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Inexact and Stochastic Generalized Conditional Gradient with
Augmented Lagrangian and Proximal Step

Antonio Silveti-Falls* Cesare Molinari* Jalal Fadili*

Abstract. In this paper we propose and analyze inexact and stochastic versions of the CGALP algorithm developed in
[34], which we denote ICGALP, that allow for errors in the computation of several important quantities. In particular
this allows one to compute some gradients, proximal terms, and/or linear minimization oracles in an inexact fashion
that facilitates the practical application of the algorithm to computationally intensive settings, e.g., in high (or possibly
infinite) dimensional Hilbert spaces commonly found in machine learning problems. The algorithm is able to solve
composite minimization problems involving the sum of three convex proper lower-semicontinuous functions subject
to an affine constraint of the form Az = b for some bounded linear operator A. Only one of the functions in the
objective is assumed to be differentiable, the other two are assumed to have an accessible proximal operator and a
linear minimization oracle. As main results, we show convergence of the Lagrangian values (so-called convergence in
the Bregman sense) and asymptotic feasibility of the affine constraint as well as strong convergence of the sequence of
dual variables to a solution of the dual problem, in an almost sure sense. Almost sure convergence rates are given for
the Lagrangian values and the feasibility gap for the ergodic primal variables. Rates in expectation are given for the
Lagrangian values and the feasibility gap subsequentially in the pointwise sense. Numerical experiments verifying the
predicted rates of convergence are shown as well.

Key words. Conditional gradient; Augmented Lagrangian; Composite minimization; Proximal mapping; Moreau
envelope.

AMS subject classifications. 49J52, 65K05, 65K10.

1 Introduction

1.1 Problem Statement

We consider the following composite minimization problem,

min {f (z) + g (Ta) + b (z) : Az = b} @)
TCip
and its associated dual problem,
min (f +goT +h)* (—A"p) + (1, b) , @)
HEH
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where we have denoted by * both the Legendre-Fenchel conjugate and the adjoint operator, to be understood
from context. We consider H,,, H4, and H, to be arbitrary real Hilbert spaces, possibly infinite-dimensional,
whose indices correspond to a primal, dual, and auxiliary space, respectively; A : H, = Hqand T : H,, —
"H,, to be bounded linear operators with b € ran(A); functions f, g, and h to all be convex, closed, and proper
real-valued functions. Additionally, we will assume that the function f satisfies a certain differentiability
condition generalizing Lipschitz-smoothness, Holder-smoothness, etc (see Definition 2.7), that the function
¢ has a proximal mapping which is accessible, and that the function h admits an accessible linearly-perturbed
minimization oracle with C = dom (h) a weakly compact subset of .

In fact, the problem under consideration here is exactly the same as that of [34], however, in this work,
we consider an inexact extension of the algorithm presented and analyzed in [34] to solve (%). The exten-
sion amounts to allowing either deterministic or stochastic errors in the computation of several quantities,
including the gradient or proximal terms, e.g. V f, prox,, and the linear minimization oracle itself.

1.2 Contribution and prior work

The primary contribution of this work is to analyze inexact and stochastic variants of the CGALP algorithm
presented in [34] to address (%?). We coin this algorithm Inexact Conditional Gradient with Augemented
Lagrangian and Proximal-step ICGALP ). Although there has been a great deal of work on developing and
analyzing Frank-Wolfe or conditional gradient style algorithms, first studied in the 1950’s in [17] and later
in [24], in both the stochastic and deterministic case, e.g. [20, 21, 32, 18, 16, 35, 27, 19], or [26], little to
no work has been done to analyze the generalized version of these algorithms for nonsmooth problems or
problems involving an affine constraint, as we consider here. To the best of our knowledge, the only such
work is [25], where the authors consider a stochastic conditional gradient algorithm applied to a composite
problem of the form

JJuin E[f (z,n)]+g(Az)

where the expectation is over the random variable 1 and with g possibly nonsmooth. The nonsmooth term
is possibly an affine constraint but, in such cases, it is addressed through smoothing rather than through an
augmented Lagrangian with a dual variable, in contrast to our work. They consider only finite-dimensional
problems and their problem formulation doesn’t allow for inexactness with respect to g.

We show asymptotic feasibility of the primal iterates for the affine constraint, convergence of the La-
grangian values at each iteration to an optimum value, strong convergence of the sequence of dual iterates,
and provide worst-case rates of convergence for the feasibility gap and the Lagrangian values; all these re-
sults are in an almost sure sense. The rates of convergence for both the Lagrangian and the feasibility gap are
given globally, i.e., for the entire sequence of iterates, in the ergodic sense where the Cesdro means are taken
with respect to the primal step size, in an almost sure sense. We also show rates in expectation which hold
pointwise but subsequentially. In the case where (”) admits a unique solution, we furthermore have that the
sequence of primal iterates converges weakly to the solution almost surely. These results are established for
a family of parameters satisfying abstract open loop conditions, i.e. sequences of parameters which do not
depend on the iterates themselves. We exemplify the framework on problem instances involving a smooth
risk minimization where the gradient is computed inexactly either with stochastic noise or a deterministic
error. In the stochastic case, we show that our conditions outlined in Section 3 for convergence are satisfied
via increasing batch size or variance reduction. In the deterministic setting for minimizing an empirical risk,
a sweeping approach is described.



1.3 Motivation

Conditional gradient methods have seen increased interest in the last decade, due to their applicability to
solving a large variety of problems, in particular in large-scale signal/image processing and statistical learn-
ing. A chief advantage of conditional gradient is its ability to take advantage of the atomic structure of the
set (or level sets of the function) that come into play, and they can do so for problems posed even in an
infinite-dimensional setting. Besides this, conditional gradient methods offer an alternative to projecting
onto a closed convex set in constrained optimization by instead utilizing a linear minimization oracle (Imo).
The difference in complexity for these two operations depends on the set in question; a survey comparing the
two for sets commonly found in practice can be found in [11]. Note that for some constraint sets, projection
may not be even possible in closed form while solving a linear minimization oracle is. One of the main moti-
vations behind this work is to be able to handle composite problems where not only one atomic constraint set
is involved, but finitely many of them. There are many problems in data processing and/or machine learning
where such situation is encountered, typically when one uses several regularizers or constraints in a varia-
tional formulation (e.g., recover a sparse low rank matrix). We are also motivated by composite problems
where it is favourable to hybridize conditional gradient involving an Imo step on some (or several) atomic
set, and a proximal/projection step on another set; see [10] where the constraint is the intersection of the
semidefinite positive cone and the set of Toeplitz matrices to solve a semidefinite relaxation of the Beurling
lasso [15]. Our interest in the infinite-dimensional setting is motivated by the ability of conditional gradi-
ent type algorithms to handle infinite-dimensional problems, most notably sparse inverse problems [7], the
Beurling lasso [15] to recover sparse Radon measures, training neural networks with one hidden layer [4, 14],
and optimal transport problems [8]. In the latter instances, the problems are posed over infinite dimensional
nonreflexive Banach spaces, a nontrivial endeavor. In this sense, our work can be seen as an important inter-
mediary step towards this goal, with proofs that provide insight to how the infinite-dimensional case might
be handled.

1.4 Organization

The remainder of the paper is divided into four sections. In Section 2 the necessary notation and prior results
are recalled, consisting primarily of convex analysis, real analysis, and elementary probability. In Section 3
the assumptions on the problem structure and the parameters are noted, the ICGALP algorithm itself is pre-
sented. In Section 4, the main results, e.g. feasibility, Lagrangian convergence, and rates, are established.
The analysis and results are far-reaching extensions of those in [34] to the inexact and stochastic setting, and
require quite delicate new arguments. In Section5 and Section 6, we consider different problem instances
where inexact deterministic or stochastic computations are involved. Numerical results are reported in Sec-
tion 7 to support our theoretical findings. Finally, in Section 8, we summarize the work and provide some
closing remarks.

2 Notation and Preliminaries

Many of the following notations for probabilistic concepts are adopted from [13]. A sequence () ,cy € HN
will be called strongly convergent to x € H, denoted x, — =, iff ||z — x| — 05 it will be called weakly
convergent to xz € H, denoted z;, — z, iff, for any u € H, (xp,u) — (x,u). We denote by (2, F,P) a
probability space with set of events (2, o-algebra F, and probability measure P. When discussing random
variables we will assume that any Hilbert space H is endowed with the Borel o-algebra, 5 (H). We denote a
filtration by § = (?k)keN’ i.e. a sequence of sub-o-algebras which satisfies F, C Fy1 forall k € N. Given



a set of random variables {ay, . .., a, }, we denote by o (ay, . . ., a,) the o-algebra generated by ao, . .., ay.
An expression (P) is said to hold (P-a.s.) if P({w € Q: (P) holds}) = 1. Throughout the paper, both
equalities and inequalities involving random quantities should be understood as holding P-almost surely,
whether or not it is explicitly written.

Definition 2.1. Given a filtration §, we denote by ¢, () the set of sequences of [0, +oco[-valued random
variables (ag) rxen such that, for each k € N, ay, is I, measurable. Then, we also define the following set,

2 (%) ] {(ak)keN €li(3): Zak < 400 (P-as.) }

keN

Lemma 2.2. Given a filtration § and the sequences of random variables (ry,),cyy € {1 (§), (ar)pey €
(4 (F), and (2k) ey € L () satisfying,

E [Tk+1 | fﬂ;] — 1 < —ag + 2k (P—a.s.)

then (ag) ey € O (F) and (ry,)yep converges (P-a.s.) to a random variable with value in [0, +00.

Proof. See [33, Theorem 1]. O

Lemma 2.3. Given a filtration § and a sequence of random variables (wy),cy € {4 (§) and a sequence of
real numbers (Vi) ey € L+ such that (ypwk) ey € C4 () and (Vi) ey € 0, then:
(i) There exists a subsequence (wkj )j N such that limk infwg, =0 (P-a.s.),
(ii) Furthermore, if there exists a constant o« > 0 such that wy, — E [wyy1 | Fx] < ayi (P-a.s.) for every
k €N, then

lilgn w =0 (P-a.s.) .

Proof. The second result is directly from [5, Lemma 2.2] and the first follows from [1] trivially extended to
the stochastic setting. O

Lemma 2.4. Consider the real sequences (ri,) ey € (. (Pk)gen € C+ (Wi pen € 4 and (z1) ey € Ch
Suppose further that (py.) ey & ¢t and that, for some o > 0, the following inequalities are satisfied for every
k e N:

Thy1 < Tk — DEWE + 2k;

2.1
Wk — W41 < QP

Then,
(i) (Tk)pen is convergent and (prwi) ey € az
(ii) 111?1 wy, = 0.
(iti) Forevery k € N, infi<;< w; < (ro + E)/Py, where, again, P,, =Y _, py, and E = Zzﬁ “
(iv) There exists a subsequence (wkj)jeN such that, for all j € N, wg; < Pk—]_l.

Proof. See [1] for the proof. ]



We denote by I'g (#) the set of proper, convex, and lower semi-continuous functions f : H — RU{+o0c}.

We also consider the domain of a function f to be dom (f) = {z € H : f (x) < +00} and the Legendre-
Fenchel conjugate of f to be the function f* : H — R U {400} such that, Vy € H,

£ () = sup {(y,z) — f (2)}.

z€H

Throughout, differentiability will be intended in Fréchet sense, and we denote V f the (Fréchet) gradient of
a differentiable function f. The proximal mapping (or proximal operator) associated to the function f with
parameter [ is given by,

def . 1 2}
proxg, (z) = argminq f (y) + —= ||z — ¥ .
55 (o) avgmin { £ 1)+ 55 =

The following elementary result from convex analysis regarding proximal mappings will be used in the proof
of optimality.

Proposition 2.5. Let f € I'o (#) and denote x* = prox; (x). Then, for all y € H,
2 2
2(f (@) = f @) + o™ —wl]” = e —yl* + [l2* — =] < 0.
Proof. The result is classical and the proof is readily available, e.g. in [30, Chapter 6.2.1]. O

The subdifferential of a function f is the set-valued operator Of : H — 27 such that, for every = € H,

def

of (@) ={ueH:f(y) = f(x)+(wy—z) VyeHr} (22)

We denote dom (0f) = {x € H : 0f (x) # 0} as the domain of the subdifferential. For x € dom (9f),

the minimal norm selection of df () is denoted by [0f ()] £ argmin ||y||. The Moreau envelope of the
yedf(x)
function f with parameter 3 is given by,

1
B & nf e —yl2
7@ e {r )+ g5 lle -l
The following proposition recalls some key properties of the Moreau envelope which we will utilize in the
analysis of the algorithm.

