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Stochastic homogenization of Hamilton-Jacobi
equations on a junction

FORCADEL Nicoras!, FAYAD Rim!', IBRAHIM HASSAN 2

April 30, 2020

Abstract

We consider the specified stochastic homogenization of first order evolutive Hamilton-Jacobi equations on a
very simple junction, i.e the real line with a junction at the origin. Far from the origin, we assume that the
considered hamiltonian is closed to given stationary ergodic hamiltonians (which are different on the left and on
the right). Near the origin, there is a perturbation zone which allows to pass from one hamiltonian to the other.
The main result of this paper is a stochastic homogenization as the length of the transition zone goes to zero.
More precisely, at the limit we get two deterministic right and left hamiltonians with a deterministic junction
condition at the origin. The main difficulty and novelty of the paper come from the fact that the hamiltonian
is not stationary ergodic. Up to our knowledge, this is the first specified stochastic homogenization result. This

work is motivated by traffic flow applications.

1 General Introduction

In this paper we are interested in the specified stochastic homogenization of first order evolutive
stochastic Hamilton-Jacobi equations posed on the real line. Our work is motivated by the paper
of Imbert, Galise and Monneau [20] which studies the specified (periodic) homogenization of an
Hamilton-Jacobi equation with some applications in traffic flow.

Many homogenization’s results concerning the rescaling of traffic’s dynamics have been ob-
tained in the periodic setting. We refer for instance to [19, 18, 16, 17, 23] for micro-macro
passage. In this setting, all the drivers are assumed to be identical (or if we have different types
of drivers, they are periodically distributed). From a modeling point of view, this assumption
allows to get very interesting results and to justify macroscopic models but it is not very realistic.
In this paper, we investigate the stochastic setting in which the type of drivers are randomly
distributed. A first result concerning the stochastic case were obtained recently in [10] and
concerns the micro-macro passage in a single road with a stochastic distribution of the drivers.
In this paper, we consider a stochastic hamiltonian describing the traffic on a single road (i.e
the real line). The main difficulty and novelty come from the fact that, at the origin, we assume
that there is a local perturbation. The typical examples we have in mind are a speed traffic sign,
a slowdown near a school or due to a car crash near the road for example). Then we assume
that far from the origin, the hamiltonian is closed to two given hamiltonian (one on the left
and the other on the right) and near the origin, there is a perturbation and a transition zone
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which allows to pass from one hamiltonian to the other. The goal of our paper is to understand
which is the limiting model as the length of the transition zone goes to zero. At the limit we
will recover two (deterministic) hamiltonians on the left and on the right, with a (deterministic)
junction condition in the origin.

The stochastic homogenization of Hamilton-Jacobi equations has been extensively studied
since the pioneer work of Souganidis [37]. We refer for example to [6, 8, 21] for the case of
first-order convex and quasiconvex Hamilton-Jacobi equation, to [7, 9, 5, 31] for second order
convex and non-convex Hamilton-Jacobi equation, and to [28, 35] for the case of hamiltonian
depending on time. Concerning the specified homogenization in the periodic case, we refer
to [1, 20, 29]. Nevertheless, up to our knowledge, this is the first result concerning specified
stochastic homogenization. The main difficulty in this setting comes from the fact that the
hamiltonian is no more stationary ergodic, which is an essential assumption in the rest of the
literature. To overcome this difficulty, we will use some technics developed in [6] to obtain
quantitative homogenization result’s.

2 Assumptions and main results

We begin this section with several assumptions, on a hamiltonian H = H(p,y,w), needed to
prove our stochastic homogenization result. First we want to define the probability space, so we
define for all V' € B, where B denoted the Borel o-algebra on R, the o-algebra F (V') by

F(V) := {o- algebra generated by the maps: w — H(p,y,w),Vy € V,p € R}.

Let F = F(R) and (2, F, P) be a probability space.
For all w € 2, we consider the equation, for all T" > 0,

ui(t,y) + H(Du,y,w) =0 in (0,T) X R,

where the hamiltonian H : R x R x 2 — R is measurable with respect to B x B x F.
We make the following assumptions on H.

(H1) Regularity with respect to p: H is Lipschitz continuous with respect to p uniformly in
(y,w).

(H2) Boundedness of H in (p,y): There exists ¢, Cp,y > 0, such that for all p,y € R, and
w € Q we have

—colp+v| < H(p,y,w) < Colp + 7.

In particular, we obtain that for every R > 0, the family of functions {H(-,-,w);w € Q} is
bounded for (p,y) € Br x R, with Bg a ball of radius R in R.

(H3) Uniform coercivity: H is coercive with respect to p, uniformly in (y,w), i.e

lim inf H(p,y,w) = +o0.
|p[—=+o00 (y,w)

(H4) Uniform modulus of continuity in space: There exists a modulus of continuity w such that
Vz,y,p € R and w € Q we have

|H(p,y,w) — H(p,z,w)| < w(|z—y|(1+|p)).

(H5) Convexity: For all (y,w), the hamiltonian p — H (p, y,w) is convex.



(H6) A unique lower bound for H: For all y,p € R, and w € Q we have
H(p,y,w) > H(0,y,w). (2.1)

Remark 2.1. We can consider a hamiltonian given by traffic flow modelling (see [24]) such
that, there exists pg € R such that for all y € R,w € Q0 we have that

H(p,y,w) > H(po,y,w).

We obtain the same results by defining a hamiltonian H given by

H(p,y,w) = H(p— po,y,w)
which verifies (H6).

(H7) Left and right hamiltonians: There exists two stochastic hamiltonians Hy, and Hp such
that H is equal to Hy, near —oo and to Hgr near +o0o. More precisely, we assume either:

(H7-WFL) The hamiltonian H can be written as follow

H(p,y,w) = ¢(y)Hr(p,y,w) + (1 = ¢(y))Hr(p, y,w), (2.2)

where ¢(+) is a non-increasing function in C*°(R), given by

¢(y)_{ 0 ify>1.

or

(H7-¢) There exists an Hamiltonian Hy > Hp, Hy, such that the Hamiltonian H is given,
for € > 0, by

H(p,y,w) = Y1(—y)Hr(p,y,w) + Ho(p,y,w)(1 — 5 (=y))(1 —¥i(y)) + ¥i(y)Hr(p, v, w),)
(2.3
with 9] € C*°(R) satisfying

1 y>l
w‘i(y)={0 0
Yy N

Remark 2.2. In (H7-¢), the Hamiltonian H depends on . Nevertheless, to simplify the no-
tation, we don’t explicit this dependence. Note also that the power of ¢ (—1/2 here) is fized to
simplify the presentation, but one can replace e 3 by e, with a € (0,1), in the definition of
Vi and the homogenization result will still hold true.

Remark 2.3. Let us give some explanations on Assumptions (H7T-WFL) and (H7-¢). In fact,
in Assumption (H7-WPFL), the hamiltonian pass in a conver way from Hy, to Hr and we will
see that in that case the flux is not limited. The typical example we have in mind is a speed
reduction or increase near the origin. On the contrary, in Assumption (H7-¢), the speed is
reduced near the origin. The typical example we have in mind is Hy = CHp, with C < 1 (in
traffic modelling, hamiltonians are negative) which represents a slowdown near the origin (near
a school or due to a car crash near the road for example). In that case, we will see that the
flux is limited by this slowdown. Let us point out that in the case where the flux is limited,
we have to consider a perturbation zone of radius 1//e. After the rescaling, we will see that
the radius of the perturbation will be \/e. This radius is necessary to get the convergence of u®
to a deterministic function. In particular, we will present a counter-example in Section 4.5.3
showing that if 1] doesn’t depend on € then, the limit can’t be deterministic.



The probability space (Q,F, P) is endowed with an ergodic group (7;).cr of F—measurable,
measure-preserving transformations 7, : 2 — €. That is, we assume that for every z,z € R and
AeF

Totz = Tz 0 T, and P(7,(A)) = P(A),

and
if 7,(A) = A, Vz € R, then either P(A) =0 or P(4) = 1.

(H8) Stationarity of H,: The hamiltonians H,, for a = L, R,0, are stationary in (y,w) with
respect to the group (7;).cr, that is, for every p,y,z € R and w € ,

Ho(p,y + 2,w) = Ho(p,y, 72 (w)).

(H9) Ergodicity: The probability P satisfies a unit range of dependence:
For all U,V € B such that d(U,V) > 1, we have that F(U) and F(V) are independent.

For simplicity of notation, we call (H) the set of assumptions (H1)-(H9). If we want to specify
which assumption is satisfied in (H7), we denote it by (H-WFL) or (H-¢).

Remark 2.4. Let us note that, even if Hg, Hy, Hy are stationary ergodic, due to its particular
form (see (2.2) or (2.3)), H is no longer stationary ergodic.

We now give an example of a Hamilton-Jacobi equation, inspired by traffic flow modelling,
which verifies (H). Let V, : Rt — R, a = L, R,0, and ¥ : R x Q@ — R be four functions
satisfying the following assumptions:

e V,, is Lipschitz continuous and positive.

e V,, is non-decreasing and lim V,(h) =V%,, < 4o0.
h—+o00

There exists h§ such that V,,(h) =0 for all h < hg.

e There exists p € [—1/h{,0) such that the function p — pVa(—%) is non-increasing in
[—1/h§;p) and non-decreasing in [p, 0).

1 is stationary in (y,w) with respect to the translation group (7)., that is, we assume
that, for every y,z € R and w € 2 we have

Y(y, w) = Yy + 2,w).

e ¢ is a positive, Lipschitz continuous function with respect to y.
e ¢ is bounded for all y, w.

e For each U € B, we denoted by F(U) the o-algebra generated by the sets {w — ¥ (y,w);y €
U}. We have that for U,V € B such that d(U,V) > 1, F(U) and F(V) are independent.

A typical hamiltonian for traffic flow is given by

(—=p — D — ko), p < —ko — P,

- 1 - -

H(p) = Ip+pIVa<p+ﬁ>, —ko—p<p<-p,
(p+ﬁ)7 p>_ﬁa



where kg = 1/h§. We then add a stochastic perturbation by considering

Hoz(p7 Y, w) = H;(p)¢(wa y)

which satisfied assumptions (H). In this setting, the variable y represents a (continuous index
of) vehicle and so the perturbation v explains how the velocity of this vehicle is modified (for
example if the vehicle y is a car or a truck).

