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THE ROLE OF CONTINUITY AND EXPANSIVENESS ON

LEO AND PERIODIC SPECIFICATION PROPERTIES

SERGE TROUBETZKOY AND PAULO VARANDAS

Abstract. In this short note we prove that a continuous map which is
locally eventually onto and is expansive satisfies the periodic specification
property. We also discuss the role of continuity as a key condition in the
previous characterization. We include several examples to illustrate the
relation between these concepts.

1. Introduction

There is a well known hierarchy of topological properties involving the topo-
logical indecomposability of a dynamical system, as transitivity, topological
mixing, and the specification property, among many others. The relation be-
tween these and many others has been addressed by Akin, Auslander and
Nagar [1]. The aim of this short note is to complement the above results,
and to highlight the relation between the locally eventually onto (a dynamical
property stronger than topological mixing) and the specification properties,
and to make explicit the role of continuity on such characterization. For a
survey of specification like properties we recommend the following article [9],
while for a survey of mixing properties we recommend the article [1].

First let us recall some well known results. Blokh showed that for a continuous
map of the interval [0, 1] the periodic specification property is equivalent to
topological mixing (see e.g., [4, 11]). So, while for continuous interval maps
the picture is very well understood and most concepts of topological chaoticity
coincide, this is no longer true for more general metric spaces or whenever
continuity breaks down.

It is noticeable that while any locally eventually onto continuous map has
dense periodic sets, it may not have periodic points (cf. [1, Theorem 2.30
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and Example 2.31]). In particular, a locally eventually onto continuous map
need not satisfy the periodic specification property. Two results complement
this discussion. First, expansiveness play a key role to bridge between the
specification and periodic specification properties: a topological dynamical
system satisfying the specification property and whose natural extension is
expansive satisfies the periodic specification property (see e.g., [9, Lemma 6]).
Second, Yan, Yin and Wang [14, Theorem 3.1] constructed an example of a
topological mixing subshift, hence expansive, which does not even have the
specification property.

While the locally eventually onto property need not ensure the periodic spec-
ification property, the following result shows that expansiveness can act as a
sufficient condition for it. We refer the reader to Section 2 for definitions.

Theorem 1. If the topological dynamical system (X, f) is locally eventually
onto and expansive then it has the periodic specification property.

Given the previous result it is natural to ask whether any locally eventually
onto continuous map satisfies the specification property.

Remark 2. It is worth mentioning that the situation is clear for continuous
interval maps. Indeed, combining [5, Theorem B] and Blokh’s theorem (cf. [11,
Theorem 3.4]), it follows that the locally eventually onto property implies on
the following conditions, which, for interval maps, are equivalent:

(i) f 2 is transitive,
(ii) fn is transitive for every n ≥ 1,
(iii) f is topologically mixing,
(iv) f satisfies the specification property.

While the converse holds in the case of piecewise monotone continuous interval
maps (cf. [5, Lemma 4.1]), it fails for general continuous interval maps. In par-
ticular there are continuous interval maps satisfying the specification property
for which the locally eventually onto property fails (see e.g., [2, Example 3]).

On the positive direction, we notice that the same strategy used in Blokh’s
theorem ensures the following:

Theorem 3. Every locally eventually onto, continuous and conformal map
(i.e., mapping balls onto balls) on a compact metric space satisfies the periodic
specification property.

Remark 4. In the definition of topological dynamical system, the assumption
that the metric space is complete cannot be removed. Indeed, there exists a
metric space X ⊂ {0, 1, 2}N such that the shift map (X, σ) is locally eventu-
ally onto, it is clearly expansive, but fails even to present periodic points [1,
Example 2.31].
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Our second goal concerns describing the consequences of discontinuities on
locally eventually onto maps. This is a problem dual to the one considered
by Buzzi [4], the study of the specification property for piecewise monotone
interval maps. In the case of piecewise monotone continuous interval maps f ,
the transitivity for f 2 ensures the following “almost” locally eventually onto
property: for any open interval A and any closed interval J ⊂ (0, 1) there
exists N ≥ 1 so that fN(A) ⊃ J (see [2, Theorem 6]). However, while the key
step in this argument explores the denseness of periodic points, the classical
argument that ensures the denseness of periodic points for expanding maps
does not apply for transitive piecewise expanding interval maps given that
dynamical balls may fail to grow to a large scale.

