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NORM INFLATION FOR NONLINEAR SCHRODINGER
EQUATIONS IN FOURIER-LEBESGUE AND MODULATION
SPACES OF NEGATIVE REGULARITY

DIVYANG G. BHIMANI AND REMI CARLES

ABSTRACT. We consider nonlinear Schrédinger equations in Fourier-Lebesgue
and modulation spaces involving negative regularity. The equations are posed
on the whole space, and involve a smooth power nonlinearity. We prove two
types of norm inflation results. We first establish norm inflation results below
the expected critical regularities. We then prove norm inflation with infinite
loss of regularity under less general assumptions. To do so, we recast the the-
ory of multiphase weakly nonlinear geometric optics for nonlinear Schrédinger
equations in a general abstract functional setting.

1. INTRODUCTION

1.1. General setting. We consider the nonlinear Schréodinger (NLS) equations of
the form

(1) 0+ 500 = ploPTY, T €RY Y(0,2) = Yole),

where v = ¢(t,z) € C, 0 € N, p € {1,—1}. We prove some ill-posedness results
in Fourier-Lebesgue and modulation spaces, involving negative regularity in space.
We recall the notion of well-posedness in the sense of Hadamard.

Definition 1.1. Let X,Y < S’(R?) be a Banach spaces. The Cauchy problem
for (1.1) is well posed from X to Y if, for all bounded subsets B C X, there exist
T > 0 and a Banach space X < C([0,7],Y) such that:

(i) For all ¢ € X, (1.1) has a unique solution ¢ € X with ¢,—¢ = ¢.
(ii) The mapping ¢ — 1 is continuous from (B, | - || x) to C([0,T],Y).

The negation of the above definition is called a lack of well-posedness or
instability. In connection with the study of ill-posedness of (1.1) and nonlinear
wave equations Christ, Colliander, and Tao introduced in [14] the notion of norm
inflation with respect to a given (Sobolev) norm, saying that there exist a sequence
of smooth initial data (¢, (0)),>1 and a sequence of times (¢, ),>1, both converging
to 0, so that the corresponding smooth solution 1,,, evaluated at t,, is unbounded
(in the same space).
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2 D. BHIMANI AND R. CARLES

The solutions to (1.1) is invariant under the scaling transformation

(1.2) P(t,x) = N7 (N, ), A > 0.
The homogeneous Sobolev space H* (R9) is invariant exactly for s = s., where
a1
Se =5~

Another important invariance of (1.1) is the Galilean invariance: if (¢, x) solves
(1.1), then so does

(1.3) et el 2y, (¢ g )

for any v € RY. This transform does not alter the L?(R¢) norm of the function.
From these two invariances, well-posedness is not expected to hold in H*(R%) as
soon as s < max(0, s.). In this paper, we consider the case of negative regularity,
s < 0, in Fourier-Lebesgue and modulation spaces, instead of Sobolev spaces.

Kenig, Ponce and Vega [26] established instability for the cubic NLS in H*(R)
for s < 0. Christ, Colliander and Tao [14] generalized this result in H*(R?) for
s < 0and d > 1. In the periodic case x € T?, instability in H*(T¢) for s < 0 was
established in [15] (d = 1) and [10] (d > 1). Stronger results for the cubic NLS on
the circle were proven by Molinet [29]. In [31, Theorem 1.1], Oh established norm-
inflation for (1.1) in the cubic case o = 1, in H*(R) for s < —1/2 and in H*(R?)
for s < 0 if d > 2. He actually proved that the flow map fails to be continuous at
any function in H*®, for s as above. Norm inflation in the case of mixed geometries,
r € R? x T, for sharp negative Sobolev regularity in (1.1), is due to Kishimoto
[27], who also considers nonlinearities which are not gauge invariant.

The general picture to prove ill-posedness results is typically as following, as
explained in e.g. [14]: at negative regularity, one relies on a transfer from high
frequencies to low frequencies, while to prove ill-posedness at positive regularity,
one uses a transfer from low frequencies to high frequencies. In particular, the
proofs are different whether a negative or a positive regularity is considered.

Stronger phenomena than norm inflation have also been proved, showing that
the flow map fails to be continuous at the origin from H* to H* even for (some)
k < s, and so a loss of regularity is present. This was proven initially for 0 < s < s,
by Lebeau [28] in the case of the wave equation, then in [8] (cubic nonlinearity)
and [1, 36] for NLS. In the case of negative regularity, an infinite loss of regularity
was established in [11] for (1.1) in H*(R%) (d > 2 and s < —1/(20+ 1)), and in the
periodic case # € T? in [12], in Fourier-Lebesgue spaces. Typically, the NLS flow
map fails to be continuous at the origin from H*(R?) to H*(R?), for any k € R.

1.2. Fourier-Lebesgue spaces. The Fourier-Lebesgue space FL2(R?) is defined
by

FIRY) = {1 € S ®Y | fllrrz = 1F() v < o0}
where the Fourier transform is defined as

FO) = F1€) = Gz [ 7S @dn, 1 € S@,

and where 1 < p < o0, s € R, and (£)° = (1 + [¢[>)¥/? (¢ € RY). For p = 2,
FL? = H* the usual Sobolev space. For s = 0, we write FL5(R?) = FLP(R?).
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The scaling (1.2) leaves the homogeneous FLP(R?)-norm (replace the Japanese
bracket (-)° with the length |-|* in the definition of FL?(R?)) invariant for s = s.(p),

where
1 1
p)i=d|1l—-=|——.
setpimd(1-2) -2

Of course when p = 2, we recover the previous value s.. On the other hand,
the Galilean transform (1.3) does not alter the FLP(RY) norm of 1, and so well-
posedness is not expected to hold in FL? for s < max(0,s.(p)). Note however
that the recent results from [22] show that this heuristical argument is not always
correct: in the case p = 2, d = 1 = o, well-posedness may hold for min(0, s.(2)) =
—3 < s < max(0,5.(2)) = 0. Therefore, s < min(0, s.(p)) is a safer assumption to
obtain ill-posedness results. In this paper, we consider cases where s < 0.

In [24, Theorem 1], Hyakuna-Tsutsumi established local well-posedness for the
cubic NLS in FLP(R?) for p € (4/3,4) \ {2}. Later this result is generalized in [23,
Theorem 1.1] for p € [1,2].

Our first results concern norm inflation of the type discussed above:

Theorem 1.2. Assume that 1 < p < 00,d, 0 € N and s < min (0, s.(p)). For any
§ > 0, there exists g € FLP(R?) and T > 0 satisfying

lvollpre <0 and 0<T <4,
such that the corresponding solution v to (1.1) exists on [0,T] and

[Tl Fre > 67"

As discussed above, in the case s.(p) > 0, norm inflation is expected in FL?(R?)
for 0 < s < sc(p), but with different arguments. The proof of Theorem 1.2 is
inspired by the two-scale analysis of Kishimoto [27]. We also prove norm inflation
with an infinite loss of regularity: the initial regularity must be sufficiently small,
and we leave out the cubic one-dimensional nonlinearity.

Theorem 1.3. Let o € N, s < —Tlﬂ and assume do > 2. There exist a sequence

of initial data (¥n(0)),,>, in S(RY) such that
||w’ﬂ(0)||]—-L€ n:ZoO, Vpe [1700]7

and a sequence of times t, — O such that the corresponding solutions v, to (1.1)
satisfies
n—oo

Remark 1.4. There is no general comparison between the assumptions on s in
Theorems 1.2 and 1.3: for p = 1, min(0,s.(1)) = —1/0 < —1/(20 + 1), while if
se(p) > 0, we obviously have min(0, s.(p)) =0 > —1/(20 + 1).

