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We study the late cosmological evolution, from the nonrelativistic matter dominated era
to the dark energy era, in modified gravity models described by Degenerate Higher-Order
Scalar-Tensor (DHOST) theories. They represent the most general scalar-tensor theories
propagating a single scalar degree of freedom and include Horndeski and Beyond Horndeski
theories. We provide the homogeneous evolution equations for any quadratic DHOST theory,
without restricting ourselves to theories where the speed of gravitational waves coincides with
that of light since the present constraints apply to wavelengths much smaller than cosmo-
logical scales. To illustrate the potential richness of the cosmological background evolution
in these theories, we consider a simple family of shift-symmetric models, characterized by
three parameters and compute the evolution of dark energy and of its equation of state. We
also identify the regions in parameter space where the models are perturbatively stable.

I. INTRODUCTION

One possible explanation for the observed acceleration of the cosmological expansion is that
gravity is modified on cosmological scales. Concrete realisations of this idea often rely on scalar-
tensor theories, which represent the simplest extension of general relativity since a scalar degree of
freedom is added to the usual tensor modes of general relativity. The most general family of scalar-
tensor theories that has been developed so far is that of Degenerate Higher-Order Scalar-Tensor
(DHOST) theories [1], which encompass Horndeski theories [2], Beyond Horndeski (or GLPV)
theories [3] which are earlier extensions of Horndeski, as well as disformal transformations of the
Einstein-Hilbert action [4]. In the present work, we consider the whole family of quadratic DHOST
theories, introduced in [1] (see also [5] [6] for further details and [7] for a review), but for simplicitly,
we do not include DHOST theories with cubic terms (in second derivatives of the scalar field) which
have been fully classified in [g].

Most of the literature has recently concentrated on DHOST theories where the speed of gravita-
tional waves coincides with that of light, following the observation of a neutron star binary merger
that has set an impressively stringent constraint on the difference between these two velocities
[9]. Moreover, it has been pointed out that subsets of DHOST theories can lead to the decay of
gravitational waves, yielding a further tight constraint on DHOST theories [10} [11]. The cosmology
of DHOST theories satisfying either the first or both of the above constraints has been studied in
[12-17].

However, it should be stressed that the LIGO-Virgo measurements probe wavelengths of order
103 km, which are many orders of magnitude smaller than cosmological scales, and an effective
theory describing cosmological scales might not be adequate to describe physics on much smaller
length scales, as those probed by LIGO-Virgo (see [I8] for a discussion on this point). In the
present work, we adopt the point of view that DHOST theories apply only to cosmological scales



and cannot be extrapolated down to astrophysical scales within the same framework!. In this
perspective, all the constraints derived from GW170817 mentioned above are not directly relevant
and it thus makes sense to study models that can lead to distinct propagation velocities for light
and gravitational waves on cosmological scales.

The outline of the paper is the following. In section [[I} starting from the most general action
for quadratic DHOST theories, we derive the Friedmann equations and the scalar field equation.
These results extend those obtained recently in [I12] and [I3]. As in [I3] we introduce an auxiliary
scale factor that makes the equations manifestly second-order. The second part of the paper is
devoted to the study of a simple subfamiliy of quadratic DHOST theories characterized by a few
parameters. In section [lII, we write the equations of motion in the form of a dynamical system
and identify the fixed points and their nature. In section [[V] we turn to the linear perturbations
in order to study the perturbative stability of the model. We conclude in the last section.

II. GENERAL COSMOLOGICAL EQUATIONS

In this section, we briefly recall the basic properties of DHOST theories and introduce the
notations used throughout this paper. Then, we focus on the case of a homogeneous and isotropic
universe and provide the cosmological evolution equations for the whole family of quadratic DHOST
theories.

A. Quadratic DHOST theories

The most general theory of quadratic DHOST theory is described by the action

5
S = / d'ay/—g (P(X, )+ Q(X,0) Dp + F(X,0) R+ > Ai(X, ) Li> (2.1)
i=1
where the functions A4;, F, @ and P depend on the scalar field ¢ and its kinetic term X = V¢V ¢,

R is the Ricci scalar. The five elementary Lagrangians L; quadratic in second derivatives of ¢ are
defined by

Li = o™, L= (0p)?, Lz= ¢ pue’Op,
Ly = "0y, Ls = (P ome”)?, (2.2)

where we are using the standard notations ¢, = V,¢ and ¢,, = V, V¢ for the first and second
(covariant) derivatives of ¢. For the theory to be degenerate and thus propagate only one extra
scalar degree of freedom in addition to the usual tensor modes of gravity, the functions F' and A;
have to satisfy some conditions [I], 6] whereas P and @ are totally free.

It has been established in [6] that these DHOST theories can be classified into three classes
which are stable under general disformal transformations, i.e. transformations of the metric of the
form

Guv — g/u/ = C(X, @)g,uz/ + D(Xa @)Sa,u Pv s (2'3)
where C' and D are arbitrary functions (provided that the metric g, remains regular).
!Our motivation here is that dark energy can be described by a DHOST model. DHOST theories with a very different

set of parameters could still be used to describe modified gravity in astrophysical systems, but without being able
to account for dark energy because of the LIGO-Virgo constraints.



