N
N

N

HAL

open science

Analysis of Accurate and Stable Nonlinear Finite
Volume Scheme for Anisotropic Diffusion Equations
with Drift on Simplicial Meshes

El Houssaine Quenjel

» To cite this version:

El Houssaine Quenjel. Analysis of Accurate and Stable Nonlinear Finite Volume Scheme for
Anisotropic Diffusion Equations with Drift on Simplicial Meshes. Journal of Scientific Computing,

2021, 88 (3), pp.76. 10.1007/s10915-021-01577-x . hal-02561283v2

HAL Id: hal-02561283
https://hal.science/hal-02561283v2

Submitted on 12 Aug 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02561283v2
https://hal.archives-ouvertes.fr

Analysis of accurate and stable nonlinear finite
volume scheme for anisotropic diffusion equations
with drift on simplicial meshes

El Houssaine QUENJEL

Université Cote d’Azur, LJAD, CNRS UMR 7351, and COFFEE team, INRIA Sophia Antipolis
Méediterranée, Parc Valrose 06108 Nice Cedex 02, France. quenjel@unice.fr

August 1, 2021

Abstract

This work addresses the development and analysis of a second-order accurate finite volume
scheme for parabolic equations with anisotropy on general simplicial meshes. The discretization
involves only vertex unknowns without processing additional ones. The scheme construction
makes use of a nonlinear transformation of the linear elliptic term. Two propositions are mainly
presented for the approximation of the mobility function at the interfaces. The existence of
positive solutions for the discrete system is guaranteed thanks to the proved a priori estimates.
The energy dissipation of the scheme is moreover ensured. The convergence of the approach
is established. Numerical tests are given to show the efficiency, accuracy and robustness of the
proposed approach, with respect to the anisotropy, while a particular emphasis is set on the effects
of the approximate mobility. They also confirm the obtained theoretical results, especially the
decay of the free energy when time grows.

1 Introduction

Anisotropic convection-diffusion equations are essential in modeling many real-world problems
arising from complex reservoir models [19], chemotaxis processes [31] and systems of semiconduc-
tor devices [4]. In such an application the numerical approximation of the model should ideally
preserve the physical properties of the continuous problem. For instance, in the context of porous
media flows the permeability can be strongly anisotropic and highly heterogeneous. Then, in these
situations, the approximate solution accounting for the saturation or the concentration must be
nonnegative without spurious oscillations in order to respect some standard laws of physics (e.g.
Fick’s law). This holds the name of a discrete maximum principle. Moreover, in the numerical
modeling of semiconductors, the control of some dissipated entropies is very useful to understand
the large time behavior of the physics being modeled. Hence, developing consistent, accurate
and cheap numerical methods of type finite volumes on general meshes respecting the underlined
properties is of great importance.



In view of its fundamental role, extensive research has been devoted to the discrete maximum
principle for anisotropic linear diffusion problems. The pioneer two-point flux approximation
(TPFA) scheme fulfills this property by construction [24]. In the presence of convective effects,
it is recommended to employ the Scharfetter-Gummel approach of the TPFA scheme [16] 41]
instead of the upwind version for better accuracy and stability. Unfortunately, these methods
necessitates a stringent orthogonality condition on the mesh together with a scalar isotropic
tensor. From a general viewpoint, it is well understood that no linear finite volume method
for the linear diffusion preserves unconditionally the physical ranges of the approximate solution
[22, [39] without additional assumptions. A tough attention was then given to nonlinear versions
[10] 26| 34, 35, B8] 42]. Most of these schemes make use of a convex splitting of the flux in the
co-normal direction. Other unknowns, placed at the vertices or edges etc, are required to define
accurately each component and they can be eliminated after that. Although they are accurate of
second-order, these kinds of methods do not fulfill the coercivity of the scheme without further
assumptions on the mesh and the anisotropic ratio. To ensure the latter, a general approach
was addressed in [I1]. It is applied to centered scheme or merely built on coercive centered
finite volume methods. Yet, consistency or convergence is valid when a numerical assumption
holds. Recently, a few convergent positive schemes were designed and analyzed for degenerate
parabolic equations with anisotropy, see for instance [I3], 28, 27, [40]. The methodology used in
these references is accurate of first order for the diffusion since the idea is based on an upwinding
strategy of Godunov type. In the work [I4], the authors proposed and investigated an accurate
vertex approximation gradient methodology. It uses vertex and cell unknowns where the latter
are eliminated at the solver level. Also, the implementation of this methodology shows that the
iterative solver is extremely sensible to highly anisotropic ratios of the permeability when the
discrete mobility function is given by a centered arithmetic mean. Recall that the advantage of
the methods [12} 14] is that they can deal with more general grids and heterogeneities.

On the other hand, the considered model problem is dissipated and possesses an energy func-
tional of Lyapunov type. The control of the latter allows to obtain relevant information on the
asymptotic behavior of the solutions such as the exponential decay to the equilibrium [32] 33]. In
the discrete setting, the large time behavior has been addressed in [7, [5] I8, 25] using a Two-Point
finite volume discretizations together with the Scharfetter-Gummel strategy. The exponential de-
cay to equilibrium states has been shown in [36] using jump processes. Establishing finite volume
methods coupling between the energy diminishing, optimal accuracy, as well as positivity for such
a model under general assumptions on the data and on the mesh is quite challenging. Only few
papers have been devoted to such a topic in the context of multi-point framework [12} [14].

In this paper, we propose a vertex-centered finite volume scheme on general simplicial meshes
applied to a basic anisotropic linear diffusion equation with drift, due to its practical importance.
The main objective of this contribution consists in extending the ideas of the scheme presented
n [40]. Indeed, even if the discretization elaborated in [40] enjoys some advantages, it however
suffers from several limitations. For instance, we reveal :

e the numerical convergence is only first order in space;
e it does not allow the control of the free energy;

e it is not suitable to preserve the long time behavior of the solutions since the methodology
is based on the upwinding, see [6] for deep details.

In the present contribution, we aim to dispense with the previous items weakening the use of the
scheme of [40] in studying the long time behavior. We below recall and state the assets of the
new scheme.



e Unknowns are only placed at the vertices, which turns out the computational cost cheaper;
e accuracy of second order;

e the control of the free energy;

e preserving the asymptotic of solutions as fast as possible (numerical exponential decay);

e handling highly anisotropic and heterogeneous domains;

e honoring the physical bounds (positivity) on the approximate solution;

e theoretical convergence towards the continuous solution of the mathematical problem.

