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It is well documented that the distribution of the ratio between two random normal variables is asymmetric. As a consequence, the two-sided Shewhart control chart monitoring this ratio (denoted as Shewhart-RZ chart) has an average run length (ARL)-biased property. In order to overcome this drawback, we propose in this paper designing two separated one-sided control charts. Furthermore, we improve the efficiency of the Shewhart-RZ chart by combining the Shewhart chart with a variable sampling interval strategy. The chart performance is then evaluated by using an average time to signal. The numerical results show that our proposed charts outperform the twosided Shewhart-RZ control chart in detecting process shifts.

Introduction

Control charts are considered as a primary tool in statistical process control, which is a set of statistical techniques for monitoring, controlling and improving a process. Being introduced in the year 1926 by Shewhart [START_REF] Shewhart | Economic control of quality of manufactured product[END_REF], the Shewhart control chart has been widely used in many industrial areas.

Recently, using control charts to monitor the ratio between two normal distributions is a major concern in a number of studies. This is because in several practical processes, monitoring the change of the ratio between two variables is much more important than considering separately each of them. There are productions that their qualities are determined by the relation between two major ingredients instead of the quantity of each component. Typical examples of these manufacturing environments are food preparation, pharmaceutical and material production industries. The accurate balance of nutrition associated with the relative weights of two ingredients ensures the quality of a food recipe in the food industry. It is even more important to guarantee the accuracy of the proportion ratio of active ingredients in the pharmaceutical industry to make sure of the effectiveness and the safety of drugs. Several common situations where the ratio of two quantities is the characteristic of interest have been discussed broadly in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF][START_REF] Tran | Monitoring the ratio of two normal variables using Run Rules type control charts[END_REF]. According to a real example provided in [START_REF] Tran | The performance of the Shewhart-RZ control chart in the presence of measurement error[END_REF], in some battery recycling plants in Italy, the process engineer needs to monitor the ratio of "recyclable batteries" weight and "total batch" weight to quantify the economic loss due to the presence of not recyclable batteries and other materials. For general cases, the authors in [START_REF] Tran | Monitoring compositional data using multivariate exponentially weighted moving average scheme[END_REF] and [START_REF] Zaidi | Performance of the hotelling T 2 control chart for compositional data in the presence of measurement errors[END_REF] extended their studies to a control chart monitoring compositional data, which are vectors whose strictly positive components represent proportions, percentages, concentrations, or frequencies of some whole.

The statistical properties of a Shewhart chart monitoring the ratio of two normal variables for individual measurements (denoted by Shewhart-RZ control chart) are firstly discussed in [START_REF] Celano | Statistical performance of a control chart for individual observations monitoring the ratio of two normal variables[END_REF]. This study is then extended to subgroups consisting of n > 1 sample units in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF] where each of these units is allowed to change in size from sample to sample. Despite some of its advantages, the Shewhart control chart is well-known to be inefficient in detecting small or moderate shifts. The reason is that this kind of control chart is based purely on the latest update of process measurements instead of utilizing the information embedded in the entire sequence of measurements. In other words, it has no "memory". This disadvantage is a basis for the development of other types of control charts with memories. The CUMSUM-RZ type and the EWMA-RZ type of control charts are investigated in [START_REF] Tran | Monitoring the ratio of two normal variables using EWMA type control charts[END_REF][START_REF] Trinh | Data driven hyperparameter optimization of one-class support vector machines for anomaly detection in wireless sensor networks[END_REF][START_REF] Tran | Monitoring the ratio of population means of a bivariate normal distribution using CUSUM type control charts[END_REF][START_REF] Tran | Steady-state ARL analysis of ARL-unbiased EWMA-RZ control chart monitoring the ratio of two normal variables[END_REF].

There are also other efficient approaches to improve the sluggishness of the Shewhart chart in detecting small process shifts by considering its parameters. In the standard Shewhart chart, the sampling interval, the sample size, and the control limit are constant. Namely, these parameters are fixed from time to time and from sample to sample. The adaptive strategies are then developed by enabling these parameters to vary. Tagaras [START_REF] Tagaras | A survey of recent developments in the design of adaptive control charts[END_REF] presented a comprehensive survey about the adaptive charts, including not only the adaptive design parameters but also their combinations. Among these al-ternatives strategies, it is called the variable sampling interval (VSI) control chart that allows sampling interval to change at different levels. The control limit in the VSI control charts is divided into three areas, involving central (or "safe") region, warning region and out-of-control region. The interval between two successive samples is determined based on the position of the first sample. An overview of using VSI charts is discussed by Castagliola et al. [START_REF] Castagliola | Monitoring the coefficient of variation using a variable sampling interval control chart[END_REF]. They have also come to the conclusion that the VSI Shewhart chart gives significantly better performance than the fixed sampling interval (FSI) Shewhart chart in general. In particular, for the case of ratio charts, the VSI EWMA control chart investigated in [START_REF] Nguyen | Monitoring the ratio of two normal variables using variable sampling interval exponentially weighted moving average control charts[END_REF] has improved substantially the performance of the EWMA control chart.

Although the new memory-type control charts are particularly efficient, their implementation is not straightforward. This makes them has not been widely accepted by the quality practitioners [START_REF] Tran | Run Rules median control charts for monitoring process mean in manufacturing[END_REF]. From this point of view, the Shewhart type chart has the advantage of being easy to implement. Enhancing the performance of the Shewhart chart but still keeping its simplicity is then a problem of interest. The VSI Shewhart control chart provides a good solution for this problem: it is not only easy to implement but also increases the power of the Shewhart control chart in detecting small to moderate process shifts. In the literature, this type of control chart has not been considered yet to monitor the ratio of two random variables. The goal of this paper is then to design a Shewhart control chart using a VSI feature for monitoring the ratio of two normal variables, say VSI Shewhart-RZ chart. Furthermore, because of the ARL-biased property of a two-sided Shewhart chart presented in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF], we also design again Shewhart-RZ chart but for two one-sided control charts. The numerical results show that the two one-sided Shewhart charts not only overcome the problem of ARL-biased property but also lead to better performance compared to one two-sided Shewhart chart; and in turn, the two one-sided VSI Shewhart charts considerably outperform those the two one-sided Shewhart charts. The efficiency of the proposed charts is evaluated by using the average time to signal (ATS) and standard-deviation time to signal (SDTS). Numerical analysis for both deterministic and uniformly distributed shift sizes is also considered.

The remainder of this study is organized as follows. In Section 2, we recall a brief review of the distribution of two random normal variables. The implementation of the two one-sided Shewhart-RZ charts is presented in Section 3. Section 4 is devoted to the design of the VSI Shewhart-RZ charts while the numerical analysis is displayed in Section 5. Section 6 presents an illustrative example. Finally, some concluding remarks are given Section 7.