The theories belonging to the first class, named class Ia in [6], can be mapped into a Horndeski
form by applying a disformal transformation. The other two classes are not physically viable [19]
and will not be considered in the present work. Theories in class Ia are labelled by the three free
functions F, A; and As (in addition to P and @) and the three remaining functions are given by
the relations [1]

Ay = —Ay, (2.4)
1 2 2

F16X A3 + 8A3F (X Fy — F) — X2A2F + 48FF§) , (2.5)

A = ! 245 + X As —AFy ) (3X AyAs — 4A5F — 2A2 + 4A3F 2.6

S = ST g (2t X A (3XAady — ddoFx - 245 4 A4SF). (26)

where Fx denotes the derivative of F'(X, ¢) with respect to X. Similarly F;, will denote the partial
derivative of F' with respect to ¢ and the same notations will be used for all functions.

The above relations (2.412.6)) are a direct consequence of the three degenerate conditions that
guarantee only one scalar degree of freedom is present [, 20]. In conclusion, this means that all the
DHOST theories we study here are characterized by five free functions of X and ¢, which are P,
Q, F, A; and As. Notice that we have implicitly supposed the condition F' + X Ao # 0. Theories
where F'+ X Ay = 0 belong to the sub-class Ib which is not physically relevant [6].

B. Homogeneous and isotropic cosmology

We now wish to study the behaviour of these theories in a homogeneous and isotropic spacetime,
endowed with the metric

ds?® = —NQ(t)dt2 + a2(t)5ijdxjd$i , (27)

where the lapse function N(¢) and the scale factor a(t) depend on time only. As a consequence of
the spacetime symmetries, the scalar field must also be homogeneous and therefore depends only
on time.

Substituting the above metric into the action , and taking into account the degeneracy
conditions , one finds that the corresponding homogeneous action can be written as a
functional of N (), a(t) and of the homogeneous scalar field ¢(t). It reads

N 3a ) 66
_ 3 . . )
Shom [N, 0, ¢] = /dt“ N{P+Q <N3‘P‘ aNW‘Nz> ~Fe Ne?

6 . N.2 B 2
s E) ) s

where we have introduced the new functions,
flEF—XAl, fQE4Fx—2A1+XA3, (29)

and, everywhere, the expression of X is explicitly given by

@2

(2.10)



The Euler-Lagrange equations derived from the above action lead to equations of motion
that appear higher than second order. However, due to the degeneracy of the theory, these equations
can be recast into a second order system. As done in [13], this can be demonstrated explicitly by
introducing an auxiliary scale factor b, defined by the relation

a=A(X, ) b= X#)p, (2.11)
where )\ satisfies the condition
f2
Ax = ——— 2.12
TR 212

so that the terms quadratic in ¢ in the action (2.8) are reabsorbed in the derivatives of the new
scale factor.

It is also convenient to use a Hubble parameter associated with this auxiliary scale factor,
defined by

b X % .2 (N2
Hy=—=H — Ax— — A\p— X=—[—-"— . 2.1

In fact, the auxiliary variable b corresponds to the scale factor of the disformally transformed metric
Juv in when the DHOST theory coincides with a Horndeski theory. The drawback of using
this “Horndeski frame” is that matter is no longer minimally coupled, as it was assumed in the
inital frame, which we will call here the “DHOST frame”. The Horndeski and DHOST frames are,
respectively, the analogs of the Einstein and Jordan frames for traditional scalar-tensor theories.
When expressed in terms of b instead of a, the Lagrangian Ly, in the action becomes

Y N2 N

+ (Q —6Ax (2F, + Q) j@%) (%f - ;) } (2.14)

The coupling to matter is described by adding to Ly, a matter Lagrangian L,,, and the total
Lagrangian is denoted L = Lyom + L.

We get the equations of motion by writing the Euler-Lagrange equations for N, b and ¢. The
first two equations provide the generalizations of the Friedmann equations. The last equation,
corresponding to the scalar field equation of motion, is obtained from an Euler-Lagrange equation
of the form

Liom = A3b3N{—3)\ L (2fidp + Q +2F,) + P — 6f1 H — 29 (AN, f1 +2F, + Q) Hy

2
_i@j+iﬁi_8j = 0. (2.15)
dt20p  dtdp O
Once we have derived the equations of motion, we fix the time coordinate such that N =1 (and
thus N = 0) in order to simplify the equations.
As for matter, we assume that it is described by a perfect fluid whose equation of state is
P = wp, where w is constant. The variation of the matter action S, gives the energy-momentum
tensor of the fluid, defined as usual by

2 0Sp,

T = —— ,
v_gdg;w

Sy, = /d4x¢?ng. (2.16)



As a consequence, in the DHOST frame, where matter is minimally coupled, the variation of the
matter Lagrangian is immediately given by

