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The construction of the solution

by Marietta Manolessou
EISTI - Department of Mathematics

April 23, 2020

Abstract

Under the global title “The non triviality of a ®; model” we show in
the form of three separate articles the existence and uniqueness of a solution
to a @} non linear renormalized system of equations of motion in Euclidean
space. This system represents a non trivial model which describes the dy-
namics of the ®} Green’s functions in the Axiomatic Quantum Field Theory
(AQFT) framework.

The present paper is the second part called “II - The costruction of the
% solution” . Tt completes the first one (called “I The new mapping M*
and the ®}-iteration”), by the proofs of the necessary statements given in I
for the construction of the unique non trivial solution of the model.
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1 Introduction

Under the global title “The non triviality of a ®} model” we show in the form
of two separate articles the existence and uniqueness of a solution to a ®} non
linear renormalized system of equations of motion in Euclidean space. This system
represents a non trivial model which describes the dynamics of the ®} Green’s
functions in the Axiomatic Quantum Field Theory (AQFT) framework.

The present paper is the complement of “I’” [20]], in the following sense: apart
from the theorems 2.1 and 2.2 which are direct consequences of previously pub-
lished results, it contains the proofs of all propositions and theorems of section 3
and 4 of “T".

In a more qualitative way, we construct this solution by the following five steps
ensured in terms of the seven included Appendices:

1. In Appendix [2.1| we justify the non triviality of the subset ®p € Bpg (cf.
def. 3.1 of [20]) by choosing as a representative element of it, the so called
fundamental sequence Hrg, which carries all the characteristic physical and
mathematical informations about the subset ® .

Inspired by the <I>é solution [[18]], [19] it is defined as starting point of the
CIin—iteration (cf. def. 3.1 of [20])) and constitutes an approximate solution
of the dynamical system of equations in 4-dimensions (cf. theorem 4.1 of
[20] of local contractivity that we demonstrate in Appendix [2.7).

2. In Appendix [2.2] we establish the equivalence between the so called new
mapping M* and the initial mapping-M defined by the infinite system of
dynamic integral equations 1.1 presented in [20]. As we explained in [20]]
we constructed M* in such a way that: a) On one hand, the splitting, signs,
bounds and limits of the Green’s functions and of the renormalization pa-
rameters are preserved by all the orders of the ®}-iteration ( cf. theorem 3.2
of stability of [20]) b) On the other hand being contractive in a closed neigh-
bourhood of the fundamental sequence, it provides the ®1 unique solution as
limit of the convergent @3- iteration (cf. Appendix .

3. In Appendices [2.3] [2.4][2.5] we present the proofs of the signs, bounds and
limits at infinity of the “global terms” B"*! A"+l and D,, respectively.
These properties constitute the necessary tools for the proof of the stabil-
ity of (I)ji-iteration inside @ (theorem 3.2 of [20] which is established in
Appendix [2.6] via the proofs of propositions 3.5 and 3.6 (of [20]).

4. Finally, in Appendix as we noticed before, we show the theorem of the
local contractivity of M* inside a closed ball with center the fundamental
sequence.

For the reader’s convenience the proof of each theorem or proposition of “I” is
preceded by the precise name of the statement, and the number of Appendix as it



is announced in “I”. Moreover the corresponding number of the related definitions
or formulas are reminded along the lines of the associated proofs.

2 Tha proofs of [20]

1 The non triviality of ¢

APPENDIX 2.1 Proof of theorem 3.1 of “I” [20]

Theorem 2.1 The subset P is a nontrivial subset of Br

We consider the fundamental sequence Hrg (cf. definition 2.5 of “I” [20]) and
verify successively the properties of @ (cf. definition 3.1 (of “I”” [20] ). Precisely:

1.

V(g,A) € (5(4) x RT*)
Hz = (¢ +m?)(1 + di0(q, D) AF)

with:
S10(q, N Ap = —po+ A53,min([N3] - [N3](q2+m2):0)AF
’ 1+ Po + A’ao‘
We verify:
hm HTo(q,A)AF(@ =1 (or lim 0d19(¢,A)Ap =0)
(g?4+m?2)=0 (¢ m3)=0

and in view of the logarithmic asymptotic behaviour of the ®} operation
namely: [N3]Ap ~ysoo log(q® +m?)

H%O(%A) < (q2 +m2)(1+7r2/18)

and

HZi(q) < HEg(q, M), with H, () = q° +m?

2.1)
(cf. properties (3.53) of [20]).

. Foreveryn = 2k + 1,k > land V (¢,A) € (£} x RT) we verify

(@)

(recurrenly) that the functions

H}y = —03,min(N) H Hio(a)Ar(q)

=1,2,3
N (2.2)
Hn+1(q A) _ 5nmu'n (A)CTE)H((L A) .
To A& 3An(n —1) ’

(where {8y, min }n>3 is the splitting sequence of definition 2.3, of “I”[20]),

have the structure of (G.R.®.C’s) and belong to the class A( nn) of Wein-
berg functions with corresponding asymptotic indicatrices given as follows:

4n
VS C S(q)

—(n—3)ifS§ZICer/\n
an(9) = ifS C Ker )\n 2.3)

4n

2



(cf. properties (3.54) of [20]).