2.1 Main result

The main result of this paper is a stochastic homogenization result. We consider the following
rescaled problem, for T' > 0,

Yy
u€+H<Du5,,w) =0 (t,y) €(0,7T) xR,
; ! (t.y) € (0,7) o

us(()? y7w) = uo(y) y € R,

where the hamiltonian H satisfies assumptions (H), and ug is a Lipschitz continuous function.

Remark 2.5. Under Assumption (H-€), the radius of the perturbation zone becomes of order
Ve and will disappear as € — 0. Nevertheless, we will see that the macroscopic model we obtain
below will keep into memory the presence of this perturbation via the fluz limiter A at the origin.

We also consider the deterministic limit problem given by

u; + Hp(Du) =0, y<0,te(0,7T),

us + Hr(Du) = 0, y>0,te(0,7T),

ug + max (4, FZ(Du(O_),FI_%(Du(OJF)) =0, y=0,te(0,T), (2:5)
u(0,z) = uo(y), y €R,

where F: are the increasing and decreasing part of H, and given by the following definition

Definition 2.6 (Definition of the increasing and decreasing part of the hamiltonians H,). For
a € {R, L}, FZ denotes the non-decreasing part of Hy, defined by

oy [Fal) P20
P=1w,  irp<o,

F-l—

«

and H, denotes the non-increasing part of Hy, defined by

- Ho(p) ifp<0
H, if p>0,

where H,, = mpin(ﬁa(p)).

In model (2.5), the constant A is called the flux limiter and explains how the flux is reduced
at the origin (by the presence of the perturbation). We refer to [25] for more explanations on
this flux limiter.

The goal of this paper is to prove that the solution of (2.4) converges to the solution of (2.5)
as € — 0. The homogenization result is given in the following theorem



Theorem 2.7 (Stochastic homogenization result). Assume that (H) is satisfied, ug is a Lipschitz
continuous function and for € > 0, let u® be the solution of (2.4). Then there exists two
deterministic, convex and coercive hamiltonians Hy, and Hpg, a deterministic flux limiter A and
an event Qo C Q of full probability, such that for each w € Qy, the unique solution u®(-,-,w) of
(2.4) converges locally uniformly in R, as e — 0, to the unique deterministic solution u of (2.5).

Remark 2.8. If Assumption (H7-WFL) is satisfied, we will see that

A= max(n}nin FR(Z)), mpin Hy, (p))-

From a traffic point of view, this means that the flux is not limited by the perturbation. On the
contrary if (H7-€) is satisfied then

A = minHo(p) > max(min 7 p(p), min 7 (p)

and the flux can be limited.

It is well known that to obtain a homogenization result, one have to introduce the so-called
correctors. In the periodic case, the corrector is defined on the cell domain (see [14, 15, 30]),
whereas in the stochastic case, this corrector is defined on the wholedomain. Articles [12, 32]
prove that, in the general stochastic framework, the corrector does not exist. To solve this
problem, we will classically use a sub-additive quantity which is a solution of an intermediate
problem called the metric problem, see [36]. To obtain the homogenization’s result, it suffices
to prove that the metric problem homogenizes.

In this article, the sequence Qo C Q7 C Qo C ... is a sequence of subsets of  of full
probability used to keep track of almost sure statements.

2.2 Organization of the paper

This article is organized as follow. In Section 3, we introduce the metric problems far from
the junction and we recall some classical results about stochastic homogenization. Section 4
is devoted to the main results for the metric problem at the junction and in particular to the
definition of the deterministic flux limiter. The proof of the homogenization’s result for the
metric problem at the junction is given in Section 5. In Section 6, we give the main result
for the approximated correctors and we prove in particular that the rescaled approximated
correctors have the good slopes at infinity. Finally, in Section 7 we conclude with the proof of
the convergence result for the rescaled problem.

3 Metric problem far from the origin

In this section, we give some useful results obtained in [8, 21] for an ergodic stationary hamilto-
nian. To define the deterministic hamiltonians H;, and H g, we consider two metric problems,
defined by the left and right hamiltonians Hy, and Hg, as follows

{Ha (Dv(y,w) +p,y,w) = p, y€R\{0},

v(0,w) =0, (3:6)

with @ € {L, R}. Recent works in stochastic homogenization prove that the set of solutions of
(3.6) is included in

S" = {¢; such that ¢ € Lip and strictly sub-linear},



where Lip denotes the set of real-valued global Lipschitz functions on R. This result is proven
in [8, 21].

Proposition 3.1 (Existence of a solutions for the metric problems [8, Proposition 3.2]). We
set, for w € €,

o (w) = inf{y; s.t there exists a function v € Lip which satisfies Ho(Dv,y,w) < p in R}.

We have by stationarity and ergodicity, that pk(w) = pf almost surely on w. For all pu > pk,
there exists a Lipschitz continuous solution mj; of

{ He (Dmiy(y,0,0),y,w) = p y € R\ {0}, (3.7)

m;;(0,0,w) = 0.

For all pn > inéf sup Ho(Dv + p,y,w), the function mj; — py is the unique solution of (3.6) in
ve /yeR

S, where
S, = {¢; such that ¢ € Lip; liminf |y| ™ é(y) > 0}.
ly|—-+o0
Proposition 3.2 (Properties of my [8, Proposition 3.2]). The solution my, is the mazimal sub-
solution of (3.7) in the sense that, if v is a Lipschitz continuous function and is sub-solution of
Hy(Dv,y,w) < p in R then

v(-,w) —v(0,w) <my(,0,w) in R.

e

Moreover, my,

is sub-additive i.e for every x,y,z € R

my (2,2, w) <my(y, z,w) +my(2,y,w).

Proposition 3.3 (Homogenization of the metric problem [8, Proposition 4.1]). There exists an
event {3 C Q of full probability and a function Wy, such that, for every w € Q3, y € R and
> s we have
mo(ty,0,w)
% —m,(y) ast— oo, (3.8)
We can now define the deterministic hamiltonians H,.

Definition 3.4 (Definition of the effective hamiltonians far from the junction). The determin-
istic hamiltonians are given by

H,(p) = inf sup[Hy(D¢ + p,y,w)] = inf{y; m§ > p.y; Vy}.
€S’ yeR ’

It’s immediate from this definition and Assumptions (H) that H, are continuous, coercive and
convez in p.

We also have the following results, which will be useful in the rest of the paper

Lemma 3.5 (Representation formulae for my, [8, Lemma 4.2]). For every u > uy,

g (y) = max{p.y; Ha(p) < p}. (3.9)



Corollary 3.6 (New definition of u% [8, Corollary 4.3]). We have, under Assumptions (H)

fe, = HgnHa(p) = H,(0).

Proposition 3.7 (Equation satisfied by my, [8, Corollary 4.5]). For all u > pu,, the function

my, is the solution of the following problem

{Ha(szé(y)) =p, yeER\ {0}> (3.10)
0. .

m, (0) =

Proposition 3.8 (Approximated correctors far from the junction [8, Lemma 5.1]). For all
§>0,weQ andp € R, there exists a unique bounded solution v’ (-,w,p) of

6v] + Ho (DS + p,y,w) =0 in R.
In addition, there exists an event Qo C  of full probability such that for all w € Qo
602 (y,w,p) = —Ho(p) in a ball of radius 1/6.

Remark 3.9. Note that all the results presented in this section hold true for Hy.

4 Metric problem at the junction point

4.1 Definition of the metric problem at the junction and of the stochastic
flux limiter

This subsection is devoted to the definition of the flux limiter. In this subsection, we define a
stochastic flux limiter. We will show in sub-section 4.3 that, under assumption (H7), this flux
limiter is in fact deterministic. We begin by the definition of the metric problem at the junction
point: for w € 2, u € R, we consider

{H (Dmy(y,0,w), y,w) = p, y € R\{0},

m,(0,0,w) = 0. (4.11)

The main difficulty comes here from the fact that the hamiltonian H is not stationary ergodic.
As in the classical case, we start by the definition of the smallest value such that the metric

problem admits a sub-solution and we denote it by A(w):
A(w) = inf{p; there exits v € Lip; H(Dv,y,w) < pin R}.

Contrary to the classical case, this constant is a priori not deterministic. Nevertheless, using
(H7), we will prove that it’s deterministic.
We begin by a new definition for A(w).

Lemma 4.1 (New definition of A(w)). Assume (H1)-(H6), then, for all w € Q, the stochastic
flux limiter A(w) is given by

A(w) = inf sup H(Dv,y,w) = sup H(0,y,w) < co.
veLip y€eR y€eR



Proof. Note first that Assumption (H6) implies that

inf sup H(Dv,y,w) =sup H(0,y,w).
vEeLip yeR yeR

Let w € Q). We first prove that

A(w) > sup H(0, y,w).
yeR

By definition of fl(w), for n > 0, there exists y, € R and v, € Lip such that p, < fl(w) +n, and
H(Duvy,y,w) < pipy < A(w) +n for all y € R.
Assumption (H6), yields that

sup H(0,y,w) < A(w) +n for all n > 0.
yeR

Letting n — 0, we obtain the result.

To prove the reverse inequality, we consider u = sup H(0,y,w) < oo. Then all constant
yeR
function v are solution of

H(DU,y,LL)) = H(anaw> S M,
and so, we get A(w) < p. This implies that A(w) = sup H(0,y,w) < oo and concludes the

yeR
proof. O

We now give an existence result for the metric problem.

Theorem 4.2 (Existence of solution for the metric problem). Assume (H1)-(H6). For all
w e Q and p > Aw), there exists a solution m,(-,0,w) € Lip of (4.11).

In order to prove Theorem 4.2, we need a comparison principle for equation (4.11).