Proposition 2.6 (Moreau envelope properties). Given a function f € Ty (H), the following holds:
(i) The Moreau envelope, fﬁ, is convex, real-valued, and continuous.
(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton Jacobi
equation:
2
{gﬂfﬁ (@)= =3IV @)|°  (@8) €M x(0,+00) 03

fO(x) = f(x) r € H.
1

(iii) The gradient of the Moreau envelope, ¥V [P, is 6-Lipschitz continuous and is given by the expression

T — proxgy ()

VP (x) = 3



(iv) Vz € dom(0f), ||V f° (z)|| ~ H[@f (:):)]O’ as ™\ 0.

(v) Yo € H, fP(z) 7 f(x)as B\, 0. In addition, given two positive real numbers 3 < B, forall x € H
we have

—yy
2

0< f@) -7 @) < 2 |lor @

Proof. (i): see [6, Proposition 12.15]. The proof for (ii) can be found in [3, Lemma 3.27 and Remark 3.32]
(see also[22] or [2, Section 3.1]). The proof for claim (iii) can be found in [6, Proposition 12.29] and the
proof for claim (iv) can be found in [6, Corollary 23.46]. For the first part in (v), see [6, Proposition 12.32(i)].
To show the first inequality in (v), combine (ii) and convexity of the function 5 +— ¢ (z) for every z € H.
The second inequality follows from the first one and (iv), taking the limit as 3’ — 0. O

™

0< f7 ()~ f(2) <

I

v @)

Given a closed, convex set C, we write dc = sup || — y|| to denote the diameter of C. We denote the
z,yeC
Bregman divergence of a differentiable, function F by,

Dp (x,y) £ F (z) = F (y) = (VF (y) .z —y) .
Definition 2.7 ((F, ¢)-smoothness). Let F': { — R U {+o0} and ¢ :]0, 1] — R.. The pair (f,C), where
f:H —RU{+oo}and C C dom (f), is said to be (F, ¢)-smooth if there exists an open set Cp such that
C C Cy C int (dom (F')) and,
(i) F and f are differentiable on Cy;
(ii) F — f is convex on Cp;
(iii) it holds

e DF (Z7$)
Kipee “ sup — 0 < +o00.
(F6.€) x,5€C;v€]0,1] C('y) 24)
z=z+vy(s—x)

Remark 2.8. An important consequence of Definition 2.7(i) and Definition 2.7(ii) in (F, {)-smoothness is
the following. Let (f,C) be (F, () smooth. Then, for any =,y € C, we have,

fly) < f@)+(Vf(z),y—x) + Dr(y,2).
Moreover, by Definition 2.7(iii), if y = x 4+ (s — ) for some s € C and y €]0, 1], we have,

Dp (y,7) < Kpee)C(7) - (2.5

Definition 2.9 (w-smoothness). Consider a function w : Ry — R such that w (0) = 0 and & (s) &

fol w (st) dt is nondecreasing. A differentiable function g : H — R is said to be w-smooth if, for every
z,y €H,

Vg (x) = Vg ()l <w(llz—yl)

Remark 2.10. A classical consequence of w-smoothness is the following. If g : H — R is w-smooth, for
every x,y € H we have

F) <f@)+ (Vi) y—=) + &y —zl) lly — =l .



Remark 2.11. Note that being w-smooth is a stronger condition than being (F, )-smooth since every w-

smooth function f is also (F, {)-smooth with F' = f, ( (t) = dct{ (dct) and K (g ¢ 0y < 1. Additionally, the

assumptions on § being nondecreasing can be replaced by the sufficient condition that lim+ w(t) =w(0) =
t—0

0.

3 Algorithm and Assumptions

For each k& € N, we denote by A, and \; random variables from (€2, 7, P) to H, and R respectively. In
this context, A\j will represent the error in the gradient or proximal terms and A7 will represent the error in
the linear minimization oracle itself.
Algorithm 1: Inexact Conditional Gradient with Augmented Lagrangian and Proximal-step (IC-
GALP)

Input: zo € C = dom (h); pg € ran(A); (k) ken> (Be)kens (Or)wen > (Pk)ken € £+
k=0

repeat

Y, = proxg, , (Twy)

2 = Vf<l'k> + T (ka — yk) /5]f + A*up + prpA* (Aack - b) + A
sk € Argmingeqy {h(s) + (2, ) }
spe{seHy:h(s)+ (zk,5) < h(sg)+ (zk,sk) + A0}

Thy1 = T — Vi (T — 51)
M1 = pg + O (Azgyq — )
k+—k+1

until convergence;
Output: zy, .

To improve readability, we list some notation for the functionals we will employ throughout the analysis
of the algorithm,

@ (@) 2 f (@) +g(Ta) +h (@);
L(w,p) = f(x) +g(Ta) +h(z) + (g, Az = b) ;
Lic(a,p) E £ () + g™ (T2) + h (@) + (u, Av = b) + 55 || Az — 0] G.1)
Ex (@,1) = f (2) + g™ (Tw) + (. Ax = b) + 25 || Az — 0]
Dy (2) £ [ (@) + g™ (Tw) + b (a).

We can recognize L (z, i) as the classical Lagrangian, £y, (, i) as the augmented Lagrangian with smoothed

g, & (x, ) as the smooth part of Ly, (z, i), and @, (x) as the primal objective with smoothed g. With this

notation in mind, we can see zj, as V& (xk, 1) and \i, as the error in the computation of V& (, i )-
We define the following filtration

G« (8k)peny Where 8 “o (20, 140,50, - - - Sk) (3.2)



and o (xo, po, So, - - - , Sg) is the o-algebra generated by the random variables x, po, So, - - . , 5 defined in
Algorithm 1. Furthermore, due to the error terms being contained in the direction finding step, we have that
Zr+1 and pyy1 are completely determined by 8. Another noteworthy consequence of the error terms being
contained in the direction finding step is that the primal iterates (x);cy remain in C, as in the classical
Frank-Wolfe algorithm, while the dual iterates (), remain in ran (A).

Finally, we define the notation for the set of solutions for (%) and (%) to be

Sp & Argmin{f (z) + g (z) + h () : Az = b} and Sy = Argmin {(f +g+h)" (—A"p) + (p,b)}

z€Hyp HEHq
(3.3)
and the notation for the set of weak cluster points of a sequence (zy),c in H,, to be
2 [(:L‘k)keN] “ {x €Hy,:3 (xkj)jeN s Ty — :1:} . (3.49)

3.1 Assumptions
3.1.1 Assumptions on the functions

We impose the following assumptions on the problem we consider; for some results, only a subset of them

will be necessary:

(A.1) The functions f,g o T, and h belong to I'g (#,).

(A.2) The pair (f,C) is (F, ¢)-smooth (see Definition 2.7), where we recall C = dom (h).
(A.3) The set C is weakly compact (and thus contained in a ball of radius R > 0).

(A4) Itholds T'C C dom(9dg) and sup H[(‘)g (Tx)}OH =M < 0.
zeC

(A.5) The function h is Lipschitz continuous relative to its domain C with constant L;, > 0, i.e.,V(x, z) € C?,
[h(z) — h(z)| < Ly |z — 2]).
(A.6) There exists a saddle-point (z*, u*) € H,, x H4 for the Lagrangian L.
(A.7) The set ran(A) is closed.
(A.8) One of the following holds:
(a) A7 (b) Nint (dom (g o T)) Nint (C) # 0, where A~ (b) is the pre-image of b under A.
(b) H,, and Hg4 are finite-dimensional and

A=Y (b)Nri(dom (go T)) Nri(C) # 0
and 3.5
ran (A*) N par (dom (g o T) N C)*= = {0} .

(A.9) The space Hg is separable.

(A.10) The set-valued mappings (0 (P} o (—A*))), oy satisty the following property: for any sequence ((pk, qk))ren

satisfying, for each k € N,
P € 9 (®f 0 (=A%) (ar)

with p;, — p and g, — ¢, the sequence (qy,), o admits a strong cluster point.
The following lemmas outline sufficient conditions ensure that assumption (A.4) holds for g and show
why it’s unnecessary to make a similar assumption for f in light of (A.1) and (A.2).



Lemma 3.1. Let T : H,, — H, be a bounded linear operator. Assume that one of the following holds:
(i) g € Ty (Hy), TC C int (dom (g)) and C is a nonempty compact subset of H,.
(it) g : H, — Ris continuous, convex and bounded on bounded sets of H.,, and C is a nonempty bounded
subset of Hp.
(iii) H, and H,, are finite dimensional, and either g € T'o (H,), TC C int (dom (g)) and C is closed and
bounded, or g : H, — R is continuous and convex and C is a nonempty bounded subset of H,,.
Then (A.4) holds.

Proof. (i) Since g € I'g (#,), it follows from [6, Proposition 16.21] that
TC C int (dom (g)) C dom(9g).

Moreover, by [6, Corollary 8.30(ii) and Proposition 16.14], we have that Jg is locally bounded on
int (dom (g)). In particular, as we assume that C is bounded, so is 7'C, and since 7'C C int (dom (g)),
it means that for each z € T'C there exists an open neighborhood of z, denoted by U, such that dg (U)
is bounded. Since (U.),. is an open cover of TC and T°C is compact, there exists a finite subcover
(U, )p—y- Then,

U 99 (Tz) C U dg (Uz,) -
k=1

zeC

Since the right-hand-side is bounded (as it is a finite union of bounded sets),

sup |lul| < o0,
z€C, uedg(Tx)

whence the desired conclusion trivially follows.

(ii) From the equivalence [6, Proposition 16.17(i) <= (iii)], it follows that dom(dg) = H, and thus
TC C dom(0g) trivially holds. Moreover, dg is bounded on every bounded set of #,,, and in particular
onC.

(iii) In finite dimension, the claim follows trivially from (i) for the first case by a simple compactness
argument, and from (ii) in the second case since a continuous and convex is bounded on bounded sets

in finite dimension; see [6, Proposition 16.17].
O

Lemma 3.2. The assumptions (A.1) and (A.2) are sufficient to ensure that

sup [V f (z)|| <D
zeC

for some D < +oc.
Proof. Fix s € C and let x € C. We have
F V@) 4+ f(5) = (VF (@),8) = F(5) = f (2) = (Vf (@) .5 — 2) = Dy (5,2) < D (5,2)
< Kipee¢ (1),

where we used the Fenchel identity ([6, Proposition 17.27]) in the first equality, Remark 2.8 in the first in-
equality and Definition 2.7 in the second one. By [6, Corollary 9.20], f is bounded from below on C which
entails

[T (Vi (@) = (Vf(x),s) < Dr(s,2) < Kpee$ (1) +¢,



for some real constant c. Now, since
s € C CdomV f C int (domf)

by Definition 2.7 and [6, Proposition 17.41], we infer from [6, Theorem 14.17 and Proposition 14.16] (recall
that s is fixed), that there exists a1 > 0 and as € R such that, for all x € C,

ar [V (@)] + a2 < Kpee)¢ (1) +ec
Taking the supremum over x € C entails the desired claim with D = afl (K (Fee)S (1) +e— ag). 0

Remark 3.3. If the dimension of H is finite, then (A.10) is satisfied because weakly compact sets are
compact in such spaces. Alternatively, another sufficient condition is to impose that the sublevel sets of the
functions (®} o (—A*)),c are compact, for instance if the functions are uniformly convex, uniformly in &.

3.1.2 Assumptions on the parameters and error terms

We impose the following assumptions on the parameters and error terms and, as with the assumptions above,
for some results only a subset will be necessary:
(P.1) (7) e €10, 1] and the sequences (¢ (V) pen » (Vi/Bk) yepy @04 (Ve Bk pery belong to £ .
(P2) (k)pen & £
(P3) (Br)pen € ¢+ is nonincreasing and converges to 0.
(P4) (pr)pen € U4 is nondecreasing with 0 < p < pp, < p < +o0.
(P.5) For some positive constants M and M, M < (yx/ver1) < M.
M _ P

(P.6) (01),cy satisfies O, = 2= for some ¢ > 0 such that - — 5 < 0.

