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THE ROLE OF CONTINUITY AND EXPANSIVENESS ON

LEO AND PERIODIC SPECIFICATION PROPERTIES

SERGE TROUBETZKOY AND PAULO VARANDAS

Abstract. In this short note we prove that a continuous map of a com-
pact manifold which is locally eventually onto and is expansive satisfies the
periodic specification property. We also discuss the role of continuity as a
key condition in the previous characterization. We include several examples
to illustrate the relation between these concepts.

1. Introduction

There is a well known hierarchy of topological properties involving the topo-
logical indecomposability of a dynamical system, as transitivity, topological
mixing, and the specification property, among many others. The relation be-
tween these and many others has been addressed by Akin, Auslander and
Nagar [1]. The aim of this short note is to complement the above results, and
to highlight the relation between the locally eventually onto (a dynamical prop-
erty stronger than topological mixing) and the specification properties, and to
make explicit the role of continuity on such characterization. The specification
property was first introduced by Bowen [6], for a survey of specification-like
properties we recommend the following article [13], while for a survey of mixing
properties we recommend the article [1].

First let us recall some well known results. Blokh [5] showed that for a contin-
uous map of the interval [0, 1] the periodic specification property is equivalent
to topological mixing (see e.g., [7, 17]). So, while for continuous interval maps
the picture is very well understood and most concepts of topological chaoticity
coincide, this is no longer true for more general metric spaces or whenever
continuity breaks down. Yet, the situation is well understood in the case of
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one-dimensional branched manifolds, where there is a characterization of tran-
sitive dynamics due to Blokh [4]. In brief terms, he established the following
spectral decomposition theorem: either a transitive map f of a graph has pe-
riodic points and it can be decomposed into n connected subgraphs with finite
pairwise intersections which are cyclically permuted and fn has the specifica-
tion property, or f is aperiodic and it is just a cycle of n circles with fn being
an irrational rotation. We refer the reader to [4] for more details.

It is noticeable that while any locally eventually onto continuous map has
dense periodic sets, it may not have periodic points (cf. [1, Theorem 2.30
and Example 2.31]). In particular, a locally eventually onto continuous map
need not satisfy the periodic specification property. Two results complement
this discussion. First, expansiveness play a key role to bridge between the
specification and periodic specification properties: a topological dynamical
system satisfying the specification property and whose natural extension is
expansive satisfies the periodic specification property (see e.g., [13, Lemma 6]).
Second, Yan, Yin and Wang [20, Theorem 3.1] constructed an example of a
topological mixing subshift, hence expansive, which does not even have the
specification property.

The situation is well understood in the case of continuous, open and distance
expanding maps on compact metric spaces. Indeed, since any such map satis-
fies the shadowing property and periodic points are dense in the non-wandering
set, these admit a spectral decomposition theorem (see [16, Theorem 4.3.8]).
Moreover, any such map is topologically mixing map if and only it is locally
eventually onto. We refer the reader to [16, Sections 4.2 and 4.3] for more
details. Similar, but slightly weaker results are known if we drop the openness
assumption, instead assume shadowing [12].

In general, while the locally eventually onto property need not ensure the
periodic specification property, the following result shows that expansiveness
can act as a sufficient condition for it. We refer the reader to Section 2 for
definitions.

Theorem 1. Let X be a compact and connected topological manifold. If the
topological dynamical system (X, f) is locally eventually onto and expansive
then it has the periodic specification property.

This result is no longer true if one replaces the condition of X being a compact
topological manifold by the assumption of being an arbitrary compact metric
space. We refer the reader to Example 10, where we present an expansive and
locally eventually onto map for which the periodic specification fails.

Note that the specification property is a topological invariant, hence we can
ask whether such a property holds for the continuous map f on (X, d) or
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on the metric space (X, d′), for a equivalent metric d′. In the case of com-
pact and connected topological manifolds, Coven and Reddy [9] constructed
adapted metrics, proving that every expansive dynamics is indeed expanding
with respect to some equivalent metric. In particular, Theorem 1 is a direct
consequence of the previous discussion together with the following:

Theorem 2. Assume that the topological dynamical system (X, f) is expanding
and locally eventually onto. Then (X, f) has the periodic specification property.

The latter suggests that the failure of periodic specification for distance ex-
panding maps is essentially related to the lack of periodic points (see Exam-
ple 10), the non-compactness of the phase space (see Example 12), or that the
dynamics is not mixing.