3. The properties 3.55, 3.56, 3.57 of “I”” [20] are automatically satisfied by the
tree type definition of Hr in terms of the the splitting sequence {3, min n>3
of definition 2.3 of “I”:

6A
with 03, min(A) ~ A (33, 1+ 9A(1 + 6A2)) (2.4)
. 03min(A) |
lim ————+ =6, and
A—0 A
. 5n,mm(A) _
dn,mln(q? A) q:oo A and /1\11130 T = 3n(n - 1) (25)

5n,min (A) < 5n,max (A)

The signs and bounds 3.58 3.59 of [20] are also ensured recurrently by the
H;;{ ! Green’s functions in view of the splitting-tree structure (cf. definition

2.2).

4. Finally, we trivially obtain that Hrg also verifies the property 4 of ®p (cf.
equations 3.60 , 3.61 and 3.62 of“I” [20], of the renormalization constants)

Yo =1, ao=—03min[Ns](g24m2)=0 (2.6)
9 -
PO = A(Sg,min[aif[Ng]](q2+m2):0 | (27)

2 The new mapping M*

APPENDIX 2.2 Proof of proposition 3.1 of [20] (“M* is equivalent to M” of
[20])

i) We first notice that as far as the renormalization parameters a, p and ~y are
concerned the corresponding definitions of the mapping M* are identical to those
appearing precisely in the definition (1.1) eqs 1.6 of M of [20](modulo the partic-
ular properties in ® i cf. also Remarks 3.1 of [20]]).

ii) Now, we identify the two images of H 2" in [20] and write for example: on
the left the corresponding definition of the mapping M™* equations (3.65) and on
the right hand side the image by M equations (1.6):

A . (* +m?)7
2 2 / (3) 14 2 q Y
q +m 1+5A = —— — N.""H* —aH*A + = ~
or
. (3) 1741 _ ~ 172
5 A — p— A{[N; {{]~ aH*Ap}Ap -
3+
(2.8)



iii) In an analogous way Vn > 3, (¢, A) € 5(4(3 x R, taking into account M and
6 (g, YO

by using the “splitting” property in ®p: H" ' = 222"/~ we have:
3An(n —1)

Hn+1 (q’ A) —

{[A™ 4 B 4 C™ (g, A) + AGH™ (g, A)} or
H"13An(n — 1)
on(7 +p)

(7 +5)
Hn-l-l — 1 [ATL-H + Bn-‘rl +AC~LHn+1} +

(¥ +0)

or
5 {(7 + p)H" ' — [A"T + B 4 AaH™ 1} = H"13An(n — 1)
and finally

3An(n —1) , Bl Antl
/ _ J—
(g, A) = G5 = Do) —Aa with D,,(H) = ]

[ |

(2.9)

3 The properties of the global terms ngl and A?;gland D?;)rl

APPENDIX 2.3 Proof of Proposition 3.2 of [20]
Let H, € Pp.

e We start with n=3.

By the hypothesis H,, € ®y the properties i) “opposite sign property” (using
H? < 0) ii) the axiomatic field theory properties, euclidean invariance and
iii) asymptotic momentum behaviour at infinity are directly obtained thanks

to the hypothesis H,, € ® (precisely the corresponding properties of H2 <
0).

In order to obtain iv a) We apply the splitting of H}, then the sign and bound
H? , and obtain the bound |B# )| Precisely:

(v,min (v,min

V fixed (G, \) € (5(1q2)><]0,0.05])
1By > By i
where:

3
|B§,min| = %I?;(QQ, Q3)53,minH AF(QZ)H(%/) (qx) with
=1
3

3
laa) = [ RO+ a)Br(k+ Y a)Ar(b]ate
i=2 i=2
(2.10)
(For the precise momentum assignement of the integral cf.figure|[T).

e Now, for n > 5 the properties i) “opposite sign property” ii) the axiomatic
field theory properties and euclidean invariance and iii) asymptotic momen-
tum behaviour at infinity are again easily established thanks to the hypothesis
H, € &p.



qg= qitq2tqs3
h=k+q+q3

Figure 1: Graphical representation of one of the three similar contributions of the global
term for n = 3: B2 ) = —3A[N2H2|[N1H?] ( ®*-operation) of order v). The figure

v, (j2=2
displays also the zoom on the bubble H? - point function after application of the splitting.

For the lower bound iv a) we replace the sum of |B"*1] by just the domi-
nant contribution multiplied by the appropriate combinatorial factor and by
taking into account the splitting and minimization of H”*! following the
hypothesis H, € ®g.

Finally we note that Vn > 5 we use an identical prescription of four mo-
mentum assignement for the one loop integration as indicated in fig. 2} In
other words we integrate with respect to the H?2-point function (and the cor-
responding free propagators) of the dominant term of the tree C;L:rnlm so that
the part H”~! does not contribute to the integration procedure as indicated
in the figure[2] Of course the integral is always logarithmically divergent and
Vn > 5 it needs the renormalisation operator R(C? ), But, the overall asymp-
totic behaviour (decreasing as n increases) is, as expected, the same as that
of R.®.C - H*! thanks to the free propagator and the “vertex” H"~! This
completes the proof of the lower bound (3.71) [20]. Analogous arguments

yield the proof of the upper bound |B™"L | ((3.75) of [20].)

v,max

e iv).b) For the increase property of the sequence {Sf V} (cf.equation 3.72 of
[20]), we first prove the following:

