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Inexact and Stochastic Generalized Conditional Gradient with
Augmented Lagrangian and Proximal Step

Antonio Silveti-Falls* Cesare Molinari* Jalal Fadili*

Abstract. In this paper we propose and analyze inexact and stochastic versions of the CGALP algorithm developed in
[25], which we denote ICGALP, that allow for errors in the computation of several important quantities. In particular
this allows one to compute some gradients, proximal terms, and/or linear minimization oracles in an inexact fashion
that facilitates the practical application of the algorithm to computationally intensive settings, e.g., in high (or possibly
infinite) dimensional Hilbert spaces commonly found in machine learning problems. The algorithm is able to solve
composite minimization problems involving the sum of three convex proper lower-semicontinuous functions subject
to an affine constraint of the form Az = b for some bounded linear operator A. Only one of the functions in the
objective is assumed to be differentiable, the other two are assumed to have an accessible proximal operator and a
linear minimization oracle. As main results, we show convergence of the Lagrangian values (so-called convergence in
the Bregman sense) and asymptotic feasibility of the affine constraint as well as strong convergence of the sequence of
dual variables to a solution of the dual problem, in an almost sure sense. Almost sure convergence rates are given for
the Lagrangian values and the feasibility gap for the ergodic primal variables. Rates in expectation are given for the
Lagrangian values and the feasibility gap subsequentially in the pointwise sense. Numerical experiments verifying the
predicted rates of convergence are shown as well.

Key words. Conditional gradient; Augmented Lagrangian; Composite minimization; Proximal mapping; Moreau
envelope.

AMS subject classifications. 49J52, 65K05, 65K10.

1 Introduction

1.1 Problem Statement

We consider the following composite minimization problem,

min {f (z) + g (Ta) + b (z) : Az = b} @)
TCip
and its associated dual problem,
min (f +goT +h)* (—A"p) + (1, b) , @)
HEH
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where we have denoted by * both the Legendre-Fenchel conjugate and the adjoint operator, to be understood
from context. We consider H,,, H4, and H, to be arbitrary real Hilbert spaces, possibly infinite-dimensional,
whose indices correspond to a primal, dual, and auxiliary space, respectively; A : H, = Hqand T : H,, —
"H,, to be bounded linear operators with b € ran(A); functions f, g, and h to all be convex, closed, and proper
real-valued functions. Additionally, we will assume that the function f satisfies a certain differentiability
condition generalizing Lipschitz-smoothness, Holder-smoothness, etc (see Definition 2.7), that the function
¢ has a proximal mapping which is accessible, and that the function h admits an accessible linearly-perturbed
minimization oracle with C = dom (h) a weakly compact subset of .

In fact, the problem under consideration here is exactly the same as that of [25], however, in this work,
we consider an inexact extension of the algorithm presented and analyzed in [25] to solve (%). The exten-
sion amounts to allowing either deterministic or stochastic errors in the computation of several quantities,
including the gradient or proximal terms, e.g. V f, prox,, and the linear minimization oracle itself.

1.2 Contribution and prior work

The primary contribution of this work is to analyze inexact and stochastic variants of the CGALP algorithm
presented in [25] to address (??). We coin this algorithm Inexact Conditional Gradient with Augemented
Lagrangian and Proximal-step ICGALP ). Although there has been a great deal of work on developing and
analyzing Frank-Wolfe or conditional gradient style algorithms, first studied in the 1950’s in [10] and later in
[16], in both the stochastic and deterministic case, e.g. [13, 14,23, 11,9, 26, 19, 12], or [18], little to no work
has been done to analyze the generalized version of these algorithms for nonsmooth problems or problems
involving an affine constraint, as we consider here. To the best of our knowledge, the only such work is [17],
where the authors consider a stochastic conditional gradient algorithm applied to a composite problem of the
form

JJuin E[f (z,n)]+g(Az)

where the expectation is over the random variable 1 and with g possibly nonsmooth. The nonsmooth term
is possibly an affine constraint but, in such cases, it is addressed through smoothing rather than through an
augmented Lagrangian with a dual variable, in contrast to our work. They consider only finite-dimensional
problems and their problem formulation doesn’t allow for inexactness with respect to g.

We show asymptotic feasibility of the primal iterates for the affine constraint, convergence of the La-
grangian values at each iteration to an optimum value, strong convergence of the sequence of dual iterates,
and provide worst-case rates of convergence for the feasibility gap and the Lagrangian values; all these re-
sults are in an almost sure sense. The rates of convergence for both the Lagrangian and the feasibility gap are
given globally, i.e., for the entire sequence of iterates, in the ergodic sense where the Cesdro means are taken
with respect to the primal step size, in an almost sure sense. We also show rates in expectation which hold
pointwise but subsequentially. In the case where (”) admits a unique solution, we furthermore have that the
sequence of primal iterates converges weakly to the solution almost surely. These results are established for
a family of parameters satisfying abstract open loop conditions, i.e. sequences of parameters which do not
depend on the iterates themselves. We exemplify the framework on problem instances involving a smooth
risk minimization where the gradient is computed inexactly either with stochastic noise or a deterministic
error. In the stochastic case, we show that our conditions outlined in Section 3 for convergence are satisfied
via increasing batch size or variance reduction. In the deterministic setting for minimizing an empirical risk,
a sweeping approach is described.



1.3 Organization

The remainder of the paper is divided into four sections. In Section 2 the necessary notation and prior results
are recalled, consisting primarily of convex analysis, real analysis, and elementary probability. In Section 3
the assumptions on the problem structure and the parameters are noted, the ICGALP algorithm itself is pre-
sented. In Section 4, the main results, e.g. feasibility, Lagrangian convergence, and rates, are established.
The analysis and results are far-reaching extensions of those in [25] to the inexact and stochastic setting, and
require quite delicate new arguments. In Section5 and Section 6, we consider different problem instances
where inexact deterministic or stochastic computations are involved. Numerical results are reported in Sec-
tion 7 to support our theoretical findings. Finally, in Section 8, we summarize the work and provide some
closing remarks.

2 Notation and Preliminaries

Many of the following notations for probabilistic concepts are adopted from [8]. A sequence (x,); oy € HN
will be called strongly convergent to x € H, denoted z;, — =, iff ||z — z|| — 0; it will be called weakly
convergent to x € H, denoted z;, — z, iff, for any u € H, (xp,u) — (x,u). We denote by (2, F,P) a
probability space with set of events (2, g-algebra F, and probability measure P. When discussing random
variables we will assume that any Hilbert space # is endowed with the Borel o-algebra, 5 (). We denote a
filtration by § = (F}),,cn- i-€. a sequence of sub-c-algebras which satisfies 3, C Fj4.1 forall k € N. Given
a set of random variables {ao, . .., a,}, we denote by o (ag, . .., a,) the o-algebra generated by ay, . . . , ay,.
An expression (P) is said to hold (P-a.s.) if P({w € ©: (P) holds}) = 1. Throughout the paper, both
equalities and inequalities involving random quantities should be understood as holding P-almost surely,
whether or not it is explicitly written.

Definition 2.1. Given a filtration §, we denote by ¢ (F) the set of sequences of [0, +o0o[-valued random
variables (ag) ren such that, for each k € N, ay, is F measurable. Then, we also define the following set,

2 (%) 4 {(ak)k:eN €ly(F): Zak < 400 (P-as.) }

keN
Lemma 2.2. Given a filtration § and the sequences of random variables (ry,),cny € {1 (S), (ar)pey €
(4 (F), and (2k) ey € L () satisfying,
E[rgs1 | Fr] — e < —ap + 2z (P-a.s.)

then (a) ey € 04 (§) and (1)) yey converges (P-a.s.) to a random variable with value in [0, +0o0.
Proof. See [24, Theorem 1]. ]

Lemma 2.3. Given a filtration § and a sequence of random variables (wy),cy € £+ () and a sequence of
real numbers (Vi) ey € 4 such that (yewy)gen € 04 (8) and (Vi) ey € 0 then:

(i) There exists a subsequence (wk].)j N such that limkinf wi =0 (P-a.s.),

(ii) Furthermore, if there exists a constant o > 0 such that wy, — E [wy41 | Fx] < oy (P-a.s.) for every
k € N, then

li’f:n wg =0 (P-a.s.) .



Proof. The second result is directly from [4, Lemma 2.2] and the first follows from [1] trivially extended to
the stochastic setting. O

Lemma 2.4. Consider the real sequences (1) cn € {4, (Pk)en € C+r (Wk) gy € Lo and () ey € O
Suppose further that (py.) ey & 0t and that, for some o > 0, the following inequalities are satisfied for every
ke N:

r < 7rEp — prwg + 2k;
k+1 S Tk — PrWg k @
W — Wet1 < apg.
Then,
(i) (rk)pen is convergent and (prwy) ey € &r.
(ii) lillgrnw;€ = 0.
(iti) Forevery k € N, infy<;<w; < (ro + E)/Py, where, again, P, =>}_, py, and E = Z;ﬁ? 2
(iv) There exists a subsequence (wkj)jeN such that, for all j € N, wy; < P];L
Proof. See [1] for the proof. ]

We denote by Iy (#) the set of proper, convex, and lower semi-continuous functions f : H — RU{+o0c}.
def

We also consider the domain of a function f to be dom (f) = {x € H : f (z) < 400} and the Legendre-
Fenchel conjugate of f to be the function f* : H — R U {+o0} such that, Vy € H,

£ () = sup {(y,z) — f (2)}.

zeH

Throughout, differentiability will be intended in Fréchet sense, and we denote V f the (Fréchet) gradient of
a differentiable function f. The proximal mapping (or proximal operator) associated to the function f with
parameter [ is given by,

pros (x) = asgmin { £ 1)+ 55 o = 1?
The following elementary result from convex analysis regarding proximal mappings will be used in the proof
of optimality.
Proposition 2.5. Let f € I'o (#) and denote x* = prox; (). Then, for all y € H,
2(f (%) = 1 @) + o =yl = llz =yl + [l = ol <0
Proof. The result is classical and the proof is readily available, e.g. in [21, Chapter 6.2.1]. O

The subdifferential of a function f is the set-valued operator O f : H — 2 such that, for every z € H,

def

of @) ={ueH: f(y)>f(z)+ (uy—=x) VyeH} (2.2)

def

We denote dom (9f) = {x € H : 0f (x) # 0} as the domain of the subdifferential. For z € dom (Jf),

the minimal norm selection of Of () is denoted by [0f ()] £ argmin ||y||. The Moreau envelope of the
yeof(z)
function f with parameter 3 is given by,

7% (2) & inf {f<y> + o |x—y|2}.

yeEH

4



The following proposition recalls some key properties of the Moreau envelope which we will utilize in the
analysis of the algorithm.

Proposition 2.6 (Moreau envelope properties). Given a function f € Ty (H), the following holds:
(i) The Moreau envelope, ffB, is convex, real-valued, and continuous.
(ii) Lax-Hopf formula: the Moreau envelope is the viscosity solution to the following Hamilton Jacobi
equation:

{gﬁfﬁ (@) = -1V @) (2,8) € H x (0, +00) 03

fo(i):f(l“) xz € H.

(iii) The gradient of the Moreau envelope, ¥V [P, is %-Lipschitz continuous and is given by the expression

T — proxgy ()

VP (x) = 3

(iv) Yz € dom(0f), ||V 58 (x)” v H[@f (:E)]OH as B\ 0.
(v) Yz € H, fP(x) / f(x)as B\ 0. In addition, given two positive real numbers ' < 3, for all x € H
we have

Proof. (i): see [5, Proposition 12.15]. The proof for (ii) can be found in [3, Lemma 3.27 and Remark 3.32]
(see also[15] or [2, Section 3.1]). The proof for claim (iii) can be found in [5, Proposition 12.29] and the
proof for claim (iv) can be found in [5, Corollary 23.46]. For the first part in (v), see [5, Proposition 12.32(i)].
To show the first inequality in (v), combine (ii) and convexity of the function 3 + ¢ (z) for every z € H.
The second inequality follows from the first one and (iv), taking the limit as 5" — 0. O

Given a closed, convex set C, we write dc = sup || — y|| to denote the diameter of C. We denote the
z,yeC
Bregman divergence of a differentiable, function F' by,

Dp (z,y) £ F (z) = F (y) — (VF () ,x — y) -

Definition 2.7 ((F, {)-smoothness). Let F' : H — R U {+o0} and ¢ :]0,1] — R,. The pair (f,C), where
f:H —>RU{+oo}and C C dom (f), is said to be (F, ¢)-smooth if there exists an open set Cy such that
C C Cp C int (dom (F)) and,
(i) F and f are differentiable on Cy;
(ii) £ — f is convex on Cy;
(iii) it holds

of Dp (z,z)
Kipee “ sup — < +o0.
(F.0) z,s€C;v€]0,1] C(’}/) 24)
z=x+vy(s—x)

5



Remark 2.8. An important consequence of Definition 2.7(i) and Definition 2.7(ii) in (F, {)-smoothness is
the following. Let (f,C) be (F, () smooth. Then, for any x,y € C, we have,

fy) < @)+ (Vf(z),y—=) +Dr(y ).