The distribution of the ratio Z

Let X and Y be two components of a bivariate normal random vector W, namely W = (X, Y ) T ∼ N (µ W , Σ W ) with mean vector

µ W = µ X µ Y , (1) 
and variance-covariance matrix

Σ W = σ 2 X ρσ X σ Y ρσ X σ Y σ 2 Y ( 2 
)
where ρ is the correlation coefficient between X and Y . By this notation, the coefficients of variation, the standard-deviation ratio of X and Y are

γ X = σ X µ X , γ Y = σ Y µ Y and ω = σ X σ Y , respectively.
In the literature, the distribution of the ratio of X to Y , Z = X Y , is carried out in a large number of studies, for example, in [START_REF] Geary | The frequency distribution of the quotient of two normal variates[END_REF][START_REF] Hayya | A note on the ratio of two normally distributed variables[END_REF][START_REF] Cedilnik | The distribution of the ratio of jointly normal variables[END_REF][START_REF] Pham-Gia | Density of the ratio of two normal random variables and applications[END_REF]. From these studies, it is complicated to express the probability density function of Z while it is impossible to derive an exact expression of its cumulative distribution. According to Celano and Castagliola [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF], an approximation for the probability density function (p.d.f ), the cumulative distribution function(c.d.f ) and the inverse distribution function (i.d.f ) of Z can be obtained as

F Z (z|γ X , γ Y , ω, ρ) Φ A B , (3) 
f Z (z|γ X , γ Y , ω, ρ) 1 Bγ Y - (z -ρω)A B 3 × φ A B , (4) 
and

F -1 Z (p|γ X , γ Y , ω, ρ)    -C 2 - √ C 2 2 -4C 1 C 3 2C 1 if p ∈ (0, 0.5], -C 2 + √ C 2 2 -4C 1 C 3 2C 1 if p ∈ [0.5, 1), (5) 
where Φ(.) and φ(.) are the c.d.f and the p.d.f of the standard normal distribution; A, B C 1 , C 2 and C 3 are the function of z, γ X , γ Y , ω and ρ with 

A = z γ Y - ω γ X , B = ω 2 -2ρωz + z 2 , C 1 = 1 γ 2 Y -(Φ -1 (p)) 2 , C 2 = 2ω ρ(Φ -1 (p)) 2 - 1 γ X γ Y , C 3 = ω 2 1 γ 2 X -(Φ -1 (p)) 2 .

Implementation of the two one-sided Shewhart-RZ control chart

Suppose that two random variables X and Y of interest are correlated with an in-control coefficient of correlation ρ 0 . For monitoring the ratio Z = X Y , a set of n independent samples {W i,1 , W i,2 , ..., W i,n } at each sampling period i = 1, 2, . . . is collected, where each W i,j = (X i,j , Y i,j ) T , j = 1, . . . , n, is a bivariate normal random vector with mean vector

µ W,i = µ X,i µ Y,i , (6) 
and variance-covariance matrix

Σ W,i = σ 2 X,i ρ 0 σ X,i σ Y,i ρ 0 σ X,i σ Y,i σ 2 Y,i . (7) 
Let γ X and γ Y be the coefficient of variation (CV) of X and Y . It is important to consider that the values of µ W,i and Σ W,i may change from one subgroup to another. Assume that each independent subgroup {W i,1 , ..., W i,n } has a linear relationship σ X,i = γ X × µ X,i and σ Y,i = γ Y × µ Y,i . This implies that the values of µ X,i , µ Y,i , σ X,i and σ Y,i may change, but the CVs γ X and γ Y must be constant from sample to sample. We suggest to monitor the statistic Ẑi = μX,i μY,i

= Xi Ȳi = n j=1 X i,j n j=1 Y i,j , i = 1, 2, . . . (8) 
Since Xi ∼ N (µ X,i ,

σ X,i √ n ) and Ȳi ∼ N (µ Y,i , σ Y,i
√ n ), the CV of Xi and Ȳi are equal to

γ X = σ X,i µ X,i √ n = γ X √ n , (9) 
γ Ȳ = σ Y,i µ Y,i √ n = γ Y √ n , (10) 
and, at each inspection i, the standard-deviation ratio

ω i = σ X,i
σ Y,i is equal to

ω i = µ X,i µ Y,i × γ X γ Y , i = 1, 2, . . . ( 11 
)
When the process is in-control, we assume the ratio

µ X,i
µ Y,i is equal to the in-control value z 0 , i = 1, 2, . . .. Therefore, the standard-deviation ratio is

ω i = ω 0 = z 0 × γ X γ Y , i = 1, 2, . . . (12) 
where ω 0 is the in-control standard-deviation ratio. The c.d.f and the i.d.f of Ẑi now can be deduced from the c.d.f in (3) and the i.d.f in [START_REF] Tran | Monitoring compositional data using multivariate exponentially weighted moving average scheme[END_REF], which are

F Ẑi (z|n, γ X , γ Y , ω 0 , ρ 0 ) = F Z z| γ X √ n , γ Y √ n , z 0 γ X γ Y , ρ 0 , (13) 
F -1 Ẑi (p|n, γ X , γ Y , ω 0 , ρ 0 ) = F -1 Z p| γ X √ n , γ Y √ n , z 0 γ X γ Y , ρ 0 . (14) 
Since the distribution of Z is asymmetrical, designing a single two-sided chart to track both an increase and a decrease in the ratio of two random normal variables will more likely result in an ARL-biased control chart.

The ARL-biased results can be seen in [START_REF] Castagliola | Monitoring the coefficient of variation using a variable sampling interval control chart[END_REF] as the authors used a two-sided VSI Shewhart control chart in monitoring the coefficient of variation. In [START_REF] Castagliola | Monitoring the coefficient of variation using a variable sampling interval control chart[END_REF], the values of AT S corresponding to τ < 1 (where τ stands for the shift size) are so large that the authors willingly omitted decrease case in their proposed chart. The same results are also witnessed in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF] in which the author designed a phase II control chart for monitoring the ratio of two normal variables using the Shewhart control chart. Many situations of process parameters lead to the result that the out-of-control value ARL 1 is greater than the in-control value of ARL 0 . Clearly, the two-sided chart for monitoring variables with skewed distribution is not a competitive alternative. To avoid this ARL-biased property, we propose in this section two separated one-sided Shewhart charts, involving an upper-sided chart, which detects an increase in the ratio (denoted as "upward Shewhart-RZ chart"), and a lower-sided chart, which detects a decrease in the ratio (denoted as "downward Shewhart-RZ chart").

Typically, the control limit in the Shewhart scheme is set such that type I error rate is equal to α 0 , which corresponds to an in-control average run length ARL 0 = 1/α 0 . The control limit for both an upward chart and a downward chart is then defined as follows.

• For the downward Shewhart-RZ chart, the lower control limit (LCL) is equal to

LCL -= F -1 Ẑi (α 0 | n, γ X , γ Y , ω 0 , ρ 0 ), (15) 
where [START_REF] Nguyen | Monitoring the ratio of two normal variables using variable sampling interval exponentially weighted moving average control charts[END_REF].

F -1 Ẑi (. | n, γ X , γ Y , ω 0 , ρ 0 ) is the i.d.f of Ẑi defined in
When Ẑi < LCL -, the process is considered to be out-of-control; the assignable causes might exist and they should be removed to put the process back to normal operation.

• For the upward Shewhart-RZ chart, the upper control limit (UCL) is equal to

U CL + = F -1 Ẑi (1 -α 0 | n, γ X , γ Y , ω 0 , ρ 0 ). (16) 
When Ẑi > U CL + , the process is considered as out-of-control; appropriate actions need to be taken to remove the assignable causes if they do exist.

According to a discussion in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF], the control limits can be rewritten in the following form:

LCL -= z 0 × K D , U CL + = z 0 × K U , (17) 
where

K D = F -1 Z (α 0 | γ X √ n , γ Y √ n , γ X γ Y , ρ 0 ), K U = F -1 Z (1 -α 0 | γ X √ n , γ Y √ n , γ X γ Y , ρ 0 ). ( 18 
)
Suppose that the existence of an assignable cause shifts the in-control ratio z 0 to out-of-control ratio, say z 1 = τ × z 0 , where τ > 0 represents the shift size. The value τ < 1 corresponds to a decrease of the in-control ratio z 0 while the value τ > 1 corresponds to an increase of z 0 . Also, when the process is shifted to the out-of-control condition, the coefficient of correlation between X and Y might be shifted from ρ = ρ 0 to ρ = ρ 1 . We now evaluate the performance of Shewhart-RZ chart by using a traditional measure, the out-of-control average run length (ARL 1 ). Let p denote the probability of detecting a process shift, then

• for the downward chart,

p = P r( Ẑi < LCL -) = F Ẑi (LCL -|n, γ X , γ Y , ω 1 , ρ 1 ) = F Z (LCL -| γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ 1 ), (19) 
• for the upward chart,

p = P r( Ẑi > U CL + ) = 1 -F Ẑi (U CL + |n, γ X , γ Y , ω 1 , ρ 1 ) = 1 -F Z (U CL + | γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ 1 ). ( 20 
)
In the Shewhart control chart, the run length obeys a geometric distribution, leading to the following formulas of the out-of-control ARL 1 and SDRL 1 :

ARL 1 = 1 p , (21) 
and

SDRL 1 = √ 1 -p p . ( 22 
)
4 Implementation of the VSI Shewhart-RZ control chart

It is well-known that the Shewhart chart is only efficient in detecting large process shifts. For small or moderate shifts, it takes a long time to detect.

