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Abstract

A multi-scale model simulating hysteretic thermomechanical behavior of polycrystalline
shape memory alloys (SMA) is presented. Using a kinetic Monte-Carlo approach, the energy-
based model estimates the stochastic average in terms of volume fraction for a phase or phase
variant deriving from the Gibbs free energy density as a selection inside a given population.
Indeed pseudo-elastic behavior for example is well-known to be associated with the nucleation
of martensite plates inside the austenite parent phase. Associated variants are similar to
sub-domains inside a thermodynamic system following the statistical definition of [37]. The
germination process of a variant is on the other hand dictated by a germination potential
barrier identified from a differential scanning calorimetry (DSC) measurement. The stochas-
tic average for each type of variants inside a grain leads then to the numerical simulation
of hysteresis phenomena at the single crystal scale. Homogenization operations allow finally
macroscopic quantities (phases fraction, deformation and temperature) to be calculated at the
polycrystalline scale. This procedure is applied to model the whole thermomechanical behav-
ior of an equiatomic Ni-Ti SMA polycrystalline alloy considering the phase transformation
between austenite, R-phase and martensite.

Keywords— Multi-scale model, Stochastic approach, Kinetic Monte-Carlo, Shape Memory Alloy

1 Introduction

Since the discovery of shape memory effect (SME) in binary nickel-titanium (Ni-Ti) alloy, a major
research effort has been focused on the understanding and simulation of the mechanisms associated
with the pseudo-elastic behavior in shape memory alloy (SMA) materials. It is now well understood
that SME is a particular manifestation of a displacive (diffusionless) solid-solid crystalline phase
transformation of a parent phase (denoted as austenite) into a child phase (denoted as martensite).
Such transformation occurs under mechanical loading and during the cooling process if initial
temperature is sufficiently high so that the parent phase is stabilized. It is also a first order
thermodynamic transformation (seen as a change of state) which is characterized by an emission
(or absorption) of heat during the transformation. In view of the unique mechanical properties of
SMA, their industrial applications are in progress in domains such as microscopic active or passive
devices (e.g., actuators, valves) and biomedical tools (e.g., denting). The field of applications
remains limited because of the difficulty in obtaining a reliable modeling of their behavior, in
particular in case of a multiaxial mechanical or anisothermal situations. This explains the intensive
study of SMA behavior and modeling attempts in the last decades. However, the main features
that make the modeling of SMA difficult are:

e phase transformations are out-of equilibrium phenomena, as evidenced by the hysteretic
character of the transitions.

e latent heat of the transformation modifies the temperature in the neighborhood, and as a
result, prevents the transformation to propagate. This induces a localization instability such
that the phase distribution is highly contrasted in slender structures [34][11][16].
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Generally, three approaches are proposed to describe the hysteresis thermomechanical phenomena
in SMA. First, macroscopic thermomechanical behavior can be obtained in the frame of General-
ized Standard Materials by using an average volume fraction of martensite and the associated mean
transformation strain as internal variables [1],[25],[24][19]. This approach addresses exclusively the
macroscopic scale but laws obtained are in general consistent with thermodynamics and experimen-
tal observations. Due to the ad-hoc and phenomenological nature of this approach, relationships
between macroscopic response, fundamental material properties and evolution of microstructure
during the thermomechanical loading are not provided. Extension to multiaxial loading requires
new parameters and a fastidious identification of the transformation thresholds.

The second approach considers the phase transformation at the single crystal scale via an appro-
priate modeling and uses a scaling process to derive the macroscopic behavior. The local modeling
aims at establishing a direct link between hysteretic response and underlying events at different
time scales. This approach supposes a more fundamental understanding of the nature of hysteresis
phenomena such as meta-stability, micro-instability (localization), material heterogeneity or grain-
size induced hysteresis [30][38][26].

The third approach is a mixture between the aforementioned two approaches, seeking to describe
the hysteresis phenomena in SMA by adopting the concept of thermodynamic driving force, acting
at the boundary between two phases or on an assembly of variants. The force must overcome the
level-set germination barrier to propagate. In this type of description, the width of hysteresis loop
is directly related to the magnitude of the germination barrier [35][19][18].

In a previous study, the second approach has been adopted by using a uniform stress hypothesis
and a Boltzmann type distribution to estimate the volume fraction of austenite and martensite
variants under complex thermomechanical loading configurations. The main drawback of this ap-
proach was that Boltzmann distribution applies in a reversible thermodynamic framework: out-of
equilibrium phenomena during phase transformation were not taken into consideration. This ap-
proach however was able to model multiaxial mechanical modeling in an appropriate way.

In this paper, the stochastic and energy based model is reformulated to explore time evolution of
volume fraction, aiming at simulating and reproducing the macroscopic hysteresis response and
shape memory effect (SME) at the grain and polycrystalline scales’.

This paper is organized as follows. In section 2, the Gibbs free energy density construction is
first recalled. In order to understand and model the source of macroscopic hysteresis, the concept of
master equation for calculating the volume fraction of each variant of any phase at the grain scale is
introduced. Concepts of meta-stability and germination barrier are then reviewed. In section 3, the
Kinetic Monte-Carlo (KMC) framework is detailed. The identification of the modeling parameters
(Gibbs free energy parameters, stiffness, mass density, lattice parameters, orientation data) is ex-
plained next in section 4: most of them involves a simple Differential Scanning Calorimetry (DSC)
measurement. The procedure has been applied to model several aspects of the thermomechanical
behavior of an equiatomic Ni-Ti SMA polycrystalline alloy RVE. Modeling the behavior of this
material is made particularly delicate by the occurrence of intermediate rhombohedral (R) phase
(four variants) involved in the transition from the austenite phase (B2) to the martensite phase
(B19’) exhibiting twelve variants. Numerical simulations are presented and discussed in section 5.
Summary and conclusions are provided in section 6.

1Polycrystal is considered as a Representative Volume Element (RVE)
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Nomenclature

f&:1)

Aetr

v(p, t)

RVE

< ©

Volume fraction of configuration & at
time instant ¢

Volumetric dilatation coefficient

(K™
Transformation strain variation

Total amount of variants submitted to
a i type transformation at instant ¢

Thermal conductivity (W.m™*. K1)
Helmholtz free energy density (J.m™3)
Gibbs free energy density (J.m™>)
Internal energy density (J.m™?)
Grain or single crystal

Representative Volume FElement -
polycrystal

First transformation type
phase

Volume fraction of a phase
Mass density (kg.m™>)

First transformation time (s)
Strain Tensor

Stress Tensor (N.m™2)
Stiffness matrix (N.m™?)
The heat flux vector

Configuration describing the state of
grain

Total amount of variants transformed
at instant ¢

Transformation Rate

Specific heat capacity(J.kg™' K1)

dg®(i,7) Mechanical incompatibility related

germination energy barrier between
variant i and j (J.m™?3)

dg®(dt) Metastable germination energy bar-

rier (J.m™?)

Volume fraction

Enthalpy density (J.m™?)

Digit indicating a variant of type i
factor

Equivalent convection

(W3 K1)
Boltzmann constant (J.K™1)

Latent heat density associated with a
1 type transformation from variant j
to variant 4 (J.m™?)

M(i,j) Markov transition matrix from vari-

ant j to variant %
Number of standard unit inside a grain
Number of variant types inside a grain

Number of standard unit correspond-
ing to a variant ¢

Transition probability that a u type
transformation occurs at instant ¢ + 7

Transition probability that at least
one variant transforms into another in
time interval [t, ¢ + 7]

p2(p|7) Transition probability that a u type

~+

I

transformation occurs for a variant in
time interval [t, ¢ + 7]

Entropy density (J.K~'.m™?)
Time (s)

Temperature (K)

Volume of standard unit (m?®)

Thermodynamic force associated to ¢

(J/m?)




2 Multiscale stochastic formulation

In this section, the Gibbs free energy density g at the variant scale in SMA is fist defined. Boltzmann
system and associated master equation defining the evolution of variant’s volume fraction at the
grain scale are then introduced.

2.1 Multiscale approach

The scale organization is illustrated in Figure 1, from the variant scale to the RVE scale. The idea
of multiscale approach is to use the volume fraction of variant 7 at time ¢ in a phase ¢ (fy(i,t)) or
a grain g (f,4(4,t)) to describe the physical quantities at different scales and times by appropriate
averaging operations. A multiscale approach supposes on the other hand an appropriate localiza-
tion of loading. This step is strongly simplified in the present paper by using an hypothesis of
homogeneous loading. In the following, a single crystal or grain g is supposed to be composed of
several phases ¢ (austenite, martensite, etc). Hereafter, i denotes a variant meaning that a phase
¢ may be composed of different variants ¢ depending on the crystal symmetry. ¢ is the lowest
scale. A single crystal may contain n different variants ¢ in total (sum of all variants in all phases):

L0

1 1 1 1 S
I I I I -

Variant Phase Single crystal Polycrystal
i o g RVE

Figure 1: Scales involved in the multiscale modeling of SMA from variant to polycrystal scales.

The statistic description needs to define a Standard Unit (SU) defining the statistic volume
(V). As for the phase or grain, this volume may be occupied by a fraction of each variant i at time
instant ¢, written simply as f(i,¢). The total volume occupied by variant i can be described by
a number N;(t) of unit volume V,, too. Indeed N;(t) is time dependent, due to variant to variant
or phase to phase transition. At time instant ¢, the total population of SU inside the grain is
considered as fixed and noted as N, verifying:

N = Z Ni(t) (1)

leading to a discrete definition of volume fraction of variant i at the grain scale:

foliy =W im1 2)

with

n
> folist) =1 (3)
i=1
An energy-based stochastic approach is next proposed to define the time evolution of the variants’
volume fraction as function of thermal and mechanical loading.