Moreover, by Definition 2.7(iii), if y = x + -y (s — ) for some s € C and y €]0, 1], we have,

Dr (y,z) < Kree)¢ (7) - (2.5)

Definition 2.9 (w-smoothness). Consider a function w : Ry — R such that w (0) = 0 and & (s) =

fol w (st) dt is nondecreasing. A differentiable function g : % — R is said to be w-smooth if, for every

z,y € H,

Vg (x) = Vg (@)l <w(llz—=yl)

Remark 2.10. A classical consequence of w-smoothness is the following. If g : H — R is w-smooth, for
every -,y € H we have

f) <f@)+Vf@),y—z)+&Uy—zDlly—=| .

Remark 2.11. Note that being w-smooth is a stronger condition than being (F, {)-smooth since every w-

smooth function f is also (¥, {)-smooth with F' = f, ( (t) = dct (dct) and K (g 0y < 1. Additionally, the

assumptions on ¢ being nondecreasing can be replaced by the sufficient condition that lim+ w(t)=w(0) =
t—0

0.

3 Algorithm and Assumptions

For each k& € N, we denote by A, and \; random variables from (€2, 7, P) to H, and R respectively. In
this context, A\j, will represent the error in the gradient or proximal terms and Aj will represent the error in
the linear minimization oracle itself.
Algorithm 1: Inexact Conditional Gradient with Augmented Lagrangian and Proximal-step (IC-
GALP)

Input: 2 € C = dom (h); pg € ran(A); (W) ken> (Be)rens (Or)pen > (Pk)ken € €+
k=0

repeat

yr = proxg, , (Twy)

2L = Vf(l‘k) + T (Ta:k — yk) /Bk + A*up + prpA* (Aa:k - b) + A
sk € Argmingeqy {h(s) + (2, s)}
sLe{seHy:h(s)+ (zk,5) < h(sk)+ (2k,sk) + A1}

Thy1 = T — Vi (T — 5k)
Prt1 = i + Ok (Azgi1 —b)
k+—k+1

until convergence;
Output: zy, .




To improve readability, we list some notation for the functionals we will employ throughout the analysis
of the algorithm,

@ (@) 2 f (@) +9(Ta) +h (2);
L (1) = f (2) + g (Ta) + h (@) + (n, Az = b) ;
Lo (. 0) = F (2) + g™ (T) + h (@) + (. Az = b) + O || A — ] G.0)
Ex (@, p) & f (@) + g% (Tw) + (u, A = b) + 52 Az — 0]

i (2) = f(2) + g% (Tw) + h(2).

We can recognize L (x, ) as the classical Lagrangian, £, (x, 1) as the augmented Lagrangian with smoothed
9, & (x, 1) as the smooth part of Ly, (z, 1), and @y, (x) as the primal objective with smoothed g. With this
notation in mind, we can see zj, as V& (xk, 1) and \g as the error in the computation of V& (g, g )-

We define the filtration & = (8%) ey Where 8y, o (zo, 10, S0, - - - , S is the o-algebra generated by
the random variables x, y, So, - - - , Sx. Furthermore, due to the error terms being contained in the direction

finding step, we have that zj ; and p1 are completely determined by 8. Another noteworthy consequence
of the error terms being contained in the direction finding step is that the primal iterates (z ), < remain in
C, as in the classical Frank-Wolfe algorithm, while the dual iterates (), remain in ran (A).

Finally, we define the notation for the set of solutions for (%) and (%) to be

Sy = Argmin {f (z) + g (z) + h(z) : Az =b} and Sy = Argmin {(f + g+ h)* (—A*p) + (1, b)}

zE€EH, HEH
(3.2)
and the notation for the set of weak cluster points of a sequence (zy),c in H, to be
piIJ [(mk)keN} o {a: €Mp: 3 ($kj)jeN s Thy — a:} ) (3.3)

3.1 Assumptions
3.1.1 Assumptions on the functions

We impose the following assumptions on the problem we consider; for some results, only a subset of them
will be necessary:

(A.1) The functions f,g o T, and h belong to 'y (#,).

(A.2) The pair (f,C) is (F,¢)-smooth (see Definition 2.7), where we recall C = dom (h).

(A.3) The set C is weakly compact (and thus contained in a ball of radius R > 0).

(A4) Itholds TC € dom(dg) and sup H[ag (Tx)}OH = M < co.
zeC

(A.5) The function h is Lipschitz continuous relative to its domain C with constant Ly, > 0,i.e.,¥(z,2) € C 2,
|h(z) = h(2)| < Lp |lz — 2|

(A.6) There exists a saddle-point (z*, u*) € H, x H4 for the Lagrangian L.

(A.7) The set ran(A) is closed.

(A.8) One of the following holds:



(a) A7 (b) Nint (dom (g o T)) Nint (C) # 0, where A~ (b) is the pre-image of b under A.
(b) H,, and Hg4 are finite-dimensional and

A=Y () Nri(dom (go T)) Nri(C) #
and 34
ran (A*) N par (dom (g o T) NC)*" = {0}.

(A.9) The space H, is separable.
(A.10) The set-valued mappings (0 (P} o (—A*))), oy satisty the following property: for any sequence ((pk, qk))pen
satisfying, for each k € N,

pr € 0 (P o (=A%) (qr),

with pp, — p and g — ¢, the sequence (gx ), admits a strong cluster point.
The following lemmas outline sufficient conditions ensure that assumption (A.4) holds for g and show
why it’s unnecessary to make a similar assumption for f in light of (A.1) and (A.2).

Lemma 3.1. Let T : H,, — H, be a bounded linear operator. Assume that one of the following holds:
(i) g € Ty (Hy), TC C int (dom (g)) and C is a nonempty compact subset of Hy,.
(ii) g : Hy, — Ris continuous, convex and bounded on bounded sets of H.,,, and C is a nonempty bounded
subset of Hp.
(iii) H, and H,, are finite dimensional, and either g € I'y (H,), TC C int (dom (g)) and C is closed and
bounded, or g : H, — R is continuous and convex and C is a nonempty bounded subset of H,,.
Then (A.4) holds.

Proof. (i) Since g € I'y (H,), it follows from [5, Proposition 16.21] that
TC C int (dom (g)) C dom(dg).

Moreover, by [5, Corollary 8.30(ii) and Proposition 16.14], we have that dg is locally bounded on
int (dom (g)). In particular, as we assume that C is bounded, so is 7'C, and since 7'C C int (dom (g)),
it means that for each z € T'C there exists an open neighborhood of z, denoted by U, such that dg (U)
is bounded. Since (U.),. is an open cover of TC and T°C is compact, there exists a finite subcover
(U, )p—y- Then,

UJag(Tz)c|Jag(Us,).
k=1

zeC

Since the right-hand-side is bounded (as it is a finite union of bounded sets),

sup |lu|| < +oo,
z€C, uedg(Tx)

whence the desired conclusion trivially follows.

(ii) From the equivalence [5, Proposition 16.17(i) <= (iii)], it follows that dom(dg) = H, and thus
TC C dom(dg) trivially holds. Moreover, dg is bounded on every bounded set of #,,, and in particular
onC.



(iii) In finite dimension, the claim follows trivially from (i) for the first case by a simple compactness
argument, and from (ii) in the second case since a continuous and convex is bounded on bounded sets
in finite dimension; see [5, Proposition 16.17].

O]

Lemma 3.2. The assumptions (A.1) and (A.2) are sufficient to ensure that
sup |V f (z)|| <D
zeC

for some D < +oc.

Proof. Fix s € C and let x € C. We have

[P(VE@)+ f(s)=(Vf(z),s) =f(s) = f(z) = (Vf(z),s—x) =Dy (s,x) < Dp(s,z)
< Kpee)¢ (1),

where we used the Fenchel identity ([5, Proposition 17.27]) in the first equality, Remark 2.8 in the first in-

equality and Definition 2.7 in the second one. By [5, Corollary 9.20], f is bounded from below on C which
entails

[T (Vi (@) = (Vf(x),s) < Dr(s,2) < Kpee$ (1) +¢,

for some real constant c. Now, since

s € C CdomVf C int (domf)

by Definition 2.7 and [5, Proposition 17.41], we infer from [5, Theorem 14.17 and Proposition 14.16] (recall
that s is fixed), that there exists a1 > 0 and as € R such that, for all x € C,

ar[[VF ()| + az < Kipee)¢ (1) + ¢
Taking the supremum over x € C entails the desired claim with D = al_l (K (Fee)6 (1) +e— ag). 0

Remark 3.3. If the dimension of #; is finite, then (A.10) is satisfied because weakly compact sets are
compact in such spaces. Alternatively, another sufficient condition is to impose that the sublevel sets of the
functions (®} o (—A*)), c are compact, for instance if the functions are uniformly convex, uniformly in &.

3.1.2 Assumptions on the parameters and error terms

We impose the following assumptions on the parameters and error terms and, as with the assumptions above,
for some results only a subset will be necessary:

(P.1) (Vk)pen CJO, 1] and the sequences (¢ (k))pen » (’y,?/ﬁk)keN and (75,8%) e belong to 2.

(P2) (k) pen £ ¢

(P.3) (Br)pen € £+ is nonincreasing and converges to 0.

(P4) (pr)ren € U+ is nondecreasing with 0 < p < pp, <P < +o0.

(P.5) For some positive constants M and M, M < (y/ Yt1) < M.

(P.6) (0k),cn satisfies O = %’“ for some ¢ > 0 such that % — % < 0.

9



2
(P.7) (Vi) e and (pi) e SAUSTY Pyt — P — Vet 1Pk41 + 2% — & < Ypqq for cin (P6).
(P8) (W1 E (M egall | Sl)pen € €4 (6) and (ye1E [Ny [ 8k]), oy € €4 (6).
P.9) (M1 E [ Ms1ll]) ey € 44 and  (ye11E [>\Z+1])keN e L.

Remark 3.4. We will also denote the gradient of &, with errors as

It is possible to further decompose the error term A, for instance, into )\£ — T*X\{/Br where )\£ is the
error in computing V f () and A} is the error in evaluating proxg, , (T'zx). In this case, the condition
V1B [ Nesill [ SeDpey € €4 (S) in (P8) is sufficiently satisfied by demanding that

(i M| 18]) €€ (@) and (Z2E AL, ] | sk])keN el ().

keN

4 Main Results

4.1 Preparatory Results
Lemma 4.1. Suppose (A.1), (A.2) and (P.1) hold. For each k € N, define the quantity

o T
i

Then, for each k € N, we have the following inequality,

+ [|A]1%py. (4.1)

Ek (ra1, k) < Ek (T, pi) + (Vb (ke k) 5 Th1 — ) + D (Tpgr, Ti)
L
+ 5 e — ol
Proof. See [25, Lemma4.5] ]
Lemma 4.2. Suppose (A.1) and (A.2) hold. Then, for each k € N and for every x € H,,
Ex (@ 18) = Ex (wrs 1) + (Valic (2 ) » @ = ) + O] Al — )|
Proof. See [25, Lemma4.6]. ]

Lemma 4.3. Assume that (A.3) and (P.4) hold. Let (xy,) ren be the sequence of primal iterates generated by
Algorithm 1 and & = (8y) .oy as before. Then, for each k € N, we have the following estimate,

Pk Pk _
P A, — b? — PR [ Az — b | S4] < e 1] (1A R+ 1) 3 (Pas.)

