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EXTREMAL DISTANCE AND CONFORMAL RADIUS OF A CLE, LOOP

JUHAN ARU, TITUS LUPU, AND AVELIO SEPULVEDA

ABSTRACT. Consider CLE4 in the unit disk and let £ be the loop of the CLE4 surrounding the
origin. Schramm, Sheffield and Wilson determined the law of the conformal radius seen from the
origin of the domain surrounded by ¢. We complement their result by determining the law of the
extremal distance between ¢ and the boundary of the unit disk. More surprisingly, we also compute
the joint law of these conformal radius and extremal distance. This law involves first and last
hitting times of a one-dimensional Brownian motion. Similar techniques also allow us to determine
joint laws of some extremal distances in a critical Brownian loop-soup cluster.

1. INTRODUCTION

The Conformal Loop Ensembles CLE,, k € (8/3,4] form a one-parameter family of random
collections of simple loops in a simply connected planar domain that are conformally invariant in law.
They were introduced in [She09, [SW12| as the conjectural scaling limits of the interfaces for various
statistical physics models. This conjecture has been confirmed only for some values of the parameter
k. In particular for k = 4, it is known that the CLE4 appears in the scaling limit of the outer
boundaries of outermost sign components of a metric graph GFF [Lup19|] and thereby has a natural
coupling to the 2D continuum Gaussian free field (GFF) [MS11, [ WW16, [ASW17]. Furthermore, the
CLEy is conjectured to be scaling limit of loops in the double-dimer model [Kenl4l [Dub19, BCIS|
and in the loop O(n) model with parameters n = 2,z = 1/+/2 [KN04, [PS17].

The main result of this paper concerns the geometry of the loop of a CLE4 surrounding the origin.
We compute the joint law of the extremal distance from this loop to the boundary of the domain,
together with the conformal radius seen from the origin of the domain surrounded by the loop. The
conformal radii of CLE, for k € (8/3,4] have been already identified in [She09], by a different but
related method, to first hitting times of particular diffusions. In [SSW09| the explicit density of
their laws has been further computed. No identification of the law of the extremal distance has
appeared so far. Our approach for x = 4 uses the coupling with the GFF.

The laws that appear are related to certain random times of the Brownian motion. For B a
standard Brownian motion, define

(1.1) T :=inf{t > 0: |By| =7},
T:=sup{0 <t <T:B;=0}.

Given two closed sets Cp, Ca, denote the extremal distance between them by ED(C1,Cs). See
Section for details. The main theorem of this paper is as follows (see also Figure |1)).

Theorem 1.1. Let ¢ be the loop of a CLEy in the unit disk D surrounding the origin. Let
CR(0,D\¢) be the conformal radius of the origin in the domain surrounded by €. Then, the law
of 2m ED(¢,0D), —log CR(0,D\¢)) equals that of (7,T).

Date:
2010 Mathematics Subject Classification. 31A15; 60G15; 60G60; 60J65; 60J67; 81T40.
Key words and phrases. Brownian motion; conformal loop ensemble; Gaussian free field; isomorphism theorems;
local set; loop-soup; Schramm-Loewner evolution.
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FIGURE 1. Graphic explanation of Theorem The dashed line represents
27 ED(¢,0D) and the continuous lines represents — log CR(0,D\¢).

Note that in particular a.s. 27 ED(¢,0D) < —log CR(0,D\¢). This is actually a deterministic
inequality, satisfied by any simple loop disconnecting 0 from 9D (see Corollary, and the equality
holds if and only if the loop is a circle centered at 0.

Using standard distortion bounds one can deduce from Theorem some information on the
size and shape the CLE,4 loop ¢ surrounding 0, and in particular how far it is from being a circle
centered at 0.

Corollary 1.2. Let ¢ be the loop of a CLE4 in the unit disk D surrounding the origin. Denote
r—(¢) = d(0,7), r+(0) == max{|z| : z € (}.
Then one has the following exponents:

logP(ry(¢)~! > R) logP(r_(¢0)~! > R) 1

li = i _ -
B> bos log R R o log R 8’
and
(1.2) iy 08P (O/r-(O) > R) _ 1

R—+00 log R 2

Moreover, (1.2)) also holds if ¢ is distributed according to the stationary CLE4 distribution in C
introduced in [KW16].

The exponent for r_(¢) has been known since [SSW09] and is related to the dimension of the
CLE, gasket. The exponents for r(¢) and r,(¢)/r_(¢) have not appeared in other works, however
it is possible that they may also be computable by different methods.

A generalization of Theorem describes the geometry of a cluster of a Brownian loop-soup
ILW04] involved in the construction of the CLE, as in [SW12]. To state the theorem, let us introduce
two further random times related to the Brownian motion B

T :=inf{t >T: B = 0},
7:=sup{0 <t <T —T: Biyr = Br}.
We can now state our second main theorem (see also Figure .

Theorem 1.3. Toke a critical Brownian loop-soup in D and let C be the outer-most loop-soup
cluster surrounding the origin. Let €° and ¢* denote the outer and inner boundary of C w.r.t. the
origin, respectively. Then,
(1) The quadruple (2m ED(OD, £°), —log CR(0,D\¢%), 2w ED(¢°, £%), — log CR(0, D\¢?))) is equal
in law to (7,T,7,T).
(2) Furthermore, the quadruple (2w ED(OD, £°), 27 ED(£°,¢%), 27 ED(OD, ¢*), — log CR(0, D\ "))
has the same law as (7,7,7 +T,T).
2



FIGURE 2. Graphic explanation of Theorem The dashed orange, resp. cyan,
line represents 27 ED(¢°,0D), 27 ED(#!, OD), the continuous orange, resp. cyan, line
represents — log CR(0,D\¢°), —log CR(0,D\¢?) and the doted magenta line repre-
sents 27 ED(£°, ¢%). Note that in this case, the joint law of —log(CR(0,D\¢°)) and
27 ED(¢¢,0D)) is not computed in Theorem

Notice that in both cases, we have only given the joint law for a quadruple of (reduced) extremal
distances. The reason is the following:

e The joint law of (—log CR(0,D\£°), 2 ED(AD, £!))) cannot be naturally obtained from the
same Brownian motion B, i.e. it is not the same as the law of (7,74 T).

Indeed, if the joint law were equal to that of (T,7 + T), then —log CR(0,D\¢°) < 27 ED(9D, £*)
would hold almost surely. However, this cannot be true as the following happens with positive
probability: the conformal radius seen from £ is very small, hence — log CR(0,D\°) very large,
and at the same time the extremal distance ED(OD, £?) is very small. See Figurefor an explanation.

Let us now give an idea of the proof of this result. The first step is to couple the CLE4 (Miller-
Sheffield coupling) and the critical Brownian loop-soup to the continuum GFF. We will use the
notion of local sets of the GFF [SS13, [WP20| together with some recent developments in this topic
[ASW17, [ALS20al, [ALS20b]. In this language CLE, is described by a two-valued local set, denoted
A o)

The connection between the 2D continuum GFF and the 1D Brownian motion is obtained from
the exploration of the GFF by local sets. Indeed, let (1:):>0 be a continuous growing family of local
sets of a GFF in D and h,, (0) be the harmonic extension in 0 of the values of the GFF discovered

FIGURE 3. Main reason why we cannot compute the joint law of
(—log CR(0,D\¢°),2r ED(OD, ¢%))): it is possible that ¢' is arbitrarily close to
the boundary, while £° is arbitrarily close to the center.
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by n:. Then the process (hy,(0))¢>0 is a continuous local martingale, and thus a time changed
Brownian motion. Moreover, the natural time parametrization is such that at each time ¢, we have
—(27) "1 1log CR(2,D\n;) = t.