Lemma 3.1
~ 7 20 | E,min| | 37mzn|
V fixed (¢, A) € (€, x]0,0.05]) CRIRY N (2.11)



h=7Y qii-123
2= k+) qii-1.4 4

q=2 qi,i1..5

® M H
/ A
In-2=7Y gi,is1.2..n2
In-1= k+Y gi,i=t.n1
q=2 ¢i,i=1.n

Figure 2: On the left we give the graphical representation of the term
3A[N2HY i) INLHZ] of order v). In the same figure a zoom of the bubble-function
Hg,min after application of the minimization and the two splittings of Hgmm and
H ;/l,mm is displayed. On the right we display the analogous integration procedure for

3A[NoH" L 1IN, H2.

v,min

Proof of Lemma [3.1] Following the proven bound 3.71 and the hypothesis
H, € & we write:

|BY in|  15A 05, min| Hy|AF(D 21 2.3 9) [z s Ho (@) Ar(a)

= (q(4))
HS el 2 Y s oo HA AP (X 55 40) T 15 H2(@) Ar(ar)

5 min .
= B with (cffig)
’ 4 4
19(qe0)) = / ROk + 3 ) [Ark+ 3 a)PAr(k)d'h

i=1 i=1

(2.12)
Moreover by analogy, when n = 3 we have:
1By minl ~ 9A 03.mi .
H4’7mm = 718((1(2)) T with (cffigll)
‘ u,ma:p|

53,ma:c

2 2
0
) = [ RO+ 3" a)Ar(k+ > a)PAr(R]d'E
i=1 i=1
(2.13)
Now, we take into account the positivity and the logarithmic asymptotic be-
haviour with respect to the external momenta of both integrands together

with the inclusion relation of the momentum subspaces S(q(2)) C S(q(4)),

6



so that we could write:

Rk + iy a) [ Ap(k -+ Sy ) Ar(b)
> RO H2(k+ X0 43 = 0,01 = 0)[Ap(k + X2, ¢)]*Ar (k)]
0

= R [H2(k + Y3y a)[Ar(k+ T8 a)PAr (k)]

or

12 (qea)) > I2(q(2))

(2.14)

On the other hand we verify (by application of definition 2.3 of splitting
parameters of [20] ), that the inequality:

05.1mi 03.mi
5 5,min > 3 3,min (215)
55,ma:z: 53,maz
holds under the weak condition: V A < 0.5. It then follows that
BS . B
‘ zé,mm’ > ‘ z;,mm‘ m (216)
|H1/,max’ |Hu,maz’

Then, we show recurrently that: V fixed (¢, A) € (5(45 x]0,0.05]) and n > 7
the sequence:

| n+1

B v,min
= ’ 2.17
{ ”’V}n:2k+1,k23 n(n — 1) H b @17

increases with increasing n. In other words we prove that:

1 -1
| B} in | B min]

v,min v,min

n(n = 1)|Hheal — (0= 2)(n — 3)| H}mao|

(2.18)

By using the corresponding proven bound 3.71 |ng§11m] (resp. |[B"L 1),
and proposition 3.6 for |H}\,L. .| (resp. for [H}', %, |), the inequality is

v,max
equivalent to the following one:

5n,min7~;LIgY(Q(n—1)) > 5(n—2),min771—2121(q(n—3))

2.19
6n,max7;1 n 5(n72),max7:1—2 ( )

where: (Reminder)

T, = 032 L (08) 4y
(2.20)

=~ _ (n—3)? n—23)
7; — (T + (T

Notice that the integrals I¢(q(n—1)), I&(q(n—3)) are defined by analogy to
[2.12] and [2.13] (see also the right part of figure [2) with corresponding loga-
rithmic asymptotic coefficients which verify : 8, ,) = 81\ > Bn—2,) =
Baw(n—2) VS CER S(am-3) C S(am-1))-

7



Figure 3: For the values of n (= x continuous) in the interval ]7,500] f4o decreases
continuously always from values bigger than 1 up to the limit value of 1

So that finally, it remains to show that:

6n,minﬁ15(n72),max7;1—2

= - > 1
de 5n,maa:7;15(n72),min7;z—2 B
or
[+ 3A(n — 2)(n — 3)|[1 + n(n — 1)do)(n — 3)2[222 4 (=5 4 ) -
1+ 3An(n — D][1+ (n — 2)(n — 3)do](n — 5)2[ "2 4 =8 4 q) =
2.21)

Of course the tedious numerical calculations show clearly that the difference
between numerator and denominator is always positive and goes to zero by
positive values for sufficiently large n. For different values of dy figure
represents graphically the curves of fg, (n) which for n (= x continuous) in
the interval |7, 500] decreases continuously always from values bigger than
1 up to the limit value of 1. This completes the proof of the proposition. M

APPENDIX 2.4 Proof of Proposition 3.3 of [20] (cf.figure d)

Let H, € ®g. In an analogous way, by application of the splittings signs and
bounds of |HY,,,,| and |H€V’max)| we establish the upper bound |4, ,..|. The
convergence of the double integral due to the renormalization procedure allows us
to apply Fubini’s theorem and integrate first with respect to the k& four-momentum

to obtain the following: (cf.fig[5| with our comments).
AL o] = [ RaIi, (R)HZ, (1)[Ap(1)]PAp(k+ q1)d'k
3

X A5(5,maa}) 53,maxH AF(QZ)H(QV) (QZ)
=1

(2.22)

where [ g’g represents the result of the first integration with respect to k.



h=k+q

2= k+k

B=gq

q= qtqtq

Figure 4: On the left the global term AZ = A[N§5)H 6] (®*-operation of order v) is
graphically represented with a zoom of the bubble H - point function after the application
of maximization and the splittings to the HS and H2-point functions thanks to the hypothe-
sis H,, € ® . On the right we represent graphically the analogous double-loop integration
procedure of A1 = A[N§7L+2)H n+3] (®*-operation of order v). Despite the quadratic
divergence of the double integral with respect to k and k1, the overall asymptotic behaviour
(decreasing as n increases) is, as expected, the same as that of the R.®.C. H [}“.