Proof. For each k € N, by convexity of the function 2 || A - —b||* and the assumption (P.4) that (py,) BEN
is nondecreasing, we have,

Pk 2 Pk+1 ,0k:+1 2 Pk+1
5 Az, = blI" = | Azpr — b)) < |Azg —b|" — (e

< <v (P A o) <xk> @~ Ty )

= prt1 (Azp — b, A (2 — Tpy1)) -

10



Recall that, for each k € N, z311 = x — v (zx — Sk) and take the expectation to find,
k k _ ~
B N Aw, = bl]* —E | 252 Ay = b | Si-1) < PUE [(Azi — b, A = 50)) | Se-i]
< pyede || Al (1Al B+ ol]) ,

where we have used the Cauchy-Schwartz inequality and the boundedness of C, assumed in (A.3), in the last
inequality. O

Remark 4.4. The above result still holds if we replace both p; and py 1 by the constant 2 and shift the index
by 1,i.e., foreach k € N,

|Azg 1 = 0" — B | | Azgyz — bl|* | Sg| < 2dc |A] (Al R +1[6]]) es1 (P-as.)

Lemma 4.5. Suppose that (A.1)-(A.6) hold. Let (xy) wen e the sequence of primal iterates generated by
Algorithm | and p* a solution, which exists by (A.6), of the dual problem, and recall the constant D from
Lemma 3.2. Then, for each k € N, we have the following estimate,

L (g, ") = E[L (whs1, 17) | Sp—1] < ypde (M T + D + L + [ [|A]]) (P-a.s.) .

Proof. We recall the proof from [25, Lemma 4.7] with a slight modification to account for the inexactness of
the algorithm. Define uy < [9g(T2;,)]° and recall that, by (A.4) and the fact that for all k € N, z;, € C, we
have ||uy,|| < M. By (A.1), the function ® (z) = f (x) + g (Tz) + h (z) is convex. Then, for each k € N,

L (g, 1) = L(@pg1, 0*) = (wp) — P(zp41) + (05, A(xg — Tpg1))
<Aug, T(wp, — vp11)) +(Vf(Tr), T — Thy1)
+ Lyllog — zpgt ||+ 1[5l Al 2k — g4,

where we used the subdifferential inequality (2.2) on g and f, the Lp-Lipschitz continuity of A relative to
C (see (A.5)), and the Cauchy-Schwartz inequality on the inner product. Since, for each k¥ € N, x5 =
xk + Yk (S — k), we obtain, for each k € N,

£ (i 1*) — £ g, %) < e (ks Tk = 50) + (V7). w— ) + Lo — 5l

+ I I AN ok = Sl

Now take the expectation with respect to the filtration 8y_1, such that xj, is completely determined, to get,
foreach k € N,

L(xp,p1*) — E[L(xrg1,17) | Sk—1] < (E [(uk, T(wg —3%)) | Sp—1] + E[(Vf(zk), T — 3k) | Sk—1]
+ LpE[[|zg — 3kl | Sp—1] + Il A Ellzr — Skl | 5k—1]>
< ede (M||T|| + D + L, + ||| [|A]),

where we have used the Cauchy-Schwartz inequality, the boundedness of the set C by (A.3), the boundedness
of uy by M by (A.4), and the boundedness of ||V f (z)|| by D, the constant in (A.4). O
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4.2 Asymptotic feasibility

Lemma 4.6 (Feasibility estimate). Suppose that (A.1) - (A.4) and (A.6) all hold. Consider the sequence of
iterates (xy,);,c generated by Algorithm 1 with parameters satisfying (P.1) and (P.3)-(P.6). For each k € N,
define the two quantities, A}, and A,‘i in the following way,

AYE Lo (g1, ) — L () . AL E L= Ly ()

where we have denoted Ly (ue) £ ming Ly, (z, py) and £ £ L (a*, 1i*). Furthermore, for each k € N,
denote the sum A, < Ap + Ad We then have, for each k € N,

Lk+1

M 5 N
E[Apt1 | Tr] = Ak < =Yg (c | Az = bl* + 0 | A (st — T | > + Vo1 —o—dg

Br— B 4.2)
+ Ko () + M2 4 (ot — o) (J1AI° B + IIbHQ)

+ Yo 1E [Ny | Fi] + deves1E ([ Mg ]l | F] -

Proof. The proof here is adapted from the analogous result found in [25, Theorem4.1]. As before, the
quantity A > 0 and can be seen as a primal gap at iteration k while Ag may be negative but is uniformly
bounded from below by our assumptions (see [25, Theorem 4.1]). We denote a minimizer of Ly, (z, i) by

Zy, € Argmin Ly, (x, py), which exists and belongs to C by (A.1)-(A.3). We have, for each k € N,
TE€H)p

A1 — Ay = Lir (T2, for1) — Lo (@1, wer1) + O Az — b))
+ 2[Lr (g, pir) — Lig1 (Thg1, prg1)] -

Recall that £, € Argmin Ly, (z, i), that gﬁk < gB’C+1 due to (P.3) and Proposition 2.6(v), and that pg, <
z€H)p

pr+1 by (P4). Then, for each k € N,

Ly (Zk, i) — Lit1 (Tht1s or1) < L (Tht1, k) — L1 (Tot1, Hkt1)
- 1 .
= [9% = g7 | (@31s1) + 5 Iow = i) [ ATss — 0l

+ (i — prt1, AT — b)
< =0k (Axpyr — b, AZq — b)),

where we have used the fact that p;11 = ug + 0 (Azg1 — b) coming from Algorithm 1. So we get, for
eachk € N,

Apg1 — Ap < Lryr (Trg2, 1) — Lr (Try1, pryr) + O [|Azggy — bHQ
- 291@ <A.%'k+1 — b, Ajchrl — b> .

Note that, for each k € N,

Lo (e posn) = Lunr apnoeen) = [0 = %] o) = (P05 ) o — o

12



Then, for each k € N,

Api1 — Ay < Ligr (Thso, 1) — Lot (Thats tor1) + 975 (Tzpsn) — g% (Topgn)

+ <pk+12_pk> | Azpir — bl* + O [|Azgrr — bl|* — 205 (Awprq — b, Ay —b) .

We denote by T1 = L1 (Tgt2, tk+1) — Likt1 (Thr1, pr+1) and the remaining part of the right-hand side
by T2. For the moment, we focus our attention on T1. Recall that Ly, (x, i) = & (x, pue) + h () and apply
Lemma4.1 between points xx2 and x4 1, to get, foreach k € N,

T1 < h(zp42) — b (Tp41) + (Vaelrpt (Thats ht1) » Tha2 — Thy1)

Lk+1 |

T

|Zhro — Tpgr || + Dp (Thpo, Tra1) -

By (A.1) we have that h is convex and thus, since xjo is a convex combination of ;1 and 11, we get,
foreach k € N,

T1 < Y1 (h (Skt1) — b (@a1) + (Vi (That1, 1) 5 Skl — Tha1))

Lyqq
2

= Vkt1 (h (Sk+1) — h (1) + <V/z\gk+1 (k15 k1) Skl — $k+1>

+ |Zes2 — Zhs1|* + Dr (Tpg2, Tre1)

+ <Va;5k+1 (g1, rt1) — Valrrr (Thg1, frt1) » Skl — wk+1> )

Ly
2

= V41 (h (Sk+1) — h (1) + <V/;5k+1 (g1 fht1) » Skl — Jfk+1>

+ |Zkso — Tpp1])® + Dr (T4, Ths1)

L1
2

— ( Nkt 1, Skl — Th1) ) + |Zkt2 — Tt ||? + Dp (Tpr2, Tht1)

Applying the definition of sj, as the approximate minimizer of the linear minimization oracle gives, for each
k€N,

T1 < v 1 <h (8k+1) = h (Tpg1) + <Vz5k+1 (Th1s Mht1) » Skl — $k+1> + Nog1

L1

5 |zk+o — Ths1]|* + Dp (T2, Tht) -

— (MNlt1s Skt1 — Thot1) ) +

We can apply the definition of s;,; as the minimizer of the linear minimization oracle and Lemma4.2 to

13



get, for each k € N,

T1 < i1 (h (Tr41) — h(Tg1) + <V:e5k+1 (Tht1s Hkt1) > Thp1 — $k+1> + A1

L1
2

= Yr+1 (h (Tr41) = P (Tg1) + (Va1 (Thrts Br41) s Thr1 — Thr1) + Aoy

— (Nt 15 Skt 1 — Thy1) ) + |Zkt2 — 2ri1||® + Dr (Thi2, i)

L1
| 2pt2 — 2p1 |* + D (Thg2, Th1)

— (Mht1s Skt1 — Thot1) ) +

N s k1 -
< Yet1 (h (Zrt1) — P (Thg1) + Ekt1 @ty prt1) — Ept1 (Thg1s Phg1) — pT+ A (241 — Fper1)]?

Lyt

2
_ ~ Pk+1 ~ 2 s
= Vi1 | L1 (Trt1, k1) — L1 (Tha1, k1) — 5 |A (Zrg1 — Ter) |7 + Moy

# Nes = Ot St = B} ) + 25 oz — o |* + D (ws2, wn)

N - Li41
— (Ml 15 Skt 1 — Theg1) ) + T+ |zk+o — Ths1l® + Dp (T2, Tot1)
< _ Vk41Pk+1
- 2
Lyt
+ 2

A (241 — Zea)|I” + Y (Aiﬂ + (Mt 15 Thg1 — Skt1) )

|Zkt2 — Tpt1]]> + D (Trs2, Trt1)

where we used that T is @ minimizer of Ly (-, pi+1) in the last inequality. Combining T1 and T2 and
using the Pythagoras identity we have, for each k € N,

Bt = B £ =0 [ A1 = b + (B = 31 252 ) 1A (@i = B

Lyt
+ 2+ |zkt2 — Tpr1||” + Dp (Tps2, Thg1) + [96’““ - 96’“] (Tzpy1)  (43)
Pk+1 — Pk - ~
+ = 2 | Azgs1 = BII” + Vet (/\ZH + (Nt 1, Th1 — Skt1) )
Now take the expectation with respect to F, = S8y = o (xo, to, So, - - - , S ), Which completely determines

Tk+1> Tk+1, and pp41. We are also going to perform the following estimations.
e Under (P.5) and (P.6), we have that, for each k € N, 0, = ;. /c with M~,1 < 7, and so that

M
—0k < = Vk+1-

e Again by (P.6), we have, for each k € N, 6}, = ;. /c for some ¢ > 0 such that

346 > 0, =—-0<0,

= |5
(SIS

where M is the constant such that, for each k € N, y;, < M%H (see (P.5)). Then, using again (P.5)
and the above inequality, for each k € N,

Pk+1 M prp M p
g DL o (2D PR <(2_E - . 4.4
Or — Vst 5 = ( - 5 )'7k+1 < < - 2> Ve+1 V41 4.4)
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By Algorithm 1, foreach k € N, x40 — T+1 = Vi+1 (Sk+1 — Tk+1)- Since Si4q and x4 are both
in C and C is bounded due to (A.3), for each k € N,

Liy1 o Liy1 o

2

Lk+1
2

2
ok sa = wharll® | T = L2 B (S0 — meal? | ] < 222,02

Recall that, by (A.2), f is (F, {)-smooth and invoke Remark 2.8, to get

E [Dp (zg+2, 2k11) | Fi] < Kpee)C (ve+1) -

By Proposition 2.6(v) and assumption (A.4),

E Hgﬂk+1 _ gﬁk:| (Tzs1) | Sr'k:| < B —251~c+1IE [H[ag (Tﬂfk+1)]0”2 | 3'“4 < Bk _QBkHMQ.