In [ASWIT|, the authors provide a construction of the local set A_gy 2\ (that has the law of
CLE4) by a growing family of local sets. This allows them to give a new proof of the fact that
—log(CR(0,D\¢)) has the law of the exit time of a Brownian motion [ASW17| from the interval
[—7, ], reproving the results of [She09, [SSW09| for k = 4 in a slightly different, but connected
way: namely the Brownian motion entering the coupling with the GFF is very much related to the
Brownian motion for the case x = 4 in [She09, [SSW09.

The derivation of the law of ED (¢, 9D) is considerably more involved than that of the —log(CR(0,D\¢)).
To obtain it we cut a small hole around the origin and work with the GFF in an annular domain
rather than in a disk. Then, the CLE4 loop around the origin can be approximated, if the hole
is sufficiently small, by an interface of the GFF in the annulus separating the inner and the outer
boundary. The key point is that in an annulus the same interface can be discovered by explorations
by local sets starting both from the outer and the inner boundaries. We call this property re-
versibility and we deduce it as consequence of a certain commutativity property of two-valued local
sets, reminiscent of commutativity properties of SLE curves coupled with the GFF, first studied in
[Dub09l IMS16]. An exploration from the inner boundary of the annulus, i.e. from the small hole
around the origin, will give us the extremal distance of the interface to the outer boundary, i.e. dD.

An additional step is needed to obtain the joint law of (2w ED({,0D), —log CR(0,D\¢)). As
before, we work in an annulus D\rD, and show that one can read the joint law of the pair
(2rED(¢,0D), 2r ED(¢,r0D)) from the same Brownian motion (that is actually a Brownian bridge
in the annulus). To do this, we first show that this joint law can be characterized by studying how
it changes when changing the height of one endpoint of the Brownian bridge. We then study how
the law of two-valued local sets of a GFF changes, when changing the boundary values of the field
on rdD, the inner boundary of the annulus, and deduce that the joint law of extremal distances
for the loop ¢ satisfies the conditions of our characterisation. It should be noted that our argument
does not extend to several nested interfaces, and indeed, as mentioned already above and explained
on Figure 3] in the case of several interfaces, one cannot simultaneously encode the joint law of all
possible extremal distances and conformal radii on the same Brownian sample path, at least not in
the obvious way.

We will further provide results analogous to Theorem for some other interfaces induced by
local sets of the GFF. Namely the gasket of the CLE, is a particular example of a two-valued local
set, a general family of local sets first described in [ASW17| and further studied in [AS18] |QW1S]
ALS20al [SSV19]. In Theorem , we provide a generalization of Theorem to the family of two-
valued local sets A_, , with a+b € 2AN, where 2\ is the height gap. A cluster of a critical Brownian
loop-soup is related to the first passage sets of a particular level of the continuum Gaussian free
field, as explained in [ALS20al [ALS20b] . In Theorem we give the joint law of the extremal
distance and the conformal radius of an interface in a first passage set of any level.

Our article is organized as follows. In Section [2] we recall some notions of conformal geometry,
basics of the GFF, its local sets and their relation to CLE4 and the critical Brownian loop soup. In
Section [3] we give the Radon-Nikodym derivative of the two-valued local sets and first passage sets
under a change of boundary values of the GFF or a change of domain. In Section [4] we compute
the one-dimensional marginal laws of the extremal distances for a family of GFF interfaces in an
annulus. The central step is in Subsection [4.2] where we prove the reversibility of interfaces. Finally,
in Section [5] we deal with joint laws - we first characterize the joint laws in terms of the behaviour
under a change of the boundary conditions, then we prove Theorems [5.1] and in Subsection

(.3 Theorem is proved in[5.4 We finish by deriving Corollary [1.2] in [5.5]
4



2. PRELIMINARIES

In this section we collect some preliminaries on annular domains, GFF and its local sets. To start
of let us also recall the notion of conformal radius: in any simply-connected domainﬂ D C C, there
is a conformally invariant way to measure the size of D seen from an interior point z. This notion
of size is called the conformal radius of D seen from z, is denoted by CR(z, D) and is defined by:

CR(z,D) := ¢'(2),

where ¢ : D — D is a conformal map with ¢(z) = 0 and ¢'(z) > 0. Such a map exists by the
Riemann mapping theorem. One has the bounds

(2.1) iCR(z,D) <d(z,0D) < CR(z, D).

The upper bound comes from simple monotony. The lower bound is the Koebe’s one-quarter theorem
(Theorem 5-3 in [AhI10] and the subsequent Corollary).

2.1. Annular domains and extremal distance. Let D C C be a bounded open two-connected
(i.e. with one hole) subset of C. We also assume that the hole (i.e. the bounded connected
component of C\D) is not reduced to a point. Such a D is called an annular domain. We will refer
to the boundary of the bounded connected component of C\D as the inner boundary of D and
denote it by 9;, the other boundary of D is called the outer boundary and denoted 0,.

For any 0 < r < 1 we denote by A, the open annulus A, := D\7D; we also denote A = A, when
we do not need to make reference to r. By the Riemann mapping theorem, for any annular domain
there exits a unique 0 < 7 < 1 and a conformal map such that ¢ : D — A, mapping the inner
boundary to 0; and the outer boundary to d,. Notice that A, also has a conformal automorphism
z — r/z swapping the boundaries.

In this way the number 0 < r < 1 measures the distance between the boundaries in a conformally
invariant way and parametrizes the conformal type of an annular domain. In fact, it comes out that
it is more convenient to work with the logarithm of r: indeed, if we define

1 1
ED(9D, rdD) := — log —,
2m r
then by conformal invariance this defines ED(9;, 0,) for any annular domain. We have that

Theorem 2.1 (Theorem 4-5 of [ALI10]). Let D be an annular domain. The inverse of the extremal
distance ED(0,, ;)" is given by the Dirichlet energy I |Va|? of the harmonic function @ equal to
0 on 0, and 1 on 0;. Furthermore, if 0;, resp. O,, has a piecewise smooth boundary, then fD |Va|?
is equal to fr?i Ont, resp. —fao On.

We refer the reader to the Section 4 of [Ahl10] for more details on extremal distance, its intrinsic
definition using families of curves and its generalization called the extremal length.

Lemma 2.2. Let p be a simple loop in D, at positive distance from 0, surrounding 0. Denote
CR(0,D\gp) the conformal radius seen from 0 of the domain surrounded by p. Then

lim (ED(0D, rdD) — ED(p,rdD)) = —% log CR(0,D\g),

r—0
where in the limit r is small enough so that © C A,.

Proof. This is probably well-known, but for completeness the proof is given in Appendix B. ]

Next we state a superadditivity property of the extremal distance. It is referred to as composition
law in [ALIL0].