Proposition 4.3 (Comparison principle for (4.11)). Assume (H1)-(H6) and fiz w € Q and
p > A(w). Assume that w € USC(R\ {0}) and v € LSC(R\ {0}) are respectively a sub- and a
super-solution of (4.11). Assume also that |1i|rn inf |y|~tv(y,w) > 0 then

Y|——+00

u(-,w) <wv(,w) in R\ {0}.

Remark 4.4. Note that if u is a solution of H(Du,y,w) < p then by coercivity assumption
(H3), w is Lipschitz continuous.

Proof. We want to prove a comparison principle on an unbounded domain for unbounded func-
tions. First, since u is a sub-solution of (4.11) then it’s Lipschitz continuous and we have

L = limsup |y| " u(y) < oco.

ly|—o0

It’s enough to prove this result for L > 0, since otherwise the result is immediate from the usual
comparison principle on bounded domains (see [11]). We define

E={0<A<1:liminf v(y,w) — Auly, w)

> 0},
ly|—-+o0 |y



and v = sup E. By assumptions, we have that v > 0 and [0,v) C E. We also have that, for any
0<n<n,
lim inf U(y,(.U) - ’)’U,(y,(.U) — liminf v(y,w) — (7 - 77)“(97“1) o nllmsup U(y,UJ) > —77L
ly| 400 Yl ly|>+o0 |yl yl—too |Vl

Hence letting n — 0, we get v € E and E = [0,7].

We now show that v = 1. By contradiction, assume that v < 1. Fix 0 < A<~y <1, R,np >0
(to be selected below) and 0 < § < min(3(1 — A),n/2L). We define @ = (A + d)u. Using the
convexity of H in p, we have

H(Da,y,w) < (A+0)H(Du,y,w)+ (1~ (A+8))H(0,y,w) < A+0)u+(1-(A+0)Alw) < p—a

for some a > 0 depending only on A. We also define & = v+ n((R% + |y[*)"/? = R) = v +n¢r(y).
Since H is Lipschitz continuous in p, and for a suitable 7, we have that

H(D?,y,w) > p—a.
Since A € E and by the choice of §, we deduce that

ly| =00 Yl

>n/2>0.

Hence, we can apply the comparison principle for bounded domains to @ and © in order to get
u—0<0inR\{0}.

Letting R — +o00, we deduce that, since ¢pp — 0,
u—v<0in R\ {0},

ie.
A+ d0)u—v <0. (4.12)

Dividing by |y| and taking the lim sup, we get

limsup |y| (A + 6)u —v) <0

ly|—o0

and so A+ € E. Taking A = v, and § > 0, we get that A + & > ~, which is a contradiction
with the definition of 7. So we obtain that £ = [0, 1].
Using the same arguments and taking § = 0 and A — 1, we deduce the result using (4.12). [

We now give the proof of Theorem 4.2
Proof of Theorem 4.2. Fix w € Q and let p > A(w). We set
M = {v € Lip such that H(Dv,y,w) < u},
and for each y € R,

myu(y,0,w) = sup{v(y,w) —v(0,w)}.
veM

10



Since p > A(w), we have M # (), so the previous supremum is well defined. We now want to
show that m,, is finite. To do that, we introduce a regular function 1 defined on R, for C), large
enough, by

P(y) = Culyl.

The coercivity of H yields that 1 is a global super-solution of (4.11). Then the comparison
principle Proposition 4.3, applied to v(:,w) — v(0,w) and 9 for each v € M, yields that

v(y,w) —v(0,w) < U(y),
which implies that
m#(ya Oa w) § ﬂ)(y)a
and so m,, is finite. Using that, for all v € M,

H(0,y,w) < HDv,y,w),

we deduce that 0 € M and so m,(y,0,w) > 0. Moreover, by construction we have that m, is a
solution of
H(Dv,y,w) < p for y € R,

and satisfies m,(0,0,w) = 0. In particular m,, is a sub-solution of (4.11). The fact that m,, is
a viscosity super-solution follows directly from the definition of m, and the following lemma

Lemma 4.5 ([13, Lemma 2.1]). If v € M is not a super-solution of (4.11) then there exists
u € M such that
v(y,w) < u(y,w) at some y € R.

It remains to show that there exists a solution for p = fl(w). We have, by definition of m,,,
that the map
p— my(y, 0,w) is non-decreasing for p > A(w).

We then define, for all y € R,

m i ,0,w)=inf my(y,0,w)=lim m,(y,0,w).
0w = il T Oel= i, e )
By stability, we deduce that m g, (,0,w) is a solution of (4.11). O

4.2 Properties of the solution of the metric problem

For all w € Q, > A(w) and x € R, we consider

{ H(Dmu(y’wi))y’w) =M, Y € IR\ {‘T}a
my(z,z,w) = 0.

(4.13)

As in Section 4.1, we can prove that there exists a solution m,(-,z,w) of (4.13) given by the
following representation formulae

mu(y, z,w) = sup{v(y,w) — v(z,w);v € Lip such that H(Dv,y,w) < p in R}. (4.14)

Remark 4.6. In the case of stationary ergodic hamiltonian, we have m,(y, z, T_yw) = my,(y —
x,0,w) (see [6] for example). In our case, this property is no longer true.
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We can extend this definition from {z} to any arbitrary compact K C R and we define

mu(y, K,w) = ;32;( sup{v(y,w) — v(z,w);v € Lip such that H(Dv,y,w) < p in R}.

The function m,,(-, K,w) is then a solution of the following problem

{H(Dmu(-,K,w),y,w)zu y ER\K, (4.15)

mu(-, K,w) =0 in K.

Proposition 4.7 ([6, Proof of Proposition 3.6]). For every w € Q and p > A(w), the func-
tion my (-, K,w) is the unique nonnegative solution of (4.15) and is also given by the following
representation formulae, for ally € R\ K

mu(y, K,w) = JCiélf{sup{v(y,w) —v(z,w);v € Lip such that H(Dv,y,w) < p in R\ K}. (4.16)
A direct consequence of the previous proposition is the following corollary.

Corollary 4.8. The function m,(-, K,w) is F(R\ K)-measurable.

The functions my (-, z,w) and m,(-, K,w) satisfy several properties that are recalled in the
following proposition.

Proposition 4.9 (Some properties of my). For all w € Q and p > A(w), the functions
my(-, z,w) and my(-, K,w) verify the following properties

o IfU CR is open, x € R\ U and u verifies
H(Du,y,w) < p in U,
then

u—my(-,z,w) < max (u(y) —mu(y,z,w)) in U. (4.17)
yeolU

o For ally,z € R we have

mll(yaxaw) S mu(y7 Zaw) + mu(za wi);

o my,(-,x,w) is equivalent to the euclidean metric, i.e, for w € Q; there exists l,,L, > 0
satisfying, for some C',¢ >0, d(p — A(w)) <1, < L, <’ such that

Oglu|y*$| gmu(y,x,w) SLu|y*x|§ (4'18)
e Forallze R\ K andy € R\ K" where K, K" two compacts in R, we have
Imy(z, K,w) —my,(y, K' ,w)| < L,(|z — y| + disty (K, K")), (4.19)

with disty is the Hausdorff distance given by

disty(F, F) = max < sup inf |y — x|, sup inf |y — x| p .
yeF 2€E yeE TEF

e For every open set U CR, x € U and y e R\ U

mu(y, $,W) = nel(’l)IIlJ (mu(ya Z,W) + mu(zvwi)) . (420)

12



Proof. The proofs of these properties are based on the maximality of m,, assumptions (H2),
(H3) and the comparison principle Proposition 4.3. In particular, these properties don’t use
the stationarity of H. For the reader’s convenience, we just prove inequality (4.18), the other
proofs being similar to the ones in [6, Proposition 3.1].

Since the hamiltonian H is coercive, convex and verifies (H6), then for all y > A(w) there
exists p,f > 0 and p, < 0such that H(p,,y,w) = H(p, ,y,w) = pu. Moreover, for all p € [p, ,p/],
we have that H(p,y,w) < pu and

= A(W) < H(pj:,y,w) - H(Ovva) < C|pg:4t|

Let I, = 1(n— A(w)). Then we have that py <~y <lu(y—2)/ly— x| <1, <p). Hence, the
function y — [, |y — x| satisfies

H(lu(y —x)/ly — 2|, y,w) < p.

So, by the maximality’s property of m,(-,z,w), we obtain the left side of (4.18). For the second
inequality, we have that the function y — L,|y — | is, by coercivity of H, a super-solution of
(4.13), for L, large enough. Then we obtain the right side of (4.18) by comparison. O

We now give some consequences of the properties given in Proposition 4.9. In particular, we
will give a localization property of the solution m,(-,z,w) of (4.13). We begin by the definition
of the sub-level set of m,, (-, z,w).

Definition 4.10. For each t > 0, u, we define the reachable set to x in time t by
Rut(x) =Rur = {(y,w) € R x Qymy,(y, z,w) < t},
and for w € Q and p > A(w),
Rt =1y €R;(y,w) € Ry}
If we consider, for x € R, U as
U={yeRmy(y,z,w) <t}
then (4.20) and Proposition 4.7 yields that, for every t > 0 and y € R such that m,(y, z,w) > t,

My, ,0) =t i m(y,%,0) = £+ m(y, R ). (4.21)
Ze w k)

u,t
Now using (4.18), we obtain that, for every ¢ and w,
Bir, € Ryt € Bip,s (4.22)

where By, is a ball of radius r centred in z. Then, R}, is a compact set in R. We now give the
property of localization of m, (-, z,w).

Lemma 4.11 ([6, Lemma 3.4]). For every w € Q, u > A(w), z € R, and u € Lip(Ry,),
H(Du,y,w) < p in R, implies that u(-,w) — u(x,w) < m,(, z,w) in Ry, ;.
Then we deduce that we can represent the solution m,(-,z,w) of (4.13) in Ry, as

my(y, 2, w) = sup{w(y, w) — w(z,w);w € Lip(R; ), H(Dw,y,w) < p in R}

13



Lemma 4.12. For every w € Q, u > fl(w) and 0 <t < s, we have that

1
dZStH( " R,lulf,s) < -

it (s—1). (4.23)

=

Proof. We have, for t < s, that R}, , C R}J ;. So to obtain the result it’s enough to prove that

1 —
R;Uj,s - Rb}j,t + E(S - t)Bl.