We also have, using Jensen’s inequality and (A.3), for each k € N,
Pk+1 — Pk 2 2 p2 2
(P72 Y [z~ 1P 193] < (o = o) (JAI° B2 + JBIE)

In total, foreach k € N,

E A1 | Tl — Ak € Ly Az — b — 071 |4 (21 — T |
Lit1 o
+ 2

Br — Bk
+ P2 o (o — ) (114N B2 + (1))

Y4 + Kipeo)C (k)

+%+1(E [Nt | Fr] + E[(Akr1, Zrgr — Seg1) | Fe )

Using Cauchy-Schwarz together with the fact that ;.1 and ;. are in C, which is bounded by (A.3), we
also have, foreach k € N,

V1B (Mot 1, Tt = Skt1) | Tl < 1 deE [[[ A || | Tl (4.5)
which gives, for each k € N,

M B B L
E[Agy1 | Fi] — A < = Vet [AZ 1 = b)1* = 0vr1 1A (@hg1 — T 1> + 75 n kHdc

B — Br+1 4.6
+ Koo () + F M2 4 oy — ) (JJA1° B2 + o)) 4
+ Vo1 E [Nog1 | Fae] + Vo1 deE [[[ M || | Fel
and (4.2) follows by trivial manipulations. O

ef

k
Theorem 4.7 (Feasibility). Suppose that (A.1)-(A.4) and (A.6) all hold and recall T'y, < > 7. Fora
i=0
sequence (xy), o generated by Algorithm | using parameters satisfying (P.1) - (P.6) and (P.8) we have,
(i) Asymptotic feasibility: klim |[Azg — 0] =0 (P-a.s.)
—00
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(ii) Ergodic rate: let Ty, o Zf:o ~izi/Tk. Then

. _of(- L)
|Az, — ]| = O <m) (P-a.s.) . (4.7)
(iii) It holds (’yk | AZ), — bH2>k€N e (3) and (% | Ay, — bHQ)kGN ek (%)

Additionally, if (P.9) also holds then we have the following pointwise rates in expectation,
(iv) Itholds inf E[| Az —b]] € O (L)

VL)'
(v) There exists a subsequence (xy.) . . Such thatIE[ Axp. — b } < 1
q ( J)JEN H J H m

(vi) It holds (’ykE [HA:ik - b||2D € (! and <’ykIE [HAxk - bH2DkeN e,

keN
Proof. Our goal is to first apply Lemma 2.2 and then apply Lemma2.3. By Lemma4.6, we have, for each
keN,

M ~ L
E[Ari1 | Ful — Ap < =Yt <c |AZp 1 — b”2 +0||A(xgy1 — $k+1)||2) + 7]34—1%(1(22

Br— B (4.3)
+ K(re0)C (Ve+1) + %MQ + (Pr+1 — Pr) <||f4||2 R+ ||b||?

+ 1 E [N | F] + devea B[ Ml | Tl -

N—

Because of (P.1) and (P.4), and in view of the definition of Ly in (4.1), we have the following,

Ly 1 (7| 2
< 2 Vg =2\ 5oy + AP prst | Vi1 de e fh.
keN k+1

keN

For the telescopic terms from the right hand side of (4.8) we have

Bk — Br+1 4 ;2 1 2 2 2 1
(Bae) ed ma (=) (141 R+ IE)), 6

where R is the constant arising from (A.3). Under (P.1) we also have that
(K(rco)S (1)) ey € £
Finally, due to (P.8), we also have
(V1B (N1 [ F]) ey € 04 () and (devienrB [ Aegall | Fal)pey € 24 (3) -

Using the notation of Lemma 2.2, we set, for each k € N,

M N N
rp = Ak, Qp = Vg1 (C |AZpr = bl* + 6 || A (zps1 — xk+1)\2) , and

Ly B — Br+1 Pk+1 — Pk
2k = ?Jr%%ﬂd% + K(FVC,C)C (Ye+1) + %MQ + % |Azgi1 — b||2

e tE N | F] + deyentE [Pl | Fil
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We have shown above that , for each & € N,
E[res1 | Fi) — i < —ap + 25,

where (2x)cn € €4 (§), and ry is bounded from below. We then deduce using Lemma 2.2 that ()¢ is
convergent (P-a.s.) and

S 2 1 a2 1

(w42 —bl7) _ €2 (3) and (well Ao —@0)l?) € @) (4.9)

satisfying (iii). Consequently,
2 1
(el Awe = bI?) € £ (), (4.10)

since by the Cauchy-Schwarz inequality,

>l Az, = bl> <23 3 (114 (g — 317 + AT, — ) < +oc.

k=1 k=1

To finish proving (i) we simply apply Lemma4.3 (with Remark 4.4) and the conditions of Lemma?2.3 are
satisfied. Then, (ii) follows directly from the application of Jensen’s inequality as in the results of [25,
Theorem4.1].

We now assume that (P.9) holds. By Lemma 4.6, we can take the total expectation and use the law of total
expectation to have, for each k € N,

M ~ - L
E[Apr1] — E[Ar] < —Yrt1 (CIE [HAka - b”ﬂ + JE [HA(-TI@+1 — xkﬂ)’?D + Vg+1%d<2:
Br — B
+ K(rg.o)C (ort) + S M2 + (o — i) (11417 B2 + (o]
+ 1 [\a] + demesaB [ Aesal]

Define the following, for each k € N,
o o _ M 5 9 _ 9
e =E[Ar], Pk =kt1, Wi = ?E |AZppq — b||"| + 0E | [|A (2p41 — Tx41)|"| ), and

- Liy Br — Br+1 Pk+1 — Pk

5= ZE R dR + Ko (i) + 02 + (PP B [ Ay — b))
+ Vi1 B (N1 ] + dever1E [ Aesall] -

By the argument of the previous paragraph, in conjunction with (P.9), we have that (2;),cy € EF We can

apply the total expectation to the results of both Lemma4.3 and Lemma4.5 and then the claims of interest
follow from Lemma 2.4 applied with (7%)cr (Pr)pens (Wk)pen- and (2x) ey defined as above. O

4.3 Optimality

The following lemmas regard the boundedness of the sequence of dual iterates (ji;),cy and the uniform
boundedness of the Lagrangian. They were shown in the deterministic setting in [25] and easily extend to
the stochastic case in light of Theorem4.7.
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Lemma 4.8. Suppose that (A.1)-(A.3), (A.6)-(A.8), and (P.1)-(P.6) all hold and define, for each k € N,

o (W) E = inf Ly(o.p) and 3= f (@) +g(Ta) +h(@)+ 2 lAa =0’ @1

zEH,

Then the sequence of dual iterates (jiy,);,c generated by Algorithm 1 is bounded (P-a.s.), for each k € N
the function oy, (1) is convex and differentiable with gradient

Veor (1) = py, ! (M — Prox,, pro(—A+) (1t — pkb)> : (4.12)
and it holds, for each k € N,
Vi (ur) = Ay — . (4.13)

Proof. Note that here we have denoted, for each k € N, @, (z) = f (z) + ¢ (z) + h () while in [25] it

is defined differently with ¢, (z) = f (x) + ¢°* () + h (x) and ®}, () having different meaning.

For brevity, we defer to the proof in [25, Lemma4.11], noting that since <7k |2k — bH2>k . € 2% (F) and
€

(% |lxg — bH2)k N € 1L (3), there exists Q C F with P (Q) = 1 such that (¢, (ix (w)))ep i convergent
€

and thus bounded, and the uniform coercivity of (¢ ),y is unaffected by the inexactness, i.e., (1x (W))en
is bounded. O

Lemma 4.9. Under (A.1)-(A.8) and (P.1)-(P.6), the composite function f + g o T + h is uniformly bounded
on C and we have

M dﬁ“suglf(w) +9(Tx) + h(z)] +2ugllukH (IAl[ R+ b) < o0 (P-as.) (4.14)
xe €

where R is the radius from (A.3).
Proof. The proof follows in a (IP-a.s.) sense from [25, Lemma4.12] with the addition of Theorem4.7. [

We now begin with the main energy estimate needed to show the convergence of the Lagrangian values
to optimality.
Lemma 4.10 (Optimality estimate). Recall the constants ¢, Ly, M, D, and Ly, from (P.6), Lemma4.1,
(A.4), Lemma4.3, and (A.5), respectively. Define, for each k € N,

P (L =) L (o ) + 5 o — )
and
o L
2
Then, under (A.1)-(A.8) and (P.1)-(P.7) with M > 1, for the sequences (xy),cn and (py),cn generated by
Algorithm 1, using the filtration § = (Fy),cn with T, = 8y_1, the following inequality holds, for each
keN,

E[risr | Fal = 1% < = (£ (@ 1%) — £ (@5 0%) + 2 Azy, — b)2) + 22LE | Awgr — b))% | 5
2 2

Ch dg +de (M|T|| + D+ Ly, + ||| | A]) -

2 2

M ~ M
+ (Br — Br41) -+ (Y — Y1) M + ’YkﬂkT + Kree)¢ (w) +7iCr

+ devikE ||l | Ti] + wE [N | T (P-a.s.) .
4.15)
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Proof. Applying Lemma4.2 to the points z* and x; we have, for each k € N,
E (@, ) = Ek (@, i) + (Vali (Th; i) s @ — i) + % |A(z* — )12
= & (vk, o) + <V/x\gk (Tk, p) , 2™ — ﬂfk> + A,z — %) + % A" — )|

=& (@k, ) + <V/x\5k (Trs i), 0* — 2p ) + h (%) — h (2%) + (Mg, 21 — T7)
+ B A — )
By the definition of s, as a minimizer and the definition of 5, we further have, for each k € N,
Ei (2%, pr) > & (g, o) + <V/;5k (@, pir) 5 S — xk> + h(sk) — h(z*) + Ak, zp — 27)
Pk *
+ 2 A — )P
_ (4.16)
> & (wp, pur) + <Vm€k: (T pite) 5 Sk — $k> +h (k) = A — h(z%) + (Mg, o — 27)

+ 2 A )

From Lemma 4.1 applied to the points x;,1 and x and by definition of x4 < 2k + v (Sk — xg) in
Algorithm 1, we also have, for each & € N,

Ex (a1, ) < Ex (ke pre) + (Valk (ks k) s Tha1r — k) + DF (Tpey1, T1) + % zhe1 — 2
= E (wk, ) + WAVl (Thy i) 5 Sk — k) + D (Tpep1, T1) + ’Y;%% 5k — 2]
= & (xhy j) + (Vi (T i) 5 Sk — k) + v s 2k — 1) + D (2441, 2%)
PR B .
We combine the latter with (4.16), to get, for each k € N,

- Ly
Ek (@ra1, r) < Ek (g, pr) + % (M, @° = 5k) + Dr (Tpy1, 21) + 713? 15k — xx]?

4.17)
+ Yk (5k (2, ) + h(2*) — Ex (g, ) — P(5k) — %k | Az — |1 + )\Z) -
By convexity of h from (A.1) and the definition of x1, we have, for each k£ € N,
Li (Try1s i) — L (Tn, ) = Ex (Thg1, ) — Ex (Th, ) + b (2pq1) — b (1) .18)

< &k (Try1, r) — Ek (T ) + % (b (5k) — h (z1))
Combining (4.17) and (4.18), we obtain, for each k € N,
L (Tra1s i) — L (@rs i) < i (Ex (2, i) + h(@*) = Ep (e, pi) — b (21)) + D (@41, T3) +
Ly, . ~ s
B8 =l + e (O 2 = 5 — 2| Az — b2+ )
* Ly .
= (Lr (2%, pr) — L (T, ) + DF (X1, T1) + 'Yl%?k I8k — xx)?
e (et = 5) = Bl Az — bl]* + A7)
(4.19)
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Recalling the definition of Mk+1 uk + A (241 — b) in Algorithm 1, we have, for each k € N,

L (21, 1) — Lo (Tt ) = (1 — piy Agir) = 0 || Azgyq — 0]
We combine the above and (4.19) to get, for each k£ € N,
Li (@rr1s k1) — Li (@ pi) < O | Azgsr = b)) + o (Li (2%, k) — L (@h, 1)) + D (Tps1, )

Ly . ~ s
R 13— el + e (2™ = 5) = B 1Az — b + 37
(4.20)

Notice that the update of the dual variable i can be interpreted as a proximal operator in the following way,

. 1
Mk4+1 = argmin {—ﬁk (g1, 1) + 20 | — Mk||2} .
HEH k

Then, using Lemma 2.5, we get, for each k € N,

02 O (Lo (@rs1 i) = Lo @rsr i) + 5 (s = w012 = oo = 017 + s — pal?)

(s = 117 = ok = 2* 12 + 6 || A1 — b))
4.21)

= O (Lr (Tpg1, %) — L (Thg1, 1)) +

w\»—ll\D\H

Recall that, by (P.6), 0 = 7 /c. Multiply (4.21) by ¢ and sum with (4.20), to obtain, for each k € N,

(1= ) Lx (@r1, ) = (1= )Ly (g i) + 5 (s = 1 = k= 2711
g(@—@meﬂ4W+%wuw%wwu%w»ﬂmwm%%m—ummm>
— 2800 || Ay — bl|* + D (zry1, @x) + 7755 1% — 2”49 (O, 7 = 51) + A7)
The previous inequality can be re-written, by trivial manipulations, as, for each & € N,

c * *
(1 = cOk+1)Lrr1 (Thr1, prer1) — (1 — i) Ly (T, pir) + 3 (Hukﬂ — 1|7 = e — o H2>

3
< (1= eOp1) Lo (Tp1s 1) — (1 — O) Ly (T, 1) + (9k - > | Az 1 — ]

+7ﬂhﬂfww—£ﬂmw%»—wﬂﬁ%%ﬂﬂw—ﬁﬂme) P | Ay — bl

+DF(xk+1,l’k)+% “ 18k — kl® + 9 (ko 2 — B5) + X))
=cwk—@ﬂmf+h+@%Hﬂm—meﬂ)+«1—wmﬂ¢%ﬂ—u—cﬁw%)uwmo

1
+3 (1= cOk11) pryr — (1= i) pi + 205 — cb7) || Azpyr — bI* + i (L (27, i) — Li (s 1))

— by (ﬁk (ka, M*) — L (xlm Nk))
+ 9 (A 2™ = 58) + A7) -

EVE L;
P | A, — bI1® + D (@t ) + 77 = 155 — @l

(4.22)
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By (P.5), (P.6) and the assumption that M > 1, we have 041 < M9, < 6. In view of (P.3), we also

have Bj+1 < B. In particular, g% < ¢%+1 < ¢ pointwise. By Proposition 2.6(iv) and assumption (A.4),
we are able to, for each k € N, estimate the quantity

((1 — by1) g7 — (1 — cby) 96’“) (T41)

( Br+1 _ gﬂk) (Txpy1) +c (gkgﬁk _ 9k+lgﬂk+1) (Txpir)
1

IN

2
(Br — Br+1) H 09(Tri41)) OH +c (QkQ'B’“ - 9k+1gﬁ’“) (Txk41)

/\

2
;(Bk - ) || (@g(Tari)) H (B — Ops1) g(Trn).