1For us a domain is always a connected open subset of C.
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Theorem 2.3 (Theorem 4-2 of [Ahl10]). Let D be an annular domain with outer boundary 0, and
inner boundary 0;. Let  be a simple non-contractible loop in D, that is to say O, and 0; are in
different connected components of D\gp. Then

(2.2) ED(0,,0;) > ED(0,, p) + ED(gp, 0;).
Now take D = A,.. We can now use Lemma to rewrite the inequality (2.2) in the limit » — 0
to obtain:

Corollary 2.4. Let p be a simple loop in D, at positive distance from 0, surrounding 0. Denote
CR(0,D\gp) the conformal radius seen from O of the domain surrounded by . Then

1
ED(9D, p) < —2—log CR(0,D\g).
T
Let p be a simple loop in D, at positive distance from 0, surrounding 0. Denote

r—(p) :=d0,p),  ri(p):=max{|z]:z € p}.
Similarly to (2.1]), one has bounds for r(p) involving the extremal distance ED (9D, ).

Proposition 2.5. For ¢ a simple loop in D, at positive distance from 0, surrounding 0,
e2TED@ODO) < 1 () < 42T EP(OD)

Proof. This follows from Sections 4-11 and 4-12 in [AhI10]. For completeness the derivations are
given in Appendix B. ([l

The ratio 74 (p)/r—(p) parametrizes the shape of the minimal annulus centered at 0 containing
p. By combining Proposition with (2.1, one gets bounds for this ratio in terms of ED(9D, p)
and CR(0,D\g). The constant 16 that appears below may be non-optimal.

Corollary 2.6. For o a simple loop in D, at positive distance from 0, surrounding 0,

o~ 2mED(9D,p) CR(O,]D)\@)_l < 7"+E@; < 16¢—27 ED(9D,p) CR(O,]D)\p)_l.
r—{g
2.2. The continuum GFF. The (zero boundary) Gaussian Free Field (GFF) in a domain D is
a centered Gaussian process ® (we also sometimes write ®” when we the domain needs to be
specified) indexed by the set of continuous functions with compact support in D, with covariance
given by

E[(@, 1)(@, f2)] = [[ A(2)GD(2,w) falw)dzdu,
DxD
where G p is the Green’s function of Laplacian (with Dirichlet boundary conditions) in D, normalized
such that Gp(z,w) ~ (27) "t log(1/|z —wl|) as z — w. In other words, the Gaussian free field is the
normal random variable whose Cameron-Martin space is Hol7 the completion of the set of smooth
compactly supported functions for the inner product given by

(f,9)v 1—/DVf(z)Vg(z)dz.

For this choice of normalization of Gp (and therefore of the GFF), we setﬂ

(2.3) A =/7/8.

It can be shown that the GFF has a version that lives in some space of generalized functions (Sobolev
space H~1), which justifies the notation (®, f) for ® tested against the function f (see for example
[Dub09]).

2Sometimes, other normalizations are used in the literature: if Gp(z,w) ~ clog(1/|z —w|) as z — w, then A
should be taken to be (7/2) x /c.
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In this paper, ® always denotes the zero boundary GFF. We also consider GFF-s with non-zero
Dirichlet boundary conditions - they are given by ® 4 u where u is some bounded harmonic function.

2.3. Local sets: definitions and basic properties. Let us now introduce more thoroughly the
local sets of the GFF. We only discuss items that are directly used in the current paper. For a more
general discussion of local sets we refer to [SS13, WP20)].

Definition 2.7 (Local sets). Consider a random triple (®, A, ®4), where ® is a GFF in D, A is a
random closed subset of D and ® 4 a random distribution that can be viewed as a harmonic function
when restricted to D\A. We say that A is a local set for ® if conditionally on (A, ®4), 4 := d—Dy
is a GFF in D\ A.

Throughout this paper, we use the notation A : D — R for the function that is equal to ® 4 on
D\A and 0 on A.

Let us list a few properties of local sets (see for instance [SS13, [Arulbl [AS20] for derivations and
further properties).

Lemma 2.8.

(1) Any local set can be coupled in a unique way with a given GFF: Let (<I>,A,<I>A,EI\>A) be a
coupling, where (®,A,®4) and (O, A, ®'y) satisfy the conditions of this definition. Then,
a.s. @y = @,. Thus, being a local set is a property of the coupling (®,A), as P4 is a
measurable function of (®,A).

(2) If A and B are local sets coupled with the same GFF ®, and (A, ®4) and (B,®p) are
conditionally independent given ®, then AU B is also a local set coupled with ® and the
boundary values of ®aup agree with those of ®p or ® 4 at every point of the boundary of
AU B that is of positive distance of A or B respectivelgﬁ. Additionally, B\ A is a local set
of @ with (®*)p\ s = Ppua — P4 .

(3) Let (P, (An)nen, (Pa, ))nen a sequence of conditionally independent local sets coupled with
the same GFF ®. Furthermore, assume that A, is increasing. Then Asx = U,y An 5 @
local set. Furthermore, if a.s. for all n € N, A, is connected to the boundary, then a.s.
(I)An — <I>A,

We will now argue that a local set remains a local set under a Cameron-Martin shift of the
underlying field. Let g a function in the Sobolev space H}(D) and ® be a Gaussian free field under
the probability measure P. Define

~ 1
(2.4 @ = oxp ((@.9)5 - 5(0.0)5 ) @
According to the Cameron-Martin theorem, under the measure Iﬁ’, ® —gis a GFF. Something similar
is true for local sets.

Theorem 2.9. Let (D, A, ®4) be a local set coupling under the measure P. Then, under the law ﬁ’,
(® — g, A, ®4 — ga) is a local set coupling, where ga is the orthogonal projection in HE(D) of g on
the subspace of functions that are harmonic in D\ A.

The proof of Theorem is essentially contained in Proposition 13 of [ASW17|. As that propo-

sition is stated slightly differently, we provide the proof for the sake of completeness in Appendix
B.

Remark 2.10. Note that the subspace of harmonic functions in D\ A is closed in H} (D). Further-
more, when A has empty interior and g has a bounded trace on A, then ga is equal to the unique
bounded harmonic function in D\ A with boundary values g on A and 0 on 0D.

3We say that ® aup agrees with ® 4 at a point x € 9(AU B) NJA if for any sequence of x, ¢ AU B converging to
z, ®aup(Tn) — Pa(zn) = 0 as n — co.
7



2.4. Parametrizing local sets. Often one is interested in a growing family of local sets, which we
call local set processes.

Definition 2.11 (Local set process). We say that a coupling (®, (n¢)¢>0) is a local set process if ®
is a GFF in D, ng C 0D, and n; is an increasing continuous family (for the Haussdorf topology) of
local sets such that for all stopping time T of the filtration Fy := o(ns : s < t), (®,n,) is a local set.

Let us note that in our definition 7; is actually a random set. In other words, in our notation
ne = 1([0,¢]). In the rest of the paper, we are mostly interested in local set processes that (mostly)
evolve as continuous curve. In those cases, if appropriate, we denote by 7(t) the tip of the curve at
time t.

In a disk, local processes can be naturally parametrized using the conformal radius. In an annulus
local set process can be parametrized by its extremal distance to a whole boundary component.

Proposition 2.12 (Proposition 2.7 of [ALS20al). Let D be an annular domain and (®,n;) be a local
set process with ® a GFF in D. Then, if ny is parametrized by the inverse of its extremal distance,
i.€.,

t = ED(B,0D\B) — ED(B, (9D U n)\B),

the process
By i= ED(B, (0D Un)\B) [ Duhy,
B
has (a modification with) the law of a Brownian bridge from 0 to 0 with length ED(B,0D\B).

