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Nanoscale Spatial Resolution in Far-Field Raman
Imaging Using Hyperspectral Unmixing in Combination
with Positivity Constrained Super-Resolution

Dominik J. Winterauer'?*

Tim Batten', and Bernard Humbert?

Abstract

, Daniel Funes-Hernando?, Jean-Luc Duvail?, Said Moussaoui®,

This work introduces hyper-resolution (HyRes), a numerical approach for spatial resolution enhancement
that combines hyperspectral unmixing and super-resolution image restoration (SRIR). HyRes yields a
substantial increase in spatial resolution of Raman spectroscopy while simultaneously preserving the
undistorted spectral information. The resolving power of this technique is demonstrated on Raman
spectroscopic data from a polymer nanowire sample. Here, we demonstrate an achieved resolution of
better than 14 nm, a more than eightfold improvement on single-channel image-based SRIR and
25x better than regular farfield Raman spectroscopy, and comparable to nearfield probing techniques.
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Introduction

Raman spectroscopy is an important characterization tool
for nanomaterials and nanocomposites due to its sensitivity
to chemical, vibrational, and electronic proper‘ties.I Far-field
Raman spectroscopy is an optical technique and its spatial
resolution is bounded by the Rayleigh criterion 0.61\/NA
(0.44)./NA) in wide field (confocal) illumination, limiting the
scope of its application.” Nanometric resolution in Raman
spectroscopy can be achieved by conducting more complex
near-field techniques and tip enhanced Raman spectros-
copy.”® The gain in resolution, however, comes at a large
experimental cost and has limited applicability to a small
range of samples. In addition, the spectral response of the
sample material may get distorted by the plasmonic inter-
action, often in an intricate and nonlinear fashion, which
makes chemical analysis of such data challenging.”®

Purely numerical approaches to resolution enhancement
come without these drawbacks. Significant resolution
enhancement has been achieved using super-resolution
image restoration (SRIR) on single band/channel Raman
images,”'? which have been improved using a multi-
band/-channel approach.>'?

In this work, we introduce the hyper-resolution (HyRes)
framework for spatial resolution enhancement in hyper-
spectral imaging. HyRes is a combination of hyperspectral
unmixing (HU) and SRIR and follows three steps:

|. Factorization of the raw data into spectral signatures and
concentration maps* using HU,

2. Independent SRIR of the concentration maps obtained
through HU,

3. Remixing the high-resolution concentration maps with
the spectral signatures obtained through HU.
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The result is a hyperspectral data cube with enhanced
spatial resolution in all single channel images.

The first two steps of the HyRes concept are identical to
previous work;I3 however, in this work, we present a fresh
methodology. A method named bounding hyperplanes (BH)
is introduced as an efficient HU tool that yields largely non-
negative concentration maps suitable for SRIR post-proces-
sing. BH is a hybrid method belonging to both the rotation
of principal components"“I5 and the simplex volume'®'”
family of HU methods.

The SRIR step is performed by interior point least squares
(IPLS) with a pixel-wise non-negativity constraint.'®
The non-negativity constraint ensures that the resulting
high-resolution concentration maps can be interpreted as
physical/chemical concentrations and also allows for a solu-
tion of the ill-conditioned, and potentially ill-posed, image
restoration problem without an explicit regularization
term.'?

The utilization of methods that enforce non-negativity in
both the HU and SRIR step of HyRes yields physically mean-
ingful single spectra and single-channel images in the high-
(spatial)-resolution hypercube resulting from HyRes’ final
remixing step. Analysis of the resulting single-channel
images provides a means to quantify the spatial resolution
gain brought by HyRes.

As HyRes is a combination of methods from different
fields, it can be approached from different perspectives: (i)
It generalizes the multi-band approach® to cases where dis-
tinct objects on the sample consist of materials whose
spectral responses do not necessarily have mutually discri-
minating peaks but are distinguishable via HU. (ii) Faithful
HU with respect to the chemical components of the sample
allows for independent SRIR of all super-images containing
spatial information; joint SRIR,'*?® and the complexities
involved with it, can be avoided. (iii) Pansharpening?' ™ is
not required as high-resolution images are extracted from
the hyperspectral data alone. (iv) HyRes appends SRIR to
HU."* (v) HyRes is based on super-resolution optical fluc-
tuation imaging (SOFI)** with temporal variations replaced
by spectral variations.