6Ly, = —a’pmdN + 3Na’Pyda, (2.17)

where p,, and P,, are the fluid energy density and pressure, respectively. Using
— = 2XAx— + — (2.18)

which follows from the definition (2.11f) of b, one finds that the variation of the matter Lagrangian
in the Horndeski frame is given by
ON ob

6Ly, = NO3A3 | = (pp + 6XAx P,) — + 3P,

~ ; (2.19)

Inserting the above variation of the matter Lagrangian into the Euler-Lagrange equations, we
obtain the set of equations of motion for the cosmological dynamics. The analogs of the two
Friedmann equations (with N = 1) take the form

9o+ g1 Hpp + goHp = (1 —6wAx$?) pm, (2.20)
93+ 94(2Hy + 3H}) + gsHyp + g6 + g1 Hyp® = —wpm . (2.21)
where all the coefficients g; can be written explicitly in terms of the functions that appear in the

Lagrangian and of X\. They are given in Appendix [A]
Finally the scalar field equation can be written as

% (B*AT) +*A3U =0, (2.22)
where we have defined
1 d aLhom 8Lhom 1 aLhom
_ el _ - . 2.2
m L (o) -] v 223
The two functions U and J are of the form
U = gs + goHp + g1oH; + g é, J = g12¢ + qisHp + g1aHE ¢, (2.24)

where the corresponding coefficients g; are also given explicitly in Appendix [A] As usual, the
equation for the scalar field is not independent and can be obtained from the two Friedmann
equations.

One recovers the equations of motion given in [I3] when the theory is shift symmetric, i.e. when
the functions in the Lagrangian are invariant under the transformation ¢ — ¢+ ¢ and thus depend
only on X. In particular, the quantity U defined above vanishes and J is conserved.

III. AN ILLUSTRATIVE TOY MODEL

We now restrict our study to a class of models described by Lagrangians that depend on three
constant parameters only. These Lagrangians are shift symmetric and characterized by the simple
polynomial functions

1

1
P=aX, Q=0, F=g, A = —Ay = X, A:iMXQ, (3.1)



where «, $ and p are arbitrary constants. Hence, from (2.12) and (2.9)), we deduce
Az = —2(8 + 2p) — 8pX>. (3.2)

The expressions of A4 and Aj are easily obtained from the degeneracy conditions ([2.5) and (2.6]).
One thus gets

Ay =2(B+2u—2u*X?),  As =8uX(B+2u+38uX?). (3.3)

Note that the particular choice u = 0 corresponds to a subset of Horndeski theories (in this case,
the DHOST and Horndeski frames coincide, i.e. A =0 and thus a = b).

A. Horndeski frame: dynamical system analysis

Since we are interested in the transition between the matter and dark energy dominated eras,
we also assume that matter is non-relativisitc and thus take w = 0. The Friedmann-like equations

and then reduce to
3HE (1+2(3p+58) X? + 12upX?) — aX — 6auX?® — p,, =0, (3.4)
3HE (1+26X?) +2 (1 +28X?) Hy + aX — 4H, (3 +48) X + 68uX?) ¢ =0.  (3.5)
Furthermore, the equation of motion for the scalar field becomes
(o (1 +21pX? + 18p*X") — 9X (48 + 3p + 2u(118 + 3p) X? + 128p> X ") HY] ¢
+3 [a(l +3uX2) — X (4B + 3 + 68uX?)(3HE + 2Hb)} Hyp=0. (3.6)

To study these cosmological equations, it is convenient to rewrite them as a dynamical system
(and analyse the fixed points and their stability) with the new variables

H H,
zo=6X2%, s=L. =2 ¢ -, 3.7

5 H{? P HbSO ( )
following similar treatments for dark energy models (see e.g. [21H23] in the context of Galileons
and [24] for a recent review). These variables are not independent and one can easily see that

dxl
dlnb = 2 (Qp — Eh) I, (3.8)
d:IZQ
dinb (39)

where In b plays the role of time. The two equations above can also be formulated in terms of the
time Ina instead of Inb by using the relation between the two Hubble constants,

H = (14 2sxoe,)Hy, (3.10)
which follows from ([2.13)). The two previous relations (3.8) and (3.9)) then become

; 2(6<P — €p)T1
r =,
1+ 2se,m0
B de, o
1+ 2sepx0 ]

(3.11)

T (3.12)



where a prime denotes a derivative with respect to N = Ina.