The task is first achieved by formulating the elliptic term into a very specific nonlinear manner
allowing the dissipation of the entropy function. Next, we use the spatial discretization elaborated
in [40]. Moreover, in [40], we employed an upwind approximation of the mobility-like function. In
the current paper, we take advantage of a centered scheme to avoid the reduction in the numerical
convergence rate. Two propositions on the centered approximation can be made. First, one has
the possibility to take the arithmetic mean value as done for instance in [I3]. Second, one considers
a fractional logarithmic average. Both of them respect the above prescribed physical properties of
the solutions and allow the convergence of the numerical scheme from a theoretical point of view.
In practice, the first choice does not support highly anisotropic tensors whereas the behavior of
the logarithmic centered choice is independent of anisotropy.

The content of this paper is outlined as follows. We next state the mathematical model we
are interested in as well as the definition of weak solutions. Section [2] describes the finite volume
discretization, namely the spatial and temporal meshes, the reconstruction operators and the
discrete functional spaces. We next present the proposed numerical scheme under its pointwise
and concise forms. In Section [3] we establish several properties of the scheme, especially the
energy estimates, estimations on the free energy of the system and existence of discrete solutions.
In Section [ we study the convergence of these solutions towards a weak solution by means of a
recent compactness argument. Finally, Section [5| shows numerical assessment of errors produced
by our method and their associate convergence rates. The approach robustness with respect
to the tensor anisotropy is also tested. It is illustrated that the proposed methodology is free
diminishing in the sense that the energy dissipates in the course of time.

Let Q be a bounded connected open polyhedral subset of R (d € N*) with a Lipschitz
boundary T'. Let us set Q;, = 2 x (0,t) where t; > 0 is the final time. In this work, we are
interested in the model example

st — div (Dvs + sta(x)) =0 i Q, (1.1)
with the no-flux boundary condition
(Dvs + SDVG(:E)) n=0 on T x(0,t), (1.2)
and the initial state of the solution
5(0,-) =s%x) in Q. (1.3)

The approach we adapt here is based on an equivalent formulation of the potential. Therefore,
the equation (|1.1]) rewrites

s¢ — div (SDV(log(s) + G(x))) —0 in Q. (1.4)

Now, let us state the main assumptions on the physical data of the problem. They are
mandatory to give a proper sense to the sought solutions.



(H;) The matrix D € L=(Q)%*? is symmetric and uniformly elliptic in the sense that there exist
o and o7 such that

ap [ul? <D(@)u-u < oy |uf* Vae zeQandvVueR

(H3) The exterior potential G is a nonnegative function of C*(Q, R).

(H3) The initial datum s° is nonnegative and belongs to L'(€2). We define the convex mapping
H:RT — RT by

H(v) = vlog(v) — v+ 1. (1.5)
We require that this function possesses a finite entropy condition on s° i.e.
/ H(s"(2))dr < +oo, and / s%(x) dx > 0. (1.6)
Q Q

The following statement surveys the definition of a weak solution.

Definition 1.1. Under Assumptions (Hi)-(Hs), a measurable function s : Q¢, — (0,+00) is
said to be a weak solution to the problem (1.1))-(1.3]) if the following items are fulfilled.

(i) H(s) € L>®(0,t5; L1 (Q)) and &(s) := /s € L*(0,ts; HY(2)).

(i) The integral identity holds
sty da dt—/ s%9(-,0) d:U+/ ]ID(V5+8VG(:L‘)>-V1/J dzdt =0, Vi € C°(Qx[0,)).
Q Qe

),
(1.7)

The convergence (up to a subsequence) of the proposed numerical scheme — of the
current work yields directly the existence of a weak solution to the model —. More details
are given in Propositions A same strategy was employed in [12] in the context of discrete
duality finite volume method. Even though no-flux Neumann boundary conditions are imposed
in our case, one can mimic the compactness approach developed in [1.7. Existence Theorem.|[I]
to provide another alternative for the existence result. In this reference, the authors treated
a general parabolic model with mixed Dirichlet-Neumann boundary conditions. Note that the
current assumptions on the data (e.g. (Hs)) and the definition of the weak solution (e.g. item
(i) of Definition are different from the ones prescribed in [I].  As highlighted in [12], the
uniqueness question of such a weak solution is still an open problem for sg € L?(). In the case
where H(s?) € L1(£2), the authors conjectured that the weak solutions in the sense of Definition
are renormalized ones, which yields the uniqueness. As a consequence, one could recover the
convergence of the whole sequence of solutions.

We define the free energy € and the dissipation J for the evolution equation by

tf

e(t) = /ﬂ H(s) + G dw, I(t) = /Q DV (log(s) + G) - V(log(s) + G) da.

Formally, taking ¢ = log(s) + G in the weak formulation ([1.7) implies the energy-dissipation

relationship
de

—4+J3=0.
a +J
Using the fact that J > 0 we get
de
—=-7<0. 1.8
dt - (1.8)



Thereby, the free energy is diminishing in time. This structural feature was intensively employed
to study the large time behavior of solutions thanks to entropy’s methods. For more details on
this strategy, we refer to the article [I5]. In the recent years, a particular attention was paid to
setting the entropy principles from a numerical point of view. For instance, using TPFA scheme,
the numerical investigation of asymptotic of solutions to convection-diffusion equations based on
the discrete version of the entropy methodology can be found in [5, 17, 29, 25 18]. We also
mention the work [12] where a discrete duality finite volume scheme enjoying was studied.
We will see later on that our methodology respects the decay of the free energy even on anisotropic
situations.

2 Finite volume discretization

In this section, we set the discrete tools that are necessary to define and study the proposed
numerical scheme.

2.1 Meshes and reconstruction operators

Spatial discretization : the domain €2 is discretized with two different partitions. The first one
consists in an admissible finite element triangulation referred to as the primal mesh. The second
one or the dual mesh is built around the vertices of the elements. While the presentation of the
terminologies below can be extended to the 3D setting, we rather expose the 2D version in order
to keep the ease readability of the discrete framework.

Let 7 be a conforming triangulation of 2 composed of triangles satisfying UTGTT =0. We
define 7 the mass center and hr the diameter of the simplex T' € T. Also, let pr be the largest
diameter of the inscribed ball in T. The size and regularity of the primal mesh are respectively
given by

hr
h7 =maxhy, and ©O7 =max—.
TeT TeT pT
When At tends to zero, we assume that the refined meshes 7; of the same triangulation have a
uniformly bounded regularity ©7, [20].

