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Abstract

Among the tremendous amount of work that exists on spontaneous imbibi-
tion, the broadening of a fluid-fluid interface in a set of parallel fibers has not
been tackled yet. Nevertheless, this problem is relevant to various applications.
In a seminal paper, Princen derived a model which predicts the conditional ex-
istence of capillary bridges between pairs of fibers in remarkable lattices at the
hydrostatic equilibrium. In the present work, it is argued that this model pro-
vides reliable predictions in dynamics. Therefore, the growth of these capillary
bridges in a regular square lattice of parallel fibers has been studied through
direct numerical simulations. In a dimensionless framework, the influence of
the spacing of fibers, inertia, and viscosity and density ratios were investigated.
The results show that Princen’s predictions are in quantitative agreement with
the observations. Furthermore, the temporal growths of capillary bridges are
in qualitatively agreement with the Bosanquet’s model. From the sensitivity
study, it appears that the spacing parameters defines the pressure difference
which drives the growth of capillary bridges. Inertia plays an insignificant role
in the dynamics compared to the imbibition of a circular capillary. The non-
wetting phase has a negligible influence on the flow in a liquid-gas system. Fi-
nally, a simulation in a complex disordered set of parallel fibers has been done.

In such a system, the predictions of Princen’s and Bosanquet’s models are still
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in qualitative agreement with the numerical simulations.

Keywords: Imbibition, Fiber medium, Two-Phase flow, CLSVoF

1. Introduction

Wetting of a fiber medium is ubiquitous in both nature and industry. In na-

ture, fur of animals is a means to resist the infiltration of water to the skin and

to speed up the drying after water exposure (Dickerson et al., |2012). In the in-

dustry, fiber yarns are used to make clothes, the ability of water to wet the fibers

of these yarns influences water exchanges between the body and the atmosphere

and therefore changes the comfort felt (Patnaik et al., 2006). In particular, the

local relative orientation of fibers within yarns influences the efficiency of drying

(Boulogne et al.,|2015). In certain composite material processes, rigid fibers are

mixed with a liquid resin. Depending on the wetting properties of fibers, the

outcome of this process may be a stiff light material or a fragile unusable one

(Pucci et all 2017 |Testoni et al. 2018). Fiber wetting can also be tuned in

order to build complex organized self-assembled structures which may capture

particles or produce a particular surface texture (Pokroy et al., 2009; |Chan-|
dra and Yang, 2009). Many other examples may be found (see e.g.
et al| (2012); Wang et al| (2017)) and several aspects of fiber media wetting

are still ongoing research topics. Fibrous media have two specific features when
exposed to fluid-fluid interfaces. First, fibers flexibility makes them sensitive

to the action of capillary forces which may induce strains, bond the fibers and

assemble them into clusters (Bico et all) 2004). Second, even in the case of an

undeformable, simple and regular arrangement of fibers, the static equilibrium
of two fluids within this arrangement can be complex. These features are of
importance in the applications mentioned above, and they are both related to
the existence of a broad fluid-fluid interface characteristic of open capillaries.
Princen derived a model which shows that pressure differences and thus capil-
lary bridges may exist between pairs of fibers when a periodic lattice of parallel

fibers is dipped into a liquid bath (Princen, 1969a/b). This model has been ap-
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plied or generalized in various situations and seems quite robust, even when the
slenderness of the system, required in the derivation, is questionable (Protiere;
et al., 2013; |Soleimani et al., [2015; Boulogne et al., 2015; [Sauret et al., 2015).

To our knowledge, in dynamics, neither the applicability of Princen’s model nor
the growth of capillary bridges in a remarkable or complex fibrous network has
been studied yet. This growth is a spontaneous imbibition in the sense that it
consists of a flow from the bottom of a capillary bridge to its top and is driven
by capillary forces. The spontaneous imbibition of simple systems or media have
been intensively studied in the past decades. A detailed understanding of its
physics has been established. The most considered configuration is a circular
cross section tube of small radius dipped into a wetting liquid bath. In this
case a liquid column rises into the tube under the action of capillary forces. In
the very first instants a meniscus forms and creates a pressure difference be-
tween the meniscus and the liquid bath. This pressure difference drives the flow
and depends on surface tension and of the meniscus curvature which is itself
a function of the tube radius and of the viscous dissipation at the triple line.
At this point, inertia and/or viscous dissipation balances the driving pressure
difference. After some time, a static equilibrium is reached at Jurin’s height,
when the columns weight balances capillary forces. The equation of Washburn

(see [Washburn| (1921)) and also [Bosanquet/ (1923))), which describe the temporal

evolution of the meniscus position within the tube, predicts the existence of a
few regimes. In a given problem, the relevant regimes depend on the ratios of
viscous dissipation, inertia and gravity to capillarity. For example, when the
bulk viscous dissipation balances capillarity, the meniscus position X scales as
X o t'/2 and when inertia balances capillarity it scales as X o t. In the litera-
ture, the observations are in an overall good agreement with the various model
predictions (Quéré, [1997; |Chebbil, 2007; Reyssat et al.| [2008; [Fries and Dreyer]
2008; Digilov}, 2008} [Figliuzzi and Buie, [2013)). Although often neglected, de-

pending on its viscosity and density the surrounding non-wetting fluid may play

a significant role on the imbitition dynamics (Hultmark et al.,[2011} Walls et al.,
2016)). The imbibition of open capillaries (grooves, wedges) is slightly different.
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For a wedge, there is a critical opening angle condition which defines if the im-

bibition is possible (Concus and Finn| [1969). Owing to the indefinitely small

characteristic length in the wedge, there is no Jurin’s height, the capillary rise
is theoretically unbounded and asymptotically the wetting fluid front scale as

