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EXPANSIONS OF THE JACOBI THETA FUNCTIONS AND
COMPLETE MONOTONICITY PROPERTIES

ABD RAOUF CHOUIKHA

ABsTrRACT. In this paper we provide trigonometric expansions and infinite
products for the theta functions 6;(u,7),j = 1,2,3,4. This allows us to high-

light some complete monotonicity properties for log 0 (wyimt) .7 = 2,3,4 and

0;(0,imt)
log Z} ((gf;rg as functions with respect to ¢ > 0. We also interested in the
1(0,
. 0, (5 imt . .
quotients S;(u,v,t) = 972& z:t; Some others functions related to 6; will be
AN v

considered.

1. INTRODUCTION

Counsider the following boundary conditions of the heat equation

o%f of 1

W:aa f(Oat):f(Lt)a f(U,O):TFa(U—g), O0<u<l1 (1)
where O(u) is the Dirac delta function. Then the general solution of the boundary
problem is

n+1)2nt
O(ut) =23 (~1)"e T sin((2n + Lmu) 2)
n>0
When we write ¢ = ™7 with t = Im7 > 0, this solution takes the form

+oo
! (u, T) - Z(_l) > q(’rb-‘r%)zeiﬂ(2n+1)u -9 Z(_l)nq(n-&-%)z sin((2n + 1)7Tu)

— 00 n>0

n

which is the first of the four Jacobi theta functions. It is known it suffices to
change the boundary conditions to obtain other theta functions. The corresponding
solution of the boundary problem

af(0,t) _ 9f(1,1) =0, f(u,0)=7d(u— %)7 O<u<l

ou ou
is given by
+oo
Os(u,7) = Z(—l)"q"Qei”Q”" =142 Z(—l)"q”2 cos(2nmu)
—00 n>1

The function 61 (u, 7)) is periodic of period 2. From 6; we obtain the second theta
if we increment u by 1/2

400
Oa(u,7) = Z q(nt3) ginntl)u — 9 Z g t3)’ cos((2n + 1)mu)
—oo n>0

lchouikha@math.univ-paris13.fr. 4, Cour des Quesblais 35430 Saint-Pere, France
Key words and phrases. theta functions, elliptic functions, infinite product expansions, com-
plete monotonicity.
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The increment w by 1/2 in 6, yields the third theta function

O3(u,7) =1+2 Z q”2 cos(2nmu)

n>1

These four theta functions can be extended to complex values for u and ¢ such that
lq|<1.

All four theta functions are entire functions of u. All are periodic, the period of 6
and 63 is 2, and that of 63 and 64 is 1. See [1] and [11] for more details

Because of this remarkable property, the theory of theta functions has found
important applications in many problems on the heat flow in planar domains.
Since their invention in 19th century, the concept of theta functions becomes a
source of inspiration for many mathematicians. It is common knowledge that these
functions found applications in physics, theoretical chemistry and engineering sci-
ences, and they play a central role in number theory.

Thus, any new property or characterization of theta functions may have consis-
tent implications at least in fields that use these functions.
Indeed, thanks to trigonometric expansions and infinite products we will highlight
properties of complete monotonicity (CM) for these functions as well as for their
quotients. These features of theta functions seems to be new in the literature.

An interesting problem related to heat distributions was posed by A. Gonchar.
For steady-state distributions of heat, we have w = 0 Therefore (1) becomes the
Laplace equation whose solutions are harmonic functions. A. Solynin [10], reduced
the original problem to the question about monotonicity of the module m(r,w) of
a circular sector which is related to the quotient %.

Moreover, it is interesting to notice that the monotonicity properties of these quo-
tients are related to certain inequalities of the sum of divisors function, which are
important in number theory.

This paper improves and corrects an old version (ArXiv:1409.1498).

1.1. Selected facts about completely monotonic functions. Recall in this
part some useful notions for the sequel on particular properties of C*° functions.
A real function f is said to be completely monotonic (CM) on [0,00] if fis C*
and all the derivatives verify

(- f® @)y >0, E=0,1;2.. for all t>0.

This definition was introduced in 1921 by F. Hausdorf who initially called ’total
monoton’. The following yields a characterization of such functions following S.N.
Bernstein and D. Widder [3, p.95]

A function f : [0,00[— [0,00] is CM if and only if there exists a non-decreasing
bounded function h such that f(t) = fooo e~ “dh(u) and this integral converges for
0<t<oo.

h may be considered as a non-negative measure on [0, co[ such that the integral
converges for all ¢t > 0.



Hence, a CM function cannot vanish for any ¢ > 0. Notice obviously that the
sum and product of CM functions are CM. Observe that if f(¢) is CM then f2™(¢)
and — f2mF1(t) are also CM. It is known that that if f(¢) is CM and h(t) be with
a CM derivative then f(h(t)) also is CM.

CM functions have a lot of applications in various fields. These functions have
remarkable applications in different branches. In particular, they play a role in
potential theory, probability theory, physics, numerical and asymptotic analysis,
and combinatorics, [2], [4].

There is another class of functions very closed to such functions : the class of
logarithmically completely monotonic (LCM).

A function f : [0, 00[— [0, 00| is logarithmically completely monotonic if

fois € and (=1)*(logf(t)® >0, k=1,2,..

Remark for k¥ = 0 we may only require that f(¢) > 0.

Notice that every LCM function is CM. If this inequality is strict for all ¢ > 0 and
k=1,2,... then f is said to be strictly logarithmically completely monotonic.

A function f on |0, 0ol is called a Stieltjes transform if it can be written in the form

* dp(s)
t)=a+
O =a+ [ L2
where a is a non-negative number and p a non-negative measure on ]0, co| such
o0 dpu(s)
that [~ G537 < o0
It is proved that every Stieltjes transform is a LCM function.

1.2. Statements of results. This paper is organized as follows. In the first part
we describe trigonometric expansions of the four Jacobi theta functions 8;(u, 7),j =
1,2,3,4. We provide the following expansions:

o (Ziﬁﬁiii) = -2 (W>

| p=1kso?