Given the previous result it is natural to ask whether any locally eventually
onto continuous map satisfies the specification property.

Remark 3. It is worth mentioning that the situation is clear for continuous
interval maps. Indeed, combining [8, Theorem B] and Blokh’s theorem (cf. [17,
Theorem 3.4]), it follows that the locally eventually onto property implies on
the following conditions, which, for interval maps, are equivalent:

(i) f 2 is transitive,
(ii) fn is transitive for every n ≥ 1,
(iii) f is topologically mixing,
(iv) f satisfies the specification property.

While the converse holds in the case of piecewise monotone continuous interval
maps (cf. [8, Lemma 4.1]), it fails for general continuous interval maps. In par-
ticular there are continuous interval maps satisfying the specification property
for which the locally eventually onto property fails (see e.g., [2, Example 3]).

On the positive direction, we notice that the same strategy used in Blokh’s
theorem can be used for conformal-like maps.

Theorem 4. Every locally eventually onto, continuous and conformal-like map
on a compact metric space satisfies the periodic specification property.

Remark 5. In the definition of topological dynamical system, the assumption
that the metric space is complete cannot be removed. Throughout N be the
set of non-negative integers (hence containing 0). There exists a metric space
X ⊂ {0, 1, 2}N such that the shift map (X, σ) is locally eventually onto, it is
clearly expansive, but fails even to present periodic points [1, Example 2.31].

Our second goal concerns describing the consequences of discontinuities on
locally eventually onto maps. This is a problem dual to the one considered
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by Buzzi [7], the study of the specification property for piecewise monotone
interval maps. In the case of piecewise monotone continuous interval maps f ,
the transitivity for f 2 ensures the following “almost” locally eventually onto
property: for any open interval A and any closed interval J ⊂ (0, 1) there exists
N ≥ 1 so that fN(A) ⊃ J (see [2, Theorem 6]). However, while the key step in
this argument explores the density of periodic points, the classical argument
that ensures the density of periodic points for expanding maps does not apply
for transitive piecewise expanding interval maps given that dynamical balls
may fail to grow to a large scale.

We shall focus on important classes of dynamical systems known as β-expansions
and β-shifts (see e.g., [3]). These can be realized by geometric models in the
interval; for each β > 1, the β-map is the C∞-piecewise expanding interval
map Tβ : [0, 1) → [0, 1) given by

Tβ(x) = βx− ⌊βx⌋.

However, while the previous map is always expansive, and Markov for a count-
able set of parameters, Tβ does not satisfy the specification property for Lebesgue
almost every parameter β > 1 (cf. [7]). A characterization of the set of the
values of β which lead to maps with specification can be found in [18]. The
next result shows that continuity is essential in Theorem 2.

Theorem 6. For Lebesgue almost every β ∈ (1,+∞) the map Tβ:

(i) is locally eventually onto;
(ii) is expansive;
(iii) does not satisfy the specification property [7].

We complete this section with two final comments on the relation between the
specification and the locally eventually onto properties for continuous maps in
more general metric spaces. While any Anosov diffeomorphism satisfies the
specification property (see e.g [11]), every volume preserving Anosov diffeo-
morphism is clearly not locally eventually onto. Nevertheless, on the converse
direction, locally eventually onto maps displaying non-uniform expansion often
satisfy some measure-theoretical forms of specification (we refer the reader to
[14, 19] for the precise formulations).

2. Definitions

Let (X, d) be a compact metric space, and f : X → X a continuous map. We
refer to (X, f) as a dynamical system.

The map f is called locally eventually onto (LEO) if for every nonempty open
set U there is an n ∈ N := {0, 1, 2, . . .} such that fn(U) = X .
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For integers a ≥ b ≥ 0 let f [a,b](x) := {f j(x) : a ≤ j ≤ b}.

A family of orbit segments {f [aj ,bj ](xj)}
n
j=1 is an N-spaced specification if

ai − bi−1 ≥ N for 2 ≤ i ≤ n.

We say that a specification {f [aj ,bj ](xj)}
n
j=1 is ε-shadowed by y ∈ X if

d(fk(y), fk(xi)) ≤ ε for ai ≤ k ≤ bi and 1 ≤ i ≤ n.

We say that (X, f) has the specification property if for any ε > 0 there is a
constant N = N(ε) such that any N -spaced specification {f [aj ,bj ](xj)}

n
j=1 is

ε-shadowed by some y ∈ X . If additionally, y can be chosen in such a way
that f bn−a0+N(y) = y then (X, f) has the periodic specification property.