(P.7) The sequences (px) ey and (V) pen satisty (1 — Yit1) prs1 — Pk + 2% — ? < 0 with ¢ as in (P.6).
(P8) (Yrr1E [[IM st ll | Sk])pery € 4 () and  (ypiE AL, | ‘Sk])keN el (6).
(P9) (et E (At € £ and (3ot [Ny ]) oy € £

Remark 3.4. To satisfy (P.7), it suffices to take (py), to be a constant sequence, i.e. pp = p, with p

sufficiently large to satisfy 2% < p, a similar requirement as in (P.6). The condition (P.7) would then be
satisfied as follows,

2 o Vi
(L= ) p=pt Zm =5 = —mpp+ -~ (2= %)

2k
< —Vkt1p + ~

M
< Vel 2? -p

< 0.

Remark 3.5. We will also denote the gradient of &£, with errors as

It is possible to further decompose the error term Aj, for instance, into )\£ — T*Ai/ B where )\£ is the
error in computing V f () and )\i is the error in evaluating proxg, , (T'xy). In this case, the condition
Vet 1E [ Nesill [ SeDpey € €4 (S) in (P8) is sufficiently satisfied by demanding that

(i M| 18]) €€ (@) and (E2E AL, | Sk]>keN el (&)

Br+1

keN
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4 Main Results
4.1 Preparatory Results
Lemma 4.1. Suppose (A.1), (A.2) and (P.1) hold. For each k € N, define the quantity

Cw T
B

Then, for each k € N, we have the following inequality,

+ || Al px 4.1)

Ek (Trg1, i) < Ek (wpy pir) + (Vi (Tky i) 5 Thr — k) + DF (Thg1, 1)
L
+ %vakﬂ — xp)|%.
Proof. See [34, Lemmad4.5] O

Lemma 4.2. Suppose (A.1) and (A.2) hold. Then, for each k € N and for every x € H,,

Ex (@, 18) = Ex (wrs 1) + (Valic (2 ) s @ = ag) + )| Al = )|
Proof. See [34, Lemma4.6]. ]

Lemma 4.3. Assume that (A.3) and (P.4) hold. Let (1), be the sequence of primal iterates generated by
Algorithm | and & = (8},);,cy as given by (3.2). Then, for each k € N, we have the following estimate,

B Az, = bl]* = PEE [ Az — b | Si-1| < de ANl (1AIl B+ 6]) e (P-as.) -

Proof. For each k € N, by convexity of the function 2= || A - —b||? and the assumption (P.4) that (py,) kEN
is nondecreasing, we have,

B || Ay = bl = P Ay — b]* < P Ay — )" — B Az — )

Pk+1

< el - —

< <v (P —op <xk> )

= pr+1 (Azg — b, A (2 — Tp41)) -

Recall that, for each k € N, z;11 = 2 — V¢ (zx — Si) and take the expectation to find,
P Az — bl — B [P | Awyy = b | S5o1] < PWE [{Awg — b, A (24 = 1)) | S

< Pyede [|A] (ANl B+ 8]

where we have used the Cauchy-Schwartz inequality and the boundedness of C, assumed in (A.3), in the last
inequality. O

Remark 4.4. The above result still holds if we replace both py and py1 by the constant 2 and shift the index
by 1,i.e., foreach k € N,

| Azt = bl — E [ Azira — b | 8] < 2de 1] (JA] R + [bl]) i1 (P-as.)

11



Lemma 4.5. Suppose that (A.1)-(A.6) hold. Let (x},),c be the sequence of primal iterates generated by
Algorithm | and p* a solution, which exists by (A.6), of the dual problem, and recall the constant D from
Lemma 3.2. Then, using the filtration G given in (3.2), for each k € N, we have the following estimate,

£ (e i) — E[L (@1, 1) | St < vade (M T] + D + Ly + | I14]) (P-as.) -

Proof. We recall the proof from [34, Lemma 4.7] with a slight modification to account for the inexactness of
the algorithm. Define uy, o [89(T$k)]0 and recall that, by (A.4) and the fact that for all k € N, ;. € C, we
have ||uy|| < M. By (A.1), the function ® (z) = f (z) + g (Tx) + h (z) is convex. Then, for each k € N,

L(zg, 1) — L(@p41, 1) = ©(z) — P(@p41) + (1* A (v — Th41))
< (up, Tk — pq1)) + (VI (2h), T — Tpp1)
+ Lpllzg — zpga | + (|5 AN 2k — 2],

where we used the subdifferential inequality (2.2) on g and f, the Ly-Lipschitz continuity of A relative to
C (see(A.5)), and the Cauchy-Schwartz inequality on the inner product. Since, for each k € N, x11 =
Zr + Yk (Sk — k), we obtain, for each k € N,

L(zg, 1) = L(Tp41, 1) < 7k<<uk7 T(xr — 1)) + (Vf(zr), 2 — k) + Lz — skl
+ I AN Nz = 5l

Now take the expectation with respect to the filtration S;_1, such that zj is completely determined, to get,
foreach k € N,

L (xp, 1*) — E L (@hi1, 1) | Sp—1] < W (E [(uk, T(xr — ) | Sk—1] +E[(Vf(zr), Tk — 5k) | Sk—1]
+ LuE [|lze — 5kl | Sp—1] + ||| | Al E [llzr — Skl | Skz—l])
< Akde (M||T|| 4+ D + Ly, + ||| |A]l)

where we have used the Cauchy-Schwartz inequality, the boundedness of the set C by (A.3), the boundedness
of uy, by M by (A.4), and the boundedness of |V f (z)|| by D, the constant in (A.4). O

4.2 Asymptotic feasibility

Lemma 4.6 (Feasibility estimate). Suppose that (A.1) - (A.4) and (A.6) all hold. Consider the sequence of
iterates (xy),,cy generated by Algorithm 1 with parameters satisfying (P.1) and (P.3)-(P.6). For each k € N,
define the two quantities, A} and AZ in the following way,

AL E Ly (g1, ) — Lo () . AL =L — L (1)

where we have denoted Ly, () < ming Ly, (z, py) and £ £ L (a*, 1i*). Furthermore, for each k € N,
denote the sum Ay, < AY + A‘,ﬁ. We then have, using the filtration & given in (3.2), for each k € N,

M _ L
E[Aps1 | Sk] — Ak < —Yis1 (C |AZps1 — b||> + 0 || A (2ps1 — xk+1)|l2> +7§+1%d(2:

Br =B (4.2)
+ Kireo€ () + M2 + (ot — o) (1417 B + 0]

1B Vs | 88] + derniE [l | 84).
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Proof. The proof here is adapted from the analogous result found in [34, Theorem4.1]. As before, the
quantity AZ > 0 and can be seen as a primal gap at iteration k£ while Ag may be negative but is uniformly
bounded from below by our assumptions (see [34, Theorem 4.1]). We denote a minimizer of Ly, (z, ug) by

Zr € Argmin Ly, (x, i), which exists and belongs to C by (A.1)-(A.3). We have, for each k € N,
TEH,

Api1 — A = Lot (Thio, k1) — Li (Th1, 1) + O | Azgyr — 0|
+ 2Ly (Tiy pi) — Lig1 (Tt1, Per)] -

Recall that &, € Argmin £y, (z, i1y ), that g% < gP+1 due to (P.3) and Proposition 2.6(v), and that p;, <
z€H)p

pr+1 by (P4). Then, for each k € N,

Li Ty i) — L1 @ty prer1) < Li Tty k) — Lot (Tt1, fkt1)
- 1 -
= [Qﬁk - Qﬁk“} (T$k+1) + B [Pk - Pk+1] HAka - bHZ
+ (e — prt1, A1 — b)

< _ek <Al‘k+1 - b7 A:Ek-l-l - b> )

where we have used the fact that py1 = pr + 0 (Azg41 — b) coming from Algorithm 1. So we get, for
each k € N,

Ap1 — Ak < Lo (Trso, 1) — Lo (Trgt, ) + O [| Az — b))
— 20k (Azpy1 — b, AZpy1 — D) .

Note that, for each k € N,

Lo (e posn) = Lunr apnoeen) = [0 = %] Tan) = (P70 ) oy - o
Then, for each k € N,

Api1— Ap < Lr1 (Thgo, fier1) — Lrrt (Trg1s rrr) + g% (Tapy) — 97 (Tpsr)

+ <pk+12_pk> | Azpir = bl* + O [|Azgr1 — bl|* — 205 (Azprq — b, AZjyq —b) .

We denote by T1 = L4 1 (2pr2, k1) — Lis1 (Tha1, fes1) and the remaining part of the right-hand side
by T2. For the moment, we focus our attention on T1. Recall that £y, (x, u) = E (x, pg) + h () and apply
Lemma4.1 between points xx2 and x4 1, to get, foreach k € N,

T1 < h(xp12) — h (zr41) + (Va1 (Tht1s fht1) s Thao — Tht1)

Lyqq

9 ||5Uk+2 - 33k+1||2 + Dp (xk-‘rQa 9Ek+1) .

+

By (A.1) we have that h is convex and thus, since xjo is a convex combination of 1 and 11, we get,

13



foreach k € N,

T1 < Yp1 (b (Skg1) — b (Trt1) + (Vaelrrt (Tra1s ht1) s Skl — Thg1))

Lyt
2

= Ve+1 <h (Sk+1) — h (Tpg1) + <V/\m5k+1 (Thot1s k1), Shp1 — $k+1>

+ Tkt — Tpi1]|® + D (Thso, Ths1)

+ <Vx5k+1 (g1, rr1) — Vet (Thg1, frr1) , Skl — $k+1> )

Ly 1
2

= Vit1 <h (Sk+1) — h (zp41) + <V/z\5k+1 (k15 1) Skl — $k+1>

+ |2kt2 — 21 ||? + Dp (Tr2, Trr1)

Lyiq
2

— ( Ak, Skl — Thy1) ) + |Zkro — Zpsr]|® + Dr (Tppo, Tpy1)

Applying the definition of s, as the approximate minimizer of the linear minimization oracle gives, for each
k€N,

T1 < v (h (Skt1) — h(wpq1) + <V/\x5k+1 (Thy1, Hkr1) , Skl — $k+1> + Nig1

Ly

— (Nt 15 Skt 1 — Thy1) ) + |Thy2 — $k+1|12 + Dp (Trt2, Tht1) -

We can apply the definition of s as the minimizer of the linear minimization oracle and Lemma4.2 to
get, foreach k € N,

T1 < v (h (Trv1) = h (Tg1) + <Va:5k+1 (Tht1s Hkt1) > Thp1 — l‘k+1> + A1

N L1
— ( Nkt 1) Skl — Th1) ) + 2+ |Zpro — Zrs1l|® + Dr (Tppo, Tpy1)

= k1 (h (Tr41) = P (Trg1) + (Va1 (Thrts Br41) s Thr1 — Thr1) + Aoy

. - L1
— ( Nkt 1) Skl — Th1) ) + 2+ |Zpro — Zrsr]|® + Dr (Tppo, Tpy1)
- - Pk+1 -
< Yet1 (h (Zht1) — P (Thg1) + Ekt1 @y rt1) — Ept1 (Thg1s Pg1) — T+ A (241 — Fppr)]?