Then, foreach k € N,

¢(Ok = Ok1) (f +h+ (pigr, A=) (@p41) + ((1 — 1) g7 — (1 - 0914)95’“) (Trt1)
1 2
< (O — Ory1) L(Tppr, piag1) + 3 (Br — Brr1) H(ag(TUCkH))OH :
(4.23)
Recall the definition of 7 in (4.10). Coming back to (4.22) and using (4.23), we obtain, for each k € N,

1 2 v2
n =< 5 (0= ) o = (=)ot 2= 28 ) Ao - b

o (L (0 ) — i opn ) = P8 A — b+ 2= g )|

Ly~ .
+ (Y — Vet1) £ (g1, peg1) + Dr (ﬂfk+1, ri) + 7;%? 15k — 2kll® 4+ 1 (Mg, 2 — B1) + A7) .
4.24)

Recall that, by feasibility of «* for the affine constraint, £ (z*, u) = £ («*, p*) and thus, for each k € N,

Ly (2%, i) = Ly (w41, 1*) = L (@, ") = L (g1, 17) + (96’“ - g) (Tx*) + (g g ) (T 1)
= 2 | Awsr - b
=L (CC*, M*) - L (xkn ,U,*) +L (xkv M*) - L ($k+1, ,U,*)
(9% =) (@a*) + (9= 9™ ) (Twrsr) = B [ Awis — |
* * * * * IB 2
< L 1) = £ (i 1)+ £ (1) = £ @, 1) + 5| 09(Taein)’)|

Pk 2
- B Az - b,

where in the inequality we have used the fact that ¢®¢ < ¢ pointwise and that, by Proposition 2.6(v), for each
ke N,

(g g ) (Topy1) < — H (Og T$k+1))0H2'
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Substituting the above into (4.24) we have, for each k € N,

1 2
5 ((1 — Vkt1) P+l — Pr T+ Pl C) | Azjs1 — b

+ 9 (L (2%, 1) — L (wg, 1)) + vk (£ (08, 17) — L (Theg1, 17))
pk'Yk | Azx — b]? + B _Q/Bk—i-l H(ag(

Tt — Tk <

2
T$k+1))OH + (Ve — Vos1) £ (Tpog1, pogr) 425

2 Ly
‘ + DF (g1, Tk) + %37 5% — zkl?

+’Yk 5 H 99(Txpy1))°
+ 9 (M, 2 = 55) + ML) -

Take the expectation with respectto F, = 81 = o (0, t0, S0, - - - , Sk—1), Which will completely determine
zr, and pg, and we perform the following estimations.
e From (P.7), we have, for each k € N,
2 ~2
(1 = Yk+1) Prt1 — pr + P ?k < Vet

By assumption (A.4), for each k € N,

E | |@oron)’| 5] < a2

By Lemma4.9, for each k € N,

E[L (241, 1) | Fa] < M.
Recall that, by (A.2), f is (F, ¢)-smooth and invoke Remark 2.8, to get, for each k € N,
E[Dp (g1, 7x) | Tl < KpeeyC () -

Since, for each k € N, 53, and x, are both in C, we have

E(|[5k — xx| | Fx] < de.

We have, for each k € N,
E [ | F) =1 € P5E [ Awias — b | ] + 9 (£, 1) = £ ()

91 (£ (@, 1) = E[£ (@, 1) | Fl) = P | A — ] + %MQ
+ (- ’Yk+1)M+’m@M2 + Kree)6 () +'Yk7dc +E [(Ak, 2 = 85) + A} | Tl -

We can bound the inner product involving the error terms using the Cauchy-Schwartz inequality and the
boundedness of C. Applying Lemma 4.5 and regrouping terms with 7}3 we get, for each k € N,

Elrper | 93] =i < TS0 | Ay = b | Fe| + 0 (£ (@, 1) = £ (1)) = P [ Ay — 0]

M? . M? )
+ (Be — Br+1) -t (Ve — Yry1) M + ’YkﬁkT + K(re.0)C (k) + 7%Ck

+%E [de | Al + A% | Tl -

We conclude by trivial manipulations. O
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We now proceed to prove the main theorem regarding optimality, recalling the notation of (3.2) for the
terms Sg and Sg and (3.3) for 20 [(xk) keN]. The convergence and rates of the Lagrangian values will
be shown in terms L (z, u*) — L (z*, *), which is non-negative since (z*, 1*) is a saddle point. This is
however not a primal-dual gap. Nevertheless, observe that in view of [5, Proposition 19.21(v)], we have

L(xp, 1) — L (2", 1) = ®(x) — O(a*) + (A" p*, xp — 2*),

which is nothing but the Bregman divergence of ® with the subgradient —A* . between zj and x*. This
Bregman divergence appears then as a good candidate to quantify the convergence rate of Algorithm 1 given
that it captures both the discrepancy of the primal objective to the optimal value and violation of the affine
constraint.

Theorem 4.11 (Optimality). Suppose that (A.1)-(A.10) and (P.1)-(P.8) hold, with M > 1. Let (x},)cy be
the sequence of primal iterates generated by Algorithm I and (x*, 1*) a saddle-point pair for the Lagrangian.
Then, in addition to the results of Theorem 4.7, the following holds

(i) Convergence of the Lagrangian:

Jim £ (zy, p") = L (27, p7) (B-as.). (4.26)

(ii) The sequence (1), satisfies 00 [(vx)en] C S (P-a.s.) and there exists [i, an S -valued random
variable, such that i — p (P-a.s.).
(iii) Ergodic rate: for each k € N, let &y, e Zf:o Yixi+1/Lk. Then, for each k € N,

L (Zg, 1*) — L(z*,1*) € O (;) (P-a.s.) . 4.27)
k

(iv) If the problem (%) admits a unique solution x*, then (xy), .y converges weakly (P-a.s.) to x* a
solution of (). Moreover, if ® is uniformly convex on C with modulus of convexity 1 : Ry — [0, 0],
then (), oy converges strongly (P-a.s.) to x* at the ergodic rate, for each k € N,

b (Jz -2l € 0 (rl,) (Pas).

Furthermore, if (P.9) holds then we have the following pointwise rates in expectation, for any (z*, u*) €
Sy x Sy,

: *\1 * % 1
(v) IthOIdsogng[ﬁ(xk’ﬂ =L (x5 p )EO(Fk>.
(vi) There exists a subsequence (xkj)jeN such that E [ﬁ (xkj , M*)] — L (z*, 1) < -

Proof. As in the proof of Theorem 4.7, our goal is to first apply Lemma 2.2 and then apply Lemma 2.3. By
(4.15) in Lemma4.10 we have, using the same notation, for each k € N,

E [rieer | Tl =i < =y (£ @no ) = £, 1) + B8 Ay = b)) + Z52E || Awrs — bl | 5]
2 2

M ~ M
+ (Br — Br+1) -+ (Ve — Y1) M + ’YkBkT + Kpee)C () +72Cr

+ demE ([ Mkl | Fe] + B [Ag | Tl

Let, foreach k € N, a, = 4 <E (g, p*) — L (x*, %) + B [|Axy, — b||2) and denote what remains on the
rhs. by z,. Then, to apply Lemma22, we must show (zz),cy € €4 (§). The first term,

23



Vi1 E [HAka — bH2 | Sk} ,isin @F (&) by 4.7. The terms (B, — Br+1) MTQ and (v, — Yr+1) M are bounded

and telescopic, hence in E}r. The terms  Sx MTZ and K ( F,C,C)C (k) arein E}r by (P.1). Recalling the definition
of C},, we have, for each k € N,

L *
80k =t (e + de (VT + D+ Ly + i 1141))

7|7\ ¢ [ d2AP
=(C””)W+<C””%+@MMN+D+M+MWWW )2

2 Br 2
d2||T|*\ ~2 a2 ||A)*p
S(cgﬂ)é+ A2 | g )+ D+ L+ 1) 141) ) 47

which is in E}r by (P.1) and (P.3). The remaining terms,
deB (| Al | Fi] + B (AR | Fa] s

coming from the inexactness of the algorithm, are in ¢} (§) by (P.8). Thus, the r.h.s. belongs to £} (§) and
so by Lemma 2.2 we have,

a = e (£ (@rs 1) = £ % %) + 2 [ Aw = b]) € €4 (3) (P-as.)

and also that (r,), oy converges (P-a.s.).

The first claim (i) follows by applying Lemma 2.3, the conditions of which are satisfied directly from
Lemma4.3 and Lemma4.5.

The second claim, (ii), follows from the same arguments as in [25, Theorem 4.2(ii)] but adapted to the
stochastic case. For the claims about (z4,),, .. the proof is trivially extended to the stochastic setting (P-a.s.).
However, the claims about (), are more delicate to adapt so we write explicitly the arguments below.

By Theorem 4.7(iii) we have (fyk | Az, — bHQ>k . € % (§) which, by Lemma2.4 implies that there
€
exists a subsequence (Ai“k].)j N with HAik]. — bH — 0 (P-a.s.). Since the sequence () ren is bounded (P-

a.s.) by Lemma4.8, the subsequence (,uk],)jeN is bounded (IP-a.s.) as well and thus admits a weakly (IP-a.s.)

convergent subsequence (/ka) N with pg, — [ for some H4-valued random variable . By Fermat’s rule
2 ZE T

([5, Theorem 16.2]), the weak (IP-a.s.) sequential cluster point j is a solution to (%) iff
0€d(® o (=A%) (n) +b (P-as.) .

The proximal operator is the resolvent of the subdifferential and so it follows that (4.12) is equivalent, for
eachi € N, to

Vr,, (Mk:j) -bed (‘I’Zjl. o (—A*)) (Nkji — pi;, Vo, (M@)) (P-as.) . (4.28)

Since (A, ) .

jeny converges strongly to b (P-a.s.), and in view of (4.13), it holds that V(pkj (ukj) converges

strongly to 0 (P-a.s.). However, Pk, — Pk, Vgok].i (”%) converges weakly to i1 (P-a.s.). We henceforth
argue that we can pass to the limit in (4.28) by sequential closedness using a Mosco convergence (weak-strong
epigraphical convergence) argument (see [6] and [3, Definition 3.7]). Indeed, it was shown in the proof of
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[25, Theorem 4.2], which defer to for brevity, that <I>’,;j_ o —(A*) Mosco-converges to ($)* o (—A*). This
implies, via [3, Theorem 3.66], that acb;;j_ o(—A*) graph-converges to 9®*o(—A*), and [3, Proposition 3.59]

shows that <8<I> kj, © (—A* )) e is sequentially closed for graph-convergence in the weak-strong topology on
Hg, i.e., for any sequence ((Ukji , nkji))ieN in the graph of 0 (@zh o(— A*))ieN such that Uk, converges
weakly to v and Mk;, converges strongly to 77, we have 77 € 90®* o (—A*)(v). Let, for each i € N, Uk, =
Vo, (“kn) —band Mk, = Hk;, = Phy, Y Ph;, (“’% ), which converge strongly (P-a.s.) and weakly (P-a.s.)
respectively, and let Q C F such that P (Q) = 1 and, forall w € €, Uk, (w) = band g, (w) = [ (w).
We conclude that, for each w € Q,

0€8(d 0 (—A%) (i (w)) +b (P-as.)

i.e., i1 is a solution of the dual problem (%) (P-a.s.).
We now prove the existence of a set Q C F such that P (Q) = 1 and, for all w € €, for any u* € Sg,

O (w*,w) = lim ||y (w) — |

exists. This does indeed hold (P-a.s.) for each fixed u* € Sy by the argument in the proof of [25, Theorem
4.2] but Sg may be uncountable and so the entire statement for any p* € Sg may not necessarily hold
(P-a.s.) . To rectify this situation, we make the assumption (A.9) and argue as in [7, Proposition 2.3(iii)].

