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ENS-PSL Research University, Collège de France, 4 Place Jussieu, 75005 Paris, France

(Dated: April 30, 2020)

We study the dynamics of the many-body atomic kicked rotor with interactions at the mean-field
level, governed by the Gross-Pitaevskii equation. We show that dynamical localization is destroyed
by the interaction, and replaced by a subdiffusive behavior. In contrast to results previously ob-
tained from a simplified version of the Gross-Pitaevskii equation, the subdiffusive exponent does not
appear to be universal. By studying the phase of the mean-field wave function, we propose a new
approximation that describes correctly the dynamics at experimentally relevant times close to the
start of subdiffusion, while preserving the reduced computational cost of the former approximation.

I. INTRODUCTION

Ultracold quantum gases are versatile tools to simu-
late a great variety of condensed-matter systems [1]. In
many cases, the use of equivalent models – i.e. alter-
native models that can be mapped onto a desired sys-
tem – constitutes a promising route, at lower experimen-
tal or computational expense, to a better understanding
of the underlying physics. A well-known illustration is
Floquet engineering, which relies on the careful design
of time-periodic systems whose stroboscopic evolution is
governed by an effective static Hamiltonian featuring the
desired properties [2, 3]. Floquet engineering allows mim-
icking to a high degree of details the physics of quantum
disordered systems. In this context, the atom-optics re-
alization [4] of the quantum kicked rotor (QKR) [5, 6]
has proven to be an almost ideal quantum simulator [7].
The associated dynamics is known to display dynamical
localization, which is the analog of Anderson localiza-
tion in momentum space [8], and the QKR can, in fact,
be rigorously mapped onto a 1D Anderson model [9].
Moreover, by adding to the kick amplitude a temporal
dependence made of d − 1 frequencies incommensurate
with the kick frequency T−11 , one obtains the quasiperi-
odic kicked rotor which maps to an Anderson model in d
dimensions [10–12]. Thanks to its experimental and con-
ceptual simplicity, the QKR has been widely used to in-
vestigate Anderson-like physics experimentally: observa-
tion of Anderson transition [11], characterization of criti-
cal properties [12–15], critical dimension localization [16]
or other universality classes [17].

A challenging question concerns many-body effects on
Anderson localization [18, 19]. This question arises in a
wide class of condensed-matter systems, from disordered
supraconductors [20, 21] to superfluid 4He in porous me-
dia [22]. In addition, the interplay between disorder and
interactions is known to give rise to non-trivial collective
behavior, possibly underlying complicated many-body
phase transitions [23–30]. In the more restricted frame
of bosonic systems in the mean-field interacting regime,
where interactions are simply taken into account by a

quadratic nonlinearity in the Gross-Pitaevskii Equation
(GPE) [31], previous studies of the mean-field Anderson
model have predicted that the localized regime should be
replaced by a subdiffusive phase [32–35]. In 3D however,
the full numerical simulation of the mean-field Anderson
model implies a very heavy computational cost. Hence,
the QKR could constitute a promising equivalent model
to circumvent this issue; yet, it is still unclear whether
its equivalence with the corresponding Anderson model
holds in the presence of interactions, since the latter are
local in position space whereas localization occurs in mo-
mentum space.

The mean-field interacting bosonic QKR is modeled
by a GPE [36], see Eq. (1) below. The nonlinear term
in GPE prompts the appearance of quasiclassical chaotic
behaviors, i.e. chaos related to a sensitivity to initial
conditions, a subject that also attracted much interest in
various kinds of degenerated quantum-gas systems, both
kicked [37–40] and non-kicked [41–47]. For the interact-
ing quantum kicked rotor, the dynamics described by the
GPE has been studied in various regimes [36, 48–53].
However, a systematic study of the effects of the inter-
play between the interactions and the kicking strength
on the long-term dynamics of the exact GPE is thus far
lacking due to strong numerical instabilities and com-
puter resource costs.