By (4.18) and (4.21), we have, for all y such that m,(y,z,t) > t, that

t+ 1, dist(y, U;i,t) <t-+ mu(y,R;‘j’t,w) =mu(y, z,w).

w

5.5+ We have that

In particular, for y € R
t+1ludist(y, Ry, ) < mu(y,r,w) < s.
Thus for all y € R} \ R, ;, we have

s—t

dist(y, R ;) < L

This completes the proof. O

4.3 Deterministic flux limiter

In this subsection, we show that under Assumption (H7) (either (H7-WFL) or (H7-¢)), the
stochastic flux limiter is in fact deterministic.

4.3.1 The case of Assumption (H7-WFL)

Theorem 4.13 (Definition of A). Assume (H-WFL). Then, there exists Q1 of full probability
such that, for all w € Qy, the stochastic flux limiter A(w) is given by

A(w) = A == max(u}, ).

Proof. We begin to prove that

A(w) = max(u, i), (1.24)
To do that we need the following lemma

Lemma 4.14. There exists Q21 of full probability such that for all w € 1, we have

sup HR(O,y,UJ) = SupHR(Oag/)w) and sup HL(anaw) = sup HL(O,y,W)-
y€[l,+o00[ yER y€]—o00,—1] yeR

Proof. We have to prove that

P( sup Hg(0,y,w) # sup HR(O,y,w)> =0.
y€[1,+00[ yER
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To simplify the presentation, we assume that  sup  Hpg(0,y,w) and sup Hp(0,y,w)
ye[2k,2k+1] yE[2k41,2k+2[
are F-measurable, otherwise, we have to approximate the sup by a sup on a countable set. By

assumption (H9), we have that either

P sup  Hp(0,y,w) <wpgp| <1 or P sup Hpr(0,y,w) < ui | < 1.
yE[2k,2k+1] yE[2k+1,2k+2]

We assume that P sup Hg(0,y,w) < puf | <1, the other case being similar. By assump-
y€[2k,2k+1]
tion (H9) we then have

P( sup HR(O,y,W) #SupHR(07y7w)>
y6[17+00[ yeR

=P <mn21 { sup HR(Ovva) < sup HR(O,y,CU)}>
yEn,n+1| yeR

<P <ﬁk>1 { sup HR(anvw) < sup HR(()?y’w)})
= €2k, 2k+1] yER

N
= lim P( sup  Hg(0,y,w) <;ﬁg>
ye€(

N—oo r 2k, 2k+1]
N
= lim [P sup  Hg(0,y,w) < pug =0.
N—roo yE[2k,2k+1]

O]

_ To prove that A(w) > max(uy, W), we assume, by contradiction, that A(w) < W (the case
A(w) < pj being similar). For all w € €4, we then have

sup HR(O,y,W) > A(L{}) = supH(O,y,w) > sup H(anaw) = sup HR(O,y,W),
yeR yeR y€[l,+o0[ yE€[l,4o0[

which is absurd.
We now prove that

Aw) < max(pz, tR)-
Under assumptions (H-WFL), we have that

{p; s.t Jv € Lip;max(Hr(Dv,y,w), Hr(Dv,y,w)) < pin R}
C{u; s.t v € Lip; H(Dv,y,w) < pin R}

then we get .
max(jif, ify) = Aw).

We conclude that A is deterministic in Q.
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4.3.2 The case of Assumption (H7-¢)

As in Proposition 3.1, we denote p§ by
wo = inf{u; s.t there exists a function v € Lip which satisfies Ho(Dv,y,w) < p in R}.

As in Corollary 3.6, uf = inf, Ho(p).

Theorem 4.15 (Definition of A). Assume (H-£). Then, there erists a decreasing sequence of
set Q5 such that P(25) = 1 — 0(e) with 6(¢) — 0 as € — 0 and such that, for all w € Q3, the

stochastic flux limiter A(w) is given by

Afw) = A = max(min Ho(p), min 7 (p), min H p(p)) = min Ho(p) = 5.

Proof. We begin to prove that
Alw) > pg- (4.25)

To do that we need the following lemma
Lemma 4.16. There exists a decreasing sequence of set Qj such that P(Q5) = 1 — 6(g) with
0(e) — 0 as € = 0 and such that, for all w € QF, we have

sup  Ho(0,y,w) = sup Hy(0,y,w).

vel 7l yeR

Proof. We have to prove that

P sup  Hp(0,y,w) # sup Hy(0,y,w) | =6(¢) > 0ase — 0.
vel 7,7l yer

To simplify the presentation, we assume that sup  Hy(0,y,w) and sup Hy(0,y,w)
yE[2k,2k+1] yE[2k+1,2k+2[
are F-measurable, otherwise, we have to approximate the sup by a sup on a countable set. By

assumption (H9), we have that either

P sup  Ho(0,y,w) <pu5| <1 or P sup Hy(0,y,w) < ug | < 1.
yE[2k,2k+1] y€[2k+1,2k+2]

We assume that P < sup  Hp(0,y,w) < ,LL6> < 1, the other case being similar. By assump-
ye(2k,2k+1
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tion (H9) we then have

P sup H0(07 y,(,U) < ,U,g
vel 7]

<P N { sup  Ho(0,y,w) < MS}

y€[n,n+1]

{ sup HD(O’ Y, w) < NB}
ye[2k,2k+1]

-4l

= P ( sup  Ho(0,y,w) < MS)
yE[2k,2k+1]

[SIE
—
|
SIL
I

1
.l
:<P< sup  Ho(0,y,w )<,u5>> =:0(s) > 0ase — 0.

yE[2k,2k+1]

D=

O]

To prove (4.25), we assume by contradiction that A(w) < u for all w € Q5. We then have

M6 = Sup HU(()?y’w) > A(W) = SupH(anvw) > sup H(anaw) = sup HO(anaw)a

yeR yeR 1
ve| ve|

SIL
SL

which is absurd.
We now prove that

Aw) < 15,
Under assumptions (H-¢) (and using that H < Hj), we have that
{p; s.t Jv € Lip; Hy(Dv,y,w) < pin R}
C{p; s.t Jv € Lip; H(Dv,y,w) < pin R}.
We then get }
o = Aw)

and we conclude that A is deterministic in Q3.

4.3.3 A counter example

In this subsection we present a counter-example showing that if the perturbation zone in (H7-
) doesn’t depend on ¢, then, in general, we don’t have the convergence result of u® to a
deterministic function. More precisely we cannot obtain a deterministic flux limiter and the

supremum sup H(0,y,w) depends on w since H is not stationnary. In particular, the limit of
yeR
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u® (if it exists, which is not clear in that case) can’t be deterministic. To show that, we give a
counter example for a Bernoulli process.
Given a probability space (Q,F, P), we define a Bernoulli process {X;};en such that, for
w e
_ ) 0 with probability p,
Xi(w) = { 1 with probability 1 — p.

We then define a C°°(R) function v such that

— Yo yl<1/2,
w@)—{o Wyl > 3/4,

where —1 < 1) < 0 is a constant. We now define a stationary ergodic function ¢ by
Py, w) = Py — 2k) Xp(w) + 1 if y € [2k — 1,2k + 1].

and a stationary ergodic hamiltonian

(_p_ﬁ_ ]‘@’O)T/J(W»@/)a p< _kO _ﬁ7

1
H —{ - SV (— y), —ko—p<p<—p,
(P, y,w) Ip +p|Vi( erza)@Zl(w Y) 0o—P<p<—p
(p+ D) (w,y), p > —p.

To define our Hamilton-Jacobi equation, we suppose that the right and left hamiltonians are
equal, i.e H, = Hp and we consider H : R x R x 2 — R, given by

H(p,y,w) = Hr(p,y,w)Y(y).

Hence Hy = Hrp. The main difference with Assumptions (H-WFL) is that the hamiltonian
is reduced near the origin (by the factor 1) and so H doesn’t satisfies min(Hp, Hr) < H <
max(Hp, Hgr). Moreover, contrary to the case of Assumption (H-¢), the radius of the pertur-
bation’s zone is fixed. In that case, which have been treated in [20] in the periodic setting, we
expect to have A > max (], (1), which means that the flux is limited at the origin.

In the stochastic setting, we can define two sets

Qo = {w e X Xo(w) =0} and Q) = {w € Q; Xo(w) =1}

with P(Q) = p and P(Q;) = 1 — p. For w € Qq, we have that

Aw) = sup (G HL0,.0)} =~I71V2 (= ) vo

yEeR

and for w € Q1 we have that

Aw) = sup (G HL0.p.)} = ~151Vi (= ) (05 + o)

yeR b

We then deduce that the flux limiter A is stochastic and that the limit of u¢, if it exists, can’t
be deterministic.
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5 Homogenization result of metric problems defined in half space

To prove the homogenization result for (2.4), it is necessary to prove a homogenization result
for the metric problem (4.13). This result is given in the following theorem.

Theorem 5.1 (Homogenization of the metric problem (4.13)). Assume (H-€) (resp. (H-WFL))
and let p > A. Then, there exists a decreasing sequence of set Q§ C Q5 such that P(Q5) = 1—0(¢)
with 0(e) — 0 as € — 0 (resp. Qo of full probability) and a function M, : R x R — [0, 400][ such
that, for every w € Qf (resp. w € Qg), we have

my(ty, te, w)

; — my(y, x) ast — oo,
where my, (-, x,w) is the solution of (4.13).

When the hamiltonian is stationary ergodic, it is well known that m,(y,«) is in fact a
function of y — x. This result is no longer true in our setting. Nevertheless, if z > 0,y > 0 or
x <0,y < 0, we recover this property. This is explained in the following theorem

Theorem 5.2. Under the same assumptions as the previous theorem, if moreover x > 0,y > 0
(resp. & <0,y < 0) then there exists ML : R — [0, +00) (resp. ML : R — [0,+00)) such that

My, x) = (y — x) (resp. =1, (y — ).

More precisely, if we define ﬁfj’i for a = R, L such that iﬁz’i >0 and
Ho(py™) = Hy (37) = 1.

then "

P (y—x)  fory>u;

P (y—x) fory<u.