1.3. Modulation spaces. We now turn our attention to the theory of modulation
spaces. The idea of modulation spaces is to consider the decaying properties of
space variable and its Fourier transform simultaneously. Specifically, we consider
the short-time Fourier transform (STFT) (sliding-window transform/wave packet
transform) of f with respect to Schwartz class function g € S(R9):

Vof@.§) = [ FOgT= Dt (.6) € B
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whenever the integral exists. Then the modulation spaces MP+4(R%) (1 < p,q < oo,
s € R) is defined as the collection of tempered distributions f € S’(R?) such that

1 lzs = [|1Va s lloe(t+ 122

< 00,
q
3

with natural modification if a Lebesgue index is infinite. For s = 0, we write
MPI(RY) = MP4(RY). When p = ¢ = 2, modulation spaces coincide with usual
Sobolev spaces H*(R?). For the last two decades, these spaces have made their
own place in PDEs and there is a tremendous ongoing interest to use these spaces
as a low regularity Cauchy data class for nonlinear dispersive equations; see e.g.
[2, 5, 33, 6, 37, 38, 32]. Using the algebra property and boundedness of Schrodinger
propagator on MP4(R%), (1.1) is proved to be locally well-posed in MP1(R4) for
1 <p<oo s >0, and in MP9(R?) for 1 < p,q < oo and s > d(1 — 1/q),
via fixed point argument; see [2, 5, 7]. Using uniform-decomposition techniques,
Wang and Hudzik [37] established global well-posedness for (1.1) with small initial
data in M2 (R9). Guo [21] proved local well-posed for the cubic NLS in M?24(R)
(2 < ¢ € ), and later Oh and Wang [32], established global existence for this
result. In [13], Chaichenets et al. established global well-posedness for the cubic
NLS in MP? (R) for p sufficiently close to 2. The well-posedness problems for some
other PDEs in MP+4(R%) are widely studied by many authors, see for instance the
excellent survey [33] and references therein. We complement the existing literature
on well-posedness theory for (1.1) with Cauchy data in modulation spaces. First,
observe that, in view of Proposition 2.6 below,

A7 max (1,0°) [ pyoe, if 1< g <2,
A0 max (1,A%) [l 20, i 2< g < oo,

[ AN pze S {

for all A < 1 and s € R. Invoking the general belief that ill-posedness at posi-
tive regularity is due to the transfer from low frequencies (0 < A < 1) to high
frequencies, the scaling (1.2) suggests that ill-posedness occurs in M2:9(R9) if

se=§—5 if 1<¢<2,
s < 1 .
d(l—a) if 2<q< .

The following analogue of Theorem 1.2 then appears rather natural.

Theorem 1.5. Let d,o € N and assume that
° s<min(%—%,0) when 1 < q <2, and
° s<rnin(d(1—%)—l O) when 2 < q < o0.

For any 6 > 0, there exists Yo € M29(RY) and T > 0 satisfying
ol p2e <6 and 0<T <6

such that the corresponding solution v to (1.1) exists on [0,T] and
(Tl gz > 077

We also have some infinite loss of regularity of the flow map (1.1) at the level of
modulation spaces with negative regularity. We no longer assume p = 2, and show
a stronger result, provided that the negative regularity s is sufficiently small, and
(again) that we discard the one-dimensional cubic case.
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Theorem 1.6. Leto € N, s < —Tl_‘_l and assume do > 2. There exists a sequence

of initial data (¥n(0)),,>, in S(RY) such that
||1/’n(0)”M§”q n:)>007 Vpuqe [1700]7

and a sequence of times t, — O such that the corresponding solutions 1, to (1.1)
satisfies

”"/Jn(tn)HMi’q njgo 0, vk € Rv Vpuq € [1700]

Remark 1.7. Contrary to the Fourier-Lebesgue case, the assumption regarding s
is always weaker in Theorem 1.5 than in Theorem 1.6 (recall that the cubic one-
dimensional case is ruled out in Theorem 1.6).

1.4. Comments and outline of the paper. As pointed out before, the numerol-
ogy regarding the norm inflation phenomenon (Theorems 1.2 and 1.5) is probably
sharp, up to the fact that the minimum should be replaced by a maximum in the
assumption on s, and that at positive regularity, different arguments are required.
On the other hand, we believe that the restriction s < _Tl-i-l in Theorems 1.3 and
1.6 is due to our approach, and we expect that the result is true under the mere
assumption s < 0 if do > 2, and for s < —1/2if d=0 = 1.

The analogue of our results remains true if we replace A by the generalized
dispersion of the form A, = Z;l:l nj[)%j,nj = +1. The (1.1) associated A,, (with
the non uniform signs of 7);) arises in the description of surface gravity waves on
deep water, see e.g. [35].

In [34], Sugimoto-Wang-Zhang established some local well-posedness results for
Davey-Stewartson equation in some weighted modulation spaces. We note that our
method of proof can be applied to get norm-inflation results for Davey-Stewartson
equation, and infinite loss of regularity in the spirit of [11], in some negative mod-
ulation and Fourier-Lebesgue spaces.

Theorems 1.3 and 1.6 cover any smooth power nonlinearity in multidimension,
and power nonlinearities which are at least quintic in the one-dimensional case. Our
method our proof seems too limited to prove loss of regularity in the case of the
cubic nonlinearity on the line. It turns out that the method followed to treat the
cubic nonlinearity on the circle in [12] seems helpless in the case of the line. On the
other hand, Theorems 1.2 and 1.5 include the cubic one-dimensional Schrodinger
equation.

The rest of this paper is organized as follows, In Section 2, we recall various
properties associated to modulation spaces. In Section 3, we prove Theorem 1.2,
and we adapt the argument in Section 4 to prove Theorem 1.5. In Section 5, we
show how the theory of weakly nonlinear geometric optics makes it possible to
prove loss of regularity at negative regularity for (1.1). A general framework where
multiphase weakly nonlinear geometric optics is justified is presented in Section 6,
and it is applied in Section 7 to prove Theorems 1.3 and 1.6.

Notations. The notation A < B means A < ¢B for a some constant ¢ > 0, Let
(A%)p<e<1 and (Y%)p<e<1 be two families of positive real numbers.

e We write A® < Y¢ if limsup,_,, A°/YT¢ = 0.

e We write A° < Y€ if limsup,_,, A°/Y¢ < cc.

e We write A® = T¢ if A® < T¢ and Y° < A°.
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2. PRELIMINARY: MODULATION SPACES

Feichtinger [18] introduced a class of Banach spaces, the so-called modulation
spaces, which allow a measurement of space variable and Fourier transform variable
of a function, or distribution, on R¢ simultaneously, using the short-time Fourier
transform (STFT). The STFT of a function f with respect to a window function
g € S(R?) is defined by

(2.1) VifGe) = [ FOTTE=me b, (n.) € R,

whenever the integral exists. For z,y € R?, the translation operator T}, and the
modulation operator M, are defined by T, f(t) = f(t —x) and M, f(t) = eV f(t).
In terms of these operators the STFT may be expressed as

(2.2) ng(x,y) = ([ Myng> =e Y (f * Mywg®) (),

where (f,g) denotes the inner product for L? functions, or the action of the tem-

pered distribution f on the Schwartz class function g, and ¢*(y) = g(—y). Thus
Vi (f,g) — V,(f) extends to a bilinear form on &’'(R?) x S(R?), and V,(f) defines
a uniformly continuous function on R% x R¢ whenever f € S’(R?) and g € S(R?).