. . Ly
+ Mot — Mot 15 Skt1 — Tt1) ) =+ 2+ | Trg2 — Jfk+1||2 + Dp (Tp42, Tht1)

N k1 5
= Vi+1 (£k+1 (Tk+1, 1) — L1 (Thp1, Prt1) — pT+ A (@r41 — Fe) 11”4+ Ay

. - L1
— (Mt 15 Sk 1 — Thg1) ) + T+ |zk+o — Ths1l® + Dp (T2, Tht)
< _ VE41Pk+1
- 2
L1
+ 2

14 @arr = i) P+ vorn (Mt + e, B = Sig) )

|Zps2 — Zhs1|* + Dr (Tpgz, The1)

where we used that T, is @ minimizer of Lx1 (-, pg+1) in the last inequality. Combining T1 and T2 and
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using the Pythagoras identity we have, for each k € N,

Appr — Ap < =0 || AZjrr — 0| + (9k - 7k+1%) A (g1 — Fp) |

Lyt
+ 2+ |zks2 — a1l + D (Tpr2, Th1) + {Q’Bk“ - gﬁ’“] (Txpy1)  (43)
o+ PP A = B s (Mosn + e, B = 8i) ).
Now take the expectation with respect to S = o (x9, 110, S0, - - - , Sk ), Which completely determines x 1,

Tr+1, and pgy1. We are also going to perform the following estimations.
e Under (P.5) and (P.6), we have that, for each k € N, 0, = ;. /c with M~,1 < 7, and so that

—0 < —%VHL
e Again by (P.6), we have, for each k € N, 6}, = ;. /c for some ¢ > 0 such that

M
>0, S _E2_ 5.9
c 2
where M is the constant such that, for each k € N, ~;, < M'Yk_t'_l (see (P.5)). Then, using again (P.5)

and the above inequality, for each k € N,

M M p
O — ’Yk—i-l@ <{—- Phel Vi1 S| — = 5 ) Vet = —0Vkt1- 4.4)
2 c 2 c 2

e By Algorithm I, foreach k € N, xp10 — Zxr1 = Vi1 (Sg+1 — Tr1). Since Si4q and x 1 are both
in C and C is bounded due to (A.3), for each k € N,

L1 2 Lyy1 o Lii1 o
) E [|\$k+2 - l‘k:+1” | Sk} = 9 7k+1E [H3k+1 - 5Uk+1|| ’ Sk] S —

e Recall that, by (A.2), f is (F, ¢)-smooth and invoke Remark 2.8, to get

k+1dC

E[Dp (2k12, Tht1) | Sk < K(peeyC (Vht1) -
e By Proposition 2.6(v) and assumption (A.4),

Br — 5k+1

E Hgﬁk+1 _ gﬁk] (Tzs1) | Sk} < ; [H[ag (T$k+1)]0H2 | Sk:| < Br _2,819+1M2'

e We also have, using Jensen’s inequality and (A.3), for each k£ € N,

(mﬁiﬂ%)EMAmH—ww&]S@HJ—MJOAWR”+WW)

In total, for each k € N,
E[Apr1 | 8k = Ay < =yt [|[AZpp1 — b)1? — 0y 1A (@1 — Ear) ||

Ly 1
+ R d2 4 K(peo)C (Turt)

2
Br — B
+ P (o — o) (1417 B2 + )

1 (B Mot | 8] + B[, B — 5 | 84])-
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Using Cauchy-Schwarz together with the fact that ;.1 and 5,41 are in C, which is bounded by (A.3), we
also have, for each k € N,

Vi1 B [ Akt 1, o1 — Sk41) | Skl < Ve 1deE [|| Aega|l | Sk] 4.5)
which gives, for each k£ € N,

Lyt

M - -
E Akt [ 8] = Ak < == [ATrr — blI> = 67k41 1A (g1 — T I° + 71%+1ng
Br — Bk 4.6
+ K(reo)§ () + M2 4 (o — o) (AP B2 + o)) 4O
+ 1B Mg | 8k]) + errdeE [ Mg | Sk],
and (4.2) follows by trivial manipulations. ]

ok
Theorem 4.7 (Feasibility). Suppose that (A.1)-(A.4) and (A.6) all hold and recall Ty, e > 7. Fora
i=0

sequence (xy),cy generated by Algorithm | using parameters satisfying (P.1) - (P.6) and (P.8) we have,
(i) Asymptotic feasibility: klim |[Azg — 0] =0 (P-a.s.)
—00

(ii) Ergodic rate: let Tj, = Zf:o vii /L. Then

1
|AZy —b] = O <m> (P-a.s.) . 4.7)

(iii) It holds (WH | AZ i1 — bHQ)k L€l (&) and (W | Azpsr — b||2)k € L(8) where & s
€ €
given in (3.2).
Additionally, if (P.9) also holds then we have the following pointwise rates in expectation,

; ; A _1
(iv) It holds OgilikE[Hsz b|]] € O (m)

(v) There exists a subsequence (a:kj)jeN such that £ [HAxkj — bH] <

(vi) It holds (’ykE [HAa?k - bHQD € (! and <’ykE [HAa;k — bH2D

1
VT

1
€l

keN keN

Proof. Our goal is to first apply Lemma?2.2 and then apply Lemma 2.3. By Lemma 4.6, we have, for each
k€N,

M - L
E[Aks1 | 8k] = Ak < =1 (C [AZg 11 = b]I* + 6 [|A (2p 11 — $k+1)”2> + Vi ];Hd%

Br — B (4.8)
+ K(ree)$ (Ves1) + %MQ + (Pk+1 — Pk) (”AH2 R+ |p?

e tE N | 88] + deruntE [l | 84).

N—

Because of (P.1) and (P.4), and in view of the definition of Ly in (4.1), we have the following,
Lit1 o 1 (|7 2 2 2 1
— Yie+14c =\ 5|z — TIAI" prt1 | vierade €Ly
2 kEN 2\ Brt1 .
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For the telescopic terms from the right hand side of (4.8) we have

Be = Br+1 4 2 1 2 p2 2 1
(o) e ma (G- (JAF R4 IE)), € 6

where R is the constant arising from (A.3). Under (P.1) we also have that

(K(ree)S (1)) e € G-

Finally, due to (P.8), we also have

(V1B A2 | 8k]) ey € €4 (&) and (deyi1 B [ Aksall | Sk])pen € €4 (S)-

Using the notation of Lemma 2.2, we set, for each k € N,
_A _ M. s 2 A . 2
Tk = Rk, Ak = Yk+1 = |AZpy1 — bl|” + 6 [|A(2hq1 — Tq1)||” ), and

= T+ Ko () + ¢ (P gy — o
+ 1B Mot | 8k] 4 devir B[ el | Sk] -
We have shown above that , for each £ € N,
E[rpt1 | Sk] — ri < —ap + 2z,

where (2;),cy € £} (6), and 7y, is bounded from below. We then deduce using Lemma 2.2 that (), is
convergent (P-a.s.) and
(s [A4Zrs1 = bl) € 4(8) and (o 4 (@rir = Ten)?) _ €61(8) @)

satisfying (iii). Consequently,

keN

(7k+1 |Azpqq — b||2>kEN el (&), (4.10)

since by the Cauchy-Schwarz inequality,
oo o0
> el Az, = bl* <23 (14 (on = 31 + | ATk = ) < +oc.
k=1 k=1

To finish proving (i) we simply apply Lemma4.3 (with Remark 4.4) and the conditions of Lemma?2.3 are
satisfied. Then, (ii) follows directly from the application of Jensen’s inequality as in the results of [34,
Theorem4.1].

We now assume that (P.9) holds. By Lemma 4.6, we can take the total expectation and use the law of total
expectation to have, for each k € N,

M . N L
E[Ak1] ~ E[AR] < 1 (E (1143511 = bl°] + 3[4 (w41 — $k+1)H2D R

B 8
+ K(rgo)§ () + F M2 + (o = o) (|AIP B + 1))

+ Ve 1E [Ny ] + devira B (| A ll] -
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Define the following, for each k € N,
s - . (M ~ 2 ~ 2
e =E[Ar], Pk =k, Wk = ?E |AZgq1 — bl|"| + OB |[|A (Trq1 — T41)[7| ), and

. Lgn Br — Brt1 Pk+1 — Pk
Rk = T+71%+1d<2: + K(F,C,C)C (Vr+1) + %MZ + % E [HAiﬁkH - b||2]

+ Yer1E [Myq ] + devia B (| Argall] -

By the argument of the previous paragraph, in conjunction with (P.9), we have that (), € &. We can
apply the total expectation to the results of both Lemma4.3 and Lemma4.5 and then the claims of interest
follow from Lemma 2.4 applied with (7%).crs (Pk)pens (Wk)pen- and (2x) oy defined as above. O

4.3 Optimality

The following lemmas regard the boundedness of the sequence of dual iterates (ji;),c and the uniform
boundedness of the Lagrangian. They were shown in the deterministic setting in [34] and easily extend to
the stochastic case in light of Theorem 4.7.

Lemma 4.8. Suppose that (A.1)-(A.3), (A.6)-(A.8), and (P.1)-(P.6) all hold and define, for each k € N,

o () = inf Ly (w.p) and ¢ f (@) +g(Tx)+h(@)+ 5 lAz—b]*. @)
TEp

Then the sequence of dual iterates (ji1,),,cy generated by Algorithm 1 is bounded (P-a.s.), for each k € N
the function oy, (1) is convex and differentiable with gradient
Ver (1) = py, ! (u — PrOX,, gro(—ax) (1 — szb)> : (4.12)
and it holds, for each k € N,
Vo (i) = ATy — b (4.13)

Proof. Note that here we have denoted, for each k € N, & (z) = f (z) + ¢°* (z) + h (x) while in [34] it

is defined differently with ¢y, () = f (x) + ¢ () + h (x) and ®}, (x) having different meaning.

For brevity, we defer to the proof in [34, Lemma4.11], noting that since <'yk+1 |Zrt+1 — b||2) ey € L (8)
€

and (7k+1 lxgs1 — b||2)keN € ¢} (&), there exists Q C Fwith P (Q) = 1 such that (¢ (i (W))) ey 18

convergent and thus bounded, and the uniform coercivity of (¢ ),y is unaffected by the inexactness, i.e.,
(pk (W) pen is bounded. O

Lemma 4.9. Under (A.1)-(A.8) and (P.1)-(P.6), the composite function f + g o T + h is uniformly bounded
on C and we have

M défsuglf(av) +g(Tx) +h(x)] + Sup el (JA] B +0) < 400 (P-a.s.) (4.14)
xe €

where R is the radius from (A.3).

Proof. The proof follows in a (IP-a.s.) sense from [34, Lemma 4.12] with the addition of Theorem4.7. [
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We now begin with the main energy estimate needed to show the convergence of the Lagrangian values
to optimality.
Lemma 4.10 (Optimality estimate). Recall the constants c, Ly, M, D, and Ly, from (P.6), Lemma4.1,
(A.4), Lemma4.3, and (A.5), respectively. Define, for each k € N,

def

i 2 (0= ) Lo (o) + 5 oo — 17
and
wr L
T2
Then, under (A.1)-(A.8) and (P.1)-(P.7) with M > 1, for the sequences (T1),cn and (jix) ;e generated by
Algorithm I, using the filtration &' = (8y_1),c With 8y, Yo (x0, 110, S0, - - - , Sk ) as before, the following
inequality holds, for each k € N with k > 0,

Ch dg +de (M|T|| + D+ Ly, + ||| Al -

2

M
Efrie | Ser) = i < < (£ (o) = £ ) + 55 14w = bI*) + (B = Ben) -
- M?
+ (% = W) M+ e + Kpeo)C (n) + YCr + dekE [ M| | Sg—1]

+ %E A | Sk—1] (P-a.s.) .
(4.15)

Proof. Applying Lemma4.2 to the points z* and x; we have, for each k& € N,
i (0, 18) > E (s k) + (Vi (), 27 = ) + 2 A" — )|
= & (s ) + (Vo (@r ) 2* =2 + Oy — ) + B2 A — )|
= E (wp, pu) + <V/x\5k (T, ) s 2* — $k> +h(z*) = h(2*) + (A, 28 — 27)
Pk *
+ 2 A" - ).
By the definition of s, as a minimizer and the definition of 5 we further have, for each k € N,
En (2%, ) > Ex (g, o) + <V/x\gk (T k) 5 Sk — Svk> +h(sg) = h(z") + (A, 2 — 2%)
Pk %
+ 2 A" - )P
— (4.16)
> & (Tg, pi) + <vx5k (Thy f1k) 5 Sk — wk> +h (k) = A — h(z%) + (Mg, 2 — 27)
Pk
+ 2 A - )

From Lemma 4.1 applied to the points x;,; and x; and by definition of x| e xr + vk (S — x) in
Algorithm 1, we also have, for each & € N,

Ly,
Er (a1, ) < Ex (h, ) + (Vali (ks k) s Tho1r — k) + DE (Tpey1, 7)) + 5 [T
N Ly
= & (@, ) + Ve (Valk (s i) » Sk — ) + Dp (g1, 1) + ’Y;%f 15k — x|
= & (wr, ) + (Vi (@k, i) 5 Sk — @) + Ve (M T — Sk) + Dp (Tp41, k)

Ly~ 2
+71%7 5k — k"
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We combine the latter with (4.16), to get, for each k € N,