In order to overcome this problem, we suggest in this section combining the Shewhart-RZ control chart with the VSI feature. That is to say, the sampling intervals are enabled to vary at different levels rather than being fixed. The time between two successive samples Ẑi+1 and Ẑi is defined based on the value of the current sample Ẑi . The control interval is split up into three regions: the central ("safe") region, the warning region and the outof-control region. This sub-division is performed by introducing a warning control limit, which is a lower warning limit (LWL) for the downward chart and an upper warning limit (UWL) for the upward chart. Similar to those control charts designed in Section 3, we define two one-sided VSI Shewhart-RZ control charts as follows.

• A lower-sided chart for detecting a decrease in Ẑi with a lower control limit LCL -= z 0 × K D and a lower warning limit LW L -= z 0 × W D , where K D > 0 and W D > K D are the control limit and the warning limit parameters.

• An upper-sided chart for detecting an increase in Ẑi with an upper control limit U CL + = z 0 × K U and an upper warning limit U W L + = z 0 × W U , where W U > 0 and K U > W U are the control limit and the warning limit parameters.

It should be considered that X and Y represent two components in a mixture and their values are measured directly from the product. Therefore, it is practical to assume that z 0 is positive and we have U W L + < U CL + and LCL -< LW L -. According to a recommendation in [START_REF] Reynolds | X charts with variable sampling intervals[END_REF], the most improvement in the detection power of the VSI type chart compared to a fixed sampling interval (FSI) type chart can be obtained by using only two sampling intervals. The choice of using only two sampling intervals also reduces the complexity of VSI schemes. Therefore, we assume that the sampling interval in VSI Shewhart chart is only picked from a set of two values, say h S (for shorter time interval) and h L (for longer time interval) where h S < h L . The VSI strategy works as follows:

-If the current sample point falls into the safe region, namely Ẑi > LW L -(downward chart) or Ẑi < U W L + (upward chart), it is said that the process is still "in-control" and the next sample is collected after a longer interval h L .

-If the current sample point is located in the warning region, namely Ẑi ∈ [LCL -, LW L -] (downward chart) or Ẑi ∈ [U W L + , U CL + ] (upward chart), the process seems to be put in risk, and the next sample should be taken after a shorter interval h S , to quickly detect assignable causes when they do occur.

-Otherwise, the process is considered to be out-of-control and actions should be taken to locate and remove assignable causes.

Figure 2 illustrates a graphical view of the operation of the upward VSI Shewhart-RZ chart. The ARL is a typical measure to evaluate the performance of the FSI charts; however, for the VSI charts, it is not a reasonable choice due to varying of the sampling interval. Instead, the ATS is an appropriate alternative as discussed in [START_REF] Saccucci | Exponentially weighted moving average control schemes with variable sampling intervals[END_REF]. Moreover, to make a fair comparison, it is necessary to maintain the equality of the average sampling interval (ASI) in both FSI and VSI Shewhart-RZ control chart. In the FSI version, the sampling interval h is a constant while in the VSI version, the ASI is 0

UWL + UCL + Out-of-control region

Central region

Next sampling interval: h L

Warning region

Next sampling interval: h S computed by the following formula

ASI = E(h) = h S p S + h L p L 1 -q , (23) 
where p S , p L and q are the probabilities that a sample point drops into the safe, warning and out-of-control region, respectively. Similar to the notation in Section 3, let τ stands for the shift size. By its definition, the formulas for p S , p L and q are

• for the downward chart,

p S = P ( Ẑi ≥ LW L -) = 1 -F Z (LW L -| γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ), (24) 
p L = P (LCL - Ẑi LW L -) (25) = F Z (LW L -| γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ) -F Z (LCL -| γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ), q = P ( Ẑi < LCL -) = 1 -p S -p L ; (26) 
• for the upward chart,

p S = P ( Ẑi U W L + ) = F Z (U W L + | γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ), (27) 
p L = P (U W L + Ẑi U CL + ) (28) = F Z (U CL + | γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ) -F Z (U W L + | γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ), q = P ( Ẑi > U CL + ) = 1 -p S -p L , ( 29 
) in which the c.d.f F Z (. | γ X √ n , γ Y √ n , τ z 0 γ X γ Y , ρ) is defined in (3).
Based on the values of p S , p L and q, the AT S and SDT S are calculated by (see [START_REF] Reynolds | Optimal one-sided Shewhart charts with variable sampling interval[END_REF]):

AT S = h S p S + h L p L q(1 -q) , (30) 
and

SDT S = h 2 S p S + h 2 L p L q(1 -q) + (1 -2q)(h S p S + h L p L ) 2 q 2 (1 -q) 2 . ( 31 
)
Let AT S 0 and ASI 0 denote the in-control values of the AT S and the ASI.

When the process is out-of-control, they are changed to AT S 1 and ASI 1 . In the designing procedure of the VSI Shewhart-RZ charts, a fair comparison with the FSI Shewhart charts is performed by imposing constraints on the values of both AT S 0 and ASI 0 . Since the sampling interval in the FSI charts is a constant, one can suppose that h = 1 without loss of generality.

This assumption immediately leads to the in-control value ASI 0 = 1 and AT S 0 = ARL 0 for both two types of chart. That is to say, the VSI Shewhart-RZ chart parameters (h S , h L , K D , W D ) or (h S , h L , K U , W U ) must be chosen to satisfy the following equations:

• for the downward chart,

AT S(n, h S , h L , K D , W D , ρ, γ X , γ Y , τ = 1) = AT S 0 ASI 0 = 1 ; (32) 
• for the upward chart,

AT S(n, h S , h L , K U , W U , ρ, γ X , γ Y , τ = 1) = AT S 0 ASI 0 = 1 . ( 33 
)
5 Numerical analysis

In this section we explore the statistical performance of both two one-sided Shewhart-RZ control charts and two one-sided VSI Shewhart-RZ control charts for different out-of-control conditions, assuming that z 0 = 1. For the former, the control limits LCL -or U CL + are chosen such that the desired false alarm probability α 0 = 0.005, corresponding to fixed value of the in-control ARL 0 = 200. Based on these values of the control limits, the outof-control values ARL 1 are computed. Similarly, for the later we set AT S 0 = 200. However, finding the chart parameters and the AT S 1 in the later requires more. In particular, it is needed to fix the values of sampling intervals (h S , h L ). We use the same combinations (h S , h L ) = {(0.5, 1.5), (0.3, 1.7), (0.1, 1.9), (0.1, 1.1), (0.1, 1.3), (0.1, 1.5), (0.1, 4.0)} as recommended in [START_REF] Reynolds | Optimal one-sided Shewhart charts with variable sampling interval[END_REF] and adopted in [START_REF] Castagliola | Monitoring the coefficient of variation using a variable sampling interval control chart[END_REF]. Many scenarios of other process parameters are also considered as follows.

• (γ X , γ Y ) = (0.01, 0.01), (γ X , γ Y ) = (0.2, 0.2).

• ρ 0 ∈ {0.0, ±0.4, ±0.8}.

• τ ∈ {0.95, 0.98, 0.99, 1.01, 1.02, 1.05}.