2.2 Definition of the Gibbs free energy density at the variant scale

The first principle given at the local scale states that the total energy density composed of kinetic
energy density and internal energy [J m*3] can only be modified by the action of external work and
heat flux. The internal energy density at the variant scale is written as u. At constant velocity,
kinetic energy remains as a constant. There is a direct relationship between the variation of internal
energy density and heat sources:

du(i, s,€) = dh(i) + T(i)ds(i) + o (i) : de(i) (4)

This expression is composed of:
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e dh(i): chemical energy variation= bound energy variation inside a variant;

e T'(i)ds(i): heat quantity variation (thermal power), function of entropy variation ds (second
law of thermodynamics) and local temperature T

e 0(i) : de(): mechanical energy variation (mechanical power), function of deformation varia-
tion de and local stress o.

The free (Helmholtz) energy density f(i) is a result of the Legendre transformation of internal en-
ergy density by heat quantity. It allows energy variation to be defined as function of temperature
variation instead of entropy variation:

f(i, T) = u(i, s) = T(i)s(i) ()

The Gibbs free energy (or free enthalpy) is the result of a Legendre transformation of the
Helmholtz free energy density by a mechanical quantity. It allows finally the energy variation to
be defined as function of stress variation instead of deformation variation.

8(i,T,0) = (i, T) — o (i) : €(i) (6)
The variation of Gibbs free energy density is given by:
dg(i,T,0) = dh(i) — s(i)dT(i) — €(i) : do (i) (7)

A second order Taylor expansion of entropy leads to derive s(i) as function of temperature T
reference entropy s at the reference temperature Ty, mass density p and specific heat capacity c,
(considered as temperature independent):

(8)

$(.T) = s0(i. To) + pli)ep(i)in (TM)

()

On the other hand, in the framework of small perturbation hypothesis, we wish to consider total
deformation €(i) as a sum of elastic €.(i), thermal €, () and transformation €;-(7) deformations
associated with phase transition. The total deformation at the variant scale i can be expressed as
function of stress, temperature and €;,.(7) (considered as a free deformation) following:

€(i.T.0) = C(i) o) + “L(T0) ~ Ty(i)T + € ) )

C is the local stiffness tensor, «,, is the volumetric dilatation coefficient and I the second order
identity tensor. The transformation strain € is usually considered as stress independent (and is
assumed to be so).

Gibbs free energy density is finally expressed (for a constant) after integration as a formal sum of
thermal part g;(¢, T), mechanical part g,,(¢,0) and coupled thermomechanical part g¢, (i, T,0).

9(17 T70) = gt(i7 T) + gm(Z,O') + gtm(iv Ta U) (10)

with

(i, T) = h(3) — s0()T ) + p(i)ep(i) | T(G) — To(s) — T(i)in ( (i) )} (11)
n(i,0) = —20(6) : () 0 (3) — o (i) : €n(i)
)

2
) 75y — (i) r(o )

3

gtm(i7 Ta 0') = -
where tr(o) denotes the trace of the stress tensor.

The main simplifications that can be made at this step concern the ad-hoc loading. We will
consider in the following that:
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e by adopting the Reuss approach for the homogenized medium, stress is supposed as homo-
geneous over the RVE, leading to: (i) = o;

e temperature is considered homogeneous over the RVE, leading to: T'(i) = T

e stiffness, mass density, specific heat capacity and dilatation coefficient are considered as the
same for all phases and variants: C(i) = C, p(i) = p, ¢,(i) = ¢, and a, (i) = .

The Gibbs free energy density simplifies into:

9(i,T,0) = h(i) —so(t)T + pecp {T — Ty —Tin <;1>} — %a :C'l:o
0
Qy

—0 @€, (i) — ?(T — Ty)tr(o) (12)

2.3 Boltzmann system and master equation

In the Boltzmann stochastic theory, a Boltzmann system is referred as a specific system consisting
of N different independent units (N Standard units), where each unit has no interaction with
others and total population of units remains unchanged. For simplicity reasons, we firstly consider
a system containing one standard unit N = 1. This simple system may contain n discrete Gibbs free
energy level at time instant ¢ (g(i,¢),7 = 1,2---n). Consequently the conservation of population
in the standard unit can be expressed as:

Z":df(i,t) 0 (13)

dt
- : o df (4, t)
As a result, the temporal variation of volume fraction for variant ¢ at time ¢, g can be
calculated via a Master equation, which is defined by the following system of equations:
df(i,t ‘ .
Elt ) = —fa(i, t) + fu(i,t) (14)
df (i, t " o = N
WO S M0+ Y TGASGY (15)
J=1g#1 j=1,j#i
fb(zat) = Z T‘I‘(j,l)f(j,t) (16)
J=1g#i
n
fd(zat) = T‘I‘(Z,j)f(l,t) (17)
J=1,j#1i
Tr(i,j) = min(L, ¢;; exp(—PBs(a(j, 1) — 8(i,)))) (18)
Vu
= —— 19
b= s (19)

df (i,t)

determined by the difference between birth amount f,(i,t) and death amount fq(i,t);

indicates the temporal increment of volume fraction for variant ¢, which is

fo(i,t) and fq(i,t) are the birth and death amount for the volume fraction of variant .
These two amounts are both determined by the transition probability function Tr(4,j) and
the current volume fraction of the system f(i,t) (Equation 16 and Equation 17);

Tr(i,j) is the transition probability, defining the probability for variant ¢ to transform
towards variant j;

Bs is a parameter that defines the severity of transformation (Equation 17). It is calculated
from the unit volume V,,, current temperature 1" and Boltzmann constant ky;

ci; is the transformation rate of variant ¢ towards variant j.
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In order to simplify the Master equation, we decide to adopt the Markov convention. The
Markov transition matrix M (i, j) verifies:

M(Zaj) = Tr(i,j),V(i,j),i #J

M(i,i) = fZTrU,z‘) (20)

It is introduced in Equation 15 allowing to get the following expression:

PO~ 5 MG 076G (1)

The master equation is the main tool allowing the temporal variation of a volume fraction to be
estimated. This relationship applies at the unit volume scale as well as at the grain scale.
Without the presence of heterogeneous residual stress, the grain can be considered as a typical
Boltzmann stochastic system. This point is addressed in subsection 2.4 and subsection 2.6.

2.4 Previous modeling

In the modeling proposed by [26], 35 is considered to be a constant (temperature independent).
Moreover, it is assumed that the Boltzmann system is always at the thermodynamic equilibrium
so that we get at the grain scale:

dfg (i, 1)

When the Boltzmann system is at equilibrium, it is by nature extensive, meaning that N
standard units possess the exact same variant volume fractions as 1 standard unit (Equation 23
and Equation 24). At the equilibrium state, for the system containing 1 standard unit, the
volume fraction of each variant f(i,t) equals the probability of presence for variant i, prob(i,t),
whereas the Boltzmann distribution is the unique and converged solution of (Equation 25).

fg<i,t) = szl(i,t), Vi = 1, e, n (23)
df (iat) _di=1(i’t) o .
gdt = 7 =0,Vi=1,---,n (24)

exp(—LBsg(i,t))
Z;‘L:1 eXp(_ﬂsg(jv t))

Despite these strong hypotheses, a pretty good prediction of the transformation threshold of
Ni-Ti SMA alloy under multiaxial stress condition was obtained; a good qualitative estimation of
phase composition under thermal loading was obtained too [27][13]. However, due to the
thermodynamic equilibrium assumption, the thermomechanical behavior is reversible. An
artificial germination energy barrier had to be introduced to produce a major hysteresis loop
(partial loops were not modeled). The master equation can provide a more natural modeling of
hysteresis when the Boltzmann system is considered out of equilibrium.

fn=1(i,t) = N prob(i,t) = prob(i,t) = (25)

2.5 Out-of-equilibrium phase transformation

Herein, we focus on the Boltzmann system containing 1 standard unit (N = 1). A generalization
towards Boltzmann system at grain scale consisting of N standard units is addressed in
subsection 2.6. Hysteresis phenomena are the macroscopic outcomes of time evolution for
out-of-equilibrium microscopic systems, indicating that :

df (i, 1)
dt
ci; constants are consequently bounded:

£0,¥i e, ,n (26)

In order to highlight the source of hysteresis when the system is out of equilibrium, the classic
notion of meta-stable and associated transition probability have to be introduced.
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2.5.1 Meta-stable and Transition probability

We seek to compare the Gibbs free energy density of three chosen variants ¢, j and k. Their
Gibbs free energy density is supposed given by the function plotted in Figure 2: variant ¢ exhibits
the lowest energy that corresponds to a ’stable’ state; variant k& has the highest Gibbs free energy
that corresponds to an 'unstable’ state; The intermediate variant j exhibits an intermediate
energy level in a local minimum that corresponds to a 'metastable’ state.

300 T T T T T

200

—_
(=1
=

—
=3
=3

Gibbs potential(Jm ™)
(=]

)
S
S

_300 1 1 1 1 1
-6
Figure 2: Schematic evolution of Gibbs free energy density in variant space (seen as a continuous
function): illustration of unstable(k), stable(i) and metastable(j) variants.

The transition probability matrix Tr(4,j) helps us to define these different states in a stochastic
way. Indeed, we have:

Tr(i,§) = Tr(i, k) = 0 (28)
Tr(k,i) = 1 (29)
Tr(j, i) = cji exp(—Bs(g(i, 1) — g(j, 1)) (30)

Equation 28 indicates that the transition probability for variant i to transform towards other
variant is strictly 0. This state corresponds to the stable state and applies to variant 4 in

Figure 2. On the contrary, when the variant k is unstable, the transition probability for variant k
to transform towards stable variant ¢ is strictly 1. Equation 29 illustrates this situation.
Equation 30 applies for the metastable situation. Indeed, variant j may transform to variant i:
the transition probability for variant j to transform towards stable variant i is consequently a
constant between [0, 1].

2.5.2 Metastable and Germination energy density

A metastable variant j can transform towards a stable variant i at time ¢’ = ¢ 4 dt once it affords
an additional energy dg(7,4,dt) to ensure that the transition probability equals to one.