The power of the approach and methodology were
demonstrated on Raman spectroscopic data from a
bundle of nanowires made of poly-(3,4 ethylenedioxythio-
phene) (PEDOT).” The HyRes methodology of this paper
resulted in an order of magnitude better spatial resolution
than past works on SRIR of Raman data’'? and a 25x
enhanced spatial resolution when compared to the raw
far-field data.

Sample Data

Sample preparation, acquisition of sample data and the
Raman microscope’s response function, and single channel
super-resolution are described in detail in previous
work.'>* The PEDOT nanowires have diameters of

(100 £ 10) nm. The Raman microscope’s response function
is a 2D Gaussian with full width half-maximum (FWHM) of

FWHM, = (476 & 12) nm (la)

FWHM, = (363 & 16) nm (Ib)
in horizontal (FWHM,) and vertical (FWHM,) focal plane
direction, respectively. The Raman map pixel size was
20 nmx 20 nm. The best minimum resolvable distance
achieved by single channel SRIR at 1437 cm~' Raman shift
(Stokes) was 113.2 nm."?

The Hyperspectral Observation Model
Hyperspectral Mixing

The Beer—Lambert absorption law directly translates to the
linear mixing model (LMM) for hyperspectral data®®

X =SB (2)

where the columns of S € RE*? are the spectral signatures
at L spectral channels of the p spectral components and the
rows of B € R"*N are the corresponding concentration
maps. The resulting hyperspectral data X € RN can be
regarded as a collection of either N spectra (at L spectral
channels) or L (vectorized) single channel images (with N
pixels).

Imaging by a Detector

The hyperspectral data X of Eq. 2 is usually detected by an
imperfect device of finite resolution. Consequently, the
observed single channel images Y € R"*M result from the
underlying ground truth X (Eq. 2) via filtering by the detec-
tor’s response function H € R"*N*M ‘which is sufficiently

described by an affine transformation'®?’
N
Yij= in,kHi,k,j +E;j (3
k=1

where the error term E € R"*™ accounts for any non-

deterministic detector response occurring while measuring.
As the detector’s response function is allowed to vary
between different spectral channels, we resort to an
index notation for clarity.’

Plugging Eq. 2 into Eq. 3 then yields

N P
Y=Y > SiBHi+E; (4)
k=1



The consequences of Eq. 4 are quite far-reaching. The
spectral dependency of the spatial detector response intro-
duces an additional mixing between the spectral and spatial
degrees of freedom beyond the LMM of Eq. 2. In its most
general form, Eq. 4 is prohibitive of the HyRes approach
introduced in the introduction as HU of such a model will
become either too computationally costly or too
inaccurate.

In the specific case of Raman spectroscopic data, how-
ever, one can assume that

Hij« ~H Vi %)

i.e. the spatial detector response is approximately
identical for all spectral channels (see Supplemental
Material for details). If the assumption Eq. 5 holds, Eq. 4
becomes

p N
= Z S Z B.«Hy; +E; (6)

I=1 k=1

and the effects of hyperspectral mixing and imaging com-
mute. By setting

C=BH (7)
and dropping indices, Eq. 6 becomes
Y=SC+E (8

which is the standard form of the LMM found in analytical
chemistry, remote sensing, and many other fields con-
cerned with multivariate data processing.'’?

The observation model Eq. 6 allows for a straightfor-
ward application of the HyRes scheme. S and C of Eq. 8
can be estimated via blind linear hyperspectral unmixing
(BLHU). Estimates for B can be obtained via SRIR of the
estimates C and in combination with an estimate of S an
estimate of X can be found.

Hyperspectral Unmixing with Bounding
Hyperplanes

The Rotation Ambiguity

Given an observation model for a hyperspectral data set,
HU is concerned with estimating the free parameters of the
observation model. For the LMM of Eq. 8, the free par-
ameters are the characteristic spectral signatures S, the
concentration maps C, and potentially the number of
materials p. BLHU is HU of an LMM without knowledge
of both S and C.