03(v,T) ) sin v
os (o) _ |35

04(0,7) = (cos(k + 2)mr)

02 (v, T) sin v 2]
log [ — 2T ) |-
Og((coswv)ﬂz(o,r)) pz>:1kz>:0 (coskm-)

01 (v, T) sin v 2]
log (A T) ) |-
Og(ﬂ'(sinﬂ'v)@i(O,T)) p§>:1k2>0 (blnkﬂ'T)

This permits us to deduce in particular infinite product expansions for 6;(v, ).

In the second part we are interested in the complete monotonicity properties of
these theta functions. We prove that for any fixed u real such that 0 < u <1 and
T = irt, the following functions

04 (u,t) O3(u,t) b2 (u, t) 01(u,t)
04(0,t)° 04(0,t)’ (cos Tu)@;(0,t)’ (sin7u)} (0, t)
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are logarithmically completely monotonic (LCM) with respect to ¢ > 0.

In the third part, we are interested in the complete monotonicity properties of
their quotients. More precisely, for u,v € C and 7 = int with Re t > 0, define the
quotient of theta functions:

a _ Qj(%, Zﬂt)
S; = S;(u,v,t) 6, (% int)’

Some authors recently interested in monotonicity and convexity of these quo-
tients [6],[7],[10]. In [7, Conj 1.1], one conjectured for u,v such that 0 <u < v <1
the functions %Sl(u,v;t),Sg(u,v;t),Sg(u,v;t) and %Sﬂu,v;t) are CM for 0 <
t < oo.

We will prove that the quotients S;,j = 1,2,3,4 are LCM under the condition
on t: sinhm?t > 1. More precisely, we prove in particular for fixed u, v such that
0 <u < v < 1 the functions S%(%Sj) for j = 1,4 as well as the functions —(0%97?’)
for j = 2,3 are completely monotonic for ¢ €]0, co].

Most of the proofs will be given in the last section.

2. FOURIER EXPANSIONS OF log0;(u,in7), j=1,2,3,4

From the knowledge of the zeros of these functions it is possible to obtain infi-
nite products representing the theta functions. For example the function 64(v,7)
satisfies the triple product

94(1)’7_) — H(l _ an)(l _ q2n+1e2i‘n’v)(1 _ q2n—1e—2z’ﬂ'v)
n>1
where ¢ = ¢, v € C, 7 € H,. From these products the Fourier expansions of
log(6; (u, imt) and 2 follow.
J
Trigonometric expansions of theta functions can be proved by the methods of

residue calculus as described by [8, p.358] and [11, p.489].
Thus, one obtains the following series expansions for log 0; :

og [94@,7)]: 43 0 (sinnmo) )

04(0,7) = 1—¢>" n
o i) = R @
lo {Zzgg::” = log(cosmv) + 4;(—1)”1 qz;n (sin ZWU)Q (5)
log {77901’1(5}07;'))} = log(sinmv) + 47; : gQ;n (sin 7;7711)2. 6)

Expressions of 03 and 6, are valid in the "strip" | Imv |< %I mr,
those relating to 6; and 6y are valid in the "strip" | Imv |< ImrT.

Now we propose the following



Theorem 2-1 Let q = €™, | q |< 1. The functions 03 and 0, have the
following expansions

sin v 2
04(v,7) = 04(0,7) exp ZZ <sml<;+))) ) (7)

po1ks0 P

03(v,7) = 03(0,7) exp —szms,(slir::r?)m) o

p=>1k>
COS TV 2p
— 0,4(0,7) exp ()
I;kzm (sin(k + ) )

The above expressions of 03 and 04 are valid in the "strip” | Imv |< %ITTLT.

Theorem 2-3 Let q = €™, | q |< 1. The functions 6, and 0y have the
following expansions

02(v,7) = 0:(0,7) exp |log(cosmv) — 33+ ( Sin 0 >2p )

cos kmT
po1ks0 P
2p
COs TV
=767(0,7) exp |log(cosmv) E E _
sin knwr
o1kl P

. 2p
01 (v, 7) = m07(0,7) exp |log(sinmv) ZZ ( ST ) (10)

sin kmr
p>1k>l

(where 07(0,t) = 891 2(0,1)).
The above ezpresszons of 01 and 05 are valid in the "strip” | Imv |< ImT.

Remark 2-6 These coefficients cpp4(7) = %Zk>o m have in-
= 3

teresting arithmetic properties. Indeed, under the action of modular group

I(1); 7, 7+1, = we find relations between coefficients cap 3, C2p.2, C2p,1- The
transformation theory of order n;n = 1,2... deals with the relations between coef-
ficients. For example when we examine the theta relations

Os(v+ 1,7+ 1) =04(v,7), or 04(2, L) = (—iT)'/2 exp(imv?/7)02(v, ) we find

(r1)=—=% CU A L S () enr)
Copa(T+1)=—= [22} = (—1)P < >02k T
Pz LI+¢k+1) = \p
2 -1 2P q2k: p
=1+ (1= | —— |
7.202174(7_) + ( )pk>1[1+q2k:|

See [4-5] for more details.

Starting from Theorems 2-1 and 2-3 we deduce other infinite products expansions



Corollary 2-7 Let q=¢""", |q|<1. The functions 0;, j =1,2,3,4 may
also be expressed as infinite products

94(’0,7‘) 204(0,7’) H ll_ < sin v

50 sin(k +

(11)

k>0

03(v,7) = 05(0,7) ] [1 - (COS s;nfv ] 12

01(v,7) = (wsinmv) 07(0,7) H l ( sin v

sin kmT
k>1

] (13)

O2(v,7) = (cosv) 65(0, 1) H ll _ ( sin v ) ] (14)

cos kmt
k>1

03 and 04 is defined in the "strip" | Imv |< %ImT, while 01 and 0y is defined
in the "strip" | Imv |< I'mT.