• n ∈ {1, 5, 10, 15}.

For the sake of brevity, we choose to present the numerical illustrations for the case γ X = γ Y and ρ 1 = ρ 0 . Similar tables for other investigated scenarios are not presented but are available upon request from authors. The obtained control limits and warning limits are displayed in Table 1 and Table 2. A number of remarks can be drawn from these two tables as follows.

• The control limits are the same for both FSI type and VSI type of Shewhart charts no matter the values of process parameters are. That means the control limits in the VSI Shewhart chart are independent of the sampling intervals (h S , h L ). This result can be seen theoretically from the formulas of the control limits in the designing procedure of both two types of control charts.

• The control limits vary with n and ρ, given (γ X , γ Y ). To be more specific, the LCL -increases while the U CL + decreases when either n or ρ increase. For example, when (γ X , γ Y ) = (0.01, 0.01), we have (K D , K U ) = (0.9523, 1.0501) for the case n = 1, ρ = -0.8 in Table 1 and (K D , K U ) = (0.9911, 1.0090) for the case n = 10, ρ = 0.4 in Table 2. This trend is consistent with that in the two-sided Shewhart-RZ chart suggested by Celano and Castagliola [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF].

• Given n and ρ, the values of (K D , K U ) depends strongly on (γ X , γ Y ).

The rise of γ X and γ Y reduces the value of K D but prolongs K U . For example, with the same n = 15, ρ = 0 in Table 2

, (K D , K U ) = (0.9906, 1.0095) when γ X = γ Y = 0.01 but (K D , K U ) = (0.8274, 1.2087) when γ X = γ Y = 0.2.
Based on the warning limits and the control limits, we can calculate the measures of (ARL 1 , SDRL 1 ) for the FSI charts and (AT S 1 , SDT S 1 , ASI 1 ) for the VSI charts, leading to the understanding of how the performance of proposed control charts vary with process parameters. These results are exhibited in Tables 345678910. The FSI Shewhart-RZ chart parameters are put in the column titled F SI in each table. Some remarks from the obtained results can be summarized as follows.

• In general, the two one-sided Shewhart-RZ charts proposed in this study outperform substantially that the two-sided Shewhart-RZ chart investigated in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF] as they are able to detect process shift in both decrease and increase sides more quickly. For example, with n = 1, γ X = γ Y = 0.2, ρ = 0.4, and τ = 0.98, we have ARL 1 = 196.9 in Table II of the two-sided Shewhart-RZ chart in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF], which is larger than ARL 1 = 167.6 in Table 4 of the downward chart in this study.

• In general, the VSI Shewhart-RZ control charts enhance significantly the performance of the FSI Shewhart-RZ control chart. The values of ARL 1 are always larger than those the values of AT S 1 regardless of the value (h S , h L ). For example, with n = 5, γ X = γ Y = 0.2, ρ = -0.4 and τ = 1.01 in Table 6, we have ARL 1 = 167.2, which is larger than AT S 1 = 159.3 when (h S , h L ) = (0.1, 1.9) and AT S 1 = 161.1 when (h S , h L ) = (0.3, 1.7).

• The performance of VSI Shewhart-RZ control chart is greatly influenced by (γ X , γ Y ). The smaller values of (γ X , γ Y ) are, the faster the control charts are in detecting the ratio shifts. For example, when n = 10, ρ = -0.8, τ = 0.95, (h S , h L ) = (0.5, 1.5) and (γ X , γ Y ) = (0.01, 0.01), one can see AT S 1 = 0.5 and very small value of SDT S 1 in Table 7, while AT S 1 = 54.2 and SDT S 1 = 53.9 in Table 8.

• The correlation ρ between two random variables has a considerable impact on the control charts. In particular, the increase of ρ (from -0.8 to 0.8 in this study) makes the efficiency of the control charts better. For example, in Table 10 we have AT S 1 = 28.7 for ρ = -0.4 and AT S 1 = 11.0 for ρ = 0.4 in the case n = 15, γ X = γ Y = 0.2, τ = 1.05 and (h S , h L ) = (0.1, 1.9).

• Given h S , the increase of h L results in the decrease of AT S 1 and ASI 1 . That is to say, the longer is the sampling interval in safe region, the better is the efficiency of the VSI Shewhart-RZ charts and the shorter is the average sampling interval. For example, with the same values of n = 10, ρ = 0, h S = 0.1, γ X = γ Y = 0.2 and τ = 0.95 in Table 8, we have (AT S 1 , ASI 1 ) = (39.9, 0.8703) for h L = 1.1 while (AT S 1 , ASI 1 ) = (21.9, 0.4788) for h L = 4.0. Similarly, if we fix the value of h L and let h S decrease, the values of both AT S 1 and ASI 1 also decline. Take a look at with the finding in [START_REF] Castagliola | Monitoring the coefficient of variation using a variable sampling interval control chart[END_REF]. However, the smaller ASI 1 corresponds to a faster sampling, or equivalently more load and more cost. Therefore, from an economic point of view, it is better to choose the couple in a balanced way so that it leads to the highest performance but also an acceptable cost.

Evaluating the power of control charts through the ARL 1 (FSI chart) or the AT S 1 (VSI charts) requires us to predefine a specific shift size τ . This prediction can not be accurate in practice since the quality practitioners do not always have enough information to pick up a specific value of τ . Instead, they may have some useful preferences about the range of τ . In this situation, the expected average run length (EARL) or expected average time to signal (EAT S) should be used. These measures can be computed by

EARL = Ω f τ (τ )ARLdτ, ( 34 
)
EAT S = Ω f τ (τ )AT Sdτ, (35) 
where f τ (τ ) is a p.d.f of the shift size τ and Ω is a prediction range of τ .

Without any information about the shape of f τ (τ ), one can use a uniform distribution over Ω as suggested in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF][START_REF] Castagliola | Monitoring the coefficient of variation using EWMA charts[END_REF]. present the values of both EARL 1 and EAT S 1 for Ω = [0.9, 1) (decreasing shift) and Ω = (1, 1.1] (increasing shift). In general, the trends shown by EARL 1 and EAT S 1 are obviously analogous to those the results corresponding to the case of deterministic shift sizes discussed above. Furthermore, some more remarks can be obtained as follows.

• With small values of (γ X = γ Y ), the performance of the control chart is quite symmetric. For example, in Table 12, when γ X = γ Y = 0.01, n = 10, ρ = 0.0, and (h S , h L ) = (0.3, 1.7), we have EARL 1 = 1.2 and EAT S 1 = 0.2 for both the increasing and decreasing cases. With large values of (γ X , γ Y ), the performance of the downward chart is somewhat better than that of the upward chart. For example, γ X = γ Y = 0.2, n = 5, ρ = -0.8, and (h S , h L ) = (0.1, 1.9) in Table 11, we have EARL 1 = 92.8 (EAT S 1 = 76.2) for the downward chart and EARL 1 = 96.3 (EAT S 1 = 79.7) for the upward chart. This can be explained by the asymmetry of the distribution of Ẑi .

• In comparison with the two-sided Shewhart-RZ chart in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF], our proposed charts overcome the ARL-biased property. In some conditions such as when the shift size or the sample size is small or when X or Y has a high coefficient of variation, the results in [START_REF] Celano | Design of a phase II control chart for monitoring the ratio of two normal variables[END_REF] showed that the ARL 1 is larger than the ARL 0 . This does not happen in our study based on two one-sided control charts. The specific examples are not presented here for purpose of brevity, but are available from authors. 

(0.1, 1.9) (0.1, 4.0) whart charts not only outperform the two-sided Shewhart chart in detecting ratio shifts but also overcome the ARL-biased property. In addition, the performance of the Shewhart chart can be considerably enhanced by combining with the VSI feature. Thus, in many situations, these control charts can be applied to avoid the complexity of the use of others without losing the performance. The obtained results also showed that the choice of (h S , h L ) of sampling intervals has a significant impact on the proposed charts' performance. From the economic point of view, one is suggested to consider both the performance and the average sampling interval in choosing a specific value for this couple.

