N

N

Norm inflation for nonlinear Schrodinger equations in
negative Fourier-Lebesgue and modulation spaces
Divyang G. Bhimani, Rémi Carles

» To cite this version:

Divyang G. Bhimani, Rémi Carles. Norm inflation for nonlinear Schrodinger equations in negative
Fourier-Lebesgue and modulation spaces. 2020. hal-02560258v1

HAL Id: hal-02560258
https://hal.science/hal-02560258v1

Preprint submitted on 1 May 2020 (v1), last revised 5 Sep 2020 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02560258v1
https://hal.archives-ouvertes.fr

NORM INFLATION FOR NONLINEAR SCHRODINGER
EQUATIONS IN NEGATIVE FOURIER-LEBESGUE AND
MODULATION SPACES

DIVYANG G. BHIMANI AND REMI CARLES

ABSTRACT. We consider nonlinear Schrédinger equations in Fourier-Lebesgue
and modulation spaces involving negative regularity. The equations are posed
on the whole space, and involve a smooth power nonlinearity. We prove two
types of norm inflation results. We first establish norm inflation results below
the expected critical regularities. We then prove norm inflation with infinite
loss of regularity under less general assumptions. To do so, we recast the the-
ory of multiphase weakly nonlinear geometric optics for nonlinear Schrédinger
equations in a general abstract functional setting.

1. INTRODUCTION

1.1. General setting. We consider the nonlinear Schréodinger (NLS) equations of
the form

(1) 0+ 500 = ploPTY, T ERY Y(0,2) = Yole),

where v = ¢(t,z) € C, 0 € N, p € {1,—1}. We prove some ill-posedness results
in Fourier-Lebesgue and modulation spaces, involving negative regularity in space.
We recall the notion of well-posedness in the sense of Hadamard.

Definition 1.1. Let X,Y < S’(R%) be a Banach spaces. The Cauchy problem for
(1.1) is well posed from X to Y if, for all bounded subset B C X, there exist T > 0
and a Banach space X1 — C([0,7T],Y) such that:

(i) For all ¢ € X, (1.1) has a unique solution ¢ € X with ¢,—¢ = ¢.
(ii) The mapping ¢ — 1 is continuous from (B, | - || x) to C([0,T],Y).

The negation of the above definition is called a lack of well-posedness or
instability. In connection with the study of ill-posedness of (1.1) and nonlinear
wave equations Christ, Colliander, and Tao introduced in [14] the notion of norm
inflation with respect to a given (Sobolev) norm, saying that there exist a sequence
of smooth initial data (¢, (0)),>1 and a sequence of times (¢, ),>1, both converging
to 0, so that the corresponding smooth solution 1,,, evaluated at t,, is unbounded
(in the same space).
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2 D. BHIMANI AND R. CARLES

The solutions to (1.1) is invariant under the scaling transformation

(1.2) P(t,x) = N7 (N, ), A > 0.
The homogeneous Sobolev space H* (R9) is invariant exactly for s = s., where
a1
Se =5~

Another important invariance of (1.1) is the Galilean invariance: if (¢, x) solves
(1.1), then so does

(1.3) et el 2y, (¢ g )

for any v € RY. This transform does not alter the L?(R¢) norm of the function.
From these two invariances, well-posedness is not expected to hold in H*(R%) as
soon as s < max(0, s.). In this paper, we consider the case of negative regularity,
s < 0, in Fourier-Lebesgue and modulation spaces, instead of Sobolev spaces.

Kenig, Ponce and Vega [24] established instability for the cubic NLS in H*(R)
for s < 0. Christ, Colliander and Tao [14] generalized this result in H*(R?) for
s < 0and d > 1. In the periodic case x € T?, instability in H*(T¢) for s < 0 was
established in [15] (d = 1) and [10] (d > 1). Stronger results for the cubic NLS on
the circle were proven by Molinet [27]. In [29, Theorem 1.1], Oh established norm-
inflation for (1.1) in the cubic case o = 1, in H*(R) for s < —1/2 and in H*(R?)
for s < 0 if d > 2. He actually proved that the flow map fails to be continuous at
any function in H*®, for s as above. Norm inflation in the case of mixed geometries,
r € R? x T, for sharp negative Sobolev regularity in (1.1), is due to Kishimoto
[25], who also considers nonlinearities which are not gauge invariant.

The general picture to prove ill-posedness results is typically as following, as
explained in e.g. [14]: at negative regularity, one relies on a transfer from high
frequencies to low frequencies, while to prove ill-posedness at positive regularity,
one uses a transfer from low frequencies to high frequencies. In particular, the
proofs are different whether a negative or a positive regularity is considered.

Stronger phenomena than norm inflation have also been proved, showing that
the flow map fails to be continuous at the origin from H* to H* even for (some)
k < s, and so a loss of regularity is present. This was proven initially for 0 < s < s,
by Lebeau [26] in the case of the wave equation, then in [8] (cubic nonlinearity)
and [1, 34] for NLS. In the case of negative regularity, an infinite loss of regularity
was established in [11] for (1.1) in H*(R%) (d > 2 and s < —1/(20+ 1)), and in the
periodic case # € T? in [12], in Fourier-Lebesgue spaces. Typically, the NLS flow
map fails to be continuous at the origin from H*(R?) to H*(R?), for any k € R.

1.2. Fourier-Lebesgue spaces. The Fourier-Lebesgue space FL2(R?) is defined
by

FIRY) = {1 € S ®Y | fllrrz = 1F() v < o0}
where the Fourier transform is defined as

FO) = F1€) = Gz [ 7S @dn, 1 € S@,

and where 1 < p < o0, s € R, and (£)° = (1 + [¢[>)¥/? (¢ € RY). For p = 2,
FL? = H* the usual Sobolev space. For s = 0, we write FL5(R?) = FLP(R?).
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The scaling (1.2) leaves the FLP(R?)-norm invariant for s = s.(p), where

se(p) = d (1 - %) - %

Of course when p = 2, we recover the previous value s.. On the other hand,
the Galilean transform (1.3) does not alter the FLP(RY) norm of 1, and so well-
posedness is not expected to hold in FL? for s < max(0, s.(p)). In this paper, we
consider the case s < 0.

In [23, Theorem 1], Hyakuna-Tsutsumi established local well-posedness for the
cubic NLS in FLP(R?) for p € (4/3,4)\ {2}. Later this result is generalized in [22,
Theorem 1.1] for p € [1,2].

Our first results concern norm inflation of the type discussed above:

Theorem 1.2. Assume that 1 < p < 00,d, 0 € N and s < min (0, s.(p)). For any
§ > 0, there exists 19 € FLP(R?) and T > 0 satisfying

lvollpre <0 and 0<T <4,
such that the corresponding solution ¢ to (1.1) exists on [0,T] and

1 (T)llrz > 07"

As discussed above, in the case s.(p) > 0, norm inflation is expected in FLE(R?)
for 0 < s < s.(p), but with different arguments. The proof of Theorem 1.2 is
inspired by the two-scale analysis of Kishimoto [25]. We also prove norm inflation
with an infinite loss of regularity: the initial regularity must be sufficiently small,
and we leave out the cubic one-dimensional nonlinearity.

Theorem 1.3. Let o € N, s < —Tl_i_l and assume do > 2. There exist a sequence

of initial data (¥ (0)),,5, in S(RY) such that
[4a)lrre — 0, Vp e [1,],

and a sequence of times t, — O such that the corresponding solutions v, to (1.1)
satisfies
n—oo

Remark 1.4. There is no general comparison between the assumptions on s in
Theorems 1.2 and 1.3: for p = 1, min(0,s.(1)) = —1/0 < —1/(20 + 1), while if
se(p) > 0, we obviously have min(0, s.(p)) =0 > —1/(20 + 1).