For these reasons, the long-time dynamics of the in-
teracting QKR has instead mostly been studied with
an uncontrolled approximation [that we dub the local
momentum approximation (LMA), see below] [33, 35,
36, 54]. The latter predicts a subdiffusion of the kinetic
energy 〈p2(t)〉 ∝ tα (α ∼ 0.3 − 0.4), thus implying a de-
struction of dynamical localization, which corresponds to
α = 0. Furthermore, the exponent α is similar to that
found in the 1D interacting Anderson model at mean-
field level (the equivalence between QKR and Anderson
model being preserved in the framework of the LMA),
and is expected to be universal.

There is thus a need to study the exact GPE of the in-
teracting QKR, to ensure that this subdiffusion is indeed
present and to test the universality of the subdiffusion
exponent. In this work, we study the asymptotic be-
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havior of the GPE at very long times (up to 105 kicks),
and show that, while our data is compatible with subd-
iffusion, they are not described by a universal exponent.
We offer an improved approximate dynamics which is nu-
merically shown to be a better approximation of the full
GPE approximation for experimentally accessible times
(about 103 kicks).

II. THE NONLINEAR QUANTUM KICKED
ROTOR

We consider a degenerate boson gas in a ring of circum-
ference L‖, tightly confined in the transverse direction
with a characteristic energy scale ~ω⊥ and transverse di-
mension L⊥ � L‖, such that this energy is much larger
than any other energy scale in the system. In such condi-
tions the dynamics of the transverse degrees of freedom
is effectively frozen and the longitudinal dynamics is es-
sentially one dimensional. The mean-field bosonic QKR
wave function ψ(x, t) is governed by the GPE

ik̄∂tψ = −k̄2 ∂
2
xψ

2
+g|ψ|2ψ+K cos(x)

∑
n∈Z

δ(t−n)ψ, (1)

where K is the kick amplitude, proportional to the op-
tical potential created by a pulsed standing wave of
wavenumber kL, time is expressed in units of the inter-
val T1 between two kicks, lengths are in units of (2kL)−1

and the effective Planck constant is k̄ = 4~k2LT1/M with
M the atom mass [12]. The dimensionless 1D nonlinear
coupling constant in such units is given by

g = πk̄2kLa
~

ωRML2
⊥
N =

k̄2

2
kLa

ω⊥
ωR

N, (2)

where the last equality is valid for a harmonic transverse
confinement, see for instance [55], a is the (3D) s-wave
scattering length of the contact interaction, N the num-
ber of atoms, and ωR = ~k2L/(2M) the recoil frequency.
With typical values for Potassium atoms, one obtains
g = 1 for L⊥ = 5µm (or, equivalently, ω⊥/2π = 62 Hz)
and N ∼ 1600.

We use periodic boundary conditions ψ(L‖, t) = ψ(0, t)
where L‖ = 2π is the system size and normalization∫ L‖
0
|ψ(x, t)|2dx = 1. Because of this boundary condition,

the spectrum of the momentum operator p = ik̄∂/∂x is
discrete, nk̄ with n an integer, so that the momentum

space wave function ψ̂(p) is given by the Fourier series:

ψ(x) =
1√
L‖

∑
n

ψ̂(nk̄) einx, (3)

with normalization
∑
n |ψ̂(nk̄)|2 = 1. The initial state is

chosen to be delta-peaked in momentum space, ψ̂(p, t =
0) = δp,p0 and results are averaged over the initial mo-
mentum p0.
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FIG. 1. Evolution of the kinetic energy in the GPE QKR,
for different combinations of g and K, and with k̄ = 2.89.
The long-time dynamics reveals a universal subdiffusion with
a non-universal subdiffusive exponent – the lines t0.4 and t0.6

are guides for the eye. The lowest curve is for the non-
interacting kicked rotor g = 0 and displays dynamical local-
ization at long time.