We shall focus on important classes of dynamical systems known as β-expansions
and β-shifts (see e.g., [3]). These can be realized by geometric models in the
interval; for each β > 1, the β-map is the C∞-piecewise expanding interval
map Tβ : [0, 1) → [0, 1) given by

Tβ(x) = βx− ⌊βx⌋.

However, while the previous map is always expansive, and Markov for a count-
able set of parameters, Tβ does not satisfy the specification property for Lebesgue
almost every parameter β > 1 (cf. [4]). A characterization of the set of the
values of β which lead to maps with specification can be found in [12]. The
next result shows that continuity is essential in Theorem 1.

Theorem 5. For Lebesgue almost every β ∈ (1,+∞) the map Tβ:

(i) is locally eventually onto;
(ii) is expansive;
(iii) does not satisfy the specification property [4].

We complete this section with two final comments on the relation between the
specification and the locally eventually onto properties for continuous maps in
more general metric spaces. While any Anosov diffeomorphism satisfies the
specification property (see e.g [8]), every volume preserving Anosov diffeomor-
phism is clearly not locally eventually onto. Nevertheless, on the converse
direction, locally eventually onto maps displaying non-uniform expansion of-
ten satisfy some measure theoretical forms of specification (we refer the reader
to [10, 13] for the precise formulations).

2. Definitions

Let (X, d) be a compact metric space, and f : X → X a continuous map. We
refer to (X, f) as a dynamical system.



4 SERGE TROUBETZKOY AND PAULO VARANDAS

The map f is called locally eventually onto (LEO) if for every nonempty open
set U there is an n ∈ N such that fn(U) = X .

For integers a ≥ b ≥ 0 let f [a,b](x) := {f j(x) : a ≤ j ≤ b}.

A family of orbit segments {f [aj ,bj ](xj)}
n
j=1 is an N-spaced specification if

ai − bi−1 ≥ N for 2 ≤ i ≤ n.

We say that a specification {f [aj ,bj ](xj)}
n
j=1 is ε-shadowed by y ∈ X if

d(fk(y), fk(xi)) ≤ ε for ai ≤ k ≤ bi and 1 ≤ i ≤ n.

We say that (X, f) has the specification property if for any ε > 0 there is a
constant N = N(ε) such that any N -spaced specification {f [aj ,bj ](xj)}

n
j=1 is

ε-shadowed by some y ∈ X . If additionally, y can be chosen in such a way
that f bn−a0+N(y) = y then (X, f) has the periodic specification property.

The dynamical system (X, f) is positively expansive if there exists α > 0 ,
called expansivity constant of f , such that if x, y ∈ X and x 6= y, then for
some n ≥ 0, d(fnn(x), fn(y)) > α.

The dynamical system (X, f) is expanding if there are constants λ > 1 and
δ0 > 0 such that, for all x, y, z ∈ X ,

(1) d(f(x), f(y)) ≥ λd(x, y) whenever d(x, y) < δ0 and
(2) B(x, δ0) ∩ f−1(z) is a singleton whenever d(f(x), z) < δ0.

The set Bn(x, ε) := {y ∈ X : d(f ix, f iy) < ε for 0 ≤ i < n} is called a Bowen
ball.

A dynamical system (X, f) is called conformal if the image of every ball is a
ball.

3. Proofs

3.1. Proof of Theorem 1. Specification is a topological invariant, the proof
just explores uniform continuity of the conjugacy, hence we can ask whether
such a property holds for the continuous map f on (X, d) or on the metric
space (X, d′), for a equivalent metric d′. For any expansive map Coven and
Reddy constructed an adapted metric which made it expanding [6], thus we
can assume that (X, f) is expanding (henceforth we will assume the metric d
is the expanding).

From the locally eventually onto property, for each y ∈ X , and ε > 0 there
is an N(y, ε) ≥ 1 such that fN(y,ε)(B(y, ε/3)) = X . Morover, by compactness
of X we can cover X by a finite collection of balls {B(yi, ε/3)}i. Let N :=
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maxi{N(yi, ε)}. Then since any ball B(y, ε) contains one of the B(yi, ε/3) we
conclude that fN(B(y, ε)) = X for all y ∈ X .

Now since f is continuous and expanding, the image by fm of a Bowen ball
Bm(x, ε) is B(fm(x), ε), for every 0 < ε < δ0. Combining this with the previous
paragraph yields fm+NBm(x, ε) = X for each x ∈ X and every 0 < ε < δ0.