I ity —x)  fory > x;
resp. my,; (y, ) =
1 —L—
Py (y—x) fory<um

m) (y, ) = {

In the rest of this section, we will only treat the case of assumption (H-¢), the case of
assumption (H-WPFL) being similar and even simpler.

The hamiltonian H is not stationary and then m, and Dm,, are not stationary. In particular,
we can’t apply the sub-additive ergodic theorem to prove the homogenization. To get the result,
we will use the ideas introduced by Armstrong, Cardaliaguet and Souganidis [6]. The proof
is decomposed into two steps. In a first time, we prove that, almost surely in w, the random
process %mu(ty, tx,w) is near to his mean for large ¢. Then, we prove that this mean converges
to a quantity, that we denoted by m,. The first part of the proof is given by the following

theorem.

Theorem 5.3 (Estimate on the fluctuation of my,). Assume (H-¢) and let € > 0, p > A and
my, be the solution of (4.13). Then, there exists C' > 0 such that for all X > 0, and y,x € R
such that |y — x| > 1, we have

(5.26)

—(M—A)V)
Cly—=z| )

P({w e 94, [mu(y, =,w) = E(mu(y, ©,0))[ > A}) < exp (
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Here and below, the expectation E is taken over w € Q. To prove this result we use an
argument inspired by the pioneering work of Kesten [26] in the theory of first-passage percolation,
who introduced a martingale method based on Azuma’s concentration inequality. This argument
is used in several works and we adapt the one developed in [6]. We also use the ideas developed by
Alexander about the level sets [2]. The Azuma’s inequality is given in the following proposition.

Proposition 5.4. Let {Xj}ren be a discrete martingale with Xog = 0. Assume that there exists
a constant B > 0, such that, for each k € N,

Sup | X1 — Xi| < B.

Then, for each A >0 and N > 1,
—)2
P(IXN| > A) < eap (232]\,) .

5.1 A discritization scheme

To obtain the inequality given in Theorem 5.3, we want to define a specific martingale and then
use Azuma’s inequality. To do that, we use the localization property of m,. For this reason, we
start by introducing a discretization scheme, where we apply the result for

Ro:={y € Rymy(y, z,w) <t}

in order to use the independence hypothesis (H9).
We define, Vr > 0,
Kr={AeB;A=AC [z —r,z+7]}
the set of compact in R. In particular, (KC,,disty), where disty is the Hausdorff distance,
is compact (see Munkres [33]). We fix a small parameter 6 > 0. Then, there exists | € N
(depending only on ¢ and r) and a partition I'1,...,I; C K, of K, into Borel subsets, such that

diamy (IT';) < 0.

Let K, = U k. Then VA € K, there exists a unique 1 < m < [ such that A € I';;, and so
kETm

A C K,,. We define K,, = K;,+] — 1,1[ so that d(K,,,R\ K,,) = 1 and so assumption (H9)
implies that .
F(K,,) and F(R \ K,,) are independent.

Moreover, VA € I, , if A € T, then
ACK,, CK, CA+ Bi.

To define a martingale, we have to define a filtration. We define {F,,;}i>0 by Fpo = {0,Q}
and, for all ¢ > 0,

{Fut} = o-algebra generated by w — H(p,y, W)l{w;yeR;’t}’ y,p € R.

In particular, for all ¢, s such that 0 < ¢ < s and w € £, we have: R}, C Ry so Fut C Fpus
and then {F,,;};>0 is indeed a filtration. We also have for all y € R, that

w— mu(y,x,w)l{w;yenﬁt}(w) is F,,+ measurable. (5.27)

Indeed, this is a direct consequence of the fact that, using Lemma 4.11, we can restrict the
representation of m,, in R;.
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5.2 Proof of Theorem 5.3.

Proof. We fix x,y such that |y — x| > 1 and we define T'= L,|y — z| and r = % where [, and
L,, are given in Proposition 4.9. Then, using (4.22), we have

Rir Cle—rx+r] (5.28)

So, for every w € Q, we have that the T-sub level of m(-,z,w) is in ;.
The idea of the proof is based on Azuma’s inequality, which gives the estimation of the
variance. We define the martingale adapted to {F,;}, for every ¢t > 0, by

Xt(w) = E[mﬂ(yv'xawﬂfﬂyt] - E[mﬂ(yax>w)]'

Since, by (4.18)
mu(y,fL',W) < Lu|y - .73| < T)

we deduce, for all t > T', that y € R}, C R};, and so by (5.27)
mu(y, T, w) = m#(y,x,w)l{w;yenﬁ’t}(w) is F,+ measurable.
This implies that
Xo =0 and X¢(w) = my(y,z,w) — E[m,(y,z,w)] forall t > T. (5.29)
To apply Azuma’s inequality, we need to bound |X; — Xg|. This is done in the following lemma

Lemma 5.5. We have the following inequality, for allt,s > 0,

L
sup |X¢(w) — Xs(w)| < Ly, +2-"F]s — ).
weNg lu

Proof. In all the proof, w is taken in Q5 (so that g > A = A(w)). By (5.29), it suffices to show
the result for s, < T'. For all 0 < t < s, (5.27) yields that

E [mu(y. 2. M guyers 31 Fos] = mu(y.2, )1 uyers
This implies that
Xy — Xy =E[mu(y,x, )| Fus) — Emu(y, z, )| Ful
=K {m#(y,a:, ')1{w»y€Ri,t} (Y, 2 ) L yemy ) 1, 78}
= B [mu(y, 7, ) L wers ) + 10,7, ) Ly, Fint (5.30)
—E [mu(y,:c, Vi yer, P 78] _E [mu(ym .)l{wvngu,tﬂfuvt} ‘

Moreover, by (4.21), we have

mﬂ(yu €, ’)1{w,y¢72u,t}(w) = (t + mu(yu Rﬂ,t’ w)) 1{w,y¢72u,t}(w) = t'l{w,yé'Ru,t}(w)—'_mu(yv R:,ta w)'
Injecting this in (5.30), and using that t.l{w7y¢7@ﬁ .} € Fut, we get

Xo = Xi = E{mu(y, Ry ) Fpus] = Elmu(y, Ryes )| Fe] - (5.31)
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Applying inequalities (4.19) and (4.23), we get

Ly (s —1t).

m#(ya Rw T
”w

(A

w) - m,u(ya Rb;j,sv W) < LudiStH(Ru ts R ) <

This implies that

L
Xs - Xt < Tu(s - t) =+ ’E [mu(y7Ru,s7 .)“F,LL,S] -F [mu(yv Lty )’}— ”
I

We now want to use the discretisation scheme to estimate E [m,(y, R, )| Fp,:] by approximat-
ing the integral represented by the expectation as a sum of characteristic functions. Inequality
(4.19) yields that

0 < mu(y, Ruts ) — mu(y, K, ) < Ludisty (R, Kp). (5.32)

syt

Using that

disty (R, K m) LR er,,} (W) Sdistu (R, Ry + Bris) Lwire er,,} (W)

<401 wre er,} (W),

we deduce that

mu(yv Ko, ')1{w;’R#,z€Fm}(w) < mu(yv R,u,t’ .)1{W;Rﬂ7t€r‘m}(w)
< (L1 +0) + mu(y, Kins)) L, cer (@)-

We now want to apply the conditional expectation. We recall that the result of [6, Lemma 4.2],
imply that for each 1 <m <[, >0, and A € F, 4, we have that

LanfwiRe ey} 18 F(K,,)-measurable

and

E [mﬂ(%[?mv ')1{w;RH,tEFm}’fltvt} =F {m,u(yaKmu )} 1{w;Ru,t€Fm}~

We then have 3
E |:m,u,(ya KM) )j| 1{w;Ry‘7t€Fm}

=F {mu(y, K, -)1{W;Ru,term}|}—u,t]
<FE {mu<y7Ru,t7 ')1{w;Ru,tEFm}’]: 715}
< (Lu(l +0)+E [mu(y, Ko, )D LRy €T}

The set {I'y,} is a partition of K, and R, € K, so for every 1 < ¢t < s < T we have
1{w;RM,tEICT} - {w;RMSEICT} =1 and so

(5.33)

E [mu(y7 ots )|‘F ] [mﬂ(yaku,ta ')1{w;Ru,t€KT}’fu,t} 1{w;7€u7s€l€r}

= Z E{m#(yvnu,ta')1{w;Ru,tEFm}|f ,t} 1{w;Ru,5€FJ‘}'
m,j=1
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Multiplying inequality (5.33) by 1{;R, .cr;} and applying the summation on m, j we obtain

l
Z E {m#(y,Km,-)] 1{W;Ru,t€Fm}1{w;Ru,s€F;‘}

m.j=1

l
< Z E {mﬂ(yanuyh ')1{w;Ru,tEFm}’]: ,t} 1{w;Ru,s€Fj} =F [mﬂ(yan,u,t? )"F ,t]

m.j=1

l
< L#(l + 5) + Z E [m#(ya K, )} 1{w;Ru,tEFm}1{w;RM,sEFj}'

m,j=1
Finally we conclude that

!
0 < Emu(y, Rut, ) Fut] — Z E [mu(y,Km,w)} LRy elm} YR, cer;y < Lu(1+9).

m,j=1

We repeat the same proof by interchanging the role of ¢ and s to obtain

l
0<E (mu(y’R,u,& ')‘]:u,s) - Z E (m,u(vaj)w)) 1{w;7€u,t€1"m}1{w;72“,s€1"j} < Lu(l + 5)

m,j=1
The last two inequalities yield that
|E[myu(y, Ry, )| Fus] — B [mu(y, Ry, ) Fuill

l
<L)+ Y |B [muy Bon)] — B [my(. Ky )]| Loy et Lompers) (5.34)

m,j=1
If for some m,j = 1,...,[, there exists w such that R}, , € I, and R}, ; € I'; then
Y, C Ky C Ky CRY, + Bigs
and
R:},s C Kj - Kj - R;’jﬁ + Bi4s,
which implies

. 1
disty(Km, Kj) < disty (K, Kj) < disty (R}, R, ) +20 < (s — 1) +20.

o~
=

We then get that for all m,j =1,...,1

< L#diSt'H(kma [N{J) 1{w;Ru,tEFm} 1{w;RN,sEFj}

L
< ( ZN (8 - t) + 2LM6> l{w;Ru,tGFm}1{W;R“,serj}‘
I

Injecting this in (5.34), we conclude that, for every 6 > 0

'E (M (Y Rysyss N Fus] — E Iy, Ry, )| F ]

L
<L,(1+6)+ (l“(s —t) + 2Lu5> .
n
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Using (5.31) and sending 0 — 0, we finally get

L
|Xs — Xy| < Lﬂ—l—QTM(s—t). (5.35)
17

O
The idea is now to apply Azuma’s inequality. For this reason we define the following mar-

tingale

- l
X1 = Xpp with h = é

Lemma 5.5 implies that . .
| X1 — Xi| < 2L,.