X o t'/3 (Tang and Tang} [1994; Ponomarenko et al., 2011). In the case of a

set of parallel fibers, the growth of capillary bridges is a specific case of a spon-
taneous imbibition in a set of open capillaries. However, in this situation the
pressure difference is bounded as long as the spacing between the fibers is not
null. In porous media, imbibition and drainage lead to the broadening of the
fluid-fluid interface. Depending on the mechanisms at play, different temporal
evolution of the interface width with time were predicted and reported
[1984} [Horvath and Stanleyl, [1995; [Dubé et al., [2007; [Sadjadi and Rieger),
. To our knowledge, highly anisotropic fiber media such as yarns have not

been considered yet. Therefore, there is no observation nor prediction in this
particular case. Experimentally, tracking and recording a fluid-fluid interface
in a yarn is difficult to perform. As a consequence, in this work, the growth of
capillary bridges in an infinite square lattice of parallel fibers is simulated. The

aim of the present paper is to:

e Question the robustness of Princen’s model in dynamics, i.e., compare the
pressures predicted by the model (static) to the pressures computed in the

simulations (dynamic).

e Understand the growth of capillary bridges and its sensitivity to the main
parameters of this problem, i.e., observe the temporal evolution of the
length of capillary bridges and relate this observation to the spacing be-
tween the fibers, inertia and the viscosity and density of the non-wetting

fluid.

e Question its own relevance to describe the broadening of the fluid-fluid in-
terface in yarns, i.e., compare the reported pressures and growths obtained

in ordered and disordered lattices.
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Recently, new numerical methods have been developed to treat the fluid-
fluid interface and to account for contact angles. These technics provide new
ways to investigate wetting related applications with static or dynamic contact

angles. For example, the spreading of a droplet on a porous medium has been

simulated (Aboukhedr et all [2018) or through a randomly generated porous
medium (Sadeghi et al 2018), two-phase flows at microfluidics junctions (Chen|

2012), or the detachment of a droplet from a horizontal fiber (Wang and;

Desjardins, 2018ayb) with a static contact angle. In these applications, the nu-

merical predictions were found to provide reliable descriptions when compared
to experimental data. However, in problems involving rapid motions of the triple
line the dissipation in its vicinity plays a key role. Thus, different authors devel-
oped numerical strategies to implement dynamic contact angle models
let all, 2009} Malgarinos et all 2014} [Akai et al] [2018). In applications such

as the imbibition of a capillary and the impact of a drop on a surface, these
strategies improved substantially the match between numerical simulation and

experiments. In particular, some of these methods are able to handle complex

geometries into Cartesian grids (Arienti and Sussman| 2014; [Lepilliez et al.|

2016; Wang and Desjardins, 2018a)). In this work, the in-house ARCHER code

has been extended to model static contact angles with these methods and used
to model the growth of capillary bridges in an assembly of parallel cylindrical
fibers.

This manuscript is organized in the following way. In section[2] the governing
equations and the numerical methods are briefly presented in a dimensionless
framework. The implementation in the in-house code ARCHER is validated
through two canonical problems where wetting plays a key role. In section
Princen’s derivation in the case of a regular square lattice of parallel fiber is
presented. Then, it is argued that the predictions of the model should still be
of relevance in dynamics. In section[d] the regular lattice simulations results are
presented and discussed varying the independent dimensionless parameters and
compared to the predictions. In section[f] the results obtained with a disordered

set of parallel fibers are discussed and compared to Princen’s predictions. Fi-
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nally, the main conclusions and implications of this work are reported in section
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2. Numerical approach and validation

2.1. Governing equations

In this work, two fluids and a non-deformable fixed solid are considered in
a 3D domain. The fluids are partially wetting and partially non-wetting and
are here referred as the wetting and the non-wetting fluid respectively. The
contact angle 6, is assumed to be small over the entire study such that the
hysteresis effects are expected to be small as well. In the following sections, the
wetting fluid will be denser than the non-wetting one. Both fluids are assumed
to be initially static, therefore capillarity drives the flow. Since the velocities
involved in such problems are relatively small compared to the speed of sound
in both fluids, the flow is assumed to be incompressible. Thus, the densities
of both fluids p, are considered as constant. Here « subscript designates the
wetting fluid w or the non-wetting one nw. Both are considered as Newtonian
with a viscosity po. Finally, the surface tension 7, is kept constant since no
temperature or chemical potential evolution is considered. In order to reduce
the number of truly independent parameters, the incompressible Navier-Stokes
equations are turned dimensionless. A characteristic length R, which depends
on the system, is used to set all distances into a dimensionless form. In the
upcoming sections, R is a drop, a capillary or a fiber radius. The pressure P
is turned dimensionless with the capillary pressure v/R, P = PR/~. Finally,
the time ¢, is divided by the capillary time of the wetting fluid, ¢, = pwR/7,
such that ¢ = t/t,. Using the above mentioned dimensionless variables, the

incompressible Navier-Stokes equations write:
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VT, =0 (1)

—

Oy ~ L
Y =V D, — VP, + Bog, 2)

La (a’{ + (Vo -6)@0)
W | ~ e = =~ .

LaM, ((9,{ + (Tnw - V)vnw> =M,V - Dyny —VPu+ M,Bog;, (3)
where equation[I]is solved on both fluid domains, the equation 2] on the wetting
fluid domain and the equation [3| on the non-wetting one. V is the gradient
operator and Ba is the dimensionless stress tensor, Ba = % (V%a + (V%’a)t).
La is the Laplace number, La = p,YR/p2 , that is a balance of inertia, viscosity
and capillarity. Bo is the Bond number, Bo = p,,gR? /7, that is the balance of
gravity to capillarity and € is the unit vector of the gravity field. M, = ppw/pw
and M, = finw/ e are the density and viscosity ratio respectively. Note that
the inertial time of the wetting fluid ¢, = \/m which is relevant for inertia
and capillary phenomena writes fp =t,/t, = La'/?. The continuity of velocities
across the interface is also assumed since no phase change is considered. With
the above-stated set of dimensionless equations, the normal force balance at the

surface given by the Young-Laplace equation reduces to

i ((ﬁnwﬁw)IQ(Mﬂﬁnwﬁw>) A=F, (4)
where I is the identity tensor and kK = kR is the dimensionless curvature and 7
the normal to the interface. The tangential stress balance is written using the

unitary vector tangential to the interface ¢,

£ (Mﬂﬁnw — ﬁw> -7 =0. (5)

Velocities are null at both fluid-solid boundaries. Finally, the fluid-fluid
interface meets the solid with an angle 6., as described by the Young-Dupré

equation. To solve this general set of equations, a robust and accurate method
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is needed. The following section details the numerical approach used in this

work.