2.5. Two-valued local sets. First, it is convenient to review a larger setting, that of bounded type
local sets (BTLS) introduced in [ASW17|. These sets are thin local set A, for which its associated
harmonic function h 4 remains bounded. Let us introduce the definition of a thin local set when h 4
is integrableﬁ

Definition 2.13. We say that a local set A is thin, if ha belongs to L'(D\A) and for any smooth
function f

(@4, f) Z/D\AhA(x)f(x)dx.

The following proposition provides a sufficient condition to show that a local set A is thin.

Proposition 2.14 (Proposition 4.3 of [Sep19]). Let A be a local set. If ha is L}(D\A) and for any
compact set K C D, the Minkowski dimension of AN K is strictly smaller than 2, then A is thin.

Now, we can define the bounded type local sets.

Definition 2.15 (BTLS). Consider a closed subset A of D and ® a GFF in D defined on the same
probability space. Let K > 0, we say that A is a K-BTLS for ® if the following four conditions are
satisfied:
o A is a thin local set of ®.
o Almost surely, |ha| < K in D\A.
e Almost surely, each connected component of A that does not intersect 0D has a neighborhood
that does mot intersect any other connected component of A.

If A is a K-BTLS for some K, we say that it is a BTLS.

One family of useful BTLS is that of two-valued local sets. In [ASW17], two-valued local sets
of the zero boundary GFF were introduced in the simply connected case. In [ALS20a] two-valued

4For the general definition of a thin set, see [Sep19].



FIGURE 4. Simulation of A_) ) done by B. Werness.

local sets were generalized to multiply-connected domains and to more general, piece-wise constant
boundary values.

So let u be a bounded harmonic function whose boundary values are constant in each connected
component of the boundary 9D. We denote u~%? the connected components of 9D where the values
of u are outside of [—a,b].The two-valued set A" ap 0 n-connected domains is then a BTLS such
that in each connected component O of D\Aﬁa,b the bounded harmonic function hau , satisfies
the following conditions: ’

(43) On every boundary component of JO\u~%® the harmonic function hu ., Tu takes constant

value a or —b, and in 00 Nu~%" it takes the value u.

(4343) Additionally, we require that in every connected component of 9O either hgx  +u < —a
or hAviab + u > b holds.

The next theorem gives the existence and uniqueness of the TVS (in fact more general boundary
conditions are allowed in [ALS20a], but we state it in a form relevant to this paper).

Theorem 2.16 (Theorem 3.21 of [ALS20a]). Consider a bounded harmonic function u equal to
a constant on any boundary component of D as above. If [min(u), max(u)] N (—a,b) # O and
a+b > 2\, then it is possible to construct A* . # 0 coupled with a GFF ® . Moreover, the sets
A" . are

e unique in the sense that if A’ is another BTLS coupled with the same ®, such that a.s. it
satisfies the conditions above, then A" = A", almost surely;

e measurable functions of the GFF ® that they’ are coupled with;

e monotone in the following sense: if [—a,b] C [—d’,b'] with b+ a > 2X, then almost surely,
Aqia,b C Aqia’,b"

Let us now concentrate on TVS in the annulus. We claim, that in this case TVS is either
connected and all the components of its complement are simply-connected, or it has two connected
components, one corresponding to each boundary component.

9



Corollary 2.17. Consider an annulus A, and a,b as in the previous statement. Define A“’f}b as

the connected component of A*  , UOJA, that contains 0, on its boundary. Then Au’fob is a BTLS

satisfying condition (91). Moreover, if A\qi’f"b touches the boundary, it is equal to A A similar
claim holds for Ag’fib.

Proof. Both claims follow directly from the construction of TVS in non-simply connected domains
in Theorem 3.21 of [ALS20a]. O

It is possible to calculate explicitly the extremal distance in the annular component of AT\AZ’(?OI]

- i.e. the extremal distance between the non-trivial loop of Af’f"b and 0;. This comes from a slightly
simplified version of Proposition 4.13 in [ALS20a].

Proposition 2.18. Let a,b be positive with a +b > 2\ , A, be an annulus. Let u, be a bounded
harrriom‘c function equal to a constant v on the inner boundary 0; and 0 on the outer boundary O,.
Let By be a Brownian bridge from 0 to v with length ED(9;,0,). Then

ED(8,,0;) — ED(A" %, 0;)

is equal in law to the first hitting time of {—a,b} by B,. Notice that if {—a,b} is not hit, this time
is equal to ED(0,, 0;).

T’a’ab" does not intersect the

inner boundary has positive probability. On this event AT\AI_LZ%’ contains an annular component
with 0; on its boundary.

We will also need a result regarding the intersection of the connected components of AT\AT{?’%
with the outer boundary itself - i.e. this corresponds to the case when the extremal distance of

In particular, for any |a 4+ b] > 2\, we see that the event F that A

the non-contractible loop of Aqi’f‘}) (when it exists) to the outer boundary 0, is just 0. Results of
this type were studied in [AS18| in the simply connected case, and the same ideas work also in the
non-simply connected domains.

Proposition 2.19. Take a € R and let u be a bounded harmonic function with constant boundary
values B, in 0, with —a < B, < —a + 2X. Then, for any connected component O of AT\AL_L’:?"_G_FQ)\
we have that 00 intersects the boundary of A,.

Proof. The proof follows directly from the level line construction found in Section 3.3 of [ALS20al.
See also Remark 3.2 of [ASIS] for the argument in the simply-connected setting. O

2.6. CLE4 as the two-valued local set A_5) 5y. Maybe the shortest way to define CLE, in D is
to define it as the collection of outer boundaries of the outermost clusters of a Brownian loop-soup
at the critical intensity [SW12|. However, for us the important and useful part is the connection of
CLE4 to SLE4 process and to the two-valued local sets of the Gaussian free field.

The latter connection was first discovered by Miller & Sheffield [MS11], based on the work of
Schramm and Sheffield [SS13], and it says that CLE4 can be coupled as a local set of the GFF. In
[ASW17| this was rephrased in the language of two-valued sets - the set A_sy o) has the law of a
CLE4 carpet.

Theorem 2.20. Let ® be a GFF inID and A_oy 25 be its TVS of levels —2X and 2X. Then A_o) 2y
has the law of CLEy carpet. Moreover, it satisfies the following properties:

(1) The loops of A_gx2x (i-e. the boundaries of the connected components of D\A_gy 2x) are
continuous simple loops. A_oy oy is the closure of the union of all loops.
(2) The collection of loops of A_ay 2y is locally finite, i.e. for any € > 0 there are only finitely
many loops that have diameter bigger than e.
10



(3) Almost surely no two loops of A_gy 25 intersect, nor does any loop intersect the boundary.
(4) The conditional law of the labels of the loops of A_ax o) given A _gy oy is that of i.i.d random
variables taking values £2X with equal probability.

Remark 2.21. For the fact that A_oy 2y has the law of a CLEy, see Section 4 of [ASWI1T|. Then
the first three properties stem from the basic properties of CLEy (see [SW12|). For (4) see, for
example, the last comment in Section 4.3 of [ASWI1T].

2.6.1. Exploring the loops of A_ox o) using SLE,(—2). In Section 4 of [ASW17], it is explained how
to couple a radial SLE4(—2) in D targeted at fixed point z with a GFF as a local set process that
discovers loops of A_gy ). We will not repeat this construction here and redirect the reader to
[ASW17]. Instead, we will instead just summarize its trajectorial properties, and the properties of
the coupling with the GFF needed in the current paper.