Proof Indeed, we will prove only for 6, (v, ) the others will be deduced by the
same way. Starting from (7) and notice that

or (J00) - |y (e ) -y s L

po1ks0 P E>0p>1

%= (i)

On the other hand we may calculate

—22 (X2)? = log(1 — (X,)?).

where

it follows that

log(04UT) > log(1 - (X4)?) Zlog< (sm(sklrfg)m)z)

k>0 k>0

Therefore we obtain the infinite product of 6,

. 2
sin v
04(’077-) :94(077-) 1- ( - )
kl;[o sin(k + 3)77
From Corollary 2-7 we deduce the following

Corollary 2-8 Let q=¢e"", |q|< 1. The logarithmic derivative of func-
tions 0;, 7 =1,2,3,4 with respect to v may be expressed

106 sin 2mv
07874(0’7-) = —WZ ) 1 2 ) 2
4 OV >0 (sin(k 4 3)77)" — (sin 7o)
1 063 sin 27v

———(v,7)=m

=0 (cos(k + %)7‘(‘7’)2 — (sin7v)?2
6



1 00 2
e—a—z( 7) = —(tan v +7rz sin 2mv 5
2 0V 5= (cos knr)? — (sin 7o)

1 00 2
—L(v,7) = (cot 7v) —TI'Z sin 270
61 v 5> (sin knr)? — (sinmv)?

03 and 04 is defined in the "strip" | Imv |< §Im7', while 61 and 0y is defined
in the "strip" | Imv |< ImT.

Proof Indeed, by logarithmic differentiation (11) and (13) with respect to v we
obtain -5 94 and 7 9% The others are deduced in incrementing v by 2

1 06, 1 1 065 1 06, 1 100y

E%(U"’ 577) = gm(vﬁ), E%(U"’ §a7-) = 9*2%(%7)

Remarks 2-9 1 - Starting from these expansions we may easily derive infinite
products for the Jacobi elliptic functions. For example, the function

_04(0,7) O4(v, 7)
dn(z) = 04(v,7) 05(0,7)

for z =v(03(0,7))? may be expressed as

(cos(k + %)WT)Z — (sin mj)Q.
iso (sin(k + %)WT)z — (sin7v)?

dn(z) =

Recall the classical infinite product of that function, [8], [11]:

dn(z) = 200:7) I 1 +2¢>" " (cos 22) 4 ¢*" >
05(0,7) -8 1 —2¢%" 1 (cos 2z) + qin—2’

~—

= 64(v, ) then we deduce

] =0,0,7+1) [ [1 (M)T

k>0

1 ( COS TV )2
cos(k + 3)mT '
However we know [8] that

41\ 2
05(0,7) _ 11 <1+‘1+> = [ (cothm(n + %)7)2-
n>0

2 - Since we have 04(v + %,7‘ +1

0.00,7) ] [1 - (m:]:f”)

k>0

= 93(077')

\zm \_/M

_ g2n+1
94(07 ’7') 1 q + n>0
We thus obtain the equality
1 1
H[(cos(k + 5)#7‘)2 — (cosw)?] = H[(sin(k: + 5)71‘7')2 — (sin7v)?] (15)
k>0 k>0

valid for | Imv |< $Im7. Since

62(0,7) <1+q2n>2 2
= = cothmnr)“.
mom ~ i=g) = et

7



it seems we may also establish
[[(cos kar)? — (cos mv)?] = [ [(sinkmr)? — (sin7v)?] (16)
k>1 E>1

valid for | Imwv |< Imr.

6,(v,7)

3. COMPLETE MONOTONICITY OF log 0D
J B

From the knowledge of the zeros of theta functions it is possible to obtain infinite
products representing these functions, see [8, p.357] or [11, p.470]. For example the
function 64(v, ) satisfies the triple product

94(1},1?) = H (1 _ q2n)(1 _ q2n+1621'7rv)(1 _ q2n—1e—2i7m})
n>1

where ¢ =™, v € C, T € H,.
From these products the Fourier expansions of log(;(v,in7) and % follow.

J
Trigonometric expansions of theta functions can be proved by the methods of
residue calculus as described by [8, p.358] and [11].

More precisely, one has the following series expansions for log 0; :

on[655) = 1 T -
log {Zigg::ﬂ = 4%:1(—1)n1 _‘f;zn (Sinzm))z "
log {Zigg::ﬂ = log(cosv) + 47;(_1)711 f;n (sin:zlm)p 1)

n>1

Expressions of 63 and 6, are valid in the "strip" | Imv |< %I mr,
those relating to 67 and 6y are valid in the "strip" | Imv |< Imr.

In the sequel we will consider the case 7 = int and will denote
0;(0,7) = 0, (v, imt) = 0, (v,1).

Our main result is the following

Theorem 3-1 For any fized u real and T = int, the following quotients of
Jacobi theta functions :

04(u, ?) 01(u,?) O (u, t) 02 (u, t)

04(0,t)’ 67(0,1) 04(0,t)’ 07(0,t)’

(where 01(0,t) = % 0,t)) are logarithmically completely monotonic (LCM) with
respect to t > 0. That means for k=0,1,2,....

ok 0a(u, 1) o i)
(-1 <10g 94(0,t)> 20 (DgE <1°g 93(0,t>> -0

8




—1F—— (1 2] >0 e ’ 0

g (e g >0 0 () >
Proof of Theorem 3-1 )

From Corollary 2-7, (12) may be rewritten with ¢ = ¢ = ¢ ¢

04(u,t) ( sin 7u
= 1
0,(0,1) kl;lo [ Sk 2
. 2
L+ ( sin Ty )
sinh(k + 3)m2t '

01 (u,t) B H 14 sinmu
(sinu)d; (0,t) Pt sinh k2t
01 (u,t) sinmu \?
1 —_ 1 1
°8 [(smwu)@’ ] Z S <smh k:7r2t> ]
Remark that since 64(u+ 3,t) = 605(u,t) then (12) may be expressed

k>1
O3(u,t) sin mu ?
03(0,t) H [1 B <cosh(k—|— é)w%) 1

k>0

. 2
sin T
log { } log | 1 <>
0,t kg() cosh(k + %)7?21?