We denote V the set of vertices of the mesh, and Vr the nodes of the simplex T € T. We
can label each vertex of T thanks to the permutation 7 acting on Vr as depicted on the left side
of Figure We denote 7; the set of elements having in common the vertex i € V. We assign
a unique dual cell or control volume K; centered at ¢ for any given node i € V. A simple way
to construct K; is to connect the center of any triangle 7" € 7; with the midpoint of edges of T’
sharing the same vertex i. Given two finite volumes K; and K ;) we set az;(i) =K;N m NT.

this interface oriented from K; to K.(;) is denoted by n,» . The set Efjgi refers to all the edges

i (¢

The notation

(Z.)‘ represents the (d — 1)-dimensional measure of az;(i). The unit normal on

of K; contained in the triangle T € 7;. We designate by x; the center of the control volume Kj,
and by |Kj;| the d-dimensional measure of K;. The set of the control volumes K; will be referred
to as M. Note that x; denotes also the coordinate of the node 1.

Remark 2.1. In case of d > 3 one always can label the faces sharing a vertex i € Vp for some
element T thanks to a suitable permutation 7. A possible way to do so is given as follows. First,
we fix the combination

() =7(i)T 0 7(3) - --Td(i), =710 01,

d times



Figure 1: The spatial discretization of 7' € T (left) and illustration of the
dual mesh (right) given by dashed segments.

such that T%1(i) = i. Then we apply T d-times on i7*(i) to obtain all faces sharing the node i.

In this case, we would use the notation Ui::*(i) instead of Jg;(i) for the dual interfaces.

Temporal discretization : the time interval (0,%y) is discretized thanks to a uniform subdivi-
sion given by the increasing sequence (t¥);—.... ~ such that t° = 0 and ¢V = t¢. Then, the time
step is fixed to At = ty/N. This uniform stepping is only taken to avoid heavy notations. The
proofs carried out in this paper can be broadened to nonuniform time steps without any technical
issues.

Reconstruction operators : first, let us define X the standard P; finite elements space on
T. We consider (¢;)iey the classical basis of X7 satisfying ¢;(z;) = 1if j = ¢ and p;(z;) =0
else. We define the reconstruction operator w7 : R#*Y — X7 by setting

TTU = Zuiapi, Yu € R7V,
=%
Similarly, let X r be the space of piecewise constant functions on the dual mesh M. We define
the piecewise constant operator myq : R#*Y — X v such that

ﬂ'Mu:ZuilKi, V'LLER#V.
1%

If g is a nonlinear function from R into R. We adopt the convention making g(u) = (g(u;))icy
for every u € R#Y. Then, one has

Trg(u) = Zg(ui)%w and  mpmg(u) = ZQ(W)lKi, Vu € R*Y,
iev iev

Let {7r7-uk}k:07... .~ be a sequence of functions of X7 and let {ﬁMuk}k:Q... .~ be a family of func-
tions of the trial space X (. We define the time-dependent reconstruction functions 77 A¢, ma1,A¢
respectively by

T acu(c,t) = mru®, and T acu(c,t) = mmu®, Yte (t*4Lt*), vk=1,--- | N. (2.1)
This conduct us to define the time-dependent discrete gradient Vmwr asu by
Vrrau(t) = Voru®, Vee "1, vk=1,--- ,N.

The following result establishes the link between some reconstruction functions and the discrete
gradient.



Lemma 2.1. (see [{0, Lemma 2.4]) Let mru be in Xq. We consider the piecewise constant
functions Tru and wru defined respectively by

mru(zr) = max mru(y) and mru(z) = minmru(y), VeeT, VT €T.

yeT yeT
Then, one gets
w70 — 7wl 2y < #VrhT [Varull g2 g)a - (22)
As a consequence
[mpmu = 77l 2 () < #Vrhr [Vrrul g2y - (2.3)

2.2 Description of the numerical scheme

For the sake of simplicity we set Y(s) = log(s) + G throughout the paper. Without loss of
generality, we assume that the tensor D is constant per triangles. Before presenting the proposed
numerical scheme, we would like to survey how we derive the main discrete terms. Let us select
a control volume K; for some i € V. We integrate on K; with 0K; = UTeﬁ U JZ.TT(i) and make use
of Green’s formula to get

_ /a KisDVT(S)-ndo:—Z Z /G , svr(s).mnagm do. (2.4)

T i T T 17 (2
€Tiol ek i)

Being a finite volume method, our construction is based on the discretization of the local contin-
uous fluxes. Following [40]] we propose the following centered scheme to the integral flux across
the interface o~

i1 (%)
- () D ~ \fSir) Gin 9.
/ﬂm sVI(s) n,r  do V/Sir()Gir(i) (5T); (2.5)

where s;.(;) is given by combining the two different means

2
V5~ Vi
. Si + Sr(i 2 ;o if s # s,
Sir(i) = T()’ Sff(i) = ( log(si) — log(sr()) @ (2.6)
Si, otherwise
in the sense that
sir) = (1= N)sir) + Asir), (2.7)

where A is a parameter belonging to (0,1]. The fact that A > 0 is required to reinforce the
existence of A* > 0 such that
52'7-(1') Z A max (Si, ST(i)) . (2.8)

In our case A* = A\/2. This inequality is a key ingredient to prove the existence of positive solution
to the proposed finite volume scheme. From a numerical viewpoint, we can consider a very small
A in order to show the efficiency of s;,(;) ~ 557(1') compared to sz(i).

The quantity QZ.TT(i)(sT) is a numerical flux-like function that approximates /sVY(s) along
the co-normal vector Dn_r

17 (%)

Giry (57) = D a%J%(T(Sj) - T(ST(j))), (2.9)

JEVT



where the weight a;@ is given by [40]

r_ 1

T
a”

’ T

JT(J)‘ Dn,r

-n_r .
Zir@i)  7iT()

By construction, notice that the numerical flux-like function is conservative. Indeed, the flux from
7(i) to 4 in the triangle T" is given by G.(;);(s7). Replacing i by 7(i) in (2.9), with 7o 7(i) = 4,

implies
=3, (T(sj) T(sm))).

JEVr
Now, observe that
al = L pr ol Dn. ;- n, _ Dn. ;) - n, = —al;
()i = (i) | |9ar() | ol |T\ JT(J ol i
This entails that G.(;);(s7) = —Gir(5)(s7), which ensures the discrete local flux conservation.

To avoid a CFL constraint on the time steps in case of strong anisotropic ratios of the tensor I
we consider a fully implicit (backward Euler) discretization in time. Then, the numerical scheme
consists in finding a sequence (s¥); solving the following algebraic set of equations at each time

(]
iteration k € {1,--- ,N} ,

1 / .

0 0

s; = s'(x)dx, VieV, (2.10)
| K|
k k 1

i > Z N =0, VieV, (2.11)

TeTU €
s¥>0, Viev. (2.12)

The last constraint gives sense to sought discrete solutions due to the use of the log function.