904, t) = (i, t) + dg(j, i, dt) — Tr(j,i) = 1 (31)
This additional energy term can be divided into two parts(see Equation 32):

e dg°(dt): this term is the meta stable germination energy density, it decreases as function of
time dt (see Equation 33 and Equation 34)

e dg®(j,i): this term is the mechanical incompatibility related germination energy density
between variant ¢ and j (a same kind of germination energy associated with mechanical
incompatibility has been proposed in [35] and [30])

dg(j,i,dt) = dg°(dt) + dg*(j,) (32)
dge(dt = 0) = —logéf“) (33)
dg°(dt = o0) = 0 (34)
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2.5.3 Saturation of hysteresis loop and temporal relaxation of germination energy

In stochastic theory, when the variation of Gibbs free energy density from variant j to variant i is
overwhelmingly higher than the corresponding germination energy density, the transformation
takes place immediately without any temporal delay. This transformation generates an
incompressible energy loss associated to the predefined difference of Gibbs free energy between
the two variants. In other words, for this type of configuration, the hysteresis loop is always
saturated and remains constant (see Equation 33), ignoring any possible dynamic effect.

Otherwise, when the variation of Gibbs free energy density from variant j to variant ¢ is not
high enough to achieve the immediate transformation, the accumulation of transition probability
with an increasing differential time interval pye.(j — 4,t' =t + dt) , would allow the transition to
eventually occur. A time delay is consequently necessary to achieve the transformation. The
associated energy loss is on the other hand lower in accordance with a lower Gibbs free energy
difference, which is only related to the mechanical incompatibility between variants (see
Equation 35 and Equation 36).

When an infinite time is considered and mechanical incompatibilities are neglected
dg®(i,7) = 0,V(i,7), the system does not have theoretically to compensate any germination
energy dg(j,4) in order to achieve the transformation (see Equation 36). Consequently the
Boltzmann system can reach its equilibrium state leading to a reversible behavior (see
Equation 37 and Equation 36). This point has been already addressed in subsection 2.4.

t+dt
Pace(j = i,t' =t +dt) = Tr(j,4)dt (35)
t
dg(j,i,dt = 00) = 04 dg*(j,7) =0 (36)
Pace( —> it/ = 00) :/ Te(j, i)t = 1 (37)
t

2.6 Numerical difficulties

When the Boltzmann system contains only 1 or a few of standard units, the temporal evolution
of the volume fraction of each variant can be analytically calculated from the implemented
germination energy barrier. However, at the grain scale, when the Boltzmann system (grain)
consists of N standard units, the system is associated with n’¥ different levels of Gibbs free
energy. To give a short example, for the grain at configuration £, which consists of N standard
units (SU), and N; is the sub-population of standard unit described by each variant i. The
associated energy level can be expressed as :

€= [N1,No,- - Ny, with YNy = N = (i) (38)
i=1 i=1
1 n
99(&:t) = ; N, (t)gi(t) (39)

The average Gibbs free energy density associated to configuration £, should be seen as
probabilistic quantity where all linear combinations (nN combinations in total) should be tested
to extract the grand probability function (i.e. the highest probability at infinite time instant
fq(i,t = 00) corresponding to the combination where the average Gibbs energy density at the
grain scale is minimized).

The master equation and volume fraction for variant i at grain scale can be written, considering
two different possible configurations {&,¢*}:

UED S e e (10)
ity = Y fen (41)
e=1

where f (&,t) is the volume fraction of configuration £ at time instant ¢.

The computation cost of the master equation may grow very fast with an increasing number of
SU required to get a stochastic result. Classical procedures are consequently not relevant to solve
the problem analytically. An alternative way is proposed, detailed in the next section.
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3 Kinetic Monte-Carlo framework at the grain scale

The use of Kinetic Monte-Carlo (KMC) algorithm can be traced back to the early work of [4] and
[10]. This algorithm is essentially a re-organization of former stochastic algorithms. By deploying
the density of transformation probability function, it accounts for the previous distribution of
volume fractions and the state of Markov Transition Matrix (both at time instant t), to get the
volume fractions at the next investigated time instant ¢. Doing this way, we aim to evaluate the
current state of the master equation at the given time ¢ instead of solving analytically the master
equation itself. Based on these indirect observations, the temporal volume fraction variation is
generated through the KMC framework in a stochastic way. After a sufficient number of repeated
samplings, the stochastic average should converge towards the analytic response of the master
equation at the grain scale.

3.1 Transformation quantities and transformation weight

We first consider the initial time instant ¢ = ¢y. An initial volume fraction of variant ¢ f(i, o)
inside the grain can be defined at this time instant. Equation 42 gives the raw increase and
decrease of the volume fraction of variant 4:

d . n
o - > MGt = o) 42)
or
df(it) _ dfy(ist) | dfali,t)
@ dat T dt (43)

The raw transformation birth quantities {(t = tg) are given by:
" dfy (i, 1)
t=1ty) =N _— 44
C(t =to) ; 7 (44)

¢ evaluates the total number of variants transformed inside the Boltzmann system at instant
t=tp.

We seek next to obtain the weight of each transformation type inside . Therefore y(j,i,t = o)
in Equation 45 indicates the weight of transformation from j — 7 inside the total transformed
quantities ¢ at instant ¢ = ;.

M(j,9)f(5,t = to)
C(t =tp)

C(t =to) and y(j,i,t = to) describe the global tendency of the master equation at instant ¢ = .
These quantities indirectly indicate when the next transformation triggers and which variant is
chosen to transform towards another variant in the Boltzmann system. These parameters can be
denoted as the ’indirect observers’ of the Boltzmann system. To describe directly the evolution of
the volume fraction, two new concepts must be introduced: the first transformation time 7 and
the first transformation type pu.

3.2 First transformation time and first transformation type

First transformation time and first transformation type are two variables defining the stochastic
Monte-Carlo step (7, ).

e 7 is the first transformation time. It corresponds to the time delay needed for at least a SU
inside the system to transform from one variant to another for the time instant ¢t = ;.

e ;i : 7 — ¢ is the first transformation type. It is evaluated when at least one SU is
transformed. A p type transformation is corresponding to a specific transformation of
variant j towards variant ¢ ( since ¢ # j, there are n? — n possible transformation types).

Parameters (7, ) describe exactly the time delay for the first transformation and the associated
transformation type.
Given the indirect observers of the Boltzmann system (¢, ), the transition probability to have

a (7, u) transformation can be written following (mathematical demonstration available in [10]):
p(m, p)dr = ~(p, t) exp(—((t)7) (46)
V(i) = (5,4, 1), 94, 5), i # (47)
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where p(7, u)d7 indicates the probability at time ¢ that a SU transforms in the time interval 301
[t + 7,t + 7 + d7] inside a Boltzmann system consisting of N SU, and that this transformation is e

a i type transformation. 303
For the sake of simplicity, Equation 47 is introduced and used throughout this paper?. 304
3.3 Procedure for random generation of (7, u) 205
As mentioned in the previous section, (7, u) are the two direct stochastic descriptors for the 306
hysteretic behavior at the grain scale. The classical approach to generate a pair of variables 307
based on the probability function is referred as ’conditioning’: p(7, 1) can be built through the 308
product of two independent one-variable density of probability functions p;(7) and pa(u|7), 300
where p1(7) and po(p|7) indicate the probabilities of two cause-related events: 310
1. p1(7) measures whether or not at least one variant inside the system transforms into a a1
different variant type in the differential time interval [¢,¢ + 7]. s12

2. po(u|7) is the conditional probability measuring when at least one variant inside the system a3
transforms into a different variant type in the differential time interval [t,¢ 4 7] following a .

1 type transformation. 315
These conditional probability functions can be estimated using the current transformation 316
quantity ¢(¢) and the associated transformation weight (u,t) following: a7

p(T, 1) = v(p, t) exp(—C(t)7) = pa(7)pa(plT) (48)
pi(r) = p(r, 1) = exp(—C()T)¢(t) (49)

Y(p,t)
pa(p|T) = 50
In the work of [10], it is demonstrated that the generation of 7 and p can be done separately 31

based on p;(7) and p2(u|7) (see Equation 49 and Equation 50). The numerical implementation of s
random number generations (RNG) to produce (7, 1) by using Inverse Monte Carlo technique is 30
discussed in Appendix B. 321

3.4 Kinetic Monte-Carlo framework 322

The basic idea of this computation procedure is to deploy the two-variables density of probability  z23
function p(7, 1) using a Monte-Carlo technique to generate the two stochastic descriptors (7, u) of s

the system at current time ¢. To begin with, we simplify the problem by neglecting the heat 325
emission (absorption or emission) impact due to the phase transformation. With this 326
simplification, the Kinetic Monte-Carlo algorithm at the grain scale is straightforward and can be 3
summarized as follows (the corresponding KMC algorithm flowchart for a grain is shown in 328
Appendix A): 320

Step 0: Set the time variable ¢ at ty. Define the total variant population N inside the grain system 33
and initialize the volume fraction for each variant f(i,t0),i = 1,-- - n; specify ¢;; according 331

to each type of transformation p — (4, 1); specify a series of sampling time and a stopping 33
time: t =t <ty- - <t, < ---tstop With a time interval dt between each sampling time 333
step; reposition ¢ in the differential time interval [¢,_1,t,]; load the crystal texture then 3%
interpolate the Gibbs free energy density g(i,t),i = 1,---n for each variant at current time 33
t in each grain; 336
Step 1: Using Equation 15, calculate ((t) and ~y(u,t) which collectively determine the density of 337
transformation probability function p(7, 1) in Equation 46; select a proper inverse Monte 338
Carlo technique to generate one random pair (7, 1) based on the joint density probability 339
function p(7, p) pre-calculated at the previous step; an explicit random variable generation 340
technique is used for this step: it is detailed in Appendix B. 341

Step 2: Deploy the two random variables (7, 1) obtained at the previous step; increment the current s
time t by 7; update the variant population involved in transformation p : j — 3. 343

2We reshape a matrix towards a vector by this numerical operation.
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t'=t+randdt=r1

df (p,t) = M(5,4) f(5,t)7

fG,t) = f(i,t) + df (n,1)

fG) = [, t) —df (1)

t=1t (51)

344

Step 3: If 7 is higher than the sampling time interval [t,,, t;m 1], increment ¢ towards t,,,+1 keeping s

the volume fractions unchanged; if ¢ > t4,p, return to Step 0 , otherwise return to Step 1. 6
Step 4: Perform Ny independent Kinetic Monte-Carlo repeated samplings; obtain the stochastic 347
average response for grain g. 348