ρ τ FSI (h S , h L ) = (0.5, 1.5) (h S , h L ) = (0.3, 1.7) (h S , h L ) = (0.1, 1.1) (h S , h L ) = (0.1, 1.3) (h S , h L ) = (0.1, 1.5) (h S , h L ) = (0.1, 1.9) (h S , h L ) = (0.
) = (0.5, 1.5) (h S , h L ) = (0.3, 1.7) (h S , h L ) = (0.1, 1.1) (h S , h L ) = (0.1, 1.3) (h S , h L ) = (0.1, 1.5) (h S , h L ) = (0.1, 1.9) (h S , h L ) = (0.1, 4.0)
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 131 Figure 1: The density function of the ratio of two random normal variables according to the approximation formula (4).
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 2 Figure 2: Three regions and operation rules of the upward VSI Shewhart-RZ chart.

1 , ASI 1 )

 11 of the VSI Shewhart-RZ charts for γ X = γ Y = 0.01, n = 1 and different values of other parame-

Figure 3 :

 3 Figure 3: Upward VSI Shewhart-RZ chart for the food industry example.

  Table 8 with the same row mentioned above, we have (AT S 1 , ASI 1 ) = (36.1, 0.7874) for (h S , h L ) = (0.5, 1.5) and (AT S 1 , ASI 1 ) = (31.8, 0.6933) for (h S , h L ) = (0.1, 1.5), for instance. For both mentioned cases, the rise of h L (fix h S ) or the decline of h S (fix h L ) lead to a larger interval [h S , h L ]. That means the width of the interval [h S , h L ] has an effect on both AT S 1 and ASI 1 in the sense: the larger width of [h S , h L ] brings out the better performance and the smaller average sampling interval. This result is really noticeable from an economic perspective. If one only pays attention to raise the efficiency of proposed charts, it is recommended to select couples (h

S , h L ) over a range as large as possible. This result is consistent

Table 1 :

 1 The control limits of the FSI Shewhart-RZ chart, the warning limits and the control limits of the VSI Shewhart-RZ charts for n = {1, 5} and different values of other parameters. The upper row in each horizontal block is for the downward charts, the bottom row is for the upward charts. The values of (h

	FSI (0.5, 1.5) (0.3, 1.7) (0.1, 1.1) (0.1, 1.3) (0.1, 1.5) (0.1, 1.9) (0.1, 4.0)	γ X = γ Y = 0.01	0.9523 (1.0001, 0.9523) (1.0001, 0.9523) (0.9764, 0.9523) (0.9875, 0.9523) (0.9932, 0.9523) (1.0001, 0.9523) (1.0141, 0.9523)	1.0501 (0.9999, 1.0501) (0.9999, 1.0501) (1.0241, 1.0501) (1.0127, 1.0501) (1.0068, 1.0501) (0.9999, 1.0501) (0.9861, 1.0501)	0.9578 (1.0001, 0.9578) (1.0001, 0.9578) (0.9792, 0.9578) (0.9890, 0.9578) (0.9940, 0.9578) (1.0001, 0.9578) (1.0125, 0.9578)	1.0441 (0.9999, 1.0441) (0.9999, 1.0441) (1.0212, 1.0441) (1.0112, 1.0441) (1.0060, 1.0441) (0.9999, 1.0441) (0.9877, 1.0441)	0.9642 (1.0001, 0.9642) (1.0001, 0.9642) (0.9824, 0.9642) (0.9907, 0.9642) (0.9950, 0.9642) (1.0001, 0.9642) (1.0105, 0.9642)	1.0371 (0.9999, 1.0371) (0.9999, 1.0371) (1.0179, 1.0371) (1.0094, 1.0371) (1.0051, 1.0371) (0.9999, 1.0371) (0.9896, 1.0371)	0.9722 (1.0001, 0.9722) (1.0001, 0.9722) (0.9863, 0.9722) (0.9928, 0.9722) (0.9961, 0.9722) (1.0001, 0.9722) (1.0081, 0.9722)	1.0286 (0.9999, 1.0286) (0.9999, 1.0286) (1.0139, 1.0286) (1.0073, 1.0286) (1.0039, 1.0286) (0.9999, 1.0286) (0.9919, 1.0286)	0.9838 (1.0000, 0.9838) (1.0000, 0.9838) (0.9921, 0.9838) (0.9958, 0.9838) (0.9977, 0.9838) (1.0000, 0.9838) (1.0047, 0.9838)	1.0164 (1.0000, 1.0164) (1.0000, 1.0164) (1.0080, 1.0164) (1.0042, 1.0164) (1.0023, 1.0164) (1.0000, 1.0164) (0.9953, 1.0164)	γ X = γ Y = 0.2	0.3375 (1.0024, 0.3375) (1.0024, 0.3375) (0.6140, 0.3375) (0.7764, 0.3375) (0.8729, 0.3375) (1.0024, 0.3375) (1.3272, 0.3375)	2.9631 (0.9976, 2.9631) (0.9976, 2.9631) (1.6286, 2.9631) (1.2880, 2.9631) (1.1456, 2.9631) (0.9976, 2.9631) (0.7535, 2.9631)	0.3800 (1.0021, 0.3800) (1.0021, 0.3800) (0.6498, 