The dynamical system (X, f) is positively expansive if there exists α > 0 ,
called expansivity constant of f , such that if x, y ∈ X and x 6= y, then for
some n ≥ 0, d(fnn(x), fn(y)) > α.

The dynamical system (X, f) is expanding if there are constants λ > 1 and
δ0 > 0 such that, for all x, y, z ∈ X ,

(1) d(f(x), f(y)) ≥ λd(x, y) whenever d(x, y) < δ0 and
(2) B(x, δ0) ∩ f−1(z) is a singleton whenever d(f(x), z) < δ0.

A dynamical system (X, f) satisfying condition (1) if called a distance ex-
panding map. In any compact metrizable space, a continuous transformation
is expanding if and only if it is open, i.e., maps open sets to open sets, and
distance expanding (see [9, Lemma 1]). In [16] the authors describe the dynam-
ical properties of such maps and obtaining, in particular, density of periodic
points, the shadowing property and a spectral decomposition theorem (see [16,
Section 4]).

The set Bn(x, ε) := {y ∈ X : d(f ix, f iy) < ε for 0 ≤ i < n} is called a Bowen
ball.

A dynamical system (X, f) is called conformal-like if the image of every ball
is a ball. A conformal map is a map that preserves angles and orientation;
in the special case of smooth dynamics, the Jacobian of a conformal map is a
positive multiple of a rotation matrice. Hence linear conformal maps preserve
balls and are thus conformal-like but not every linear conformal-like map is
conformal; for example it could reverse orientation.

3. Proofs

3.1. Proof of Theorem 2. From the locally eventually onto property, for
each y ∈ X , and ε > 0 there is anN(y, ε) ≥ 1 such that fN(y,ε)(B(y, ε/3)) = X .
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Morover, by compactness of X we can cover X by a finite collection of balls
{B(yi, ε/3)}i. Let N := maxi{N(yi, ε)}. Then since any ball B(y, ε) contains
one of the B(yi, ε/3) we conclude that fN(B(y, ε)) = X for all y ∈ X .

Now since f is continuous and expanding, the image by fm of a Bowen ball
Bm(x, ε) is B(fm(x), ε), for every 0 < ε < δ0. Combining this with the previous
paragraph yields fm+NBm(x, ε) = X for each x ∈ X and every 0 < ε < δ0.

Fix ε > 0 and choose N as above. Consider an N -specification, i.e., a collection
of orbit segments {f [aj ,bj ](xj)}

n
j=1, with ai − bi−1 ≥ N for 2 ≤ i ≤ n. Setting

mj := bj − aj and Nj = mj +N we have shown that

fNj(Bmj
(faj (xj), ε)) = X ⊃ Bmj+1

(faj+1(xj+1), ε),

and thus
Bmj

(faj (xj), ε) ∩ f−Nj (Bmj+1
(faj+1(xj+1), ε)) 6= ∅

hold for each 1 ≤ j ≤ n. Iterating this, and noticing that f is expanding,
yields that

{
Bm1

(fa1(x1), ε) ∩ f−N1−N2−···−Ni(Bmi
(fai(xi), ε))

}

2≤i≤n
(1)

is a nested sequence of compact sets. Any point in the intersection of these sets
ε-shadows the specification, and thus we have shown the specification property
holds.

Finally we must show that the periodic specification property holds. Fix
ε > 0 and consider an arbitrary N -specification {f [aj ,bj ](xj)}

n
j=1 with N

choosen as above. We extend this to a longer N specification by choosing
an+1 = bn + N , bn+1 = an+1 +m1 and xm+1 = fa1−an+1x1. Thus mn+1 = m1

and Bmn+1
(fan+1xm+1, ε) = Bm1

(fa1x1, ε). Therefore the chain (1) of contain-
ments extends to

{
Bm1

(fa1(x1), ε) ∩ f−N1−N2−···−Ni(Bmi
(fai(xi), ε))

}

2≤i≤n+1
.

The closure of the intersection of the extended chain of containments must
contain a point fixed by fN1+···+Nm+1 , hence the periodic specification property
holds. �

3.2. Proof of Theorem 4. The strategy follows closely [7, Appendix A]. For
that reason we just give a brief sketch of the proof. Let X be a compact metric
space and f : X → X be a continuous, locally eventually onto conformal map.
The key step is a uniform control on the images of Bowen balls. Indeed, while
points in n-Bowen balls are within controlled distance to the original orbit
during n iterates, it is the size of the image the Bowen ball by iteration of fn

which suggests how strong is the capability to obtain specification.