Applying Azuma’s inequality, Proposition 5.4, we obtain, for all A > 0 and N € N,

P({w € Q5, | Xy(w)| > \}) < exp <8££\]2V> :
LetNENsuChthat%§N<%+1. We have
Xy = Xr = my(y, @) — Elmy(y, z.)].
It follows that (recall that 7' = L,|y — x| and |y — 2| > 1)
T L+ 2L

NSE+1S L Ely — x|
We then deduce that
P({weqi, | —~ ALy
) ~ Elo .0 > ) < o0 gz )
N (u— A
< eap <8L3(2LM —(Flul“)\y)— a;\) '
This completes the proof of Theorem 5.3. O

5.3 Proof of Theorems 5.1 and 5.2

Proof of Theorem 5.1. For all uy > A, A = tA > 0 and §y = ty, T = tz such that |y — x| >
Theorem (5.3) yields that

|

2o
P <{w € 05, % |my(ty, te,w) — Elmy,(ty, tz, w)]| > )\}) < exp (—W) .

Then, using the following proposition

Proposition 5.6. [38, Proposition 8.4] LetY and (Yy,)n>1 real random variables defined on
(Q, F, P) and verify for all ¢ > 0,

Y P(Ya—Y|>¢) < +oo.

n>1

Then Y, — Y a.s.
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We deduce, for all z,y € R, that there exists QF C QF with P(Qf) = P(Q5) = 1 — 0(g) such
that

1
: Imu(ty, te,w) — Elm,(ty, tz,w)]| — 0 for all w € Q. (5.36)

This means that the random process %m#(ty, tx,w) is very close to his average for large t. So

to conclude the proof, it suffices to prove that this average converges to a deterministic quantity

which we denoted by m,. We know that the solution of the metric problem is sub-additive and

then his average too. Moreover by (4.18), m,(y,z,-) > 0 and so E(m,(y,z,-)) € RT U {+oo}.
We now use the following lemma.

Lemma 5.7 (Fekete’s Lemma). [22, Lemma 1.4] Let (up)n>1 be a sub-additive sequence. Then
the limit, when n goes to +00, of the sequence (un/n)p>1 exists and we have

u u
lim — = inf — € RU{—o0}.
n—+oo n n>1l n

This implies that the limit of w exists and we denoted it by m,(y,z). Injecting
this in (5.36), we get, for all u > A and z,y € R, that

my(ty, te, w)

" — M, (y, x) almost surely.

This ends the proof of Theorem 5.1 O

In order to prove Theorem 5.2, we need to determine the equation satisfied by m, when
x>0,y >0 (resp. x <0,y <0).

Proposition 5.8. For all p > A, and x > 0 we have that m,(-,x) € Lip is a solution of

{HR(Dm,U«(yax)) = U fO’f’y?él', y>07 (5 37)
my(z,z) = 0. ’

Proof. We prove that m,,(-, z) is a sub-solution for (5.37). The proof of super-solution is similar
so we skip it. Let ¢ be a test function such that m,(-,z) — ¢(-) attains a strict maximum point

at g # x, i.e
(M (5 2) = ¢()(y) < (M 2) — 6(-) () = 0 for y € Br(y) \ {y}
for 7 small enough such that Br(7) C]0, +oo[\{x}. Since the maximum is strict, we assume that
(Mu(-2) = () (y) < —k; for all y € OBx(7) (5.38)
for some k, > 0 small enough. We argue by contradiction, by assuming that
HR(¢'(7)) —p=10>0. (5.39)

Let p = ¢/(y) and mfw(-,x,w) be a solution of the metric problem, far away from the junc-
tion point (3.7), with H, = Hp and {0} replaced by {z}. We also know that v?(y,z,w) =
mfjﬁra(y, z,w) — p(y — x) is a solution of (3.6). In particular it’s a solution on ]0, +oo[\{z}. We
claim that, if n > 0 is small enough, then the perturbed test function

bn(y, x) = d(y) + "t <Z 20«1)
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is a super-solution of
0 . _
H <¢;](y7x)7 73;7(")) — M Z 5 m BF(y)7

for 7 > 0 small enough. To see this, let 1 be a test function touching ¢, from below at y; € Bx(7).
We have that 9(y1) = ¢,(y1). So we obtain that the function

() = ;wwy) — o(ny)

touches v from below at y;. Then we obtain that
i (0/(0) = ') + .2 0) = Tl

We deduce, using (5.39), the continuity of ¢’ and the fact that Hp is Lipschitz continuous, that
for n and 7 small enough (in particular such that %7—1 > %)

Y1 Y1
1 (0, 20) = = i (0, 20) = g
>H / Y1 = ’ ’ n
> Hg (¢ (y1>7;aw +0—Hr (¢'®) +¢' () — ¢ (yl)yﬁaw
> 0/2.
So the claim is proved. Using (5.38), we deduce, for 7 small enough, that
(y ° >+kT < ¢y for y € OB(7)
my, | <, —,w — r (7).
77 12 nu 17’ 2 — N Z/ T y
So by comparison principle we deduce that
(y L )+kr<¢ for y € B,.(7)
my, | <, —,w — r .
77 12 ,,77 77, 2 —= ¥n y T y
Now passing to limit n — 0 and taking y = 7 we obtain that

Ky N
mu(g7 1’) < m“(g,iﬂ) =+ 5 S ¢(y) = m,u(ya 1:)
This is a contradiction with the definition of k. > 0. This ends the proof. O

In the same way, we have the following proposition for x < 0,y < 0

Proposition 5.9. For <0, and for all > A, we have that my(-,x) € Lip is a solution of

{HL(DmM(y,J:)) =p fory#wz,y<O0 (5.40)

my(r,z) =0 fory =ux.

We are now able to give the proof of Theorem 5.2
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Proof of Theorem 5.2. We only prove the case x,y > 0, the other one being similar. To prove
the result, it is enough to prove that

mu(y, 7) = sup {p(y — 2); Ha(p) < p}. (5.41)
Inequality (4.18) yields that

mﬂ(ya l‘)

<L
ly — x|

then lim inf %’ygﬁ)
y—+oo 1Y x|

replaced by {z}) holds. Since the right hand side of (5.41) is a sub-solution of (5.37) then
Proposition 4.3 yields that

> 0 and so the comparison principle (Proposition 4.3 reformulated with {0}

My, @) = sup {p(y —=); Hr(p) < p}.

If the reverse inequality doesn’t hold, and since T, (-, x) is a Lipschitz continuous function, we
can find y > 0; y # x such that m,(-,z) is differentiable at y and

My, @) > sup {p(y — 2); Hr(p) < p}.

We also have, immediately from the form of the limit of w, that m, must be positively
homogeneous. The sub-additive property of m,, easily translates into subadditivity property for
m,, and therefore T, is convex. The function 7,(-,x) is differentiable at y then Dm,(y, ) is
in the sub- and the super differential of a convex function, then

my(y,z) = Dmy(y, z)(y — x).

This follows that

T (D (3, 2)) > .
This contradicts the fact that m, (-, z) is a solution of (5.37). This ends the proof. O

Combining Theorem 5.1, Theorem 5.2, Proposition 5.8 and Proposition 5.9 for z < 0 and
x > 0, we get the following result for x = 0.

Proposition 5.10. For all > A, we have that

mll«(tya 07 LU)

" — mu(y,0) = mu(y) for all w € Qf.

The function Ty, (-) is a solution of

Hp(Dmiyu(y,0) =p y >0,
Hp(Dmy(y,0)) =p y <0, (5.42)
m,(0,0) = 0,

and is given by
Rty y>0;

mu(y) = {

ﬁﬁ’*‘y y <0.
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5.4 Some properties of m,(z,y)

In this subsection we give some properties of the function m,(z,y). To do this, we consider the
hamiltonian G : R x R x  — R given by

G(p7 yaw) = H(—p,y,W)

The function G verifies assumptions (H), and the definition of A is the same.
Proceeding in the same way, we can prove that there exists, for € R, and for all 4 > A a
solution n,(-,z,w) solution of

{G(Dn,u(yax7w)ay7w) = K fory;éx;

ny(z,z) = 0. (5.43)

Moreover, n,, is given by
nu(y, x) = sup{v(y,w) — v(z,w); v € Lip; G(Dv,y,w) < pin R},

and so
nu(y, ) = my(x,y).

We also have that, for x > 0, y > 0 (resp. z <0, y < 0) that

nu(ty,tz) g _r
%*}ny(yfx) :mu(sn—y),

In particular,
— ﬁRv_
— —R 1
(Y —x) =m, (z —y) =
K K - ﬁﬁ’+(y —z) fory<uz.