2.2. Numerical method

The present numerical study has been performed with the in-house two-
phase flow Navier-Stokes solver ARCHER. It was initially developed to treat
incompressible liquid-gas flows (Ménard et al., [2007)), in particular, this code
has been used intensively to analyze spray atomization (see e.g. [Vaudor et al.
(2017); |Asuri Mukundan et al|(2019)). In order to reproduce this kind of harsh
applications, a method able to provide an accurate description of the interface
and which respects mass and momentum conservation must be used (Vaudor
et al., 2017). These features, which are also suitable in the present work, derive
from the following set of choices. First, the two-phase incompressible Navier-
Stokes equations are solved on a staggered Cartesian mesh using a projection
method increasing both the accuracy and the stability of the solution. The
Poisson equation is solved using a conjugate gradient method and takes into
account the pressure and density jump across the interface. The convective
term of Navier-Stokes equations is computed through a 5th order method in
order to capture the sharp interface while the viscous terms are computed with
the discretization proposed by [Sussman et al.| (2007). The flux computation for
mass and momentum are consistent in order to increase the robustness of the
method (Vaudor et al., |2017)). Second, the two-phase flow description is based
on the coupled Level-Set Volume of Fluid (CLSVoF) method (Ménard et al.|
2007). In this framework, the fluid-fluid interface is described through a signed
distance function ¢ and the local denser fluid volume C. Both are defined at
each cell center. The Level-Set function allows the computation of the normal
to the interface n = % which itself allows the computation of the curvature
k = —V -n. By coupling the Level-Set and the VoF our code remains second
order on the computation of curvatures and respects the mass conservation.
In order to maintain the accuracy of the computation, the Level-Set has to

remain a distance function, |V¢| = 1. This condition is guaranteed through a
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re-initialization procedure performed at each time step. This procedure consists
in solving the equation:
o¢

3. T sign(¢o) (Vo] —1) =0 (6)

where, 7 is a fictitious time and ¢g is the Level-Set function before the re-
initialization procedure. Typically, only a few iterations are needed to reach
a stationary solution. In the present simulations, since the interface evolution
is slow, two iterations of re-initialization are done after each time step. After
these two iterations, the resulting Level-Set is then used for the next time step.
Third, in order to take into account the presence of one or multiple solids of
arbitrary shapes in the Cartesian domain, an immersed boundary method is
used (Vu, [2017). The selected method considers a sharp interface between the
solid and the fluids domains through a signed distance function ¢s. One of
the main advantages of this method, originally developed by Ng et al.| (2009)
for single-phase flows, is that it respects the symmetry of the Poisson solver
matrix. An extension of this method to two-phase flow was proposed recently
by [Lepilliez et al. (2016)) providing an accurate treatment of the contact line.
Therefore, this improved method is used in this work to describe the flow around
the immersed solid. In order to respect the Young-Dupré equation, the contact
angle must be imposed at each time step where the fluid-fluid interface meets
the solid. This is imposed through a contact angle procedure which solves the
following equation into the solid region:
9¢

— + V¢ - Vo, = cos(f.) (7)
or

where, 7 is a fictitious time. The figure [1| provides an illustration of the effect
of the contact angle procedure. In the present method, the equilibrium contact
angle 0, is fixed. As explained in section 2:3]and [2:4] a fixed contact angle does
take into account a part of the viscous dissipation near the triple line without
the use of an analytical or empirical model. Finally, the use of a Level-Set

to describe the fluid-fluid interface in the vicinity of a curved solid can cause
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Figure 1: Sketch of the description of the contact line in the numerical method. The dis-
continuous curves in blue and grey represent isovalue lines of the non-wetting fluid and solid

Level-Sets respectively

numerical difficulties as the contact angle tends to be 0 or 7 (Xu and Ren
2016). However, with a Cartesian grid with a fixed grid spacing, when the

contact angle tends to these limits the description of the flow is insufficient in
the confined fluid domain (in the wedge near the triple line). Therefore, in the
targeted applications such a correction does not change the range of angles that
can be used. In the following sections, the angle will be set at 8, = 10° unless
stated otherwise and the curvature of the solids will always be clearly greater
than the grid spacing.

Since the accuracy of the fluid-fluid interface treatment has already been proven

in the past, only validations of the triple line treatment are here addressed.

2.3. Drop spreading on a flat surface

In order to show the ability of the previously described numerical method to
model a two-phase flow with a solid, simulations of the spreading of a liquid drop
on a flat substrate are carried out. The spreading of a partially wetting drop is
a canonical problem that has been studied through experimental, analytical and
numerical methods (Biance et al., 2004; Bird et al. [2008; |Winkels et al. [2012;
[Wang and Desjardins, [2018a} [Legendre and Magliol [2013). In this problem a

10
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drop of initial radius R comes in contact with a solid substrate with a vanishingly
small velocity and then spreads on it such that the drop radius on the substrates
r increases with time. In the early instants of the spreading, inertia balances
capillarity and a first regime is encountered with 7 oc t*/2 (Biance et all [2004;
Bird et all [2008} |Winkels et all [2012)) with ¥ = »/R. As the drop tends to
take the shape of a spherical cap, viscosity comes into play and controls the
flow near the triple line. In later stages, this viscous dissipation controls the
evolution of the drop radius with time such that 7 oc £1/29. This second relation
is generally referred to as Tanner’s law (Tanner,|1979)). The evolution of the drop
radius is bounded for finite contact angles and mass conservation gives: Tpqp =
(4sin®(0.)/(2 — cos(6.))(3 — cos?(6,.))) "% for a dimensionless initial drop radius
of 1. The transition time from the inertial to the viscous regime is a function of
drop radius, surface tension, fluid density, and viscosity. In a dimensionless form
it is expected to be proportional to La®/® (Biance et al.| 2004). However, for
viscous fluids, the inertial regime is not observed and a new relation of the form
2/3

