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Singularity and workspace analysis of 3-SPS-U
and 4-SPS-U tensegrity mechanisms

Swaminath Venkateswaran1 and Damien Chablat2

Abstract This article analyzes the singularities and workspace of two tensegrity
mechanisms that employ a passive universal joint and either three or four tension
springs. These two architectures are correlated to 3-SPS-U and 4-SPS-U paral-
lel mechanisms for determining their geometric equations. By fixing the limits of
prismatic joints, the workspace for the mechanisms is generated and the parallel
singularities are analyzed. Based on the singularity boundaries obtained from the
workspace, the joint limits are modified to generate the maximal singularity free
workspaces for both the architectures. A comparison is done based on the tilt limits
obtained from the workspace of the mechanisms. The mechanism with the maxi-
mum tilt limits is implemented for a piping inspection robot to pass through pipe
bends and junctions.

Key words: Tensegrity mechanism, Singularities, Workspace analysis, 3-SPS-U,
4-SPS-U, Piping inspection robot

1 Introduction

A bio-inspired piping inspection robot was designed and developed at LS2N,
France. This robot accomplishes the locomotion of a caterpillar in six steps to move
inside a pipeline [1]. However, the prototype is a rigid model which restricts its ap-
plication to straight pipelines. By the addition of articulation units, the robot can
be made reconfigurable. Some interesting researches on piping inspection robots
that pass through pipe bends include i) the robot of Chen et al. [2] where double
hook joint is employed, ii) THES-I robot of Hirose et al. [3] where a universal joint
actuated by DC-motor is used and iii) robot of Brunete et al. [4] that uses SMA
spring with microcontrollers. Most of these researches have articulation units ei-
ther in passive mode or active mode but not a combination of both. By analyzing
key design issues namely passive compliance, active compliance and tilt limits, a
tensegrity mechanism that uses a passive universal joint and three tension springs
was proposed as a solution for the bio-inspired robot of LS2N [5]. This mecha-
nism can work passively when the robot passes through a pipe bend at π/2 radi-
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ans. In the event of a T-union or junction, cable actuation can be performed on
the tensegrity mechanism to follow a given path. In this article, the singularities and
workspace analysis of the tensegrity mechanism is carried out for the Euler angles of
the universal joint [6]. This analysis can help us to determine if the mechanism can
work within the singularity boundaries under passive modes. Two types of tensegrity
mechanisms are studied and compared where one configuration uses three tensions
springs and the other uses four tensions springs. By using the SIROPA library in
Maple, the workspace is generated by setting joint limits and parallel singularities.
By analyzing these boundaries, the joint limits are modified to obtain singularity free
workspaces. By comparing the tilt limits of both the architectures, the mechanism
with maximum tilt range is implemented for the bio-inspired robot to overcome the
issue of passive compliance.

The outline of the article is as follows. In the following section, the architectures
and the geometric constraints of both the mechanisms are presented. The subsequent
section deals with the derivation of singularities and joint limits equations. Followed
by that, the workspace of the mechanisms are studied and a comparison is being
made based on the tilt limits. The article then ends with conclusions.

2 Architecture of the mechanisms

The tensegrity mechanisms under study uses a passive universal joint and three ten-
sions springs for one configuration and four springs in the other. These mechanisms
can be correlated to parallel manipulators of type 3-SPS-U [7] and 4-SPS-U [8].
Here, S indicates the spherical joints, U represents the universal joint and P repre-
sents the actuated prismatic joints. The architectures are represented in Figure 1 in
the home pose where the tilt angles α & β are equal to 0 radians.
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Fig. 1 The 3-SPS-U(left) and 4-SPS-U(right) tensegrity mechanisms at their home poses
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The fixed co-ordinate frame of the base is represented by ∑0 with the origin at B0.
The spring mounting points on the fixed base are represented by Bi (i = 1,2,3) and
they form the imaginary equilateral triangle of the manipulator base whose median
is r f for the 3-SPS-U mechanism. The base mouting points Bi (i = 1,2,3,4) forms
an imaginary square for the 4-SPS-U mechanism. The diagonal length for the square
is 2r f . The vector co-ordinates for the base mounting points are given by