So far, we have not yet used the equations of motion, namely the Friedmann-like equations,
Eqgs. (3.4) and (3.5)), and the scalar equation (3.6). They can be reformulated, respectively, as

% — 125m% — 6sxy + 2sx129 — 1029 + Q) = 1, (3.13)
2(1 4 2wo)ep, + 4x2(4 + 35 + 6522)e, + (3 + 21 + 622) =0, (3.14)

2
-3 (z1 (185°x3 + 21swy + 1) — 925 (652 (222 + 1) + 5 (2222 + 3) +4)) €,
+4x9¢ep, (5 (629 4+ 3) + 4) + 36523 + 18529 — 651119 + 2429 — 221 = 0. (3.15)

These equations can be seen as constraints for the dynamical system (3.1153.12). The first con-

straint, Eq. (3.13)), involves the matter density, whereas the last two equations (3.14) and ([3.15)
can be used to determine €, and €, in terms of x1 and x2. After a straightforward calculation, one

gets

en = [3z1 (72523 + 125(3s + 8)23 + 2622 — 1) — 27 (18523 + 21szy + 1)
—9z9 (185%x2 (239 + 1) % + 35 (2023 + 4xy — 3) + 40z0 — 12)] /A, (3.16)
€p = —6z1 (12523 + 6(s + D)za + 1) /A, (3.17)

where the common denominator A is given by

A = 6y (18x2 (2522 4 5)* + 35 (2023 + 4wy — 3) + 40z, — 12)
+ 231 (229 + 1) (185723 + 21swp + 1) . (3.18)

Hence, the equations of motion are now given in the form and with €, and €, given
by the equations (3.16|) and (3.17)).

The critical points are found by solving the equations (3.11)) and (3.12) for 2} = 0 and zf, = 0.
The number and stability properties of these fixed points are summarized in Table [ We see
that there are at most two stable fixed points corresponding to a de Sitter solution. To find the
conditions on the parameters of the theory for these fixed points to exist, we have to study the
signs of x1 and xs at the fixed points. It is immediate to show that

e at the point C: z1 < 0 and z2 < 0 for all values of s;
e at the point D: z1 > 0 and x5 < 0 for s > 0 whereas 1 < 0 and x9 > 0 for s < 0.

From the definition of z; and 9 , we see immediately that ax; < 0 (because X < 0) and
Bxa > 0. As a consequence, we deduce that the fixed point C exists only if « > 0 and 8 < 0
whereas the fixed point D exists only if pu < 0.

Notice that, in the limit s = 0, i.e. p = 0, corresponding to a DHOST theory that belongs to

the Horndeski subclass, the dynamical system admits a single fixed point given by the limit s — 0
of C,

1
Tl = —2, Ty = —6, (3.19)

whereas the limit of the fixed point D is ill-defined.



’points‘ 1 ‘ To ‘ Eigenvalues ‘
A 0 9 (0,3) (unstable)
B 3 (—12,3) (Saddle)

0
C [(83—3s—+/3(3s2+25+4+3))/2s|(—3 —3s+ 1/3(3s2 + 25+ 3))/12s| (—3, —3)(Stable)
D |(3—3s+/3(35% 1 25 + 3)/25 |— (3 + 35 + \/3(352 + 25 + 3))/125 (—3, —3)(Stable)

TABLE I: Fixed points of the dynamical system with the eigenvalues of the corresponding Hessian matrix.
Only the last two points are stable.

B. DHOST frame: Effective Friedmann equations

In the frame where matter is minimally coupled, it is always possible to write effectively the
Friedmann equations in the usual form,

3H? = py + ppE, 2H +3H? = P,, + Ppg , (3.20)

where all new terms are “hidden” in the effective dark energy density and pressure, denoted ppg
and Ppy respectively. Hence, one can also define an equation of state parameter wpg for dark
energy as usual by the ratio

Ppg

PDE

Moreover, one can define a global effective equation of state parameter as

P, + Ppg 2 H
Wef = ——— = —1 — ——. 3.22
o Pm + PDE 3 H? ( )

For the models we are considering here, this parameter can be expressed in terms of the variables
introduced earlier and reads
2H' 2ep, + 4s(epmh + €,12)

S P ) 3.23
Welt 3H 3(1 + 2sme,) (3:23)

Using the fact that P, = 0 for non-relativistic matter, we can write, from (3.20) and (3.22)), a
relation between wpg and weg given by

g‘“‘f . Qpp=PE (3.24)
DE

3H2
The dynamical equations and can be solved numerically and the right amount of
nonrelativistic matter today, i.e. Q, = pn/(3H?) ~ 0.3, can be reached by tuning the initial
conditions for 1 and x2. We choose our initial conditions deep in the matter dominated era, i.e.
when Q,,, ~ 1. According to the constraint (3.13)), taking |z1| < 1 and |z2| < 1 initially guarantees
that we are deep in the matter dominated era. Moreover, in order to observe a relatively rapid
transition from the matter era to de Sitter era, we take initial conditions such that

WDE =

|z1| < |z2] < 1. (3.25)
Indeed, in this regime, the dynamical system reduces to

Ty~ 3z, xh ~ 4x1/(9s + 12), (3.26)
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FIG. 1: Evolution of the parameters wpg, Wesr, 2pr, and €2, as functions of N = In(a) for various choices

for the parameter s and the initial conditions. Left: s = —4 and initial conditions xgi) —3.50 x 1077 and

2$”) = 1073, Right: s = —10 and initial conditions z{" = —7.00 x 10~7 and z{” = 2.50 x 1073,