1.3. Modulation spaces. We now turn our attention to the theory of modulation
spaces. The idea of modulation spaces is to consider the decaying properties of
space variable and its Fourier transform simultaneously. Specifically, we consider
the short-time Fourier transform (STFT) (sliding-window transform/wave packet
transform) of f with respect to Schwartz class function g € S(R9):

Vof(@.§) = [ FOgT= Dt (.6 e B

whenever the integral exists. Then the modulation spaces MP-4(R?) (1 < p,q < oo,
s € R) is defined as the collection of tempered distributions f € S’(R?) such that

1z = [|1Va gL+ 122

< 00,
q
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with natural modification if a Lebesgue index is infinite. For s = 0, we write
MPIRY) = MP4(RY). When p = ¢ = 2, modulation spaces coincide with usual
Sobolev spaces H*(R?). For the last two decades, these spaces have made their
own place in PDEs and there is a tremendous ongoing interest to use these spaces
as a low regularity Cauchy data class for nonlinear dispersive equations; see e.g.
[2, 5, 31, 6, 35, 36, 30]. Using the algebra property and boundedness of Schrodinger
propagator on MP4(R%), (1.1) is proved to be locally well-posed in MP'(R9) for
1 <p<oo s >0, and in MP9(R?) for 1 < p,q < oo and s > d(1 — 1/q),
via fixed point argument; see [2, 5, 7]. Using uniform-decomposition techniques,
Wang and Hudzik [35] established global well-posedness for (1.1) with small initial
data in M?%1(R4). Guo [21] proved local well-posed for the cubic NLS in M??(R)
(2 < p € ), and later Oh and Wang [30], established global existence for this
result. In [13], Chaichenets et al. established global well-posedness for the cubic
NLS in MP? (R) for p sufficiently close to 2. The well-posedness problems for some
other PDEs in MP+4(R%) are widely studied by many authors, see for instance the
excellent survey [31] and references therein. We complement the existing literature
on well-posedness theory for (1.1) with Cauchy data in modulation spaces. First,
observe that, in view of Proposition 2.6 below,

A*%HMX(LAﬂH¢HM3% if 1<¢<2,
A70=3) max (LA [l 20, i 2< g < oo,

[ AN pze S {

for all A < 1 and s € R. Invoking the general belief that ill-posedness at posi-
tive regularity is due to the transfer from low frequencies (0 < A < 1) to high
frequencies, the scaling (1.2) suggests that ill-posedness occurs in M2:4(R9) if

se=49-1if 1<¢<2,
<
8 d(l—%) if 2<g<oo.

The following analogue of Theorem 1.2 then appears rather natural.

Theorem 1.5. Let d,oc € N and assume that

° s<min(%—l O) when 1 < q <2, and

° s<min(d(1—l)—l O) when 2 < q < 0.

q o’

For any § > 0, there exists 1y € M>9(R%) and T > 0 satisfying
ol pza <0 and 0<T <4
such that the corresponding solution ¢ to (1.1) exists on [0,T] and
[0z > 57

We also have some infinite loss of regularity of the flow map (1.1) at the level of
modulation spaces with negative regularity. We no longer assume p = 2, and show
a stronger result, provided that the negative regularity s is sufficiently small, and
(again) that we discard the one-dimensional cubic case.

Theorem 1.6. Let o € N, s < _Tl-i-l and assume do > 2. There exists a sequence
of initial data (¥(0)),,5, in S(RY) such that

||1/’n(0)”M§”q n:)>007 Vpuqe [1700]7
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and a sequence of times t, — O such that the corresponding solutions v, to (1.1)
satisfies
||1/}n(tn)”Mf’q — 00, vk € Rv vpaq € [1700]
n—oo

Remark 1.7. Contrary to the Fourier-Lebesgue case, the assumption regarding s
is always weaker in Theorem 1.5 than in Theorem 1.6 (recall that the cubic one-
dimensional case is ruled out in Theorem 1.6).

1.4. Comments and outline of the paper. As pointed out before, the numerol-
ogy regarding the norm inflation phenomenon (Theorems 1.2 and 1.5) is probably
sharp, up to the fact that the minimum should be replaced by a maximum in the
assumption on s, and that at positive regularity, different arguments are required.
On the other hand, we believe that the restriction s < _Tl-i-l in Theorems 1.3 and
1.6 is due to our approach, and we expect that the result is true under the mere
assumption s < 0 if do > 2, and for s < —1/2if d=0 = 1.

The analogue of our results remains true if we replace A by the generalized
dispersion of the form A, = Z;l:l nj[)%j,nj = 1. The (1.1) associated A, (with
the non uniform signs of 7);) arises in the description of surface gravity waves on
deep water, see e.g. [33].

In [32], Sugimoto-Wang-Zhang established some local well-posedness results for
Davey-Stewartson equation in some weighted modulation spaces. We note that our
method of proof can be applied to get norm-inflation results for Davey-Stewartson
equation, and infinite loss of regularity in the spirit of [11], in some negative mod-
ulation and Fourier-Lebesgue spaces.

Theorems 1.3 and 1.6 cover any smooth power nonlinearity in multidimension,
and power nonlinearities which are at least quintic in the one-dimensional case. Our
method our proof seems too limited to prove loss of regularity in the case of the
cubic nonlinearity on the line. It turns out that the method followed to treat the
cubic nonlinearity on the circle in [12] seems helpless in the case of the line. On the
other hand, Theorems 1.2 and 1.5 include the cubic one-dimensional Schrodinger
equation.

The rest of this paper is organized as follows, In Section 2, we recall various
properties associated to modulation spaces. In Section 3, we prove Theorem 1.2,
and we adapt the argument in Section 4 to prove Theorem 1.5. In Section 5, we
show how the theory of weakly nonlinear geometric optics makes it possible to
prove loss of regularity at negative regularity for (1.1). A general framework where
multiphase weakly nonlinear geometric optics is justified is presented in Section 6,
and it is applied in Section 7 to prove Theorems 1.3 and 1.6.

Notations. The notation A < B means A < ¢B for a some constant ¢ > 0, Let
(A%)p<e<1 and (Y%)p<e<1 be two families of positive real numbers.

e We write A® <« T¢ if limsup,_,o A*/T¢ = 0.

o We write A® < T if limsup,_,o A°/T¢ < oco.

e We write A® = T if A® < T¢ and Y° < A°.

2. PRELIMINARY: MODULATION SPACES

Feichtinger [18] introduced a class of Banach spaces, the so-called modulation
spaces, which allow a measurement of space variable and Fourier transform variable
of a function, or distribution, on R? simultaneously, using the short-time Fourier
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transform (STFT). The STFT of a function f with respect to a window function
g € S(R?) is defined by

(2.1) Vof(z,y) = | f(t)glt—z)e ™ dt, (z,y) € R*,
Rd

whenever the integral exists. For z,y € R? the translation operator T, and the
modulation operator M, are defined by T, f(t) = f(t — x) and M, f(t) = e f(¢).
In terms of these operators the STFT may be expressed as

(2.2) ng(x,y) = ([ Myng> =e Y (f * Mywg®) (),

where (f, g) denotes the inner product for L? functions, or the action of the tem-

pered distribution f on the Schwartz class function g, and ¢*(y) = g(—y). Thus
Vi (f,g) — V,(f) extends to a bilinear form on S’(R?) x S(R?), and V,(f) defines
a uniformly continuous function on R? x R? whenever f € S'(R%) and g € S(R?).