First repeat the argument made in the proof of [25, Theorem 4.2] to show that, for each fixed p* € Sg,
there exists Q,» C F with P (,+) = 1 such that, for any w € Q.+, © (u*,w) exists. Let u* € Sg and
recall (1), in (4.10), for each k € N,

ef C
re = (1= ) Lk (2n, k) + 2 Il = Tl

We have already shown that (7)o is convergent (P-a.s.). We also have, for each k& € N,

=Ly (@, ) = (L(@, 17) = Lo (s o)) — L(wpe, 1)
= g(Ty) — g7 (Ty) + 1" — o, A, — b) — B8 || Az — b
= Lz, ).
We have from Theorem 4.7 that £ || Az, — b||> = 0 (P-a.s.). Therefore,
(4 — g Az —b) = 0

since (pr )y is bounded (P-a.s.). We also have, by claim (i) of this theorem, that £ (zyp*) — L (2%, u*)
(P-a.s.). By Lemma 2.6 and (A.4), we get

Bk
2
which implies, in light of (P.3), that g (T'zy ) —g” (Tx3,) — 0 (P-a.s.). Altogether, it holds that £y, (x, uux) —

L (z*, *) (P-a.s.) and thus the limit

0< <g (Txy) — g7* (Txk)) < EM? (P-as.)

lilgn e — p*]]* = 2/¢ <li]£nrk - L (x*,u*))
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exists (P-a.s.) for each u* € Sy.
Since H, is separable by (A.9), there exists a countable set S such that S = Sg,. The previous paragraph
has shown that, for every pu* € Sg, there exists £« C F such that P (Qu*) = 1l and, for any w € Qx,

© (u*,w) exists. Set Q= ﬂs 2~ and let Q° be its set-theoretic complement. By the countability of S,
Hre

P(Q)=1-P(0)=1-P( [J o] >1- 3 P(2) =1,

pures pres

ie, P (Q) = 1. Fix p* € Sy; since S = S, there exists a sequence (#47,)pen such that, for each n € N,
py, € S and py — p*. As was already shown, for each n € N, for any w € €,,», © (7, w) exists. Let

w € (), then we have, for each n € N, for each k € N,
= 11 < N (@) = 1 = N (@) = il < oty — ']
and thus, for eachn € N,
— g = wll < Timinf g (w) = 7)) = lim [l (@) = 43

= liminf ||ug (w) = pf| = © (up, )

< limsup [k (W) = || = © (py, w)

= tim s [ () — | = i [y () = |

< lw — vl

Taking the limit as n — oo then gives that the sequence (© (y;,w)),,cy converges to © (u*,w) for any
w €  where (2 does not depend on p*.
We now aim to use (A.10), for which we denote (p;);cy = (V@kjv (Mk]-) — b) N and (g;);cy =
2 K Ze
<Mk:]-. — Pk; Vi, (Mk]-.>) . We’ve shown that (p;), .y converges strongly to 0 (P-a.s.) and that (g;),;c
K 1 1 K /Le

converges weakly to it (P-a.s.) and so there exists Q C F with P (Q) = 1 such that, for any w € (,
pi (W) — p(w) and ¢; (w) — ¢ (w). Due to (4.28), we furthermore have, for each w € €, for each i € N,

pi(w) €0 (@, 0 (-4") (@i () (P-as) ,

and thus by (A.10), for each w € Q, (¢; (w));eny admits a subsequence (g;, (w)), oy such that ¢;, (w) — q (w),

i.e., the sequence (Mkjil aon

2

i (ukj_ )) N is strongly convergent (IP-a.s.). Thus, the subsequence
i w/)/ie

(Mkj. ) N is strongly convergent to fi (P-a.s.). Since [ is a solution to (%), it holds that lilgn || — f|| exists
/e

(P-a.s.). At the same time, we have shown that li{n H’uk"' — [LH = (0 (P-a.s.) and so the whole sequence
1

(k) ey converges strongly to i € Sg (P-a.s.).
Meanwhile the third claim, (iii), follows from the argument of [25, Theorem 4.2(iv)] directly applied to
the (IP-a.s.) setting and similarly for (iv) following from the argument of [25, Corollary 4.3].
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Finally, assume that (P.9) holds. By taking the total expectation of (4.15) in Lemma4.10 and using the
law of total expectation we have, for each k£ € N,

E [res] = E ] < = (EIL (e 1) = £, 1) + 5°E [ Awg = 0] ) + 52E [[| Az — bl
2 2

M ~ M
+ (B = Brar) =+ (o = Y1) M+ B + Kree)§ () + %Cr

+ deE [IMl] + E V] (P-as.) .

Define the following, for each k € N,
7 = E[r] and f, = v and @y, = E[£ (g, 1)) — £ (2%, 1*) + %E [||Axk - b\ﬂ

and denote what remains, for each k € N,

- M? -

Zk = %E [HAQ%H - b||2] + (Br — Br+1) -5 T (Ve — Y1) M

M2 2 s
B+ Kpgex (V) + 7k Cr + deviE || Ael]] + vE [AE] -

By repeating the arguments of the previous paragraph, we have that (Zx),.y € E}r (recall that

ke
<’ykE [HAa:k — sz} ) ren € (% by Theorem 4.7). Invoking Lemma 2.4, again noting Lemma 4.3 and Lemma 4.5
€

hold with the total expectation as well, with (7 ), cr» (Pk)pens (Wk)pen> and (Zg),,cy defined as above, we
obtain the remaining claims. 0

Remark 4.12. The assumption (A.9) is only necessary for showing that the sequence of dual variables
(k) ey admits an optimal weak cluster point. The other results, e.g., convergence of the Lagrangian values,
the containment 20 [(zx)cn] C S» (P-as.), etc, do not require the separability imposed by (A.9). Like-
wise, something similar can be said for (A.10), which is only necessary for ensuring the strong convergence
of the sequence of dual variables (fx),cy and can otherwise be omitted.

S Stochastic Examples

We examine the problem of risk minimization using two different ways to inexactly calculate the gradient
with stochastic noise to demonstrate that the assumptions on the error can be satisfied in order to apply
ICGALP.
Consider the following,
. def
gL (x, } , o
lnin {f (z) = E[L (z,n)] (@)

Azx=b
where L (-, n) is differentiable for every 7, and 7 is a random variable.

We will impose the following assumptions, or a subset of them depending on the context.Indeed, only
(E.1) and (E.2) will be used for risk minimization with increasing batch size while (E.3) and (E.4) will be
needed for the results on risk minimization with variance reduction.

(E.1) Itholds, forall z € H,,, Vf (z) = E[V,L (x,n)].
(E.2) For all n, the function L (-,n) is w-smooth (see Definition 2.9) with w nondecreasing.

27



(E.3) The function f is w-smooth with w nondecreasing.
(E.4) The function f is Holder-smooth with constant C'y and exponent 7.

Remark 5.1. In practical contexts, it’s unrealistic that one will have access to the function f or knowledge of
its regularity. To this end, we note that the assumptions (E.1) and (E.2), which depend only on the function

L (z,n), are sufficient to ensure that (E.3) holds and similarly for (E.4) if one adjusts (E.2) for Holder-
smoothness. Moreover, since Holder-smoothness is a special case of w-smoothness, (E.4) —> (E.3).

Remark 5.2. With the above choice for g, the terms in V& (zg, ux) coming from the augmented La-
grangian are computed exactly, however our analysis extends to the case where V ( & || Az — bH2> =

prA* (Azxy, — b) is computed inexactly as well, as this function is always Lipschitz-continuous. We demon-
strate this alternative choice in Section 7 by sampling the components py A* (Axy — b) @ in the numerical
experiments.

For the sake of clarity, we demonstrate only the case where, for each k € N, A\ = )\£ with )\£ =
Vfi— V[ (xy)and V f}, is our inexact computation of V f (), to be defined in the following subsections.

5.1 Risk minimization with increasing batch size

Consider (971) and define, for each k € N,

n(k)
— p  def 1
ka: - W ZZ:; vxL (.Tk, 771)

where n (k) is the number of samples to be taken at iteration k. We assume that each 7; is i.i.d., according
to some fixed distribution, and that n is a function of k, i.e., the number of samples taken to estimate the
expectation is dependent on the iteration number itself.

Lemma 5.3. Under assumptions (E.1) and (E.2), denote
C =2 (w(de) +E ||VL (", n)|?])

where x* is a solution to (%) and, for each k € N, 8 = o (x¢, 0, S0, - - - , Sk) as before. Then, for each

k € N, the following holds,
¥ C
Bl 18] <\ rary

Proof. By Jensen’s inequality, for each k € N,
s 2 FoR — 2
e [Pt 1]" <[Pl 18] -2 [[7s -0 1]
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Then, since ﬂk 1 is an unbiased estimator for V f (21), we have, for each k£ € N,
_ 2 _ _ 2
E [va (Trg1) — ka:+1H | Sk] =E [HE [kaﬂ} - ka+1H | Sk]

= Var {VAka \ 54
n(k+1)

= V; _ VL i) | S
ar n(k—i—l) ; ($k+1a77)’ k

1
= mVar VL (zx+1,7) | Sk,

where the last equality follows from the independence and identical distribution of n;. Applying the definition
of conditional variance yields, for each k& € N,

T Ve VL ) 18 = s (B [IV2 @) 18] = IE VL @) [ 841°)
1
< B IV @l 8]

We again use Jensen’s inequality, then w-smoothness, and finally the fact that w is nondecreasing together
with the fact that x; 1 and z* are both in C to find, for each k € N,

n(kl+1)E IVL (zsa, )| | Sk} < n(kzz—i—l) (E :HVL (zps1,m) — VL (z*,0)| | Sk}
+E[IVL @ nIP])
= n(k2+1) (E :w (lzrs = 2*1)* | Sk} +E [||VL (:ﬂ*m)lﬂ)
< gy (w0 +E[IVL @)
C
Tkt 1)

2
The above shows that, foreach k € N, E [H)\LAH ] Sk} < % and so E H’/\LAH ] Sk] < ,/ﬁ as

desired.

Proposition 5.4. Under (E.1) and (E.2), assume that the number of samples n (k) at iteration k is lower

2 2
bounded by (%) , Le. for some o > 0, n (k) > « (C&k)) . Then, the summability of the error in (P.8)

is satisfied; namely,

it E [HA{HH |sk} c 11 (8).

Proof. By Lemma 5.3 we have, for each k£ € N,

Vi+1E [HA£+1H | Sk} < Vht14 n(kc—i—l) < \/S( (Vit1) -

The summability of ¢ (k1) is given by (P.1) and thus ;1 E [H)\gﬂ H | Sk} € (&) O
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Remark 5.5. The lower bound n (k) > « ( C(EZ)) is sufficient but not necessary; one can alternatively

2 2
choose n (k) to be lower bounded by « (%) or o (é) and, due to (P.1), the result will still hold.

5.2 Risk minimization with variance reduction

We reconsider (1) as before but now with a different V f. We define a stochastic-averaged gradient, which
will serve as a form of variance reduction, such that the number of samples at each iteration need not increase
as in the previous subsection. For each k € N, let v, € [0, 1] and define

Vi (1= w) Ve + Vel (2, m) (5.1)

with 6\]”_1 = 0 and with each 7; i.i.d.. We call ﬂk the stochastic average of sampled gradients with weight
Vi.