- Ly .
Ek (ra1, w) < Ek (g, ) + % (M, @° = 5%) + Dp (Tpy1, 21) + 713? 185 — ||

4.17)
v (0 (2 ) + h(a") = Ex (@, ) = h(5k) = 2F | Ay = bl + A7)
By convexity of h from (A.1) and the definition of 1, we have, for each k € N,
Ly (Trt15 i) — Li (Tks i) = Ex (Thot15 ) — Ex (Thoy k) + h (Tp41) — h (k) 4.18)

< & (Thg1, k) — Ek (s pr) + i (b (5k) — h (xp))
Combining (4.17) and (4.18), we obtain, for each k£ € N,
L (@t i) — Lr (T, ) < Yk (Eg (2%, ) + h(x*) — E (g, o) — b (2)) + Dp (41, T1) +

Ly R i
R 5 = il + e (e 2™ = 5 = 5 4wy — 0" + 2

=Yk (Lk (2", ) — Ly (2, o)) + Dp (21, 21) + ’YkL 18k — @]l
+ e (2t = 5) = B [l 4wy — B> + A7)
(4.19)
Recalling the definition of Mk+1 = + A (zg+1 — b) in Algorithm 1, we have, for each k € N,
Li (@hs1s k1) — Lo (s, i) = (kg1 — iy ATpgr) = O [|Azpeyr — b .
We combine the above and (4.19) to get, for each k£ € N,
Ly (whr1s rsr) — Lo (@, ) < Op | Azgy — bl + v (Lr (2%, ) = L (x5, 1)) + D (2r41, )

L S S
+ ”Vk 5% — @ll* + <<)\k,33* — 8k) — % | Az — b]|* + )\k) :
(4.20)

Notice that the update of the dual variable i can be interpreted as a proximal operator in the following way,

. 1
Hk4+1 = argmin {—ﬁks (g1, 1) + 20, I — /Mc||2} .
HEH k

Then, using Lemma 2.5, we get, for each k£ € N,
02> Ok (Lk (Th41, 1) — Lk (Tht1, pr41)) + (HMk—H T e el [ [ Nk”2>

= O (Lr (Tpg1, 10°) — L (Thg1, 1)) +

w\»—lw\'—l

(lewsr = w17 = N = 171> + 6 | Az = 01 -
4.21)

Recall that, by (P.6), 0 = 7 /c. Multiply (4.21) by ¢ and sum with (4.20), to obtain, for each k& € N,
(1= )i (@rrs pn) = (1= )Ly (p i) + 5 (wr = 1 = g = 12711
< (¢9k - *) | Azpy1 — bI* + v (Lr (2%, 1) — Lo (Thy 1)) — Br (Li (Tpgr, 1) — Lic (T 111))

2%k || Az — b||* + D (tpr1, ok) + 7252 |18k — 2nl® + e (g, 2 — 31) + A7) -
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The previous inequality can be re-written, by trivial manipulations, as, for each & € N,

C
(1 = cbrt1) Lrs1 (Tpa1, prgr) — (1 — cbp) Ly (g, pir) + 3 (||Mk+1 — P = e — M*H2>
02
< (1= clpp1) Lt (Trgr, prr1) — (1 — cOp) Lk (Thg1, prs1) + <9k - > [E—
* * pk’Yk 2
+ Yk (Lr (2%, ) — Ly (wr, pr)) — O (Lr (Tpg1, 1) — L (p, 1)) — | Az, — b

Ly . ~
+ Dp (Tp41, k) + 7137 18 — 2kl1> + 7 (s 2 — 35) + A7)

= c(Ok = Ok1) (f + h+ (pry1, A-=D)) (Tp41) + ((1 — cOpy1) g — (1 — Cka)gB’“> (Txpy1)
1

+3 (1 = cOps1) prs1 — (1 — cOy) pi + 205 — cb) ||Azpy1 — b1 + vk (Li (%, i) — Lo (T, i)

— el (L (onn, ) — L (o, 1)) — P05 | Ay — B + D (g, i) 97 3 — P
+ 9k (Mg, 2™ — 5y + A7) .
(4.22)

By (P.5), (P.6) and the assumption that M > 1, we have 0,11 < M9, < 6. In view of (P.3), we also
have 841 < SB. In particular, g% < ¢gPx+1 < g pointwise. By Proposition 2.6(iv) and assumption (A.4),
we are able to, for each k € N, estimate the quantity

((1 — rr1) g7 — (1 — cby) 95’“) (T41)

= ( Prst — gﬁ’“> (Tzp4r) +c (ngﬁ’“ - 9k+195k+1) (Tzk41)
1 _ 0 2 Br _ Bk

< ) (Br = Br+1) |(09(Txp41))"|| +c(brg Or+197" ) (Trp41)
1

< - 5 (Br — Br+1) H (09(Txp41)) H +c(Ok — Opr1) 9(Twpq1).

Then, foreach k € N,

c(Or — Opv1) (f + P+ (g1, A =0)) (Tg41) + ((1 — 1) g7 — (1 — Cgk)gﬁ’“) (Twpi1)

< (0 — Opq1) L (Tpt1, rt1) + % (Br — Bry1) H(ﬁg(Tkarl))OHZ~
(4.23)

Recall the definition of 7y, in (4.10). Coming back to (4.22) and using (4.23), we obtain, for each k € N,

1 2
Thel — Tk < 3 ((1 — Vit1) Py — (1 — ) pr + Pl > | Azgir — b|f

Br — Br+1

Pk’Yk
Axy,
| 2

2
9 (L (@ 1) = L (21,17)) = buz + S 0g(Tag))|

+ (V& — Yh+1) £ (Tp415 k1) + Dp ($k+1a Tr) + 7k B8 — 2l 4 (s 2 — 5i) + AL) -
(4.24)
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Recall that, by feasibility of x* for the affine constraint, £ (z*, pi;) = £ (*, p*) and thus, for each k& € N,

Lo (@ ) = Lo (@r1,17) = £ (0% %) = £ (wpsn 1) + (9% = 9) (T*) + (9= 97 ) (Tay)
Pk
) |Azg i1 — bH2
=L (x*v M*) - L (xkv :U’*) + L (xka N*) - L (xk—i-l? :U’*)
(9% =) (@a*) + (9= 9™ ) (Twrsr) = B [ Awss — |
8 2
< L 1) = £ (i 1)+ £ (1) = £ @, 1) + 5| 09(Taein)’)|
= B Az — bl
where in the inequality we have used the fact that g% < g pointwise and that, by Proposition 2.6(v), for each
keN,
8, Bk ol
(9-9%) (Torsn) < 5 |@g(Tane))’|

Substituting the above into (4.24) we have, for each k € N,

1 2 ~2
Tl =Tk S g ((1 — Vit1) Pht1 — Pk + e Ck> (e —

+ vk (L (2%, 1%) = L (2h, 1)) + vk (L (2, 1) = L (Tp1, 17))

_ 2
= P | A — bl + =P (T 1))+ = i) £ (s rn) 429

/Bk 2 Lk ~
o [@a @)+ D (e, mn) + 22 (5 —
+ 9% (A, 2 = 35) + A7)

Take the expectation with respect to Sg_1 o (x0, 10, S0, - - - » Sk—1), Which will completely determine x
and pg, and perform the following estimations.

e From (P.7), we have, for each k € N,

2 %
(1 = Ye+1) Prt1 — pr + e— S 0.
e By assumption (A.4), for each k € N,
0]|? 2
E H(ag(Tka)) H | 81| < M2,
e By Lemma4.9, for each k € N,

E [£ (@41, tks1) | Sp—1] < M.

e Recall that, by (A.2), f is (F, ¢)-smooth and invoke Remark 2.8, to get, for each k € N,
E[Dp (zry1, k) | Sk—1] < K(pee)C () -
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e Since, for each k € N, 53, and x, are both in C, we have
E I8k — k|l | Sk-1] < de.
We have, for each k € N,

Elrgsr | Sp—1] = < i (£ (2%, 1%) — L (@h, 1)) + vk (£ (2h, 1) = E[L (21, 17) | Sp—1])
P A — bR PPN ) BT 2
L * s
+ K(rco)€ () + szjkd% + VE [(Ak, @™ = 5k) + AL | Sp—1]-

We can bound the inner product involving the error terms using the Cauchy-Schwartz inequality and the
boundedness of C. Applying Lemma4.5 and regrouping terms with 7,% we get, foreach k € N,

M2
E (s | Skoa) = i < e (£ (2% %) = £ (e 1)) = P || A = bI* 4 (B = Bran) =5 +7Ci
- M?
+ (Y — Yet1) M + 'YkBkT + Kpee)C () +E [de [[Akll + A% | Sk—1] -

We conclude by trivial manipulations. O

We now proceed to prove the main theorem regarding optimality, recalling the notation of (3.3) for the
terms Sy and Sy and (3.4) for 20 [(x),cy]|. The convergence and rates of the Lagrangian values will
be shown in terms £ (zy, p*) — L (z*, *), which is non-negative since (z*, ©*) is a saddle point. This is
however not a primal-dual gap. Nevertheless, observe that in view of [6, Proposition 19.21(v)], we have

£ (e i) = £ (2%, 1) = B(a) — B(a*) + (A", 2, — 2,

which is nothing but the Bregman divergence of ® with the subgradient —A* i between xj and z*. This
Bregman divergence appears then as a good candidate to quantify the convergence rate of Algorithm 1 given
that it captures both the discrepancy of the primal objective to the optimal value and violation of the affine
constraint.

Theorem 4.11 (Optimality). Suppose that (A.1)-(A.10) and (P.1)-(P.8) hold, with M > 1. Let (xy);,cy be
the sequence of primal iterates generated by Algorithm I and (z*, 1*) a saddle-point pair for the Lagrangian.
Then, in addition to the results of Theorem 4.7, the following holds

(i) Convergence of the Lagrangian:

lim £ (zg, 1*) = L (", 1*) (P-as.) . (4.26)
k—o0
(ii) The sequence (1), satisfies 00 [(vx)en] C S (P-a.s.) and there exists [i, an S -valued random

variable, such that p, — p (P-a.s.).
iii) Ergodic rate: for each k € N, let Ty, = ) ;" vVixi+1/L'k. Then, for each k € N,
(iii) Ergodi hkeN, let 7 = S8 yiwiy1/Th Th hkeN

L (@ 1) — £ (2%, %) € O (;) (P-a.s.) . .27)
k
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(iv) If the problem (%) admits a unique solution x*, then (xy),cy converges weakly (P-a.s.) to z* a
solution of (). Moreover, if ® is uniformly convex on C with modulus of convexity 1) : Ry — [0, o],
then (x1),cn converges strongly (P-a.s.) to x* at the ergodic rate, for each k € N,

¢ |z —2*])) € O (é) (P-a.s.) .

Furthermore, if (P.9) holds then we have the following pointwise rates in expectation, for any (z*, u*) €
Sy x Sg,

: *\1 __ * Kk 1
(v) Itholdsogng[ﬁ(xk,u ) — L (z*,p )EO(Fk>.
(vi) There exists a subsequence (xkj)jeN such that E [ﬁ (l‘kj , M*)] — L (x*, p*) < =+

Proof. As in the proof of Theorem 4.7, our goal is to first apply Lemma 2.2 and then apply Lemma2.3. By
(4.15) in Lemma 4.10 we have, using the same notation, for each k € N,

E 751 | Sp—1] — 7% < = (ﬁ (wp, ) — L(x%, ™) + % || Az, — bH2>
2 2

M ~ M
+ (Bre — Br+1) - T (e — Yrr1) M + ’YkﬂkT + Kree)C (w) + 7iCr

+ deVRE ||l | Sk—1] +WE[AL | Sk—1].

Let, for each k € N, a;, = %, (E (wg, p*) — L (x*, %) + B [|Axy, — b||2> and denote what remains on the

r.h.s. by z. TPen, to apply Lemma 2.2, we must show (2 ),y € £} (). Tlle terms (Ox — Br+1) MTZ and
(Y — Yk+1) M are bounded and telescopic, hence in ¢1.. The terms ﬁkMT and K (g ¢ c)¢ (k) are in 5

by (P.1). Recalling the definition of C, we have, for each k € N,
2 o ( Lk » *
80 =t (e +de (VT + D+ Ly + e 1141))

a2 IT112 2 d2 Al
_ (HH) Ve o (9lAPe iy 4 D+ L+ ) 1AL ) 22

2 B 2
a7\ 2 d2||A|*p
§<cgn)£+ A2 1 e 1) + D+ T+ 141 ) 47

which is in E}r by (P.1) and (P.3). The remaining terms,

deVkE | Akl | Sk—1] +wE [N} | Sk—1],

coming from the inexactness of the algorithm, are in ¢} (&’) by (P.8). Thus, the r.h.s. belongs to ¢} (&)
and so by Lemma 2.2 we have,

4 = (ﬁ (25, 1*) — L (%, 1) + % | Ay, — bH2> el (&) (P-as.)
and also that (ry,), . converges (P-a.s.).