An intriguing property of BLHU is that given a pair of
estimates S and C another pair of estimates S’ and C’ can

be found with the help of an arbitrary invertible p x p
matrix R

S =SR' (9a)
C =RC (9b)
Multiplying the new estimates yields

SC =SR'RC (10a)
—-SsC (10b)

so the pairs S and C, and §' and C' are equivalent descrip-
tors of the observation Y of Eq. 8. The rotation ambiguity
Egs. 10a and 10b allow for uncountably infinite optimal
estimators for the LMM of Eq. 2 which is the reason
behind the vast number of methods, even of classes of
methods, for BLHU.?**°

While Egs. 10a and 10b are prohibitive of a unique least
squares optimal solution, it is extremely useful from a prac-
tical point of view. Given any pair of estimates S and C, a
new pair of estimates S’ and C' with the _same predictive
power can be found. The new estimates S and C’ might
then show desirable properties such as non-negativity not
exhibited by the original estimates Sand C.

Dimensional Reduction Using Principal Component
Analysis

The first step in the method of BH is to find an initial pair of
optimal estimators S and C. Principal component analysis
(PCA) yields a least squares optimal low-rank approxima-
tion to the observed hyperspectral data matrix Y.2'733 If
the elements of the error term E are zero-mean independ-
ently and identically distributed (i.i.d.) with finite variance,
then PCA also yields a least square optimal estimation of
the subspace spanned by SC in Eq. 2 for any given rank p.>*
PCA for BH calculates the eigenvectors {5} and -values {i}
of YY'. There is some debate whether to mean-center the
data Y or not. For details, we refer to the literature.>3

The scores and loadings returned by PCA constitute the
initial estimates S and C, respectively. Further, the variance
explained allows for an estimate of the rank p of the data
matrix Y, the number of components.

Figure | shows the linear and logarithmic variance
explained for each component in decreasing order. As the
variance explained by discriminatory components can be
orders of magnitude smaller than the variance explained
by common factors, a plot of the logarithmic eigenvalues
(Fig. 1b) is often more revealing than a plot of the bare
values (Fig. 1a). A simple heuristic to estimate the rank p
is then to observe which logarithmic eigenvalues are signifi-
cantly above a potentially linear baseline.>*3¢ For the pre-
sent data, there is a clearly visible cut-off at p =2 (Fig. Ib).
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Figure I. Eigenvalue spectrum for YY: The (a) bare and (b) logarithmic eigenvalues are plotted in decreasing order of magnitude.
If the data Y has rank p, the eigenvalue spectrum should be flat for indices > p. Because the variance explained of common and
discriminatory factors can vary by orders of magnitude, the true cut-off index is better visible on a logarithmic scale (b).

For more elaborate methods of rank estimation, we refer
to the literature.>*

Rotation of Principal Components by BH

The loadings S and scores C estimated by PCA are uncorre-
lated, i.e. the columns of S are mutually orthogonal and so
are the rows of C. While uncorrelatedness may be desirable
from a statistical point of view, physical models of hyperspec-
tral data are normally only meaningful if C > 0 is satisfied.

The biplot in Fig. 2a showing the first and second PCA
scores reveals that the first score values are largely non-
negative, while the second score values are distributed sym-
metrically around zero. Similarly, the first PCA loading can
be interpreted as a PEDOT Raman spectrum, while the
second PCA loading is hard to interpret on its own, Fig. 2b.