Remark 2.2. The nonlinear scheme takes into account a zero-flux boundary condition. The dis-
cretization can be applied to homogeneous Neumann and (positive) Dirichlet boundary conditions
for instance. For this purpose, one first needs to specify the set of Dirichlet boundary vertices
VP see [40]. Then, the corresponding numerical scheme — remains the same for any
degree of freedom i € V\VP and we impose the considered (positive) Dirichlet function fori € VP,
The scope of this paper (positivity, a priori estimates, convergence) holds true for these kinds of
boundary conditions.

The above system can be rewritten under a compact form. This formulation is of chief impor-
tance since it allows to straightforwardly conduct the analysis of the resulting finite volume scheme
in a rigorous setting. To this purpose, we introduce the local diagonal matrix (Sg; )1<i,j<#v, whose

entries are
ST — shw i =70)
l .
S if j # 7(i)
For every u € R*VT we denote d7u the vector of R#Y7 such that the i component is (d7u); =
uj — Ur(;). We next define the discrete L?-norm on R#Y by

#V
[ur, o7l = 1Kl ujv.
=1

8



Therefore, the equivalent form of the numerical scheme is obtained by performing a discrete
integration by parts in space. It reads

k _ k-1
|’S7—A?F,UT]] + Y STorv(sh) ATSTérvr =0, Yoy € X7, Vk=1,--- ,N. (2.13)
T TeT

The symmetric matrix A7 is defined by AT = (az;)lgi,jg#w- By taking vy = 17 in (2.13]) we
recover the discrete conservation of mass claiming

[{ss—,lTﬂT:/szﬂMskdx:/ﬂsodx, Vk=1,---,N. (2.14)

The following lemma is one of the keystone results for the convergence analysis of our scheme.
It shows in particular that the matrix A7 is definite-positive.

Lemma 2.2. There exist two positive constant p1 and po that depend only on ag, a1 and the
mesh reqularity so that for oll T € T, one has

T T
/J’l|h2’5Tu ~oru < 6pu - ATSpu < ,U'2|h?‘6TU Sru,  Vu € R, (2.15)
2 T

Proof. The proof is carried out in [40, Lemma 2.3]. It extends the ideas provided in [9, [14]. O

Remark 2.3. From a theoretical viewpoint, sz(l.) can take other possible mean values. Indeed,

the proposed scheme and the analysis are valid for any average sz(i) satisfying

£,k k c,k k * k k
Siriy < Sir(i) = Sirpy AN Siry = A" max (i’ 57(3))

for some \* > 0. An example fulfilling these equalities is given by [37]

=
|
N
~—~
V2]
ol
N—
3
_l’_
—~~
V2]
3 3
=
SN—
3
v
—
~
3
D=
IN
<
IN
—_

In the sequel, unless specified, we denote by C' generic positive constants that depend only on
the physical data described in (H;)-(Hgs) and possibly on the mesh regularity.

3 A priori estimates and existence of discrete solu-
tions

A priori estimates serve for multiple purposes. They ensure the stability of the proposed approach,
namely the coercivity of the scheme and the decay of the free energy. The coercivity means that
we can get a control on the approximate gradient of {(s). This property allows in particular to
prove the existence of the finite volume scheme. Therefore, one can derive a positive lower bound
on any discrete solution. Contrary to [12] our energy estimates, namely the next result, are not
based on the energy-dissipation estimations.



Proposition 3.1. Let (s} K)iev be a sequence such that the finite volume scheme -
holds. Then, there exist positive constants C, Co, and C3, depending only on the physzcal data
and the regularity of the mesh such that

DT sk <O, (3.1)

TeT i€V

Z At Z 7 Z Sir(i) (10g log(sﬁ(i))>2 < Oy, (3.2)

k=1 TeT T jevr

< Cs. (3.3)

ZAtHVﬂﬁf ‘ @)1

Proof. First, we observe that sz(Z.) <sk+ s]j(i) and |T| < C|T N K;| for all i € Vp. Summing by
dual cells and using the mass conservation property (2.14)) we directly check

ST sk <203 Kl sk <208 gy = O

TeT i€V %
Next, take vy = log(s’fr) in the formulation (2.13]) and sum over k =1,--- , N. This gives
E1 + E2 + E3 = 0, (34)

where each term writes

N
E1:Z|:|:S§—*S7—110g( ):H’T’
k=1
N
E, = Z At Z STorlog(sh) - ATST 57 log(sh),
k=1 TeT
N

Bs=> AtY STorGr- AT8Torlog(sh).
k=1 TeT

Thanks to the convexity of the function H defined in (|1.5) we obtain
[["H(s¥) — H(s9), 17—]]7_ < Ej. (3.5)

According to the Cauchy-Schwarz inequality, the fact that |G(z;) — G(z Tr( Z))} < ||IVG||, hr for
all i € Vp, Lemma and the estimation (3.1) we get

N 1/2
| B3| < (E2)'/? <Z Aty STerGr - ATSTéTGT>

k=1 TeT
N - ) 1/2
1/2 ZA Z | | Z ZT . ( . G(x'r(z))>
k=1 TeT T icvr
1/2
< C|IVG|,, (E2)'? Zm A < C(BEy)'/2.

k=1 TeT %

10



By virtue of Young’s inequality we infer
1
|E3| <C+ §E2. (36)

In addition, we combine (3.4)—(3.6|) and use the finite entropy condition (|1.6)) to ensure the uniform
bound F,; < C. Owing to (2.15)), it can be checked that

Z At Z Z Sir(i) (log log(slj(i))>2 < Cs.

TGT ZEVT
Applying once more Lemma [2.2] yields

12 |T’§:(§ >>2

V7€)
TeT ZEVT

By definition of Sfﬁi) (2.6) we automatically obtain

2 _m T 2
HV7rT§(sk)‘ T Z ‘ | Z 5, z)(log log(s’j(i)))
) TET ZGVT
T 2
Z ‘ | Zs” @) <log log(s’j(i))) .
TET ZEVT
We therefore derive the estimation (3.3]). O

Let us elaborate the discrete counterpart of the energy-dissipation relationship (|1.8]). To this
end, we define the approximate free energy by

k k k
— > =0.--- . .
ck [[H(ST), 17]]T ¥ [{GT, STHT >0, Vk=0,---,N (3.7)
The approximate dissipation is given by
=Y STorr(sh) - ATSTsrY(sh). (3.8)
TeT

Proposition 3.2. The finite volume scheme is free diminishing (2.10)-(2.12)) in the sense that

k—
¢ €

gk < =1,---,N. .
At +1Jh—07 vk ) 3 (39>

Consequently, the discrete free energy is bounded and is decreasing in time

0<ef <&t < | H(s G 81y s VE=1,- NV, (3.10)