o [ 20t] = S 14 (et |

k>0
Since 6 (u+ 1,t) =02(u,t) then (15) may be expressed

2(0,7) = (cosv) 0>(0,7) [[ [1 _ ( sin o )2]

Thus

log [9 } > log

k>0

By the same way

and

cos kmt
E>1
O2(u,t) cosmu \2
g | 200 ) g [y (o
o8 {(coswu)@’ 0,t } kz>1 o8 [ RSy ]

To prove this theorem we need the following

Lemma 3-2  The following functions are LCM (logarithmically completely mono-
tonic) for t > 0:

1 1 1
th(t
b1 1_et © ®), sinh(t)

Proof of Lemma 3-2 Recall that a constant function ¢(t) = o, a > 0 is CM as
well as for ¢(t) = e **, o> 0.

9



To prove that these functions are LCM we follow Chun-Fu Weil, Bai-Ni Guo [9]
who considered the functions

1
ettt —1

and their i nth derivative

di1 - d 1

(1) = (-1 () and Gi(t) = (1) 2 (r——)
where i =0,1,2,.... They proved that F;, G; are CM for all t > 0. But
1 1
F == =
o(t) ot — 1 and Go(t) 1 _ ot

are LCM for all ¢ > 0.
In fact, to see that, it suffices to prove that Gy(t) is LCM for all ¢ > 0 then Fy(t)
follows too, because we have

Go(t) = 1+ Fo(t) = €' Fo(t)

and the sum and the product of two LCM functions are also LCM. Consequently,

we have
et +1 t
1 +2F0(t) = ot —1 = COth§

is LCM for all t > 0 as well as for
1
sinh ¢

= 2" Fy(2t) = 2e "G (2t) = 27 (1 + Fy(2t)).

By this lemma we may assert that the following functions with respect to ¢t > 0
1
sinh(nn?t)
are LCM functions for n € IN. Since the product of LCM functions is also LCM,
it follows that the functions

1+< sin Tu >2 1+( COS T )2
sinh(k + 3)7w%t ) sinh(k + 3)w%t )

n sinmu \ 2 1+< COS U )2
sinh kw2t J sinh kw2t
are LCM. Thus, we prove by recurrence on k that their products are LCM.

. 04(u,t) Oa(u,t) O2(u,t) 01(u,t)
Therefore the 4 quotients ei(o,t) Gi(&t) 0?(0,:&) 9}1(0)“ are CM.

= 26"”2tF0(2n7T2t) = 26_"”2tG0(2n772t)

as well as

04 (u,t 01 (u,t
fﬁo,t; and (sin-rrlé)é'l)(o,t) are LCM.

The method that we use seems not run for the 2 other theta functions

The following gives an alternative proof that

Corollary 3-4  For any fized u real such that 0 < u from expressions (15) and
(18) we may deduce that

04 (u,t) 01 (u,t)

0.(0,t)" """ Gsinru)0](0,0)

are logarithmically completely monotonic with respect to t > 0.
10



Proof of Corollary 3-4 The above expansion (16) may be rewritten with ¢ =

6171'7'_6 w2t

e~ nT 2¢

O4(u,t) q" (sin mru)2 (sin nmu)?
1 =4 =41
o8 |:94(0, t):l Z 1-— q2n n Z e—2nm2t n

n>1 n>1

Os(u,t)] 1 (sin nmu)?
& [Gi(O,t)} =2 ; sinh(nm2t) n ’

By the same way (19) may be rewritten

1(u, t) } ) o (sinnmru)?
log [ = log(sinmu) 4+ 4 .
(O’ ) ( ) 712>:1 1- q2n n
Moreover,
e 2t (sinnaru)? B 1 (sin nmu)?
Z 1 — e—2nm?t n - Z e2nm?t _ 1 n ’
n>1 n>1
Then

2

01(u,t) 1 (sinnmu)
1 ————| =14
°8 [W(sin )0, (0, 1) ;1 2t 1 q

By Lemma 3-2 the following functions with respect to ¢t > 0

1
Sy = 26 Fal2n®t) = 267 G (2nm)
1 ) )
S 7 = Lo(@nmt) = Go(2nmt) — 1

are LCM functions for n € IN. On the other hand it is known that the set of LCM
functions is a convex cone. That means any combination with positive coefficients
of LCM functions is also an LCM function.

Therefore
1 (sm nmu)? (sin nmu)
d
Z sinh(nm2t) o Z 62"”2’5 n

n>1 n>1

2

are LCM functions.

Remark 3-5 1- Notice that the quotients Ziigg nd 32((’5 3 seem not to be

complete monotonic. Indeed, write
93 (uﬂ t) o 03 (ua t) 04 (Oa t) 02 (uﬂ t) o 02 (ua t) 9/1 (Ov t)

03(0,t)  64(0,t) 03(0,¢)"  62(0,¢)  0,(0,t) 62(0,1)
It is known [8] that

1 +q2n+1 9 1 9
1l ( o) H (coth7*(n + E)t)

n>0

02(0,1) (1+q2n>2 2 \2
= = coth mont)*.
11



By Lemma 3-2 the function u — coth(u) is complete monotonic for v > 0. Then

03(0,t) and 02(0,t) 04(0,t) 07(0,t)

94(0,0) 07(0,0) 95(0,0) and 900,0) "

are also CM, but not their inverse

Taking the logarithmic derivatives of the infinite products (11-14) one obtains
the following after replacing 7 = int

Corollary 3-6  The logarithmic derivatives with respect to t > 0 of the Jacobi
theta functions may be expressed

A A (2k + 1)[coth(k + §)7? t][sin wu)?