bi =
[
r f cos

(
i2π

j

)
,r f sin

(
i2π

j

)
,−r f h

]T
(1)

where for j = 3, i = 0 to 2 for 3-SPS-U & for j = 4, i = 0 to 3 for 4-SPS-U

In Equation 1, h represents a constant and a value of 1 is taken which corresponds to
the inverse pendulum configuration [5]. The moving co-ordinate frame of the end-
effector is represented by ∑1 with its origin at C0. The spring mounting points of the
end-effector is represented by Ci (i = 1,2,3) and Ci (i = 1,2,3,4) for the 3-SPS-U
and 4-SPS-U mechanisms. For estimating the vector co-ordinates of the end-effector
mounting points, the XY Euler angle matrix is employed with respect to the central
point A of the universal joint. The vector co-ordinates for the end-effector mounting
points are given by

R = Rx(α)Ry(β ) =


cβ 0 sβ

sα sβ cα −sα cβ

−cα sβ sα cα cβ

 (2)

ci = R
[
r f cos

(
i2π

j

)
,r f sin

(
i2π

j

)
,r f h

]T
(3)

where for j = 3, i = 0 to 2 for 3-SPS-U & for j = 4, i = 0 to 3 for 4-SPS-U

In Equation 2, R ∈ SE(3) represents the spatial transformation matrix obtained
from the Euler angles of universal joint and is used to identify the end-effector
co-ordinates as indicated in Equation 3. The inverse geometric model for the mech-
anism is simpler and it is used to determine the length of springs between the base
and end-effector at home-pose and working conditions. The equation is given by

li =
√
(bix− cix)2 +(biy− ciy)2 +(biz− ciz)2 (4)

with i = 1 to 3 for 3-SPS-U & i = 1 to 4 for 4-SPS-U

3 Analysis of the mechanisms

3.1 Singularities and joint limits equations

For determining the feasible workspace of the tensegrity mechanism, it is neces-
sary to determine the singularities of the mechanism. For a parallel manipulator, the
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singularity equation is given by the well-known equation [9]

At+Bρ̇ = 0 (5)
where t represents the angular velocity vector

and ρ̇ = [l̇1, l̇2, l̇3]T represents the joint velocity vector

Parallel singularities occur when the determinant of the direct kinematics matrix
A of Equation 5 vanishes. This occurs when the end-effector platform aligns itself
with one of the springs of the mechanism. There exist no serial singularities for
the mechanism as the determinant of the inverse kinematics matrix B does not van-
ish since the prismatic springs cannot be equal to 0 mm. The parallel singularities
are analyzed by sub-dividing the manipulator into three and four sets of 2-SPS-
U architecture for the 3-SPS-U and 4-SPS-U mechanisms. By using the Groebner
base elimination technique, we can generate the joint limits equations with the help
of the SIROPA library [10] in Maple. These equations can be generated using the
ConstraintEquations syntax of the SIROPA library. The joint limit equations for the
3-SPS-U mechanism are given by

C1+3i : 2r2
f cα(cβ − sβ )−2r2

f (sβ + cβ )+4r2
f − l2

j = 0 (6)

C2+(k−1)+3i :−m(
(

cβ +
sβ

2 +1
)

sα rf 2√3+2
(

cβ +
sβ

2 −
3
4

)
rf 2cα +

r2
f (sβ −

cβ

2 +4)− lj2) = 0 (7)
for i = [0,1], l j = [lmin, lmax] & for k = [1,2], m = [−1,1] in Equation 7

Similarly, the joint limit equations are generated for the 4-SPS-U mechanism and
they are given by

C1+2k+4i : 2r2
f cβ (cα −1)+m2r2

f sβ (cα +1)+4r2
f − l2

j = 0 (8)