T appears. In the present numerical model, a spherical drop of radius

R=1is initially put in contact with a solid substrate defined throughout the
solid Level-Set. The initial radius on the substrate is 7(f = 0) = 0.3. The
second fluid is assumed to have a negligible influence on the flow therefore the
density and viscosity ratios are equal and M, = M, = 1073. The contact angle
is 0, = 10°, which gives 7,4 = 3.1. The Laplace number is varied from 1 to 103
on 7 values evenly spaced on a log scale. Using the axisymmetry of the problem,
only a quarter of the domain is simulated. Symmetry boundary conditions are
applied to both boundaries near the drop center and a fixed pressure boundary
condition is applied to other ones. Thus, the domain is a square with ridges of
length 2.7 and the grid spacing is 0.35. The initial and boundary conditions are
represented on figure [Zh.

Images of a simulated drop spreading are presented on figure 2p. The evolution
of drop radius 7 with time ¢ is represented on figure . On the figure, for
all values of La the radius reaches quickly a first regime where 7 o t". The

value of n is about 0.5 for large La and is larger for lower values of La. The

11
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curves obtained for large La values tends to collapse when represented as a

1/2 a5 it may be seen on figure

function of the dimensionless inertial time ¢/La
2H. Therefore, this first regime corresponds to the above described inertial
regime. Then, a change of slope appears in the log-log plot at similar values
of t for all La. This implies the existence of a relation of the form 7 o ™
with m ~ 0.11. In this regime, all curves tend to collapse when represented
as a function of t. Therefore, this second regime matches the features of the
viscous one. Finally, a simulation result of [ Wang and Desjardins (2018al) done
with a contact angle of 10°, a Laplace number La = 10.3, a density ratio of
M, =1.03x 1073 and a viscosity ratio of M,, = 2.89 x 10~ is plotted on figures
and 2l1. The parameters used in this simulation are similar to the one of
the presently reported results with La = 10. On both figures, it appears that
their result is in very good agreement with ours in the inertial regime. In the
viscous regime, the evolution of r with time takes also the form 7 o ™ but with
a coefficient m ~ 0.085. These different slopes are both close to the theoretical
prediction. Nevertheless, this later regime is very sensitive to the dissipation at
the triple line. The difference observed are attributed to the different methods
used to describe the triple line.

The observation of both regimes shows the ability of the method to simulate
a capillary driven phenomenon balanced by inertia and/or viscosity in a wide
range of La. More specifically, the viscous regime shows that the dissipation
is properly described near the triple line down to the grid spacing scale and
that this description is sufficient to catch the main features of the above treated
example. The same observation may be applied to other published works with

a comparable accuracy (Wang and Desjardins| |2018al).

2.4. Spontaneous imbibition of a circular capillary

The previously described drop spreading problem involved a flat substrate, in
order to validate the method with a curved geometry, the imbibition of a circular
capillary is simulated. As described in the introduction, this problem has been

widely investigated and its physics is well understood. In particular, when a

12
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Figure 2: (a) Sketch of the drop spreading simulation at ¢ = 0. (b) Images of a drop spreading
with La = 1000 at different instants. See the Electronic Annex in the online version of this
article for the corresponding video. Dimensionless spreading radius 7 as a function of: (c)
the dimensionless time ¢ and (d) the inertial dimensionless time £/La'/2. In the legend, Ref.

refers toWang and Desjardins| (2018a)).

13



300

305

310

315

320

wetting, dense and viscous fluid invades a circular capillary initially filled with
a low density, low viscosity fluid and without gravity, the model of Bosanquet
(Bosanquet|, |1923) describes the evolution of the meniscus position with time.
Noting X the meniscus position measured from the capillary entrance and taking
R, the capillary radius, as the characteristic length, Bosanquet’s equation takes

the dimensionless form:

d [ ~dX ~dX
Laﬁ (Xﬁv) =2cos (04) — 8 (Xd,{) (8)

where 64 is the dynamic contact angle. For small values of equilibrium contact
angle 6., an important viscous dissipation is expected at the triple line such
that 64 > 60.. Physically, a gradient of curvature is expected such that the
contact angle at the microscopic level is indeed the equilibrium contact angle
0. and such that the macroscale (or apparent) contact angle is 64. For small
contact angles, the dissipation can be computed with the model of de Gennes

(de Gennes), |1985)), which reads:

tan (64) (02 — 62) = 6T'X. 9)

In this equation I" = log(l;/l2) where l; and Iy are the macro and micro scale
characteristic lengths respectively. In the numerical simulations, the contact
angle is set at its equilibrium value at the grid spacing scale. Therefore, the
viscous dissipation near the triple line exists and the I' parameter should be
I' = log (1/A)Z'), with AX the grid spacing. It is worth noticing that this
value of I is smaller than the corresponding value in the real physical problem
where the micro scale characteristic lengths is related to the size of the fluid
molecules. All simulations were done with a capillary of radius R=1ina
rectangular simulation box of dimensions, I=1.05and L = 16.8 (see figure )
Using symmetry boundary conditions, a quarter of the domain is simulated.
The mesh grid is fixed to 16 x 16 x 256. Both extremities of the capillary are
set to the same fixed pressure, P=0. Initially, the capillary is filled with the
wetting fluid along a distance )?0 = 0.05. The second fluid density and viscosity