(u,t) — =2(0,t) = —7*
04 04 iso [sinh(k+ §)m? t]2 + [sin wu)?
%(u,t) B e—é(O,t) _ (2k + 1)[tanh(k + %2)7T2 t][sin 7u]?
03 03 =0 lcosh(k + §)m2t]” — [sin7u)?

where | Imu |< i,

01 4 2k[coth k72 t][sin 7ru)?

u,t) — =(0,t) = —r?
601 (u, ) 0} (0.9 =7 [sinh k72 #]* 4 [sin 7u)?
o5, A 5 2k[tanh k72 ¢][sin 7u)?
—=(u,t) — =(0,t) = —7
61 (u.1) 92( ) Z [cosh km2 t]* — [sin mu]2

k>1

where | Imu |< t.

4. SOME APPLICATIONS ON THE QUOTIENTS OF THETA FUNCTIONS

For u,v € C and 7 = int with Re t > 0, consider the quotient of theta functions
as follows
Gj (%, Z’/Tt)
Gj (%, Z’/Tt) '
In [6],[7],[10] one interested in monotonicity and convexity of these quotients. This
is related to the problem of completely monotonic functions.
A. Solynin and A. Dixit, [7],[10] proved the monotonicity of S;(u,v,t) = zzgz:g
More precisely they stated for fixed u,v such that 0 < u < v < 1, the functions
S1(u,v;t) and Sy(u,v;t) are positive and strictly increasing for ¢ €]0, co[ while
Sa(u, v;t) and Ss(u,v;t) are positive decreasing for ¢ €]0, col.
A. Dixit, A. Roy and A. Zaharescu [7, Th 1.2] proved for u,v such that 0 < u <
v < 1 the functions Sy (u,v;t) and Ss(u,v;t) are stricly convex for ¢ €]0, ool.
However, one conjectured [7, Conj 1.1] for u, v such that 0 < u < v < 1 the func-
tions %Sl(u,v;t),Sg(u,v;t),Sg(u,v;t) and %54(%1);75) are CM for 0 < t < oo.

S; = 8;(u,v,t) =

Many numerical calculus thanks to Maple suggest us that the odd and even
derivatives in t of log(S;(u,v,t)) (and not only S;(u,v,t)) have alternating signs.
Thus, one naturally may ask if quotients of theta functions are LCM (logarithmi-
cally completely monotonic).

This is precisely what we are trying to prove
12



Theorem 4-1 For fized u,v such that 0 < u < v < 1, the quotients of theta
functions S; := Sj(u,v,t) = b E"‘g, =1,2,3,4 are strictly LCM (logarithmically
completely monotonic) for some t > 0 verifying

2
T

t
sinh(%) > sup (sin(%),cos(7

)

. More precisely we have :
- for j = 2,3 inequalities (—l)k%(s

- for j = 1,4 inequalities (_1)k%<s

2) >0 hold for k =1,2,3...
) <0 hold for k =1,2,3...

Some consequences of Theorem 4-1 may be derived. At first, we find again the
following which has been proved in [7], [10]

Corollary 4-3  For fizved u,v such that 0 < u < v < 1, the functions Sy (u,v;t)
and Sy(u,v;t) are positive and strictly increasing for t > 0 while So(u,v;t) and
S3(u,v;t) are positive decreasing for t > 0.

Proof Notice that

0,108, 05 u 95 v .
a(sijaitj)(lhlht):é(g?t)_é(i? )7 .]:1727374
By Corollary 3-6 we derive
d,1 08 0 0}
515 5 (o 0) = 5HG 0 — g5 0)
_ (2k + 1) coth ((k + %) 7°t) (sin (7 %))2 @2kt 1) coth ((k + 3) 7°t) (sin ( %))2
i=o (sinh ((k+ 3) 721))” + (sin (7 5))° (sinh ((k + ) 72£))° + (sin (7))
B (2k+ 1) cosh (5 (2k+ 1) °t) sinh (3 (2k + 1) 7°¢) ((COS(W%)) — (cos (71'%))2) o
Zo (ot (b + 5) 720)) + (sin ( £))°] [(sinh ((k+ 2) 720))” + (sin (7 3))’]

Then %(E’g )(u,v,t) > 0. By the same way using again Corollary 3-6, we prove
%(%)(“»U»t >0, g(T)(“ v,t) <0, and %(83‘23)(u,v,t) <0..

The following extends Theorem 1.2 of [10]

Corollary 4-4 For fized u,v such that 0 < u < v < 1, the functions S; are
such that
- For any t > 0 the second derivatives gtzS (u,v,t) <0 for j =1,4.

- For any t > 0 the second derivatives thS (u,v,t) > 0 for j =2,3.

Proof We will show the result only for Sy. We will operate in the same way for
others §;, j =1,2,3,.
Derive another time the function %(é%)(u, v,t). We obtain thank to Maple

2 " ) 2



where
2

A== (cos (2 5)) (con (5 2+ 07 ) ) (cos (x5))
# (oos (r ) (cost (5 e 12) ) 4 (oos (v 2)) " (eos (v 3))
2 (oo (3 rrnre)) =3 (con (4 r )
(e (§ 2+ 070) ) (eos (v 3))
5o =2 (com (4 2k £ 1)7%0) —eos (v 5)) (cosn (§ @4 0%) eos (2 ) )
y (h (% @k + 1>7r2t> ~ cos (r ;))2 (h (é @k + 1)w2t) +cos (r ;))2

Here X > 1, (cos7v)? < (cosmu)? < 1.
B is a square and Maple shows that A is non negative.

2 %5y 25
Then %(S%%)(u,v,t) = ‘9542 - (- ) < 0. As well as at2S (u,v,t) < 0.

5. CONCLUDING REMARKS 4-5

1 - Tt seems that the hypothesis sinh(”5* ) > sup (sin(%?), cos(%?)) is super-
fluous and that we can extend Theorem 4-1 for t > 0 as confirmed by calculations.
It is clear we should use another approach to get around this obstacle. Recall that
Corollaries 4-3 and 4-4 confirm this fact.