Claim: For any ε > 0 there exists ζ(ε) > 0 so that

diam(fn(Bn(x, ε))) ≥ ζ(ε) for every n ≥ 1 and x ∈ X.
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Proof of the claim. Fix x ∈ X . By conformality, for each n ≥ 1 the set
fn(Bn(x, ε)) is a ball around fn(x). Recall also that

(2) Bn+1(x, ε) =

n⋂

j=0

f−j(B(f j(x), ε)) = Bn(x, ε) ∩ f−n(B(fn(x), ε))

and clearly Bn(x, ε) ∩ f−n(B(fn(x), ε)) ⊆ Bn(x, ε).

In particular, by the conformality of f , for each n ≥ 1 either: (i) the equality
Bn+1(x, ε) = Bn(x, ε) holds, or (ii) the set Bn(x, ε)∩f

−n(B(fn(x), ε)) is strictly
contained in Bn(x, ε). In the second case, there exists a point y ∈ Bn(x, ε) so
that fn(y) /∈ B(fn(x), ε). This shows that the ball fn(Bn(x, ε)) ⊃ B(fn(x), ε),
combining with (2) yields

fn(Bn+1(x, ε)) = B(fn(x), ε).

Altogether, this proves that for every n ≥ 1 there exists 0 ≤ j < n so that
fn(Bn(x, ε)) = fn−j(B(f j(x), ε)).

Thus, in order to prove the claim it is enough to show that the forward image
of balls of a definite size do not degenerate: for any ε > 0 there exists ζ(ε) > 0
such that diam(fn(B(z, ε))) ≥ ζ(ε) for every n ≥ 1 and every z ∈ X .

Indeed, since f is locally eventually onto, for any given z ∈ X there exists
N(z, ε) > 0 such that fN(z,ε)(B(z, ε)) = X ; hence there exists ζz(ε) > 0 such
that diam(fn(B(z, ε))) ≥ ζz(ε) for every n ≥ 1. The continuity of f and
compactness of X ensures that minz∈X ζz(ε) > 0, proving the claim. �

We now claim that f satisfies the periodic specification property. Indeed, given
ε > 0 let N = N(ε) ≥ 1 be such that fN(B(x, ζ(ε))) = X for every x ∈ X .
Such N ≥ 1 does exists as f is locally eventually onto and X is compact. The
proof of the periodic specification property now follows as in Theorem 2. �

3.3. Proof of Theorem 6. Since items (ii) and (iii) are known (see e.g., [7])
we need only prove that each Tβ is locally eventually onto.

Fix β > 1 and take an arbitrary interval J ⊂ [0, 1). We claim that there exists
N ≥ 1 so that TN

β (J) = [0, 1). We may assume without loss of generality
that J is contained in some domain of smoothness for Tβ. By the mean value
theorem, Leb(Tβ(J)) ≥ β Leb(J). If Tβ(J) ∩ DTβ

= ∅ then Leb(T 2
β (J)) ≥

β2 Leb(J). Since the diameter is bounded, a recursive argument shows that
T k
β (J) ∩ DTβ

6= ∅ for some k ≥ 1. In particular T k
β (J) ⊃ [0, a) for some

a ∈ (0, 1
β
]. Since Tβ(0) = 0, and Tβ is monotone increasing in [0, 1

β
] then there

exists N ≥ 1 so that TN
β (J) ⊃ [0, 1

β
]. This assures that TN+1

β (J) = [0, 1). �
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4. Examples

We finish with some examples. The first example is a simple examples of
piecewise expanding continuous maps which need not be neither expansive
nor transitive.

Example 7. Consider the continuous and piecewise expanding interval map
f0 : [0,

1
2
] → [0, 1

2
] given by

f0(x) =







3x if x ∈ [0, 1
6
]

−3x+ 1 if x ∈ (1
6
, 1
3
]

3x− 1 if x ∈ (1
3
, 1
2
].

Let f : [0, 1] → [0, 1] be obtained by replication of the dynamics f0 in intervals
of exponential decreasing growth accumulating 1, defined by the relation

f(x) = 1− 2−n + 2−nf0(2
n(x− 1 + 2−n)), x ∈ (1− 2−n, 1− 2−(n+1)].

and f(0) = 0, f(1) = 1. Clearly f is piecewise expanding, continuous, not
expanding nor transitive.