Simplex geometry considerations for hyperspectral
(un-)mixing state that linearly mixed hyperspectral data
with p linearly independent spectral components must be
confined to a p simplex, with one vertex being the dark-
point of the instrument and the other p vertices the spectral
signatures of the constituent components.'® The simplex
structure remains intact after transformation and dimen-
sional reduction, given that the resulting space is not orthog-
onal to any of the constituent spectral signatures.TT

The scores in the biplot Fig. 2a are indeed confined to a
two-simplex, i.e. a triangle, with the vertex at the origin
being the dark-point of the Raman microscope. The pos-
ition of the spectral signatures can be found by exploiting
the simplex structure of the scores. The spectral signatures
are along the sides of the enclosing triangle that pass
through the origin. Simplex volume techniques such as
n-FINDR,*” vertex component analysis,38 and simplex iden-
tification via split augmented Lagrangian®’ recover the sim-
plex vertices directly, whereas simplex facet techniques

such as hyperplane-based Craig-simplex identification
(HyperCSI)* and facet component analysis*' recover the
vertices via the facets of the simplex enclosing the data.
These techniques®” ™' have been developed specifically
for sum-to-one constrained data, i.e.,

C'l, =1y (1)
where | denotes the k-dimensional column vector with all
entries equal to |. If a sum-to-one constraint does not hold,
it has to be enforced via projection, which either increases
the noise level in the data or decreases the number of data
points on the simplex surface.*8*!

BH is specifically for data that are not sum-to-one con-
strained. It finds the p hyperplanes through the origin (dark-
point) bounding the data after dimensional reduction to p
dimensions. The net effect is that the coordinate system is
rotated such that the new coordinate axes are aligned with
the bounding hyperplanes (see Figs. 2a and 2c). This defines
R of Eq. 9b up to an arbitrary linear scaling which is chosen
such that C'<I. With a proper choice of sign, the bulk of
the rotated scores will be transformed to the nonnegative
orthant (Fig. 2c).

Both the presence of noise and small deviations from
exact linear mixing (Eq. 2) push some scores outside of
the ideal bounding simplex.™ Consequently, one has to
allow for —e< C’ for an e>0 and search for hyperplanes
that are not strictly bounding the data.>**' BH uses a
noise-robust method for fluorescence background removal
for bounding hyperplanes identification.*” In turns, each of
the p reduced dimensions is assumed to be a quantity
dependent on the remaining p—1 dimensions. Finding
upper and lower bounding linear backgrounds in the p— |
independent dimensions then identifies the bounding hyper-
planes (Fig. 2a).
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The spectral signatures resulting from BH shown in
Fig. 2d are both non-negative and each can be interpreted
as a variant of PEDOT spec'cra,43 which is a strong indica-
tion that the spectral signatures were estimated faithfully.

BH Pre- and Post-Processing

For dimensional reduction, BH resembles methods from
the rotation of PCA family,'*** but BH can also be used
in conjunction with other dimensional reduction techniques
such as maximum noise fraction®* or hyperspectral sub-
space identification by minimum error (HySime).*

For a strict enforcement of nonnegativity, the BLHU
results S and C’' from BH can be post-processed with
nonnegative matrix factorization (NMF) techniques (pos-
sibly at the expense of least-squares optimal data
fidelity).*—2

Super-Resolution

Since only estimates C' of C are available, the LMM of Eq. 7
has to be slightly modified to include an estimation error E’
in the SRIR forward model

C =BH+F (12)

Further, we require that obtained estimates B for B

fulfill §z0. The sought-after estimate B is then the solu-
tion of the following SRIR optimization problem

o~

B:argn’gnHe/—BﬁHi (13a)

st. B>0 (13b)

Equation 13b can be solved for each of the p rows B, . of
B independently, i.e. in parallel, using IPLS. IPLS is an itera-
tive method that performs a full or partial Newton step in
the primal variable B; . and a dual variable A € R" towards

the perturbed Karush—Kuhn—Tucker optimality conditions

2ﬁ(é;,: - B,«,;ﬁ)T =0 (14a)
) oBi. = (14b)
B. >0 (14¢)
A>0 (14d)

for a perturbation parameter p, > 0 at iteration k. Ly is
updated at each iteration in a non-increasing fashion such
that , — 0 as k — oo. Details on how to determine the
detector response H and how to implement IPLS can be
found in previous work.'*'8



Results
SRIR of Concentration Maps

The concentration maps shown in Fig. 3 were super-
resolved via IPLS. SRIR was performed for upsampling fac-
tors of | x | and 2 x 2 resulting in pixel sizes of
20nmx20nm (20nm’ for brevity) and 10nmx10nm
(C10nm’ for brevity), respectively. Upsampling does not
necessarily enhance resolution, but it increases the sharp-
ness of the resulting image, as becomes apparent by com-
paring images from Fig. 4 with different pixel sizes.