P

Furthermore, the time integral of the discrete dissipation is uniformly bounded

N
0= 3 A3 < U ey + 16 15”1y (3.11)
Finally, there holds
HWM’NH(S)HL°°(0atf;L1(Q)) < HH(SO)HLI(Q) + Gl HSOHLl(Q) : (3.12)

11



Proof. We proceed as in the proof of [12, Porposition 3.1]. By selecting vy = T(s’%—) in the

formulation we see
[[skT— ST —1 T(ST)HT—I—Atﬁh =0, Vk=1,---,N.
Thanks to the convexity of the function H(s) + sG and the nonnegativity of 3’; we infer
ek — gkl < @ﬁ N [{ST — gt T(ST)]] +ALE =

This proves in particular (3.9). We now apply the Jensen inequahty to obtain |K;|H(s?) <

[ M K, 9 dx for all i € V. Whence we ShOW - The 1nequahty is a direct consequence
of - The last inequality (3.12)) results from , and Assumption (Hg). This
ﬁmshes up the proof. O

Lemma 3.1. Let (s; K)iev be a family fulfilling the numerical scheme - Then, there
exists a positive constant np a¢ > 0 depending on the mesh parameters such that

sE >, Vi€V, Vk=1,--- N. (3.13)

Proof. By the mass conservation equality (2.14]) and the assumption (|1.6)), one can find some
ig € V so that one has
1

0< @] Qso(a:) dz < sfo, and log(sfo) > (.

As a consequence of ([2.7) —-, we get
A*

0<s) ="

=19 Jo
Owing to (3.2) we claim for all T' € T;,, the set of elements sharing the vertex ig, that

0 k k ) 2 / . .
0, (tog(sh) —log(sh))” < sb; (tog(sh) ~log(sh)) < Char VieVe\fio)  (314)
The role of A* is to obtain s > 0 independently of s so that one can make use of [13 Lemma

3.10]. As a result, it is p0881ble to estimate log(s ) in a straightforward way from . Note

_ tk 0.k .
that the inequality - ) does not hold true if szo ; = Sip; since s;7% is not far away from 0 with

a positive constant independent of s?. This is the reason why we perturb sf‘o ; toinclude a very
small sfol; satisfying the first inequality of (3.14).

We deduce from ((3.14)) that, log(s?) —Cy ap V5 € Vr\ {io}, VT € Tj,. It is now sufficient to
employ a similar procedure on the next vertex j and so on. This practical argument is therefore
applied by induction to the set of mesh vertices, which is finite, see [I3, Lemma 3.10]. Accordingly,

one ends up with (3.13)). O

We now state without proof the existence of discrete positive solutions at each time level.
The proof is based on the topological degree argument [21]. The main idea consists in choosing a
suitable homotopy function yielding a monotone scheme whose existence is shown by mimicking
the guidelines of [23]. Additionally, the energy estimate and the positivity estimate (3.13))
allow to prove the uniform continuity of the residual function, coming from the finite volume
scheme (2.10)-(2-11), on a compact subset of (R )#Y. Then, no solution could exist on the
boundary of this compact which directly implies the existence of at least one positive solution to
the scheme in question. More details can be consulted in [14].

sU(z)dw < N'sf < sk Vi e Vr\ {io}.

Proposition 3.3. For every k =1,--- , N, there exists at least a positive solution (Sf)iev to the

finite volume scheme (2.10])-(2.12)).
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4 Convergence of the finite volume scheme

In this section we are concerned with the convergence proof of the numerical scheme. To this end,
we should establish some compactness arguments. A possible way to do that is to derive uniform
estimations on the space and time translations [24, Lemma 4.6]. Instead of using this traditional
strategy, we here apply the practical time-compactness criterion recently elaborated in [2]. This
ensures the existence of a convergent subsequence of discrete solutions. Furthermore, the limit of
the latter has to be identified to a weak solution. We first require the following results.

Lemma 4.1. (see [2], Lemma 4.2], [27, Lemma 8.2]) For a given a € R?, let us set Qija =
Qa x (0,t7) with Qq = {x € Q/[x,a] C Q}. Then, there exists a positive constant C independent
of the discretization parameters such that the following integral satisfies

1

2

N
2
/ T, nru(z + a,t) — g ppu(z, t)| dedt < Clal (Z At HVWTuk‘ , (4.1)
Q

L2(Q d)
tf,a k=1 ( )

for all mp ppu defined by (2.1)).

Let us now state and prove an estimate on the dual norm of the discrete time derivative. Let
Y € C°(Q x [0,2f)). In the sequel, we denote z/Jl7“- the vector of R#Y such that (1/1'73)1 = (z;,tF)
foralli=1,--- ,#V.

Lemma 4.2. There exists a positive constant that depends only on the physical data and the
reqularity of the mesh such that

N

3 [[skT - s’f,—l,wl}}]T <CO|VYll., Vo eCP@x[0,tf)). (4.2)
k=1

Proof. We consider vy = 1/1]7€- in the concise form of the scheme (2.13). Then, we obtain the
splitting

X+Y =0,
where
N
X = ; [[317“—— s];”- 1,1/11}]]7_,
N
Y=Y AtY STorr(sh) - ATSTsryk

e
Il

1 TeT

Applying the Cauchy-Schwarz inequality on the last term, making use of employing the
smoothness of the test function 1 and (3.1) yield

N 1/2 N 1/2
Y| < (Z Aty STorY(s5) - ATSTdTT(s’fr)> (Z Aty STk ATST(ST%)

k=1 TeT k=1 TeT
1/2
SOVl | D171 D sty | < C VY-
TeT %
This concludes the proof of the required inequality. ]
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Proposition 4.1. We assume that (H;)-(Hs) are fulfilled. Let (Tm)m be a sequence of refined
meshes to T such that hr,, ,/At,, go to 0 as m tends to infinity. Then, there exists a measurable
function s : Qi — (0, 4+00) so that the following convergences hold up to a subsequence

T Mo, A, Sy T AL, 8 —— 8 a.e. in Q,, and strongly in Ll(Qtf), (4.3)
Vﬂ'Tm,Atmf(S) — V¢(s) weakly in LQ(O, tr; HI(Q)) (4.4)

Proof. According to the energy estimate (3.3 we have the uniform boundedness in L?(Q; f)d of
the sequence (V7 ar €(5))m. Then, there exists a function ¢ € L*(Qy f)d such that

Vrt,..at,6(s) — ¢, weakly in L2(Qtf)d, as m — +oo. (4.5)

Next, the mass conservation property gives a uniform estimation on the sequence (71, A¢,, £(5))m
in LQ(Qtf) where we recall that £(s) = y/s. Thanks to Lemma we infer that (77, At, £(5))m
is uniformly bounded in the same space. Now, by virtue of Lemma 4.1 and Lemma [£.2] we apply
the compactness argument [2] Theorem 3.9] to ensure the existence of a subsequence converging
a.e. to a measurable function s : Q;, — (0, +00), i.e.