In the previous section, we have used the number of batches n(k) to ensure the error summability condi-
tion. This in turn means that the number of gradient evaluations increases with & (in particular, for finite-sum
objectives, one has to evaluate all gradients after finitely many iterations). This is in stark contrast with vari-
ance reduction proposed in this section where we are able to take a single (or a larger but fixed batch size)
gradient sample at each iteration, while taking full advantage of the flexibility offered by the choice of v to
reduce the stochastic error variance as we now show.

Lemma 5.6. Under (E.1) and (E.3), denote, for each k € N,
o} 2 E (VL (e k) = VS ()| 851 (5.2)

and assume that 0 = supy, U,% < 0. Then, for each k € N, the following inequality holds,

(dC'Yk)Q‘

E[HAgﬂH%sk}g(l ) N + w007 + 2

Remark 5.7. Since (E.2) implies (E.3), see Remark 5.1, it is clear that Lemma 5.6 holds under (E.1)-(E.2).

Moreover, by arguing similarly to the end of the proof of Lemma 5.3, it can be easily shown that the uniform

boundedness assumption on az is in force under (E.2).

Proof. The proof of this theorem is inspired by a similar construction found in [20, Lemma 2]. By definition
of )‘£+1 and kaﬂ, we have, for all k € N,

_ 2 _ 2
HA’““H = vakJrl - Vf (%H)H = H(l — V1) VI + vk VoL (211, k1) — Vf (%H)H .
We add and subtract (1 — v441) V f (z) to get,

Pl = [l = s ) M it (T e ) = 9 o)) + (1= ) (V) = ¥ )|
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Applying the pythagorean identity then gives,

2 2
H)‘£+1H = (1= vgepa)” H)\iH + V71 IVaL (kg1 i) — VI ()|
+ (L= v IV () = VF (@)
+2((1 = vi) (A + VS @0) = VF @) ) s 01 (VoL (1, me11) = VF (@41)))

+2((1=vip) A (1= 1) (Vf (@0) = 9 (@41)) ) -

Using Young’s inequality on the last inner product, we find,
2|\ fI12 | 2 2
M| < @ = v M+ 7 1902 @) = V7 i)

+ (1= vey)” VS (21) = VF (230 I
+2 <(1 — Vky1) ()\f +Vf(xg) = VS (xk+1)) Vel (VoL (Tgy1, k1) — VS ($k+1))>

+ VHl H)\fH +— H (1= vp1)* (VS (xx) = VS (xk“))Hz'

Vi1

Notice that 1 — v;41 < 1 and thus (1 — Vk+1)2 <1 — vy, forall k € N. This leads to

M < (0= Y AL+ R 190 i) = VF (e + 195 (20) = 9 F p) P

+2((1 =) (M + V£ @) = VF @) ) v (VoL @) = VF (@4))

20 = v IV f (k) = V f (zxs1))]
Vi+1

< (1= ) ]+ 2 19 o) = 1 )P+ (2 ) IVS (0) = 9 (o) P

+2((10 =) (M VS @1) = VF (@) ) v (VoL @) = V (@)

Recall that, by (E.3), f is w-smooth with w is nondecreasing. Furthermore, using the fact that 5,1 =
xr — Yk (g — Sk), we find

Mol (1250 L]+ s 19 i) = 95 Gl (2 ) O = a2

+2((1 = ) (M + VS (@) = VF @500)) i (VL (@) = Y (@0) )

< (1= ) I 4 00 IV i) = V1 )P+ (o) (e
2 Vi+1
+2((1 = vii1) (M + VF @0) = VF @r41) ) o1 (VoL @1, m41) = VF (@041)) )

We take the expectation on both sides, recalling the definition of oy, (see (5.2)), o, and that
E VoL (zg,nr) | Sk—1] = Vf (z1),
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to find,

[l 18] < (- 52 A+ e+ (52 wtaen

O

In the following proposition, we analyze a particular case of parameter choices under the assumption (E.4)
of Holder smoothness of f,i.e. 3Cy, 7 > 0 such thatw : t — Cjt7.

Proposition 5.8. Under (E.1) and (E.4), for each k € N, let ﬂk be defined as in (5.1) with weight v, = ~}*
for some o €]0, T[. If the following conditions on the sequence (Vy,),cy hold,

14+min{ & ,7—
(wf tar O‘}> e, (53)
keN
and, for k sufficiently large,
NG
<l+o(y 5.4
Yoot (%) (5.4)

then the summability condition in (P.8) is satisfied; namely,

Wi [ M| 18] € 24 (8).

Proof. Since (E.4) = (E.3), the assumptions (E.1) and (E.3) are satisfied and Lemma 5.6 gives, for all
keN,

2 ’7]? ) 2 202d27 27'
E [H)‘LAH | Skz] < (1 - 7; ) H)‘gH + oG + 7% o
+

By (P.5) we have, for all £ € N, 7, < M~y.41. It follows that, for each k € N,
A Vet P L 220 2 27—a
E H)‘kJrlH [ Sk < (1-— 5 H)‘kH + 0 V1 + oM’ e inrin

Consolidating higher order terms gives, for each k € N,

’Yl?:t—i-l f 2 2 72T ~2 127 min{2a,27— a}
el 5] ¢ (1 5) A+ o s

Since o < 7 < 1 by 5.3, it holds that & < min {1, 27 — a}, and the first condition of Lemma 9.1 is satisfied.
Additionally, by (5.4), we have that the second condition, (9.2), of Lemma 9.1 is satisfied as well and we can
apply Lemma 9.1 with

1

Cc = 5, 8:0&, d:(02+2ﬁ27—0?d%7')’ and t:mln{2a’27_a}’

to find, for k sufficiently large,

[HA’““H | Sk} < 20 o (et
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and, by extension, for k sufficiently large,
/=~ min{ &, 7—a min{ £ ,7—«a
E [H)‘£+1H | Sk] < QC'VkH{Q J +o <7k+1{2 }> :
Then, for k sufficiently large,

st [ 18] < (VBT o (5T ))

< \/%,yéi—rlmn{%fr—a} Yo (’Y;I;ﬂin{gﬂ._a}) '

1+min{ 5 ,T—a}

Under the assumptions 5.3 we have -, € ¢! and thus the summability condition of (P.8) is
satisfied. O
Example 5.9. The condition (5.3) in Proposition 5.8 can be satisfied, for example, by taking v, = m,
b > 0. In this case, the condition (5.3) reduces to picking b such that the following holds,
e

(1-0) (1 +mln{§,7 —a}) > 1.

Rearranging, we find that this is equivalent to,
o —1
b<1—(1+min{§,7—a}) : (5.5)

The condition (5.4) in Proposition 5.8 can be satisfied under this choice of v as well. We have,

1—b 1-b
- k2 1 1—1b .
P <k+1> ( +k+1> trrr o Lot

for any 0 < € < 1, for k sufficiently large.
Using [25, Example 19], the predicted convergence rates for the ergodic iterates =, given by Theorem 4.7
and Theorem 4.11 under the above choice of v, read,

1 1

|AZ, — || = O ((k—i—2)b> (P-as.) and L (T, p*) — L (x*, 1) =0 (M) (P-as.) .

Thus, choosing b to be as large as possible is desired. For a given value of 7 corresponding to the Holder
exponent of the gradient, the best choice for « is %7’. In turn, the largest possible choice of bis 7/(3 + 7).
If the function f is Lipschitz-smooth, then 7 = 1, and we get & = % and b = 1/4 (to be compared with the
strict upper-bound 1/3 in the exact case, see [25, Example 15]).

Notice that the choice of o does not directly affect the predicted rates of convergence, which now depends
only on the constant b. However, the choice of « dictates the largest possible choice for b which satisfy the
assumptions and thus, indirectly, the rates of convergence as well.

33



6 Sweeping

We now consider an example in which the errors in the computation of V f are deterministic; a finite sum
minimization problem,

min — Z fi(x (%2)

J:ECCH n

where n > 1 is fixed. We assume that:
(F.1) f; is w-smooth (see Definition 2.9) for 1 < ¢ < n with w nondecreasing.
(F.2) (k) ey @ nonincreasing sequence.

As in the previous section, Section5, we examine only the case where, for each &k € N, )\, = )\£ =

Vf(xk) — ﬂk with ﬂk to be defined below, although our analysis is straightforward to adapt to the
more general case where one computes pi A* (Azy, — b) inexactly as well, at the expense of brevity (see Re-
mark 5.2). We will sweep, or cycle, through the functions f;, taking the gradient of a single one at each itera-
tion and recursively averaging with the past gradients. For notation, fixed n, we take mod (k) = (k mod n)
with the convention that mod (n) © n. We define the inexact gradient in the following way,

Vi e %Zwi (z;) (Vk <n)
and

Ve EV i+~ (meod (k) = V frmodr) (Th—n)) (Vk>n+1).

For k > n + 1 it can also be written in closed form as,

mod(k) n
—~ 1
VL= n Z V fi (fl;i—f—k—mod(k)) - Z Vi (xi+k—n—mod(k))

=1 i=mod(k)+1

Lemma 6.1. Let B = 1 (n(n—1)+ (n—1) (2n — 1)). Under (F.1) and (F.2), we then have, for all k >
2n — 1, the following,

H)"““H < Bw (Yk+2-2ndc) -
Proof. Using the definition of )\£ 41 fork > 2n—12>n+ 1, we have

H)\’““H = HVf (Tgs1) — ﬂk—i—lH

1 mod(k+1)
= Z Vfi (@+1) — Vi (Tiskt1—mod(k+1))
=1
+ Z Vfi @e+1) = Vi (Titht1-n—mod(k+1))

i=mod(k+1)+1

34



Then, we apply the triangle inequality and w-smoothness of f; assumed in (F.1),

mod(k+1)
Z |V fi (@rs1) = Vi (Titkt1—mod(e+1)) |

X
=1

Ll <

1
n
+ Z |V fi (@rs1) = Vi (Titht1—n—mod(k+1)) |
i=mod(k+1)+1
mod(k+1)

Z w (kaﬂ - ﬂfz‘+k+1—mod(k+1)H)
i=1

1
< =
n

n
+ Y w (Hl‘kzﬂ - l‘i+k+1—n—mod(k+1)H)
i=mod(k+1)+1

Now we add and subtract the iterates in between zj11 and ;11 mod(k+1) then use the definition zy1 =
Zk + Vi (S — k) and the fact that, for all k¥ € N, §j and xj, are in C,

mod(k+1) mod(k+1)—i

1
Plal<i| X X wlimes-ma
i=1 Jj=1
n mod(k+1)—i+n
+ Z w (lzks2—j — T4
i=mod(k+1)+1 J=1
mod(k+1) mod(k+1)—i
<

% > Yo wlmnyde)
i=1 j=1

n mod —i+n

(k+1)
+ Y. wlkde)
j=1

i=mod(k+1)+1

Recall that, by (F.2), (k) kN IS nonincreasing, by (F.1), w is a nondecreasing function, and, for each k£ € N,
mod (k) < n. Then,

mod(k+1)
1 .
H)‘£+1H < o Z (=i 4+ mod (k + 1)) @ (Vet1+i-mod(k+1)de)
i=1

+ (=i +n+mod (k+ 1)) @ (Ye41-+i—n—mod(k+1)dc)
i=mod(k+1)+1

1
< - (mod (k +1) (=1 4 mod (k + 1)) w (Yr+2-moa(k+1)dc)
+ (n—mod (k+1)) (=1 +n+mod (k + 1)) w (Yrt2-n—modk+1)dc))

(n(n =1 w(kr2-ndc) + (n = 1) (2n — 1) w (Yk+2-20dc))

SI=3r

(n(n—1)+(n—1)2n —1))w (Yet2-2nde) -
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O]

Proposition 6.2. Under (F.1) and (F.2), and assuming that (yxw (devk)) pen € 01, the summability condition
of (P.8) holds; namely,

et [Pl €2

Proof. By Lemma6.1, we have, for all kK > 2n — 1,

Vht1 HAiﬂ ‘ < Bypp1w (devita—2n) < BYiga—2nw (deVi+2—2n)

where we have used the fact that (7;), <y is @ nonincreasing sequence by (F.2). Since (vxw (deyi)) ey € £
the desired claim follows. O

7 Numerical Experiments

We apply the sweeping method and the variance reduction method to solve the following projection problem,

in | I
min — ||z — )
el <1 2n Y (7.1)
Ax=0

where x and y are in R™. Notice that this problem fits both the risk minimization and the sweeping problem
structures. By choosing f; (z) = % (z; — y;)* we can rewrite the problem to apply the sweeping method
of Section 6. Alternatively, we can let 1 be a random variable taking values in the set {1,...,n} and write
L(z,n) = 3 (zy — yn)2 to cast the problem as risk minimization as in Section 5. In both of these cases, it
is possible by our analysis to consider also sampling components of the components of the gradient term
Vo || Azy||® = ppA* Ay,

The assumptions (E.1) - (E.4) and (F.1) all hold as the function f is Lipschitz-smooth and the functions
L (-, n) are all Lipschitz-smooth for every 7 as well. The assumptions ((A.1)) to ((a)) all hold as f is Lipschitz-
smooth and has full domain.