The first claim (i) follows by applying Lemma 2.3, the conditions of which are satisfied directly from
Lemma4.3 and Lemma4.5.
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The second claim, (ii), follows from the same arguments as in [34, Theorem 4.2(ii)] but adapted to the
stochastic case. For the claims about (), . the proof is trivially extended to the stochastic setting (P-a.s.).
However, the claims about (), are more delicate to adapt so we write explicitly the arguments below.

By Theorem 4.7(iii) we have (’yk |Azy, — b||2)k N € (1 (&) which, by Lemma2.4 implies that there
€
exists a subsequence (A:ikj)jeN with HAi‘kj — bH — 0 (P-a.s.). Since the sequence () ren is bounded (IP-

a.s.) by Lemma 4.8, the subsequence (/,ij )jeN is bounded (IP-a.s.) as well and thus admits a weakly (P-a.s.)

convergent subsequence (,ukj_) with py, — [ for some H4-valued random variable fi. By Fermat’s rule
v/ ieN g

([6, Theorem 16.2]), the weak (IP-a.s.) sequential cluster point f is a solution to (%) iff
0€d(® o (—A"))(n)+b (P-as.) .

The proximal operator is the resolvent of the subdifferential and so it follows that (4.12) is equivalent, for
eachi € N, to

Veou, (m,) —bed (8, 0 (-49) (1, = pu, Vo, () B-as) . @28)

Since (Ai'kj)jeN converges strongly to b (P-a.s.), and in view of (4.13), it holds that V., (pu,) converges
strongly to 0 (IP-a.s.). However, Wk, — pkjngokji (“’m) converges weakly to i (P-a.s.). We henceforth
argue that we can pass to the limit in (4.28) by sequential closedness using a Mosco convergence (weak-strong
epigraphical convergence) argument (see [9] and [3, Definition 3.7]). Indeed, it was shown in the proof of
[34, Theorem 4.2], which defer to for brevity, that @Zji o —(A*) Mosco-converges to ($)* o (—A*). This

implies, via [3, Theorem 3.66], that 8@,*;% o(—A*) graph-converges to 9®*o(—A*), and [3, Proposition 3.59]
shows that (8@ kj, © (—A* )) e is sequentially closed for graph-convergence in the weak-strong topology on
Hg, i.e., for any sequence ((vkji , nkji))ieN in the graph of 0 ((I)Zji o(— A*))ieN such that R;, converges
weakly to ¥ and 7, converges strongly to 77, we have 7 € 09" o (—A*)(v). Let, for each i € N, Uk, =
Vgokji (“kh) —band Nkj, = Mkj, — Py, Vgpkji (u;% ), which converge strongly (P-a.s.) and weakly (P-a.s.)
respectively, and let Q C F such that P (Q) = 1 and, forall w € €, Uk, (w) = band g, (w) = [ (w).
We conclude that, for each w € Q,

0€8(d 0 (—A%) (i (w)) +b (P-as.)

i.e., v is a solution of the dual problem (%) (IP-a.s.).
We now prove the existence of a set Q C F such that P (Q) = 1 and, for all w € €, for any pu* € Sg,

O (i, w) = lim || (w) - )

exists. This does indeed hold (P-a.s.) for each fixed u* € Sy by the argument in the proof of [34, Theorem
4.2] but Sg may be uncountable and so the entire statement for any u* € Sg may not necessarily hold
(P-a.s.) . To rectify this situation, we make the assumption (A.9) and argue as in [12, Proposition 2.3(iii)].
First repeat the argument made in the proof of [34, Theorem 4.2] to show that, for each fixed p* € Sg,
there exists Q,» C F with P (Q,+) = 1 such that, for any w € Q,~, © (u*,w) exists. Let u* € Sy and
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recall (1), ¢ in (4.10), foreach & € N,

P 2 (L =) Lo (ans ) + 5 o — w7
We have already shown that (Tk)keN is convergent (IP-a.s.). We also have, for each k € N,
— L, (@, ) = (L(@p, 1*) — Ly (@, o)) — L@k, 1)
= g(Ty) = g™ (Tay) + (1" — i, A, — b) — B8 || Az — b
— L(@k, 1)
We have from Theorem 4.7 that 25 || Azy, — b||> = 0 (P-a.s.). Therefore,
(W — pg, Azg —b) — 0

since (pr )y is bounded (P-a.s.). We also have, by claim (i) of this theorem, that £ (zpp*) — L (2%, u*)
(P-a.s.). By Lemma 2.6 and (A.4), we get

0< (9(T) — g% (Ta)) < %

which implies, in light of (P.3), that g (T'zy ) —g% (Tx3,) — 0 (P-a.s.). Altogether, it holds that £y, (x, uux) —
L (z*, *) (P-a.s.) and thus the limit

M? (P-as.)

lilgn o — p*]]* = 2/c <li]£nrk —L (x*,u*))

exists (IP-a.s.) for each u* € Sg. B
Since H, is separable by (A.9), there exists a countable set S such that S = Sg,. The previous paragraph
has shown that, for every u* € Sg, there exists £+ C F such that P (€,+) = 1 and, for any w € -,

O (u*,w) exists. Set Q = ﬂs Q.+ and let Q° be its set-theoretic complement. By the countability of S,
IS

P(0)=1-P(0)=1-P HQSQ;* 21—#*26:519(9;*) —1,

ie., P (Q) = 1. Fix p* € Sg; since S = Sy, there exists a sequence (,u,;)nGN such that, for each n € N,

iy, € S and py — p*. As was already shown, for each n € N, for any w € Qx, © (u7,w) exists. Let
w € £, then we have, for each n € N, for each £ € N,

=l = wIl < e (@) = w5l = e (W) = il < lpg — 1|l
and thus, foreachn € N,
— Nl = w7l < liminf g (w) = pf| = im [l (@) = ol
= limnf [|ug () — || = © (u, )
< limksup [k (w) = 17| = © (7, w)
= tim s g () — || ~ i [y () = |
< lun = w7 -
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Taking the limit as n — oo then gives that the sequence (© (j;,w)),, oy converges to © (u*,w) for any
w € Q where Q does not depend on p*.

We now aim to use (A.10), for which we denote (p;);cy = (Vnpkji (ukj) — b) N and (¢i);eny =

ic

(Mk]-. — Pk; Vr, (M@-.)) . We’ve shown that (p;); . converges strongly to 0 (P-a.s.) and that (g;),;c
1 1 1 1 ,Le

converges weakly to iz (P-a.s.) and so there exists Q c F with P (Q) = 1 such that, for any w € Q,

pi (w) — p(w) and ¢; (w) — ¢ (w). Due to (4.28), we furthermore have, for each w € (), for each i € N,

pi(w) €9 (P}, o(—4") (@ (@) (P-as) |

and thus by (A.10), for each w € Q, (¢; (w));eny admits a subsequence (g;, (w)), o such that g;, (w) — G (w),
i.e., the sequence (,uk o~ Pk, Vi (Mkj. )) N is strongly convergent (IP-a.s.). Thus, the subsequence
i i i i ic
(Mkj. ) N is strongly convergent to i (P-a.s.). Since [ is a solution to (%), it holds that lilgn || g — f| exists
/e

(P-a.s.). At the same time, we have shown that li}n H’ukj' — ﬂH = 0 (P-a.s.) and so the whole sequence
U

(k) peny converges strongly to i € Sg (P-a.s.).
Meanwhile the third claim, (iii), follows from the argument of [34, Theorem 4.2(iv)] directly applied to
the (P-a.s.) setting and similarly for (iv) following from the argument of [34, Corollary 4.3].
Finally, assume that (P.9) holds. By taking the total expectation of (4.15) in Lemma4.10 and using the
law of total expectation we have, for each k£ € N,
* * ok Pk 2 M?
E (1] — B [rn] < = (EIL (oo )] = £, %) + 28 [ g = b12) ) + (B = ) 5
~ M? 9
+ (Ve — Yht1) M + W+ Ko (vk) + 7 Cr + deviE [|| Ak ]

+E [A\]] (P-as.) .

Define the following, for each k£ € N,
P =Elr] and f = and @y = EIL (2, 1) - £ (2, 1%) + 2B [ Azy — b))

and denote what remains, for each k € N,

3 M? . M? 5
Z = (Br — Br+1) -t (Ve = Yhs1) M + ’YkﬁkT + Kreo)C () + 72Cr + devnE [ Mel]] + WE [Af]

By repeating the arguments of the previous paragraph, we have that (Z;), .y € €1+. Invoking Lemma 2.4,
again noting Lemma4.3 and Lemma 4.5 hold with the total expectation as well, with (7%),cn. (Br)pens
(Wg) geny» and (Zg) ey defined as above, we obtain the remaining claims. O

Remark 4.12. The assumption (A.9) is only necessary for showing that the sequence of dual variables
(14 ) peny @dmits an optimal weak cluster point. The other results, e.g., convergence of the Lagrangian values,
the containment 20 [(m;@)keN} C S» (P-as.), etc, do not require the separability imposed by (A.9). Like-
wise, something similar can be said for (A.10), which is only necessary for ensuring the strong convergence
of the sequence of dual variables (i), and can otherwise be omitted.
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Remark 4.13. The combination of the Lagrangian convergence rate (4.27) with convexity and the feasibility
rate (4.7) leads directly to a rate for the objective itself evaluated at the ergodic iterate,

[ (2) = @ (a7)| = O (1/V/Ty) (Pas.) .

S Stochastic Examples

We examine the problem of risk minimization using two different ways to inexactly calculate the gradient
with stochastic noise to demonstrate that the assumptions on the error can be satisfied in order to apply
ICGALP.

Consider the following,

. def

min {f (@) £E[L ()]}, @)
Az=b

where L (-,n) is differentiable for every 7, and 7 is a random variable.

We will impose the following assumptions, or a subset of them depending on the context.Indeed, only
(E.1) and (E.2) will be used for risk minimization with increasing batch size while (E.3) and (E.4) will be
needed for the results on risk minimization with variance reduction.

(E.1) Itholds, forall x € H,, Vf (z) = E[V,L (z,n)].

(E.2) For all n, the function L (-, n) is w-smooth (see Definition 2.9) with w nondecreasing.
(E.3) The function f is w-smooth with w nondecreasing.

(E.4) The function f is Holder-smooth with constant C'y and exponent 7.

Remark 5.1. In practical contexts, it’s unrealistic that one will have access to the function f or knowledge of
its regularity. To this end, we note that the assumptions (E.1) and (E.2), which depend only on the function
L (z,n), are sufficient to ensure that (E.3) holds and similarly for (E.4) if one adjusts (E.2) for Holder-
smoothness. Moreover, since Holder-smoothness is a special case of w-smoothness, (E.4) = (E.3).

Remark 5.2. With the above choice for )\, the terms in V& (xg, ux) coming from the augmented La-
grangian are computed exactly, however our analysis extends to the case where V, (%’“ || Axy, — bH2> =

prA* (Azxy, — b) is computed inexactly as well, as this function is always Lipschitz-continuous. We demon-
strate this alternative choice in Section 7 by sampling the components py A* (Axy — b) @ in the numerical
experiments.

For the sake of clarity, we demonstrate only the case where, for each k € N, \; = )\£ with )\i =
Vi — V[ (xy)and V f}, is our inexact computation of V f (), to be defined in the following subsections.