2 - As we have seen before by the result of S.N. Bernstein and D. Widder we
may deduce that :

- there exists a non decreasing function w; such that S;(u,v;t) = [~ e dw;(u)dv
for j =2,3 and 2.5;(u,v;t) = [;° e "dw;(u)dv for j = 3,4.

- there exists a non- decreasmg function w; such that % (“ t) = [, eV dw;(u)dv for
j=1,2,3,4.
3 - Since every Stieltjes transform f is a LCM function, in the sense that

fy=a+ [

s+t

where «a is a non-negative number and g a non-negative measure on |0, ool
0
4 - Among the interesting questions that may arise; what possible applications
of this new property of theta functions which yet are very well known? are there
other functions of the same type sharing this property of monotonicity? Concerning
the second question we may have an answer. For example the sigma functions of
Weierstrass

It is natural to ask if the quotients

and S;(u,v;t) share this property.

nz2 Oa41(v)
9a+1 (0) ’

oa(z) =e a=1,2,3

14



where (see [11] p.473) z =2wv, T = %, and
0///(07 7_) q2n 1
SR s KUER V) Y SR ) V) N E——
K 12w6'(0, T) 1; (1 —¢?")2 7;1 (sinhnm?t)?

When w =1and 7 = w' = int we then deduce from Theorems 3-1 or Corollary
3-5

Corollary 4-6 The sigma functions of Weierstrass co(z), a = 0,1,2,3 such

that w = 1 and n:*%

functions with respect to t > 0.

are logarithmically completely monotonic as

6. PROOFS

6.1. Proof of Theorem 2-1. We shall compare different trigonometric expansions
for the theta functions. This will allow us to establish the expression of the coeffi-
cients.

1- Expansion of 64(v, )

By (3) we have
(sin nmv)?
1—¢?n n

04(v,7) = 04(0,7) exp 42

n>1

Comparing the latter with the expansion

O4(v,7) = 04(0,7) exp 4202p(7)(sin77v)2p
p>1

one derives the following

Lemma 2-2  The coefficients cz, defined above may be written as

1 1 P P
czp(T):_iz(sin(k‘wL%) :_72 { 1- zkﬂ) } .

p k>0 k>0

In particular, we have

1 64(0,7)
—4 —
Z 2" = on2 04(0,7)

n>1

Proof of Lemma 2-2 It is enough to express cos(2na) in terms of sin « as

-1

(=D™ o an L N 4kt 2n (2n—k+1 . \on_2k—2

cos(2na) (2sin )" + kz:%( ) ol B (2sin )
n +p ) 2p _ 2p
=n Z (2sin @) Zbgp n(sin @)
0<p<n TL p) p=0
where
ban.n = (71)”22"71; bon =1; and bap, = (fl)pZQPL (n tr- > forn # p.
’ n—p\n—p—1

15



It can also be rewritten
—1)P —1)!
bapn = n T Dloy < pam
(2p)!(n — p)!

Furthermore, we may use

og 94 (v, 7) nyn — QZ% cos(2nv) ZCQP (sin 7o) 2’"

n>1 p>1

n

v
n(l—gq*)
So, we obtain the relations

q" n+p-—1
Cop= =2 nbrpn = —(~1)2 ”{vpbzpﬁz)(lqzn)(npm'

where v, =

n>p n>p
Therefore
eap = —2(—1)p22r 1L (Cqyprigzet 3 <m+p B 1) a- .
: 1— g% s \m—p—1/(m—p)(1-¢m)
ie.,
22p+1 —1)! n
en(r) = (-1pr 2o S AR
p)! & (n—p)! q
In particular, for p =1,
m qm
calr) = 2 ( ) -
Z\m—2)m-Da—¢m)
and
nq"
car) =27 5 +4 Z 42(1_(]271)'
m>1 n>1
Thus,
1 6/(0,7)
=4 = _—_ 4\
©2= ngl q2") 272 04(0,7)
We have also ) )
= 593(0,7)%(0,7) + 362
These series c,(7) can be expressed as
(2p)! (n+p—1) q" n+p—1 n
et e = T e W
2% (n—p)!
n>p n>p k>0

S (n+p-— g = 3 g2kt p 3 (n+p-— 1)!q(2k+1)(n—p)
— —
k>0,n>p (n p) k>0 n>p (Tl p)
_ ng<q2k+1),
k>0
where



Now using the notation
2p)n =2p(2p+1)....2p+n—1), then (m+2p—1)=(2p),(2p—1),

and one gets

: ),gp(z) =z’ Z (QP)mZm.

(2p—1)! = (m)!
However, we know that
p
P m S P (D _ z )
Z =z 2 1( p,Oé,Oé,Z) (1_2)2p
m>0

%wﬁwm—mﬁé%g

As a result, after replacing we derive the expression

2 2p+1 2k+1 i 22p+1 q(21€+1)p
cop(T) = o)l ng (=1)P % (1— g2+ )2
k>0 E>0
Finally,
22p+1 q2k+1 r 1 1
eaplr) = (-1 ( ) -y .
b 2p kzzo (1 — g?kt1)2 p g (sin(k + 3)mT)?P

2- Expansion of 03(v, 7)
This function is related with the preceding by two manners, [2], [11]. Under the
action of the modular group I'(1) in changing v by v+ 1 or 7 by 7 4+ 1 we find the
relations

Os3(v,7) = 04(v, 7+ 1) =04(v+1,7)

We then deduce expressions for 03

2p
0y(0,7) = a0+ 17) = 040.7) exp |~ 33 2 (i)

p>1 k>0

03(v,7) = 4(v, 7+ 1) = 04(0,7 +1) exp [~ DY - (smﬂv)))

p>1k>0 P (cos(k +
sin v 2
— 0,(0,7) exp ()
;kzx) (cos(k + L)m7)
1 in
On the other hand | I'mwv [< 5Imt implies | m |<1
and | W |< 1.
Moreover we may prove
2k:+1 1 9//(0)
1) =—4 — 2
T + Z 1+ q2k+1 27r2 05 (O)

k>0

The proof of Theorem 2-1 is then achieved.
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6.2. Proof of Theorem 2-3. 1- Expansion of (v, 7)
We will proceed as before. Consider (3)

)"q2" (sin n7v)?