Proposition 2.22. [Existence and properties of radial SLEy(—2)] Let ® be a GFF in D and take
x € 0D,z € D. Then there is a random continuous (in Hausdroff topology) growth process n :
[0,00) — D starting in z, coupled with a GFF ® and defined up to some random time 0 < T, < 0o
such that:

o 2 ¢n(0,T,]) a.s.

o Forallt >T,, n(t1) =n(T%).

e For any rational time q < T, there exists a time q < q such that ng\nq is a simple curve in
the connected component of D\n, containing the point z.

o The process 1; is a local set process and thus for any fized t, n; is a local set.

Furthermore, hy, restricted to a connected component O of D\ is

o Constant equal to either {—2X,0,2\}, if z ¢ O.

e Constant equal to either {—2\,2)\}, when z € O and t > T.

o When z € O and t < T,, take a rational time q > t such that ¢ < t. If such a q does not
exists, then the harmonic function hy, equals 0 (then at t the process 1, has just finished a
loop). If such a q does exist, there are two cases

— The bounded harmonic function is taking constant value equal to 2\ to the right side of
the simple curve ny\n, and 0 elsewhere.

— The bounded harmonic function is taking constant value equal to —2) to the left side of
the simple curve n;\ng and 0 elsewhere.

It is convenient to separate some further properties into a different proposition.

Proposition 2.23. [Radial SLE>(—2) and the GFF] Let 1 be as in Proposition[2.22 We have fur-
ther that n; C A_g) ox(®) for allt < T, and moreover each connected component of the complement
of nr, with boundary condition equal to £2X is also a connected component of D\A_ox 2x(®). In
the other direction, the loop of A_gx ox(®) around z is a subset of n for allt > T,.

The evolution of this process when it is tracing a loop can be described using generalized level
lines. Let us recall the definition here, and see Section 3.3 in [ALS20a) for more details. By conformal
invariance the explicit choice of the two-connected domain below plays no role.

Definition 2.24 (Generalized level line). Let D := H or D := H\B(x,r) for some x € H, r <

Im(z). Further, let u be a harmonic function in D. We say that n(-), a curve parametrized by half

plane capacity, is the generalized level line for the GFF ® + u in D up to a stopping time t if for
allt > 0:

(xx): The set n, := n[0,t At] is a BTLS of the GFF ®, with harmonic function satisfying the

following properties: hy, + u is a harmonic function in D\n; with boundary values —X\ on

the left-hand side of ny, +A on the right side of nt, and with the same boundary values as u

on 0D.
11



From Proposition [2.22] we obtain the following lemma.

Lemma 2.25. We work in the context of Proposition [2.23. At each time t such that there is a
rational q such that ny\ng is a simple curve in D\n, (i.e. at each time t when n; is tracing a loop),
1N 1s tracing a generalized level line.

The importance of working with generalized level lines comes from the fact that one can control
the behaviour of such local set processes when they approach different boundaries. An example of
such a result is Lemma 16 of [ASW17], that we restate here and that is useful for us later on.

Lemma 2.26 (Boundary hitting of generalized level lines, Lemma 16 [ASW17]). Let D be as above
and 1 be a generalized level line of ® 4+ w in D. Suppose u > A in J N OD, with J some open set
of D. Let T denote the first time at which inf{d(ns, J N dD),s <t} = 0. Then, the probability that
T < 00 and that n(t) accumulates in a point in J ast — 7 is equal to 0. This also holds if u < —\
in JNOD for J an open set of D.

2.6.2. A construction of the non-contractible loop of Aéoz/\ oy n an annulus. In this section, we

provide a construction of the non-contractible loop of A‘z"z 2, in an annulus A using an SLE4(—-2)
type process starting from a point on d,. By conformal invariance the same naturally holds when
we replace J, by 0;.

Now, fix some € > 0. Then Corollary 14 in [ASW17| (restated in the current article as Proposition
implies that via a change of measure argument, we can define a local set process v starting from
a point x € 0,, stopped at the first time 7. when it gets e-close to 9;, that has the same pathwise
properties as the process 7 of Proposition [2.22] targeted at 0.

In particular, the boundary values of this local set process are the same as described by Propo-
sition [2.22] To recap - they are either +2\ inside any finished loops, +2X and 0 on any loop that
is in the process of being traced, and zero elsewhere.

We also have the equivalent of Proposition 2:23] Indeed, following the construction of TVS in
Section 3.4 of [ALS20al, having explored v, , we can further explore level lines in every connected
component of A\v;. to complete the construction of a local set connected to 9, and having boundary
conditions equal to £2\. By uniqueness of (connected components of TVS), given in Corollary
we can thus construct A%/\ 9y Starting from v._. In particular, this implies that v, C A\?"L\ 9)
Moreover, as we only explore7further level lines in connected components of v, where the boundéry
conditions are not constant equal to £2), we see that all loops of v, are also loops of A_9y2x. In
particular, this is true also for a possible non-contractible loop of v, that would then be the unique
non-contractible loop of A% o)

Furthermore, when we take £ — 0 there are one of two possibilities that may arise

e 1, creates a loop separating 9; from 0,. In this case, this is the only loop of A?”Q)\ 5y that
separates 0; from 0,.
e 1; intersects the boundary 0;. This can only happen if A_) 9y connects J; and 0.

Finally, as in this construction for any € > 0, (v¢)i<,. is absolutely continuous w.r.t. to the
process (1;)t<r. of Proposition m started from = € 9,. In particular, at each time ¢ for which
ED(n, 0,) > 0 we have that when 14 is tracing a loop, it is tracing a generalized level line. Let us
combine all of the above in a proposition for further reference.

Proposition 2.27. In an annulus A, and for any x € 0, there is a local set process vy of a GFF ®
starting from x, defined until a stopping time T when it either finishes tracing a loop that separates
0, from 0; or intersects 0;. Moreover, we have that

o v C A\‘i"z)\’z)\(q)) for all t < 1 and each connected component of the complement of nr, with

boundary condition equal to £2X\ is also a connected component of D\A_ox 21 (P).
12



o If A?OQ)W\((D) has a non-contractible loop separating 0; and 0,, then this loop is a subset of
nr and at T the process n finishes tracing this loop.
o When vy is tracing a loop, it is tracing a generalized level line.

2.7. First passage sets of the 2D continuum GFF. The aim of this section is to recall the
definition of first passage sets introduced in [ALS20a] of the 2D continuum GFF, and state the
properties that will be used in this paper.

The set-up is as follows: D is simply connected or annular domain and u is a bounded harmonic
function whose boundary values are constant in each connected component of the boundary.

Definition 2.28 (First passage set). Let a € R and ® be a GFF in D. We define the first passage
set of ® of level —a and boundary condition u as the local set of ® such that 0D C AY , with the
following properties:

(1) Inside each connected component O of D\AY , the harmonic function hav +u is equal to
—a on OAY \OD and equal to w on OD\AY, in such a way that hy» +u < —a.

—a

(2) ®an, —hav, >0, i.e., for any smooth positive test function f we have (®ax —hav , f) > 0.
The key result is the following.

Theorem 2.29 (Theorem 4.3 and Proposition 4.5 of [ALS20al). For all a > 0, the first passage

set, A¥ ., of @ of level -a and boundary condition u exists and satisfies the following properties:

(1) Uniqueness: if A" is another local set coupled with ® and satisfying Definition then
a.s. Al =A" .