The next example shows that transitivity is essential to avoid unattainable
repelling points.

Example 8. Consider the continuous and C1-piecewise expanding interval
map f : [0, 1] → [0, 1] given by

f(x) =







3x if x ∈ [0, 1
3
]

−2x+ 5
3

if x ∈ (1
3
, 2
3
]

2x− 1 if x ∈ (2
3
, 1].

The map is not transitive as f([1
3
, 1]) = [1

3
, 1], in other words, [1

3
, 1] is an f -

invariant domain. Thus f is not locally eventually onto. Nevertheless, the
attractor Λ :=

⋂

n≥0 f
n((0, 1]]) = [1

3
, 1] and f |Λ is locally eventually onto.

Finally we complete this note with an example showing that locally eventu-
ally onto is weaker than specification. We consider an example suggested by
Lindenstrauss (cf. [1, Example 2.31]) of a locally eventualy onto map having
no periodic points.

Example 9. Consider the subshift Y0 ⊂ {0, 1, 2}N consisting of the set of
sequences that admit no consecutive 0’s, let and let π : Y0 → {1, 2}N be given
by supression of the 0’s in the sequences belonging to Y0. Endowing the shift
spaces with the usual distances, π is a continuous map on a compact metric
space, hence it is uniformly continuous.

Consider a minimal subshift X ⊂ ({1, 2}N, σ) and let Y = π−1(X). Akin et
al proved that (Y, σ) is locally eventually onto (cf. Example 2.31 in [1]). We
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claim that (Y, σ) does not satisfy the specification property. Recall that a factor
of a map of a compact space with specification satisfies specification (cf. [10,
Proposition 21.4]) This does not directly apply to our situation since we do not
have compactness, however it is not hard to prove that the commuting diagram

Y →σ Y
↓π ↓π
X →σ X

together with the uniform continuity of π ensures that if (Y, σ) satisfies the
specification property then so does (X, σ). Second, (X, σ) does not satisfy
the specification property. Indeed, if (X, T ) has the specification property and
its natural extension is expansive then (X, T ) has the periodic specification
property (see e.g., Lemma 6 in [13]). Altogether, this proves that (Y, σ) does
not satisfy the specification property, as claimed.

The following example, suggested by F. Przytycki, describes an counter exam-
ple to Theorem 1 if we do not assume that X is a topological manifold.

Example 10. Consider the circle S1 = R/Z and the doubling map f : S1 → S
1

given by f(x) = 2x (mod 1). This is an expanding map (with constants λ = 2
and δ0 = 1

2
), as d(f(x), f(y)) = 2d(x, y) and B(x, 1

2
) ∩ f−1(z) is a singleton

whenever d(f(x), z) < 1
2
, for all x, y, z ∈ S1.

Consider an enumeration (pn)n∈N of the set of periodic points for f , in such
a way that their sequence of periods is non-decreasing, and choose a sequence
(ηn)n∈N of positive real numbers converging quickly to zero in such a way that

K = S
1 \

⋃

n≥0

⋃

k≥0

f−k(B(pn, ηn))

is a non-empty compact subset of S1, and thus f(K) = K.

We furthermore suppose that the sequence (ηn)n∈N is chosen as follows. Since
the periodic points of f are equidistributed in S1 (as f is semi-conjugated to
the full shift on two symbols), for any q0 ∈ S1 there exists 0 < ζ0 ≪ 1 so that
⋃

k≥0 f
−k(B(q0, ζ0)) ∩ Per(f) 6= ∅. Set q0 = p0 ∈ Per(f). As all points in S1

have dense pre-orbits we conclude that

K0 = S
1 \

⋃

k≥0

f−k(B(p0, ζ0)) ⊃ K 6= ∅

is a Cantor set. Let n1 = inf{ℓ ≥ 1: pℓ ∈ K0} and write q1 = pn1
. Choose 0 <

ζ1 ≪ ζ0 such that
⋃

k≥0 f
−k
(

B(q0, ζ0) ∪B(q1, ζ1)
)

∩ Per(f) 6= ∅. The previous

condition can be assured by noting that any periodic point which intersects
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B(q0, ζ0) ∪B(q1, ζ1) has combinatorics determined by either q0 or q1. Then