The sharpness of a super-resolved image is only a lower

bound to, but no estimator for, the minimum resolvable
distance.'” It can become a source of high resolution
when multiple super-resolved images are combined into a
single high-resolution image.
__ The super-resolved images of the concentration maps
C/l.: and Cz,: in Fig. 4 show a nanowire-like structure
each which is very desirable for data from a nanowire
sample. An AFM image of the sample area, which is shown
in Fig. 4b of previous work,'? indicates that two PEDOT
nanowires cross the sample area. Therefore, unmixing two
chemical components whose high-resolution concentration
maps show nanowire-like structures is both satisfying and
reassuring.

The super-resolved concentration maps of the second
component C;,;v Figs. 4b and 4d, also show a little feature
set apart from the nanowire-like structure. Such a feature
can arise from a PEDOT nanoparticle, e.g. a nanowire
debris, or a local deformation of the nanowire that is inter-
preted as a separate feature by SRIR. Further, it may also

arise from interactions between the two nanowires,
(a)
0
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c c
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although this would result in additional spectral compo-
nents rather than SRIR artifacts.

Remixing the High-Resolution Data

The high-resolution concentration maps in Fig. 4 represent
the estimate B of the high-resolution concentration maps B
in the hyperspectral imaging model of Eq. 6. An estimate X
of the high-(spatial)-resolution hyperspectral data cube X
can be recovered via Eq. 2

X = BS' (15)

Like the low-resolution hyperspectral data cube, the
high-resolution data cube can be sliced in the spectral
domain to obtain high-resolution single channel gray-scale
images.  Choosing the channel of  maximum
intensity at 1437 cm™' (Fig. 2d) results in the images
shown in Fig. 5.

Estimation of Achieved Resolution

The resolution in Figs. 5a and 5b can be inferred by inspect-
ing the sections labeled S| and S2 across both nanowire
components shown in Fig. 5. The minimum distance at
which the nanowires remain distinguishable is then identi-
fied as the minimum resolvable distance. Since the nano-
wires have finite width, we use their edge separation as a
distance measure for resolution purposes. Because their
edges are blurred, we define them to be at | /e ~ 0.368
times the respective peak intensities.

(b)
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Figure 3. Images of concentration maps: (a) Distribution of first (C.) and (b) second (C;.) rotated PCA scores on sample area.
The two concentration maps were extracted from a single hyperspectral data set.
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Figure 5. Recombined super-resolved images at 1437 cm™' for (a) 20 nm and (b) 10 nm resulting pixel size. The recombined
images are obtained via a weighted sum of Figs. 4a and 4b, and Figs. 4c and 4d, respectively. The weights are given by the intensity
of the respective rotated loading (Fig. 2d) at the given wavenumber. Line profiles along the sections S| and S2 for both figures are shown
in Fig. 6.



The smallest resolvable distance can be found along sec-
tion S2. While the two nanowires are unresolvable in the
20 nm image, they are clearly resolvable in the 10 nm image,
with an edge separation of less than 14 nm, below the pixel
size of the raw data. If the component information was
retained during remixing, distinct objects could be resolved
even if they overlap, pushing the resolvable distance de
facto to 0 nm (see Fig. 6b).

HyRes Lack of Fit

Although there is no ground truth to compare against, at
least the lack of fit (LoF) within the model Eq. 6 and its sub-
steps Eq. 8, and Eqs. 7 and 12 can be computed. The LoF
resulting from HU is

LoFry = HY _3¢C

AN

(16a)

~ 6.1% (16b)

where |-| is the Frobenius norm. The LoF from SRIR is

LoFspir = HE, - EﬁHF/HE/ F u
and is found to be
LoFspir, 1 = 7.1% (18a)
LoFspr, 2 ~ 7.2% (1eb)
(a)
] -
—————— 20nm hi-res
¥ 20nm 1/e peak
%, 0.8 10nm hi-res
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E 06 === rraw
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for upsampling factors of | (LoFsgir;;) and 2 (LoFsgir2),
respectively. The LoF for the total HyRes procedure is
then computed by

LoFu: = ||Y — SBH]| /IIYIls (19)
and is

LoF e, | ~ 8.4% (200)

LoFet, 2 2~ 8.5% (20b)

for upsampling factors of | (LoFy 1) and 2 (LoFyy, 2),
respectively.