We solve Eq. (1) numerically by a real-time propa-
gation. Two classes of unconditionally stable numerical
methods can be used for this type of problems: a Crank-
Nicolson scheme and a split-step method. Because of
the high oscillations in space of the solution that occur
as time evolves, both methods start to develop insta-
bilities after some time, and one has to scale carefully
the time step with the final time. Our numerical exper-
iments indicate that such instabilities start developing
earlier with the Crank-Nicolson method than with the
split-step method. However, the split-step method also
presents numerical instabilities, and long-time calcula-
tions demand higher-order split-step methods to be used.
For all the results presented here, we used a second-order
split-step method, with a time step ∆t = 10−4, which
prevents numerical instability in the time range [0, 106]
(verified by studying the convergence as a function of the
time step). The resulting evolution of the kinetic energy
is displayed in Fig. 1, for various combinations of g and
K (with k̄ = 2.89). The curves are averaged over 10
different choices of p0 ∈ [k̄, 10k̄]. While the short-time
dynamics is interaction-independent, and well described
by the non-interacting QKR, the long-time one features
subdiffusive behavior with a non-universal exponent α.
As observed in the top panel of Fig. 2, this exponent
generically falls in the range [0.4− 0.8] depending on the
values of the parameters. We estimate the uncertainty
of the numerically fitted exponents to be of order 0.1 for
each set of parameters, due to the choice of the time win-
dow of the fits (typically t ∈ [104, 105]) and to the noise
of the kinetic energy, which is smaller than the range of
α. There exist in the literature models predicting values
for the subdiffusive exponent, relying on the nonlinearity-
generated chaotic behavior, in both the nonlinear QKR
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FIG. 2. Statistics of the subdiffusive exponents found for the
three models studied in this work (top panel: exact GPE,
middle: PAA, bottom: LMA, see Sec. III). Each histogram is
obtained by varying the parameters g and K in ]0, 20], and
extracting for each parameter set a subdiffusive exponents by
an algebraic fit of the kinetic energy vs. time – i.e. a linear
regression in a double logarithmic scale – in the asymptotic
regime (t ∈ [104, 105] for all models). The uncertainty on the
exponent is about 0.1 for each model. The dispersion in each
set of results suggests a non-universality of the subdiffusive
exponent. The disagreement between the LMA and PAA with
the exact GPE shows their inability to capture correctly the
asymptotic subdiffusive regime.

and the nonlinear Anderson model [32, 33, 36]. Ref. [36]
predicts α = 2/5 with an argument based on the Chirikov
resonance overlapping criterion [5]. Using a somewhat
different argument based on weak chaos Ref. [33] found
α = 1/3. Due to the apparent non-universality of the
sudiffusive exponent, both predictions can match numer-
ical curves.

We thus confirm the existence of a subdiffusive behav-
ior of the kinetic energy for the exact solution of the GPE,
but could not confirm the universality of the correspond-
ing exponent. We could not find any obvious pattern in
the dependence of α on the parameters k̄, K and g, and
a better theoretical understanding of this dependence is
beyond the scope of this work.
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FIG. 3. |F (p, ψ̂)|, Eq. (4), computed from a solution ψ̂ of the
GPE QKR after 200 kicks with parameters K = 12, g = 12,
and k̄ = 2.89, and its approximation |FPAA(p, ψ̂)|, on a loga-
rithmic scale. The latter curve has been shifted downwards by
one decade for clarity. The agreement is very good, validating
the PAA, see Eq. (8).

III. ALTERNATIVE MODELS WITH
APPROXIMATED DYNAMICS

In momentum space, the interaction term is nonlocal
and given by the Fourier transform of |ψ|2ψ, namely

F (p, ψ̂) ≡ 1

2π

∑
p1,p2

ψ̂∗(p1)ψ̂(p2)ψ̂(p+ p1 − p2). (4)

In Ref. [36], a simplification was introduced neglecting
all “off-diagonal” contributions, thus making “by hand”
the interaction local in momentum space, which amounts
to replacing it by

FLMA(p, ψ̂) =
γ

2π
|ψ̂(p)|2ψ̂(p). (5)

where γ could be a function of p that cannot be eas-
ily determined, and that has been arbitrarily set to 1 in
Ref. [36], a choice that we kept in this work. Although
not rigorously justified, this “local momentum approxi-
mation” (LMA) significantly reduces the cost of the nu-
merical integration, since the resulting GPE can be in-
tegrated in momentum space between consecutive kicks.
Moreover, the simplified equation evokes a mean-field in-
teracting Anderson model translated in the momentum
space. A rationale for the LMA is to suppose that the

evolution makes the phases of the different ψ̂(p, t) uncor-
related for large enough momentum differences, so that
the integrals in Eq. (4) are dominated by the contribu-
tions of p1 ' p2 ' p. Finding a rigorous derivation of the
LMA is not obvious, but this heuristic argument can be
used to construct an improved approximation, which we
now describe.