For parameters, we take v, = 1/ (k + 1)1_b, pr=p=22"41,0, =y Ifwetake b < % then
all the assumptions (P.1) to (P.7) are satisfied, as well as (F.2). In particular, to satisfy (P.8) in the variance
reduction case, we will take b € {% —0.15, % —0.01 } The weight v, in the variance reduction is chosen to
be v, = 75 with o = 2/3 since the problem is Lipschitz-smooth, i.e. the Holder exponent is 7 = 1. With
this choice, the condition (5.3) in Proposition 5.8 is satisfied as was discussed in Example 5.9.

Since the problem (7.1) is strongly convex, we show ||z, — *||? in addition to the feasibility gap, || Az ||
where Ty, is the ergodic variable, for each k € N,

k

_ def

Ty = E Yi%it1/Tk-
=0

We initialize y € R” and A € R?*"™ randomly. To find the solution z* to high precision, we use generalized
forward-backward before running the experiments. As a baseline, we run CGALP, the exact counterpart to
ICGALP, and display the results. We run the sweeping method on V f (1) for two different step size choices,
displayed in Figures | and 2. For the variance reduction, we examine both the case where VL (g, 1) is
sampled and the case including the gradient of the quadratic term is sampled (see Remark5.2), for two
different step size and weight choices as well as different batch sizes (1, 64, or 256), displayed in Figures 1
and 2.
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Optimality

CGALP

Sweep Vyfi(xk)

VR single V,fi(xk)

VR small batch V,fi(xk)

VR big batch V,fi(xy)

VR small batch V,fi(xx) + pr(A " Ax,)?
VR big batch V,fi(xy) + pi(A ™ Axy)?

O (i)

102 103 104 10°

Feasibility

CGALP

Sweep V,fi(xk)

VR single V,fi(xk)
VR 64 batch V,fi(xk)

——
-
-
-
-
-~
-
-~
-~
~—_
-
~—
-~
-
-~
~—
~—
-
-

104 1 VR 256 batch V,fi(xk)
VR 64 batch V,fi(xk) + px(A* Ax)?
-NE VR 256 batch V,fi(xi) + pi(A " Ax;)?
< 1
== O(_(k+1)o.24)
10—5 i

102 103 10 10°

Figure 1: Ergodic convergence profiles for [ICGALP applied to the projection problem (7.1) with n = 1024.
1
The step size is, foreach k € N, v, = (k + 1)_(1_1+0‘01) and the weight for variance reduction is, for each

keN, v =772
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Optimality

CGALP

Sweep Vyfi(xk)

VR single V,fi(xk)

VR small batch V,fi(xk)

VR big batch V,fi(xy)

VR small batch V,fi(xy) + pe(A " Ax;)?
VR big batch V,fi(x,) + ok(A " Axi)?
o(

2

|)?k—X*

w=)

102 103 10° 10°

CGALP
Sweep V,fi(xk)

VR single V,fi(xk)

VR 64 batch V,fi(xy)

VR 256 batch V,fi(xk)

VR 64 batch V,fi(xx) + ok(A ™ Ax;)"
VR 256 batch V,fi(xi) + pi(A " Ax;)?

|Axy|?

O(eza)

102 103 10% 10°

Figure 2: Ergodic convergence profiles for [ICGALP applied to the projection problem (7.1) with n = 1024.
1
The step size is, foreach k € N, v, = (k + 1)_(1_1+0‘15) and the weight for variance reduction is, for each
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8 Conclusion

We introduced an inexact extension of the CGALP algorithm, given in [25], which allows for either stochastic
or deterministic errors in the computation of several important quantities. The main benefit of this extension

will be in the high-dimensional setting, where computing the terms V f, prox g, or the linear minimization

oracle can be impractical. Several different methods were considered which demonstrated how the gradient
V f could be computed in such a way that the summability conditions of ICGALP would be satisfied. The
main drawbacks of using the inexact variant of the algorithm emerge from the restrictions on the parameters
one is free to choose. Indeed, here the choices of step sizes are more strict than in the CGALP setting. How-
ever, the predicted convergence rates for both the optimality and feasibility maintain the same dependence
on parameters as was observed for CGALP in an almost sure sense.

9 Appendix

Lemma 9.1. Consider a positive sequence (uy,);,cy which satisfies, for each k € N,
U1 < (1 — eyg) ug + dg, ©.1)

for some real numbers s and t satisfying 0 < s < min {1,t}. If, in addition, the sequence (Vi) cy satisfies,
foreach k € N,

e <140, 9.2)
Yk+1

then, for k sufficiently large, it holds,

d
w < Sl o ()

Proof. For each £ € N, we denote vy, e yz_tuk — % such that uy = fy,i_s (Vk + %) Then, by (9.1),

_ d_ d o of w\"° d
— A5t _7<st 1 — cn8 dt_f:‘gt 1 — c~8 dt—f.
Vi1 = Vi1t — 2 < g (1= evg) ue + dvi) it S v (1= ev3) ue + dv,) -
By (9.2), we then have, for each k& € N,
s—t s\\t—s s t d
Vi1 < e (L0 ()7 (1 = evp) up + doy) — .
Substituting for uy, using the definition of vy, we find, for each k € N,
s—t s\\t—s s d t—s t d
Vi1 <9 (L+0() (=) | v + <)k Tt
Now, we take a Taylor expansion for the term (1 + o (7)) ™ ~ (1 + o (72)) to get, for k sufficiently large,

S— S S d —s d
nin <977 ko) (1= o) (et ) ol + k) =
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We distribute the 'y,‘:_t and then expand parentheses,

i < @40 ) (=) (m+2) ) - 2

S S d S S S d S d
=1 —-c)v+ (1 —cvg) —+dyto () ((1 — %) (Vk + C) + d’m) -

S S d S S S S S d S S d
=@ —en) v+ (1 —en) — +dg+ o) (L= enp) v+ 0 () (L —enp) - + o) dug —
=l - +o0R)ve+o(7%)-

Fix 0 < ¢ < c. Then, by definition of o (v}), ko € N such that, Vk > ko, 0 (7}) < (¢ — €)7;. Then,

(1= e+ o) ve < (1= ) v

From this we conclude, by [22, Ch.2, Lemma 3], that lim sup v < 0. Thus, by definition of v,
k

d
wer < Sl o ().

Acknowledgements

ASF was supported by the ERC Consolidated grant NORIA. JF was partly supported by Institut Universitaire
de France. CM was supported by Project MONOMADS funded by Conseil Régional de Normandie. ASF
would like to thank Jingwei Liang for useful discussions had during his visit to Cambridge University.

References

(1]

(2]

(3]

(4]

(5]

(6]

(71

Ya.I. Alber, A. N. Tusem, and M. V. Solodov. On the projected subgradient method for nonsmooth convex opti-
mization in a hilbert space. Mathematical Programming, 81(1):23-35, 1998.

L. Ambrosio, N. Gigli, and G. Savare. Gradient Flows. Lectures in Mathematics. ETH Ziirich. Birkhduser Basel,
2008.

H. Attouch. Variational convergence for functions and operators. Applicable mathematics series. Pitman Ad-
vanced Publishing Program, 1984.

Kengy Barty, Jean-Sébastien Roy, and Cyrille Strugarek. Hilbert-valued perturbed subgradient algorithms. Math-
ematics of Operations Research, 32(3):551-562, 2007.

H. Bauschke and P. L. Combettes. Convex Analysis and Monotone Operator Theory in Hilbert Spaces. Springer,
2011.

H. Brezis and A.Pazy. Convergence and approximation of semigroups of nonlinear operators in banach spaces.
J. Functional Analysis, 9:63-74, 1972.

Patrick L Combettes and Jean-Christophe Pesquet. Stochastic quasi-fejér block-coordinate fixed point iterations
with random sweeping. SIAM Journal on Optimization, 25(2):1221-1248, 2015.

40



(8]

(9]

[10]

[11]

[12]

[13]
[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]

[24]

[25]

[26]

Patrick L. Combettes and Jean-Christophe Pesquet. Stochastic quasi-fejér block-coordinate fixed point iterations
with random sweeping ii: mean-square and linear convergence. Mathematical Programming, 174(1):433-451,
Mar 2019.

Lijun Ding and Madeleine Udell. Frank-wolfe style algorithms for large scale optimization. In Pontus Giselsson
and Anders Rantzer, editors, Large-Scale and Distributed Optimization, pages 215-245. Springer International
Publishing, Cham, 2018.

M. Franke and P. Wolfe. An algorithm for quadratic programming. Naval research logitistics quarterly, 3(1-
2):95-110, 1956.

Donald Goldfarb, Garud Iyengar, and Chaoxu Zhou. Linear Convergence of Stochastic Frank Wolfe Variants.
arXiv e-prints, page arXiv:1703.07269, Mar 2017.

Hamed Hassani, Amin Karbasi, Aryan Mokhtari, and Zebang Shen. Stochastic Conditional Gradient++. arXiv
e-prints, page arXiv:1902.06992, Feb 2019.

Elad Hazan and Satyen Kale. Projection—free online learning. In ICML, 2012.
Elad Hazan and Haipeng Luo. Variance-reduced and projection-free stochastic optimization. In ICML, 2016.

C. Imbert. Convex analysis techniques for hopf-lax formulae in hamilton-jacobi equations. Journal of Nonlinear
and Convex Analysis, 2(3):333-343, 2001.

E.S. Levitin and B.T. Polyak. Constrained minimization methods. USSR Computational Mathematics and Math-
ematical Physics, 6(5):1 — 50, 1966.

Francesco Locatello, Alp Yurtsever, Olivier Fercoq, and Volkan Cevher. Stochastic Conditional Gradient Method
for Composite Convex Minimization. arXiv e-prints, page arXiv:1901.10348, Jan 2019.

Haihao Lu and Robert M. Freund. Generalized stochastic frank-wolfe algorithm with stochastic substitute gradient
for structured convex optimization. Mathematical Programming, 2020.

Aryan Mokhtari, Hamed Hassani, and Amin Karbasi. Stochastic Conditional Gradient Methods: From Convex
Minimization to Submodular Maximization. arXiv e-prints, page arXiv:1804.09554, Apr 2018.

Lam M. Nguyen, Jie Liu, Katya Scheinberg, and Martin Takac. Sarah: A novel method for machine learning
problems using stochastic recursive gradient. In ICML, 2017.

J. Peypouquet. Convex optimization in normed spaces: theory, methods and examples. Springer, 2015.
B.T. Polyak. Introduction to optimization. Optimization Software, 1987.

Sashank J. Reddi, Suvrit Sra, Barnabas Poczos, and Alex Smola. Stochastic Frank-Wolfe Methods for Nonconvex
Optimization. arXiv e-prints, page arXiv:1607.08254, Jul 2016.

H. Robbins and D. Siegmund. A convergence theorem for non negative almost supermartingales and some appli-
cations. In Herbert Robbins Selected Papers, pages 111-135. Springer New York, 1985.

Antonio Silveti-Falls, Cesare Molinari, and Jalal Fadili. Generalized conditional gradient with augmented la-
grangian for composite minimization. SIAM Journal on Optimization, 2020. in press.

Xiaohan Wei and Michael J. Neely. Primal-Dual Frank-Wolfe for Constrained Stochastic Programs with Convex
and Non-convex Objectives. arXiv e-prints, page arXiv:1806.00709, Jun 2018.

41



	Introduction
	Problem Statement
	Contribution and prior work
	Organization

	Notation and Preliminaries
	Algorithm and Assumptions
	Assumptions
	Assumptions on the functions
	Assumptions on the parameters and error terms


	Main Results
	Preparatory Results
	Asymptotic feasibility
	Optimality

	Stochastic Examples
	Risk minimization with increasing batch size
	Risk minimization with variance reduction

	Sweeping
	Numerical Experiments
	Conclusion
	Appendix