(2) Measurability: A", is a measurable function of ®.

(3) Monotonicity: If a < a' and u <, then A¥, C Afj/a, .

In this setup, there is also an analogue of Corollary [2.17]

Corollary 2.30. Consider an annulus A,. Define Azi’f" as the connected component of A%, UOA,

that contains 0,, then Aqi’fo is a local set such that h + u s the bounded harmonic function

AT
m Ar\Aqi’g" with values —a in 8&7“_&’20 and u in 0;. Furthermore, @Au,ao — hAu,ao is the positive
measure Ppu —hpw restricted to Aqi’f". The same holds when we swap the roles of 0; and 0, and

. 0
consider A™7°.

The FPS in the annulus has a similar description to that of the TVS - its complement has at
most one non-simply connected component that needs to be an annulus. Moreover, one can similarly
calculate the extremal distance of the annulus in the complement of Af’f".

Proposition 2.31. Let a > 0, A, be an annulus. Let u, be a bounded harmonic function equal to

v on the inner boundary 0; and O on the outer boundary 0,. Let Et be a Brownian bridge from 0 to

v with length ED(0;, 0,). Then
ED(9,,8;) — ED(9, U A" ,)

s equal in law to the first hitting time of —a by Et. Notice that if the Brownian bridge stays strictly
above —a, this time is equal to ED(0;,0,). In this case A" connects Oy with 0;, i.e. Aqi“a’ao =A".

—a

2.8. Connection between the critical Brownian loop-soup and the GFF. Here we recall
how to construct the outermost clusters of a critical Brownian loop-soup out of local sets of a GFF.
For details, see [ALS20D].
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First, the measure on Brownian loops is constructed as follows. For z € C and ¢t > 0, let IPtZ’Z
denote the bridge probability measure from z to z in time ¢ associated to the standard Brownian
motion in C. Following [LWO04], the Brownian loops measure in D is

D oo ; 1
lu’loop(d’}/) = /]D) /0 17 stays in DPz,z(dV)m dtdz.

The critical Brownian loop-soup E?/Q is the Poisson point process of loops in D of intensity %M%Op.

11D>/2 are in the same cluster if there is a finite chain of intersecting loops in 5?/2

joining them. One sees the clusters of £”1)/2 as random subsets of D obtained by taking the union

Two loops in L

of ranges of loops in the same cluster. The outer boundaries of outermost clusters (not surrounded
by other clusters) are distributed as a CLE4 loop ensemble [SW12|. More precisely, let C be the
outermost cluster of E]? , surrounding the origin. Let 1 be the outermost boundary of C and ¢ the
inner boundary of C surrounding the origin. Then #; is distributed as the CLE4 loop surrounding
the origin. As explained above, this loop and in fact the whole of CLE4 can be also constructed as
a two-valued local set of the GFF. In [ALS20b] it was further shown that the whole C can be seen
as local set of the GFF as follows.

Let ® be a zero boundary GFF on D and A_3) o) a TVS of ®. Let O be the connected component
of D\A _3) 25 containing 0. Let o € {—2A,2)A} denote the random boundary value of the GFF ® on
00. ®A-2x32x|, will denote the restriction of the conditional GFF ®4-2x2x to O. We now define a
local set Eo of the GFF @ as follows. On the event o = 2\, we set

Ag = Aoy on UAP (@422 ),

where A2 (@A-2221|5) C O is an FPS of ®*-222x|5. On the event o = —2),
Ap = Aoy on UAP (—0A-223 ),

where one flips the sign of the conditional GFF ®4-2x2x|5.

Proposition 2.32 (Proposition 5.3 in [ALS20b]). The closed critical Brownian loop-soup cluster C

has same law of as Ag\A_ax 2.

2.9. Stationary distribution of a single CLE4 loop surrounding 0. In this subsection, we
recall the notion of stationary measure on a CLE,4 loop in whole C, surrounding 0, constructed in
[KW16E|. Consider the space of simple loops g in C, at positive distance from 0, surrounding 0,
such that
CR(0,C\p) =1,

where CR(0,C\gp) denotes the conformal radius seen from 0 of the interior surrounded by p. On
this space consider the following Markov chain (p;);>0. To go from p; to g;11, one first samples
a CLE4 loop ensemble in the simply connected domain surrounded by ;. Then one takes ¢ the
CLE4 loop surrounding 0 and scales it by the factor CR(0, C\@) ! to get pj11 = CR(0,C\@) ' %.
By construction, CR(0,C\g;+1) = 1. According to Proposition 2 in [KW16] (see also Section 3.2
in [KW16]), there is a unique probability measure that is stationary for the Markov chain (p;);>o0.
We will denote it by Pgfy, . We will further need the following result.

Theorem 2.33 (Corollary 2 in [KW16]). Consider the CLE, loop ensemble in the unit disk D. Let
¢ denote the loop in CLE4 that surrounds 0. The law of the loop

CR(0,D\¢)" ¢
5The results of this section hold for all CLE,, with x € (8/3,4] but we present them only in the case k = 4 for

more clarity.
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conditionally on the event
ED(¢,0D) > L
converges as L — 400 to the stationary probability measure PSCtIEﬁE‘;'

3. ExpPLICIT RADON-NIKODYM DERIVATIVES FOR FPS AND TVS

In this section, we will study how the laws of the TVS and FPS change when we change boundary
conditions of a fixed domain, or when we change the domain itself.

3.1. Laws of local sets after a change of measure. Consider g € H}(D), and let ® be a
(zero-boundary) GFF. Define

(3.1) 0P = exp ((cb,g)v _ ;<g,g>v) aP.

Then by the Girsanov theorem, d:=d— g is a (zero-boundary) GFF under P. Let now A be a local
set of ®. By g4 we denote the orthogonal projection of g in Hy(D) on the subspace of functions
that are harmonic in D\ A. Set &314 = ®4 — ga. By Theorem under @, (6, A, &3,4) is a local set
coupling. Moreover, we can explicitly calculate how the law of these local sets is modified under
this change of measure:

Lemma 3.1. Let Q be the law of (A, ®4) under P and Q be the law of (A, DA+ ga) = (A, ®4)
under P. Then

d
dg = exp ((@A,g)v - %(QAagA)V)

Remark 3.2. One way to give a rigorous sense to (P 4, g)v is to set for any g € H (D), (®a,g)v =
E [((D’ Q)V | (A7 (I)A)]

Proof. Take F a bounded measurable function from the space of closed subsets of D times H~!(D)
to R. Then,

Q[F(4.8a+ 0] = E | PlA B2 exp (@0 — 5(0:9)5) |

2

Now, conditional on A, the law of ® is that of the sum of two independent fields ®4 and ®4,
where the law of ®4 is that of a GFF in D\A and ®4 is harmonic in D\A. We can write a
similar decomposition for g = g4 + ¢, where g4 is harmonic in D\ A, and g* is supported in D\ A.
Furthermore, the given decomposition is orthogonal in Hi (D), i.e. (g,9)v = (94,94)v + (92, 9%)v.
Moreover, (®,g)v = (®4,9)v + (4, g4)y a.s. Indeed, conditional on A, (B4, g4)v is a Gaussian
r.v. and its variance is zero since g4 is orthogonal to H}(D\A).