2n n

O2(v,7) = 02(0,7) exp |log(cosmv +4Z

n>1

Comparing the latter with the expansion

O2(v,7) = 02(0,7) exp ngp(T)(sin mw)?P

p>1

one derives the following

Lemma 2-4  The coefficients da, defined above may be written as
1 1
d = —— _—
20(7) D kz>1 (cos kmrT)?P

In particular, we have

¢ 1 04(0,7)
42 (1 —q2” T 272 0,5(0,7)

n>1

Proof of Lemma 2-4 Take again the expression of cos(2n«) in terms of sin «

as
n—1
-1 2 2n—k+1
COS(QTLOL) — %(2 sin a)2n + I;J(l)n+k+lk—'_nl< n . + )(2 sin a)2n72k72
1 1
=n ( 2) (;n“+p ; ) 2Slnl’ Zbgpnslna
where
bongn = (—1)"2%" " Libg, =1 and by, = (—I)PZQPL (n TP ) forn # p.
n—p -—p—
(—1)P(n+p—1),
=n 2P for 0<p<n.
(2p)!(n — p)!
Consider the expansion
Oa(v, T) " (sin(nmv))?
I =1 4 —_1\"
% 6,(0,7) og(cos(mv)) + nz;l( 1— g2 "
=2 Z Y, — 2 Z Yn cOs(2nv) = Z dap(7)(sinmv)
n>1 n>1 p>1
—1)" 2n
where ~, = %
n(l—q*")

So, we obtain the relations

(-1)"¢*"  (n+p—1
dop = —2 nbapn = —(—1)P2% | yb —_ .
2p ZW 2p, (1) {Vp 2pp+z (n— p)(l—qQ")(n—p—l
n>p n2p

18



Therefore

m 2m
d2p = _2(_1)1722;0 19 p+122p+1 Z (m +p— 1> ( (_1) q

1_ g2p oy _ — 2m)
=g " oz \m—p—1)(m—p)(1-g¢>")
ie.,
2”+ n+p*1 (=D)mg*"
dap(7) = (-1 .
! g (1—¢°)
In particular, we have
n 2n

—y AL

n21

These series dg,(7) can be expressed as

O o ) (e e LU
(1) (1) = Y0

2
) = 2 T -
= (n p)! =

_ Z (-D*(n+p-—1) g2hnren — Zq(2k+2)p Z (=1)™(n +p‘* 1)!q(2k+2)(n—p)
oy (n—p)! = = (n—p)!
= 0p(q®T?) = g(2),
k>0
where

6(2) = 3 (-1 w _ Y (- wzm_

|
n>p (TL p m>0 )

Now using the notation
2p)n =2p(2p+1).....2p+n—1), then (m+2p—1)!=(2p)(2p—1),
and one gets

ey G
(2p—1)! - ngo (m)! '

However, we have

gol2) = (2p - D12

We then derive the expression

+1 (217 2k+2 ( q
( l)P 922p+1 2p ’;Og =(2p-1)! (1+q2k+2)2p

2k+2)

22p+ 2k+2)p

22p q(
dop(7) = Pt WO G
l 2k+2)2
'k>0 p k20(1+q )p
19




Finally,

221) q2k+2 p 22p 1 p
dQP(T):_iz < 2kt2 2> :_Z< “(kt1 ) 2)
p Sy \(L+¢**2) P 5o \(g W 4 gt )

1
op ]g (cos(k + 1)mr)?p

2- Expansion of 6; (v, 1)
This function is related with the preceding by changing v in v + 1, [B], [W-W]:

7) = exp(im)f2 (v + 1 T

1
O1(v,7) = —02(v+ = 5 )

2 )
We then deduce a first expression for 64

2p
01(v,7) = —02(0,7) exp |log(sinmv) ZZ ( oS TY ) . (21)

cosknmt
p>1 k>1

To obtain the other expansion we start from (6) and we proceed as above

01 (v, 7) = w01(0,7) exp |log(sinmv) + Z

n>1

2n 2

(sin nmwv)

n

Comparing the latter with the expansion

61(v,7) = m01(0,7) exp Zegp )(sin 7rv)?P
p>1

one derives the following

Lemma 2-5 The coefficients ea, defined above may be written as

1 1
(1) == 2 Gk

k>1

In particular, we have

_ ng*" L 07(0,7)
) =42 T 2 0.0)

We may demonstrate this lemma exactly with the same techniques as those used
for the proofs of Lemma 2-2 and 2-4.
On the other hand | Imv |< Im7 implies | Sy |<1 and | i 1< L

The proof of Theorem 2-3 is then achieved.

6.3. Proof of Theorem 4-1. Starting from relations (7-10) we find the following
expressions for S;(u,v,t).
(7) implies

log S4(u,v,t) = log [94(%,15)} — log [04(%715)} = log [0044((%:;))} —log [Z(((g):zf))]
sinmy » (—1)P sin »
- I; kz>0 ( (sinh(k + %)W%)) e Z; kg% P <(sinh(k + §)7T2t)>

20



Thus

sinm¥)?P — (sinm%)%
log Sy(u,v,t) ( 2 2 . (22)
; kz>0 (sinh(k 4+ %)WQt)QP
By the same way (8) implies

log S3(u, v, ¢) = log [93(5,@} ~log [@(%,t)]

-2 Z ( smhizs-:ib)ﬂzt» -2 Z ( Slnhfzsfi)wzt) ) 2

p>1k>0 p>1k>0

Thus

cosmY)?P — (cosmY)?P
log S3(u, v,t) 2 > . 23
og S3(u, v, Z Z ( (sinh(k + &)m2t)2r ) (23)

p>1k>0

(9) implies

log S (u,v,t) = log [m}—lo { (;2’ t))]

= log(sin ) |-~ D " s ((siii;l Zf?t) > ’

p>ik>0 P

. v 2p
sinmg
log(sm 2 Z Z < sinh k7r2t)>

p>1k>0
sinT¥ (sinm§)? — (sinmy)?
log S =1 2 2 2 24
0g S1(u,v,t) Og(snm;> +ZZ ( (sinh k72t)2p -
p>1k>0

By the same way (10) implies

o) = log (S273) 4 3o 30 L7 (i loaril™y

p>1 k>0

Notice that since © < v < 1 then we have

(cos W%)Qp — (cos 71'%)27’ <0, (sinﬂg)Qp - (sinﬂg)zp > 0.