Definition 2.1 (Modulation spaces). Let 1 < p,q < 0o, s € R and 0 # g € S(R?).
The weighted modulation space MP+4(R%) is defined to be the space of all tempered
distributions f for which the following norm is finite:

q/p 1/q
[l 2z = </Rd (/Rd Ing(x,y)l”dx) (1+ [y[*)*e/? dy) :

for 1 < p,q < oo. If p or ¢ is infinite, | f[|5sr is defined by replacing the corre-
sponding integral by the essential supremum.

Remark 2.2. The definition of the modulation space given above, is independent of
the choice of the particular window function. See [20, Proposition 11.3.2(c)].

We recall an alternative definition of modulation spaces via the frequency-uniform
localization techniques, providing another characterization which will be useful to
prove Theorem 1.5. Let @, be the unit cube with the center at n, so (Qn),,czq
constitutes a decomposition of R, that is, R? = U,,cz4Q,,. Let p € S(R?), p: R? —
[0, 1] be a smooth function satisfying p(&) = 1if |¢|o < 5 and p(§) = 0if [¢]ec > 1.
Let p, be a translation of p, that is,

pul€) = p(6 =), n et

Denote

o pn(f)
7n(6) = ZeeZd pe(§)’

Then (0,,(£)),,cz« satisfies the following properties:
0a(€)] > ¢, Y€ € Qu,
supp oy C {€ 1 [§ = nloo <1},
(2.3) D on(§) =1,vE€RY,

nezd

D0, (€)] < Claf, V€ € RY, a0 € (NU{0})%

n e 7%

The frequency-uniform decomposition operators can be exactly defined by

0, = F ‘o, F.
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For 1 < p,q < o0,s € R, it is known [18] that

1/q

1z = | D2 1Ba(DIE T+ D> ],

nezd
with natural modifications for p, ¢ = co.

Lemma 2.3 (|36, 20, 31]). Let p,q,p;,q; € |[1,0|, s,s; € R ( =1,2). Then
> 4j J
1) MPra(RY) — MP2:%2(RY) whenever p1 <p2and q1 < q2 and s2 < s1. In
S1 S2
particular, H*(R?) — MP4(R?) for 2 <p,q < o0 and s € R.
(2) MPra (R%) — MST’;*‘D(RCI) for g1 > qa2,81 > s2 and s1 — s > d/g2 — d/q1.
(3) MP-@(RY) — LP(RY) — MP92(R%) holds for q < min{p,p'} and qo >
maz{p,p'} with % + % =1
(4) Mmin{p’,Q},p(Rd) N FLP(Rd) N Mmax{p’,2},p(Rd),
(5) S(RY) is dense in MP4(RY) if p and q are finite.
’ — — 7' or 1 < p < an 7' —
6) MPr(R? LP(R? MPr(R? 1 2 d MPP (RY
LP(RY) — MPP(R?) for 2 < p < oo.
(7) The Fourier transform F : MPP(R?) — MPP(R?) is an isomorphism.
(8) The space MP9(R?) is a Banach space.
e space ’ 18 invariant under complex conjugation.
9) Th MPa(RY d lex congug

1 1 _
lyl=1

Theorem 2.4 (Algebra property). Let p,q,pi,q; € [1,00] (i =0,1,2). If p% + p% =

1 1 1 1
p—oandq—l—i—q—2—1—|—q0,then

(2.4) MPra1 (Rd) . MP2:92 (Rd) <y P00 (Rd);
with norm inequality || fgllamroa0 S || fllaeroar ||g||arpsaz . In particular, the space
MP4(RY) is a pointwise FL'(RY)-module, that is, we have

I gllarea S N Fll7Lrllgllazea.

Proof. The product relation (2.4) between modulation spaces is well known and
we refer the interested reader to [5] and since FL!(R?) < M°}(R?), the desired
inequality (2.4) follows. O

For f € S(R?), the Schridinger propagator e?2

is given by

The first point in the following statement was established in [4], and the second, in
[35, Proposition 4.1].

Proposition 2.5 (4, 35]).
(1) Lett € R, p,q € [1,00]. Then

€722 fllagna < C(A* + 1))\l arra

where C' is some constant depending on d.
(2) Let 2<p <o0,1 <q<oo. Then

L, _d(i_1
e 52 Fllarma < (14 )G fll
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For (1/p,1/q) € [0,1] x [0, 1], we define the subsets
I = {(p,q); max(1/p,1/p") <1/q}, I ={(p.q); min(1/p,1/p') > 1/q},
I = {(p,q); max(1/q,1/2) < 1/p'}, I3 ={(p,q); min(1/q,1/2) > 1/p'},
Iy = {(p,q); max(1/q,1/2) <1/p}, I3 ={(p,q); min(1/q,1/2) > 1/p}.
We now define the indices:

—=1/p if (1/p,1/q) € I,
pi(p,q) =4 1/g—1 if (1/p,1/q) € 13,
=2/p+1/q if (1/p,1/q) € I3,
and
—1/p if (1/p,1/q) € I,
p2(p,q) = 1/qg—1 if (1/p,1/q) € I2,

—2/p+1/q if (1/p,1/q) € Is.
The dilation operator fy is given by

Unf(x) = fa(x) = f(Ax), A >0.

Proposition 2.6 (See Theorem 3.2 in [17]). Let 1 < p,q < oo, s € R. There exists
a constant C > 0 such that for all f € MP9(R%),0 < X\ < 1, we have

CIN @D min {1, X} £l agra < | Frllagza < CX#2 D max{1, A} f]| ayra.

3. NORM INFLATION IN FOURIER-LEBESGUE SPACES

Define
o+1 20+1

ug(zl,...,ZQUH):HZg H Zm.

(=1 m=o+2
Definition 3.1. For ¢y € L2(R?), define U, [1ho](t) = €224,
. =7
Ukltho](t) = —i Z = A, (Uk, [th0), -y Ukgy sy [t00]) (T)d7, k> 2.

K1sookogp1>1
k1+-tkogp1=k

It is known that the solution ¢ of (1.1) can be written as a power series expansion
=372, Ultho], see [3, 25].
Definition 3.2. Let A > 0 be a dyadic number. Define the space M4 as the
completion of C§°(R?) with respect to the norm

s = D Ifllzerea, @a=I[-A/2,4/2)%
Ee A7
Lemma 3.3 ([3, 25]). Let A > 0 be a dyadic number.
(1) M ~4 My, and for all € >0, H2+e < My — L2.
(2) My is a Banach algebra under pointwise multiplication, and
1£gllars < C@AY2| fllarallgliare V.9 € Ma.

(8) Let A > 1 be a dyadic number and ¢ € Ma with ||1o||ar, < M. Then, there
exists C' > 0 independent of A and M such that

1Uklol (B, < ¢ (CAY2 AN,
foranyt >0 and k > 1.
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(4) Let (by)pe, be a sequence of nonnegative real numbers such that

b <C Y by eebey,., VE>2.

kisoikogq =1
k14-tkogp1=k

Then we have

2
be <biCET!, Wk > 1, where G = = (C(20 + 1)2)/C7 .
Corollary 3.4 (See Corollary 1 in [25]). Let A > 1 be dyadic and M > 0. If
0<T < (AY2M)=27 then for any Yo € M4 with ||1o|ar, < M:
(1) A unique solution v to the integral equation associated with (1.1),

t -7
W(t) = e 2Aw0—z/ T2 (7)) dr

0

exists in C([0,T], My).

(ii) The solution v given in (i) has the expression

(3.1) b= Uklto] =D Unors1[tho]

which converges absolutely in C([0,T], M4).