14
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are set to low values, M,, = M, = 1073. The Laplace number is set to 50 and
the contact angle is varied within the set of values 10, 20, 40 and 60. Images of
the imbibition are presented on figure [3p at various instants. The evolution of
the bottom position of the meniscus X with time # is reported on figure |3 with
the prediction of Bosanquet’s model (equation without a dynamic contact
angle. Figure Bk shows that this model overestimates widely the imbibition
dynamics. Predictions with a dynamic contact angle and a parameter I' = 2.7
(computed with the above mentioned method) are also reported on the figure.
Taking into account the viscous dissipation near the triple line improves the
matching. The results reported for . = 20, 40° are in excellent agreement with
the dynamic angle model. However, the application of de Gennes’ model for
angles as high as 40° and 60° is questionable. On the other hand, with a small
contact angle (6. = 10°) the wetting fluid Navier-Stokes equations are solved in
a very confined volume near the triple line. Therefore, the description of the flow
in this volume is rough due to an insufficient mesh resolution. The approximate
matching reported on figure [3c with . = 10° has been attributed to this rough
description of the viscous dissipation at the triple line. Nevertheless, the main
features of the imbibition dynamics are still well reproduced and the temporal
evolution of the meniscus position is in a rough quantitative agreement with the
model.

The temporal evolution of the meniscus position with time in the spontaneous
imbibition simulations of a circular capillary are in an overall good agreement
with Bosanquet’s predictions when a dynamic contact angle model is used.
These results show that the contact angle is properly imposed at the triple
line with a curved immersed boundary. Furthermore, the viscous dissipation at
the triple line is taken into account (within the range of scale simulated) and is

in qualitative agreement with de Gennes’ model.

15
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Figure 3: (a) Sketch of the capillary imbibition simulation at ¢ = 0. (b) Images of the
imbibition at various instants with . = 10°*"¢. See the Electronic Annex in the online version
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by equation @[)
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3. Static equilibrium and imbibition dynamics in a periodic lattice of

fibers

3.1. Static equilibrium in a periodic lattice

In his seminal work, Princen (Princen, |1969alb) considered various systems
corresponding to different spatial organization of parallel fibers. In one of them,
the fibers formed a regular square lattice of parallel fibers with a constant spac-
ing 2d. In his derivation, the system used was a unit cell of the lattice such
as represented on figure Princen considered the static equilibrium reached
by a dense wetting fluid in the void when capillarity is balanced by gravity.
Two cases were distinguished. In the first one, I, the capillary rise reaches a
unique height h; at which the fluid-void interface is formed. Under this height
the medium is saturated with the dense wetting fluid (see figure [4). In the
second one, I, above the previously described equilibrium, liquid bridges exist
between pairs of fibers. Therefore a first fluid-void interface exists at a height
hrrp and extends toward the tip of capillary bridges at a height hrr , (see figure
. The transition from I to II depends on the spacing between fibers. As the
hydrostatic equilibrium is assumed, each height corresponds to a unique pres-
sure. For a slender system, such that the height of rise is widely greater than
the fiber radius R, the capillary pressure can be computed directly from the
surface tension and the in-plane curvature R* (see figure[4)). Furthermore, both
extremities of capillary bridges have negligible depths. Therefore, the pressure
at the meniscus (or at the end of a capillary bridge) can be computed assuming
the equilibrium of a small system along the fiber axis. In the single height case
I, the equilibrium gives:

~ 27 cos (6.)

H:_ﬂfﬁﬁf?' (10)

In the second one, following the same arguments, the meniscus pressure is com-

puted as

(27 — 8a) cos (8,) + 8BR*
414 d)? — 7 —4A

ﬁII,b =— ) (11)

17



380

385

390

395

and the pressure at the tip of capillary bridges as

~ 8avcos (A,) — 8BR*

Prro=— = 12
II,a AA ( )
In the above equations, g is geometrically related to o and 6,:
T
atfto.=g, (13)
the radius R* is expressed as
~ 1+d— cos(a)
R=———~ 14
sin (3) ’ (14)

and A is half the area of wetting fluid between two fibers:

A = 2R* sin() sin(8) — (a — sin(a) cos(a)) — R**(8 — sin() cos(8)).  (15)

In case I1, o, 3, R* and A vary continuously from the tip (a) to the bottom (b)
of capillary bridges.

The key assumptions of this derivation are, that (¢) the system length is widely
greater than the radius of the fibers (i) interfaces are shaped by capillarity
(Bo < 1) (i4i) the contact angle is constant. In the literature, the sensitivity
to the slenderness of the system has not been studied. However various authors
reported results in agreement with Princen’s predictions for two fibers with
rather low slenderness (Boulogne et al., 2015; [Sauret et al., 2015; |Soleimani

et al.l [2015]).

3.2. Dynamics in a periodic lattice

In dynamics and without gravity (Bo = 0), capillarity rules the shape of
the fluid-fluid interface as long as inertia and viscosity are both small ahead
of capillary forces, which writes: pv?R/y = We < 1 and vu/y = Ca <
1. Furthermore, the contact angle is expected to be constant and equal to
0. for small values of Ca. Therefore, if a capillary bridge is slender enough

and its growth is slow enough then Princen’s model requirements are met in
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Figure 4: Sketch of Princen’s system in the case of a square lattice of parallel fibers with a
spacing parameter d. On the figure, (I) and (I1) refer to the cases without and with capillary
bridges respectively. (1) and (2) refer to slices of the system considered at different heights.

dynamics. Thus, the predictions of his model, i.e., the pressures ﬁ], Py I,a and
}3[”,, should be encountered in dynamics. In case I, the pressure difference
AP = ]31 Ib— ﬁ] 1,a should drive the formation of capillary bridges between pairs
of fibers. Remarking that for a given spacing parameter (I, the area A filled by
the wetting fluid exhibits small variations between the tip and the bottom of
capillary bridges. Therefore, the growth of capillary bridges can be roughly
described as the imbibition of a closed capillary through Bosanquet’s equation.

In our dimensionless framework, this equation writes:

el (x945) - _ap- L(x4E), (16)
dt dt K dt

where K represents the permeability of the wetting fluid between the fibers

and may be roughly estimated by equation (see appendix [Appendix Al).