Concerning the last point, indeed, when a complex thermomechanical loading is applied, several 349

variants may have the same level of Gibbs free energy at current time ¢, meaning that the 350
activation of these transformation types are equiprobable. The KMC procedure will randomly 351
choose a specific transformation type and move forward based on the probability functions, 352
leading to a final result that may have been different if another transformation type had been 353
chosen. The solution is to multiply KMC estimations f4(i,¢) and process to a stochastic average s
fst(i,t) as defined in Equation 52. The result converges to the macroscopic solution fsq;(i,t) 355
when enough independent KMC samplings are performed. 356
1 &

Falist) = Jim A dzl fa(ist) = foor(i,t) (52) s
An exact convergence criterium of the Monte-Carlo process cannot however be properly 358
estimated (mentioned as stochastic fluctuation). The most discriminant situation is probably the  sso
simulation of a pure thermal loading (DSC scan for example), because all variants are 360
equiprobable at the transformation temperature. The simulation requires several independent 361
samplings before the convergence is suitably reached (see next section and Figure 25). 362

3.5 Kinetic Monte-Carlo framework with additional heat source due to

a phase transformation 364
Heat emission or absorption are not considered in the previous sections. It is however possible to 365
evaluate their effects by solving the heat equation and by using admissible boundary conditions 366
to mimic the anisothermal behavior. The heat equation that can apply in the framework of a 367
stochastic approach considering a p : ¢ — j transformation at time instant 7 is given by: 368
1 T

dT'(t, pn) = 7Lijdf(7', u) + —rAp(T) (53) 360

PCp PCp
This form that neglects the thermoelastic heat source is demonstrated in Appendix D. It involves s
the latent heat associated with p : 7 — j transformation which writes: 371
Lij = hz - hj — 0. (6? - 6?) (54) 372
Using Equation 53, an adiabatic situation can easily be modeled by neglecting the thermal 373
diffusion. Of course any spatial derivation has no direct physical signification for modeling at 374
RVE scale. An anisothermal situation, intermediate between adiabatic and isothermal extreme 315

situations can only be modeled by transforming the Laplacian by an equivalent convection effect,
supposing that the RVE is embedded in a coolant. Heat conduction term in Equation 53 is then s

replaced by: 378
HAL(T) - k(T - Tamb) (55) 379

where Ty, is the ambient temperature, T is the temperature of the medium and k an equivalent s
convection coefficient. We can consider the following situations: 381
e k = 0: the system is adiabatic, without heat exchange with environment; 38

e k = oo: ideal convection: the temperature is fully controlled by the ambient temperature, 383
leading to the isothermal situation; 384
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e o0 > k > 0: intermediate anisothermal situations

By solving Equation 53, we can calculate the temperature variation d7(7, ) at each time step.

' =t+71
T(t") =T(t)+dT(r,p) (56)
t=t

In the present paper, no real convergence between KMC and heat equation has been looked for to
avoid too long computation time. One alternative strategy is to update the temperature at each
time step and consider it for the next calculation. A converged result is not guaranteed but the
chosen time interval [t,,,t,+1] is sufficiently small to describe the evolution of temperature with a
good accuracy and observe some relevant anisothermal effects.

3.6 Homogenization and localization

The procedure has been detailed for a grain g in the previous sections but it can apply the same
way for all grains of RVE (polycrystal defined by the Orientation Data Function - ODF -
obtained via Electron Back-Scattered Diffraction - EBSD - measurement). Once f(i,t) is defined,
the calculation of average transformation strain €;-(g) and entropy density s(g) (as associated
variables to stress and temperature loading) over the grains is easily obtained:

er(g) = (e (i) (57)
=1
s(g9) =Y f(i)s(i) (58)

1=

=

The same quantities can be calculated at the RVE scale by averaging over the grains. It must be
noticed that no strain localization is required since homogeneous stress assumption[13] is retained
for all calculations.

1 &
€Etr = A Gtr(g) (59)
g g=1
1%
s=-— s(9) (60)
g g=1

Total deformation (sum of elastic, thermal and transformation) can be built by a simple
summation of quantities whatever the scale.

Application of localization procedures is possible from RVE to grain scales. This localization is
for example required if a real single crystal stiffness tensor (usually anisotropic) is considered for
the polycrystalline calculation. Different localization procedures can however be applied. The
most relevant is probably the self-consistent that allows the stress at grain scale o, to be defined
as function of the applied macroscopic stress o, the transformation deformation matrix at the
grain and macro scales, the accommodation stiffness tensor C*““ and the stress concentration
tensor B (see more details concerning this procedure in [9]).

o(9) =B(g) : 0 +C*“(g) : (etr —€1r(9)) (61)

Once the full knowledge of transformation strain for each grain is given, the macroscopic response
€ of the material is obtained, through an averaging operation involving a strain localization:

Ng
m=£2%®ﬂ@ (62)

4 Identification procedure of the modeling parameters

A Ni — 50.2Ti SMA is chosen to illustrate the identification procedure. The Ni-Ti SMA has been
heat treated at T'= 773K for 1 hour and quenched in cold water. The parameters used in the
model include:

e Chemical and thermal properties;
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e Mechanical properties;
e Crystalline properties and texture;

e Instant germination energy.

4.1 Chemical and thermal properties

The Differential Scanning Calorimetry (DSC), consists in measuring the difference in heat flux
between a specimen and a reference (often an empty crucible) at stress free state, and aims to
determine the chemical properties of the material:

e Specific heat capacity ¢, ;

e Phase transformation properties, including transition temperatures 73, associated latent
heat densities 0h and variations of entropy s and enthalpy h densities.

The DSC analysis is conducted over a small sample (8.4 mg) taken from a virgin specimen of
NiTi SMA. A quasi-static thermal cycle is applied:

e Isothermal at T'= 373K for 10 min;

Cooling from T = 373K to T = 193K with a temperature rate of 7= 5 Kmin~!;

Isothermal at 7' = 193K for 10 min;

e Heating from T' = 193K to T = 373K with a temperature rate of T = 10K min™';

This cycle is usually repeated two times.

Thermal hysteresis and phases.

The DSC measurement used for the identification is plotted in Figure 3. It confirms that for the
investigated NiTi SMA, three principal phases may exist depending on the temperature: austenite
(A), martensite (M) and so-called R-phase. Two significant heat flux peaks are observed during
the cooling stage. They correspond to the A—R and R—M phase transformations. Only one
significant heat flux peak is observed during the heating stage. It may be possible that the
backward transformation M— A passes through the intermittent formation of the R phase.

NiTi DSC
2 . .
Cooling 5K.min !
1+ B 1
_0¢ M+R R«A _
=
E 17 M—A 7
=
[
o S R > |
Heating 10K.min?
3t ]
-4 . . |
-100 -50 0 50 100
Temperature(°C)

Figure 3: DSC: Heat flow as function of temperature
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Specific heat capacity.

In the area without phase transformation, the difference measured in heat flux between the
specimen and a reference crucible can be interpreted as the heat required by the material to
maintain the temperature variations, which helps us to identify the specific heat capacity of the
specimen. The following relationships apply:

p = pc,T

p
Ccp = — 63
= (63

where p represents the heat flow difference without phase transformation and p is the mass
density.

The specific heat capacity of A, R and M phases in NiTi SMA are nearly close. For simplicity
reasons, we will assume for calculations that the three phases share the same specific heat
capacity:

P P 5 =% (64)

Latent heat.

Latent heat (or enthalpy of transition) is defined as an additional quantity of heat exchanged
between the external heat source and the analyzed specimen to maintain the same reference
command temperature during the phase transformation. Herein the raw curve® of heat flux as
function of time during cooling is used to explain the protocol.

0.9

Heatfow(mW)
o < o o o o
w S n o ~ o

o
[N]

0.1 L L L L L L
10 15 20 25 30 35 40 45
Time(min)

Figure 4: Determination of latent heat Ah: example of NiTi SMA during DSC (cooling).

As illustrated in Figure 4, by defining the transformation start and finish time (or temperature),
the specific latent heat Ah can be calculated as follows:

1 [
Ah = —/ p(t)dt (65)
V ts
where p(t) represents the additional heat flux (mW) required by the specimen to ensure the
phase transformation. V is the volume of material used for the DSC.

Transformation temperature and variation of entropy.

Usually, the transformation temperature is defined at the point where the additional heat flux
reaches its maximum during the DSC measurement. As shown in Figure 5, T} represents the
transformation temperature during the cooling from A — R and T; represents the transformation
temperature during the cooling from R — M. Given these temperatures, the variation in entropy
density can be expressed as follows (T}, figures out T} or T5):

Ak
- T

As for enthalpy density, only the variation of entropy density is relevant for the modeling.
Table 1 gathers the different modeling parameters extracted from the DSC experiment.

As (66)

3pefore baseline correction
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Heatfloz(mW)
I < e
(O8] N W

e
[\
T

O. 1 1 1 1 1 1 1 1 1
-80 -60 -40 -20 0 20 40 60 80 100

Temperature(°C)

Figure 5: Transformation temperature and entropy variations: example of NiTi SMA during DSC
(cooling).

Parameters Symbol Value

Specific heat capacity cp [Tkg K™ 460 + 20
Latent heat density A — R Ah(A — R) [MJm ™3] 40 +4
Latent heat density R — M Ah(A — M) [MJm™?] 98 +6

Variation of entropy density A — R | As(A — R)[MIm2K™'] | 0.14 £ 0.02

Variation of entropy density R — M | As(A — M)[MJm3K™'] | 0.38 £ 0.02

Table 1: NiTi SMA chemical parameters identified by DSC
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4.2 Mechanical properties

The mechanical properties that are looked for are mainly the elastic properties. Considering the
material as isotropic, only the Young modulus and Poisson ratio must be identified. We use for
that purpose the results of a more complete study addressing the pseudo-elastic behavior of the
NiTi SMA subjected to a uniaxial loading and a concomitant identification of the phases
produced during the strengthening [6]. Since the phase transformation occurs through
localization bands, a measurement of the kinematic fields by digital image correlation (PGD-RTS3
DIC code developed by LMT ) is necessary (see the work of [2] for more details about the DIC
code). The same tool can be used to extract the elastic properties.