Remark 3.5. By Definition 3.1, we obtain Uj[t¢p](t) = 0 unless k¥ = 1 mod 20.
For instance, Ug[1o](t) = 0 for all k € 20N. To see this, fix 0 € N. Then clearly
Use [tho] = 0 because there does not exists all k; > 1 such that k; +- - -+ kop 1 = 20.
Now since Us,[1)o] = 0, it follows that Usy[thg] = 0 and so on. Thus, Ug[wo](t) =0
for all k& € 20N.

The general idea from [3] to prove instability is to show that one term in the
sum (3.1) dominates the sum of the other terms, and rules out the continuity of
the flow map. Usually, the first Picard iterate accounting for nonlinear effects, that
is, Usy+1[tho] in our case, does the job. The proof of Theorems 1.2 and 1.5 indeed
relies on this idea, for a suitable 1y as in [25].

Let N, A be dyadic numbers to be specified so that N > 1 and 0 < A < N. We
choose initial data of the following form

(3.2) o = RA™PN~=5xq
for a positive constant R and a set ) satisfying
Q= m+Qu),
ney

for some Y. C {¢ € RY: |¢| ~ N} such that # > < 3. Then we have
[Yoll e ~ R, lbollar, ~ RAYGT2IN",
In fact, we have

Il = RPATIN [ (14 €Ryag

= RPATIN™ SPZ/ (1+ |¢[?)re/2dg.

n+Qa
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Since A < N and |n| ~ N, we have N? < (1 + [£]?) < N2 for £ € n+ Q4 and
so NP5 < (14 |€2)ps/2 < NPs. As #5. < 3 and |+ Qa| ~ A4, we infer that
oy~ .

Lemma 3.6 (See Lemma 3.6 in [25]). There exists C' > 0 such that for any 1
satisfying (3.2) and k > 1, we have

supp (i[%](t) <Cc*Al, vt >o.

The next result is the analogue of [25, Lemma 3.7].

Lemma 3.7. Let vy given by (3.2), s <0 and 1 < p < oo. Then there exists C > 0
depending only on d,o and s such that following holds.

(3.3) [0 [ho](T)l| 72z < CR, VT >0,
(3.4) 1Uklo)(T) | 72 S Py CRATPRNT*(1()* | Lo(@ua)s
where py = RN~ s 440-3) %
Proof. The Schrodinger group is a Fourier multiplier,
10 ol(T) e = || 50)()%]| = Intoll ez < CR,
hence (3.3). We note that
L= ||[Uk[¢o)(T)[| 72

O fwol 1, €)|

< || <'>S||LP(suppﬁ;[1/J0](t)) ceR

< ||<'>S||Lp(suppﬁ;[¢0](t)) Z / |||Uk1 E |nga+1 (T)|||Loo dr,
ki4-+kaor1=k

—

where vy, is either Um] or Uy, [to]. By Young and Cauchy-Schwarz inequalities,

||U7€1 ) Y ||L°° < Hvkl * Uky ||L°° ”'ng ¥ ¥ Uhyo ||L1
20+1
< llod,vd e TT lokeller
=3
20+1
vk 22 lokallze T llok lloo
=3
20+1 20+1
H ’SHPPUk@ Yol ‘ H T [$] | 2

£=3

IN

IN

Thus, we have

I<|()? I,

Il Lo (supp T w0l 1)
where
L 2041 52041

L= Y / 11 ‘suppUm tol (7 ‘ H 1Tk, [o)(7) | 2

ki+-+kaor1=k 0 ¢=3

By Lemma 3.3 (3) (with M = CRN~*A% %), we have, for all k > 1,

1 4 a\k—1 L ad_d
1Uklibol ()12 < NURR0) (1) lar, < Ct5 (CTRAYVAN=AB=3)" RN—*4%7.
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Note that, by Lemma 3.6,

t20+1 20+1 o1 . ko—1 p
[[ [ (ratoDn) ™ eat s

L < 3 / H Ad/2

ki+-+koop1=k

t
< (RN~%)k %55 4401 *%><’“*2U*1>A(g’%)(2g+l)/ e dr
0

< Ad(lf%)(k*l)Afd/p(RNfs)kt%'
Since s < 0, for any bounded set D C R, we have
()" > A uD| < [{{§)* > AUBp|, VA>0,

where Bp C R? is the ball centered at origin with |D| = |Bp|. This implies that
1) lLr oy < I{€)°IlLr(BL)- In view of this and performing simple change of vari-
ables (¢ = C*/4¢"), we obtain

Y Lo (supp G ol ey < 1) e (qe1<crraayy S CHIIC)2 | Lo q1e1<am)s
and the lemma follows. O

In the next lemma we establish a crucial lower bound on Us,41[t)g].

Lemma 3.8. Let 1 < p <00, 1 <A< N and Y, = {Neq,—Neq,2Neq} where
eq=(0,...,0,1) € RL If0 < T < N2, then we have

U201 [0) (D)l 712 2 RA™F N=*p2 1) || 1o (0),
where p; = RN—SAT 5T .
Proof. Note that

o+1 20+1 T .
U1 [$0)(T, €) = ce™ F1¢F / Hwo &) [I ol / e3P dtds; ... dEse i1,
m=o+2 0

where

o+1 20+1
:{(51,,,,,520+1)6R(2"+1 DG D =t }7
{=1

m=oc+2
o+1 20+1
=[€* = l&l®+ D Ll
/=1 m=oc+2
By the choice of initial data (3.2), we have
o+1 20+1 o+1 20+1
/Hwo &) [I wote /HRA YN xale) T[] RAVPN-*xa(€m)
m=o+2 m=o+2

20+1

= (RA‘d/pN_s / H xa(&e)dé ... déagqn

20+1

— (R’ Z / IT acsaa(@des - dezoin
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where the sum is taken over the non-empty set

o+1 20+1
C= {(7717 oy Moor1) € {£Neq,2Neg} 2o+ Zm - Z D = ()}_

/=1 m=o+2

For £ € Qa, we have |§|* < [¢]* < A7 < N? and so |®| S N?. Then |£®(¢)| < 1
for 0 < T < N~2. In view of this, together with the fact that the cosine function
decreasing on [0, 7/4], we obtain

T
/ 3y
0

Taking the above inequalities into account, we infer
— 20+1
(35)  |Vaenalol(T,6)| 2 (RA™PN=") " (A2 Tx o 11)-104 (€):
Hence, we have
—d/ B 2041 d\2
Uz 1ol (T) 72z 2 (RAPN=5) " (AN TN | 1(a041) 10
—d —S8 (e S
2 RAT N 720171 ()% o)

T, 1
ZRE/.eﬁéwdtz—T.
0 2

where p; = RN A $T2s | 0

S

For the convenience of reader, we compute the LP-norm of weight (-)* on the

cube Q4.

Lemma 3.9. Let A>1,d>1,s<0and1<p<oo. We define
1 ifs< —g,
fP(A) = Q (log A)'/7 if s = —4
d/p+s _d
Ae/p if s > o
Then we have fE(A) S ()l Loqay S fE(A) and f32(A) = ()l (ga) ~ 1 In
particular, fP(A) 2 At for any s < 0.
Proof. We first compute the || - || L»-norm on ball of radius Ry in R?, say Bg, (0).
Since (-)® is radial, we have

r

1 27Td/2 Ry d—1
I = d¢ = dr.
() /Bm«» T+ ey r(d/2>/o (RS ETER

Notice that (1 +72)7*?/2 > max{1,7*}, and assuming that R; > 1, we obtain:

1 Tdfl Ry Tdfl

I(Ry) < —  _ d¢t - d
(F1) 5 o max{l,r—sr} + 1 max{l,r—sr} "

' d—1 i 1
:/0 r dr—i—/l T75p7d+1dr.