According to its derivation, K is a function of o which varies monotonically from
the tip to the bottom of capillary bridges. As a consequence, the extreme values

of K provide bounds within which the effective value should stand. Although
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this model has some strong limitations (it neglects the second fluid, the real
geometric complexity of the problem, etc.), it provides a simple description of

the growth of capillary bridges.

4. Growth of capillary bridges in a periodic lattice of fibers

4.1. Simulation set-up

The growth of capillary bridges in a unit cell of a regular square lattice of
parallel fibers is simulated. Using the system’s symmetries, symmetric boundary
conditions are applied to four sides and only a quarter of the unit cell is modeled
thus reducing the volume of the computational domain. The fluid velocity is
set to zero at the lower boundary and the pressure is set to zero at the upper
one. In the unit cell, the fiber is modeled as a perfect cylinder of radius R=1
represented by the solid Level-Set. The domain have a rectangular section of
ridge l=1+danda height of L =91 At the beginning of each simulation, the
domain is filled with the dense wetting fluid over a length Xo = 2. A sketch of
the simulated problem at ¢ = 0 is presented on figure . After a convergence
study, the domain has been decomposed into 32 x 32 x 288 mesh nodes (see
Electronic Annex in the online version of this article for more details.).

The computational cost is directly related to the number of the time steps, the
number of cells, the number of processors, and the time step that is limited by
the velocity of capillary waves . Hence, the Laplace number has a great im-
pact on the computational cost. The computations were performed in different
clusters with different specifications. The reference simulation was simulated
for 115 hours using 9 cpu cores (Intel Xeon 8168 (SKL), 2.7 GHz). This sim-
ulation iterates over 3.5 x 10° time steps to reach the end of the simulation at
t=1.1x10%

The impact of the parameters: J, La, M,, and M, are investigated for a given
value of ., = 10°. Compared to a reference case each parameter is varied for
the same fixed values of the three others. The reference case parameters are

La = 1000, M, = 1073, M, = 1073 and d = 0.1. Images of the corresponding
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simulation are presented on figure . d is varied from 0.075 to 0.2, La from 1
to 10°. Finally, M,, and M, are varied from 1072 to 3.16 x 1072. Results are

w0 presented in the same order in the following sections.

a) Outflow b)

d R

P S—

7
1
Symmetrjy L
Symnje
Xo Xo
No flow

C)I | | | |
t 0 51 102 154 200

Figure 5: (a) Sketch of the imbibition at £ = 0 and (b) at £ > 0. (c) Images of the imbibition

in the reference case (La = 1000, M, = 103, M, = 103, d= 0.1) at various instants. See

600 ... 1002

the Electronic Annex in the online version of this article for the corresponding video.
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4.2. Influence of(i

The spacing parameter d is varied from 0.075 to 0.2. For all simulations,
the most advanced fluid-fluid interface position along the fibers axis and most
rearward one are tracked. They will be referred to as a and b respectively, using
the notations introduced in section At both positions, the pressure within
the wetting fluid is extracted.

Since the values are extracted in the vicinity of the fluid-fluid interface, where
the pressure is discontinuous, a specific procedure must be used to compute the
value in the wetting fluid and at the interface. In this work the computation
was achieved through a first order extrapolation of the pressure values in the
wetting fluid and along the fiber axis direction. This procedure induces oscil-
lations, especially when the pressure discontinuity is large (large La, small ).
Furthermore, local curvature errors can introduce additional oscillations in the
overall pressure since it is computed using the Poisson equation resolution.

Their values ]Sa and ]5;, are plotted on ﬁgure@l with the dimensionless time.
In each simulation the pressure f’a, ﬁb, reach an asymptotic value before ¢ ~ 100.
Asymptotic values are estimated by averaging pressures after ¢ = 200 and to the
end of each simulation. Results are reported on figure [6p with the theoretical
predictions presented in section [3] On the figure, the asymptotic pressures are
in good agreement with Princen’s model regardless of the spacing parameter.
As a consequence, the pressure difference which drives the growth of capillary
bridges is null when d > 0.15 and negative otherwise. The dimensionless posi-
tions )}a and )}b along the axis of the fibers are tracked where pressures ﬁa and
P, were extracted. Results are presented on figure |§|c Due to the boundary con-
ditions, the volume of each fluid within the computational domain is conserved.
Therefore, the growth of capillary bridges gives rise to a backward motion of
the wetting fluid in the middle of the unit cell (see figure ) Values of X, and
)N(b reach asymptotic values when d > 0.15 and do not overwise. On figure @i
the length AX = )Z'b — )Afa of the capillary bridges are reported with equation
1} predictions. According to the results, the long-time evolution of X stands
within the predicted bounds. This regime is encountered after ¢ ~ 100, 500
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depending on d. Finally, within our dimensionless framework, the derivative
of X with respect to ¢ gives the capillary number Ca and We = LaCa?. At
t ~ 100 the capillary and Weber numbers are Ca ~ 3 x 1073, We ~ 9 x 102
and X ~ 2. Then, Ca and We decrease with time. Therefore, the system is
slender, the fluid-fluid interface is shaped by capillarity and the contact angle
is constant such that the system meets the requirements of Princen’s model.
As discussed in section these conditions explain the relevance of Princen’s

model in dynamics.

a) b) o
W d=0.075 W d=015 —— P, Simulation I |
-1+ d=0.1 B d=0175 Py Simulation -1
W d=0125 W d=02 — - Model
-2 -2
3 T e e e -3 ’./'—/—.—”‘
W AL N VSR ACIN VANV S YDA ! - /
-4 -4
la .
-5 -5
-6 -6
-7 -7 =
— Model ® d=0.075
—g4 _8 ® P d=0.1
® P W d=0125
—9 iy "
[ 200 400 600 800 1000 1200 0.06 008 010 012 014 016 018 020 022

~+
Q)

c) d)