Discussion

Hyperspectral Unmixing: A Great Source of Resolving
Power

In microscopy, resolution is the minimum separation
between two distinct objects at which they are perceived
as separate. The resolving power of the microscope stems
from the proper alignment of light sources, mirrors, and
lenses, which then allows the observer to distinguish
objects that would not be distinguishable by the naked
eye. The equivalent source of resolving power in HyRes
is HU, as it distinguishes separate objects that may or
may not be distinguishable in any of the L single channel
images obtained from the sample. Two objects, or two
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Figure 6. Intensity line profiles along image sections of Fig. 5: The sections range across both nanowires whose edges are assumed at
| /e times the peak intensity and indicated by stars (20 nm step) and triangles (10 nm step). The line profiles were obtained through linear
interpolation of the respective images. (a) Intensity line profile along section S1: Two objects are resolved, each of them appearing as a
peak. The two peak maxima are separated by 70.7 nm (20 nm step) and 62.9 nm (10 nm step). The distance between the edges of the
two objects is 25.6 nm and 29.6 nm, respectively. (b) Intensity line profile along section S2: The two peak maxima are separated by

40.9 nm (20 nm step) and 50.3 nm (10 nm step). The two objects are resolved in the 10 nm pixel size image with an edge separation of
13.6 nm. In the 20 nm pixel size image, the two objects are unresolved unless the contributions from different components are tagged

(C, and C;.), in which case the objects remain distinguishable.



parts of the same object, whose spectral signatures differ
sufficiently relative to the noise level in the data, can be
identified via HU at arbitrary separation given that their
projections on the focal plane are not congruent. The
resolving power of HU is thus infinite in theory, although
perhaps limited by the pixel size in practice. The resulting
concentration maps in Fig. 3 are as blurry as the raw single
channel image, but as far as resolution is concerned, all that
matters is the distinction of (separate) objects (compo-
nents | and 2) which has clearly been achieved.

High-Resolution Images Using SRIR

Resolution enhancement by HU alone would call for a stat-
istical criterion of resolution or, rather, separability replacing
the Rayleigh criterion. Moreover, the achieved resolution
might be hard to visualize or quantify from the images in
Fig. 3 alone. SRIR allows to merge the distinct low-resolution
concentration maps into a high-resolution hyperspectral data
cube for which Rayleigh’s and similar resolution criteria can
be straightforwardly applied to each single channel image. A
large degree of sharpness in the super-resolved concentra-
tion maps proves to be key to high-resolution single-channel
images in the remixed high-resolution hyperspectral data
cube. The achieved resolvable distance of less than 14nm
is more than a factor 8 better; i.e. smaller, than the less than
I 14 nm achieved by single channel image-based SRIR on the
same data and more than a factor 25 better than the intrinsic
resolution of the confocal Raman microscope.

The resolution enhancement stems from the resolving
power offered by HU and exclusively arises between
objects that belong to different chemical compounds. The
intra-component achievable resolution is unaffected by HU
and thus remains limited by the single channel image SRIR
bounds reported previouslyf’_I2

The Role of Bounding Hyperplanes

While the resolving power of HU is fairly unconditional, gen-
erating high-resolution images from HU concentration maps
is not. The ability to generate high-resolution images, Fig. 5,
depends strongly on an adequate estimation of the non-nega-
tive concentration maps, Fig. 3. Any residual mixing can show
up as artifacts (both spatial and spectral) in the super-resolved
hyperspectral data cube which potentially prohibits a visual-
ization of the resolution gain provided by HU. Further, if mul-
tiple spectral components are required to reconstruct the
proper concentrations in congruent areas, one has to
resort to joint image restoration techniques that are usually
computationally more expensive than independent restor-
ation. A well enough estimation of the non-negative concen-
tration maps C is not exclusive to BH. NMF techniques often
yield comparable results. For very noisy data, however, strict
non-negativity constraints introduce unnecessary artifacts
and soft constraints as in BH become preferable.>***