Using conditions on s, we have I(R;) < (fP(R1))” . Notice that Q4 C B /34/2(0),

1/
we have [|{-)*[|zr(Q.) < (I(\/EA/2)) ! < fP(A). On the other hand, we notice

that 1 +72 <2if0<r < 1land1+72 <2r?if 1 <7 < Ry for some appropriate
Ry. Using this together with the above ideas, we obtain fP(A) < [|(-)®||r(@4)- This
completes the proof. (I
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Proof of Theorem 1.2. By Corollary 3.4, we have the existence of a unique solution
to (1.1) in M4 up to time T whenever p; = RN—5AY=3)T1/(20) < 1. In view of
Lemma 3.7 and since p1 < 1, >,%, [|Uzges1[t0)(T)|| 7> can be dominated by the
sum of the geometric series. Specifically, we have

> Usorsa[tho)(T)

SATVERNTR(A) Y o
(=2

=2 FL?
(3.6) S ATPRNTE (AL
By Corollary 3.4 and the triangle inequality, we obtain
(D)l Fre = ZUzaHlWo]
£=0 FLE

> Usoesa[tho)(T)

=2

> |Uzo 41 [0 ()| 722 = U1 [0 (T) | 72 —

FL?
In order to ensure
[Tl 72 2 [[U2041 [0 (1) L2,

we rely on the conditions

(3.7) U2 1[0 (T) | 72 > | Ur[vo](T)]| 12,

Z Usgeq1[t0](T')

(=2

(3.8) U201 [%00](T) || 72 >

FLY
To use Lemma 3.8, we require
(i) T< N2
In view of Lemma 3.7, to prove (3.7) it is sufficient to prove
(ii) Rp2? A~ » N=*fP(A) > R, with p; = RN~5AY 5T
Finally, in view of Lemmas 3.7, 3.8 and 3.9, and (3.6), to prove (3.8) it is sufficient
to prove:

(iii) p1 <1,

(iv) Rp3" A”5 N=*f7(A) > A~WPRN=* fr(A)pie.
We now choose A, R and T so that conditions (i)- (iv) are satisfied. To this end,
we set

R=(logN)™l, A~ (logN) TN, T =A% DN,
Then we have
p1= RN A5 T2 = (logN)"! < 1.
Hence, condition (iii) is satisfied and so condition (iv). Note that
T = (log N)f%d(%71)20Nd(%—1)2a+2<75.
Since s < d (1 - %) — 1 and log N = O(N*) for any € > 0, we have

T < N~2,
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and hence (i) is satisfied. By Lemma 3.9, we have fP(A) > > A5 for any s < 0 and
A >1 and so

pTATENTHfP(A) 2 log N > (log N) ™' = R
and hence (ii) is satisfied. Thus, we have ||[(T)|| 7. 2 [|U2o+1[00](T)|| 7> 2 log N.
Since |[¢ol|zrr ~ R = (logN)~! and T' < N2, we get norm inflation by letting
N — oo. O

4. NORM INFLATION IN MODULATION SPACES

The proof of Theorem 1.5 follows the same general lines as the proof of Theo-
rem 1.2 from the previous section. Let N, A be dyadic numbers to be specified so
that N > 1 and 0 < A < N. We choose initial data of the following form

—~ RA2N=syq, if 1<¢<2,
(4.1) Vo=2" e 20
RA™YIN*yq, if 2<q< o0,
where
Q= U (77+QA)7 QA = [_A/27A/2)7
neY
for some Y C {£ € R?: |¢| ~ N} such that # Y < 3.
4.1. A priori estimates: 1 < ¢ < 2. Then we have, for any s € R,

lollms ~ R, |lvollar, ~ RN™°.

Lemma 4.1. Let q € [1,2], ¢g given by (4.1), s < 0. Then there exists C > 0
depending only on d,o and s such that following holds.

42) Ui [o)(D)llp2a < CR, VT >0,
(@3)  NU(Dllyza S 9 CEATZRN 1+ al)* oty
where p = RN—5A%2T35 .

Proof. Let s1 = s+e+d (% ) for e > 0. Note that s1 > sand s1—s > d (— — %) .
Then by Lemma 2.3 (2), we have H*'(RY) = M2*(R?) c M29(R?). Using this
together with Proposition 2.5, we have

IO [l (Tl a2 S 190Dl g0 S M10(T) o2 S R,
hence (4.2). By Plancherel theorem and (2.3), for s < 0, we have

JURGO(D)llgg20 = |[(1+ 1) o Tn o) T) 2,

< sup
£eR?

< sup |Geldnl(t O 10+ )" lesosp<ca
S

This yields the desired inequality in (4.3). O

Lemma 4.2. Let s < 0, ¢ € [1,2], 2 < A< N and Y, = {Neq,—Neq,2Ney}
where eq = (0,...,0,1) € RY. If 0 < T < N2, then we have

—4d —S8 leg S
a1 [00) D)l ag20 2 RA$ N0 1+ 1) | 0 ity
where p = RN~ A4/2T 25

GoTdalt. |1+ ) ol g,

N supp Uk lo](1) ||,
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Proof. By (2.3), we note that

U201 [0l (D) 20 = D 180Uz a[o)(T)) 112 (1 + |n])*

nezd
= Z |‘0nU2m0](T)||%2(1 + |n|)sq

nezd
2 ! - ) q/2
Z ngd (14 |n|)—s¢ (/Q |Uags1[th0] (€, T)| dg) 7

where @), is a unit cube centered at n € Z?. Arguing as before in the proof of
Lemma 3.8 (specifically, by (3.5)), for £ € Q4 = [-A/2, A/2)?, we have

— 20+1

Uso 1 [ol(T,€)| 2 (RATENT) 7 (AN Tx 41y 10,4 (6)
It follows that

/ - Las2] X 1/q
Uno T)|[ 20 > (RA-Y2N AhT T+ )
Vo)D) 2 ) 2 A
Inl=1-4/2]
14/2] ) &
> RA_d/zN—sp2a Z - -
Z 1 —sq ’
mi=i_azy LD

where the floor function is || = max (m € Z | m < z) and p = RN —5A%2T2 . [
4.2. A priori estimates: 2 < ¢ < co. Then we have, for any s € R,
1oy
ol s ~ R, [[ollar, ~ RAMETaIN.

Lemma 4.3. Let s < 0 and 2 < g < co. Then there exists C > 0 depending only
on d,o and s such that following holds.

44)  Nio(T)ll 20 < CR, VT 20,

(4.5) ||Uk[¢0](T)||M§’q S PgilckA_d/qRN_s (1 + |n|)s|‘éq(0§\n|§A) ’
where py = RN 3735

Proof. By Lemma 2.3, we have

1O [0 (Tl a0 S UL [0 )(T)lag20 S (UL[0)(T)]| 70 < CR.

The proof of (4.5) is similar to Lemmas 4.1, (4.3) and 3.7, (3.4), we omit the
details. g

The next lemma is the analogue of Lemmas 3.8 and 4.2, so we leave out its proof.