Definition 2.1 (Modulation spaces). Let 1 < p,q < 0o, s € R and 0 # g € S(RY).
The weighted modulation space MP+4(R%) is defined to be the space of all tempered
distributions f for which the following norm is finite:

q/p 1/q
IlfllMg«=</Rd ([ W) (1+|y|2)5q/2dy> |

for 1 < p,q < oo. If p or ¢ is infinite, | f[|5sr is defined by replacing the corre-
sponding integral by the essential supremum.

Remark 2.2. The definition of the modulation space given above, is independent of
the choice of the particular window function. See [20, Proposition 11.3.2(c)].

We recall an alternative definition of modulation spaces via the frequency-uniform
localization techniques, providing another characterization which will be useful to
prove Theorem 1.5. Let @, be the unit cube with the center at n, so (Qn),,czq
constitutes a decomposition of R, that is, R? = U, cz4Q,,. Let p € S(R?), p: R? —
[0, 1] be a smooth function satisfying p(¢) = 1if |¢]e < 3 and p(&) = 0if |¢]o > 1.
Let p, be a translation of p, that is,

pul€) = p(6 =), ne

Denote
ne 74

pn(§)
i) = > eeza pe(€)’
Then (0,,(£)),,cza satisfies the following properties:
lon(&)| > ¢, Y€ € Qn,
supp o C {E: [§ — nfoo <1},
(2.3) D on(§) =1,vE€RY,

nezd

D%, (€)] < Cla, V€ € R, o € (NU{0})%
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The frequency-uniform decomposition operators can be exactly defined by
0, =F 'o,F.
For 1 < p,q < o0,s € R, it is known [18] that

1/q

£ llaze = | D2 1Ba(HIEs 1+ n])*

nezd

with natural modifications for p, ¢ = co.

Lemma 2.3 ([38, 20, 33]). Let p,q,p;,q; € [1,00], 5,55 € R (j =1,2). Then
1,91 — 2,92 whenever p1 < p2 and 1 < q2 and so < s1. In
1) MPrar(RY) < MP2a(RY) wh d d I
particular, H*(R?) — MP4(R) for 2 <p,q < o0 and s € R.
(2) MPra (R%) — MST’;*‘D(RCI) for g1 > qa2,81 > s2 and s1 — s > d/q2 — d/q1.
(3) MP@(RY) — LP(RY) — MP9(R?) holds for ¢ < min{p,p'} and qo >
maz{p,p'} with % + % =1
(4) Mmin{p’,Q},p(Rd) N FLP(Rd) N Mmax{p',2},p(Rd)
(5) S(RY) is dense in MP4(RY) if p and q are finite.
(6) MPP(R?Y) — LP(RY) — MPP(RY) for 1 < p < 2 and MPP (R?) —
LP(RY) — MPP(R?) for 2 < p < oo.
(7) The Fourier transform F : MPP(R?) — MPP(R?) is an isomorphism.
(8) The space MP4(R?) is a Banach space.
(9) The space MP4(R?) is invariant under complez conjugation.

1 1
ptw =1

Theorem 2.4 (Algebra property). Let p,q,pi,q; € [1,00] (i =0,1,2). If pll + p% =

1 1 1 _ S
p—oandq—l—kq—z—l—l—qo,then

(2.4) MP1ar (Rd) . MP2+42 (Rd) <y MPosdo (Rd);
with norm inequality || fgllaro-a0 S || fllaer a1 ||gllagpe-az. In particular, the space
MP4(R?) is a pointwise FL'(R%)-module, that is, we have

1f9llaera S fllFLellgllaem.a.

Proof. The product relation (2.4) between modulation spaces is well known and
we refer the interested reader to [5] and since FLY(R?) — M°-!(R?), the desired
inequality (2.4) follows. O

For f € S(R?), the Schrédinger propagator e'22 is given by
t 1 - .t 2 A
A f(g) = w ezl f(g)de.
() = g [ e fegae
The first point in the following statement was established in [4], and the second, in
[37, Proposition 4.1].
Proposition 2.5 ([4, 37]).
(1) Lett € R, p,q € [1,00]. Then
€22 fllarea < C(E2 + )4 £l asr.a
where C' is some constant depending on d.

(2) Let 2<p <o0,1 <q<oo. Then

L, _d(i_1
e 52 Fllarma < (14 )G fll
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For (1/p,1/q) € [0,1] x [0, 1], we define the subsets
I = {(p,q); max(1/p,1/p') <1/q}, Iy = {(p,q); min(1/p,1/p’) > 1/q},
Iy = {(p,q); max(1/q,1/2) < 1/p'}, I3 ={(p,q); min(1/q,1/2) > 1/p'},
Iy ={(p,q); max(1/q,1/2) <1/p}, I ={(p,q); min(1/q,1/2) > 1/p}.

We now define the indices:

—1/p if (1/p,1/q) € I7,
m(p,q) =< 1/qg—1 if (1/p,1/q) € 13,
=2/p+1/q it (1/p,1/q) € I3,
and
—1/p if (1/p,1/q) € I,
p2(pg) =4 1/qg—1 if (1/p,1/q) € 12,

—2/p+1/q if (1/p,1/q) € Is.
The dilation operator fy is given by
filz) = f(Ax), A>0.

Proposition 2.6 (See Theorem 3.2 in [17]). Let 1 < p,q < oo, s € R. There exists
a constant C' > 0 such that for all f € MP4(R?),0 < X\ < 1, we have

CIA @D mind 1, A} fllagee < | fallagzs < CX*2@D max{1, X} f|arpa.

3. NORM INFLATION IN FOURIER-LEBESGUE SPACES

Define
o+1 20+1

ug(21,...7220+1):HZ[ H Zm-

(=1 m=o+2

Definition 3.1. For ¢y € L2(R%), define U, [1)o)(t) = e*224),

t
Ut = i > / T iy (Upy 0], oo Ubgoya [t0]) (7)dr, > 2.

ki1t+-tkoop1=k

It is known that the solution ¢ of (1.1) can be written as a power series expansion
¥ =>"po, Ukltho], see 3], and [25, 27] for later refinements of the method.

Definition 3.2. Let A > 0 be a dyadic number. Define the space M4 as the
completion of C§°(R?) with respect to the norm

1Flaea = D I lzerqu), Qa=[-A/2,4/2)
¢CATd
Lemma 3.3 ([3, 27]). Let A > 0 be a dyadic number.
(1) Ma ~4 My, and for all € > 0, Hz+e < My — L2.

(2) M, is a Banach algebra under pointwise multiplication, and

1£glla < CAY2|fIasallgllars VF.g € Ma.
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(3) Let A > 1 be a dyadic number and ¢ € M4 with ||vo||ar, < M. Then, there
exists C' > 0 independent of A and M such that

U [0)() | a2, < t5 (CAY2M)*—1 0,

foranyt >0 and k > 1.
(4) Let (by)pe, be a sequence of nonnegative real numbers such that

by <C > by eebey,,, VE>2.

K1sokogp1>1
k14-tkogp1=k

Then we have
2
be SHICET, V= 1 where G = = (C20+1)%) Y%7 b,

Corollary 3.4 (See Corollary 1 in [27]). Let A > 1 be dyadic and M > 0. If
0<T < (AY2M)=27 then for any 1o € Ma with ||vo|ar, < M:
(1) A unique solution v to the integral equation associated with (1.1),

t

t
W(t) = 520 — i / T L () dr

exists in C([0,T], My).
(i) The solution v given in (i) has the expression

(3.1) Y= Uklo] = > Usoeq1[tho]
k=1

=0
which converges absolutely in C([0,T], M4).