The positivity of the two integrands in equations [2.10] and [2.22] allows the
comparison of the two integrals (cf. also the figures [T] and [5)). More precisely
the faster decrease of the propagator [Az(I1)]? in the integrand of equ. in
comparison with the propagator A (k + 22322 ¢;)]? in the integrand of equ. [2.10
enables us to obtain the following inequality:

I3(q2,43) > / RIS (K)HZ, () Ar()PAp(k +q)d'k  (223)

On the other hand taking into account definition 2.3 of [20] of the splitting param-
eters, we verify that:

9
5(5377,”'” > 5(5,ma:(:)53,maﬂc VA < 0.05 (2.24)
So finally:
1By, min| — |14y maz] >0 VA <0.05 (2.25)
]

The properties 1) “good sign property” ii) the axiomatic field theory properties
and euclidean invariance and iii) asymptotic momentum behaviour at infinity are
directly obtained thanks to the hypothesis H,, € ®r.

iv. a) In order to prove the upper bound |A”F! | we use analogous arguments

v,max

as for the lower bound |Bffnlm\, and in particular exactly as for the upper bound
‘Aﬁ,max"



h=kt+qt g2+ qs

2= k+h
= k+q1
la= k1
q= qtq+q3 5
; Hy Hy,
1
/O% 3 @
q \O/
L peE S oy
2
1 v

q
q

Figure 5: Graphical representation of the global term A% = A[N{* HS] (®*-operation of
order ). On the left hand side the figure displays a zoom on the bubble H® - point function

after the application of the splittings to the H% and H*-point functions. On the right hand

side graph the vertex-ball I gg represents the result of the integration with respect to k.

We apply the splitting by the hypothesis H, € ®gr. For simplicity on the left
of the figure @ we give the configuration of the analogous splitting of A%. For the
double integration we use the momentum prescription we defined on the right of
the figure f] We also notice that despite the quadratic divergence of the double
integral with respect to k£ and k1, the overall asymptotic behaviour (decreasing as
n increases) is as expected the same as that of ("VJ)rl’s. So:

n+2 n 3 n
IAINS D HE < A f RPUEES O TTim 25 D) Jd' kad*h

(v) (v,max
< Aé(n+2,ma:p)7;1+2AF(Z Q’l)] |Hg/—j_nlmz) (Q(n))‘ (2.26)
i=1 :
x [ RE T 1HZ,) (1) Ar1)2Ap(k; + k)d kid'k
i=2,3
(notation in fig: {] ls = k1) [ |
Remark 2.1
By application of the previous result for the case of AS . and A} . together

with the hypothesis H, € ®p, for |HS,, .| and |H;, .|, we easily obtain that:

|Ag,maa:| < |Al§,ma:c| v A €10.0.05 227
S o] = HE €10, 0.0 @21

10



This inequality constitues the first step of the decreasing behaviour of the sequence
{Sg‘ } that we show below.
n=2k+1,k>2

iv.b) We show that V' fixed (¢, A) € (5(15

%10, 0.05]) the sequence:
An—i—l
{5A} - | Vmax| (2.28)
n=2k+1,k>2 n( 1|H,§Lmax|

decreases with increasing n. In other words we prove that:

A

’ ’ n—1
v,max

- < v mar — (2.29)
n(n — )|Humax’ (n_z)(n_?’)’Hv,m%w‘

By using the previous result of |A7f1 | the previous inequality is equivalent
to the following:

Ot 2ma T 280 (211 60) JUG) _ Sman AR (I @) 1G]
n(n —1) - (n—2)(n—3)

(2.30)
Now, due to the total external momentum dependence of the “external” and “inter-

n—2)

nal propagators” inside of each of the two integrands I, (Gn) and [, é , we have:

n—2

qu / I d ki d', < AR(Y ¢1) / DNk dk (2.31)

=1

So that finally we have to verify that the following continuous function of n
fa, is smaller than 1:

5n+2,max7;L+2 (7’L - 2)(” - 3)

fdl (n) = 5n,ma,az7;1n(n _ 1) <1
(n+ 1) +2)[1+n(n — Dol "5~ + “5 +1)(n =2 —3) _
n(n =11+ (n+1)(n+2)do)[ "L + =8 fin(n—1)
(2.32)

By giving to the numerical constant dy = 3A10(-1) different values in the inter-
val [0.02 , 0,45] and after numerical calculations we can find that the difference
between the denominator and numerator is always positive.

For the values of n (= z continuous) in the interval |7, 200] (cf.figure E]) the
function fg, (n) increases continuously (with positive values always smaller than
1) up to the limit value of 1.

APPENDIX 2.5 Proof of Proposition 3.4 ( [20])

i) By application of the hypothesis H,, € ® g, of the signs of H*!-functions and
the sign properties established before of B"*! and A1, the expressions
3.83 3.84 ( [20]) are trivially verified.