Thus,

— B [P, 0.0 |exp (@005 - 50.005) |4, 20|

B o (#0900 - 5(0.0)%)|(4.20)| -

1
exp <(¢A,g)v - 5(9A79A)V)E [exp(q)A,gA)v - (gA,gA)v‘A] -
Finally,

B oxp ((#4,%) - 50 9)5)|4] = 1.

and the result follows. O
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3.2. Radon-Nykodim derivative for local set in an annulus. Now consider an annulus A,
defined as D\rD, with r € (0,1). We denote 9; = rdD and 9, = JD the inner an outer boundary of
A, respectively. Recall from Section [2.1|that ED(9,,9;) = (27) ! log(r~1).

For v € R let u, be the harmonic function in A, that takes value v on 9; and zero on 0,. Let
AY = Aﬁ”g%’ with (a,b > 0,a+b > 2)\) denote the connected component of the two-valued local set
AT;W (in A,) containing the outer boundary 9,. On the event AY N 9; = ), define Ff;l,b to be the
boundary of the connected component O;" of A,\ A" with 0; C W, i.e. we set 611”11’17 =A"NO;".
Then fli”a’b is a simple loop, non-contractible in A, separating 0, and 8,ﬁ On the event AYNO; # 0,

we define 5111;’1, to be ;.
We will show that on the event ED(¢" ,.0;) > 0 (i.e. A" N 9; = 0), the conditional law of

ED(¢%, . 0,) given ED({™, ;,9;) = ED(A?, ;) and the label —a or b of £ ;. does not depend on
the value v.

To do this, we calculate explicitly the Radon-Nikodym derivative of (A", ® 4v + u,) with respect
to (AO, (I)AO).

Proposition 3.3. Let Q, be the law of (A¥, ® 40 + uy) on the event where AV does not intersect 0;,
i.e. for any measurable bounded function F,

Qu[F (A, @40 + uy)] = E [F((AY, ®av + up)) L gera,—g] -
Further, on the event A’ N 0; = 0, denote by o™ = o™, the constant boundary value in {—a,b} of
Uy + hav on ﬁ”a b, seen as the boundary of O;" side. Then, we have that

dQ,
dQo
In particular, if ED(€" ,,0;) > 0, then the law of ED({" ,,0,) conditional on o™ and on ED({™ . 0;)

only depends on (o, ED({™ . 0;)) and not on the inner boundary value v.

2
(3.2) exp (—Z(ED(AO, 9;)"L —ED(0,,9;)!) + a®v ED(A°, ai)—1> )

Proof. Define u$ : A, — R as the unique function continuous on A, and harmonic in A\ (r +¢)dD,
with boundary values

e | uy on(r+e¢)dD,
(3.3) Uy = { 0 on OA,.
Note that u is equal to u, in A, ..
Let P denote the law of @, a (zero-boundary) GFF in A,. Define ® := & — u$ and
dP 1
(5.4 7 = oo (@ad)s - Jdd)e ).

so that @ is a GFF under P.
Let us first prove the following claim.

Claim 3.4. The event {d(A°(®), ") > £} is a.s. equal to the event {d(A*(®),0") > ¢}. Further-
more, on this event a.s. AY(®) = AY(®) and the boundary values of hgo and h*" 4 u, coincide
everywhere except on ;.

Proof of the Claim. We construct Aﬁz%’ (of the GFF ®) using the level line construction given in
the proof of Proposition 3.9 of [ALS20al]. Let AY(®) be the local set obtained when one stops this
construction the first time a level line gets € close to the inner boundary. Let us verify that, under
P, AY(®) is equal to AY(®). First, Theorem ensures that A%(®) is a BTLS of ®. Moreover,

6Locally, the loop ﬁ’;,b looks like an SLE4 loop, however we will not use this in this paper.
16



on the event A° is at distance ¢ from 9;, on the boundary of A° we have that ® A0(®) T Uy takes
values in {—a,b}; and on the complement of this event, again on the boundary of A°, the function
d A9(@) T Uy takes values in [—a,b], changing only finitely many times on the boundary of each
connected component.

Thus, following the cited construction of [ALS20a] on the event that A does get ¢ close, one
can complete AY(®) to build a local set A of ® that comes at distance ¢ from 9; and such that
<1>A + u, takes values in {—a,b} on the boundary of A. By uniqueness of the TVS, A = A?(®).
Note that from the construction it follows that on the event when AY(®) remains at distance e
from the boundary a.s. A%(®) = AY(®). Furthermore, if d(A%(®),8;) < e, we have that also
d(AY(®),0;) <e. O

The claim implies that the measure Q, restricted to the event that AY is at distance € from 0; is
absolutely continuous with respect to the measure Qg restricted to the event that A° is at distance
6 from 0;. Furthermore, the Radon-Nykodim derivative is given by the conditional expectation of
4)) given (A%, ® 4o). Thus it remains to compute the conditional expectation of . to obtain
the result. Let Qp, respectively QO be the laws of (A", ® 40) under IP’ respectively P, restricted to
the event that A° stays at a positive distance from 9;. By Lemma [3.1] we have that
o = o (@a.0)w — (. (e ).
where (u) 40 is the orthogonal projection of uS in H}(A,) on the subspace of functions that are
harmonic in A,\A°. On the event d(A° d;) > €, we can explicitly calculate the terms inside the
exponential. Indeed, denote by 140 : A, — R the function that is continuous on A,, harmonic in
A, \A°, and takes value 0 on A° U d,, and value 1 on 9;.

Observe that on the event d(AY,8;) > ¢, (u5)40 + vIg0 = u, on the whole of A,. Moreover,
observe that ((u3) 40, uy)v = 0 as (uf) g0 is zero on A, and u, is harmonic in A,. Thus,

(3.5)

(vLg0,01p0)v = (ty — (uy) 40, Uy — () 40)v = (o, to)v + ((uy) a0, (U7) 0)v-
From Theorem it then follows that
((u5) a0, (ug) a0)v = —v* ED(8,,9;) ™" +v* ED(A®,9;) ™.
Let us now compute (® 40, us)y. By definition, and recalling that u, is harmonic in A,
(3.6) (D po,uf)yv = (Pgo, —Au) = (P g0, —A(u, — uy)).

Now, note that u — w, is supported in A, N (r 4+ ¢)D, and furthermore that ® 40 is harmonic in
A, N (r+¢)D. Using integration by parts we obtain that on the event d(A°, ;) > ¢ (3.6) is equal to

—/ h g0 A(u;, — uy) = VhaoV(u;, — uy) = —vao/ On(1 —1Tyg0) = va ED(AO,ai)*l.
o 09 o

Here we used that when restricted to O, hyo = a®(1 — I 40) and Theorem

We conclude the proof of the identity by taking e — 0.

Finally, notice that the non-dependence on v of the conditional law of ED(E“jlb,ao) simply
comes from the fact that the Radon-Nykodim derivative in is measurable with respect to
(aO,ED(Ega’b,8i)). O

A similar proof gives us the following result for an FPS. Let a > 0. Consider the FPS A"

in A, and let A"”’a" denote the connected component of A““a containing d,. On the event that

Au“’ °N9; = 0, let £, be the only loop delimited by Au”’ ° which is not contractible in A,. In

Uy,00

other words, ¢, U 0; is the boundary of the unique connected component of A,\A* " which is
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topologically an annulus. We have that ED(AT’G"%, 0;) = ED(£",,9;). On the event AT;;‘?" No; # 0,
we set /1Y = 0;.