25mm

54mm

Figure 6: 1D strip specimen with black and white speckle paints; 10 x 3 mm? surface used for DIC
measurement is highlighted.

Figure 6 shows the sample used for the experiment. The central region used for DIC is a
parallelepipedic volume, i.e. 10 x 3 x 0.3mm?>. Longitudinal and transversal average deformations
have been extracted at several stress levels. The engineering stress expresses as follows:

F

=5 (67)

0$$
where I is the axial force recorded by the force cell of the loading machine and Sy is the initial
section of the NiTi strip. We can for example build a wvirtual strain gauge to extract the averaged
axial and transversal strain over the chosen area S of the image:

o= [ [ Eualary) dady (68)
S
1 -
=g //S €yy(x,y) dxdy (69)

The longitudinal and transversal averaged stress-strain curves are plotted in Figure 7. The basic
elastic properties (Young modulus and Poisson ratio) can be easily calculated. Values are
reported in Table 2. For simplicity reasons, elastic properties will be considered identical for all
phases.

Ozx
FEy =
61/'1)

€xx

Parameters Symbol Value

Young modulus | By [GPa] 60 +9

Poisson ratio v 0.31 +£0.02

Table 2: Elastic parameters identified by 1D tensile testing
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Figure 7: Longitudinal strain €., and transversal strain €,, as function of engineering stress o,
for 1D NiTi SMA strip

The dilatation coefficient is a thermo-mechanical parameter. Its identification via a dilatometer
set-up is not a problem. However, it has not been identified since dilatation effects have not been
considered in the modeling (c, set at 0K™'). Indeed associated deformations are negligible
comparing to elastic or transformation strains for the temperature range addressed in this work.
The mass density p = 6450 kgm ™3 (in accordance with literature) has been estimated using a
dedicated balance (see Table 3 for these two more parameters).

Parameters Symbol Value
Dilatation coefficient | a, [K™!] | not meas.
Mass density p [kgm™3] | 6450 + 160

Table 3: Dilatation coefficient and mass density.
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4.3 Crystalline parameters and texture identification

As already mentioned, A, M and R-phase may exist in the material depending on thermal and
stress conditions. Austenite is a cubic phase denoted as parent phase that exhibits only one
variant numbered ¢ = 17. The R-phase is rhombohedral and exhibits 4 variants numbered from

i =13 to i = 16. Martensite is a monoclinic phase exhibiting 12 variants numbered from i=1 to
i=12. An identification of the crystalline parameters of these phases is possible by a measurement
of X-ray diffraction spectrum carried out under stress at room temperature.

fw
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Figure 8: X-ray diffraction spectrum field measured at different position along the tensile specimen
and associated von Mises equivalent strain field.

Indeed, the mechanical test presented in the previous section can be led to deformations levels
where the martensitic phase transformation occurs. Figure 8 right thus plots the spatial
evolution of the von Mises equivalent strain. This result shows that the transformation takes
place in a heterogeneous way in the form of localization bands (they can be multiple [11]). A
simultaneous measurement of the spatial evolution of the X-ray spectrum has been carried out
(see [6] for more details about the procedure). The different spectra are presented in Figure 8
left, highlighting that A/M/R phases do coexist in the sample. A dedicated procedure [6] allows
on the other hand the typical experimental spectrum of the three phases to be plotted (Figure 9).
The indexation of diffraction patterns can be achieved by using the Bragg’s law:

n
2dpw
where djy; denotes as the inter-planar spacing between two (hkl) planes and A is the wavelength

of X-ray radiation source. The theoretical values for the inter-planar spacing of A/M/R phases for
the equiatomic NiTi SMA are given as function of the lattice parameters (see the work of [8]) by:

= sin(&hkl) (71)

ao

R
ot = ary/1 — 3cos?(a) + 2 cos?(a)
\/(h2 + k2 4 12) sin? () + 2(hk + kI + hi)(cos2(a) — cos(a))
sin(B)
K Ksin’(B) 17 2hicos(8)

2 2 2
as, by, ciy apMCM

— A phase (72)

— R phase (73)

— M phase (74)

dni =

The theoretical spectra have been plotted in Figure 10. By a parameter optimization of the
theoretical patterns to fit the experimental patterns, it is possible to identify the lattice
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1100 -

R300
1000 -
900
800 R202 R114
R113 R222
700 -
6007 A211
A110
500 -
400 | MIL11 Jy M020
300 | M021 M022 M023, M220
200 : : : : : : |
30 40 50 60 70 80 90 100

20

Figure 9: Three diffraction scans of Ni-Ti SMA indexed using the diffraction theory, showing:
R-phase ( in blue), austenite ( in red), and martensite ( in black) - representation using a vertical
offset of 200 counts between each spectrum.

parameters after removal of stress effect (shift of peaks associated with elastic deformation).
Errors obtained are however too large to make a relevant identification. It has been consequently
decided to use parameters from literature, in good agreement with our experimental observations
[39][17]. Lattice parameters are (errors are not given, defined by the last significant number):

e Austenite: ag = 0.3015 nm;
e R-phase: agr = ag = 0.3015nm; o = 91.5°%;
e Martensite: ap; = 0.2889nm; by; = 0.4120 nm; cpy = 0.4622nm; 5 = 96.8°.

The associated Bain matrix U can be constructed as follows Table 4 and Table 5 : (R-Phase -
n = 0.998 and § = —0.0131 ; M phase - o = 1.0243, v = 0.9563, § = 0.058, ¢ = —0.0427) .

100
Al11 A211
= 50 Alll-K; A200
0 I 1 1 1 | | | ]
40 50 60 70 80 90 100
26(deg)
100 B
R112 : )
3 5 R300 R2922 R114
=~ 0 20 R142  R330
R202 R113 |
0 | 1 | | | | | | | |
40 50 60 70 80 90 100
26(deg)
1oor M020
I sk MILL MO2Z 3 oo M220
) M120 | Mo23
0 Ll | i | | | | ]
40 50 60 70 80 90 100
26(deg)

Figure 10: Theoretical diffraction patterns for A, M, and R phases

Austenite has the highest crystal symmetry, the associated Bain matrix is the Identity matrix:

Upr =1 (75)

20

526

527

528

529

530

532

533

534

535

536



n 6 0 n =0 =9 n 6 =90 n -4 6
U13 = (5 77 (5 U14 = —5 77 5 U15 = (S 77 —(5 U16 = —5 7] —(S
d 6 n -4 J 7 -5 =4 n 6 =6 n
Table 4: Bain matrix of R-phase variants [39]
€ € v —€ —e€ Y —€ € € —€
Ul =le a ¢ U2 = | —€ (07 ) U3 = | —€ « -0 U4 = € « —0
€ 0 —€ 6 e -6 « —€ -0 «
a € 90 a —e 6 a —€ =0 a € =0
Us= e v ¢ Us=|—€ v —e U; = |—e¢ € Us=|€¢ v —e¢
0 € « 6 —€ « - € - —€ «
a 6 € a 6 —e€ a -0 € a -0 —¢
Ug =10 a € U10 = ) (0% —€ U11 = |-6 (0% —€ U12 = |-4 (0% €
€ —€ —€ 7 € —€ 7 —€ € v
Table 5: Bain matrix of M phase variants [17]
The transformation strain tensor is obtained for each variant following: 537
tr 1 T ;
€, = §(U1UZ —]I),Z: 1,17 (76) 538
Crystallographic texture 539
Observations by Scanning Electron Microscope (SEM) and EBSD analyses have been performed s«
over a surface S = 1 mm? of a NiTi SMA sheet after diamond polishing and electro-polishing. 541
The pole figures and inverse pole figures are reported in Figure 11. They clearly illustrate an 542
isotropic transverse texture with a (111) pole along the normal direction to the sheet. This 543
texture may result in a quite isotropic behavior for stress-controlled experiments loaded in a 544
direction belonging to the sheet plane. 545
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max = 6.595
4816
3517
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1.369
1.000
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001

RD

Figure 11: Pole figures and Inverse pole figure (representing orientations normal to the sheet plane)
obtained via EBSD.

EBSD analysis also grants to measure the average grain size and grain size distribution. The
overall distribution of grain size varies between 8 pm < d < 40 pm, with an average value of about
d ~ 15pm. Area defined in Figure 11 right and associated EBSD data can therefore be
considered as representative of the material. They define the RVE of the multiscale model
introduced in section 2. 413 grain orientations have been selected from the collected crystal FDO
as representative of the material texture (see Figure 12) for calculations.

(a) Pole figure (100) (b) Pole figure (111)

Figure 12: Pole figures associated with the 413 grains FDO (RD: rolling direction; TD: transverse
direction).

4.4 Calibration of germination energy based on DSC

The remaining parameters to be identified are the severity of transformation 8 and the instant
germination barrier dg(j, i, dt = 0). DSC scan results, shown in Figure 3 have to be reused for
that purpose. The Gibbs free energy density mapping is first built. It has been shown in [12] that
Bs, seen as temperature independent in the framework of reversible modeling, is related to the
maximal heat flux g,,(W.m™3) of a DSC peak emission (using A to R phase or R to M emission
peak), variation of enthalpy and entropy densities (Ah and As) and temperature rate T used
during the experiment (Equation 77).

4qm

B = = Fnenn

(77)
Based on the pre-defined Gibbs free energy density mapping and initial 8, a first Boltzmann
reversible based DSC simulation is processed (result is shown in Figure 13a). S5 is then used to
define the appropriate unit volume V,, at the transformation temperature. A second simulation
using a temperature dependent 55 can be performed (Figure 13b). We assume next that all
transformation types p — (j — ) share the same germination barrier dg® related to the delay

22

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565



between forward and reverse DSC peaks. The germination barrier dg(j, 4, dt = 0) for all
transformation types verifies:

dg®(i,j,t = 0) = dg°(dt = 0)¥(i,j),i # j (78)
dg(i,i,dt =0) = 0o Vi (79)
The strong penalty used in the second relation is introduced to forbid any self transformation.