Remark 3.5. By Definition 3.1, we obtain Uj[t](t) = 0 unless k¥ = 1 mod 20.
For instance, Ug[to](t) = 0 for all k € 20N. To see this, fix 0 € N. Then clearly
Usas[tho] = 0 because there does not exist k; > 1 such that ki + -« - + kooy1 = 20.
Now since Uz, [1ho] = 0, it follows that Uss[tho] = 0 and so on. Thus, Ug[to](t) =0
for all k£ € 20N.

The general idea from [3] to prove instability is to show that one term in the
sum (3.1) dominates the sum of the other terms, and rules out the continuity of
the flow map. Usually, the first Picard iterate accounting for nonlinear effects, that
is, Uay+1[tho] in our case, does the job. The proof of Theorems 1.2 and 1.5 indeed
relies on this idea, for a suitable ¢y as in [27].

Let N, A be dyadic numbers to be specified so that N > 1 and 0 < A < N. We
choose initial data of the following form

(3:2) o = RA™PN~*xq,
for a positive constant R and a set €2 satisfying
Q= U (T] + QA))
ney

for some ) C {£ € R?: |¢| ~ N} such that # 5 < 3. Then we have
11y
lvollrre ~ R, l[vollara ~ RAYZ =3NS,
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In fact, we have
ol » = RPATINT SP/(1+I£I2)pS/2d£
— RPA™ dN SPZ/ 1+|§| ps/2d§
n+Qa

Since A < N and |n| ~ N, we have N? < (1 + [£]?) < N2 for £ € n+ Q4 and
so NP5 < (14 |€2)Ps/2 < NPs. As #5. < 3 and |+ Qa| ~ A%, we infer that
oy~ 7.

Lemma 3.6 (See Lemma 3.6 in [27]). There exists C' > 0 such that for any vy
satisfying (3.2) and k > 1, we have

supp (i[%](t) <CckAl, vt >o.

The next result is the analogue of [27, Lemma 3.7].

Lemma 3.7. Let vy given by (3.2), s <0 and 1 < p < oo. Then there exists C > 0
depending only on d,o and s such that following holds.

(3.3) UL [o)(T) | 7rr < CR, VT >0,
(3.4) IUlo)(T)ll 7z S Y CFATYPRN () | Lo (@)
where p1 = RN -3) 35
Proof. The Schrodinger group is a Fourier multiplier,
1ol rz = || 517 00)()%|| = ol ez < CR,
hence (3.3). We note that
I = [[Uk[vo](T) || 72

< I N eupo sl SE, |Olol(t, €)|

t
NIty 2 ol o (D] dr,
ki4-+kaot1=k 0

where vy, is either U;M)] or Uy, [¢o]. By Young and Cauchy-Schwarz inequalities,

||U7€1 o ¥ Uhyo ||L°° < ||U7€1 * Uky ||L°° ||U7€3 o ¥ Ukyo g ||L1
20+1
< lodvd e TT lokeller
=3
20+1
vk 22 lokallze T lok lloo
1=3
20+1 20+1
H ‘SHPPUk@ Yol ‘ H T[] 2.

£=3

IN

IN

Thus, we have

I<|()? I,

Il Lo (supp T (w0l (1)
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where

t20+1 20’+1

n= X [T swetilo)] IT 10l lzar

ki+-+kaop1=k 0 ¢=3

By Lemma 3.3 (3) (with M = CRN—5A?~%), we have, for all k > 1,
_ k—1
1Uklibol ()12 < WUl (1) lars < Ot (CTRAYAN=A375) RN—24% 7.
Note that, by Lemma 3.6,

t20+1 20+1 ko1 o
Ls ) / H Ad/2 [T % (RAd(lf—)N—S) RN~ SA?E}

k14 +kao 1=k

t
< (RN—5)kA=5— 40 %><k—20—1>A<%—%><2°'+” / g
0

< Ad(l—%)(k—l)Afd/p(RNfs)kt%'
Since s < 0, for any bounded set D C R?, we have
() > AuD| < [{{§)* > AUBp|, VA>0,

where Bp C R? is the ball centered at origin with |D| = |Bp|. This implies that
1) lLr oy < 1€€)°ILr(By)- In view of this and performing simple change of vari-
ables (£ = C*/?¢'), we obtain

1Y N 2o supp Tr o)1) < 1Y o (e1<orrany) S CHIIC)2 | Lo q1e1<am)s

and the lemma follows. O

In the next lemma we establish a crucial lower bound on Us,41[thg].

Lemma 3.8. Let 1 <p <00, 1 <A< N and Y, = {Neq,—Neq,2Ney} where
eq=1(0,...,0,1) € R% If0 < T < N~2, then we have

—4 —8 loa S
1Uso41[0](T) | 72 2 RA™P N~ pT(|(-)*]| Lo (@)
where p; = RN’SAd_%T%.

Proof. Note that

o+1 20+1 T »
U20+1[¢0](T 5) = 06712 |§| / H 1/}0 gg H 1/)0 gm / ezﬁq)dtdfl...dééaurl,
m=oc+2

where

o+1 20+1
. {(517---7§2a+1) ERCIDID 6 — D7 bm= }7
=1

m=oc+2
o+1 20+1

o= jalP+ Yl
=1

m=o+2
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By the choice of initial data (3.2), we have

o+1 20+1 o+1 20+1

/ [T TI votem) :/ [[RA PN xa(&) [] RA"N~*xa(ém)
A m=c+2 Iy m=o+2
o 20+1
= (RA_d/PN—5)2 +1/ H Xﬂ(gf)dgl .. .d§20+1
'yt

20+1

_ (RAfd/pN75)2U+l Z/F H Xne+Qa (é'e)dfl - d§20-+1,
C (=1

where the sum is taken over the non-empty set

o+1 20+1
C = {(’I]l, Ce ,7720-_;,_1) S {iN@d,2N€d}20+1 : Z’l’]g — Z Nm = 0} .

/=1 m=oc+2

For £ € Qa, we have |§|> < |¢]? < A2 < N? and so |®| < N2. Then |%<I>(§)| <1
for 0 < T < N~2. In view of this, together with the fact that the cosine function
decreasing on [0, 7/4], we obtain

T
/ 3O gt
0

Taking the above inequalities into account, we infer

T, 1
> Re/ 22 gt > T
0 2

(35 |l 0| 2 (RAN) T (A Ty 1046,

Hence, we have

—d/ B 2041 d\2
Vs s1lbol(T) 72z 2 (RAPN=) " (AN TN (204110
—d —S8 o S
2 RAT* N3 [[(-)° |l Lr(@a)»
where p; = RN—5AY 5 T3 | O

For the convenience of reader, we compute the LP-norm of weight (-)* on the
cube Q4.

Lemma 3.9. Let A>1,d>1,s<0and 1 <p<oo. We define

1 ifs<—%,

FP(A) = { (log )P if s = —4,

d/p+s - d
A /p ZfS > _5
Then we have fP(A) S 1C)° M o(gay S fE(A) and f(A) = [|() ~ 1. In

particular, fP(A) 2 Apts for any s < 0.

e (@)

Proof. We first compute the || - ||z»-norm on ball of radius R; in R?, say Bg, (0).
Since (-)® is radial, we have

1 opd2 (R pde1
)= dé = dr.
") =, o T T ), T
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Notice that (1 +72)~*?/2 > max{1,7~*P}, and assuming that R; > 1, we obtain:
1 pd—1 R d—1

,
I(Ry) < —  _ d¢t - d
(F1) 5 o max{l,r—sr} + 1 max{l,r—sr} "

' d—1 fu 1
:/0 r dr—i—/l T75p7d+1dr.