-4 -3 -2 -1 o 1 -4 -3 -2 -1 0 1

FIG. 2: Evolution of the dark energy ratio wpg = Ppr/ppr as a function of N = In(a) for various choices
of s and initial conditions (set at N = —5). Left: gcgi) =1073; (xgi),s) = (—2.50 x 1077, —2) for the green
curve, (217, s) = (—3.50 x 107, —4) for the red one and (z\"”, s) = (—4.85 x 10~7, —10) for the black dashed
one. Right: s = —4; (;vgi),xg)) = (=1.15 x 1077,107%) for the red curve, (acgi),xgi)) = (—3.60 x 1078,107?)
for the blue one and (xgi),xg)) = (—1.15 x 1078,107°) for the green one.

which shows that the system moves quickly away from the region where x; and zs are very small
(this is not the case if we take |z2| < |r1| < 1 instead). The initial dark energy parameter Qpg is
then approximated, according to (3.13)), by

Qpg ~ —2(3s+ 5)x2 . (3.27)

If we choose z3 > 0 initially, in order to get cr < 1 (as we will see in Eq. of the next section),
then the parameter s must satisfy s < —5/3.

We have plotted some illustrative examples of numerical results in (Fig. [I) and (Fig. [2). The
first figure shows the evolution of the cosmological parameters €,,, Qpg, wpg and weg. We observe
a cosmological transition from the matter era to the dark energy era. We also observe that the dark
energy behaves like pressureless matter deep in the matter dominated era and like a cosmological
constant with wpg ~ —1 at very late times, with a transition going through an intermediate regime
where wpg can even reach some significant positive values.

IV. PERTURBATIVE LINEAR STABILITY

In this section, we study the linear stability of the models studied in the previous section.
For that purpose, we work in the framework of the Effective Theory of Dark Energy developed
in [25H27] and extended to DHOST theories in [19]. This effective approach relies on the ADM
formulation where the metric is parametrized by the lapse function N, the shift vector N* and the
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spatial metric h;; as follows,
ds? = —N2dt* + h;j(dz’ + N'dt)(dz? + NYdt). (4.1)

In the ADM framework, the “velocity” of the spatial metric is encoded in the extrinsic curvature
tensor K;; defined by

1 /.
Kij = ﬁ (hU — DIN] — D]NZ) s (42)
where D; denotes the spatial covariant derivative associated to h;;. The DHOST action can be
reformulated in terms of the ADM variables and the dynamics of the linear perturbations about an
FLRW background is governed by the expansion of this action at quadratic order in the variables
0N, 0K;j and 0h;j. After along but straightforward calculation, one finds that the quadratic action
for the perturbations is given by [19]

Gauad /d% dt a® ]\g {51(1]5[(” (1 + gaL) SK? 4+ (14 ar) (Ré‘ég + 52R)

(4.3)
+ H2aON? + AHapd KN + (1 + oy ) RSN + 4810KSN + BodN” + o Ps 2 (9:0N)? }
where §2R stands for the second order term in the perturbative expansion of the Ricci scalar R
and h is the determinant of the spatial metric. The coefficients M, ar,, ar, ak, ag, ag, B1, B2
and [3, which fully characterize the quadratic action, are functions of time as they depend on the
background. They can be expressed explicitly in terms of the functions entering the DHOST action
, as recalled in the Appendix

After integrating out the gauge degrees of freedom, and ignoring the coupling to matter for the
moment, it has been shown in [19] that the quadratic action reduces to the sum of an action for
the curvature perturbation (, representing the scalar mode,

9:¢)?
Squaa[C / A3z dta®— [A 2 — (a? } , (4.4)
and an action for the tensor modes ;;,
M? T, e
Squad[vi] = /d3$dta38 [%2] - aE(@m)z] : (4.5)

The coefficients A and B¢ that appear in the scalar action are given by

1 2 6 d 3 2
AC = T —BI/H)Q |:04K+6043 T BHMI AL (a HM aBBl)] ’ (4.6)
2 d aM2(1+aH+61(1+aT))]
¢ (I+ar) aM2dt[ H( +ap)—f (4.7)

while the speed of gravitational waves ¢y, which appears in the tensor action, is given by c% =
1+ ap. Therefore the stability conditions for the linear perturbations are simply given by

M*>0, A:>0, B;>0, ¢4>0. (4.8)

The expressions of these coefficients in terms of the dynamical variables (3.7]) are given in Appendix
Bl As we will see, they will be useful for the numerical analysis of the linear stability of the model.
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In the presence of matter, these stability conditions (for the scalar mode) are modified. They
have been derived explicitly in [I9] for the simple case where matter is described by a scalar field
o whose dynamics is governed by a k-essence type action,

S = /d4m\ﬁ—gK(Y), Y = g"o,u0,, (4.9)

which is added to the DHOST action. The link with a perfect fluid description of matter, with
energy density pp,, pressure P, and sound speed c,, is given by the expressions
Ky
=2YKy — K P,=K 2 = 4.10
Pm Y ’ m ) m KY ¥ 2YKYY ) ( )
where all terms are evaluated on a background solution.