(y—x) fory>ux;

6 Main results for the approximated corrector at the junction
point

For stochastic homogenization, it is well known that correctors don’t exist in general and one
have to introduce approximated correctors. At the junction, using the particular form of the
test function (see [24, Theorem 2.7]) and the ansatz

uf (t, ) = u(t,0) + v’ (e Ly, w)
the approximated corrector v® has to satisfy
50 (y,w) + HDV,y,w) =0 y € R, (6.44)

6v°(y,w) converges to — A in balls of radius 1/8

and
6v? (g,w) — Wi(y)

where W (0) = 0 and

PhyLliysor + Pryliy<or < W) < Dyliysor + Pryliy<o (6.45)
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with

P = sup{p, Hr(p) = A} P = inf{p, Hr(p) = A}

= - — and e — = (6.46)

by =inf{p, Hr(p) = A} Pr = sup{p, Hr(p) = A}.
Note in particular that if A > u%, then, by convexity of Hg, ﬁjg = ﬁj% = T)%Jr and the same
result holds for p; and p; . Theses results are made precise in the following theorem.
Theorem 6.1 (Approximated correctors). Assume (H-¢) (resp. (H-WFL)) and let ¢ > 0
small enough. Then for all0 < § < e < g, 7 > 0, there exists a solution v® of (6.44) such that,
for allw € QF° (resp w € Qp), v°(y,w) converges locally uniformly in y € B, s to —A, i.e, we
have that -

%E% |5v5(y,w) + A| =0 and for all y € B, 5.

In addition, if we define T° by 7°(y,w) = dv°(6 1y, w), then T converges locally uniformly, as
d — 0, to a function W which satisfies (6.45).

In the rest of this section, we will only treat the case of assumption (H-¢), the case of
assumption (H-WFL) being similar and even simpler.
6.1 Existence of approximated correctors at the junction point

This sub-section is devoted to the existence of approximated correctors at the junction point.
We will also prove that dv® converges to —A in balls of radius 1/5. We begin by the existence
result.

Proposition 6.2 (Existence of approximates correctors). Assume (H-¢) and let eg > 0. Then,
Jor every w € QF° and 0 < § < e < eq, the problem (6.44) has a unique bounded solution v0
which satisfies

|60 < E in R,

where E > sup |[H(0,y,w)| (E is finite and independent of w by assumption (H2)). Moreover,
yeR
v is Lipschitz continuous in R uniformly in §.

Proof. The solution is constructed by Perron’s method. Indeed, £F/¢ are super- and sub-
solution of (6.44). Then by Perron’s method, there exists a solution v° of (6.44) such that

|6v°| < E in R.

In addition, by coercivity of H, we have that v° is Lipschitz continuous in R uniformly in d.
O

To prove the convergence of 0v° in balls of radius 1/, we first demonstrate that this con-
vergence holds at zero. This result is given in the next proposition and the idea is to compare
v? and M7, 4> for @ > 0 small enough.

Proposition 6.3. For all w € Q°, we have that
50°(0,w) — —A.

In order to prove Proposition 6.3, we need the following result.
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Proposition 6.4 ([24, Proposition 2.15]). Let H : R xR — R, (p,y) — H(p,y), be a Lipschitz
continuous, quasi-conver and coercive function with respect to p and let a,b € R. Let u :
(0,T) x R — R. If u satisfies

ui(t,y) + H(Du,y) =0 for (t,z) € (0,T) x R,

then u satisfies
ut + H(Du,y) =0  for (t,x) € (0,T) x (a,b),
w+H (Du,y) =0 for (t,2) € (0,T) x {a},
ut+H+(Duay):0 for (t,$)€(O,T)X{b},

and
u(t,c) = limsup  u(s,y) for ¢ =a,b.
(s.:y)=(t.0),y€(a.b)

Proof of Proposition 6.3. To prove the convergence of (51}5(0,w) to —A, we prove, for a small
enough, that
|4+ 6v°(0,w)| < Ca.

First, by Proposition 6.2, we have
—A <5 (y,w).

Now we want to prove the reverse inequality. The idea of the proof is to compare m,(z,-,w),
for u closed to A, and v°. We set u = A+ «, with a < 1—16 and yo = 2r, with r > 0 to be defined
later. We then define the following function

P(e) = o(2,w) + mu(—yo, 2, w) + ax.

This function have a maximum in [—r, 0] denoted by M and reached in Z. We now want to show
that Z € [-%,0]. Since

¥(T) > 1(0),

we have
—az < (z,w) — v (0,w) + mu(—y0,Z,w) — mu(—yo,0,w). (6.47)

Now using the homogenization result of m,(—yo, z,w) (Theorem 5.1), we have

my(—2.r, z2.r,w)

1 %% - — —
sup }r‘mu(—%y,wwrpﬁ’ -(yo+y)‘= sup +P (24 2)[ =0,

y€[-r,0 z€[—1,0]

as 7 — +oo. Then there exists C such that for all r > C, we have

1 _
sup = |my(—yo,y,w) + -y +0)| < 0.
ye[—r,O} r

The constant C' > 1 can been choose large enough, so we suppose that C' > 16F, with F =

sup |H(0,y,w)| and we consider r = % > C > 1. We then have
yeR

_I— Ca
sup ’mu(—yo,y,w) +P (Y + yo)‘ <a’r< 5
ye[frzo]
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Injecting this in (6.47), we deduce that

—aT <v°(T,w) —v°(0,w) — (T + yo) + B yo + 2077

<V, w) — v°(0,w) + 2a°%r

2C
<03 (7, w) — v3(0,w) + TO‘ (6.48)
Using that
2F
1)6(f,w) - 06(07 w) < T
we finally get
C
—aT < —
aT <
and so
0>7 > ——
- T 4
We now duplicate the variables, by defining the following function
B o |z —y?
Pp(z,y) = v (2, w) + mu(—yo,y,w) + ax — v =" — Top

This function have a maximum denoted by My and reached in (zg,yp) € [—r,0] X [—r,0]. We
first claim that g9 — T as # — 0. Indeed, using the maximality of (zg,ys), we have that

U(T) + |29 — 2| = By(T, T) + |29 — 7|
< ®(zp,y0) + |vo — |

|zo — ol

< v5(g;0,w)+mu(—yo,x9,w)+a:c9+LM\:c9—yg| — 50

6
— 2
This implies that |z — z|? < Lig and proves the claim. We now claim that % — 0 as

6 — 0. First, by passing to the limit # — 0 in the previous inequality, we get that ®g(xg,yp) —
M = (). Moreover, using that

Moy > Dog(x0,y0) > Po(x0,ys) = My,

we get
 wg — yol?
0 < Pog(wg,yo) — Po(o, yp) = — = Mg — My — 0.
This implies that % — 0 and (z9,yp) — (T,Z). In particular, for § small enough, (zg,yp) €
] = 5,0]x] = 5,0
We now distinguish three cases

Case 1: zp,yp < 0. We can then use the inequalities satisfied by v and mu(—Yyo,-,w). We have
that v°(-,w) is a solution of (6.44), and x4 is a maximum point of v9(-,w) — ¢1(-), where ¢ is
defined by

|z — yol”

¢1(‘T) = _mﬂ(_y07y97w) —azr + |$ - j|2 + 20

31



Hence

Zo — Yo
0

We also have that y — n,(y, —yo,w) = mu(—yo, y,w) is a super-solution in | — &, 0] of

H (—a +2(zg —T) + ,mg,u)) < =600 (24, w).

H (‘D(_mll(_ym y7w))7 Y, (,U) > .
Since yp is a minimum point of —m,(—yo, -, w) — ¢2, with ¢ defined by

|2 _ |ZL‘9 - y’2

b2(y) = v° (29, w) + axg — |19 — T 55

we obtain that

H (W,ye,w) > [

Subtracting the two inequalities we get

H (—Oé+2(.’13,9 _f) + W,l’@,&)) - H (559;907y97w> < —M—(Své(l’g,W).

Adding and subtracting the term H <(z95y9) , Tg, w) and using the Lipschitz continuity of H with
respect to p, we obtain

—ca — 2c|xg — T < —p — 000 (2, w) + w <|ac9 — yg| (1 Il ; Yo )) ,
with ¢ the Lipschitz constant of H. Letting 6 — 0, we get that
p+ 60 (F,w) = A+ a + 60°(T,w) < ca
and so
A+ 00 (z,w) < C'a.

To get this inequality in 0, we use (6.48) to get

_ — 2C 2C

A460°(0,0) < A+ 0 (,0) + 7 < (c’ + 5) a.

Case 2: x9 = 0,5 < 0. We have that v°(-,w) is a solution of (6.44), then using Proposition
6.4 and arguing in the same way as Case 1, we get

H* (—a — y;,O,w> < —(5115(0,w).
As in the previous case, we also have
H <_y97y97w> Z 22
0
Using that (recall that H~ is non-increasing)

H~ (—gg),yeyw) < H (0,yp,w) <A< p
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and the fact that H = max(H~, H"), we get
Yo
H+ (—07907‘#) Z -

Arguing as in Case 1 (with H replaced by H'), we get the result.

Case 3 yp = 0. Using Proposition 6.4 and arguing in the same way as Case 1, we get
H* <$09,O,w> > .
Using that 7 <0, we get
p< HY (x;,o,w> < H(0,0,w) < H(0,0,w) < 4,

which contradicts the fact that 4 > A and so this case couldn’t happen. This ends the proof.
O

Corollary 6.5. Let ¢y small enough. Then, for allT > 0,0 <6 <e <ep andw € Q, we have
that

51)6(y,w) — —A uniformly in B, 5.
Proof. Let w € Q. Since 6v® is uniformly Lipschitz continuous, it’s enough to show the

convergence pointwise. Moreover, for y € [\_/—%, %}, we have

_ _ — 2
160° (y, w) — A] < [60°(0,w) — A] + |00° (y, w) — 60°(0,w)| < |0v°(0,w) — A| + 05% — 0.