5.1 Risk minimization with increasing batch size

Consider (?21) and define, for each k € N,

def

V= —~ VL (T, n;
where n (k) is the number of samples to be taken at iteration k. We assume that each 7; is i.i.d., according

to some fixed distribution, and that n is a function of k, i.e., the number of samples taken to estimate the
expectation is dependent on the iteration number itself.
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Lemma 5.3. Under assumptions (E.1) and (E.2), denote
C =2 (w(de) +E ||VL (@, m)?])

where x* is a solution to (%P1) and, for each k € N, 8 = o (xo, po, S0, - - -, S) as in (3.2). Then, for each
k € N, the following holds,

sl 18] < \ oy

Proof. By Jensen’s inequality, for each k € N,

o[l 150 <2 [ 5] =2 st - T 18]
Then, since Wk 41 is an unbiased estimator for V f (1), we have, for each k£ € N,
E [va (Thr1) — 6\fk+1H2 | Sk] =E [HE [ﬂk-&-l} - ﬂk;—i—lHZ \ Sk]

= Var {kaﬂ | Sk}
1 n(k+1)
=Var | ———— VL )| S
ar n(k:—i—l) ZZ; (xk—‘rlaTh) ’ k

S Var [VE (e, ) | 8
= ar X
where the last equality follows from the independence and identical distribution of n;. Applying the definition
of conditional variance yields, for each k € N,

Ty Ve VL () 180 = s (B [IVE @i )| 8] = IBIVE (@isr.n) | 841°)
1
< mE [HVL (@1, | Sk] -

We again use Jensen’s inequality, then w-smoothness, and finally the fact that w is nondecreasing together
with the fact that x; 1 and z* are both in C to find, for each k € N,

ME IVL (21, )| | Sk} < n(k:2+1) (E :HVL (zrs1,m) — VL (z*,0)|? | gk}
+E[IVL @ n)IP])
= n(,fH) (E :w (lzrer = 2*1)* | Sk} +E [||VL (fv*m)lﬂ)

2 2 2
< - *
< gD (@@ T E[IVEE ]
B C
Cn(k+ 1)
The above shows that, foreach k € N, E [HAiHH | Sk} < (k+1) and so E [H)\kHH ] Sk] < % as

desired.
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Proposition 5.4. Under (E.1) and (E.2), assume that the number of samples n (k) at iteration k is lower

2 2
bounded by (ﬁ) , Le. for some a > 0, n (k) > « <ﬁ) . Then, the summability of the error in (P.8)

is satisfied; namely,

it E [MHH |3k} e 11 (&).

Proof. By Lemma 5.3 we have, for each k € N,

Vi1 [H)‘£+1H | Sk} < 1y n(k:c+1) < \/fc (Ve+1) -

The summability of ¢ (k1) is given by (P.1) and thus ;1 E [H)\gﬂ H ] Sk} € (&) O

2
Remark 5.5. The lower bound n (k) > « (%) is sufficient but not necessary; one can alternatively

2 2
choose n (k) to be lower bounded by « (%) or o (i) and, due to (P.1), the result will still hold.

5.2 Risk minimization with variance reduction

We reconsider (%) as before but now with a different 6} We define a stochastic-averaged gradient, which
will serve as a form of variance reduction, such that the number of samples at each iteration need not increase
as in the previous subsection. For each k € N, let v, € [0, 1] and define

Vi (1 —w) Ve + Vol (2, ) (5.1)

with ﬂ,l = 0 and with each 7; i.i.d.. We call ﬂ i the stochastic average of sampled gradients with weight
k. This method of approximating V f () is reminiscent of both the SARAH estimator [28] and the SVRG
estimator [23], although distinct from both since the SARAH estimator is biased and the SVRG estimator
requires and inner and outer loops.

In the previous section, we have used the number of batches n(k) to ensure the error summability condi-
tion. This in turn means that the number of gradient evaluations increases with & (in particular, for finite-sum
objectives, one has to evaluate all gradients after finitely many iterations). This is in stark contrast with vari-
ance reduction proposed in this section where we are able to take a single (or a larger but fixed batch size)
gradient sample at each iteration, while taking full advantage of the flexibility offered by the choice of v to
reduce the stochastic error variance as we now show.

Lemma 5.6. Under (E.1) and (E.3), denote, for each k € N,

o =E [”VxL () — VI (@e)]) | Sk-1 (5.2)

where 8}, is defined in (3.2) and assume that 0> = supy, 0,% < oo. Then, for each k € N, the following
inequality holds,

2 2 devi)?
! < (1 Ve H fH o o oW (demk
2 [H)‘kHH | Sk} < (1 9 ) Aell F Vig10” +2 Vo1
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Remark 5.7. Since (E.2) implies (E.3), see Remark 5.1, it is clear that Lemma 5.6 holds under (E.1)-(E.2).
Moreover, by arguing similarly to the end of the proof of Lemma 5.3, it can be easily shown that the uniform
boundedness assumption on a,% is in force under (E.2).

Proof The proof of this theorem is inspired by a similar construction found in [29, Lemma 2]. By definition
of /\,CJr1 and ka+1’ we have, for all £k € N,

HARHHQ = Hﬂk—f—l -Vf ($k+1)H2 = H(l — Uk 1) Vi + i1 VoL 2y 1, me1) — VI ($k+1)H2-

We add and subtract (1 — vgy1) V f (%) to get,

Ml = [0 = e M+ vt (Vo @ ) = 95 @oren) + (0 = v1e0) (V1 ) = V7 )|

Applying the pythagorean identity then gives,

2 ||\ f 2 2 2
H)‘kﬂH (1 —vk41) H)\kH + Vi VoL (g1, Mh+1) — Vf (@41) ]|
+ (1= 1) IV (zk) — Vf (@) |
+2 <(1 — Ukt1) (Ai +Vf(zy)=Vf ($k+1)) Ukt (VoL (g1, k1) — VS ($k+1))>

2 (1= v M, (1= visn) (VF (@) = VF (@141)) ) -

Using Young’s inequality on the last inner product, we find,

2 2 ||\ f 2 2 2
H)‘k-&-IH < (1= vgt1) H)\kH + Vi1 Vel (g1, Mg 1) — Vo (Tp41) ]|
+ (1= 1) |V f (zk) — Vf (i) |
+2((1 = i) (M + VS (@) = VF @x00)) v (VL (@) = Vf (@00)) )

+ Vk2+1 H)‘£H2 + H(l — 1) (Vf (2) = Vf (x"’“))HZ'

Vg1

Notice that 1 — vg; < 1 and thus (1 — yk+1)4 <1 — vy forall £ € N. This leads to

Al = (1= ) M+ 920 192 s ) = V7 )P+ 19 () = 9 G P

+2((1 =) (M + VS (@) = VF @500)) i (VL (@ miesn) = V(@) )

+ 2022 49 () -V ()
Vi+1
< (1 — Vk“) H)\fH + V21 VoL (Thi1, 1) — VF (2rg1)|]* + ( &
Vk41

) I9F (2) — VF (@)

+2 <(1 — Vkt1) (Ak +Vf(xr) =Vf ($k+1)> k1 (VoL (Tpy1, Me1) — Vf ($k+1))> :
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Recall that, by (E.3), f is w-smooth with w is nondecreasing. Furthermore, using the fact that x5, =
Tk — Yk (J?k — gk:), we find

2 Vit1 2 2
Ml < (1= ) [+ s 192 o) = 95 e P+ (5 ) Ol =

+2((1 =) (AL + VF @0) = VF @) ) s vt (VoL (@1, me1) = Vi (@041)))

1% 2 2
< (1= 2 M|+ B IV L @, mesn) = VF @)l + (= ) @ (dew)
2 Vi1

+2 <(1 — Vpt1) <>\£ +Vf(xy) = VS (wk+1)> Vi1 (Ve L (Tpy1, Miy1) — Vf (xk+1))>
We take the expectation on both sides, recalling the definition of oy, (see (5.2)), o, and that

to find,

E [H)\£+1H2 | Sk} < (1 Vkﬂ) H)\fH +1/k+10 + ( >w(dcvk)2.

Vi1

O

In the following proposition, we analyze a particular case of parameter choices under the assumption (E.4)
of Holder smoothness of f,i.e. 3Cy, 7 > 0 such thatw : t — C[t7.

Proposition 5.8. Under (E.1) and (E.4), for each k € N, let V [, be defined as in (5.1) with weight vj, = 72
for some o €]0, T[. If the following conditions on the sequence (Vi) <y hold,

(7;+mln{277 a}> c el’ (5.3)
keN
and, for k sufficiently large,
k-
<l+o 5.4
o (k) (5.4)

then the summability condition in (P.8) is satisfied; namely,

it [ 15] <191,

Proof. Since (E.4) —> (E.3), the assumptions (E.1) and (E.3) are satisfied and Lemma 5.6 gives, for all
keN,

’7a 9 202d27,727'
[HA’“HH ]Sk] < (1_ k2+1> H)\iH + o2y + re%e e
Vi1

By (P.5) we have, for all £ € N, v, < M~.1. It follows that, for each k € N,
Fo? Yy I, 2 2 27 2r—ar
E||Ma]| 186] < (1= 22 ) M|+ oo + 20 CRar iz,
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Consolidating higher order terms gives, for each k € N,
E )\f 2 s, | < 7]?4_1 )\f 2 2 2M2702d27- min{2a,27—a}
][ ra] < (1= 752 ) I+ (o 20 e e

Since @ < 7 < 1 by 5.3, it holds that & < min {1, 27 — a}, and the first condition of Lemma 9.1 is satisfied.
Additionally, by (5.4), we have that the second condition, (9.2), of Lemma 9.1 is satisfied as well and we can

apply Lemma 9.1 with
2 1 .
, C:i, 5 =aq, d:<02—|—2M2 C]%d?f), and ¢ = min {2, 27 — a},

to find, for k sufficiently large,

=]

E [HA;; +1H2 | 8k:| < 2CypinleTal (y,gnfi{“%—a)})
and, by extension, for k sufficiently large,
B[] 18] < VaGR T o (SR ).
Then, for k sufficiently large,
Vi1 E H‘AiHH | Sk} < Va1 (\/%’YITE{;’TQ} To <7ﬁ?{3,7a}>>
< Vel T o ()

1+min{ 5 ,T—a}

Under the assumptions 5.3 we have -, € (' and thus the summability condition of (P.8) is
satisfied. O
Example 5.9. The condition (5.3) in Proposition 5.8 can be satisfied, for example, by taking v = m,
b > 0. In this case, the condition (5.3) reduces to picking b such that the following holds,

(1-0) (1 —i—min{%ﬂ' —a}) > 1.
Rearranging, we find that this is equivalent to,

« —1
b<1—(1+min{§,7—a}> . (5.5)

The condition (5.4) in Proposition 5.8 can be satisfied under this choice of v as well. We have,

1—b 1—-b
Yk k+2> ( 1 > 1-0 €
— = — =(1+— ~l+——=1+40
_— <k+1 i+ 1 k+ 1 (1)
for any 0 < € < 1, for k sufficiently large.

Using [34, Example 19], the predicted convergence rates for the ergodic iterates Z;, given by Theorem 4.7
and Theorem 4.11 under the above choice of ~;, read,

1

! )b> (P-as) and L (Fp ") — L (2", u*):()((“z)b) (P-as.) .

Aip—b| =0
45~ 8= 0 (s
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Thus, choosing b to be as large as possible is desired. For a given value of 7 corresponding to the Holder
exponent of the gradient, the best choice for « is %7’. In turn, the largest possible choice of bis 7/(3 + 7).
If the function f is Lipschitz-smooth, then 7 = 1, and we get o = % and b = 1/4 (to be compared with the
strict upper-bound 1/3 in the exact case, see [34, Example 15]).

Notice that the choice of a does not directly affect the predicted rates of convergence, which now depends
only on the constant b. However, the choice of « dictates the largest possible choice for b satistying the
assumptions and thus, indirectly, the rates of convergence as well.

6 Sweeping

We now consider an example in which the errors in the computation of V f are deterministic; a finite sum
minimization problem,

xénclcnﬂ - Z fi(x (%2)

where n > 1 is fixed. We assume that:
(F.1) f; is w-smooth (see Definition 2.9) for 1 < ¢ < n with w nondecreasing.
(F.2) (Vk)pen @ nonincreasing sequence.
As in the previous section, Section 5, we examine only the case where, for each k € N, )\, = )\£ =

Vf(zg) — Wk, with ?fk to be defined below, although our analysis is straightforward to adapt to the
more general case where one computes pr A* (Ax; — b) inexactly as well, at the expense of brevity (see Re-
mark 5.2). We will sweep, or cycle, through the functions f;, taking the gradient of a single one at each itera-
tion and recursively averaging with the past gradients. For notation, fixed n, we take mod (k) = (k mod n)
with the convention that mod (n) < n. We define the inexact gradient in the following way,

~ s 1
Vi, <= Zv]@ z)  (Vk<n)

and

Vi EV e+~ (meod (k) = V frmodr) (Tk—n)) (Vk>n+1).