It has been shown in [I9] that the conditions for the stability of scalar linear perturbations
are modified and more involved than the case without matter. Indeed, in addition to (, there
is an extra scalar degree of freedom that we denote do, and the dynamics of the two modes are
entangled. The quadratic action for these two scalar perturbations takes the form [13]

M? . 1 .
Seuad = /d3xdta32 {VTKV— E&VTGWV—%... : (4.11)

where the vector VI = (¢, H %‘7) contains the two scalar degrees of freedom and the dots stand for
the terms with fewer than two (space or time) derivatives, which are not relevant for the stability
discussion. The kinetic and gradient matrices read (see [13] for details)

A+ prm (14 wm) pm(1+wm) (3¢5, f1—1)
¢ M2¢2,(H(1+ap)—f1)’ M?2c2, H(H(1+ap)—p1)
K = , (4.12)
pm(14+wm)(3c2,81—1) pm (1+wm)
M2c2,H(H(1+ap)—p1) M?2c3, H?
B _ pm(+wm)(+ap+(1+ar)B)
¢ M2H(H(1+ap)—b1)
G= . (4.13)
_ pm(I+wm)(1+ag+(14ar)p1) pm(1+wm)
A (H{1+ap)—61) A

In order to avoid ghost and gradient instabilities, both matrices K and G must be positive definite.
When matter satisfies ¢, < 1 and w,, < 1, one can expand the expressions of the eigenvalues of
K and G with respect to ¢, and w,, and one obtains, at leading order,

Ao — AcM?H?*(1+ ap — B1)% + 6pmbh A, — - Pm 1 1
L M2H2(1+ (1 +ag - B])?) 2T 2 H2M? [(1+ap — 53])? ’
(4.14)
By 1 | pm 402, (1 +ap+ 1+ ar)B1)? pm
G+ 2 +2M2 2 \/ HY(1 +ap — f])? +(H2 )

where A, , and Ag, are the eigenvalues of K and G respectively. One thus finds that Ag, is
always positive while the sign of the three other eigenvalues depends on the specific background
solution.
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All eigenvalues can be expressed in terms of z1, 2o and €2,,,. Moreover, the coefficients M? and
cgf which appear in the tensor action are given explicitly by

1

M?=1+2 2 =— -
+$2, (&5 1+2x2

(4.15)
Deep in the matter dominated era when |zi| < |z2| < 1, the leading order behaviour of the
eigenvalues A\i, and A\g, is given by

A, & —9(3s+4) xa, Ag, ®6—17(s+1)x2, A~ —=5(s+1)zy. (4.16)

and they are all positive when we take 0 < zo < 1 and s < —5/3, as discussed below ([3.27)).

In Fig. , we plot the time evolution of the eigenvalues, as well as c?,,. We have chosen
parameters and initial conditions such that all eigenvalues remain positive and c% < 1. With
theses choices, we see that the tensor and scalar perturbations remain stable from the matter era

to the de Sitter era.
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FIG. 3: Evolution of the eigenvalues A, (top), Ak, (bottom left) and c2 (at the bottom right) viewed as
functions of N = In(a). Dotted curves: s = —4 and initial conditions zgi) = —3.50 x 1077 and zgi) =1073.
Dot-Dashed curves: s = —10 and initial conditions xgz) = —7.00 x 1077 and xél) =2.50 x 1073.

V. CONCLUSIONS

In this paper, we have studied the cosmology of DHOST theories. We have considered the
most general action for quadratic DHOST theories and derived the general equations of motion in
an isotropic and homogeneous background in the presence of a perfect fluid. We have presented
these equations in full generality, without restricting ourselves to shift-symmetric Lagrangians in
the first part. Then, we have considered a particular family of shift-symmetric DHOST models
characterized by three parameters only. We have performed a dynamical system analysis and
obtained the conditions for our models to admit self-accelerating solutions at late time. Then, we
have examined the linear stability of both tensor and scalar modes, in the presence of pressureless
matter, and found that the models studied here are stable in some region of the parameters space.

With the advent of stage IV cosmological probes (LSST, Euclid), the sharp increase in the
amount of data will enable us to test gravitational laws on cosmological scales. In order to analyse
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such a trove of data, it will be very useful to rely on a parametrized set of models that can
quantify, in a flexible way, deviations from general relativity. DHOST theories, which describe the
most general and simplest scalar-tensor theories (the simplest in the sense that they propagate a
single additional degree of freedom), are natural candidates to serve as benchmark models for the
analysis of future data.
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Appendix A: Coefficients in the cosmological equations