Improved Spectral Resolution

As the roles of scores and loadings can be interchanged,*®

HyRes can also be seen as a framework to improve spectral
resolution, and Eq. 5 implies that the spectral distortion is
(almost) identical for each pixel. If Eq. 5 holds in both the
spectral and the spatial domain, spectral and spatial reso-
lution enhancement can be performed simultaneously and
independently after the HU step. The resulting remixed
hyperspectral data cube has then enhanced spectral and
spatial resolution.

Measurement and Computation Time

Data acquisition of the far-field Raman data took ~62 min.
The overhead emerging from HyRes included the acquisition
of the microscope’s PSF along two directions (I min each)
and the computation time required for HyRes, which was
about | min for an upsampling factor of | and a little less than
3min for an upsampling factor of 2 using Matlab (The
Mathworks, Inc.) and its parallel processing toolbox on a
multi-core laptop. Thus, with a little less than 5min, total
overhead the resolution was enhanced more than 25-fold.

If the condition of the instrument remains stable within a
series of measurements, then the PSF measurement needs
to be carried out only once, further reducing the overhead
per measurement.

Nanometric Resolution and Accuracy of Results

The potential for nanometric resolution in far-field Raman
imaging derives directly from the resolving power of HU,
which is the equivalent of (higher-order) decorrelation in
SOFI.>* SRIR with IPLS allows for a very high-resolution
visualization of these results. Whether this visualization is
accurate depends to a large degree on the accuracy of the
forward operator H in Egs. (6), (12), and (13b).

The largest scale (spatial) effect occurring on sampling
that is unaccounted for in the forward model Eq. 12
(including errors in the system response function estima-
tion) limits the accuracy of estimating each of the individual
concentration maps shown in Fig. 4. This highlights that
features with variations on smaller scales will not be accur-
ately resolved by IPLS on a single concentration map, and
likewise on a single channel image. This also impacts on the
remixed high-resolution single channel in Fig. 5, despite
their appealing appearance.

Resolving two objects from different spectral compo-
nents, however, is unaffected by this limitation of IPLS,
as they are already resolved during the HU stage.
The limited accuracy of IPLS thus only limits the visualiza-
tion of the HU resolution gain not the resolving power of
HU per se. We can thus safely claim to have resolved two
objects separated 14nm, or even less (see Fig. 6b), but we
cannot claim to know their shapes with the same accuracy.



Using an AFM image of the same sample, shown in
Fig. 4b of previous work,'? as a partial truth, suggests
there is very reasonable agreement when compared to
the images in Fig. 5.

Conclusion

A new BLHU technique, BH, has been introduced as a vari-
ant of rotation of principal components, or an extension of
geometric unmixing approaches to data that is not sum-to-
one constrained, depending on the point of view.

Combining BLHU with BH and SRIR using IPLS within
the HyRes framework has resulted in a minimum resolvable
distance of less than 14 nm on the processed Raman data.
This is more than a factor 8 better than the resolution of
I 13 nm achieved by single channel image-based SRIR with
IPLS on the same data, and about a factor 25 better than
the intrinsic resolution limit of the Raman microscope.'?

At the heart of these results lies the resolving power of
HU provided by the validity of Eq. 5. A generalization of
HyRes to measurement techniques in which Eq. 5 is vio-
lated, such as infrared or fluorescence spectroscopy, will be
addressed in a future publication.
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Notes

1 0.61A/NA ~ 382 nm and 0.44A/NA ~ 275 nm for A =532 nm and
NA =0.85.
T Concentration maps are referred to as abundance maps in
remote sensing.
§ i, j, k are matrix/tensor indices.
7T Although the quality of the simplex might suffer from dimen-
sion reduction if the projection of one or more constituent
spectral signatures onto the reduced space is very low.
i1 ° denotes the Hadamard product.
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