—— Simulation -
5 = =

b | oo model -
. L

— X, Simulation
|l X Simulation

0 200 400 600 _ 800 1000 1200 0 200 400 600 800 1000 1200

Figure 6: (a) Pressure P, and P, as functions of . (b) Princen’s pressure predictions for
a square lattice as a function of the spacing d with the computed pressures. In the domains
(I) and (ITI) Princen’s model predicts the non-existence and existence of capillary bridges
respectively. (c) Positions of meniscus X. (d) Capillary bridges lengths AX as functions of
t. "Model” refers to the solution of equation , each simulation and the corresponding

prediction are plotted with the same color
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4.8. Influence of La

The Laplace number is varied from 1 to 10° with d =01 In figure ,
f’a and ﬁb are plotted for all values of La. Their values converge and oscillate
around Princen’s prediction regardless of La. The length of capillary bridges
AX is displayed on figure |[7p with the predictions of equation . For values
of La ranging from 1 to 10%, the curves overlap and are almost indistinguishable
on the figure. For higher values, the effect of La on AX is discernible in both
the simulations and equation predictions. The long-time evolution of AX
falls between the predicted bounds for all values of La but the simplistic model
overstates widely its influence. However, according to the model, the transition
time from an inertia dominated to a viscous dominated flow is a function of
7= LaK. As K ~ 3 x 1073 and the time required to reach the long-time
evolution is ¢ ~ 300, the influence of La becomes sensible when 7 ~ 300. This
implies that inertia is negligeable as long as La is small ahead of 10°. Although
the model is not in good agreement with the reported results for La = 105,
this value corresponds qualitatively to the transition from La-independent to
La-dependent results. Furthermore, this transition value comes in contrast with
the value of 7 = La/8 in a circular capillary. In this case the permeability, K ,
is about 40 times greater than in a capillary bridge due to the confinement of
the wetting fluid between two solids close to each other and due to the chosen
characteristic length. As a matter of illustration, the simulations presented
in section with La = 50 have a coefficient 7 = 6; this value corresponds
roughly to the one for the growth of capillary bridges between parallel fibers
with La = 1000, 7 = 3. Finally, the pressure differences are of comparable
amplitude in both cases. As a consequence, the growth of a capillary bridge
between two fibers of radius R is slower and less sensitive to inertia than the
imbibition of a circular capillary of same radius. This second remark explains

the low capillary and Weber numbers pointed out in the previous section.
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Figure 7: (a) Pressure P, and P, and (b) capillary bridges lengths AX as functions of Z.

4.4. Influence of M,, and M,

To this point, the influence of the non-wetting fluid has not been considered.
Indeed, the model of Bosanquet does not take into account the dissipation in
or the momentum transferred to the second fluid. However, as its viscosity
and density increase, its influence on the growth of capillary bridges should
come into play. In this section, the density ratio M, and the viscosity ratio
M,, are independently increased from 0.001 to 0.0316. The temporal evolution
of pressures and the growth of capillary bridges are presented on figures [Bh-
d. According to the figures, the influence of M, and M, on the pressures
}Sa and ]31, are minute. Their influence on the lengths )~(a, )Z'b and thus on
the capillary bridge length AX are limited in the investigated range of values.
However, comparing the sensitivity of lengths (figures and ) M, has a
stronger influence than M,. For the set of parameters used, the confinement of
liquid bridges makes the flow controlled by viscosity rather than inertia at the
considered timescale. This explains the sensitivity difference observed. Finally,
these overall weak influences of the second fluid on the flow show that neglecting

the gas in a liquid-gas problem is relevant.

5. Fluid-fluid interface broadening in a set of parallel fibers

In real media where fibers are oriented in similar directions, there is no re-

markable nor periodic lattice. In order to test the validity of the observations
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Figure 8: For different values of M), (a) pressures P, and P, as functions of 7, (b) capillary
bridges lengths X as function of 7. For different values of M, (c) pressures P, and P, as

functions of ¢, (d) capillary bridges lengths X as function of Z.

26



530

535

540

545

550

555

mentioned above, a more realistic case has been considered, the broadening of
a fluid-fluid interface in a bunch of parallel fibers irregularly spaced from one
another. In a domain of 8.8 x 8.8 x 5.5, 12 fibers of radius R = 1 have been set.
Thus, the fiber volume ratio is V; = 0.49, a value which may be encountered, for
example, in composite materials applications (Abdalla et al., |2008; [El Messiry,
2013). Their positions were picked from an isothermal molecular dynamics sim-
ulation of 12 particles in a 8.8 x 8.8 domain with periodic boundary conditions.
Their initial positions and momentum were randomly picked and the simula-
tion was stopped after a 10* iterations such that the distance traveled by each
particle was greater than the domain size. Fibers sections are represented on
figure[9] In the CFD domain, a flat fluid-fluid interface is initialized in a plane
perpendicular to the axis of the fibers such that each fluid fills the same vol-
ume. A wall boundary condition is applied at the bottom and a zero-pressure
boundary condition at the top. Periodic boundary conditions are applied to
the other four boundaries. The domain is composed of 256 x 256 x 160 mesh
nodes. The physical parameters are set at the same values than the reference
case studied in the previous section: the contact angle is 6, = 10°, the Laplace
number to La = 1000 and M, = M, = 1073. On figure @1 the temporal evo-
lution of the interface is shown. The interface is higher between close pairs of
fibers. In order to simplify the discussion, on figure [Op the dimensionless height
of the fluid-fluid interface is shown at the final time th = 175, defined as the
time at which the first capillary bridge reaches the upper boundary, and the
fibers are numbered from 1 to 12. Capillary bridges exist between the pairs of
fibers: (9,10), (7,9), (5,3), (7,10), (8,12), (11,12), (5,8), (10,12), (4,5) and
the interface is slightly curved near the pairs: (5,7), (2,11), (6,9), (1,12), (4,6).
No bridges are formed since the distances between these pairs are too large (see
figure [L0]). For each fiber pair, the pressure near the fluid-fluid interface in the
wetting fluid and between both fibers has been extracted and is reported on
figure . On the figure, most pressures converge quickly (at t~ 10) to values
close to the theoretical prediction.