The coefficients entering in the Friedmann equations (2.20) and (2.21]) are given by

go = P+ X [—6(FA2 + Fyhp + PAx) — 2Px + Q]
—6X% [AL(2Fx + 6FAx — 341) + Ap(2F,x + 4F Axy + Qx) — 2F 0 x — QpAx ]
F122,X3 [\, (BA1Ax + A1x) + 2410y

g1 = 6{2F\, + F, + X [Qx + 2F,x +4F\x, + Ay (4Fx + 12FAx — 6A;)]
—4X? Ay (BA1Ax + A1x) + AiAxy]}

g2 = 6F +6X (6FAx +2Fx — 3A;) — 12X? (3A1Mx + A1x) ,

gs = P — X (4F Xpp + 6F A + AF M, + 2F 0 + Q) + X2 [(4Xgp + 6A2) A1 + 4N, A1)
g4 = Q(F—AlX),
g5 = 4[F, — X A1, + 3\ (F — A1 X)),

g6 = 2F, + 4)\th +2X [Qx + 2Fx, + 4)\X¢F + )\<p(4FX + 12)\x F — 64,)]
—8X?2 ()\¢(A1X + 3AxA1) + /\X@Al) ,
gr = —8[Fx+3kxF—A1—X(Alx—l-?)/\xAl)] ,

The coefficients entering in the scalar equation ([2.22)) through the functions (2.24) are given by

gs = Pp+3M,P 43X (2Fpp)g + 4F A\pApy + 2F Aoy + 6FNS + 8F A + 3QA2 + A\pQy + QApy)
—6X°N, (241 Mg + BAIN] + A1pAy) |
go = =3 (12FA2 + 10F A, + 4F Mgy, + 2F + Qp + 30,Q) + 12X (BA1N7 + A1 ), + Ardyy,)
gio = —6(F, 4+ 3A,F) +6X (A1, + 3X,41) |
gi1 —(Qp +32,Q) — 6 X (6F A Ax + 2F A x + 2F, A xp + QuAx + 3QA A x + QAxy),
g12 = 12),(F, + A\ F) + 2(Px + 3Ax P) — Qo + 3),Q
HOX (—4A1NL + 2FxpAp + 2FX NS 4+ 6FA2Ax — 2F A x + 4F A Axp + ApQx — QuAx)
— 12X%(A1xA] + 3A1A2Ax + 2441 XA xy) |
g13 = 12F X\, + 6F, + 6X (—6A41), + 2Fx, + 4Fx Ay + 12F A x + 4FAx, + Qx)
—24X2 (A1 x Ay + 3A1 N Ax + A1Axy) |
gia = —12[Fx + 3 \xF — A; — X(A1x + 3\xA1)] .
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Appendix B: Effective parameters in the quadratic action of perturbations

In this section, we recall the expressions of the effective parameters entering in the quadratic
action of the perturbations about a FLRW background,

2
gavad _ /d% dt a3]\g{5Kij5K” — (1 + gaL) SK*+ (1+ar) (Ri\g + 52R)

B3

(B1)
+ H2agON? + AHapd KN + (1 + o) RSN + 4510K5N + BodN° + a(Gi(SN)Q} ,

2

in terms of the functions (evaluated in the background solution) entering in the DHOST action,

5
S:/d‘lx\/—ig (P(X,go)—i—Q(X,cp) Dcp—i—F(X,go)R—i—ZAi(X,go)Li) . (B2)

=1

We restrict ourselves to shift-symmetric theories where all the functions in the action above depend
on X only.
All parameters but ak and ap depend on F' and A; only, and they were given in [19],

M? M? M?
TZF_AIX; 7(1+QT):F, 7(1+QH):F—2XF)(,
M? 2 M?
7 (1 + 301L> =F + A X, 7,32 =-X (Al + Ao + (A3 —I-A4)X+A5X2) , (B3)

M2
2M?B) = X (4Fx + 245 4+ A3X), 753 = —X(4Fx — 24, — A4X),
where the right-hand side quantities are evaluated on the homogeneous and isotropic background.

The expressions of ak and ag are much more complicated and they involve, in addition to F
and A;, the functions P and ). A long calculation gives,

. . 3 . ) .
2HM?ap = (4HX + X)A; +2(3HX + X)As + S X(F2HX + X)Ag = XX Ay — X2X As

+ 4HX?A1x +2X(6HX + X)Agx + X2 X Asx
+ (—4HX 4+ 6X)Fy +2vV-XXQx + 4X X Pxx , (B4)
M? . 3X2 . ) . 3X2 .
— H?’ag = (-3H?X +3HX — =— +2X)A; + (OHX +3HX — =— +2X)A,
2 2X 2X
. . ) .. ) X2 ..
+ 2(18H2X2 +10HX? +8HXX — X2 +4XX)A3+ (6HXX — BT +3XX)

) ) . . 3X2 .
+ X(OHXX + X2+ 4XX)A5 + (—15H*X? + 3HX X + = XX Aix
A . 3X2 o . X ) o N
+ (Z2TH?X? + BHXX + = — + 6X*H + XX) Agx + L (12HXX +7X? + 4X X) Asx