11



1.08

100 125 150 175

Figure 6: For the values of n (= x continuous) in the interval |7, 200] the function fg4, (n)
increases continuously (with positive values always smaller than 1 ) up to the limit value
of 1.

ii) Following the hypothesis H,, € ® g, the splitting properties 3.56, 3.57 (of [20])
yield recurrently at every fixed values of ¢ ,the behavior of every H,, € ®r
with respect to the coupling constant as (—A)™~1)/2 But, B"*! (resp.
A™t1y behaves by definition as (—A)™+1)/2 (resp. as (—A)(*13)/2), 5o fi-
nally:

V fixed (¢,n), lim D, ,(A) =0 (2.33)
A—0 ’

iii) By application of the previous results[2.16]2.27|and [2.23] we obtain:
D5,V,min > D3,1/,min >0 (234)

Moreover the upper and lower bounds B 1L Bntl —Antl tooether with

v,min’ —v,max) “v,max?

the increase of the sequence {Sﬁy} . (resp. the decrease of {5;?} >5)
n nz
established previously in appendices [2.3] and [2.4] respectively, allow us to

obtain directly the upper and lower bounds of D, ,,.
In particular the increase property of Dy, ,, min/n(n — 1) (cf. 3.88 of [20] is
obtained in a similar way to that of proof of [2.34}

Dn v,min B TA B TA Dn—2 v,min
I L _ > _ = S5 (.
TL(TL _ 1) (5n,u 5n,1/> = (5n—2,1/ 6n—2,y) (TL — 2)(n _ 3) ( 35)

iv) Finally the existence of the limit at infinity (3.89) of [20] is directly ensured.

These results complete the proof of proposition 3.4
|
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4 The proof of the stability (Theorem 3.2 of [20]

In order to simplify the notations we often omit the arguments (g, A) and (¢?).

1 Signs and bounds

APPENDIX 2.6 Proof of Propositions 3.5 and 3.6 (of [20])
A) Proof of proposition 3.5

1. Let H,_; € ®g. For the positivity and asymptotic behaviour at infinity of
the two point function H2, we proceed as follows: the mapping M* yields:

HE = (q2 + m2)(1 +01,AF)
—p— MNP HE ] - aH2_ Ap}Ar(g?)
(:Yufl + ﬁllf].)

with: 51,VAF(q2) =

(2.36)
Then the positive signs of the dominant terms in the numerator ensured by
the recurrence hypothesis H,,_1 € &g, VA < 0,05 precisely:

— AN HL >0, —aH2 >0 (2.37)

(due to the negative sign of H* ) and the two positive terms of the denom-
inator
Yy—1 >0, pp—1 >0 (2.38)

The same terms [2.11] yield the increasing logarithmic behaviour at large
momenta so the upper bounds at every order v and at infinity are obtained
(cf. 3.53 or 3.90 of [20]).

2. As far as the 4-point function H? is concerned we apply again the definition
(3.2 of [20]) of the mapping M* on H,,_; € & and write

Hi= -850 [[ [HiAF(q,A)]
1=1,2,3
Here by the definition 3.2 of M* ([20]) (2.39)
6A

03() = ——
) (¥ + D) w—1) + D3 1) + Alag_)|

By using proposition 3.4 of [20], of the positivity of D3 ,_1) and definition
2.3 of [20] for the positive minimal and maximal values of the renormalisa-
tion parameters, we verify the upper and lower positive bounds of d3 (,y in
® . Then, taking into account the preceding result of the H2-point function,
the negative sign and bounds of H? in ®, ¥ v and at infinity are obtained, (
automatically the properties 3.55 or 3.920f [20]]) so the proof of proposition
3.5 is completed. |
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B) Proof of proposition 3.6

Taking into account the previous results of H2, H;} as starting point we ap-
ply, for every n > 5, a recursive procedure: we suppose that for all the previous
H™ 1 (m < n — 2) Green’s functions the “good sign” and upper and lower
bounds (properties (3.99), (3.100), (3.101) of proposition (3.6) of [20]) are satis-
fied. We then apply this hypothesis on the recurrent definition of the sum-tree term
C"*+1 in terms of all previous Green’s functions and the “good sign” and upper and
lower bounds and limits at infinity (cf. 3.94, 3.95, 3.96, 3.97 of [20]), of the latter
are trivially obtained.

For the signs and bounds of every H”"! we proceed exactly in an analogous
way as we did for the H2 function: we first consider the splitting functions using
the mapping M*:

5 3An(n —1)
" Gw—1) + P—1) + Do v—1)(Hp—1)) — Aag_1))
|Bn+1 | . |An+1| | (2.40)
with Dn,(zxfl) (H(Vfl)) ‘HTH_l

(v—1) |
In view of the hypothesis H,_; € ®g we apply propositions 3.2 (on | Bn+1 )’)

respectively 3.3 (on |A"Jrll ), 3.4 (on D,, (v—1)) and the corresponding bounds
and limits of the renormahzatlon parameters SO that the bounds and limits of dy, ,,
3.57 or 3.98, of [20] are established.

Now, we use the previous results about the properties of C”! and 4,,,, and
by application of the definition 3.2 of of the mapping M* (“splitting property”)
(Vn > 5) the signs 3.99, the bounds 3.100, 3.101 of [20]]) are recurrently verified,
so the proof of proposition 3.6 is completed . |

The proof of theorem 3.2 of [20]

Finally, in order to complete the proof of theorem 3.2 we apply the previous
results of proposition 3.5 concerning the H?2 and H* Green’s functions and obtain
the properties of the renormalization parameters 3.60, 3.61, 3.62 of [20] at every
order v.