TMp, AL, S — S a.e. in @, as m — +oo.

We recall that
HH(WMm,Ath)HL1(Qtf) <C.

Then, the sequence (maq,,,At, 5) is equi-integrable thanks to De La Vallée Poussin criterion [§].
Consequently, Vitali’s convergence theorem claims the strong convergence of the above sequence
ie.

T Mot 8 — s strongly in LN(Qy,), as m — +o0.
In view of Lemma we deduce
T o, Aty S = WTm,Atm£2(s) — s strongly in Ll(Qtf) and a.e. in Qt,, as m — +oo.

To conclude the proof, it suffices to employ the standard identification of the limit process to
check that ( = V&(s) in the sense of distributions. O

Now, we are in a position to identify the limit function of the previous result as a weak
solution.

Proposition 4.2. Keeping the statement of Proposition[{.1], the obtained function s is indeed a
weak solution to the continuous model (L.1))-(1.3) in the sense of Definition [1.1]

Proof. Following [12, Proposition 4.4], it can be checked that H(s) belongs to L>(0,ts; L*(Q)).
Let us now take v’%ﬂ = z/ﬂ%m in the discrete weak formulation (2.13)) and sum on k& = 1,--- | N.
Then, the latter summation is decomposed as follows

Xon 4 Yon + Zy, = 0. (4.6)
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2
I

3
Il
M= I0= I

k k—1 k
[[STM - S‘Tm 7¢’Tm:|:|7_ )

Aty N7 STorlog(sh ) - ATST sk |

TETm
T =Y Aty > STorGy, - ATSToryh .
k=1 TETm

Notice that w%ﬂ = Og#vn, . Performing a discrete integration by parts in time implies

= e T
0 0 k-1 m m
Xom == [s%, 07,17, = D_ Ot ﬁsm ’Atm ’
k=1 Tm

-

where D7 g, A¢ % is the discrete time derivative given by

m

7TMm7Ath(-, —At,,) D7, At % doedt — / 0 FMm,Atml/J($, 0) dz.
ty Q

Pk — k-t
At ’

m

D7, nn, (@, t) = V(z,t) € K; x (tF71, 4%, Vi e V, vk > 1.

It follows from the smoothness of the test function 1 that (D7 aq,, At ¥)m (resp. (Tat,,,at, ¥ (-, 0))m)
converges uniformly towards ¢y (resp. 1 (-,0)). Thanks to (4.3)) we get

Xo=- |
Q

Let us now study the convergence of the diffusive part Y,,. To this purpose, we first consider

swdxdt—/sow(m,O)dx, as m — +00.
t Q
f

N
V=23 Aty Y &k i) 0r(sh,) - ATorvk
k=1 TETm

= /Q e ()T ar €(5) - Vg, ar, bz,
tf

where s’imm = min;ey, {s¥} and we have defined

—

WTm,Atmg(S) = g(slig",min% V(.CU, t) €T x (tkilatk]y VT € T, Vk > 1.

Using Lemma [2.1| we estimate

HWTmz%\g(s) — WTm,Atmf(S)‘ 12(@:,) = Hm_w‘ H@y)

<hy.C (zNj At vamg(sk)‘ Lmﬁ) ’
k=1

<Chy, — 0, as m — 4o00.
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We deduce in particular that
m@(s) ——— &(s) strongly in LQ(Qtf), as m — +oo. (4.7)
Thereby, we can pass to the limit in Y]} to obtain
Y, —Y =2 VsVy/s - Vipdodt = Vs-Viydxdt, as m — +o0.
Qtf Qtf
We furthermore define the local diagonal matrix ((‘53})1975#\% such that
R /5 i 15 =7(0) .
Yo if j # 7(i)

We denote ST*? the diagonal matrix corresponding to the second choice of (2.6]), namely the
logarithmic mean. Note that Y, can be rewritten under the form

N N
Yoo = At, > ST20rlog(sh ) ATSToryh =Y At Y ort(sh ) - ATST oy
k=1 TETm k=1 TETm

Let us moreover set

N
Vit =S At 3 STorlon(sh, ) - ATSTork,.
k=1 TETm

Observe that s& min < si.‘;(i), for every i € Vr. Also, the regularity of ¢ gives |[yF — q/)f(i)\ <

V|| hr for all i € Vp and k > 0. We subtract the last two identities. We utilize once more
the Cauchy-Schwarz inequality, the result (2.15)), Proposition and Lemm to find that

N
Yy =Y = > A, > &Torlog(sh ) (ST — ST)ATorph
k=1 TETm
1
J 7] A AN
SOVl | 2o Bt D2 5 2 sk (Lo(sh) — los(sh,))
k=1 T€Tm T icvr

1
N 2
. (me S s —sTuio)

k=1 TeTm

< Cy |77, 50, €05) =~ 77,80, £09) @)

< Cyht,,, as m — +oo.
Similarly, one shows that |Y;, — Y,**| — 0, as m — +o00. To conclude, it remains to treat the
convective potential term Z,,,. Mimicking an analogous reasoning we consider

N
Zn = Oty Y &TorGr, - ATS oy
k=1 TETm

— 2
— [ wran ) Vg, G Vg, o, 6 dadt
Qs
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The regularity of the potential G entails the uniform convergence of the sequence (V77 G)nm
towards VG in L2(Q; f)d. Thanks to the strong convergence (4.7) we get

zZr — Z = / sVG-Vydxdt, as m — 4o0.
Qty
We continue in the same fashion by setting
N
Zy =Y "Nty Y STorGy, - ATS sy
k=1 T€Tm

Thanks to the smoothness of G we have |G (x;) — G(z,(;))| < VG| hr for all i € Vp and k > 0.
We follow the previous arguments together with (3.1]) to discover

N
> A, > (8" - 8T6rGr, - ATST oyl

Z — Z | =
k=1 TETm
N 3
< CIVY o (Z Aty > |T|||6" - STHiO)
k=1 TETm

Zm > 12 X s (600 = Glar)

TETm ZGVT

Zet 2 T sk

k=1 TETm 1€V

< Cy VG [ 7020, 8 = 720,805,

< Cycht,, as m — 4o0.