Fix ε > 0 and choose N as above. Consider an N -specification, i.e., a collection
of orbit segments {f [aj ,bj ](xj)}

n
j=1, with ai − bi−1 ≥ N for 2 ≤ i ≤ n. Setting

mj := bj − aj and Nj = mj +N we have shown that

fNj(Bmj
(faj (xj), ε)) = X ⊃ Bmj+1

(faj+1(xj+1), ε),

and thus

Bmj
(faj (xj), ε) ∩ f−Nj (Bmj+1

(faj+1(xj+1), ε)) 6= ∅

hold for each 1 ≤ j ≤ n. Iterating this, and noticing that f is expanding,
yields that

{

Bm1
(fa1(x1), ε) ∩ f−N1−N2−···−Ni(Bmi

(fai(xi), ε))
}

2≤i≤n
(1)

is a nested sequence of compact sets. Any point in the intersection of these sets
ε-shadows the specification, and thus we have shown the specification property
holds.

Finally we must show that the periodic specification property holds. Fix
ε > 0 and consider an arbitrary N -specification {f [aj ,bj ](xj)}

n
j=1 with N

choosen as above. We extend this to a longer N specification by choosing
an+1 = bn + N , bn+1 = an+1 +m1 and xm+1 = fa1−an+1x1. Thus mn+1 = m1

and Bmn+1
(fan+1xm+1, ε) = Bm1

(fa1x1, ε). Therefore the chain (1) of contain-
ments extends to

{

Bm1
(fa1(x1), ε) ∩ f−N1−N2−···−Ni(Bmi

(fai(xi), ε))
}

2≤i≤n+1
.

The closure of the intersection of the extended chain of containments must
contain a point fixed by fN1+···+Nm+1 , hence the periodic specification property
holds. �

3.2. Proof of Theorem 3. The strategy follows closely [4, Appendix A]. For
that reason we just give a brief sketch of the proof. Let X be a compact metric
space and f : X → X be a continuous, locally eventually onto conformal map.
The key step is a uniform control on the images of Bowen balls. Indeed, while
points in n-Bowen balls are within controlled distance to the original orbit
during n iterates, it is the size of the image the Bowen ball by iteration of fn

which suggests how strong is the capability to obtain specification.

Claim: For any ε > 0 there exists ζ(ε) > 0 so that

diam(fn(Bn(x, ε))) ≥ ζ(ε) for every n ≥ 1 and x ∈ X.
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Proof of the claim. Fix x ∈ X . By conformality, for each n ≥ 1 the set
fn(Bn(x, ε)) is a ball around fn(x). Recall also that

(2) Bn+1(x, ε) =

n
⋂

j=0

f−j(B(f j(x), ε)) = Bn(x, ε) ∩ f−n(B(fn(x), ε))

and clearly Bn(x, ε) ∩ f−n(B(fn(x), ε)) ⊆ Bn(x, ε).

In particular, by the conformality of f , for each n ≥ 1 either: (i) the equality
Bn+1(x, ε) = Bn(x, ε) holds, or (ii) the set Bn(x, ε)∩f

−n(B(fn(x), ε)) is strictly
contained in Bn(x, ε). In the second case, there exists a point y ∈ Bn(x, ε) so
that fn(y) /∈ B(fn(x), ε). This shows that the ball fn(Bn(x, ε)) ⊃ B(fn(x), ε),
combining with (2) yields

fn(Bn+1(x, ε)) = B(fn(x), ε).

Altogether, this proves that for every n ≥ 1 there exists 0 ≤ j < n so that
fn(Bn(x, ε)) = fn−j(B(f j(x), ε)).

Thus, in order to prove the claim it is enough to show that the forward image
of balls of a definite size do not degenerate: for any ε > 0 there exists ζ(ε) > 0
such that diam(fn(B(z, ε))) ≥ ζ(ε) for every n ≥ 1 and every z ∈ X .

Indeed, since f is locally eventually onto, for any given z ∈ X there exists
N(z, ε) > 0 such that fN(z,ε)(B(z, ε)) = X ; hence there exists ζz(ε) > 0 such
that diam(fn(B(z, ε))) ≥ ζz(ε) for every n ≥ 1. The continuity of f and
compactness of X ensures that minz∈X ζz(ε) > 0, proving the claim. �

We now claim that f satisfies the periodic specification property. Indeed, given
ε > 0 let N = N(ε) ≥ 1 be such that fN(B(x, ζ(ε))) = X for every x ∈ X .
Such N ≥ 1 does exists as f is locally eventually onto and X is compact. The
proof of the periodic specification property now follows as in Theorem 1. �

3.3. Proof of Theorem 5. Since items (ii) and (iii) are known (see e.g., [4])
we need only prove that each Tβ is locally eventually onto.