-2 We prove the convergence for y > %, the

NG
is solution of (6.44) and using Proposition 6.4, we get, for

We now want to prove the convergence for |y| >

case y < —\% being similar. Since v°

all y > % and z > 0 that v*(y,w) = v°(y + z,w) is solution of

2

Ve

dw® + Hy (Du®,y + z,w) =0 fo1ry:i
R 9 9 \/g
Moreover, using the stationarity of Hg, we have that v5(y, T,w) satisfies the same equation.
Hence, the comparison principle implies that

dw® + Hp(Dw®,y + z,w) =0 in ( +00),

2
V(y + z,w) =0 (y, mw) fory > — and z > 0.

Ve
We now fix py = % For all w € Q5°, we have 6v°(py,w) — —A. Let y € [pg,r/d]. If
Ty—p,w € Qg°, then by stationarity we have
,U(S(ya W) = Ué(po +vy-— pO7W) = Ué(ﬁOa Ty_pOCU) — —A.
On the contrary, if 7, 5 w ¢ Q°, taking ¢ small enough, there exists z > p, such that |[y—z| < A,
with A > 0, such that 7,_5 w € Q5. We then have

(51}6(y,w) = 5v‘5(y, w) — (51}6(2, w) + 5v5(ﬁ0, T2 W)
Passing to the limit A\, 6 — 0, we get
|5v‘5(y,w) - Al < |(5v6(y,w) — 505(z,w)| + |5U‘5(ﬁ0,72_pow) — Al < Car.
Taking A — 0, we get the result.
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6.2 Control of slopes

In this subsection, we prove that the rescaled approximated corrector verifies the good slopes at
infinity (6.45).

Proposition 6.6 (Control of slopes). Assume (H-¢) and A > p% and let g > 0 and r > 0.
Then there exists 6g > 0, v9 > 0 such that there exists C' > 0 such that for all § < &g, § < e < g,
v <,y > %, h >0 with y,y+h € Byjs and w € 0, we have that

V0 (y 4 h,w) — 00 (y,w) > (To%Jr —~)h —C. (6.49)

On the other side, if we assume that A > Wy, then there exists 6o > 0, 7o > 0 such that there
exists C > 0 such that for all § < dp, d < e <ep, v <7,y < \_/—%, h >0 with y,y —h € Bys
and w € QF°, we have that

V(y - h,w) = (y,w) > (-p5~ —7)h - C. (6.50)

Before giving the proof of this proposition we need a comparison principle on bounded
intervall. The proof of this comparison principle is given in [20, Proposition 4.1]

Proposition 6.7 (Comparison principle on bounded domain). Assume (H-¢) and let pa > p1 >
% (resp. pa < p1 < :/—g) and A € R. Let v be a super-solution of the following problem

H(Dvayaw)z)\ ye(ﬂl,m),
H*(Dv, pa,w) > A
v(p1,w) = 0,

and let u be a sub-solution, for some &y > 0 of
H(Duaij)ﬁA—éo ye(plap2)a
HT(Du, p2,w) < X — &
u(p1,w) < 0.

Then
u <win [p1, pa].

Proof of Proposition 6.6. We prove only the case A > uj, the other one being similar. Let
Yo € [%,4—0@), r > 0 and & > 0 small enough be such that A — 28, > u%. For w € Q°, by
Corollary 6.5, there exists dy such that for all & < dg,

1600 (y,w) + A| < & for all y € B,/s.
Since v°(-,w) is solution of (6.44) in R, we then have
H(Dv’,y,w) = —0v°(y,w) > —&y + A in B, /5.

We set v(y,w) = v°(y,w) — v?(yo,w), then by Proposition 6.4 and using the fact that H = Hp
in (%, +00), we have that v is solution of

Hgr(Dv,y,w) > A—&  in (yo,7/0),
HE (Dv,r/é,w) > A—&
v(yo) = 0.
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We now construct a strict super-solution of the same equation. We set y = A—2&y > py, and

m(y,w) = mﬁ”(y, 0,w) —mf(yg, 0,w), where mf is given in Proposition 3.1. Then by Proposition

6.4, m is solution of
Hg(Dm,y,w) = A — 24 in (yo,7/0),
H(Dm,r/6,w) = A — 2§,
(y07 ) =0.
Then, the comparison principle, Proposition 6.7, yields that for all y € [yo,7/],

v(y,w) = m(y,w).

That is
vé(yv w) - ,Ué(y07w) > mﬁ(yv va) - mﬁ(yoa 05 w)' (651)

Using that, by Proposition 3.3 (recall that Lemma 3.5 gives that mﬁ(y) = ﬁﬁ*.y for y > 0),

mit (%,O,w)

%_pﬁf‘r'z _>07

%1:/1'()5 5 ‘m (y,0,w) — y’ = sup

we get that there exists a constant C' such that for all § < gy, we have

sup |m,, (y,O w) — y‘ < (4.
Br/(S

Injecting this in (6.51), we get
2
v (y,w) =0 (yo,w) > P (y — yo) —2C5 Yy, o0 € (\/577“/5> :

Finally if we choose ~q, such that ﬁ%Jr >0 > 0 (1, = Hg(0)), then for all v < 7o, we have

that
Hp (P5" —7) =Hp (P27 —1),

and we can choose £y > 0 such that

_ _R.+
it =y .

This ends the proof.

6.3 Proof of Theorem 6.1

Proof of Theorem 6.1. The existence of the approximated correctors is given in Proposition 6.2
while the convergence of §v° to —A in balls of radius r/§ is given in Corollary 6.5. It just remains
to show that 7° converges to W satisfying (6.45).

First, we have that @ is Lipschitz continuous, uniformly in §. Then, up to a subsequence,
there exists W, with W (0) = 0, such that

7 — W locally uniformly as § — 0.

35



Like in [20] and arguing as in the proof of convergence away from the junction point, we have
that W satisfies

Hp(W,) =Afory>0
H,(Wy)=Afory<0

In the case A = W, this implies that
Pl < Wy < b
In the case A > u¥,, we also get, from (6.49), that
Wy > D —
and so the equation satisfied by W also implies that
Ph < Wy, <pf;
and gives the particular form (6.45) of W for y > 0. Similarly, we can prove for y < 0 that
pr < Wy, <pp

which gives (6.45) for y < 0. This ends the proof. O

7 Convergence result of the rescaled problem (2.4)

We have defined the right and left deterministic hamiltonians and the effective flux limiter A,
so to complete the proof of Theorem 2.7, we should prove the convergence result. This is the
goal of this section. Under Assumption (H-¢), we define £y by

Qo = %
€

We start by the definition of the relaxed half-limits, defined for all locally bounded family
{uf}e, and for w € Q, = € R, by

u(t,r,w) = limsup u°(s,y,w),
s—t,y—x,e—0

=  liminf of .
u(t, r,w) sl inf | u (5,9,w)

To define these half-relaxed limits for the solution u® of (2.4), we have to get some bound.

Lemma 7.1 (Barriers). Under Assumptions (H), and for all w € Q, there exists a constant
C > 0, independant of w, such that for all ¢ > 0, we have

|u(t, z,w) —up(z)| < Ct for all (t,x) € (0,T) x R.

Proof. Let Cj be the Lipschitz constant of ug. We set C = sup |H(p,y,w)|. C is well defined
yeR,
Ip|<Co

and independant of w by hypothesis (H2). Then ug(x) £ Ct are super- and sub-solutions of
(2.4). So the result follows by the comparison principle. This ends the proof of the lemma.
O
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We are now able to give the proof of Theorem 2.7

Proof of Theorem 2.7. Let w € Qy. We give the proof in the case of assumption (H-¢). There
exists g9 > 0 such that w € Q5°. In the sequel, we work with & < ¢ (so that A(w) = 4 for all ).
To prove that u®(-,-,w) converges locally uniformly to u(-,-) on (0,7") x R, it’s enough to show
that w and u are respectively sub and super-solution of (2.5). Then the comparison principle
yields that, @ < u and since, by definition, we have u < @, we will get

ii_I)I(l) ue(t, z,w) = u(t, ).

We show that @ is a sub-solution of (2.5), the proof for the super-solution being similar.
First, note that the initial condition is satisfied by Lemma 7.1. We argue by contradiction by
assuming that there exists a test function ¢ € C1((0,T) x R) with w(f,Z) = ¢(,7) and

(@—d)(t,z) < (@—¢)(ET) =0 for all (t,z) € B-#7)\ {7)}, (7.52)
such that
¢(t, @) + Hp(Do(t, 7)) = 6 > 0, if T €] — 00,0],
¢(t,T) + Hr(Dp(t,T)) = 0 > 0, if T €]0, +o0|,

X
61(,0) + max {4, H (D(I,07), Hr(D(F,0%)} =0 >0 ifz=0.

We distinguish two cases: T =0 or T # 0.

Case 1: T = 0. According to [24], the function ¢ should has the following form

o(t, ) = (t) + Praliz<oy + PRelizso}s (7.53)
with ¢ € C1(0, +00).

Remark 7.2. For the super-solution, the test function has the following form:
gb(t,x) = T/J(t) +ﬁ£x1{x<0} +ﬁJ}5x1{m>O}'
We then have
W' (F) + max {4, Hy (Do(F,07), Hp(D$(E,0%) } = /() + A =0 > 0.

We define the perturbed test function (see [14]) by

67 (t,) = $(t) + evF (%) .

3

We claim that ¢° is a super-solution of
0 -
& + H <D¢5, x,w) =5 i B,(1,0), (7.54)
€

for r small enough. To prove this, let 7 be a test function, such that (¢1,x1) is a minimum point
of ¢* —n with ¢°(t1,21) = n(t1,z1). We have

¢°(t,x) = n(t, x),
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i.e
which implies
Using that

with y; = 2, we deduce that

(t.9) = v () = (- (nft.e) = 0(0) )

reaches a minimum at (¢1,y1). We then have n(t1,21) = ¢/(t1). Moreover, since v° is as
super-solution of (6.44), we have, for € small enough,

X €T . 9
H (Dﬁ(tlyyl),;,w> > —evf (;,w> >A- 1,

where we have used that
ev*(z,w) —» —A

in balls of radius L. We then get
X1 ’ — 0 0
ety @1) + H | Dty a1), —w) 29/ (h) + A= 725
for r small enough. Combining (6.45) with (7.52) and (7.53), we can fix x, > 0 and & small

enough such that
u® 4+ Ky < ¢° on IB,(t,0).

By the comparison principle, the previous inequality holds in B, (¢,0). Passing to the limit ¢ — 0
and (t,x) — ({,T), we get the following contradiction

a(E,0) + kr < 6(E,0) = a(, 0).

Case 2 : T # 0. We use the approximate corrector problem far from the junction i.e given by
the right and left hamiltonian. The proof is classical and we skip it.
This ends the proof of the theorem.
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