We adapt the above procedure and the same steps to establish that |Z,, — Z¥| — 0, as m —
+o00. Hence, the proof is complete. O

5 Numerical tests

The goal of this section is to validate the efficiency and the robustness of our methodology through
several examples including anisotropic and heterogeneous tensors. We solve the algebraic system
- 2.11]) issuing from the numerical scheme by the Newton method that we implemented in
Matlab. The Newton method computes a family of 1terates(sT ’")7720. To avoid the singularity
of the logarithm, we reinforce the initial guess to be positive as follows s = max(s7, 1071%). In
the case of its convergence, it tends to the sought solution 317“-. Fixing the maximum number of
iterations as 20, the stopping criterion is made on the difference of the successive iterates in the
discrete £2-norm i.e., the procedure stops when it yields

<e

7n+1
e

where we set ¢ = 10719,
Here we consider Q = (0,1)? the computational domain. It is covered by a family of refined
triangular meshes coming from benchmarking problems [30]. We refer to Figure |2| for a depiction
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Figure 2: First two meshes of the considered triangulation.

of this triangulation. In order to identify in a straightforward way the analytical solution to the
continuous problem, we take a diagonal tensor D

D(z.y) = (Dm(ox,y) Dyy?ﬂc,y)) )

To evaluate the convergence speed of our approach, we calculate the numerical errors between
the computed solution and the analytical one using the following norms

7,068 = Sell, = |Ta,a68 — seHLT(Qtf) , T =200

For clarity, in all the tests below, the logarithmic-mean (log-mean) corresponds to siT(Zg defined
in (2.7) when the parameter ) is assigned to the machine precision. That is, A = 1071° so that
Sir(;) and sf,r(i) can be numerically identical. The arithmetic-mean is obtained for A = 1.

5.1 Accuracy of the scheme

In this subsection we test the efficiency and the robustness of our scheme using a known exact
solution to the continuous problem. We first consider a constant tensor ID. Then, the analytical
solution reads

se(z,y,t) = (1 + cos(my)e e,

where the final time is fixed to t; = 0.2 and ¢ = 72Dy,. The initial condition is then s = s.(-,0).
This state degenerates on the segment [0, 1] x {1}. The exterior potential is set to G(z,y) = —=x.
The second eigenvalue of D is taken as Dy, (x,y) = 1. We also compare both formulas of the
mobility function given in in terms of the anisotropy ratio of the tensor D. The first
expression i.e. sz(i) will referred to as arithmetic-mean while the second one i.e. sz(i) will
be called log-mean. In this example the time step is proportional to the size of the mesh i.e.
At/h? =0.2. A summary of the time-space discretization is given in Table

Mesh #V  hy At

Tri, 37 0.250 0.125 E-01
Tri, 129  0.125 0.312 E-02
Tri; 481 0.063 0.793 E-03
Tri, 1857 0.031 0.192 E-03
Tri; 7297 0.016 0.512 E-04

Table 1: Discretization data used to assess the accuracy of the scheme.
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We report in the following tables the obtained results. Each table displays, the errors as well
as their convergence rates, the minimum (s,;;,) of the computed solution 7rs* for k& > 1, and
the number of iterations of the Newton solver, that we denote by Niter.

In Tables we observe that the second-order accuracy of the method is achieved for several
anisotropic ratios less than 10 even on coarse meshes. This fact holds for both the log-mean
and the arithmetic mean of the mobility-like function. We also record that the solution remains
positive as established in Lemma When the tensor becomes strongly anisotropic D, > 100,
the underlined features are preserved for the log-mean case as provided in Tables There is
no huge difference in the number of Newton’s iterations in the weak anisotropic case for the both
averages. However, the arithmetic-mean choice turns out to break down the iterative solver. In
order to converge, it necessitates a stringent constraint on the time step, that is At/h? should
be less than 1/D,,, which allows extremely small time steps and makes the computational cost
exorbitant.

The Newton solver corresponding to the arithmetic-mean choice fails to find the discrete
solution when the anisotropic ratio is important. It produces spurious oscillations on the first
iterates. This behavior is not recorded on the logarithmic-mean version of the solver. Reducing
reasonably the time step or cutting the oscillations do not help to overpass the observed issue.
In Figure [3] we plot the #2-norm of the Newton residual function in terms of A € (0,1) at
the first time iteration (tl = At = 0.0031) on the second mesh and for D,, = 100,1000. We
observe that the norm augments as this parameter increases, meaning that we get close to the
arithmetic-centered scheme. Through several experiments we also noticed that the norm of the
residual function blows up when A > 0.7.

Mesh |lmaqae5 — sell, Rate [[maaes —sel|,,  Rate Smin Niter
Tri; 0.284 E-01 - 0.242 E-00 - 0.16 E-00 36

Tri, 0.709 E-02 2.004 0.687 E-01 1.817 0.44 E-01 107
Tris 0.181 E-02 1.991 0.183 E-01 1.926 0.11 E-01 385
Triy 0.441 E-03 1.989 0.464 E-02 1.939 0.27 E-02 1284
Tris 0.116 E-03 2.012 0.126 E-02 1.971 0.73 E-03 4038

Table 2: Numerical errors with the log-mean choice of the mobility and
D, = 0.1.

Mesh |lmaqae5 — Sell, Rate |[manaes — sel|,.  Rate Smin Niter
Tri; 0.157 E-01 - 0.159 E-00 - 0.11 E-00 45

Tri, 0.432 E-02 1.861 0.467 E-01 1.769 0.31 E-01 116
Tris 0.113 E-02 1.953 0.126 E-01 1.901 0.81 E-02 395
Triy 0.278 E-03 1.979 0.325 E-02 1.919 0.19 E-02 1292
Tris 0.735 E-04 2.013 0.902 E-03 1.939 0.52 E-03 4027

Table 3: Numerical errors with the arithmetic-mean choice of the mobility
and D,, = 0.1.
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Mesh [[myae5 — 5ell, Rate |lmagaes —sel| ., Rate Smin Niter
Tri; 0.282 E-01 - 0.243 E-00 - 0.16 E-00 34

Tri, 0.700 E-02 2.012 0.668 E-01 1.863 0.43 E-01 105
Tris 0.178 E-02 1.994 0.174 E-01 1.962 0.11 E-01 385
Triy 0.434 E-03 1.992 0.429 E-02 1.973 0.27 E-02 1302
Tri; 0.115 E-03 2.009 0.113 E-02 2015 0.72 E-03 4045

Table 4: Numerical errors with the log-mean choice of the mobility and
D,, =1.