So, the stability of the (I)j‘l—iteration under the action of M™ inside the subset
P p is ensured.

|
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5 Proof of the local contractivity of the mapping M* or the conver-
gence of the ®} iteration to a unique non trivial solution inside 57 (0)
(cf. theorem.4.1 of [20])

APPENDIX 2.7 By application of the definition 2.10 of the norm A/, in [20] the
contractivity criteria are equivalent to the following conditions: ¥V A €]0,0.04]

(D

a.n 4 4
|HpH — Y |G Na(Hy = Hyo)|l |No(HP — HEEY| |y — 0

(SE,I/)\) M, ’ J\Zf((go)’l) ’ M(n,z) N,
< EOA)rg with KO(A) < 1
and
(1)
w4 VH = R g No(Hy — Hy )| |Ny(H — D = e
(n.q.A) M, ’ Méo’l) ’ M3 2) N,
< KY(A)||Hy—1 — Hy—2||;  with K¥(A) <1 and kO + KV <1

(2.41)
1. Proof of (I)

We first obtain the corresponding bounds for v = 1. We start from n =
1,n = 3 and generalize recurrently for every n > 5. Then we apply the
same procedure for every v > 2.

a)Letn =1

|I{12 B H%O| < A|N3(H;4naac - Hfmn)|AF
M,y - M
By using definition 4.1 of the ball S,.g)(H7o), the norm definition 2.10
and proposition 3.5 of I [20]], we finally obtain:

(2.42)

H? — H?
| 1]\41 T0| < k:g?l)r(O)

i 1@ _ BA% (@ £+ m?) TP 4 6A% (g7 4 m?) T/
. 1,1 — (q2 + m2)(1 + 6(q2 + m2)7r2/54

(2.43)
For n = 3 we have:
H{(qA) = —03,1)(q, A) H HYy (a0, M AF(ge) 5 (2.44)
=1,2,3
SO
|Hil _H%O| {(53 max _(53min} 2
< : : H oo MDA +
M M 13:11_[2 \ ( )(CM JAF(qe)
H? — H?
+353,maz‘1]\43TO| H H(2max) (QbA)AF(QZ)
0=1,2
(2.45)
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And again by the definition of norms, of 7(0) and the previous result
for n = 1 we obtain:
H4 o H4
|1MT0‘ < Ar(0)(1+ (18)%A%) ie. k%) = A(1+ (18)2A%)
3
and k) < 1for A<0.1
(2.46)
Now for every n > 5 and n < n — 2 we suppose that we have estab-
lished an analogous inequality, namely:

n+1 n+1
|H1 — HTO

Ok

1,n

with k:(o) < k) if A < 0.1 and we show that k") < k")
without any supplementary condition on A.
(2.47)
By using the definition of S,y (Hro), the norm definition , the splitting
properties, the bounds of the tree terms, and the recursion we have
successively:

[HH — HEGY_ {Bnmas = Snmin} [ Conit] |, Snmaa|CFH — O

M, - 3An(n — 1)M, 3An(n — 1)M,
2
T(O)( 3) |HrTil”La31: (0) H(max) | mam’
—maz) 4 90
< 18n(n — ){ i M, + 11 M, s e
(2.48)

In the last formula we used again the result of ref. [15} c] on the number
T, of different partitions inside the tree terms as we did in proposition
3.6 . Now we note that for every n we have:

Mn Mn72

As a matter of fact by application of proposition 3.6 and the norm def-
inition we can write:

’antl - (n_3) ’Hnl ‘Hnl

max max max (250)

M, 48n(n — 1)Mp—o —~ 48M,_o

It then follows that:

‘H;L’Lt% (n — 3) |H777L1a; ‘ maz‘ <A (2 51)
Mn 48n(n — I)Mn_g 48M3 )

From these results and the recurrent hypothesis

KO, < &) (2.52)
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we have:

n+1 n—+1
|H1 — HTO

0
< T(S) A+ K9 + 26

b g 2.53)
1 T0 (0)
or i <r(0)k;,,
with:
0) k)
Ko =14 (2.54)

0
kvi

0.5

Figure 7: The stronger condition to require for the coupling constant comes from H?2
precisely: A < 0.101 with k, ; = 0.9925 while k; 3 = 0.4189 and corresponding values
ky3 =0.40 and k1 ; = 0.1846.

b) In the case of v > 2 we follow an analogous procedure and find sim-
ilar results . We just notice that for n = 1 the condition imposed on
A, in order that kiol) < 1, is stronger than the one of every k:l(,OT)L <
1, withn > 3 (cf. figure|7/).
As a matter of fact at every order v > 2 of the @i—iteration the contribu-
tions coming from the values of the renormalization constants v, p,a
become nontrivial.
Then as before by taking into account the norm definition, and the def-

inition of .S,.oy(Hro) and r(0) we first have:

1F—1 — Aol < r(0)(1 4+ 9A(1 + 6A?%))
1Bu—1 — fo| < Ar(0) N5V (2.55)
1 — do| < Ar(0)N; O

17



and finally (after some trivial estimations):

H2 _ H2
|VMT0| < ky17(0) with k1 (A) = 48A%(1 4 10A)
1

and k,1(A) <1 for: A<0.1

(2.56)