Writing the wave function in the amplitude-phase rep-

resentation ψ̂(p) = A(p)eiφ(p), our starting point is
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the numerical observation that in the presence of kicks,
φ(p) obtained from the full GPE solution appears to
be a uniformly randomly distributed function of p. In
particular, we observe numerically that replacing the
phases φ(p) by independent random phases distributed

uniformly in [0, 2π[, and thus ψ̂(p) → ψ̂rand(p), does

not change the (modulus of the) interaction functional

|F (p, ψ̂)| ' |F (p, ψ̂rand)|.
Denoting the average over random φ(p) realizations

by an overline, we have F (p, ψ̂) = 0, because it only
involves three uncorrelated phases. For the correlations

F (p, ψ̂)F ∗(p′, ψ̂) we have

F (p, ψ̂)F ∗(p′, ψ̂) =
1

(2π)2

∑
p1,p2,p′1,p

′
2

A(p1)A(p2)A(p+ p1 − p2)A(p′1)A(p′2)A(p′ + p′1 − p′2)

× exp [−i(φ(p1)− φ(p2)− φ(p+ p1 − p2)− φ(p′1) + φ(p′2) + φ(p′ + p′1 − p′2))].

(6)

Using the independence of the phases, a straightforward calculation gives

F (p, ψ̂)F ∗(p′, ψ̂) =
δp,p′

(2π)2

(
4A(p)2 + 2

∑
p1,p2

A(p1)2A(p2)2A(p+ p1 − p2)2

)
. (7)

Furthermore, a numerical study of the phase of F (p, ψ̂) shows that it also appears to be uniformly distributed, and a

calculation similar to that above shows that F (p, ψ̂)ψ̂∗(p′) =
δp,p′

π A(p)2. Therefore, the phase of F (p, ψ̂) is strongly

correlated to that of ψ̂(p), and can thus be replaced by φ(p).

This suggests the following “phase-averaging approximation” (PAA) of F (p, ψ̂),

FPAA(p, ψ̂) =
eiφ(p)

2π

√
4A(p)2 + 2

∑
p1,p2

A(p1)2A(p2)2A(p+ p1 − p2)2. (8)
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FIG. 4. Evolution of the kinetic energy as computed from the
following dynamics (top to bottom): PAA, GPE, LMA and
non-interacting. The parameters here are g = 10, K = 12 and
k̄ = 2.89. The agreement between the exact dynamics gov-
erned by the GPE and the PAA approximation is very good
up to t = 103. At a longer time, the inset shows significant
deviations.

The agreement between |FPAA(p, ψ̂)| and the |F (p, ψ̂)|
for a typical ψ̂ is very good, as shown in Fig. 3.

Within the PAA, the GPE evolution of ψ̂(p, t) between
kicks is replaced by

ik̄∂tψ̂ =
p2

2
ψ̂ + g

|FPAA(p, ψ̂)|
|ψ̂|

ψ̂. (9)

The advantage of the PAA is that, as in the LMA, the

amplitude of ψ̂(p) is conserved dynamically between the

kicks, implying that |FPAA(p, ψ̂)|/|ψ̂| is a constant of mo-
tion between kicks, making the integration trivial [56],

ψ̂(p, t+ 1) = exp

[
−i
(
p2

2
+ g
|FPAA(p, ψ̂)|
|ψ̂(p)|

)]
ψ̂(p, t).