Mesh ||maae8 — sell, Rate  |lmagaes —sel|,,  Rate Smin Niter
Tri; 0.148 E-01 - 0.143 E-00 - 0.112 E-00 45

Tri, 0.409 E-02 1.860 0.412 E-01 1.802 0.308 E-01 116
Tri; 0.107 E-02 1.956 0.108 E-01 1.950 0.798 E-02 395
Triy 0.262 E-03 1.982 0.269 E-02 1.965 0.194 E-02 1309
Tris 0.696 E-04 2.008 0.709 E-03 2.016 0.515 E-03 4037

Table 5: Numerical errors with the arithmetic-mean choice of the mobility
and D, = 1.

Mesh  ||maqae8 — sell, Rate  |lmagaes —sel|,,  Rate Smin Niter
Tri, 0.269 E-01 - 0.241 E-00 - 0.145 E-00 37

Tri, 0.660 E-02 2.026 0.660 E-01 1.869 0.401 E-01 108
Tri; 0.167 E-02 1.998 0.170 E-01 1.978 0.106 E-01 389
Triy 0.407 E-03 1.996 0.428 E-02 1.945 0.262 E-02 1421
Tris 0.108 E-03 2.004 0.112 E-02 2.021 0.706 E-03 4140

Table 6: Numerical errors with the log-mean choice of the mobility and
D,. = 10.

Mesh ||maqae8 — sell, Rate |lmaaes —sel|,,  Rate Smin Niter
Tri; 0.120 E-01 - 0.132 E-00 - 0.108 E-00 46

Tri, 0.342 E-02 1.820 0.379 E-01 1.802 0.299 E-01 117
Tri; 0.901 E-03 1.947 0.980 E-02 1.975 0.775 E-02 397
Triy 0.220 E-03 1.983 0.253 E-02 1.910 0.188 E-02 1429
Tris 0.587 E-04 2.001 0.660 E-03 2.031 0.502 E-03 4132

Table 7: Numerical errors with the arithmetic-mean choice of the mobility
and D,, = 10.

5.2 Large time behavior

This example focuses on the asymptotic behavior of our numerical scheme when time becomes
large. It is inspired from [12]. We keep the same data of the first test except D and t¢. According
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Mesh ||[ma,ne5 — sell, Rate ||magaes —sel| . Rate Smin Niter
Tri; 0.315 E-01 - 0.380 E-00 - 0.121 E-00 42

Tri, 0.753 E-02 2.065 0.102 E-00 1.893 0.317 E-01 116
Tris 0.186 E-02 2.039 0.269 E-01 1.952 0.855 E-02 394
Triy 0.454 E-03 1.989 0.684 E-02 1.930 0.216 E-02 1573
Tri; 0.117 E-03 2.042 0.180 E-02 2.014 0.596 E-03 4363

Table 8: Numerical errors with the log-mean choice of the mobility and
D, = 100.

Mesh ||maae8 — sell, Rate  |lmagaes —sel|,,  Rate Smin Niter
Tri; 0.403 E-01 - 0.494 E-00 - 0.113 E-00 45
Tri, 0.937 E-02 2.107 0.128 E-00 1.944 0.265 E-01 124
Tri; 0.227 E-02 2.067 0.337 E-01 1.951 0.676 E-02 401
Triy 0.559 E-03 1.978 0.921 E-02 1.830 0.168 E-02 1578
Tri; 0.141 E-03 2.079 0.249 E-02 1.978 0.482 E-03 4461

Table 9: Numerical errors with the log-mean choice of the mobility and

D, = 1000.
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Figure 3: Impact of the parameter A on the ¢?-norm of the Newton residual
function for D,, = 100 (left) and D,, = 1000 (right) using the second mesh
at the first time iteration ¢! = At = 0.0031.

to [3], the exact solution converges to the following stationary-state as the time tends to infinity

s = (/Qsodx//gegda:>ea.

Therefore, the discrete counterpart of the steady-state solution s5° = (s£°);c) reads

570 = (/ 50 dﬂ?/z | K| efG(’”j’yf)>67G(mi’yi).
Q

JEV
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Figure 4: Relative free energy with the log-mean choice of the mobility
(left) and the arithmetic-mean (right) for D,, = D,, = 1, and ¢ty = 4 on
the first four meshes.

To illustrate the long time behavior of the proposed approach we look at the evolution of the
discrete relative energy given as follows

ek — @ = [[s?—log(s%“—/s%o) —s]fr—I—s?ro,lT}]T, Vk=0,---,N.

We represent on Figure this quantity as a function of time for the log-mean and arithmetic-
mean approximations of mobility in the isotropic and the anisotropic cases. The first plot ad-
dresses the isotropic case with D, = Dy, = 1 and ¢ty = 4. It shows that the relative free energy
is rapidly diminishing towards 0. The second plot concerns the anisotropic case Dy, = 1 and
Dy, = 0.05 with t; = 55. We also observe the exponential decreasing of the free energy towards
its stationary state. This requires more time, which is due to the impact of the tensor anisotropy.
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Figure 5: Relative free energy with the log-mean choice of the mobility
(left) and the arithmetic-mean (right) for D,, = 1, D,, = 0.05, and t; = 55
on the first four meshes.
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5.3 Heterogeneous five-spot problem

The objective of this last test is to exhibit the applicability of our scheme to a situation where
the anisotropy is dependent on the position. This example is termed the five-spot problem in the
context of porous media flows. Let us set Q = Q; U Q9 such that Q) = {(z,y) € Q/z < 0.5} and
Qo =0\ Q. Let us next consider the heterogeneous tensor

( (0.5 0
if (z,y) € Q
( 0 01) ( y) 1

D(:an) =

0.01 0
if (z,y) € Q
< 0 0.01) (2,y) €

The domain is initially empty, that is s° = 0. The potential is chosen as G(z,y) = . We impose
a Dirichlet boundary condition sjgop = 1 on the left portion 00NP ={z =0} x{0 <y <0.5} and
an outflow condition on the right zone located at {x = 1} x {0.5 <y < 1}. The remainder border
is assumed impervious. For the simulation, we use the third mesh of the family depicted in Figure
We consider the fixed time step At = 0.00089. The final simulation time is set to t; = 0.1. The
obtained results are plotted on Figure The first figure shows the solution computed accurately
using the log-mean approximation of the mobility while the second one exhibits the solution of
the scheme using the arithmetic mean. Both approaches produce the expected behavior. It is
observed that the medium €27 is more permeable than 2y, which is due the the contrast of the
intrinsic permeabilities. We moreover remark that our scheme generates no undershoots. These
facts are finally confirmed by the cross section of the solution at the point (0,0.4) illustrated in
Figure To sum up, both strategies behave similarly as the plotted solutions show, since the
tensor is weakly homogeneous in each subdomain and the ratio is small.
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