0.3800) (0.7999, 0.3800) (0.8870, 0.3800) (1.0021, 0.3800) (1.2838, 0.3800)	2.6316 (0.9979, 2.6316) (0.9979, 2.6316) (1.5389, 2.6316) (1.2502, 2.6316) (1.1274, 2.6316) (0.9979, 2.6316) (0.7790, 2.6316)	0.4377 (1.0018, 0.4377) (1.0018, 0.4377) (0.6941, 0.4377) (0.8279, 0.4377) (0.9036, 0.4377) (1.0018, 0.4377) (1.2353, 0.4377)	2.2849 (0.9982, 2.2849) (0.9982, 2.2849) (1.4406, 2.2849) (1.2078, 2.2849) (1.1066, 2.2849) (0.9982, 2.2849) (0.8096, 2.2849)	0.5236 (1.0014, 0.5236) (1.0014, 0.5236) (0.7532, 0.5236) (0.8638, 0.5236) (0.9245, 0.5236) (1.0014, 0.5236) (1.1779, 0.5236)	1.9100 (0.9986, 1.9100) (0.9986, 1.9100) (1.3277, 1.9100) (1.1576, 1.9100) (1.0817, 1.9100) (0.9986, 1.9100) (0.8489, 1.9100)	0.6853 (1.0008, 0.6853) (1.0008, 0.6853) (0.8487, 0.6853) (0.9189, 0.6853) (0.9557, 0.6853) (1.0008, 0.6853) (1.0992, 0.6853)	1.4592 (0.9992, 1.4592) (0.9992, 1.4592) (1.1782, 1.4592) (1.0882, 1.4592) (1.0464, 1.4592) (0.9992, 1.4592) (0.9097, 1.4592)	γ X = γ Y = 0.01	0.9784 (1.0001, 0.9784) (1.0001, 0.9784) (0.9894, 0.9784) (0.9944, 0.9784) (0.9970, 0.9784) (1.0001, 0.9784) (1.0063, 0.9784)	1.0221 (0.9999, 1.0221) (0.9999, 1.0221) (1.0107, 1.0221) (1.0056, 1.0221) (1.0030, 1.0221) (0.9999, 1.0221) (0.9937, 1.0221)	0.9809 (1.0000, 0.9809) (1.0000, 0.9809) (0.9906, 0.9809) (0.9951, 0.9809) (0.9973, 0.9809) (1.0000, 0.9809) (1.0056, 0.9809)	1.0195 (1.0000, 1.0195) (1.0000, 1.0195) (1.0094, 1.0195) (1.0050, 1.0195) (1.0027, 1.0195) (1.0000, 1.0195) (0.9945, 1.0195)	0.9838 (1.0000, 0.9838) (1.0000, 0.9838) (0.9921, 0.9838) (0.9958, 0.9838) (0.9977, 0.9838) (1.0000, 0.9838) (1.0047, 0.9838)	1.0164 (1.0000, 1.0164) (1.0000, 1.0164) (1.0080, 1.0164) (1.0042, 1.0164) (1.0023, 1.0164) (1.0000, 1.0164) (0.9953, 1.0164)	0.9875 (1.0000, 0.9875) (1.0000, 0.9875) (0.9939, 0.9875) (0.9968, 0.9875) (0.9983, 0.9875) (1.0000, 0.9875) (1.0036, 0.9875)	1.0127 (1.0000, 1.0127) (1.0000, 1.0127) (1.0062, 1.0127) (1.0033, 1.0127) (1.0018, 1.0127) (1.0000, 1.0127) (0.9964, 1.0127)	0.9927 (1.0000, 0.9927) (1.0000, 0.9927) (0.9965, 0.9927) (0.9981, 0.9927) (0.9990, 0.9927) (1.0000, 0.9927) (1.0021, 0.9927)	1.0073 (1.0000, 1.0073) (1.0000, 1.0073) (1.0036, 1.0073) (1.0019, 1.0073) (1.0010, 1.0073) (1.0000, 1.0073) (0.9979, 1.0073)	γ X = γ Y = 0.2	0.6405 (1.0011, 0.6405) (1.0011, 0.6405) (0.8072, 0.6405) (0.8935, 0.6405) (0.9411, 0.6405) (1.0011, 0.6405) (1.1340, 0.6405)	1.5613 (0.9989, 1.5613) (0.9989, 1.5613) (1.2388, 1.5613) (1.1192, 1.5613) (1.0626, 1.5613) (0.9989, 1.5613) (0.8818, 1.5613)	0.6746 (1.0009, 0.6746) (1.0009, 0.6746) (0.8278, 0.6746) (0.9055, 0.6746) (0.9479, 0.6746) (1.0009, 0.6746) (1.1173, 0.6746)	1.4823 (0.9991, 1.4823) (0.9991, 1.4823) (1.2080, 1.4823) (1.1044, 1.4823) (1.0550, 1.4823) (0.9991, 1.4823) (0.8950, 1.4823)	0.7166 (1.0008, 0.7166) (1.0008, 0.7166) (0.8524, 0.7166) (0.9195, 0.7166) (0.9558, 0.7166) (1.0008, 0.7166) (1.0983, 0.7166)	1.3955 (0.9992, 1.3955) (0.9992, 1.3955) (1.1732, 1.3955) (1.0876, 1.3955) (1.0463, 1.3955) (0.9992, 1.3955) (0.9105, 1.3955)	0.7721 (1.0006, 0.7721) (1.0006, 0.7721) (0.8836, 0.7721) (0.9370, 0.7721) (0.9656, 0.7721) (1.0006, 0.7721) (1.0754, 0.7721)	1.2952 (0.9994, 1.2952) (0.9994, 1.2952) (1.1318, 1.2952) (1.0672, 1.2952) (1.0357, 1.2952) (0.9994, 1.2952) (0.9299, 1.2952)	0.8611 (1.0004, 0.8611) (1.0004, 0.8611) (0.9310, 0.8611) (0.9631, 0.8611) (0.9800, 0.8611) (1.0004, 0.8611) (1.0428, 0.8611)	1.1614 (0.9996, 1.1614) (0.9996, 1.1614) (1.0741, 1.1614) (1.0383, 1.1614) (1.0204, 1.1614) (0.9996, 1.1614) (0.9589, 1.1614)
	ρ		-0.8	-0.4	0.0	0.4	0.8		-0.8	-0.4	0.0	0.4	0.8		-0.8	-0.4	0.0	0.4	0.8		-0.8	-0.4	0.0	0.4	0.8
	n							1									1									5										5					