After several tries, the uniform germination barrier dg® can be estimated (Figure 13c). Optimized
values for NiTi used in the experiments are:

N = 1e5; (80)
c=85x10""s"! (81)
dg®(dt = 0) = %g(c) =152 % 10°Jm™? (82)

A third (and more correct) simulation of DSC is obtained. But as we can see in Figure 13c, the
transformation delay does not differ for M to R forward and R to M reverse peaks. Indeed the
lowest crystalline symmetry of martensite variants induces the largest meta-stability barrier for
other variant types to transform into. The additional non-compressible germination term dg® is
consequently considered for the transformation of austenite and R phase into martensite (dg%_ s
and dg%_,,) in order to reduce the temperature hysteresis for A-R transformation keeping a high
M-R hysteresis. Optimized values are given below:

dg%_ = 6.5 x 10T m™3 V(4,5),i # j (83)
dg%_ar =55 x 106 Tm™3 (i, 5),i #j (84)
dg_p=1x10°Jm > V(i,j),i # j (85)
) (j,i) — Transformation between A/M dg®(4,1) = dg%_
) (4,4) — Transformation between R/M dg®(4,1) = dg%_
) (4,4) — Otherwise dg®(4,1) = dg%_gr
The global germination barrier is finally given by:
dg(j, i, dt) = dg*(dt) + dg” (4, %) (86)

With this ad-hoc correction, the numerical simulation of DSC process converges towards the
experimental observation as illustrated in Figure 13d.

However it can be observed that the simulated transformation peak from R phase towards
martensite is ’sharper’ than the experimental one. Indeed, 85 parameter (and associated unit
volume) is identified using only one peak (here the A to R-phase peak) of two possible peaks,
supposing a same shape of the two peaks. This is not the case. Improvements are possible and
will be addressed in conclusion, but this drawback is not detrimental for other modeling aspects.
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Figure 13: Germination barrier calibration based on DSC scan, T' = 5K min ™"

5 Several examples of virtual tests

In this section, a series of virtual loading of Ni-Ti polycrystal (using the parameters identified in
the previous section) is proposed. This series allows an illustration of the performance of the
energy based stochastic model to be presented. Among those, we choose to present simulations,
from the most classical to the most challenging cases: pseudo-elasticity under tension and
compression at various temperature and stress rate, one-way shape memory effect under tension
and compression, two ways shape memory effect and 2D plane-stress loading (deformation
threshold, non proportional loading).

It must be underlined as a major point that a validation of the modeling by a point to point
comparison to experimental results would require to implement the RVE model in a numerical
model (see for example the finite difference approach developed in [11]). Indeed, the stochastic
multiscale model is unable to reproduce strain localization bands as observed in the experiments
reported in subsection 4.3 and in many other experiments reported in the literature. A strict
validation is consequently not reachable since we only present in this paper a modeling of RVE.
For the same reason (thermal boundary conditions cannot be modeled), the heat emission (or
absorption) due to phase transformation was neglected in most simulations presented in this
section (k = 00). Anisothermal situations are illustrated only for the 1D tensile loading at the
end of this section. In the following, some Gibbs free energy density of variants are plotted vs.
time for a single crystal tensile strained along the < 111 > axis of the austenite parent phase
(B = —7/2, ¥ = —acos(1/V/3), &, = m/4). Plots giving the average phase volume fractions
concern the entire RVE.

5.1 Simulation of 1D tensile loading

A quasi-static stress-controlled tensile loading and unloading is simulated at two different
temperatures T = 293K and T = 303K, the loading protocol is synthesized as follows:
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e 1D Load at T = 303K : Apply stress-controlled load and unload with a speed
v=1MPas !at T = 303K, with a maximum amplitude of 0,4, = 500 MPa

e 1D Load at T'=293K : Apply stress-controlled load and unload with a speed
v=1MPas™! at T = 293K, with a minimum amplitude of 6,4, = 500 MPa

Figure 14 shows respectively: the associated temporal evolution of phases volume fractions, the
Gibbs free energy density evolution of each variant in the selected grain, and the modeled
stress-strain response of the material at different temperatures. The general comments that can

be given are:

e General trends for Ni-Ti pseudo-elastic behavior are observed, in accordance with
experiments reported in the literature [33]; the mechanical hysteresis is remarkably

modeled;

e The RVE has been fully transformed at maximum stress load leading to an axial

transformation strain of about 11%. This deformation level may appear too high. This is a
common defect when a homogeneous stress assumption is used [13]. Value reached is

however in accordance with the parameters of the Bain matrices.

e At T = 303K, martensite transformation is fully accomplished at a higher maximum stress

level compared to T' = 293 K.

e The phase transformation threshold increases following a temperature sensitivity of about

Ac/AT ~ 6.4MPaK™".
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(¢) Numerical stress/strain response at the two different temperatures for single and polycrystal

Figure 14: 1D tensile loading/unloading at different room temperatures.

5.2 Simulation of 1D tension-compression loading

In literature, for nearly equiatomic NiTi SMA at room temperature, the stress threshold in
compression is slightly higher than in tension ([26]). A virtual loading is applied in order to
simulate this asymmetry. The loading protocol can be summarized in:

e 1D stress-controlled tensile load and unload with a speed v = 1 MPas™! at T' = 293K, with
a maximum amplitude of 0,,,, = 500 MPa

e 1D stress-controlled compression load and unload with a speed v = 1 MPas™! at
T = 293K, with a maximum amplitude of ¢,,;, = —500 MPa

Figure 15 shows respectively: the Gibbs free energy density evolution of each variant in the
selected grain, numerical stress/strain response for polycrystal and single crystal strained along
< 111 > direction and the associated temporal evolution of phases volume fractions. The general
comments that can be given are:

e General expected trends are observed (see some typical experimental results by [14]);

e In Figure 15a, it is clearly observed that martensite variants activated during tension are
different from martensite variants activated during compression;

e This selection leads to the asymmetry observed for the tension vs. compression stress-strain
response (Figure 15b), and is consistent with experimental observations [14];

e Under compression, the presence of R-phase is observed during both the loading and
unloading stages before austenite transformation starts. As seen in Figure 15a for single
crystal loaded along < 111 > direction, the R phase variant (R14) has the lowest Gibbs
potential at ¢,,;, = —500 MPa. Consequently a large volume fraction of R phase is
expected after full loading and unloading, as seen in Figure 15¢, which induces a significant
residual strain of about €,.s = 2%. On the contrary, under tension, several martensite
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variants are more stable than the R phase variants at higher stress level. As a result, the
volume fraction of R phase as predicted by the simulation is low. The

presence/non-presence of R phase is potentially the principal factor inducing the

asymmetrical behavior between tension and compression. It leads on the other hand to an
initial threshold in compression apparently close to the threshold in tension for the single

crystal loaded along (111) direction. However a numerical test carried out at higher

compression stress shows that a R — M transformation occurs at —1000 MPa, allowing the

expected tension/compression asymmetry to be obtained.
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Figure 15: 1D tension/compression loading at room temperature (T=293 K

5.3 Pseudoelasticity and partial load

In this subsection, some partial tensile loading/unloading tests have been simulated,
corresponding to a situation where the stress level is insufficient to fully transform the austenite

into martensite. This simulation especially allows the effect of temporal relaxation associated
with the germination barrier to be illustrated. The following loadings are considered:

e Full Tensile Load: stress-controlled tensile load and unload with a speed v = 1 MPas™! at

T = 293K, with a maximum amplitude of 7,,,, = 500 MPa

e Partial Tensile Load 1: stress-controlled tensile load and unload with a speed
v=1MPas™!tat T = 293K, with a maximum amplitude of 7,4, = 190 MPa

e Partial Tensile Load 2: stress-controlled tensile load and unload with a speed

v=1MPas™! at T = 293K, with a maximum amplitude of ;4. = 190 MPa; stress is kept
constant for 200s at the maximum stress amplitude level before unloading.
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Figure 16: 1D tension/compression partial loadings at room temperature (T=293K)
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The comments that can be given are:

e As we can see in Figure 16a and Figure 16b, the partial load 1 illustrates the germination
barrier delays in two transformation directions (A — M and M — A). For partial load 1,
when stress unload begins, the RVE is still far away from equilibrium state, thus the
stress/strain curve does not immediately go back to the elastic regime. A narrow non linear
region is needed to overcome the germination barrier for M — A transformation initiation.

e However, if we hold the stress level as constant for a long time instead of immediately
unload the sample (case of partial load 2), transformation from A — M and deformation
still increases until a certain martensite volume fraction is reached. This is a direct example
of temporal relaxation for germination barrier. When the Gibbs free energy density
between variants is not enough to bypass instant germination barrier, it takes a longer time
to converge towards the equilibrium state (see Equation 37).

e For the case of partial load 2, the unload begins after the NiTi SMA reaches its equilibrium
state (see Figure 16a). At that time, the polycrystal needs to bypass a germination barrier
before any M — A transformation initializes, leading to an elastic unloading part.

e This point illustrates that an extremely low strain rate would be required to reach the
‘true’ static behavior, due to the time constant associated with the stochastic process.
Stress threshold and hysteresis loop are sensitive to this process, superimposed to classical
thermal effects (not accounted for in this simulation).