Now as before, Vn > 3 we estimate the following bounds:

|Hy, — Hiyl
Ms3
which means: kl(,og = A(1+ 144A2%(1 + 10A))
and k) <1 forA<0135  (cf figure[d)

< Ar(0)(1 + 144A%(1 + 10A))
(2.57)

and similar results for:

[Ns(H — Hio)| | e Na(Hy — Hio)

0D AR

(2.58)

Moreover we find again recurrently, using the same arguments as when
v = 1 that for all n > 5:

kO < k%) < k%) = 48A%(1 + 10A) independentof v (2.59)

Conclusion:

Vv >2, |H, — Hrol| < k@ (A)r(0) where
EO(A) =48A%(1+10A) <1 YA <01
]
(2.60)

2. Proof of (Il

The first step v = 2 being easily verified, we suppose that forall v < v —1
the corresponding inequality 2.41]is vérified.

a) For n = 1 we write:

|H? — H}_|| < 1pv—1 — Pv—2||Fv—1 + 2(Pp—1 + pv—2)| + |Fv—1 — Fv—2|pr—1
M, - Y0 + pol?| M

AINsH; (-2 + pv—2) — NsHy,_o(J—1 + pv-1)|AF
’(:YV—I + ﬁu—l)(:}’u—Q + ﬁu—2)|M1

+A‘N3H;1—1(:YV—2 + ﬁIJ—Q) - N3H3—2(5/11—1 + ﬁu—l)’(qQ—&-m?):OHg—lAF

‘(:Yzz—l + ﬁu—l)(:)/u—Q + ﬁy—2)’M1

A |H3—1 - H3—2|‘N3H§—2|q2+m2:OAF

|(§/1/—1 + ﬁu—l)(:yl/—2 + ﬁy—2)‘M1
(2.61)
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Then using the definitions of the norm and the renormalization con-

stants we first have:
‘:Yu—l - :YV—2| S HHZ/—l - Hy—2|’N~/(A)‘q2:0 (2.62)

~ ~ ~r(0,1
|/0V71 - Pu72| < AHHV*I - H,,,2||M3( )|q2+m2=0

Then, after some elementary estimations the first term of the R.H.S. of

[2.61]yields:
O1  pv—1— pv—2|Vv—2 + -1 — Fo—2|pr—2 <

ﬁl_l %0 + po|?| My
< K{ (A)||Hy—1 — Hy o (2.63)

with K?'(A) =12A <1 when A < 0.08
We take the sum of the second and third term of 2.61] and call it O5:

By application again of the norm definition we obtain:

o v
i S KUW)|[Hymy — Hys|

! 5 40 (2.64)
here: K}*(A) = 12A Hm“xAFB\]\f’HmM’MB < 12A

and again that means for A < 0.08

The last term of that we call Oj yields:

O3 < ’Hgfl - H372"N3H372’q2+m2:0AF <
Ml - |(;5/I/—1 + ﬁl/—l)(&l/—? + ﬁV—2)|M1 o (265)

= Kf’3(A)||Hu—1 — H,_s|| here: Kf’?’(A) = 6A2

By using the corresponding bounds from [2.63] [2.64]2.65| we obtain:

1
K <1

HZ_H2
Hy =Bl v a1y — Hy ool

1
here:  KY(A) = KV + K% + KV = 6A(4 4 A)

with K¥ <1 VA <0.04
|
(2.66)

19



b) Let n = 3 we write:

|H, ;41:[31’ < A4+ B
where:
A 030 [To=123 |H2(qe, A) — HZ 1 (g0, M| Ar(qe)
M3
and

B— |03, — 03,1 Hz:1,2,3 HZ (g0, M) AF(qe)
= N

i) By an analogous procedure as before we obtain:

A< K3 A(M|Hy-1 — Hys|

N 3KY Hp (a0, A)
with K3 4(A) = —= 7

and Eg’mm =1+4+po+ A|a0| +0,18A

(2.67)

(2.68)

(2.69)

(2.70)

2.71)

Now by application of the norm definition of M and definition of

H2

max

. H
ratio —ﬁ?“
mazx o
My — 14 6(q? + m?)m/54
2

H
and for sufficiently large q*: # ~ B6AZ
1

Hy ., 6(g+m?)™/4 (1 — A7)

and so:

K¥ 4(A) < 108A'KY < 0.7KY (VA < 0.08)

(Proposition 3.5 of [20]), we obtain a best estimate of the
2

(2.72)

(2.73)

ii) As far as the term B of the r.h.s. of is concerned we use the

same arguments as before and we obtain:

03,0 — G3,0—1] Hz=172,3 H3—1(CI£)AF((]£)
M3

with explicitly:

20

< (B.1)+(B.2)+(B.3)

(2.74)



ii.l)

(B.1) <
. HZ . (q0) Au—1 — Av—a| + |Pv—1 — po—a| + |@y—1 — Gy_o
- =123 Mi(qe) D3, 1D3, o

Here we used the definitions of the mapping M*
D31 =J—1+ pv—1 + D3p1 — Ay
(and the analogous expression for D3 ;,_2), so

(B'l) < Kil’a/,B.l(A)HHV—l - HV—2H
with  KY 5, < (6A)*(1+9A) for sufficiently large ¢°.
and for small ¢> K% 5,(A) <1, VA <0.05

’ (2.75)

ii.2) and:

(B.2) <
|Hy_y — Hy 5|By_5 — Ay

< 6A Ty 05 H2 1 (q0)Ar(qe) = =
=1,23 " v-1 M3|Hy _||H}_y|Dsy—1Ds, 2
2.