These predictions have been obtained through a modified version of Princen’s
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Figure 9: (a) Temporal evolution of the interface and (b) dimensionless height of the fluid-fluid
interface in a set of random parallel set of fibers at time ¢ = 175. See the Electronic Annex in

the online version of this article for the corresponding video.

model presented in section [3.I] assuming that capillary bridges are formed only
between pairs of fibers and that only a small fraction of the area of the fibers
is in contact with capillary bridges. Under these two hypotheses, the pressure
between pairs of fibers described by equation [II]and the pressure at the bottom

of the domain writes

B __2Nwmcos(0e)
T (L2 =Nn)’

with N the number of fibers and L the domain width. These values are plotted

(17)

on figure with the extract ones, averaged from ¢ = 25 to t = 175 as func-
tions of the spacing parameter d. Overall, the results are in good agreement
with the theoretical predictions despite the simplicity of the model. However,
for the fiber pair (7, 10), the pressure is widely underestimated by the fiber pair
model. As it may be seen on figure Eb, the fibers (7,9,10) are packed into a
triangle. Therefore, the fiber pair model is not adapted to this case. Further-
more, between pairs (11,12) and (8,5) the pressure is lower in the simulation
and does not seem to depend on the spacing parameter. This observation has

been attributed to the growing influence of neighboring fibers as the spacing
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increase. The model for three fibers forming an equilateral triangle, described
in (Princen) [1969b)), is reported on the figure. It shows that most values stands
between both models. The dimensionless heights X of capillary bridges are re-
ported in figure . These values are defined as null when ¢ = 0. As the volume
of capillary bridges are small compared to the overall wetting fluid volume, the
receding motion of the interface is minute. Thus, the length of one bridge can
the roughly assessed by X. On the figure, the growth of capillary bridges (9, 10)
and (7,9) are the fastest followed by the capillary bridges (7,10) and (3,5) and
then by the others. This order is correlated to the distance between fibers and
is consistent with the results presented in section[d It confirms that the growth
of capillary bridges is improved by the proximity of fibers. Furthermore, the
growths between fiber pairs (9, 10), (3,5), (8,12) and (10, 12) are also compared
to Bosanquet’s model prediction on the figure. Once again, the results are in

qualitative agreement with the theory despite the simplicity of the model.

6. Conclusion

The in-house code ARCHER has been extended to handle a static contact angle
in a two-phase flow with an immersed solid. The numerical method implemented
describes properly the spreading of a droplet on a flat substrate and the spon-
taneous imbibition of a circular capillary. This method has been applied to
model the growth of capillary bridges in sets of parallel fibers. The model of
(Princenl [1969Db)) predicts the existence of pressure differences in remarkable lat-
tices which correspond to capillary bridges at the hydrostatic equilibrium. In
the literature, multiple authors generalized the analysis to various geometries
(Protiere et al., [2013; |Soleimani et al.l [2015; Boulogne et al.l |2015; Sauret et al.|
2015)) and showed that it is quite robust. In the present work, the relevance
of this model in dynamics is questioned and the growth of capillary bridges is
described and modeled. Finally, the sensitivity of these results with respect to
the degree of order in the lattice is questioned. Based on the reported set of

numerical simulations, the main conclusions reported here are that:
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Figure 10: (a) Dimensionless pressure at the tip of capillary bridges as functions of t. ”Model”

refers the prediction described in section (b) Average pressures as a function of the spacing

”Model (2f)” refers to the pressure predicted at the tip of capillary bridges (described in

section [3.1)) and "Model (3f)” to the prediction in a triangle of fibers (described in (

)). (c) Heights of capillary bridges as functions of t. "Model” refers to the solutions of
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e Princen’s model provides accurate predictions in dynamics. The robust-
ness of Princen’s model can be understood as a consequence of the high

degree of confinement that exists between the fibers.

e The non-wetting phase plays a negligible role in a liquid-gas system. As
a consequence, the growth of capillary bridges is in qualitative agreement
with the predictions of Bosanquet’s model. In comparison with the im-
bibition of a circular capillary, inertia has a negligible influence on the

flow.

e In a disordered lattice of parallel fibers with a fiber volume ratio of 0.49,
the pressures and growths of capillary bridges between pairs of fibers are
in an overall qualitative agreement with Princen’s and Bosanquet’s model
respectively. According to this conclusion, in a slow drainage or imbi-
bition, the fluid-fluid interface width W in a yarn is expected to scale
as W o v/t. Nonetheless, this point relies on a single computation and

should be further confirmed.
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Appendix A. Appendix

In a capillary bridge between a pair of fibers, the area occupied by the wetting
fluid is represented on figure Only a quarter of the system is represented

and the curvature of the fluid-fluid interface is not considered. Half the spacing
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Figure A.11: Sketch of a quarter of the area considered in the permeability computation.

AZ between the fibers is:

AE:J+(1— 1-@2). (A.1)

According to Princen’s computation, the angle « is small when capillary bridges
e0 exist. Therefore, y is small as well and this equation may be approximated at

order 3 in ¥ to:

-7
AT~ d+ 7 (A.2)

The filled area is:

N j=a pr=d+L _ 9
S = 4/ / dzZdy = 4da + Zad. (A.3)
=0 Jz=0 3

As a consequence of the slow spatial variation of AZ with gy, a plane Hagen-
Poiseuille flow is assumed to take place. Therefore, the velocity along the fiber

635 axis is given by

and overall flow rate by

~ j=a r=dt 1P\ 2 (/~ o2\* =

=4 vEndidy=|———= || (d+ =) —d*]. (A.
a=af [ wEpE (u(%)g (7+5) (A5)
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Finally, the corresponding permeability is

~ e\t
(d + 7) —d
6da + a®
and it can be computed at the bottom or at the tip of each capillary bridge

K= (A.6)

using the local value of «.
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