Using conditions on s, we have I(R1) < (fP(R1))”. Notice that Q4 C B /34/2(0),

1/
we have ||{-)*[|zr(Q.) < (I(\/EA/2)) : < fP(A). On the other hand, we notice

that 1 +72 <2if0<r <land1+72 <2r?if 1 <7 < Ry for some appropriate
Ry. Using this together with the above ideas, we obtain fP(A) < [|(-)®|| r(@4)- This
completes the proof. O

Proof of Theorem 1.2. By Corollary 3.4, we have the existence of a unique solution
to (1.1) in M4 up to time T whenever p; = RN—5AY=3)T1/(20) « 1. In view of
Lemma 3.7 and since p1 < 1, Y;2, [|Usges1[t0)(T)|| 7> can be dominated by the
sum of the geometric series. Specifically, we have

Z Uzory1[tho)(T')

SATUERNTIR(A) Y
(=2

£=2 FL?
(3.6) SATYERNTE (A
By Corollary 3.4 and the triangle inequality, we obtain
(D)l Fre = ZUzaHlWo]
£=0 FLE

> Usoesa[tho)(T)

(=2

> |Uzo 41 [0 (D)l 722 = U1 [0 (T) | 72 —

FL?
In order to ensure
[L(T) | 72 2 [[U2041 [0 (D) 72,

we rely on the conditions

(3.7) U201 [0l (T) | L2 > [|U1[v0](T)| 712,

Z Uzoey1[t0o](T)

=2

(3.8) | Uzo41 (1o (T)|| Fre >

FLY
To use Lemma 3.8, we require
(i) T< N2

In view of Lemma 3.7, to prove (3.7) it is sufficient to prove

(il) Rp2* A"# N=°fP(A) > R, with p; = RN A% 5T .
Finally, in view of Lemmas 3.7, 3.8 and 3.9, and (3.6), to prove (3.8) it is sufficient
to prove:

(iii) p1 <1,

(iv) Ro¥A™5 N~ f2(A) > Rp{” A5 N=*[2(A).
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We now choose A, R and T so that conditions (i)- (iv) are satisfied. To this end,
we set

R=(logN)™!, A~ (logN)" TN, T=(A%G DN
Then we have
p1= RN A% 5T2 = (logN)"! < 1.
Hence, condition (iii) is satisfied and so condition (iv). Note that

T = (log N)_%d(%_1)2(7Nd(%*1)20’+2a's'
Since s < d (1 — %) — % and log N = O(N¢) for any € > 0, we have
T < N2,

> A5t for any s < 0 and

~

and hence (i) is satisfied. By Lemma 3.9, we have fP(A)
A >1 and so

Rp" A? N™*f2(A) 2 log N > (log N) ™' = R

and hence (ii) is satisfied. Thus, we have ||)(T)|| 7.2 2 ||U2041[00](T)|| 7> 2 log N.
Since |[¢o]| 7z ~ R = (logN)~! and T' < N2, we get norm inflation by letting
N — oo. d

4. NORM INFLATION IN MODULATION SPACES

The proof of Theorem 1.5 follows the same general lines as the proof of Theo-
rem 1.2 from the previous section. Let N, A be dyadic numbers to be specified so
that N > 1 and 0 < A < N. We choose initial data of the following form

(4.1) Joo JBATENT X, i 1<q<2,
' ' T\ BAYINTxq, if 2<¢< oo,

where

0= U (n+Qa), Qa=[-A/2,A/2),
neY

for some Y C {£ € R?: |¢| ~ N} such that # Y < 3.
4.1. A priori estimates: 1 < ¢ < 2. Then we have, for any s € R,
[Yollzs ~ R, lvbollazy ~ RN

Lemma 4.1. Let q € [1,2], ¢g given by (4.1), s < 0. Then there exists C > 0
depending only on d,o and s such that following holds.

42)  NU[o)(T)]lp20 < CR, VT >0,
43)  Uk[ol(D)llpz0 S p"HCFAT2RNT (L + [1)*llga oy < ) »
where p = RN~ A4/2T 35 .
Proof. By Lemma 2.3 and Proposition 2.5, we have
1Tl (T)l[ a2 S N1P0(T g0 S 100(T)l 20 S R,
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hence (4.2). By Plancherel theorem and (2.3), for s < 0, we have
JURO (D)l yg20 = |[(1+ 1) o Tl T) 2,

< —
5;1]151 Uk[% t§ ‘H 1+ |n|) ”U"HL?(Qnﬁ SuppUk[wo](t)) /o
< sup |Geltbol (4, €)] 11+ 10D s ooy

EeRd

This yields the desired inequality in (4.3). O

Lemma 4.2. Let s < 0, ¢ € [1,2], 2 < A < N and >, = {Neq,—Negq,2Neq}
where eq = (0,...,0,1) € R%. If 0 < T < N2, then we have

—4d —S lon S
U041 [00](T) [ g2e0 2 RATENT* 027 |1+ [1])*ll a0 <y ) »
where p = RN-5A%/2T35
Proof. By (2.3), we note that
U201 [0l (D) 20 = D 180 Uzoa[o)(T)) 112 (1 + |n])*

nezd
= 3" JonUsora o)D) 22 (1 + [n])*
nezd
. q/2
e LR
nezd "

where @), is a unit cube centered at n € Z?. Arguing as before in the proof of
Lemma 3.8 (specifically, by (3.5)), for £ € Q4 = [ A/2, A/2)4, we have

20+1
Uso1[0ol(T, )] 2 (RAT/2N) " (AN Tx(a041) 10,4 (6).
It follows that

. L4/ , 1/q
> —d/2 nT—s d\2o0 .
[Vzo ol (Dlagzo 2 (RAPN= )75 a |37 g
Inl=_A/2]
LA/2) . e
2 RATINT (Y
1 —sa ’
ni==ayz) A H 1D

where the floor function is || = max (m € Z | m < z) and p = RN ~*A%?T2 . [
4.2. A priori estimates: 2 < ¢ < co. Then we have, for any s € R,
[ollzrs ~ R, [[wollar, ~ RAMGTON.

Lemma 4.3. Let s < 0 and 2 < g < co. Then there exists C > 0 depending only
on d,o and s such that following holds.

(44)  NR)(T) ] yy2e < CR. WT 20,
(45) ULz S P57 CHAYIRN = (L + 1))l a0 <.t

where ps = RN_SAd(l_%)T%_
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Proof. By Lemma 2.3, we have
1UL[o](T) |20 S UL [0)(T) | 72 < CR.

The proof of (4.5) is similar to Lemmas 4.1, (4.3) and 3.7, (3.4), we omit the
details. g

The next lemma is the analogue of Lemmas 3.8 and 4.2, so we leave out its proof.