For k > n + 1 it can also be written in closed form as,

mod(k) n
—~ 1
V= - E Vi (xz‘—i-k—mod(k)) + E Vi ($i+k—n—mod(k)>
i=1 i=mod(k)+1

Lemma 6.1. Let B =
2n — 1, the following,

(n(n—1)4+ (n—1)(2n —1)). Under (F.1) and (F.2), we then have, for all k >

1
n

H)\k_HH < Bw (7k+2—2ndC) .
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Proof. Using the definition of )\£ 41 fork > 2n—12>n+ 1, we have

H/\k“H = HVf (Thg1) — ﬂkHH
1 mod(k+1)
= Z Vfi(xr+1) — Vi ('Ti—l-k—i-l—mod(k-f—l))

n

+ Z Vfi (@e41) = Vi (Zitht1-n—mod(k+1))
t=mod(k+1)+1

Then, we apply the triangle inequality and w-smoothness of f; assumed in (F.1),

mod(k+1)
> Vi @h1) = Vi (@iprs1-modwn) |

1

A H<*
Mal<3 |
=1

n
+ Z vai (Try1) — Vi ($i+k+1—n—mod(k+1)) H
i=mod(k+1)+1
1 mod(k+1)
< - Z w <H37k+1 - $i+k+17mod(k+1)H)
i=1
n
+ Z w <H$k+1 — Titk+1—n—mod(k+1) H)
i=mod(k+1)+1

Now we add and subtract the iterates in between 11 and ;11 _mod(k+1) then use the definition zy1 =
xk + Yk (Sk — xx) and the fact that, for all k& € N, 5 and zy, are in C,

mod(k+1) mod(k+1)—

1
Pl =z X > (R
n mod(kJrl) i+n
+ > w (|xt2-5 — Tr1-41)
i=mod(k+1)+1 7j=1
1 mod(k+1) mod(k+1)—i
<— > > wmnde)
i=1 =1
n mod(k+1)—i+n
+ > w (Ve+1—jdc)
i=mod(k+1)+1 j=1

Recall that, by (F.2), (74),cy i nonincreasing, by (F.1), w is a nondecreasing function, and, for each & € N,
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mod (k) < n. Then,

mod(k+1)
1 .
H)‘£+1 H . Z (=i +mod (k + 1)) @ (Yr1+i—mod(k+1)dc)
i=1

n

+ (=i +n+mod(k+1))w (’Yk+1+i—n—mod(k+1)dc)
i=mod(k+1)+1

1
— (mod (k+ 1) (=1 4 mod (k + 1)) & (Y +2-mod(r+1)dc)
+ (n — mod (k + 1)) (_1 +n + mod (k + 1)) w (’Yk+2—n—mod(k+1)dC)>

IN

(n(n = 1w (Yrs2-nde) + (n = 1) 2n = 1) w (Vet2-2ndc))

IA
I3

mn—=1)4+(n—-1)12n —1))w (Yr+2-2ndc) -
]

Proposition 6.2. Under (F.1) and (F.2), and assuming that (yyw (deVk)) pen € ¢ L the summability condition
of (P.8) holds; namely,
oo ]

Proof. By Lemma 6.1, we have, for all kK > 2n — 1,
V41 HAﬁHH < Byp1w (deVig2—2n) < Bygro—onw (deYit+2-2n)

where we have used the fact that (;),,cy is @ nonincreasing sequence by (F.2). Since (vew (deVk)) ey €
the desired claim follows.

6.1 Comparison of complexities
We summarize here the complexity of the three methods we have proposed. To make things clear and con-

n
crete, we consider a Lipschitz-smooth function f(z) = 2 Y fi(x) with all f; Lipschitz-smooth as well, such
i=1

that all of our relevant assumptions hold. We take y;, = 1/(k 4 1)'~? with the rest of the parameters chosen
to satisfy the assumptions laid out in the algorithm (see Section 7 for more details), and all fixed batch sizes
to be 1.

Maximum b | Iterations k | # V f; calls per iter. | Total # V f; calls
3
Increasing Batch Size ~ L Q(e7?) (k+ 1)% O > i+ l)%
i=1
Variance Reduction ~ i Q (6—4) 1 0 (6_4)
Sweeping ~ % Q (6_3) 1 (@) (6_3)
Deterministic (CGALP) ~ L Q(e7?) n O ((ne)_3>
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7 Numerical Experiments

We apply the sweeping method and the variance reduction method to solve the following projection problem,

in - | [
min — ||z — ,
el <120 1Y (7.1)
Ax=0

where x and y are in R™. Notice that this problem fits both the risk minimization and the sweeping problem
structures. By choosing f; (z) = % (x; — yi)2 we can rewrite the problem to apply the sweeping method
of Section 6. Alternatively, we can let 1 be a random variable taking values in the set {1,...,n} and write
L(z,n) = 3 (z, — y,)? to cast the problem as risk minimization as in Section 5. In both of these cases, it
is possible by our analysis to consider also sampling components of the components of the gradient term
VoL || Azy||® = ppA* Axy..

The assumptions (E.1) - (E.4) and (F.1) all hold as the function f is Lipschitz-smooth and the functions
L (-, n) are all Lipschitz-smooth for every 7 as well. The assumptions ((A.1)) to ((a)) all hold as f is Lipschitz-
smooth and has full domain.

For parameters, we take v, = 1/ (k + l)l_b, pr=p=22"41,0, = . Ifwetake b < % then
all the assumptions (P.1) to (P.7) are satisfied, as well as (F.2). In particular, to satisfy (P.8) in the variance
reduction case, we will take b € {1 — 0.15, 1 — 0.01}. With this choice of b, we have O (Fik) =0 (k1)

and O (F—lk) = O (k™°2%), respectively. The weight v, in the variance reduction is chosen to be vj, = §!

with o = 2/3 since the problem is Lipschitz-smooth, i.e. the Holder exponent is 7 = 1. With this choice,
the condition (5.3) in Proposition 5.8 is satisfied as was discussed in Example 5.9.

Since the problem (7.1) is strongly convex, we show ||Z;, — 2*||* in addition to the feasibility gap, || AZy,||*
where T, is the ergodic variable; for each k € N,

k

_ def

2 =) yimie1 /T
i=0

The result in Theorem 4.11 ensures convergence of ||z — x*H2 with a O (ﬁ) rate since strong convexity

is a special case of uniform convexity with 1 (¢) = $¢2.

We initialize y € R™ and A € R?>*" randomly. To find the solution z* to high precision, we use gen-
eralized forward-backward before running the experiments. As a baseline, we run CGALP, the exact coun-
terpart to I[CGALP, and display the results. We run the sweeping method on V f () for two different step
size choices, displayed in Figures 1 and 2. For the variance reduction, we examine both the case where
VL (x,ny) is sampled and the case where the gradient of the quadratic term is sampled (see Remark 5.2),
for two different step size and weight choices as well as different batch sizes (1,64, or 256), displayed in
Figures 1 and 2.

8 Conclusion

We introduced an inexact extension of the CGALP algorithm, given in [34], which allows for either stochastic
or deterministic errors in the computation of several important quantities. The main benefit of this extension
will be in the high-dimensional setting, where computing the terms V f, proxg, or the linear minimization
oracle can be impractical. Several different methods were considered which demonstrated how the gradient
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Optimality

CGALP

Sweep Vyfi(xk)

VR single V,fi(xk)

VR small batch V,fi(xk)

VR big batch V,fi(xy)

VR small batch V,fi(xx) + pr(A " Ax,)?
VR big batch V,fi(xy) + pi(A ™ Axy)?

O (i)

102 103 104 10°

Feasibility

CGALP

Sweep V,fi(xk)

VR single V,fi(xk)
VR 64 batch V,fi(xk)

——
-
-
-
-
-~
-
-~
-~
~—_
-
~—
-~
-
-~
~—
~—
-
-

104 1 VR 256 batch V,fi(xk)
VR 64 batch V,fi(xk) + px(A* Ax)?
-NE VR 256 batch V,fi(xi) + pi(A " Ax;)?
< 1
== O(_(k+1)o.24)
10—5 i

102 103 10 10°

Figure 1: Ergodic convergence profiles for [ICGALP applied to the projection problem (7.1) with n = 1024.
1
The step size is, foreach k € N, v, = (k + 1)_(1_1+0‘01) and the weight for variance reduction is, for each

keN, v =772
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Optimality

10-1 A CGALP

Sweep V,fi(xy)

VR 1 batch V,fi(xk)

VR 64 batch V,fi(xk)

VR 256 batch V,fi(xk)

VR 64 batch V,fi(x,) + pi(A ™ Ax;)?
VR 256 batch V,fi(xk) + pc(A " Ax)®
o

2 1
10 k+ 1)0-“>

102 103 104 105
k

Feasibility

CGALP

Sweep V,fi(xk)

VR 1 batch V,fi(xx)

VR 64 batch V,fi(xk)

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xi) + ok(A ™ Ax,)"
VR 256 batch V,fi(xi) + pi(A " Ax;)?

[ o(

-
-
-
-
-
-
-
-
~_—
-~
-~
~—
~—
~_—
-~

10—4 -

|Axy|?

1
wrir=)

10—5 4

102 103 104 105

Figure 2: Ergodic convergence profiles for [ICGALP applied to the projection problem (7.1) with n = 1024.
1
The step size is, foreach k € N, v, = (k + 1)_(1_Z+0'15) and the weight for variance reduction is, for each

keN, v, = ’}/2/3.
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V f could be computed in such a way that the summability conditions of ICGALP would be satisfied. The
main drawbacks of using the inexact variant of the algorithm emerge from the restrictions on the parameters
one is free to choose. Indeed, here the choices of step sizes are more strict than in the CGALP setting. How-
ever, the predicted convergence rates for both the optimality and feasibility maintain the same dependence
on parameters as was observed for CGALP in an almost sure sense.

9 Appendix

Lemma 9.1. Consider a positive sequence (uy,);,cy which satisfies, for each k € N,

upp1 < (1= ) ug + dog, 9.1

for some real numbers s and t satisfying 0 < s < min {1,t}. If, in addition, the sequence (yi,),cy satisfies,
foreach k € N,

Tk <oy, 9.2)

Yr+1
then, for k sufficiently large, it holds,
un < @ t—s t—s
ES T o)

s—t

Proof. For each k& € N, we denote v/, “ Vi Uk — % such that uy = ’y,t;s (Vk + g) Then, by (9.1),

_ d_ d  f w\"° d
Vil = fyZJrﬁukH ——-< 7,‘;& ((1 —cyg) uk + d’y,tc) —— =7 t () ((1 — g uk + d’y,i) - —.
c c Vi+1 ¢
By (9.2), we then have, for each k € N,
- _ d
v <9 (Lo ()7 (1= o) un + d) — -
Substituting for u, using the definition of v, we find, for each k € N,
s—t s\\t—s s d t—s 4 d
Vi1 <75 (L4 0 (%)) (=) (v + o) T dyy, | — o
Now, we take a Taylor expansion for the term (1 + o (7)) ~ (1 + o (72)) to get, for k sufficiently large,
< s—t 1 s 1— s % t—s d t) _ @
Vi1 <% (o) (L —evp) (v + o) e TN ) T
We distribute the ylfft and then expand parentheses,
S S d S d
v < (Ho () (1 =) (et S ) g ) =
S S d S S S d S d
:(1—0%)%4'(1—07k)g+d7k+0(7k) (1 =) vet |+ | =2

S S d S S S S S d S S d
=@ —en) v+ (=) -+ dug+ o) (= enp) v+ 0 () (1 —ev) -+ o) dui = -
=1 - +o(R)ve+o0nR)-
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Fix 0 < ¢ < c. Then, by definition of o (v}), ko € N such that, Vk > ko, 0 (7})) < (¢ — ¢)7;. Then,

(I=cyg+o(vp) vk < (1 —évg) v

From this we conclude, by [31, Ch.2, Lemma 3], that lim sup v < 0. Thus, by definition of v,
k

d
Upt1 < E’Y;;_S +o (7).
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