C2+2k+4i : 2r2
f cα(cβ −1)−m2r2

f sα(cβ +1)+4r2
f − l2

j = 0 (9)
for i = [0,1], l j = [lmin, lmax] & for k = [0,1], m = [−1,1] in Equations 8 & 9

The singularity equations are generated for both the mechanisms to determine
their workspace limits. The equations can be generated using ParallelSingularities
syntax of the SIROPA library in Maple. Equations 10 to 11 and Equations 12 to
13 represents the singularity equations for the 3-SPS-U and 4-SPS-U mechanisms.
These joint limits and singularity equations are employed to determine the singular-
ity free workspace for the mechanisms.

By using the Cylindrical Algebraic Decomposition (CAD) technique, the real
solutions are generated for the problem [11] by using the CellDecompositionPlus
syntax of the SIROPA library. For isolating the aspects around home-pose, we trans-
form the singularity and joint limits equations as inequalities [12] in Maple.



Singularity and workspace analysis of 3-SPS-U and 4-SPS-U tensegrity mechanisms 5

Singularity equations for the 3-SPS-U mechanism

ζ1 : 4sβ cβ cα −14sβ c2
α +3c2

β
cα +7cβ c2

α −6sβ cβ +2cα sβ +8c2
β
+4cα cβ

+6sβ −3cβ + cα −4 = 0 (10)

ζ1+k : ((2cβ +2sβ +3)c2
α +(3c2

β
+(2− sβ )cβ −2sβ −1)cα + c2

β
+3cβ sβ

−2)
√

3+m(3sα((2− sβ − cβ )cα +3c2
β
− (sβ +1)cβ + sβ −1)) = 0 (11)

for k = [1,2], m = [−1,1] in Equation 11

Singularity equations for the 4-SPS-U mechanism

ζ1+2i : sα sβ cβ + sα sβ cα + j(sα c2
β
− sα cβ cα + sβ cβ cα − sβ c2

α − sα cβ + sα cα

− sβ cβ + cα sβ )+ c2
β

cα + cβ c2
α − sα sβ + c2

β
+ cα cβ + c2

α −1 = 0 (12)

ζ2+2i : j(sα sβ cβ + sα sβ cα − c2
β

cα − cβ c2
α − sα sβ − c2

β
− cα cβ − c2

α +1)

− sα c2
β
+ sα cβ cα + sβ cβ cα − sβ c2

α + sα cβ − sα cα − sβ cβ + cα sβ = 0 (13)

for i = [0,1], j = [−1,1]

3.2 Workspace analysis

For generating the traces of workspace and singularities, we set limits of springs as
[lmin , lmax] = [10, 30] mm for the 3-SPS-U mechanism and [7, 30] mm for the 4-
SPS-U mechanism. The lower limit lmin contributes mainly to the boundaries of the
aspects centered in α = β = 0 radians. A value of 11 mm is taken for the parameter
r f [5]. With these parameters being set, the workspace is estimated for both the
mechanisms under study and a comparison is done based on their maximum tilt
limits.

3.2.1 Workspace for the 3-SPS-U architecture

The workspace and singularity curves for the 3-SPS-U mechanism are represented
in Figure 2a. The blue regions indicate the workspace for the mechanism with the
singularity boundaries. The joint limits for the three springs are represented in red
lines and they appear superimposed on the plots. Parallel singularities can be ob-
served for the mechanisms at the corners of the blue regions especially at α = β