+ (9H?X3 +3HX3 + 3HX?X +

X X2 .. X2 ) ) .
! T+ X2X)Azx + —(12HXX + 11X2 +4XX)Asx

X X2 X X2 X2x2

+ (—6H?*X3 + YAixx + (—18H?X?3 + )Aaxx +

Asxx

X2x2 X3x2

5 axx + Asxx +6X(2H? + 3H)Fx

+ 12X%(2H? + H)Fxx +2X?Qxx — 6HX*V/-XQxx . (B5)
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When applied to the model we are considering in the paper,
1
P:OéX, ona F:§> AQZBXa A3:_2(6+2M)_86MX2a
Ap=2(8+2p — 2°X?), A5 =8uX(B+ 21+ 38uX?), (B6)

the expressions of (B3| yield

26X?
M? =1+28X —ag=——>>5 =0
+ B ) ar ag 1+ 2,8X2 5 ar, ) (B7)
8uX?(—1+ uXx?)
= —2uX? = 242 X1 = —
61 % ) 62 1% ) /83 1+ 25X2 )
while the expressions for ag and ak simplify into
29 (4B¢H + 1 (68X? (pH — 3¢) + 3pH — 5p) — 6p2X? (2B8X2 + 1) ¢) (B8)
(0% =
B 28X2H + H ’
2X
= — o (6X (2° X (249 H (38X + 1) + 29 (148X> + 5
aK HQ(%XQJFI)( (20" X (240H(3BX" + 1)@ + 209 (148X" +5)
+ (1268X2 +25)(¢)?) + u(68X2%(TH? + 3H) + 9H? + 5H) 4+ 63H?) — ), (B9)
where we have used X = —¢?, X = —2¢¢ and X = —2(3% 4+ p¥).
In terms of the variables introduced in ({3.7]), these coefficients become
M? = 1+2z ar = oy = — 222 arp =0
- 2, T — H — 21‘2 + 17 L — I
8sxg (sr2 — 1)
1 = —2sw9, f2= —243235%7 B3 = —W;
25 (5 (2512 + 5) €, — 6529 — 35 — 4)
ap = — ,
B (2x2 + 1) (25226, + 1)
2 3 2 2 2
= 336 — 144 24 5 3s—6
ak (202 + 1) (@257, £ 1)2 (214 €, (235 (33657, s%) 4 24sx;5 (5sep + 3s — 6))
— (H/H?) ((4325°75 + 120s°23) €2, + (432s°x3 + 1205°23) €, + 108523 + 30s22)
+ 620 ((67233:1:3 + 24033:10%) €, + 3365223 + 12032333)
+ (720s%x3 + 245° (155 + T1)23 + 4205°23) €, — 252525 — (5ds + 36)x2) . (B10)

Notice that in the last equation, we have used the relation ¥ = e(o(l + 2s10€,) + e?p + €,€h, Which
can be deduced from the relations

X = —20¢ = 2e, Hy X (B11)

which comes from the definition of €ps and
X=-2 cp"2+<p"90" =9XH? [ =¢ + +22 B12
( ) b Hb €p T €p€h €o | - ( )

We could also replace H /H? in the expression for a by using the relation

: ey, + 2s(xhe, + xo€
H _ en+2s(w3ep 2@)7 (B13)
H? 1+ 2sx0e,
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which follows from (3.10)).
Finally, these results allow us to express the coeflicients A in (4.6) and B¢ in (4.7)), entering in

the quadratic action for the scalar perturbation, in terms of the dynamical variables in the form,

A — A1(332) +$1A2(SL'2)
¢ Asz(2) 7
Bl (.562) + 56182 (232) + l‘%Bg(l‘Q)
B4(CCQ) + x185(332)

(B14)

B; =

: (B15)

where the functions A; and B; are polynomials of the variable xo only (which depends on the
parameter s) given by

Ai(z2) = 639 (216523 + (545% + 845 + 40) 2 + 365(6s + 5)23 — 3(s +4)) ,

As(za) = 2222+ 1) (—1882:13% + 15829 + 1) ,
As(ws) = (12523 +2(3s +5)aa +1)°
Bi(w2) = 3z (3801652 + 5765°(132s + 125)2§ + 288s% (198s” + 344s + 215) x5

+ 165 (11885 + 2538s% + 27845 + 1775) x5 — 4 (2795 + 11765 + 1154s + 500) 23
+ (120 4 965 — 90s%) z + 8 (297s* + 288s® — 2825 + 600s + 500) z3 + 9(3s +4)) ,
By(z) = —34565z] — 5765%(9s — 20)z§ — 965* (275 — 240s — 76) x5

— 165 (275> — 900s® — 822s — 280) z3 + 40 (72s® + 965> + 325 + 47) x5
— 4(114s 4 400s + 21) 23 — 2(88s + 67)z2 — 3,

Bs(w2) = (2x9 + 1) (432525 + 2165%(s + 3)x3 + 125* (155 + 1)

— 25(45s +101)z3 — 5(55 + 2)z2 — 1) ,

Bi(w2) = 3xo (232 + 1) (12523 + 2(3s + 5)zg + 1) 2 [1832902 (222 4+ 1)* 4 60522 + 4(3s + 10)x2 — 3(3s + 4)| ,

Bs(zz) = (220 +1)? (12523 4+ 2(3s + 5)m2 + 1) ? (18523 + 21s72 + 1) .

These are the expressions we use to plot Fig. and to express the eigenvalues (4.16) in the
matter era where |z1| < |z2| < 1.
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