Lemma 4.4. Let s <0,2<¢g<00,1 <A< N and Y, = {Neq,—Neg,2Ney}
where eq = (0,...,0,1) € RY. If 0 < T < N~2, then we have

U1 [0) (D) 2.0 2 RATENT037 [(1 + [1])*[| a0y < 1)
where ps = RN’SAd_gT%.
4.3. Proof of Theorem 1.5.
Lemma 4.5. Let s < 0. In the limit A — oo, we have, for 1 < q < oo,
1 if —sq>d,
I+ 12D s o< ini<ay 7 95(A) = (log A)'" if —sq=d,
Allats if —sq < d,

and [|(1 + [n])*|| e o< ny<ay ,~_ 1-

A—o0
Proof. Since (1 4+ |£|)®? is a decreasing function in |¢], in view of the integral test
and Lemma 3.9, we have, for 1 < ¢ < oo,
1/q

1/q
s 1 dg
0oz = (52 s ) e (foen iees)

0<|n|<A
1
/A rd—1ldy /a
A=oo \ Jog (147)—s¢ ’

hence the result for ¢ finite. The case ¢ = oo is straightforward. O

To prove Theorem 1.5, we distinguish two cases.
First case: 1 < ¢ < 2. By Corollary 3.4, we have the existence of solution to
(1.1) in M4 up to time T whenever p = RN ~°A%/2T"/(29) <« 1. In view of Lemma
3.7 and since p < 1, 3772, [[Uzoe+1[th0](T)][ ;2.0 can be dominated by the sum of a
geometric series. Specifically, we have

D Usoria[o](T)|| S APRN g4 (A) Y p*"
=2 M2 =2
(4.6) S ATYERN g (A)p'e.
By Corollary 3.4 and the triangle inequality, we obtain
()| py2.a = ZU2UZ+1W)O]
=0 Ms2’q

2 02041 [%0](T) [ yg2:0 = U [h0) (T) || 20 —

Z Uzoey1[t0o](T)
—

M2
E
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In order to ensure
19(T) | pg2e0 2 102041 [%00)(T) || pg2:0
we rely on the conditions

(4.7) 102041 [%0](T)l[ 520 > U [0 (T) | 2.2,

> Usoesa[tho)(T)

(=2

(4.8) U261 [0 (T) | yy2a >

M2
In view of Lemmas 4.1 and 4.2, (4.7) amount to the condition
(4.9) Rp* A"5N~*g%(A) > R
In view of Lemmas 4.1 and 4.2, and (4.6), (4.8) amount to the condition
(410) T < N2 p<1, Rp A 2N "gIA)> Rp A~¥2N—541(A).
We now choose A, R and T so that conditions (4.9) and (4.10) are satisfied. To this
end, we set
R=(logN)™!, A~ (logN) TN, T =(A"42N%)%
Then we have
1
p=RNAY?T% = (logN)™! < 1.
Note that s
T = (log N)~ Ttz =120 N —dot2os,
Since s < 4 — 1 and log N = O(N¢) for any € > 0, we have
T < N2
We have ¢g9(A) 2 ATt for any s < 0 and A > 1. Thus, for 1 < ¢ < 2, we have
Rp* A"$N™*g%(A) Z (log N) =7+ (log N)*+2 44 ~3) > 1og N
> (logN)™! =R,
and (4.9) is satisfied. Thus, we have [|¢)(T)|[ 2.0 2 [[U2o41[0)(T)][ 2.4 2 log N.
Since ||| 20 $ R = (log N)~land T < N~2, we get norm inflation by letting
N — oo. This completes the proof for ¢ € [1,2].
Second case: 2 < ¢ < co. By Corollary 3.4, we have the existence of solution to
(1.1) in M. up to time T whenever p, = RN~ A41=3)71/9) <« 1. By Lemmas 4.3
and 4.4, the conditions
(4.11) T<N2 py<1 and Rp¥PA TN gI(A)> R
ensures that
_d o
(T g0 2 1020411800 )(T)l|pg20 ~ RpT7A™ s N=*g2(A).
We now choose A, R and T so that conditions (4.11) satisfied. To this end, we set
B 1 — 2042 _ d(L—1) ars\20
R=(logN)™", A~ ((ogN) T-I' N, T = (A% N*)>7.
Then we have .
p2=RN*A"0T% = (logN)™' < 1.
Note that

_ 2042

T= (10gN) TTsl (%_1)2‘7Nd(%—1)20+20's'
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Since s < d (1 - %) — 1 and log N = O(N*) for any € > 0, we have
T <N2
Note that g?(A) 2 AT for any s <0 and A > 1 and so
Rp3" A~ i N~*g1(A) 2 log N > (log N) ™ = R.

~

(log N)~!t and T < N~2, we get norm inflation by letting N — co. This completes
the proof of Theorem 1.5.

Thus, we have [[(T)| y20 2 [1U20+1[%0)(T)][ps2.0 2 log N. Since [[¢hol| py20 S R =

5. NORM INFLATION AS A BY-PRODUCT OF GEOMETRIC OPTICS

The proof of Theorems 1.3 and 1.6 follows the same strategy as in [11]: through a
suitable rescaling, we turn the ill-posedness result into an asymptotic result, which
can be expressed in the framework of weakly nonlinear geometric optics. More
precisely, we change the unknown function v to u, via

(5.1) u(t ) = 7 Y(et, x),

where the parameter € will tend to zero. For 1 solution to (1.1), u® solves
2
(5.2) iedu® + 7Au5 = pe” [uf|*Su.

The case J = 1 corresponds to weakly nonlinear geometric optics (WNLGO), as
defined in [9]. As noticed in [11] in the framework of Sobolev spaces, a phenomenon
of infinite loss of regularity can be proved via this WNLGO setting, under the
assumption s < —1/(20) in the analogue of Theorems 1.3 and 1.6. Like in that
paper, in order to weaken the assumption on s to s < —1/(20 + 1), we will have to
consider some value J > 1, and perform some “asymptotic sin”, in the sense that
we change the hierarchy in an asymptotic expansion involving the limit ¢ — 0.

The heuristic idea is the same as in [15]: when negative regularity is involved,
the zero Fourier mode plays a stronger role than (large) non-zero modes, which
come with a small factor. With the scaling (5.1) in mind, our goal is to show that
we may consider initial data (for u) of the form

u(0,2) =Y ey (x),
#0
that is containing only rapidly oscillatory terms, and such that the evolution under
(5.2) creates a non-trivial non-oscillatory term.

To be more specific, recall the strategy of multiphase nonlinear geometric optics
(see [10] for more details): we plug an ansatz of the form

u(t,z) = Z ei‘bf(t’w)/gaj (t,x)
J

into (5.2), and order the powers of e. The most singular term is of order €, it is
the eikonal equation:

1
v + 5|V¢j|2 =0.
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In the case of an initial phase ¢;(0,z) = j - =, no caustic appears, and the global
solution is given by

(53) syt =gzt

In the sequel, we consider such phases, for j € Z%. The next term in the hierarchy
is of order €!, but as evoked above, we “cheat”, and incorporate some nonlinear
effects even if J > 1 (and J < 2),

(5.4) Oraj+j-Vya; = —iu&']il Z Oy Qfoy -+ - Qkgyy
Oky —ProttPrg, =0

where we have used V¢;(t,z) = j. Again in view of the specific form of the phase
(5.3), the condition on the sum involves a resonant condition, (k1,ka, ..., kasi1) €
R, where

20+1 20+1
Rj = {(kf)lgég%-i-lu DD T he=4 Y () ke = |j|2} :

=1 =1
In the cubic case o = 1, those sets are described exactly:

Lemma 5.1 (See [16, 10]). Suppose o = 1.

o Ifd=1, then R; ={(j,¢,0), (¢,£,7); L €L}

o Ifd > 2, then (ki,ka,ks) € R, precisely when the endpoints of the vectors
ki,ko, ks, j for four corners of a non-degenerate rectangle with ko and j oppos-
ing each other, or when this quadruplet corresponds to one of the following two
degenerate cases: (k1 = j,ka = k3) or (k1 = ko, k3 = j).

The above lemma explains why our approach distinguishes the one-dimensional
case and the multi-dimensional case, and in particular why the cubic one-dimensional
case is left out in Theorems 1.3 and 1.6.