76

|By_o — Ay, )

where % =D3,_2 (2.77)
v—2

so (B.2) < Ky g o(A)|[|Hy—1 — Hy—o
D3,max 9A(1 + 6A2)

h KV = = =
where 3,B.2 D3’min (1+pO+A’aO| +07 18A)

and K¥p,(A) <1, VA <O0.1 (very weak condition)

(2.78)
ii.3) Moreover:
9A A A )
(B.3) < e (INo(H2 | — HA )| H20 Ar )
33, v—1
9A
b Ny | — HE A )
33, v—1
(2.79)

Notice that we have used the sign properties of B* and A%
together with the definitions of the mapping. Then, by appli-
cation of the norm definitions we obtain:

(B3) < Ky p3(M)||Hy1 = Hys

18AH?
where K p 3= ﬁ (2.80)
,min

KYpa(A) <1, VA <0.05
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Finally inserting the results[2.70, 2.72) 2.73 and [2.77|in equation

we obtain that

KY <1 VA <0.05 m

¢) Under weaker conditions on A and using the analogous procedure, (norm
definitions, together with properties in @ etc.) we find that:

c.i) there is a positve constant continuous function of A,

KY(A) <1 suchthat: (2.81)

e AN A T |
Y

with KY(A) = 3KYYmaz M7 2|20 + K¥V20e < 1
(under conditions weaker than the condition A < 0.05)

(2.82)
c.ii)
o) 4 4
5 5 == N3(H, — H,,_
’pu ,01/71| SA|8q2 (A 1)| < KV<A)HHV_1—HV_2”;
M(O,l) M(O,l) 14
3 3
with Kp” = AKY < 1 under weaker condition on A
(2.83)
c.iii) 3 )
Ay — Qy— y
My~

c.iv) By using the basic splitting properties in ®r of H* and by analo-
gous arguments as above we show that

2
|NoH2| < 6A[N. H

1
| Na(Hyy — 3 V|

< KA Hy—1 — Hy 2|
Mz,2)

so that

(2.85)
Finally:

9(0,1)
’ 0q> Ng(H;} B H'il—l)’ ’N2(Hl% B H3—1)| |le/ — ’YI/—1|
(a:A) Ny 7 Mz.2) M
< K5y (M Hy-1 — Hys;
with Ki, (A) < 1 when A < 0.05 [

(2.86)
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d)Letn >5
We suppose that for every n < n — 2 the second property of is
verified in the following sense:

VA <0.05andV fixed v,

there is a strictly positive constant (continuous function of A) K (A) such that:
{ [y — HYH

sup

(a.0) M

Ki(A) < KE 5(A) < - S K3(A)

< K¥(A)||[Hy—1 — Hy—2|  with

(2.87)
We show this property for n = n by using again the definitions of the
norm , the mapping M* and the properties in P, .

H T - H
< A, + B,, where

My 1 +1
Sp O —C7
A, = v v—1 (2.88)
3An(n —1)M,
‘5n,v - 571711—1”0171_11
B —
" 3An(n — 1)M,
i)
On|Cptt = CH|
A — )
" 3An(n —1)M, —
An < K;;AHHV—I — HV_QH with
2 v 2 v|gn—1
v (A) _ H(maa:) Kn*QH(maz) i K ‘H(max)|
n,A 24 M, M, M, 5
(2.89)

We easily verify that under a weaker condition than A < 0.05
Ky a<K; 94<1 | (2.90)

ii) For the term By, of we use the same arguments as before and
we obtain:

[Ons — Gno1|Cp17

" 3An(n —1)M, — Bl + [Bnga| + |Bnsl ( )
with:
ii.l)
|Bn,l| <

< |Cn+1’ H/V—l - ;5/1/—2| + |ﬁl/—1 - Pu—2| + |du—1 - &l/—2’
> 1 = =
Y MnDn,z/—an,v—2
(2.92)
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In the same way we obtain :

[Bni| < K B1HHV 1— Hy_2|| with

K p =< ][ HY ) (9)(n = 32 H2 22| (s + 200251
" 1=2,3 Ml QZ)24n(n - 1)Mn72ﬁ3,min
(2.93)

Now using the obvious bound:

| < I e . (2.94)

max
M, o — M, (Ql)24Mnf4

1=2,3

and the analogous definition PETI of K 5 gy we have:

Kty < T a0 =320 —20-3)
n,B.1 = o Ml(Ql)24n(TL _ 1)(n _ 5)2 n—2,B.1
(2.95)

ii.2) By analogyton =3

|Bna2| < K BQHHV 1— Hy_o|| with

D
KY ., = —mat | ZnoRmaT o yA < 0.05 u
’ Dn,min an2,m'm
(2.96)
ii.3) Then by an analogous to the above procedure we have:
|Bn,3‘ < K Bg”HV 1 — V_2|| with
H? Tn
KY 5. =0 mar () 4
n,B.3 [ ]q 02M ( +n(n—1))

and verify K g4~ K, B?g <1, VA<0.05 [

(2.97)

Finally by addition of |2.87 [2.92} [2.93] and [2.94] we obtain the proof of the
recursion|2.84)and by using also the result[2.57|the proof of the contractivity

criterium follows. [
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