5.4 Simulation of one way shape memory effect(OWSME)

The one way shape memory effect of SMA appears when the alloy is in its cold state (below
austenite start temperature T < A, mainly indicating a martensite state). The alloy can be
stretched and still hold the permanent deformation after unloading, until it is heated above the
M — A transition temperature [29] when the deformation is recovered. We propose hereafter to
simulate a one way shape memory effect for both tension and compression of NiTi polycrystal.
Let consider the following steps illustrated by letters (A to K):

e From A to F:
— A — B: NiTi polycrystal is cooled at T' = 263 K;

— B — C — D: a tensile loading up with a maximum stress ¢4, = 100 MPa is first
applied. The material is then unloaded to zero;

— D — E — F: the material is heated up to T'= 373K (above the M — A
transformation temperature) and then cooled to T' = 263 K.

e From F to J: the same steps are applied under compression

Figure 18a and 18b plot the associated variation of Gibbs free energy density and variants
volume fraction respectively in the reference single crystal.
The comments that can be given are:

e Initial cooling shifts points in Figure 17 from A to B (or E to F for compression). At point
B and F. It must be first observed that R phase is dominant at this temperature. R phase
variants are equiprobable (equivalent in volume fraction) as illustrated in Figure 18b. By
applying the stress loading, R phase variants whose transformation strain is mainly
oriented along the loading direction are favored in tension. The same variants are unfavored
under compression leading to an asymmetric selection of variant types and numbers (in
accordance with their Gibbs free energy density as illustrated in Figure 18a). Selected
variants remain stable during unloading between C and D (or G and H under compression),
leading to a permanent strain even when the stress is completely removed. The associated
maximum eigenvalue of transformation matrix for R phase is around €,,4, ~ 2%, which
explains the maximum value for permanent strain observed during OWSME cycle. Despite
some few differences of stress threshold, results of the modelling are in very good agreement
with the experimental results reported in [20].

e Asymmetry of OWSME between tension and compression is clearly illustrated in relation
with the asymmetric selection of variant types and numbers in grains, although the
reorientation mechanism between tension and compression has nearly the same stress
threshold according to the definition of the germination energy. Indeed, it is possible
following the proposition of some authors [30] to make a more complete identification of
germination matrix dg(i,j) that could lead to an improvement of the modeling results.
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Figure 17: Simulation of OWSME in tension and compression

5.5 Simulation of stress-assisted two ways shape memory effect
(SA-TWSME)

Stress-assisted two ways shape memory effect refers to the fact that SMA may remember two
different shapes: one at high temperature and the other at low temperature. A material that
exhibits a shape memory effect during both heating and cooling is a two ways shape memory
effect material. The loading path that helps to produce the two ways shape memory effect of
NiTi polycrystal (reference points are illustrated in Figure 19a) is the following:

e A-B-C-D: 1D tensile loading is applied to NiTi SMA. The stress is held as constant
o = 250 MPa, and a thermal cycle consisting of a constant rate heating and cooling is
applied with a maximum amplitude T},q, = 373 K.

e D-E-F-G: From the end point of previous cycle, the applied stress is raised up and held as
constant ¢ = 300 MPa, and a second thermal cycle consisting of a constant rate heating and
cooling is applied with a maximum amplitude T,,, = 373 K.

Figure 19a illustrates the associated stress-strain behavior. The simulation plotted in Figure 19b
illustrates how the thermal loading at two different stress levels (o = 250,300 MPa) can change
the volume fraction of the different phases. For the two cycles investigated, the NiTi polycrystal
always returns to its shape at the end of thermal loading. At higher stress level start (o = 300
MPa), the thermal hysteresis area is higher because of a higher amount of martensite phase
involved in the transformation (Figure 19b). The higher temperature threshold at high stress
level for SA-TWSME can be explained by the fact that martensite variants are more stable. A
higher temperature is required to destabilize this phase. Again, to the best knowledge of authors,
very few models are able to simulate such kind of complex behavior, for single or polycrystals.
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Figure 19: Stress-assisted two ways shape memory effect

5.6 Proportional / non proportional biaxial loading - 2D phase 756
mapping 757
The stochastic multiscale model can simulate the effect of a multiaxial mechanical loading. Its 758

intrinsic hysteresis makes of course the loading path part of the model’s response. Situations that s
can be tested are then innumerable. We decided to focus on a simple biaxial loading since some 760

biaxial experiments are available in literature allowing a model/experiment comparison. A 761
proportional stress-controlled loading is first applied on the polycrystal given by : 762
cos@ 0 O
o =s(t) 0 sinf 0O (87)
0 0 O
s(t) =[0:1:1000 1000 : —1 : 0] MPa (88)
6 =1[0:5:355] degree (89)
The forward transformation is defined for proportional load s(¢) = [0 : 1 : 1000] MPa and the 763
backward transformation is defined for corresponding unload s(t) = [1000 : —1 : 0] MPa. Each 764
simulation is performed at constant angle 6 for a constant temperature T=303K. The simulation s
is repeated for each angle, allowing a discrete mapping of the stress plane. Many figures can of 766
course be drawn. We decided to illustrate this loading by plotting the volume fraction of A, R 767
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and M phases during loading and unloading (see respectively Figure 20a to Figure 21d). These 768

figures illustrate clearly the global shape of the transformation threshold in the stress plane. 769
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Figure 20: Austenite phase mapping under proportional stress condition.
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Figure 21: R phase and martensite phase mapping under proportional stress condition.

As expected, the forward transformation leads to a larger stress threshold compared to backward o

transformation, and the hysteresis between loading and unloading is consistent. However, there m
exists an unexpected area (narrow cone) where R phase concentration remains high along 772
01 = 09 axis (o0 > 0). Indeed, depending on their orientation, a significant amount of grains does 3
not transform from R to M phase under equibiaxial loading. The Gibbs free energy density of 774
some R phase variants remains lower than the Gibbs free energy density of some corresponding 775
M phase variants whatever the stress level | Some validation of such result would require for 776
example in-situ XRD measurement as proposed in [6]. ™
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Transformation thresholds under biaxial loading are available in literature [22][20]. They are
always defined using a deformation criterium. Figure 22 illustrates the transformation threshold
from the SMSM for an equivalent transformation strain of 0.6% at 293 K and 303K (a Levy-Mises
equivalent strain (Equation 90) has been chosen to define the deformation criterium). This result
is in very good agreement with experimental results and the phenomenological modeling of [22].
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Figure 22: Simulation of the transformation threshold defined by Levy-Mises equivalent transfor-
mation strain at 0.6% for NiTi polycrystal at 293 K and 303 K.

The stochastic multiscale model is an hysteretic modeling. Non proportional loading and
sensitivity to stress path can consequently be tested. These points are highlighted in the next
figures where the following paths have been used in (044, 0yy) plane:

e Path 1: a quasi static stress-controlled uniaxial loading is first applied along & until
0z = 600MPa is reached. This stress is hold and a second stress loading is gradually
applied along ¥ direction until o,,=600 MPa, reaching the equibiaxial point
(0gw, 0yy) = (600,600) MPa.

e Path 2: ¥ and ¥ axes have been inverted comparing to path 1. The final stress point is
exactly the same.

As we can see in Figure 23, the strain (total strain) response of NiTi polycrystal for paths 1 and
2 is nearly symmetrical regarding to €;, = €,, axis (€., component exists but has not been
plotted), in accordance with the transverse isotropic texture of the material, but the strain levels
at the final point are strongly different highlighting the strong non-linear and hysteretic character
of the material behavior. Some comparisons with experiments should be necessary too to validate
the modeling.
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Figure 23: Illustration of the material behavior in case of non proportional loading and sensitivity
to the stress path: Stress and corresponding total strain paths

5.7 Pseudoelasticity and heat dissipation

All numerical simulations presented in this section until now have been obtained using isothermal
condition (k = co). This choice has been made for an easier interpretation of results and because
an anisothermal condition can be seen as artificial for the modeling of a RVE. The influence of
heat dissipation and exchange of NiTi polycrystal can however be illustrated for all previous
cases. It must be kept in mind that the validity of the results remains questionable considering
the fact that a RVE is not a structure. A simple test case is proposed as an illustration: it is a
1D tensile stress controlled loading and unloading, using a stress rate ¢ = 1 MPas™! and a
maximum stress oy,q,; = 600 MPa at T'= 293K (initial and ambient temperature). Three
different heat dissipation conditions are applied:

e Adiabatic: k=0 Jm > K™
e Isothermal: k = oo (see subsection 5.1)

e moderate heat exchange: k = 11.5kW m ™3 K~!. This value corresponds as a heat exchange
coefficient of about 20 Wm 2K~ for the sample presented in Figure 6.
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Figure 24: Tlustration of pseudoelastic behavior from SMSM depending on thermal conditions and
comparison to experimental data for NiTi SMA.

The following comments can be proposed:

e Anisothermal situation has already been discussed. It corresponds to a perfect convection

(or conduction) situation describing a quasistatic transformation;

e As we can see in Figure 24b, the emission of latent heat due to A — M phase

transformation leads to a very high temperature increase reaching up to T=355 K for the
adiabatic situation. This temperature increase is accompanied by a concomitant phase
transformation threshold increase (see Figure 24¢). Of course, the initial temperature of
NiTi polycrystal (T = 293K) is almost fully recovered during unloading due to the heat
absorption associated with the backward phase transformation (M — A);

In case of moderate heat exchange, the latent heat due to A — M phase transformation
acts as heat source that brings to a temperature increase up to T'= 305K during loading.
Indeed a part of power source is transmitted to the (virtual) surrounding medium. The
temperature of NiTi polycrystal decreases next to 7' = 282K during the unloading reaching
a temperature below the ambient temperature. These small temperature variations result
in a moderate stress threshold increase during loading and a moderate stress threshold
decrease during unloading. This phenomenon leads to a significant increase of hysteresis
area, comparing to the isothermal situation (see Figure 24c). These results are in
qualitative agreement with the experimental results from Mac Cormick (1993) [28]. They
are in agreement with the macroscopic modeling results and comments from Boyd and
Lagoudas (1996) [5] too. The latter highlight in particular the phenomenon of ”thermal
hardening” of SMA here clearly observed. The same authors also obtained an adiabatic
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cycle surface smaller than the isothermal cycle surface, resulting from a temperature
assistance effect on transformations. Interpretation of adiabatic cycle surface remains
however complex given the co-existence of the three phases.

6 Conclusion

In this paper, a stochastic multiscale thermomechanical modeling of shape memory alloys has
been presented. The stochastic description of the volume fraction of phase variants is ensured by
a kinetic Monte-Carlo algorithm, using the local Gibbs free energy density as a main input. This
model includes an instantaneous description of the germination process from variant to variant.
It leads to simulate the hysteretic and non-linear mechanical behavior of SMA and the phase
volume fraction kinetic includes the nucleation of the so-called R-phase usually omitted in former
models. Only few parameters are required to describe the hysteretic behavior at the grain and
RVE scales by successive homogenizations: most of them can be obtained via a simple DSC scan.
This model is not, however, a structure model: it only allows the modeling of a RVE. A
polycrystalline NiTi has been used to illustrate the parameters identification. However the
deformation of this material highlights strong localization bands whose description is unreachable
by the modeling. Any comparison between model and experiments for validation purposes is
therefore not possible. A crucial stage must consist in the implementation of this model in a
structure calculation using finite elements or finite differences modeling.

