to such an object. Now
as usual also the Iwig—orbits on ?lf‘,o are parametrized in the natural way by the
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quotient Wg/ W;H, or in other words by the elements w € W,g which are maximal
in wWafH.
In the following statement, the morphism

0,0 £,0
Fly, — Flg
induced by (4.3) will be denoted m¢. We will also denote by N¢ the length of the
longest element in Wig.

Lemma 8.7. If w e W,g is mazimal in wW,fﬁ, then the ije—orbit on S"l?o a$80Ci-
ated with w supports a nonzero Iwahori—Whittaker local sysfem iff w is minimal in
Wrw. Moreover, in this case the indecomposable Iwahori—Whittaker parity complex
on fﬂﬁ’o assoctated with w exists, and its image under w§[Ng] coincides with the
indecomposable Twahori—Whittaker parity complex on ?lg’; associated with w.

Proof. The proof is similar to that of its counterpart in the setting of Kac—-Moody
flag varieties considered in [ , Appendix A]. |

Now we return to Representation Theory. Recall that a Gp-module M in
Rep(GY) is called tilting if both M and M™* admit filtrations with subquotients
of the form N(X) with A € XY. It is well known (see [J2, §IL.E]) that the inde-
composable tilting G -modules are classified by their highest weight (a dominant
weight), and that any tilting module is a direct sum of indecomposable tilting mod-
ules. The indecomposable tilting module of highest weight A € XY will be denoted
T(A).

In view of the comments at the end of §8.2 (see in particular the bijection (8.3)),
the following result gives a complete answer to the question of describing characters
of indecomposable tilting G}-modules.

Theorem 8.8. Let A€ Cy. Then for any w € W;g) we have

[T(wer )] = Z Zny,w(l) [N(y o0 A)]

)
yeW i

in the Grothendieck group of Rep(Gy ).

Proof. Recall that if we denote (as in the proof of Theorem 8.5) by Z the center of
G, then the group (G/Z); identifies with the simply-connected cover of the derived
subgroup of Gy. In view of the results recalled in [J2, §II.LE.7], this reduces the
proof to the case G is semisimple of adjoint type, which we will assume from now
on. In this case we can take ¢ = p¥ and apply Theorem 8.3.

Standard arguments show that the formula will follow provided we prove that

)

/ (A
for any w,w’ € W, 5" we have

(8.5)  dimy Hompep(ay) (T(wer A), T(w' o X)) = > “ny (1) -y (1)
yeWa(fAf)

Let o := A+g, so that u € (—ay) X" in the notation of §4.1. Since the composition

Thm. 8.1
e, Pervepn (9ra, k)

Rep(Gkv) Thrr: 8.3

Pervryy (Grq, k)

is an equivalence of highest weight categories, for any w € W;;f\) it sends the Gy -

module T(w e; \) to 722V, Therefore, to prove (8.5) it suffices to prove that for
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A
any w,w’ € WBEH) we have

dimk HomPervIW(SrG,k) (waDl;\Z” yu%)m/\:p) = Z Zny,w(]-) ! Zny,w’(l)'
yeW{if?
e1n, usin eorem 7.4 an .1), this equality 1s reduced to proving that for an
Th ing Th 7.4 and (7.1), thi lity is reduced t ing that fi y
w,w € W;g)
. Sm,0 ©Sm,0\ _ 1 14
dlm]k HomSmIW((grc)w,k) (gw?““ (g)w’ﬂzu) = Z le,w(l) . nva/(l).

X)
YEW ie

we have

Now by Proposition 7.6 the Hom-space in the left-hand side can be computed in
Dgwe((ng)W, k), where its dimension can be expressed in terms of the (co)stalks
of the parity complexes using | , Proposition 2.6]. The fixed points (Grg)= are
a union of partial affine flag varieties by Proposition 4.6, so that these dimensions
can be computed using Lemma 8.7 and (8.4). This provides the desired formula,

in view of Remark 4.9 and the fact that Wy = Wf’f‘f’ (see (8.2)). O

a

Remark 8.9. In the special case when ¢ is bigger than the Coxeter number h of
G, we have Wy = {1}. In this case, the formula in Theorem 8.8 was conjectured,
and proved in the case of the group G = GL(n), in | ]. A proof of this formula
(again for £ > h and A = 0, but for a general reductive group) was later given
in [ ]. It was noticed in | ] that a similar formula could be stated for any
block of Rep(Gy ), see | , Conjecture 1.4.3]. Theorem 8.8 confirms this formula
in full generality.
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