S , h L ) are in the first row of the table.

Table 2 :

 2 The control limits of the FSI Shewhart-RZ chart, the warning limits and the control limits of the VSI Shewhart-RZ charts for n = {10, 15} and different values of other parameters. The upper row in each horizontal block is for the downward charts, the bottom row is for the upward charts. The values of (h

	FSI (0.5, 1.5) (0.3, 1.7) (0.1, 1.1) (0.1, 1.3) (0.1, 1.5) (0.1, 1.9) (0.1, 4.0)	γ X = γ Y = 0.01	0.9847 (1.0000, 0.9847) (1.0000, 0.9847) (0.9925, 0.9847) (0.9960, 0.9847) (0.9979, 0.9847) (1.0000, 0.9847) (1.0045, 0.9847)	1.0156 (1.0000, 1.0156) (1.0000, 1.0156) (1.0076, 1.0156) (1.0040, 1.0156) (1.0021, 1.0156) (1.0000, 1.0156) (0.9956, 1.0156)	0.9865 (1.0000, 0.9865) (1.0000, 0.9865) (0.9934, 0.9865) (0.9965, 0.9865) (0.9981, 0.9865) (1.0000, 0.9865) (1.0039, 0.9865)	1.0137 (1.0000, 1.0137) (1.0000, 1.0137) (1.0067, 1.0137) (1.0035, 1.0137) (1.0019, 1.0137) (1.0000, 1.0137) (0.9961, 1.0137)	0.9885 (1.0000, 0.9885) (1.0000, 0.9885) (0.9944, 0.9885) (0.9970, 0.9885) (0.9984, 0.9885) (1.0000, 0.9885) (1.0033, 0.9885)	1.0116 (1.0000, 1.0116) (1.0000, 1.0116) (1.0056, 1.0116) (1.0030, 1.0116) (1.0016, 1.0116) (1.0000, 1.0116) (0.9967, 1.0116)	0.9911 (1.0000, 0.9911) (1.0000, 0.9911) (0.9957, 0.9911) (0.9977, 0.9911) (0.9988, 0.9911) (1.0000, 0.9911) (1.0026, 0.9911)	1.0090 (1.0000, 1.0090) (1.0000, 1.0090) (1.0044, 1.0090) (1.0023, 1.0090) (1.0012, 1.0090) (1.0000, 1.0090) (0.9974, 1.0090)	0.9949 (1.0000, 0.9949) (1.0000, 0.9949) (0.9975, 0.9949) (0.9987, 0.9949) (0.9993, 0.9949) (1.0000, 0.9949) (1.0015, 0.9949)	1.0052 (1.0000, 1.0052) (1.0000, 1.0052) (1.0025, 1.0052) (1.0013, 1.0052) (1.0007, 1.0052) (1.0000, 1.0052) (0.9985, 1.0052)	γ X = γ Y = 0.2	0.7320 (1.0008, 0.7320) (1.0008, 0.7320) (0.8598, 0.7320) (0.9235, 0.7320) (0.9580, 0.7320) (1.0008, 0.7320) (1.0930, 0.7320)	1.3662 (0.9992, 1.3662) (0.9992, 1.3662) (1.1631, 1.3662) (1.0828, 1.3662) (1.0438, 1.3662) (0.9992, 1.3662) (0.9150, 1.3662)	0.7593 (1.0007, 0.7593) (1.0007, 0.7593) (0.8752, 0.7593) (0.9322, 0.7593) (0.9629, 0.7593) (1.0007, 0.7593) (1.0815, 0.7593)	1.3171 (0.9993, 1.3171) (0.9993, 1.3171) (1.1426, 1.3171) (1.0727, 1.3171) (1.0386, 1.3171) (0.9993, 1.3171) (0.9246, 1.3171)	0.7922 (1.0006, 0.7922) (1.0006, 0.7922) (0.8934, 0.7922) (0.9424, 0.7922) (0.9685, 0.7922) (1.0006, 0.7922) (1.0685, 0.7922)	1.2624 (0.9994, 1.2624) (0.9994, 1.2624) (1.1193, 1.2624) (1.0611, 1.2624) (1.0325, 1.2624) (0.9994, 1.2624) (0.9359, 1.2624)	0.8347 (1.0004, 0.8347) (1.0004, 0.8347) (0.9164, 0.8347) (0.9551, 0.8347) (0.9755, 0.8347) (1.0004, 0.8347) (1.0527, 0.8347)	1.1980 (0.9996, 1.1980) (0.9996, 1.1980) (1.0912, 1.1980) (1.0470, 1.1980) (1.0251, 1.1980) (0.9996, 1.1980) (0.9500, 1.1980)	0.9009 (1.0003, 0.9009) (1.0003, 0.9009) (0.9508, 0.9009) (0.9738, 0.9009) (0.9858, 0.9009) (1.0003, 0.9009) (1.0301, 0.9009)	1.1100 (0.9997, 1.1100) (0.9997, 1.1100) (1.0517, 1.1100) (1.0269, 1.1100) (1.0144, 1.1100) (0.9997, 1.1100) (0.9708, 1.1100)	γ X = γ Y = 0.01	0.9875 (1.0000, 0.9875) (1.0000, 0.9875) (0.9939, 0.9875) (0.9968, 0.9875) (0.9983, 0.9875) (1.0000, 0.9875) (1.0036, 0.9875)	1.0127 (1.0000, 1.0127) (1.0000, 1.0127) (1.0062, 1.0127) (1.0033, 1.0127) (1.0018, 1.0127) (1.0000, 1.0127) (0.9964, 1.0127)	0.9889 (1.0000, 0.9889) (1.0000, 0.9889) (0.9946, 0.9889) (0.9971, 0.9889) (0.9985, 0.9889) (1.0000, 0.9889) (1.0032, 0.9889)	1.0112 (1.0000, 1.0112) (1.0000, 1.0112) (1.0054, 1.0112) (1.0029, 1.0112) (1.0015, 1.0112) (1.0000, 1.0112) (0.9968, 1.0112)	0.9906 (1.0000, 0.9906) (1.0000, 0.9906) (0.9954, 0.9906) (0.9976, 0.9906) (0.9987, 0.9906) (1.0000, 0.9906) (1.0027, 0.9906)	1.0095 (1.0000, 1.0095) (1.0000, 1.0095) (1.0046, 1.0095) (1.0024, 1.0095) (1.0013, 1.0095) (1.0000, 1.0095) (0.9973, 1.0095)	0.9927 (1.0000, 0.9927) (1.0000, 0.9927) (0.9965, 0.9927) (0.9981, 0.9927) (0.9990, 0.9927) (1.0000, 0.9927) (1.0021, 0.9927)	1.0073 (1.0000, 1.0073) (1.0000, 1.0073) (1.0036, 1.0073) (1.0019, 1.0073) (1.0010, 1.0073) (1.0000, 1.0073) (0.9979, 1.0073)	0.9958 (1.0000, 0.9958) (1.0000, 0.9958) (0.9980, 0.9958) (0.9989, 0.9958) (0.9994, 0.9958) (1.0000, 0.9958) (1.0012, 0.9958)	1.0042 (1.0000, 1.0042) (1.0000, 1.0042) (1.0021, 1.0042) (1.0011, 1.0042) (1.0006, 1.0042) (1.0000, 1.0042) (0.9988, 1.0042)	γ X = γ Y = 0.2	0.7757 (1.0006, 0.7757) (1.0006, 0.7757) (0.8840, 0.7757) (0.9371, 0.7757) (0.9656, 0.7757) (1.0006, 0.7757) (1.0752, 0.7757)	1.2891 (0.9994, 1.2891) (0.9994, 1.2891) (1.1312, 1.2891) (1.0671, 1.2891) (1.0357, 1.2891) (0.9994, 1.2891) (0.9300, 1.2891)	0.7992 (1.0005, 0.7992) (1.0005, 0.7992) (0.8970, 0.7992) (0.9443, 0.7992) (0.9696, 0.7992) (1.0005, 0.7992) (1.0661, 0.7992)	1.2512 (0.9995, 1.2512) (0.9995, 1.2512) (1.1149, 1.2512) (1.0590, 1.2512) (1.0314, 1.2512) (0.9995, 1.2512) (0.9380, 1.2512)	0.8274 (1.0005, 0.8274) (1.0005, 0.8274) (0.9122, 0.8274) (0.9527, 0.8274) (0.9742, 0.8274) (1.0005, 0.8274) (1.0556, 0.8274)	1.2087 (0.9995, 1.2087) (0.9995, 1.2087) (1.0963, 1.2087) (1.0496, 1.2087) (1.0265, 1.2087) (0.9995, 1.2087) (0.9474, 1.2087)	0.8634 (1.0004, 0.8634) (1.0004, 0.8634) (0.9313, 0.8634) (0.9632, 0.8634) (0.9800, 0.8634) (1.0004, 0.8634) (1.0428, 0.8634)	1.1582 (0.9996, 1.1582) (0.9996, 1.1582) (1.0738, 1.1582) (1.0382, 1.1582) (1.0204, 1.1582) (0.9996, 1.1582) (0.9590, 1.1582)	0.9186 (1.0002, 0.9186) (1.0002, 0.9186) (0.9597, 0.9186) (0.9786, 0.9186) (0.9884, 0.9186) (1.0002, 0.9186) (1.0245, 0.9186)	1.0886 (0.9998, 1.0886) (0.9998, 1.0886) (1.0420, 1.0886) (1.0219, 1.0886) (1.0117, 1.0886) (0.9998, 1.0886) (0.9761, 1.0886)
	ρ		-0.8	-0.4	0.0	0.4	-0.8		-0.8	-0.4	0.0	0.4	-0.8		-0.8	-0.4	0.0	0.4	0.8		-0.8	-0.4	0.0	0.4	0.8
	n							10								10								15												15					

S , h L ) are in the first row of the table.

Table 3 :

 3 The out-of-control (ARL

	1 , SDRL 1 ) of the Shewhart-RZ charts (column FSI), the out-of-control
	(AT S 1 , SDT S

Table 4 :

 4 The out-of-control (ARL

	1 , SDRL 1 ) of the Shewhart-RZ charts (column FSI), the out-of-control
	(AT S 1 , SDT S

1 , ASI 1 ) of the VSI Shewhart-RZ charts for γ X = γ Y = 0.2, n = 1 and different values of other parameters.

Table 5 :

 5 The out-of-control (ARL

	1 , SDRL 1 ) of the Shewhart-RZ charts (column FSI), the out-of-control	1 ) of the VSI Shewhart-RZ charts for γ X = γ Y = 0.01, n = 5 and different values of other parame-		(0.5, 1.5) (0.3, 1.7) (0.1, 1.1) (0.1, 1.3) (0.1, 1.5) (0.1, 1.9) (0.1, 4.0)
		(AT S 1 , SDT S 1 , ASI	ters.	ρ τ FSI

Table 7 :

 7 The out-of-control (ARL

	1 , SDRL 1 ) of the Shewhart-RZ charts (column FSI), the out-of-control	1 ) of the VSI Shewhart-RZ charts for γ X = γ Y = 0.01, n = 10 and different values of other param-	
		(AT S 1 , SDT S 1 , ASI	eters.	ρ τ FSI

1 , ASI 1 ) of the VSI Shewhart-RZ charts for γ X = γ Y = 0.2, n = 15 and different values of other parameters.