The various illustrations proposed (therefore assuming the material to be homogeneous) are
nevertheless in very good qualitative agreement with the various experimental results reported in
the literature. : DSC scan; pseudo-elasticity under tension and compression; hysteresis loops for
partial transformation; one way shape memory effect and stress-assisted two ways shape memory
effect; tension-compression asymmetry, biaxial proportionnal and non-proportional loading
effects.

To the best knowledge of authors, no phenomenological model has demonstrated such capabilities
to describe so completely a so wide diversity of behaviors. The model demonstrated its strength
especially when phase transformation induced by multi-axial thermomechanical load was not fully
finished and unloading begins. [18] and [30] has presented a summary of most classical existing
models in the recent twenty years. A brief comparison between several most classical models
including our model is proposed in Table 6, underlining the relatively universal character of the
present modeling. On the other hand, the robustness and simplicity of stochastic modeling must
be underlined: for example, the computation time to obtain a 2D transformation stress threshold
(3.6 x 10° stress points !) takes 8 hours for the investigated NiTi polycrystalline containing 413
grains (about 8 ms per point) with a processing power of 20 parallel x2.2 GHz computers.
Improvements are however possible. It has been for example shown that the R-phase to
martensite peak emission during a DSC scan is not properly modeled (insufficient width). Indeed
the mechanical incompatibility is not taken into account at the variant scale. The
implementation of a spatial heterogeneity of germination and associated variants prohibition (see
the work of [36]) would probably slow down the transformation. The definition of a specific
interaction matrix is another possible solution to take these phenomena into account in a
modeling, as proposed by [35] and [31]).

No validation of the model in the strict sense of the term has been proposed in this paper. As
already explained, this essential step can only be done once this model implemented in a
structure calculation allowing to adequately reproduce heterogeneous chemical, thermal and
mechanical fields. This work is in progress.
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Appendices

A Kinetic Monte-Carlo algorithm flowchart at grain scale

Init. at step Specify ¢ and T, then W

time ¢ € [t,, tn41] obtain ¢(i,o,T) at time ¢ J

update M (i,7) at ¢

d n
Yoy = > MG.)10)
Evaluate Mas- j=1

ter Equation obtain ((t) and y(u,t)
and transition prob-
ablity function p;(7)

Generating 7 based on p; ()

. Check if T >dt
Time step RNG  F------------ > r<dt
T <dt
Transformation Reposition
Transformation | triggered, No trans- t bpetween
type RNG RNG p based formation ¢t and t
on py(u|7) " m
Based on (7, )
w=0,7=dt
t!=t+7anddt=171
Update volume | N df (u,t) = M (4, i) f(§, )7
fraction and time (i, ") = f(i,t) + df (u,t)
t=t'
Time-out Check if t < tstop, MOVE ON ( Update T by
verification | - t> tarop heat equation
if needed
t> tstop
Output f | ---—-- End loop, return interpo-

"| lated volume fractions f,(t)
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B Inversion Monte-Carlo Method to implement
Monte-Carlo step

The description of KMC in subsection 3.4 is nearly complete, except for how we randomly
generate transformation variables (7, ) at each step (this pair of variable is usually called
"Monte-Carlo step’). In this paper, we adopt the direct method (Inversion Monte-Carlo Method
[32] and [3]) to implement the Monte-Carlo step. Another numerical implementation approach
(called as ’first transformation method’) exists. Both methods have been demonstrated to be
exact and rigorous [10]). When the system exceeds three transformation types, the direct method
is more sufficient (for the case of Ni-Ti polycrystal, we have 272 different transformation types
between variants).

The ’inversion Monte-Carlo method’ provides a stochastic application to generate random
variables according to prescribed density probability functions, or by using random numbers
generated in the unit interval [0,1] (RNG application is available in softwares such as Matlab and
C++).

In this appendix, we detail this well known technique for both continuous variable applied for the
case of p1(7) — 7 and discrete variable applied for the case of pa(pu|7) — p.

We seek to generate a random variable y according to the one-variable density function p(y). By
definition, the probability that y is generated inside the interval [y’,y" + dy| is p(y')dy. Based on
it, we can build a parent probability function F":

F(y) = /pr(y’)dy’ (91)

Trivially, F(yo) measures the probability that variable y < yq (this function is defined as
probability distribution function). It must be noticed that with the normality of p(y), F' is built
to have this type of property and its monotony is ensured:

Fly=0)=0and Fly=00) =1 (92)
p(y) =0 (93)

Y

The basic philosophy of ’inversion method’ is that in order to generate a variable y based on p(y),
it is easy to select a random number (RN) r belonging to the unit interval [0, 1] and then take for
y a value that satisfies:

y=F"'(r) (94)

Where F~! is the inverse function of F' (the existence of F~! is guaranteed by Equation 92 and
Equation 93).
Thus considering probability p; (7), the parent function Fj(7) can be written as:

Fi(1) =1—exp(—(7) (95)
) (96)

1
7= -log(-
r

¢

With r uniformly distributed in the unit interval [0, 1]
In discrete case, the procedure is even more trivial. We calculate:

Fa(u) = > palplr) (97)

Fy(p—1) <r < Fa(p) (98)
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C Convergence of KMC algorithm - influence of

independent selections

When a complex thermo-mechanical loading is applied, the crystal system may encounter a
scenario where several variants exhibit the same Gibbs free energy density at current time,
meaning that the activation of these transformation types are equiprobable.

Unfortunately, KMC randomly choose one of the specific transformation types and moves
forward. Convergence to solution is not guaranteed. Other KMC tests are necessary. Indeed,
results are probably different but have the same tendency. In stochastic theory, the stochastic
average eventually converges towards the macroscopic average when enough independent tests

based on probability functions are performed.

Figure 25 illustrates this progressive convergence for DSC simulation with an increasing number

of numerical tests.
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Figure 25: Relation between convergence and number of independent tests
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D Heat equation in the framework of a stochastic
approach

The heat equation in the framework of a stochastic approach can be derived as follows.
We consider first a simple two phases (1,2) problem so that their volume fraction verifies
fi=1—1,fs = ¢ and are consequently only give by parameter 1. Volume fractions verify:

i+ =1 (99)

The equilibrium is supposed to be changed by stress o or temperature 7' as homogeneous
quantities over the volume. Some complementary usual hypotheses are used:

e homogeneous mass density p

e homogeneous stiffness C

e homogeneous heat capacity ¢,

e homogeneous thermal conductivity k

Gibbs free energy density of both phases is given by (s; and sy are written as temperature
independent. Results are the same by considering them as temperature dependent):

1
gl=h;—Ts;—~0:C:0—€":0

(100)
g2:h2—T32—§o:(C:a—e§":a
The average Gibbs free energy density is simply given by:
g = figl + fo02 = (g2 — gl) + gl (101)
leading to:
1
g=1(Ah —TAs — A€ :0) + hy — Ts; —§J:C:a—e§T ‘o (102)

where Ah = hy — hi, As = so — 51 and Ae'” = €5 — €} are the enthalpy density variation,
entropy density variation and transformation strain variation respectively. 1 is considered as an
internal variable of the macroscopic problem. so that g = g(¢,0,T).

Total deformation €, total entropy density s and thermodynamic force X associated with volume
fraction 1 are obtained thanks to:

d
e=—L _Cio4+ A + € = fier + foeo

do
d
5= _% =PAs+s1=Psa+ (1 —4)s1 = fis1 + fas2 (103)
:—%:—AHMHM’“:G:gl—g?

Indeed, if X > 0, the Gibbs free energy density of phase 2 is lower than for phase 1.
Transformation is favored leading to an increase of phase 2 associated with phase fraction .
This result is formally given by application of the second principle leading to the following
intrinsic inequality: )

—-X¢ >0 (104)

The heat equation (without internal convection) related to this two phases system comes from
the application of energy conservation:

% =0: €+ g, — div(qs) (105)
where ¢, represents the "other” heat sources (that can be considered as zero here since all heat
sources are derived from the other terms) and ¢ is the heat flux vector. The introduction of the
decomposition given by Equation 106 with associated variables and the Fourier law

(Equation 107) in the energy conservation relationship leads to the heat equation after few
calculations (see Equation 108) [11] and [21]).

u=g+Ts+o:¢€ (106)
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4 = —KV(T) (107)

C o+ (X — Td—X)w +KkALT (108)

T=-T—
Pep AT dT

Ay indicates a Laplacian operator.

de . . - . : .
—T— : 7 is the so-called thermoelasticity heat source term. This term is usually neglected in

phase transformation problems leading to few millikelvin temperature increase even in adiabatic
conditions (to be compared to dozens of Kelvin given by the second term). It will not be

dX
considered in the modeling. Quantity (X — Tﬁ) is the so-called latent heat denoted as L. It is

interesting to observe that this term is composed of the enthalpy density variation and a
mechanical energy associated with the transformation strain variation between the two phases:

L:X—T%:hl—hg—a:(eﬁr—e?) (109)
In the framework of the stochastic theory developed in the paper, transformation p: 7 — j at
time step 7 is considered. This transition involves two variants (mother and child variants that
can belong or not to the same phase) making this situation very close to the two phases situation
illustrated above. A specific latent heat L;; can be derived allowing the thermal effect of all
possible ¢ — j transitions to be estimated. Equation 110 gives this latent heat introduced in the
new heat equation valuable at time instant 7 for the considered p : ¢ — j transition.

Lij=hi—h;—0: (e? - efr) (110)
The temperature increment associated with time step 7 = t,, — t,_1 is simply given by:
AT (7, 1) = —— Ly df (7 1) + ——KALT (111)
PCp PCp
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