(10)
Fig. 4 shows the dynamics obtained from the

GPE, LMA, and PAA, as well as the non-interacting
case. While the short-time dynamics is interaction-
independent (and thus approximation independent), the
LMA fails to capture the regime where the interactions
start to be relevant, while this is well achieved by the
PAA. This improved approximation is a faithful descrip-
tion of the exact GPE dynamics for the typical time
range [0, 1000] accessible to state-of-the-art experiments
(see Sec. IV). In particular, it captures well the timescale
at which the interactions start to matter, contrary to
the LMA. As already explained above and illustrated in
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Fig. 2, at longer, experimentally inaccessible, times, how-
ever, both the LMA and the PAA disagree with the exact
integration of the GPE, probably due to the nonlinear
correlations between the phases which start to build up.
Note that we have extracted the subdiffusive exponents
of the LMA and PAA, shown in Fig. 2, from the long
term dynamics in the typical time-window t ∈ [104, 105]
(data shown in the inset of Fig. 4). In particular, we
recall again that none of these approximations is able to
successfully capture the correct subdiffusive exponents
for the GPE, as it is clear from Fig. 2.

IV. CAN SUBDIFFUSION BE OBSERVED
EXPERIMENTALLY?

Both the interacting kicked rotor and the analogous
Anderson model [32] are predicted to display a subdiffu-
sive behavior at long times. Subdiffusion has indeed been
experimentally observed in the closely related Aubry-
André model with interactions [43]. The main limitations
for observing subdiffusion in the nonlinear kicked rotor
are threefold: First, quantum dynamics is limited by de-
coherence effects, like spontaneous emission or stochas-
tic fluctuations of the optical potential; second, free cold
atoms fall under gravity and exit the interaction region;
third, kicks induce a strong diffusion in real space that
very quickly makes the atomic gas so diluted that inter-
actions become negligible.

Decoherence can be reduced by increasing the laser-
atom detuning and by carefully crafting the laser beams
forming the kicking potential. Recently, an increase from
a limit of ∼ 200 to 1000 kicks has been obtained, allow-
ing for the observation of the 2D Anderson-like localiza-
tion [16], and this limit might be increased in the near
future. As shown in Fig. 1 subdiffusion can yet be ob-
served at a few hundred kicks for a large enough nonlin-
earity g ∼ 10. The use of Feshbach resonances allows one
to easily reach even higher values of g [see Eq. (2) and
the discussion following it].

It is now possible to create and exploit sophisticated
atom traps, in which a Bose-Einstein condensate can be
created or inserted. A particularly interesting geometry
is a ring trap created by Laguerre-Gauss modes. Such
a ring trap can keep atoms for quite long times, allow-
ing for a large number of kicks. Inside the ring, atoms
can freely evolve in the azimuthal direction realizing an
“atom rotor”, which corresponds to the original version of
the kicked rotor; if the radial confinement energy ~ω⊥ is
large compared to the other energy scales, the dynamics

is effectively 1D. Moreover, Laguerre-Gauss modes dis-
play an azimuthal dependence exp(−imϕ) where ϕ is the
azimuthal angle. Hence, by combining two modes with
azimuthal “quantum numbers” m and −m, one creates
an azimuthal modulation of the form cos(2mϕ) that can
be pulsed to transfer angular momentum to the atoms,
thus realizing a genuine kicked rotor. Finally, if the ring
is initially homogeneously filled with the condensate, no
spatial dilution will occur as the kicks are applied. It is
worth noting that the ring geometry generates a kicked
rotor with true periodic boundary conditions.

We can thus conclude that the observation of subd-
iffusion is within reach of state-of-the-art experimental
setups.

V. CONCLUSION

The study of the exact GPE dynamics has confirmed
the breakdown of dynamical localization observed within
the LMA but invalidated the universality of the subdif-
fusion exponent α. Moreover, we have introduced a new
approximation to the GPE, the PAA, which is better
justified than the LMA, yet computationally as advanta-
geous, and allows for a good description of the dynamics
up to relatively long times where interactions do play a
non-negligible role. However, it does not give the correct
range of the subdiffusive exponent. The understanding
of the breakdown of the PAA at longer times is left for fu-
ture work. Explaining the variations of the non-universal
exponent α in the exact GPE is also a very interesting
line of research.
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