K1 = S
1 \

1⋃

i=0

⋃

k≥0

f−k(B(qi, ζi)) ⊂ K0

is a Cantor set which does not contain any of the periodic points in the set
{pn : 0 ≤ n ≤ n1}. Proceeding recursively, we obtain a strictly decreasing
sequence (ζℓ)ℓ of positive real numbers, a strictly increasing sequence (nℓ)ℓ of
positive integers and a nested sequence (Kℓ)ℓ of Cantor sets such that

Kℓ = S
1 \

ℓ⋃

i=0

⋃

k≥0

f−k(B(qi, ζi))

contains some periodic point of f . Since the periodic points in Kℓ∩Per(f) are
dense Kℓ we have that f(Kℓ) = Kℓ for every ℓ ≥ 1. By construction, the set

K = S
1 \

⋃

i≥0

⋃

k≥0

f−k(B(qi, ζi)) 6= ∅

is a Cantor set having no periodic points and f(K) = K, as required.

Let us analyze the map g := f |K. This is clearly an expansive, and distance
expanding map. However, the following holds:

(a) g has no periodic points;
(b) g is not an open map;
(c) g is not an expanding map (i.e. condition (2) in Section 2 fails).

Property (a) is immediate from the construction. Property (b) follows because
for every open, distance expanding map, periodic points are dense in the non-
wandering set (see Corollaries 4.2.4 and 4.2.5 in [16]). Property (c) is a con-
sequence of property (b), because of the equivalence between the notion of ex-
panding with the notion of open, distance expanding on compact metric spaces
(see [9, Lemma 1]). Moreover,

(d) g is locally eventually onto.

This property is not immediate for subshifts (see e.g., Example 11). In order
to prove property (d) we will prove that each map f |Kℓ

(ℓ ≥ 1) is locally
eventually onto with uniform constants.

Fix any ℓ ≥ 1 and ε > 0. If N = ⌊− log ε
log 2

⌋ then fN is a Markov map with 2N

full branches domains (injectivity domains), each of these with diameter larger
than 2ε. In particular, fN(B(x, ε)) = S1 for all x ∈ S1. We claim that

(3) fN
(

B(x, ε) ∩Kℓ

)

= Kℓ, ∀x ∈ S
1.
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The inclusion ⊆ is immediate. For the converse inclusion ⊇, without loss of
generality we can choose ε = 2−N and thus fN |B(x,ε) is a full branch for fN

Since Kℓ has a dense set of the periodic points, every z ∈ Kℓ is approximated
by a sequence (zn)n of periodic points in Kℓ. In particular, each of the points
in the set f−N({z}) ∩ B(x, ε) is an accumulation point of periodic points in
Kℓ. Since Kℓ is compact, this assures that f−N({z})∩B(x, ε) ∈ Kℓ and proves
(3). Now, as the Cantor sets are nested, one can use (3) to get

fN
(

B(x, ε) ∩
n⋂

ℓ=1

Kℓ

)

=

n⋂

ℓ=1

Kℓ, ∀x ∈ S
1, ∀n ≥ 1.

This, together with the continuity of the map P (S1) ∋ A 7→ fN(A) (in the
Hausdorff topology) implies that

fN
(

B(x, ε) ∩K
)

= K, ∀x ∈ S
1.

This proves that g = f |K is locally eventually onto.

Example 11. There are examples of strongly mixing subshifts which are not
locally eventually onto. Indeed, Petersen [15] constructed a zero entropy, min-
imal and strongly mixing subshift K ⊂ {0, 1}N We claim that the distance
expanding map (K, σ) is not locally eventually onto.

Assume, by contradiction that (K, σ) is locally eventually onto. As K is com-
pact, for any ε > 0 there exists N = N(ε) ≥ 1 so that

(4) σN(BK(x, ε)) = K for every x ∈ K.

This implies that for any 0 < ε < 1
2
diam(K) there exist points x1, x2 ∈ K so

that d(σN(x1), σ
N(x2)) > ε. Hence, if s(n, ε) denote the maximal cardinality

of (n, ε)-separated subsets of K, a recursive argument using (4) together with
the observation that σn(B(x, n, ε)) = B(σn(x), ε) for every x ∈ K, n ≥ 1 and
ε > 0 ensures that s(kN, ε) ≥ 2k for every k ≥ 1. Hence

htop(σ |K) = lim
ε→0

lim sup
n→∞

1

n
log s(n, ε)

≥ lim
ε→0

lim sup
k→∞

1

kN
log s(kN, ε) ≥

1

N
log 2 > 0,

which leads to a contradiction. This proves that (K, σ) is not locally eventually
onto.