Lemma 4.4. Let 2 < g <o00,1 <A< N and Y, = {Neq,—Neq,2Neq} where
eq=1(0,...,0,1) € R% If0 < T < N~2, then we have

_Q —S8 o S
Uz 1[0 gy20 2 BA™SN="p37 (14 1)l pago o) -

where ps = RN_SAd_gT%.
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4.3. Proof of Theorem 1.5.
Lemma 4.5. In the limit A — oo, we have, for 1 < q < oo,
1 if —sq>d,
I+ 10D ooz i<y~ 98(4) = (log AT if —sq=d,
Allats if —sq < d,

and [|(1 4 [n])* Iy (0<jni<ay 1

Proof. Since (1 + |£])®? is a decreasing function in |¢], in view of the integral test
and Lemma 3.9, we have, for 1 < ¢ < oo,

1/q

1/a
. 1 e
0oz = (52 s ) ane (foes ies)

0<|n|<A
1
/A ri—1ldy /a
A=oo \ Jog (147)—s¢ ’

hence the result for ¢ finite. The case ¢ = oo is straightforward. O

To prove Theorem 1.5, we distinguish two cases.
First case: 1 < ¢ < 2. By Corollary 3.4, we have the existence of solution to
(1.1) in M4 up to time T whenever p = RN ~*A%/2T1/(29) « 1. In view of Lemma
3.7 and since p < 1, 32,2 |Uzoe+1[¢0](T)| 2.« can be dominated by the sum of a
geometric series. Specifically, we have

D Usorralto)(T)|| S A Y?RN"g2(A) ) p*"
=2 MS2,q =2
(4.6) S ATYPRN g (A)p.
By Corollary 3.4 and the triangle inequality, we obtain
[D(T) [ gza = || Y Ueors1[t0]
=0 M?vq

> Usoesa[tho)(T)

(=2

> [|Uzo1 [$)(T) [ py2ea = U1 [0 (T) || py2a —

M2
In order to ensure

[T laz0 2 U041 [100] (T[] pg2:0
we rely on the conditions

(4.7) 102041 [90] (Tl pg2:0 > U1 [0 (T) | 2.2,

> Usoesa[tho)(T)

(=2

(4.8) U261 [0 (T) | yy2a >

M2

In view of Lemmas 4.1 and 4.2, (4.7) amount to the condition

(4.9) Rp* A~ 2N"°g(A) > R
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In view of Lemmas 4.1 and 4.2, and (4.6), (4.8) amount to the condition
(4.10) T< N2 p<l, Rp A 2N gI(A)> Rp*“A~2N541(A).

We now choose A, R and T so that conditions (4.9) and (4.10) are satisfied. To this
end, we set

R=(logN)™!, A~ (logN) TN, T=(A"42N%)

Then we have

p= RN SAY?T2 = (log N)~! < 1.
Note that

T = (log N)—%d(é—n%]v—dawas'
Since s < 4 — 1 and log N = O(N¢) for any ¢ > 0, we have

T < N2
We have g4(A) 2 ATt for any s <0 and A > 1. Thus, for 1 < ¢ < 2, we have
Rp* A=§N~*g%(A) Z (log N) =7+ (log N)?+2 4. 3) > 1og N
> (logN)"! =R,

and (4.9) is satisfied. Thus, we have [[{(T)| 20 2 |U2o+1[t0](T)|l 2.0 2 log N.

Since |40l 20 S R = (logN)™" and T < N™2, we get norm inflation by letting
N — oo. This completes the proof for ¢ € [1,2].
Second case: 2 < ¢ < co. By Corollary 3.4, we have the existence of solution to

(1.1) in M 4 up to time 7" whenever py = RN~ A4(1=5) 71/(20) < 1. By Lemmas 4.3
and 4.4, the conditions

(4.11) T<N2 py<1 and Rp¥PA TN gI(A)> R
ensures that
o
19T agz0 2 1U20411800)(T) [ 3g2.0 ~ Rpi7A™ s N™*g2(A).
We now choose A, R and T so that conditions (4.11) satisfied. To this end, we set
R=(logN)™!, A~ (logN) FTN, T=(A%G"DN*)2.
Then we have
d

p2=RN A" 0T = (logN) ™' < 1.
Note that

T — (10g N)f%d(%71)20'Nd(%—1)2<7+2o's'

Since s < d (1 - %) — 1 and log N = O(N*) for any € > 0, we have
T < N2,
Note that g?(A) = ATt for any s <0 and A > 1 and so
Rp¥ A~ iN"*g%(A) > log N > (log N)™* = R.

Thus, we have [[¢(T)|[ 2.0 2 [|U20+1[t0](T)|[ 524 Z log N. Since [|¢holly20 S R =
(log N)~!t and T < N~2, we get norm inflation by letting N — co. This completes
the proof of Theorem 1.5.
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5. NORM INFLATION AS A BY-PRODUCT OF GEOMETRIC OPTICS

The proof of Theorems 1.3 and 1.6 follows the same strategy as in [11]: through a
suitable rescaling, we turn the ill-posedness result into an asymptotic result, which
can be expressed in the framework of weakly nonlinear geometric optics. More
precisely, we change the unknown function v to u, via

(5.1) ut(t,x) = s%w(at,x),

where the parameter e will tend to zero. For 1 solution to (1.1), u® solves
2
(5.2) iedu® + 7Au5 = pe” [uf|?Su.

The case J = 1 corresponds to weakly nonlinear geometric optics (WNLGO), as
defined in [9]. As noticed in [11] in the framework of Sobolev spaces, a phenomenon
of infinite loss of regularity can be proved via this WNLGO setting, under the
assumption s < —1/(20) in the analogue of Theorems 1.3 and 1.6. Like in that
paper, in order to weaken the assumption on s to s < —1/(20 4 1), we will have to
consider some value J > 1, and perform some “asymptotic sin”, in the sense that
we change the hierarchy in an asymptotic expansion involving the limit ¢ — 0.

The heuristic idea is the same as in [15]: when negative regularity is involved,
the zero Fourier mode plays a stronger role than (large) non-zero modes, which
come with a small factor. With the scaling (5.1) in mind, our goal is to show that
we may consider initial data (for u) of the form

u(0,2) = Y e cay(x),
§#0
that is containing only rapidly oscillatory terms, and such that the evolution under
(5.2) creates a non-trivial non-oscillatory term.
To be more specific, recall the strategy of multiphase nonlinear geometric optics
(see [10] for more details): we plug an ansatz of the form

u(t,x) = Z P D)/ q i (t, )
J
into (5.2), and order the powers of e. The most singular term is of order €, it is
the eikonal equation:

1
Dy + §|V¢j|2 =0.
In the case of an initial phase ¢;(0,2) = j - x, no caustic appears, and the global
solution is given by
12
e,

(53) DICOESIEEE

In the sequel, we consider such phases, for j € Z?. The next term in the hierarchy
is of order £!, but as evoked above, we “cheat”, and incorporate some nonlinear
effects even if J > 1 (and J < 2),

(5.4) owa; +j - Vea; = —ipe’ ! Z Apy Oy -+ Qg s
Pk —Phyt ot Phoy =P
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where we have used V¢;(t,z) = j. Again in view of the specific form of the phase

(5.3), the condition on the sum involves a resonant condition, (k1,ka, ..., kast1) €
R, where
20+1 20+1
R; = {(kmmaﬂ, Yo e =g, Y (1) ke = |j|2} :
=1 =1

In the cubic case o = 1, those sets are described exactly:

Lemma 5.1 (See [16, 10]). Suppose o = 1.

o Ifd=1, then R; ={(j,0, ), (¢,£,5); L €L}

o If d > 2, then (ki,ka,k3) € R; precisely when the endpoints of the vectors
ki,ko,ks,j for four corners of a non-degenerate rectangle with ko and j oppos-
ing each other, or when this quadruplet corresponds to one of the following two
degenerate cases: (k1 = j, ko = k3) or (k1 = ko, k3 = 7).