We have also log (:i:?) < 0 and log (CO”%) > 0.
2

U
COS T35

Prove now that S4(u,v,t) is LCM. Rewrite

sinm )4 — (sinﬂ%)‘lp
log S4(u,v,t) ZZ ( (k1 1)n20)

p>1k>0

1 (sinmg)P=2 — (sinml)P—2
2p — 1 (sinh(k + &)m2t)?»

Z (sinm§)? — (sinwg)*” (sinmg)®"? — (sinmg)*r—?

= (sinh(k + §)m2t)%=2 | 2p(sinh(k + §)72t)? 2p—1

21
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=2 > Ghr-1  (GgEhre-1
p>1 50 ( ﬁnh )w2t)4=2 | 2p(sinh(k + $)72t)2  (2p —1)(sinm¥)? |’
We will show that the bracket

sin 7 4 sin 4 2
() -1 e

{Zp(smh(k +Or2)2 (2p - 1)(sinmg)?

is non-positive. Consider for that the following function

(b1)

(2x — 1)(sin7'r%)2 (z:;l:g -1
20 (Sinﬂ'% )4x_2 _1

53 w
sin 7 4

l(x) =

We may verify thanks to Maple that [(z) is increasing as a function with respect to
x, and then the following inequalities hold : (1) < i(z) < 1(c0). i.e. :

. o (SnTgy4 - 2 (SRIgyde
(sin7y) (STnﬂ%) 1 < (22 —1)(sin7g) (.sm:%) 1 < (sinﬂg)z.
9 (sm775 )2 _1 2x (311'171'5 )4x—2 -1 2

in T L Sin T X
bll’lﬂ'2 blnﬂ'2

Therefore we may assert when sinh(372¢)? > (sin7%)? > (sin7g)? then

3 v\4 = u\4
2> 2p—1 (sinmg)? — (sinmy)*?

. h(l 9
sinh(=m )
T 2p (sinmg)?P2 — (sinmg)ir—2

2
Thus the bracket (b1) is non-positive for all integer p > 1. This means that
log S4(u,v,t) may be viewed as a polynomial of W with negative coef-
ficients.
We proceed exactly with the same manner to establish that log S;(u,v,t) may be
viewed as a polynomial of m with negative coefficients.
Turn out to the other quotients. We rewrite

cosmL)4P — (cos )4
log S5(u, v, 1) 2) )
0og 3 u, v, Z;kzm ( 51nh k+ ) 2t)2p )

1 (cosT3)P2 — (cosmy)*P—2
2p—1 (sinh(k + 1)m2t)2»

2

Z Z cosw2)4p {
p>1k>0 (sinh(k + §)m2t)%=2 | 2p(sinh(k + §)72t)2  (2p — 1)(cosmy)? |’

o U ity

We will prove that the bracket

(cos7r )4]) 1 (cos7r§ )4p72 1
cos T4 _ \cosmy (bg)
2p(sinh(k + 3)72t)2  (2p — 1)(cos )2

is non-negative. Indeed, the following function
u COSTH VAx _
(2x — 1)(cos71'§)2 (Cosﬂé) 1

2r COSTE \gp_ 9
(COSTI'%) -1

m(z) =

22



is increasing and the following inequalities hold

COST 5 \4 COS T 5 \ 4
(cosT¥)? (Cosﬂé) -1 (22 —1)(cosm¥)? (Comé) -1 V.
0 < T < (cosm=)=.
2 (cos7r2)2_1 2 (COSW2)41—2_1 2

cos Ty cos Ty
We may assert when sinh(372¢)? > (cosm%)? > (cosm%)? then
2p—1 (cosm¥)* — (cosm¥)*P

2p  (cosmy)4P=2 — (cosmy)tr—2’

1
sinh(=72t)% >
2
Recall that since u < v <1 then cos(7%) > cos(7).
Thus the bracket (b2) is non-negative for all integer p > 1. This means that
log S3(u,v,t) may be viewed as a polynomial of W with positive coef-
ficients.
We proceed exactly with the same manner to establish that log Ss(u, v,t) may be
viewed as a power series of m with positive coefficients.

On the other hand we refer again to Lemma 2-2. Recall that the functions
m are LCM functions for n € IN — {0} with respect to ¢ > 0.
Moreover, any combination with positive coefficients of CM functions is also an CM
function.
We have seen that
(—1)P ((sin7wg)* — (sinw¥)? (—=1)P ((sinm¥)? — (sin7w¥)?P
Z D ( (sinh(k + §)m2t)?» )’ Z p < (sinh(k + §)m2t)% )

p>1 p>1

> with negative coefficients for fixed

. 1 1
are series power of Gnh(et w202 O b krZe)

k. Then we deduce by recurrence on k that log Sy(u,v,t) and by the same manner
log S1(u,v,t) are CM. While we have seen that

SV ((cosw“s)% - (coswzﬁp), SV <<cosw;f>2p - <cosw;>2p>

D (sinh(k + )m2t)% D (sinh km2t)2p

p>1 p>1

is a power series of &N iﬂz DL with negative coefficients for fixed

1
(sinh(k—i—%)w%)2 or
k. Then we deduce by recurrence on k that —log Ss5(u,v,t) and —logSa(u,v,t)
are CM.

The proof of Theorem 4-1 is then achieved.
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