= π/3 radians. The singularity free workspace for the mechanism is bounded by a
triangular region which has to be extracted to determine the minimum limit for the
springs. One edge of triangle is extracted at α= 0 and β= −π/3 radians. At this po-
sition, one or two of the springs reach their minimum position with no singularities.
A value of 13.5 mm is estimated for the lengths l2 and l3 at this position. This is the
minimum limit for which the spring can go to avoid parallel singularities. For deter-
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Fig. 2 Workspace of the 3-SPS-U tensegrity mechanism with singularity boundaries(a) and recal-
culated singularity free workspace (b)

mining the remaining edges of the triangle, the minimum limits for the other length
pairs (l1− l2 & l1− l3) are fixed as 13.5 mm. The values of α are taken as ±π/3
radians from the workspace obtained in Figure 2a. A value of 0.67 radians is found
for β at these positions. With the modified lower limit for the springs, the workspace
for the 3-SPS-U tensegrity mechanism is recalculated and plotted as shown in Fig-
ure 2b. It could be seen that a singularity free workspace in the form of a Reuleaux
triangle is obtained. The minimum square zone within this triangle is bounded by
the limits [α,β ] ∈ [−π/6, π/6] radians. Thus in order to avoid singularities during
operation, the 3-SPS-U mechanism can tilt upto ±π/6 radians.

3.2.2 Workspace for the 4-SPS-U architecture

The workspace and singularity surfaces are generated for the 4-SPS-U architecture
and it is represented in Figure 3a. In Figure 3a, the joint limits are represented by
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Fig. 3 Workspace of the 4-SPS-U tensegrity mechanism with singularity boundaries(a) and recal-
culated singularity free workspace (b)
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the colored lines and the workspace is represented by the blue-colored region. Com-
pared to the 3-SPS-U architecture, a wider workspace with singularity regions are
observed for the 4-SPS-U mechanism. Based on the analysis, parallel singularities
occur when both α and β ∈ [±π/3, ±π/3] radians. At these boundaries, two of
the four legs reaches its minimum length. At α equal to 0 radians, β attains max-
imum tilt values of ±π/3 radians. Using the joint limit Equations 8−9 and the
minimum spring length value at the singularity boundary, the maximum tilt limit
with singularity free workspace is estimated for α ,β at [0, π/3] radians. A tilt limit
of ± 5π/18 radians is obtained and the minimum spring length is estimated to be
11.9 mm. The recalculated workspace is in the form of a square for the 4-SPS-U
mechanism and it is represented in Figure 3b. The singularity free workspace for
this mechanism is superimposed on the square with tilt limits of ±5π/18 radians.

3.3 Discussions

From the workspace analysis, it could be observed that the 3-SPS-U mechanism
generates a higher tilt limit when compared to the 4-SPS-U mechanism. The artic-
ulation unit for the bio-inspired robot must be able to overcome pipe bends at π/2
radians in a passive mode. With the 3-SPS-U mechanism, it will be difficult to ad-
dress this problem as there are possibilities that the mechanism might reach singular
poses within a narrow tilt limit range. On the other hand, the 4-SPS-U mechanism
offers higher tilt limits with a singularity free workspace. The possibilities of reach-
ing singular positions by this mechanism is comparatively less than the 3-SPS-U
mechanism. The tilt limit issues for the 3-SPS-U mechanism can be addressed by
using stacked modules. A simulation of the 4-SPS-U mechanism coupled with the
bio-inspired robot developed at LS2N was performed and it showed that the 4-SPS-
U mechanism is capable of overcoming pipe bends at π/2 radians.

4 Conclusions

In this article, two tensegrity mechanisms were analyzed and compared with re-
spect to the tilt limits obtained from the singularity free workspace. By using the
SIROPA library in Maple, the geometric constraints followed by the joint limits
and the singularity equations were generated for both the mechanisms. From the
resulting singularity free workspaces, it was found that the 4-SPS-U mechanism has
higher tilt limits of ±5π/18 radians when compared to the 3-SPS-U mechanism
which provides ±π/6 radians. The 4-SPS-U mechanism proves to be a better can-
didate, that can operate within the singularity free workspace in passive modes than
the 3-SPS-U mechanism.

In future works, an experiment will be conducted on the tensegrity mechanism
in order to correlate with the numerical results. Also, the stability analysis for both
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the mechanisms will be carried out with respect to the Euler angles of the universal
joint. This analysis will be done by taking into account the weight of the robot for
horizontal and vertical orientations of the pipeline.
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