The above lemma explains why our approach distinguishes the one-dimensional
case and the multi-dimensional case, and in particular why the cubic one-dimensional
case is left out in Theorems 1.3 and 1.6.

5.1. Multi-dimensional case. The leading idea in [11] is to start from three non-
trivial modes only, in the case d > 2, and create at least one new mode (possibly
more if o > 2), corresponding to j = 0.

Lemma 5.2. Let d > 2 and o € N*. Define k1, kg, ks € Z% as
k= (1,0,...,0), ko=(1,1,0,...,0), ks=(0,1,0,...,0).

For initial data of the form
3

w(0,2) = a(e) 3 e/, a e SR\ {0},
j=1
we have agji—o = 0 and Oyag|;—g = e’ tepa(x), with co = §Ro > 1.
This lemma is straightforward, in view of (5.4), and since (k1, k2, k3) € Ro if
o=1, (kl,kg,]%,kl,kl,...,kl) ERpifo>2.

5.2. One-dimensional case. In the one-dimensional case, we have a similar re-
sult, provided that the nonlinearity is at least quintic, in view of [12, Lemma 4.2]
(and Example 4.3 there):

Lemma 5.3. Let d =1 and 0 > 2. Define ki, ks, ks, kg, ks € Z as
(klu k?u k?n k47 k5) = (27 _17 _2747 3)

For initial data of the form
5
u(0,2) = az) Y e a e S(R)\ {0},
j=1
we have agji—o = 0 and Oyag|;—g = e/ tega(x), with co = 4R > 1.

5.3. How to conclude. Supposing that we can prove that the geometric expansion
recalled above provides an approximation u,p, for the solution u to (5.2), suitable
in the sense that the error is measured in a sufficiently strong norm, the idea is
that both w;—¢ and u — uapp are small in spaces involving negative regularity in z,
while Lemma 5.2 or 5.3 implies that w,pp is large in many spaces.
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6. (VERY) WEAKLY NONLINEAR GEOMETRIC OPTICS

6.1. A convenient functional framework. Throughout this section, we denote
by X a Banach algebra in the space variable, that is

(6.1) 3C >0, |fgllx <Clflxlgllx, VfgeX
We suppose that X is translation invariant and, denoting by 7. f(z) = f(z — k),

(6.2) Imefllx =fllx, VkeR? VfeX.

We assume in addition that the multiplication by plane wave oscillations leaves the
X-norm invariant,

(6.3) I ferllx = Ifllx, VEk€R? where eg(z) = ™.

Note that this assumption rules out Sobolev spaces H*(R?), unless s = 0. Finally,
we assume that the Schrédinger group acts on X, at least locally in time:

Assumption 6.1. There exists Ty such that izl maps X to X for t € [0, Tp], and
3C >0, |le2®pxx) <C, V€ [0,Th).

In [10, 19], the case X = FL'(M) was considered, with M = T¢ (a choice
resumed in [12]) or R%. In [11, 28], the choice X = FL' N L?(R¢) was motivated by
the presence of more singular nonlocal nonlinearities. We shall consider later two
sorts of X spaces: FL' N FLP or FL' N M1,

We denote by

Y = ¢ (aj)jeza, Z lajl|lx < oo p =0'X,
jezd

and

Yo =4 (@)jeze €Yo D (60 lasllx + G) IVajllx + 1 8allx ) < o0
JEL

We suppose that u solves (5.2) with initial data

u(0,x) = Z o (z)e /e,

jEeZ4

6.2. Construction of the approximate solution. The approximate solution is
given by
uapp(ta I) - Z Cl,j (t7 x)ei¢j (t7I)/€7
jEeZ

where ¢, is given by (5.3) and the a;’s solve (5.4), with initial data «;.

Lemma 6.2. Letd > 1, 0 € N* and J > 1.

o If (aj)jeze €Y, then there exists T > 0 independent of € € [0,1] and a unique
solution (a;)jeze € C([0,T];Y) to the system (5.4), such that aj—o = a; for all
j ezl

o If in addition (o) cza € Yo, then (aj);eze € C([0,T];Y2).
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Proof. In view of Duhamel’s formula for (5.4),

t
aj(t,x) = a;(0,x—jt)—iA Z / (Aky @y - - - kg, yy ) (5,23 (E—5))ds,
0

(k1,k2,0 k20 41)ER;

the first point of the lemma is straightforward, as an easy consequence of (6.2) and
(6.1), and a fixed point argument. The second point requires a little bit more care:
it was proven in [10, Proposition 5.12] in the case X = FL! (Wiener algebra),
and the proof relies only on the properties of X required at the beginning of this
section. (]

From now on, we assume (;);czqs € Ya.

6.3. Error estimate. First, in view of the assumptions made in this section, a
standard fixed point argument yields, in view of (6.1) and Assumption 6.1:

Lemma 6.3. Letd > 1, 0 € N* and J > 1. If ug € X, then there exists T® > 0
and a unique solution u € C([0,T¢); X) to (5.2) such that uj—o = uo.

To construct the approximate solution u.pp, we have discarded two families of
terms:

e Non-resonant terms, involving the source term

= MEJ E E Ak, dkz v ak20+1ei(¢kl _¢k2+m+¢20+1)/€.
J o (k1k2,. k2o 11)ER;

e Higher order terms, involving
e’ i/
P SO/ E
rzi= E Aaje* /e,
J

Indeed, wapp solves

2
. £ -
(6.4) 1€0¢app + 7Auapp = pe” [uapp > Uapp + 71 + T2

Duhamel’s formula for u — uap, =: w reads

¢
w(t) = —z',us']%/ ple T A (|u|2‘7u - |uapp|2‘7uapp) (T)dr
0
L t—r
—ipe’ ! Z / == Ay (1)dr.
j=1,270

In view of our assumptions on X, we readily have, thanks to Minkowski inequality,

lw(®)llx < C/O (Itapp (DX + lw(DIF) [lho() | xdr

t
/ eiEFTTATj (r)dr

+Ce !t Z ;

7j=1,2

)

X

for some C' independent of € € [0,1] and ¢ € [0, 7). In view of the second point of
Lemma 6.2, we readily have

<2
b'e

t
/ e Ay, (r)dr

0
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By construction, 7, is the sum of terms of the form g(t,z)e?*/e=«t/(2) = with
k € Z, w € Z, and the non-resonance property reads exactly |k|? # w.

Lemma 6.4. Let k € RY, w € R, with |k|? # w. Define
¢
Da(t,.’ﬂ) :/ eiat’%A (Q(T, x)eik»m/a—iwr/(25)> dr.
0

Then we have

—2i s _ _
De(t,z) = k]2 iEwGlETA (9(7', I)GZk'I/E*WT/(QE)) }

2i b s , , '
—|—7|k|22(E " / eie 2 A (elk'm/E_WT/(%) (% (eAg+2k-Vg)+ 8,59) (7, :c)) dr.
—wJy

In particular, fort € [0,Ty],

t

0

€
[D=(t)]|x S W(HQHL“’([OJ];X) + [[Agl Lo (10,:x) + &l Vgl Lo ([0,9:x)

+ 110egll o= 0.41:)) -

Proof. The last estimate follows directly from the identity of the lemma, (6.3) and
Assumption 6.1, so we only address the identity, which is essentially established in
[10, Lemma 5.7] (up to the typos there). Setting n = & — k/e, the (spatial) Fourier
transform of D is given by

t
Bs(t,g) _ e*i5t|n+k/s|2/2/ eis‘r|n+k/s|2/2 B (7_7 77) e*iw‘r/(2s)d7,
0

t
_ e—iat|n+k/a|2/2/ ei79/28(7_, n) dr
0

t
_ efist|n+k/s|2/2/ oiT02/2 61‘701/25(7_7 77) dr,
0

where we have denoted

kP w k| —
6=¢ U —g:5|77|2+2l<:-77+L
—_————
0 —
1
02
’i792/2:

Integrate by parts, by first integrating e

ez ~ 2 . N t 9 [t . 01~ —

e“iszE(t,g) — im0/ (1,m) ’ + —Z/ em0/2 (i 1% (t,m) + 0b(r,m) | dr.
92 0 92 0 2

The identity follows by inverting the Fourier transform. O
We infer:

Proposition 6.5. Letd > 1,0 € N*, J > 1, and (o) ecza € Yo. Then for T as in
Lemma 6.2,
[t = tappll Lo 0,11:x) S €

Proof. First, Lemma 6.2 and (5.4) imply that we also have (9;a;),cza € C([0,T];Y).
Then, in view of these properties and Lemma 6.4, we have

t
‘ / e Ay (r)dr

0

J+1
St
X
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where we have used the fact that in the application of Lemma 6.4, }|I€|2 — w| > 1,
since now k € Z and w € Z. We infer

t
ol <€ [ (aonr)IEF + L)) (e xdr +Ce” + Ce.

where C' is independent of ¢ € [0,1] and ¢ € [0,7]. Lemmas 6.2 and 6.3 yield
w € C([0,min(T,T¢)]; X). Since w—g = 0, the above inequality and a standard
continuity argument imply that u € C([0,T]; X) provided that e > 0 is sufficiently
small, along with the announced error estimate. O

7. NORM INFLATION WITH INFINITE LOSS OF REGULARITY

7.1. Proof of Theorem 1.3. For 1 < J < 2 to be fixed later, let u* defined by
(5.1), and consider the initial data given by Lemma 5.2 (if d > 2) or Lemma 5.3 (if
d =1 and o > 2). We apply the analysis from Section 6 with X = FL! N FL>.
This is obviously a Banach algebra, (6.1) holds, thanks to Young inequality, the X-
norm is invariant by translation, and by multiplication by plane wave oscillations
as in (6.3). Assumption 6.1 is satisfied with C' = 1 for any Tp > 0, since the
Schrédinger group is a Fourier multiplier of modulus one. We can therefore invoke
the conclusions of Lemma 5.2 (if d > 2), Lemma 5.3 (if d = 1 and ¢ > 2), and
Proposition 6.5 (in all cases). In order to translate these properties involving u
solving (5.2) in terms of ¥ solving (1.1), we use the following lemma:

Lemma 7.1. Letd > 1. For f € S'(RY) and j € R%, denote

I (f,5)(@) = f(w)e /<.
e Forall s€R, pe[l,00], and f € FLE(RY), |[I5(f,0)| 710 = || fll 712

o Let j € R4\ {0}. For all s < 0, there exists C = C(j) independent of
p € [1,00] such that for all f € S(RY),

11=(f, )l e < Cel ‘”f”]—'LT’ .

Proof. We have obviously
— R j
Fre =7 (e-1).
The first point is thus trivial. For the second one, if p is finite,

Sy I

e
) ) A0y,
)22

Note that, for s <0,

Gl = [0 (6= 1)
<o (07 (e-

f
nf (6) (& -

p

dg

mw

For j # 0,
1

mlh
m
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hence the second point of the lemma in the case p finite. The case p = oo follows
from the same estimate, controlling the supremum of a product by the product of
the suprema. 0

With wj;—¢ as in Lemma 5.2 or Lemma 5.3, the above lemma yields, in view of
(5.1), and for s < 0,

O
This sequence of initial data is small (in FLP? for all p) provided that

2—J
(7.1) |s] > ——.
20
Lemma 5.2 and Lemma 5.3 show that there exists 7 > 0 independent of € such that

Ha0(7')||fL§ >/l ¥pel,00], Vk €R.

151? ]
;5 d] (tug - Z) )
e

so we infer, at least for ¢ sufficiently small ((a;(7));eze € Y from Lemma 6.2),
[ttapp (T)l| 722 2 e/l Wpe[l,o0), VEk ER.

On the other hand, since X = FL' N FL> C FLP, Proposition 6.5 yields

By construction,

lapp(1:€) = Y e

jezd

[u(r) — uapp(T)HFLi S lu(r) = vapp(7)||x S, VE<O,
hence, if J < 2,
lu(Dllrez 2 1, ¥p e [1,00], Yk <0.
Therefore,
[0En)lry 2% x 'l Wp e[l o, Yk ER.
The right hand side is unbounded as € — 0 provided that
J =2 2 2
22 o1<0, thatis, J< =212
20 20 +1

Then given s < —1/(20 + 1), we can always find a J €]1,2[ satisfying (7.1) and
the above constraint. Theorem 1.3 follows in the case k < 0, by taking for instance
€n =1/n and t,, = €,7. In the case k > 0, we just recall the obvious estimate

o)z = ()l FLe,

and the proof of Theorem 1.3 is complete.

7.2. Proof of Theorem 1.6. In the case of modulation spaces, the proof goes
along the same lines as above, up to adapting the space X and Lemma 7.1.

We choose X = FL'N M'!'. Theorem 2.4 shows that the Banach algebra
property (6.1) is satisfied. FL' is translation invariant, and for M1,

Vo (Tif) (2, y) = o f(t —k)g(t —x)e”tdt = e~k » f(t)me—iy-tdt

= eilkaq(f)(x — k, y)?
and thus
76 fllarre = Vg (7 f) | 22

@,y

= | fllasrr-
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We have used already the fact that (6.3) is satisfied on FL'. On M1, this is the
case too, since for k € R,

Vy (fer) (z,y) = 5 Ft)e™ gt —)etdt = Vy (f) (x,y — k),

and so
[ fexllarna = IVy (fer) 21, = Ve (F) 1, = Ifllara.

Finally, Assumption 6.1 is satisfied thanks to Proposition 2.5, and we can again
invoke Lemma 5.2, Lemma 5.3, and Proposition 6.5.

Like before, Lemma 5.2 and Lemma 5.3 show that there exists 7 > 0 independent
of € such that
lao(T)llape Z €71, Vp,q € [1,00], Vk €R.

By the same asymptotic decoupling phenomenon as in the case of FLP spaces, we
infer
||uaPP(T)||M£‘q Z ‘C:J_lv vaq € [15 00]7 Vk € R.

In view of Lemma 2.3, X < M}"? for all p,¢ > 1 and all k¥ <0, and so

[u(7) = tapp ()| arpe S [Ju(T) = tapp(7)l[x S €, Vp,g € [l,00], Yk <0.
The analogue of Lemma 7.1 is the following:
Lemma 7.2. Letd > 1. For f € S'(RY) and j € R%, denote

I*(f.5)(x) = f(x)eTo/%.
e Foralls€R, p,qe[l,00], and f € MPYRY), [[I5(f,0)| arrea = || f]| agza.

o Let j € R4\ {0}. For all s < 0, there exists C = C(j) independent of
p,q € [1,00] such that for all f € S(RY),

5 (f, D aapa < O£l agpea.
Proof. The first point is proven like (6.3) above. For the second point, write
()

J
ng <$,y— g) »
L

. <J> Ve )z ™

125 (fs ) gz =

s s (v 2)

Ly Ly

Ly’
where we have used Peetre inequality (a + b)* < (a)* (b)/*|. The lemma follows. [

At this stage, we can repeat the same arguments as in the previous subsection,
and Theorem 1.6 follows.
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