Table 11 :

 11 The out-of-control EARL 1 of the Shewhart-RZ charts (column FSI), the out-of-control EAT S 1 of the VSI Shewhart-RZ charts for n =

	{1, 5} and different values of other parameters, (D): Decreasing case, (I):	
	Increasing case.								
	n	ρ	Type FSI (0.5, 1.5) (0.3, 1.7) (0.1, 1.1) (0.1, 1.3) (0.1, 1.5) (0.1, 1.9) (0.1, 4.0)
							γ X = γ Y = 0.01			
		-0.8	(D) (I)	8.1 8.3	5.8 6.0	4.9 5.0	6.0 6.2	5.0 5.2	4.5 4.7	4.0 4.1	3.1 3.2
		-0.4	(D) (I)	6.7 6.8	4.6 4.8	3.8 4.0	4.7 4.9	3.9 4.0	3.5 3.6	3.0 3.1	2.3 2.4
	1	0.0	(D) (I)	5.1 5.2	3.4 3.5	2.7 2.8	3.4 3.5	2.7 2.8	2.4 2.5	2.1 2.1	1.5 1.6
		0.4	(D) (I)	3.4 3.5	2.1 2.1	1.6 1.6	1.9 2.0	1.5 1.5	1.3 1.3	1.1 1.1	0.8 0.8
		0.8	(D) (I)	1.6 1.6	0.6 0.7	0.4 0.4	0.4 0.4	0.3 0.3	0.2 0.2	0.2 0.2	0.1 0.2
							γ X = γ Y = 0.2			
		-0.8	(D) 148.1 (I) 150.9	140.2 143.2	137.0 140.2	144.5 147.4	140.2 143.3	137.4 140.6	133.8 137.1	126.5 129.9
		-0.4	(D) 143.8 (I) 146.7	135.1 138.4	131.7 135.0	139.8 142.9	135.1 138.4	132.1 135.4	128.2 131.7	120.5 124.1
	1	0.0	(D) 137.2 (I) 140.4	127.6 131.1	123.8 127.3	132.7 136.0	127.5 131.0	124.2 127.7	120.0 123.6	111.8 115.5
		0.4	(D) 125.6 (I) 129.1	114.7 118.4	110.3 114.1	120.2 123.9	114.3 118.0	110.6 114.4	106.0 109.8	97.4 101.2
		0.8	(D) (I)	95.1 98.9	82.7 86.3	77.7 81.3	88.2 92.0	81.3 85.0	77.4 81.0	72.8 76.3	64.8 68.0
							γ X = γ Y = 0.01			
		-0.8	(D) (I)	2.3 2.3	1.2 1.3	0.8 0.9	1.0 1.0	0.7 0.7	0.6 0.6	0.5 0.5	0.3 0.4
		-0.4	(D) (I)	1.9 1.9	0.9 1.0	0.6 0.7	0.7 0.7	0.5 0.5	0.4 0.4	0.3 0.3	0.2 0.3
	5	0.0	(D) (I)	1.6 1.6	0.6 0.7	0.4 0.4	0.4 0.4	0.3 0.3	0.2 0.2	0.2 0.2	0.1 0.2
		0.4	(D) (I)	1.2 1.2	0.4 0.4	0.2 0.2	0.2 0.2	0.1 0.1	0.1 0.1	0.1 0.1	0.1 0.1
		0.8	(D) (I)	1.0 1.0	0.2 0.2	0.1 0.1	0.01 0.01	0.01 0.01	0.01 0.01	0.01 0.01	0.01 0.01
						γ X = γ Y = 0.2				
		-0.8	(D) (I)	92.8 96.3	83.6 87.1	79.9 83.4	87.8 91.4	83.0 86.5	80.0 83.5	76.2 79.7	68.7 71.9
		-0.4	(D) (I)	85.6 89.1	76.4 79.7	72.7 76.0	80.5 84.0	75.6 79.0	72.6 76.0	69.0 72.2	61.7 64.7
	5	0.0	(D) (I)	76.0 79.3	66.9 69.9	63.2 66.2	70.8 74.0	65.9 69.1	63.0 66.1	59.5 62.5	52.7 55.4
		0.4	(D) (I)	61.9 64.8	53.3 55.9	49.8 52.3	56.7 59.4	52.1 54.7	49.5 52.0	46.4 48.7	40.5 42.5
		0.8	(D) (I)	36.2 37.9	29.7 31.1	27.1 28.4	31.7 33.2	28.4 29.7	26.6 27.8	24.6 25.6	20.9 21.8

Table 12 :

 12 The out-of-control EARL 1 of the Shewhart-RZ charts (column FSI), the out-of-control EAT S 1 of the VSI Shewhart-RZ charts for n =

	{10, 15} and different values of other parameters, (D): Decreasing case, (I):
	Increasing case.

Table 13 :

 13 The food industry example data (S.I: sampling interval)

	W p,i,j [gr]	Wp,i [gr]
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Table 6:

The out-of-control (ARL 1 , SDRL 1 ) of the Shewhart-RZ charts (column FSI), the out-of-control (AT S 1 , SDT S 

Illustrative example

In this section, we present an example of implementation of the upward VSI Shewhart-RZ control chart using the dataset proposed by Celano et al. [START_REF] Celano | Statistical performance of a control chart for individual observations monitoring the ratio of two normal variables[END_REF]. This is a muesli brand made of a number of ingredients in which the nutrition facts requirements are assured by the use of equal weights of "pumpkin seeds" and "flaxseeds". That is, their nominal proportions to the total weight of box content are both fixed at p p = p f = 0.1. Several brand boxes with different dimensions are manufactured to meet the market needs. Let µ p,i and µ f,i denote the mean weights for "pumpkin seeds" and "flaxseeds". For all the boxes dimension, the manufacturers want to monitor the regular intervals i = 1, 2, . . . to check deviations from the in-control ratio

During the mixing process, the in-control ratio can be undesirably shifted because of problems occurring at the dosing machine. Suppose that the sample size n = 5 boxes have been picked every 30 minutes. One can calculate the sample average weights Wp,i = 1 n n j=1 W p,i,j and Wf,i = 1 n n j=1 W f,i,j for pumpkin seeds and flaxseeds. The ratio Ẑi = Wp,i Wf,i is then computed and plotted on the VSI Shewhart-RZ control chart. The dataset in [START_REF] Celano | Statistical performance of a control chart for individual observations monitoring the ratio of two normal variables[END_REF] said that γ p = 0.02 for pumpkin seeds and γ f = 0.01 for flaxseeds, while the in-control correlation coefficient between these two variables is ρ 0 = 0.8. Suppose that the increase of this ratio with the size τ = 1.01 is wished to detect. The sampling interval is chosen such that (h S , h L ) = (0.1, 1.1). The parameters of K U = 1.0153766, W U = 0.9955527 can be obtained numerically. When z 0 = 1, the upper control limit U CL + = 1.0153766 and the warning control limit is U W L + = 0.9955527. A set of simulated samples collected from the process, the corresponding box sizes 250-500 gr and the Ẑi statistics is shown in Table 13. The process is supposed to run in-control up to sample #10. Then, between samples #10 and #11 Celano et al. [START_REF] Celano | Statistical performance of a control chart for individual observations monitoring the ratio of two normal variables[END_REF] have simulated the occurrence of an assignable cause shifting z 0 to z 1 = 1.01 × z 0 , i.e. a ratio percentage increase equal to 1%. Figure 3 reports the upward VSI Shewhart-RZ control chart. The chart signals the occurrence of the out-of-control condition by the point #11 above the control limit U CL + = 1.0153766. After removing the assignable causes, the process is enabled to continue after sample #13.

Conclusions

In this paper, we have investigated the statistical properties of two one-sided Shewhart control charts monitoring the ratio of two normal variables. From the numerical comparison, it is noticeable that two separated one-sided She-