Fix β > 1 and take an arbitrary interval J ⊂ [0, 1). We claim that there exists
N ≥ 1 so that TN

β (J) = [0, 1). We may assume without loss of generality
that J is contained in some domain of smoothness for Tβ. By the mean value
theorem, Leb(Tβ(J)) ≥ β Leb(J). If Tβ(J) ∩ DTβ

= ∅ then Leb(T 2
β (J)) ≥

β2 Leb(J). Since the diameter is bounded, a recursive argument shows that
T k
β (J) ∩ DTβ

6= ∅ for some k ≥ 1. In particular T k
β (J) ⊃ [0, a) for some

a ∈ (0, 1
β
]. Since Tβ(0) = 0, and Tβ is monotone increasing in [0, 1

β
] then there

exists N ≥ 1 so that TN
β (J) ⊃ [0, 1

β
]. This assures that TN+1

β (J) = [0, 1). �
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4. Examples

We finish with some examples. The first example is a simple examples of
piecewise expanding continuous maps which need not be neither expansive
nor transitive.

Example 6. Consider the continuous and piecewise expanding interval map
f0 : [0,

1
2
] → [0, 1

2
] given by

f0(x) =











3x if x ∈ [0, 1
6
]

−3x+ 1 if x ∈ (1
6
, 1
3
]

3x− 1 if x ∈ (1
3
, 1
2
].

Let f : [0, 1] → [0, 1] be obtained by replication of the dynamics f0 in intervals
of exponential decreasing growth accumulating 1, defined by the relation

f(x) = 1− 2−n + 2−nf0(2
n(x− 1 + 2−n)), x ∈ (1− 2−n, 1− 2−(n+1)].

and f(0) = 0, f(1) = 1. Clearly f is piecewise expanding, continuous, not
expanding nor transitive.

The next example shows that transitivity is essential to avoid unattainable
repelling points.

Example 7. Consider the continuous and C1-piecewise expanding interval
map f : [0, 1] → [0, 1] given by

f(x) =











3x if x ∈ [0, 1
3
]

−2x+ 5
3

if x ∈ (1
3
, 2
3
]

2x− 1 if x ∈ (2
3
, 1].

The map is not transitive as f([1
3
, 1]) = [1

3
, 1], in other words, [1

3
, 1] is an f -

invariant domain. Thus f is not locally eventually onto. Nevertheless, the
attractor Λ :=

⋂

n≥0 f
n((0, 1]]) = [1

3
, 1] and f |Λ is locally eventually onto.

Finally we complete this note with an example showing that locally eventu-
ally onto is weaker than specification. We consider an example suggested by
Lindenstrauss (cf. [1, Example 2.31]) of a locally eventualy onto map having
no periodic points.

Example 8. Consider the subshift Y0 ⊂ {0, 1, 2}N consisting of the set of
sequences that admit no consecutive 0’s, let and let π : Y0 → {1, 2}N be given
by supression of the 0’s in the sequences belonging to Y0. Endowing the shift
spaces with the usual distances, π is a continuous map on a compact metric
space, hence it is uniformly continuous.

Consider a minimal subshift X ⊂ ({1, 2}N, σ) and let Y = π−1(X). Akin
et al proved that (Y, σ) is locally eventually onto (cf. Example 2.31 in [1]).
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We claim that (Y, σ) does not satisfy the specification property. Recall that a
factor of a map of a compact space with specification satisfies specification (cf.
[7, Proposition 21.4]) This does not directly apply to our situation since we
do not have compactness, however it is not hard to prove that the commuting
diagram

Y →σ Y
↓π ↓π
X →σ X

together with the uniform continuity of π ensures that if (Y, σ) satisfies the
specification property then so does (X, σ). Second, (X, σ) does not satisfy
the specification property. Indeed, if (X, T ) has the specification property and
its natural extension is expansive then (X, T ) has the periodic specification
property (see e.g., Lemma 6 in [9]). Altogether, this proves that (Y, σ) does
not satisfy the specification property, as claimed.
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