The next simple example illustrates that compactness is an essential assump-
tion in Theorem 2.

Example 12. The mixing and specification properties have been extensively
studied in the case of symbolic dynamics (see e.g., [13, Section 8] and references
therein). Here we give an example of a shift space, hence distance expanding,
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which is locally eventually onto, has dense periodic orbits but for which the
specification property fails.

Consider the subshift ΣG ⊂ NN determined by the countable graph G with
countable states N and whose allowed directed paths v → w, v, w ∈ N are
0 → w for every w ∈ N, and the arrows v → w with v 6= 0 are admissible if
and only if w ∈ {v − 1, v}. The cylinder sets are defined by [v0, v1, . . . , vn] ={
(w0, w1, w2, . . . ) : wi = vi, ∀0 ≤ i ≤ n

}
. The shift σ : ΣG → ΣG is locally

eventually onto because

σn+1([v0, v1, . . . , vn]) ⊃ σ([1]) = ΣG for every cylinder [v0, v1, . . . , vn].

It is a simple exercise to show that the condition σj([n]) ∩ [1] = ∅ for every
0 ≤ j ≤ n− 1 is incompatible with the specification property.

In final example we prove an optimality of Theorem 2, in the sense that it fails
if condition (2) in the definition of expanding map is removed.

Example 13. Let σ : {0, 1}N → {0, 1}N be the full shift, and let g : [0] → [0]
be the first return map of σ to the cylinder [0]. More precisely, if τ : [0] → N

is the first return time to [0] given by

τ(x0, x1, x2, x3, . . . ) = inf{k ≥ 1: xk = 0}

then g(·) = στ(·)(·). Equivalently, if x0 = 0 then

g(x0, x1, x2, x3, x4, . . . ) = (xk, xk+1, xk+2, . . . )

where k = τ(x0, x1, x2, x3, . . . ). After identification of the set S of all finite
words (0, 1, 1, 1, . . . , 1, 0) with the cylinder [0, 1, 1, 1, . . . , 1, 0] ⊂ {0, 1}N, the
map g acts as a full shift SN. By the previous identification, we will consider
SN as a subset of the cylinder [0] ⊂ {0, 1}N. This construction is often called
the “Rome graph”.

Let Σ ⊂ SN be the locally eventually onto subshift so that g |Σ: Σ → Σ does
not satisfy the specification property induced by Example 12. Indeed, just use
the bijection

(5) N → S given by n 7→ (0, 1, 1, . . . , 1
︸ ︷︷ ︸

n

, 0)

to embed the subshift ΣG ⊂ NN onto such subshift Σ ⊂ SN. The possible
unbounded amount of 1’s in (5) makes the subshift Σ ⊂ SN not closed. Now,
consider the σ-invariant and compact set K ⊂ {0, 1}N obtained as the closure
of the saturated set

⋃

n≥1

n−1⋃

j=0

σj
({

w ∈ Σ: τ(w) = n
})

.
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By construction and the fact that K is closed we get

K ∩ [0] = closure(SN) = Σ ∪ {01∞}

and

K ∩ [1] = closure
(⋃

n≥1

n−1⋃

j=1

σj
({

w ∈ Σ: τ(w) = n
}))

=
(⋃

n≥1

n−1⋃

j=1

σj
({

w ∈ Σ: τ(w) = n
}))

∪ {1∞}

Note that the elements in {01∞, 1∞} do not return to the cylinder [0]. Thus,
using that K \ {01∞, 1∞} is obtained by the union of the finite pieces of orbits
of points in Σ until their first return time to Σ, the distance expanding map
(K, σ |K) does not satisfy the specification property.

We claim that (K, σ) is locally eventually onto. Dealing with the induced topol-
ogy, it is enough to prove that for any cylinder [x1, x2, . . . , xn] ∩K 6= ∅ there
exists N ≥ 1 so that σN([x1, x2, . . . , xn]) = {0, 1}N. This is a consequence of
the fact that g is a Poincaré first return map of σ to the global cross-section [0]
and that g is locally eventually onto (recall Example 12). Then Theorem 2 im-
plies that the long inverse branches condition (2) in the definition of expanding
map fails.
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