5.1. Multi-dimensional case. The leading idea in [11] is to start from three non-
trivial modes only, in the case d > 2, and create at least one new mode (possibly
more if o > 2), corresponding to j = 0.

Lemma 5.2. Let d > 2 and o € N*. Define k1, ky, ks € Z% as
k1 =(1,0,...,0), ko =(1,1,0,...,0), k3 =1(0,1,0,...,0).

For initial data of the form
3 .
u(0,z) = a(x) Z etkrele o e S(RY)\ {0},
j=1

we have agi—o = 0 and drag—o = e/ lepa(x), with co = 4R > 1.

This lemma is straightforward, in view of (5.4), and since (k1, ko, k3) € Ro if
g = 1, (kl,kQ,kg,kl,kl,...,kl) S RO if o Z 2.
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5.2. One-dimensional case. In the one-dimensional case, we have a similar re-
sult, provided that the nonlinearity is at least quintic, in view of [12, Lemma 4.2]
(and Example 4.3 there):

Lemma 5.3. Let d =1 and o > 2. Define ki, ks, ks, ka, ks € Z as
(klu k?u k?n k47 k5) = (27 _17 _27 4-7 3)
For initial data of the form

u(0,z) = afx) Zeikﬂ/’s, ae S(R)\ {0},

we have agi—o = 0 and drag—o = e/ lepa(x), with co = 4R > 1.

5.3. How to conclude. Supposing that we can prove that the geometric expansion
recalled above provides an approximation u,p;, for the solution u to (5.2), suitable
in the sense that the error is measured in a sufficiently strong norm, the idea is
that both w—g and u — uapp are small in spaces involving negative regularity in z,
while Lemma 5.2 or 5.3 implies that u.p, is large in many spaces.

6. (VERY) WEAKLY NONLINEAR GEOMETRIC OPTICS

6.1. A convenient functional framework. Throughout this section, we denote
by X a Banach algebra in the space variable, that is

(6.1) 3C >0, |fgllx = Clflixlgllx, VfgeX.
We suppose that X is translation invariant and, denoting by 7, f(z) = f(z — k),
(6.2) Imefllx = fllx, VkeR? VfeX.

We assume in addition that the multiplication by plane wave oscillations leaves the
X-norm invariant,

(6.3) I fexllx = Ifllx, Vk€RY where e (x) = e™*.

Note that this assumption rules out Sobolev spaces H*(R?), unless s = 0. Finally,

we assume that the Schrédinger group acts on X, at least locally in time:

Assumption 6.1. There exists Ty such that eizh maps X to X for ¢t € [0, Tp], and
3C >0, |5 pxx) <C, Ve [0,T)

In [10, 19], the case X = FL'(M) was considered, with M = T¢ (a choice
resumed in [12]) or R%. In [11, 30], the choice X = FL'N L?(R?) was motivated by
the presence of more singular nonlocal nonlinearities. We shall consider later two
sorts of X spaces: FL' N FLP or FL' N ML,

We denote by

Y =S (a))jeze, Y llajllx < o0 p =£1(X),

jezd

and

Yo =1 (a))jezs €Y, Y (<j>2 llajllx + () [[Va;llx + HA%‘HX) <00
jez
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We suppose that u solves (5.2) with initial data

u(0,x) = Z o (z)e /e,
jezZd
6.2. Construction of the approximate solution. The approximate solution is
given by
Uapp (1, 7) = Z aj(tvx)ewj(t’x)/sv
jezd
where ¢, is given by (5.3) and the a;’s solve (5.4), with initial data «;.
Lemma 6.2. Letd > 1, 0 e N* and J > 1.
o If (aj)jeza €Y, then there exists T > 0 independent of € € [0,1] and a unique
solution (a;)jeze € C([0,T];Y) to the system (5.4), such that aj—o = a; for all
j € ze.
o If in addition (a;)jeza € Ya, then (aj);eze € C([0,T];Y2).

Proof. In view of Duhamel’s formula for (5.4),

t
a;(t,x) = a;(0,x—jt)—i) Z / (Qky Gy - - - Qg yy ) (5,35 (E—5))ds,

(k1 ks kzor1)ER; YO

the first point of the lemma is straightforward, as an easy consequence of (6.2) and
(6.1), and a fixed point argument. The second point requires a little bit more care:
it was proven in [10, Proposition 5.12] in the case X = FL! (Wiener algebra),
and the proof relies only on the properties of X required at the beginning of this
section. (]

From now on, we assume (;);czs € Ya.

6.3. Error estimate. First, in view of the assumptions made in this section, a
standard fixed point argument yields, in view of (6.1) and Assumption 6.1:

Lemma 6.3. Letd > 1,0 € N* and J > 1. If ug € X, then there exists T¢ > 0
and a unique solution u € C([0,T¢); X) to (5.2) such that uj—o = uo.

To construct the approximate solution u.pp, we have discarded two families of
terms:
e Non-resonant terms, involving the source term
™ i= /LEJ E E akla’k2 ce akza+1ei(¢k1 7¢k2+"'+¢2a+1)/5'
I (k1,k2,.koot1)ER;

e Higher order terms, involving
e’ ib;/
P SO /E
rz =g E Aaje* /e,
J

Indeed, wuapp solves

52

(6.4) 1€0Uapp + ?Auapp = ,us']|uapp|2"uapp + 7y + 1o,
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Duhamel’s formula for u — uap, =: w reads

¢
w(t) = —iua"_l/ ele T A (|u|2"u — |uapp|2‘7uapp) (r)dr
0
L t—r
—ipe? ! Z / e T Ay (r)dr.
j=1,270

In view of our assumptions on X, we readily have, thanks to Minkowski inequality,
t
lw(®)llx < C/O (Iapp (TIIF + lw(D)IF) llw(r)lxdr

t
+Cet Z /eiE%ATj(T)dT
0

Jj=1,2

)

X

for some C' independent of € € [0,1] and ¢ € [0, 7p]. In view of the second point of
Lemma 6.2, we readily have

t
/ eie T Ay, (r)dr
0

By construction, r; is the sum of terms of the form g(t,:v)eik'm/g_m/(%), with
k € Z, w € Z, and the non-resonance property reads exactly |k|? # w.

2
<e”.
X

Lemma 6.4. Let k € RY, w € R, with |k|? # w. Define
t
Ds(t,.’lj) _ / eisFTTA (Q(T, :C)eikm/sficm’/@s)) dr.
0

Then we have

—2i s _ _
De(t,z) = k]2 iEwGlETA (9(7', I)GZk'I/E*WT/(QE)) }

2i L , , j
—|—7|k|22(E " / et A (elk'm/E_WT/(%) (% (eAg+2k-Vg)+ 8,59) (7, :c)) dr.
—wJo

t

0

In particular, for t € [0, Tp],
€
[D°(t)x < T = o] (19!l oo ((0,41:3) + 1Al Lo<(j0,17:x) + &Vl Lo ([0,17:x)

+ HatgHLoo([o,t};x))-

Proof. The last estimate follows directly from the identity of the lemma, (6.3) and
Assumption 6.1, so we only address the identity, which is essentially established in
[10, Lemma 5.7] (up to the typos there). Setting n = & — k/¢, the (spatial) Fourier
transform of D is given by

t
Ba(t, 5) _ e—i€t|n+k/a|2/2/ eia‘r|n+k/a|2/2 l; (7_7 77) e—in/(Qa)dT
0

t
_ e—iat|n+k/a|2/2/ ei79/28(7_, 77) dr
0

t
_ efist|n+k/s|2/2/ oiT02/2 61‘701/25(7_7 77) dr,
0
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where we have denoted

kI w k| —
0=c¢ 77+E —E=5|n|2+2k-77+7||
—_———
0 ————
02
’i792/2:

Integrate by parts, by first integrating e

o~

LIEZ A 20 0/ 62 [t 01+~
e“f‘f‘zDE(t,ﬁ) — im0/ (1,m) ‘ + —Z/ em0/2 (i 2y (1,m) + b (1,m) | dr.
92 0 92 0 2
The identity follows by inverting the Fourier transform. O
We infer:

Proposition 6.5. Letd > 1, 0 € N*, J > 1, and (o) ez € Yo. Then for T as in
Lemma 6.2,

[l = tappl| = (jo,17;%) S €
Proof. First, Lemma 6.2 and (5.4) imply that we also have (9;a;) cza € C([0,T];Y).
Then, in view of these properties and Lemma 6.4, we have

t
/ iz Ay, (T)dr

0

J+1
Seth
b

where we have used the fact that in the application of Lemma 6.4, ‘|/€|2 — w| >1,
since now k € Z? and w € Z. We infer

t
@l <€ [ (I + 10 lw(r)llxdr + Ce” +Ce,

where C' is independent of ¢ € [0,1] and ¢ € [0,7]. Lemmas 6.2 and 6.3 yield
w € C([0,min(T,T¢)]; X). Since w—g = 0, the above inequality and a standard
continuity argument imply that u € C([0,T]; X) provided that e > 0 is sufficiently
small, along with the announced error estimate. O

7. NORM INFLATION WITH INFINITE LOSS OF REGULARITY

7.1. Proof of Theorem 1.3. For 1 < J < 2 to be fixed later, let u* defined by
(5.1), and consider the initial data given by Lemma 5.2 (if d > 2) or Lemma 5.3 (if
d =1 and o > 2). We apply the analysis from Section 6 with X = FL! N FL>.
This is obviously a Banach algebra, (6.1) holds, thanks to Young inequality, the X-
norm is invariant by translation, and by multiplication by plane wave oscillations
as in (6.3). Assumption 6.1 is satisfied with C' = 1 for any Tp > 0, since the
Schrédinger group is a Fourier multiplier of modulus one. We can therefore invoke
the conclusions of Lemma 5.2 (if d > 2), Lemma 5.3 (if d = 1 and ¢ > 2), and
Proposition 6.5 (in all cases). In order to translate these properties involving u
solving (5.2) in terms of ¢ solving (1.1), we use the following lemma:

Lemma 7.1. Letd > 1. For f € S'(R?) and j € R?, denote
F(f,)(x) = f(z)e? /<.
e Foralls€R, pe[l,00], and f € FLE(RY), |[I5(f,0)| £z = || fll 7L

o Let j € R4\ {0}. For all s < 0, there exists C = C(j) independent of
p € [1,00] such that for all f € S(RY),

I15(f, ) e < Cfls‘HfoLfS‘-
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Proof. We have obviously
— . j
Fae=F(e-1).

The first point is thus trivial. For the second one, if p is finite,
N\ [P
s | £ J
=Dz = [t |7 (6-2)

dg.
Note that, for s <0,
. pS . p‘S'
J
€

I D = [ (67" (& - =
=1\ Plsl
= oo <<5>1< —Z> ) A0y

1
nf > 1
ing () (e~ L)z 2
hence the second point of the lemma in the case p finite. The case p = oo follows

from the same estimate, controlling the supremum of a product by the product of
the suprema. 0

p

dg

(OIS

)

For j #£ 0,

With wj;—¢ as in Lemma 5.2 or Lemma 5.3, the above lemma yields, in view of
(5.1), and for s < 0,

(0| zp S & 1.
This sequence of initial data is small (in FL? for all p) provided that
2—J

Lemma 5.2 and Lemma 5.3 show that there exists 7 > 0 independent of ¢ such that
lao(D)llze 2”71, Vp € [l,00], VE € R.

By construction,

lapp (t, &) = Z e_lt‘zs a; (t §— )

jezd

so we infer, at least for ¢ sufficiently small ((a;(7));eze € Y from Lemma 6.2),

l[wapp (Tl 72 2 e/l Vpe[l, o0, VE €R.
On the other hand, since X = FL' N FL>* C FLP, Proposition 6.5 yields

[u(r) — uapp(T)HFLQ S lu(r) = vapp(7)||x S, VE<O,
hence, if J < 2,
||U(T)HILQ >/t Wpel, o, Vk <O0.
Therefore,
leEer)zrp 2 e x e’ Vpe[l,o0l, Vk€R

The right hand side is unbounded as € — 0 provided that

J=2 20 + 2

—— +J—-1<0, thati J .
Gy + < 0, at is, <20+1
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Then given s < —1/(20 + 1), we can always find a J €]1,2[ satisfying (7.1) and
the above constraint. Theorem 1.3 follows in the case k < 0, by taking for instance
€n =1/n and t, = ¢,7. In the case k > 0, we just recall the obvious estimate

[ 7Lr = [1W(eT)l FLe,

and the proof of Theorem 1.3 is complete.

7.2. Proof of Theorem 1.6. In the case of modulation spaces, the proof goes
along the same lines as above, up to adapting the space X and Lemma 7.1.

We choose X = FL'N M"Y!. Theorem 2.4 shows that the Banach algebra
property (6.1) is satisfied. FL! is translation invariant, and for M1,

Vo (i) (2,y) = y ft—k)glt —z)e ¥tdt = e~ WF 5 F()glt + F —2)e ¥tas

= eiiy.kvg(f)(x - ka y)v
and thus
7 fllarra = Vg (ref) ler, = I flarra

We have used already the fact that (6.3) is satisfied on FL'. On M, this is the
case too, since for k € R?,

V(o) ) = [ FOCSGE= et = Vy (1) (09 ).
and so

Ifexllarr = IVg (fex) Iy, = Vg (M) Mz, = [1fllara-

Finally, Assumption 6.1 is satisfied thanks to Proposition 2.5, and we can again
invoke Lemma 5.2, Lemma 5.3, and Proposition 6.5.

Like before, Lemma 5.2 and Lemma 5.3 show that there exists 7 > 0 independent
of € such that

lao(7)llape 2 €”", Vp,q € [1,00], Vk € R.

By the same asymptotic decoupling phenomenon as in the case of FL? spaces, we
infer

[tapp ()| agza Z €771, Wp,q € [1,00], Wk € R.
In view of Lemma 2.3, X < M}"? for all p,¢ > 1 and all k¥ <0, and so
[u(T) = wapp (T)[[arp-s S 1u(7) = tapp(7)llx S, Vp g € [1,00], VE <0.
The analogue of Lemma 7.1 is the following:
Lemma 7.2. Letd > 1. For f € S'(RY) and j € R%, denote
IF(f.4)(@) = f(z)ed /.

o Foralls €R, p,q€[l,00], and f € MPIR?), [ I°(f,0) || arza = || fl|agroa.
o Let j € R4\ {0}. For all s < 0, there exists C = C(j) independent of
p,q € [1,00] such that for all f € S(R?),

122 (f. )l agza < CPMIf | agza.
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Proof. The first point is proven like (6.3) above. For the second point, write

() aape = W)

J
Vi (- 1) -
L? L

<§>5Ww;ﬂmynug@ﬂﬂhz’

sz (v+2)

Ly

IN

where we have used Peetre inequality (a + b)* < (a)® (b)/*|. The lemma follows. O

At this stage, we can repeat the same arguments as in the previous subsection,

and Theorem 1.6 follows.
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