Proposition 3.5. Let Q, be the law of Aqi’ga" on the event where Aqi“a’a" does not intersect 0;.
Then, we have that

2
(3.7) Zg” = exp <—U2(ED(A“2"9“,8¢)_1 — ED(5,9;)"") — av ED(A",%, ai)—l) .
0

In particular, if ED(£%,,0;) > 0, the law of ED(£",,0,), conditionally on ED(£%,,0;) only depends

—a’ —a’
on ED(¢",,0;) and not on v.

Finally, let us extend this proposition also to the local set that gives us the law of outermost
clusters of the Brownian loop soup, as explained in Subsection [2.8] We will need to work in a
slightly more general setting than described in that subsection, so let us describe the construction
of this local set fig” again in detail.

First we take AT’Q’?\?QX If ATQ’?:’Q , NO; # 0, then we set }l/g” = Azivz’f:; \-

Otherwise, let O;" denote the connected component of AT\AT’Q’%’Q , such that 9; C @ O;" is

an annular domain. Let ¢% = ETJQ/\QA = AZ”Q’%’Q/\ N O} denote the outer boundary of O;". Let

alv = alf’z/\ oy € {=2X,2A} be the constant boundary value of wu, + hAuv 20 on {* from the inner
) —2X,2
Uv+hAu”’80 A wy,00

side. On the event o = 2\, we consider the local set A, TR (§A-2N2A| juy ), which is the
connected component containing £** of the first passage set of level 0 of the conditional GFF inside
O;" with boundary values v on J; and o on £**.
We finally set
uU+hAUU780 Nl

Tuo . A Uv,Oo —2X,2) Aﬁ”’a"
AyY = A—2>\,2>\ UA, (P 2%2A|O;w).
On the event o' = —2\, we set
-~ 5 —uy—h wy,00 L At d,
Uy ,__ Uv,00 —2X,2) AN
Ap" = A0 U A, (@722 guv ),

wy,00
where we take the opposite of the conditional GFF &*-2x2x |ouv because a*” < 0. Constructed that
way, Ag” is a local set of ® and as mentioned, it is related to a cluster of a Brownian loop-soup.
We now prove the analogue of Propositions [3.3] and [3.5] for this local set. As the proof is similar, it
is omitted.
Proposition 3.6. Let Q, be the law of (121/6‘”, ® juy +uy) on the event where /\ig” does not intersect
0

0;, i.e. for any measurable bounded function F,
QuIF (A", @00 + )] = E [F(Agv, D oo + )1 Agvm&:@} .

Further, on the event 121/6‘“ N 9; = 0 denote by Eg“ the outer boundary of the annular connected
component of A, \Ay” whose inner boundary is 0;. Then, we have that

dQy
dQo

In particular, if ED(Z%,8;) > 0, then the law ofED(vg”,ao) conditional on ED(@B‘”, 0;) only depends
on ED(£y,0;) and not on the inner boundary value v.
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3.3. Radon-Nykodim derivative for local set for different domains. Let D C D be two
domains and ® and ® be two GFFs in D and D respectively. Define C' to be the closure of D\IA),
and note that because of the domain Markov property, ® = ®¢ + &, where both terms are
independent and ®¢ has the same law as ®. The harmonic part of &+ is denoted as usual h¢.

From Corollary 14 in [ASW17|, we know that if A is a local set of ® and A C D a.s., then A is
also a local set of ®¢, and (®¢)4 = ® 4 c — Pc. We restate it carefully here.

Proposition 3.7. Take (P, A, ®4) a local set coupling such that a.s. d(A,C) > e > 0. Let C.
be some neighbourhood of C in D, whose boundary in D is given by a continuous curve, such that
C. C(C+eD)ND. Define h, : D — R as the unique function harmonic in 13\805 with boundary
value 0 on 8D and hc on 9C: N D. Consider the change of measure

. 1 .
(3.9) dPg = exp (—(CDC, he)v — i(hgc, h‘fc)v) dP,
where P is the law of o= ®Y, and (-,-)v denotes here an integral over D. We have that under @50,
¢ 1= ®Y + hE, is a GFF in D and (9%, A, @5 == (®) 4 + (h3)a) is a local set coupling.

Proof. This follows directly from Theorem and the fact that due to the condition d(A,C) > ¢,
(hc)a = (hE)a, where (f)a denotes the function that coincides with f on A, is zero on 0D, and is
extended harmonically to D\ A. O

Remark 3.8. Note that in Proposition the boundary values of the harmonic part of <T>f4 coincide
on A with that of ® 4, and are 0 on 0D.

Let ® denote the zero boundary GFF in the disk D and ®" the zero boundary GFF in the annulus
A, Let Aé"a »(®") be the connected component, containing 9,, of the two-valued set of a GFF ®".

We now prove a proposition stating that there is a convergence in total variation of A‘z"a »(®7) to
A_gp(P), as r — 0.

Proposition 3.9. For every § > 0, there exists ro such that for all v < 1o there exists a coupling
between ® and ®", such that

P <A\_a7b(<1>) - A?oab(qﬂ)) >1-4.
Furthermore, the analogue is true for the FPS A _,.

Proof. We prove the result for the TVS A_,; as the proof is the same for FPS A_,. Let us work
in the context of Proposition with C = rD. We show that there exists a local set A, an event Q
and £ > 0 such that P(Q) = 1 — §/2, a.s. on € we have that Ay p(P) = A‘zoa,b@bc + hZ) = A and
for all w € O

]/}\DE
(3.10) %(w)—l <§/2,
where
~ 1
(.11) 8 = exp (— (00.12) g — (45,1 ) .

We start as in Claim by defining A as the set obtained from the construction of A_,;(®)
when stopped the first time it hits eD. We choose € > 0 such that

P (?21 = {d(A_q(®),0) > a}> >1-6/2.

We then have the analogue of Claim
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Claim 3.10. On the cvent d(A,0) > ¢, a.s. A= A_,,(®) = A%, (B + hZ).

The proof is basically the same as that of Claim and is thus omitted.

Now, let us see that there is an r > 0 small enough such that is true. From , we
just have to show that hg converges to 0 in H& (D), as r — 0. As h® is bounded and harmonic in
D\ (e0D U rD) and taking value 0 in 9D and r9D and h¢ in €0D, the convergence follows from the
following claim.

Claim 3.11. Define h, as the restriction of he to (£/2)0D and see it as a continuous function from
the circle to R. Then as r — 0, h, converges in probability for the topology of L2 to 0.

Proof. Note that when restricted to D\rD, & = ®C + he, where both terms of the sum are inde-
pendent. This implies that h¢ is a centred Gaussian process with covariance

E [hC(‘T)hC(y)] = G]D)(xv y) - GD\TD(SU’ y)

Note that this extends continuously when z — y, to g,(z,x). Here, g,(z,-) is the unique bounded
harmonic function in D\rD with values 0 in 0D and —(27) ! log(||x — -||) in roD.
Thus,

A log(1/¢e) log(1
E / (hy(z))%dz| = / gr(z,x)dr < og(1/¢) log(1/(e + 1)) — 0, asr —0.
(/2)0D (¢/2)0D log(1/7) 2m
Here, the inequality just follows from the estimate of the probability that a Brownian motion started
at x hits r0D before OD. O

0

4. THE MARGINAL LAWS IN AN ANNULUS

Consider an annulus A with outer and inner boundaries denoted by 9, and 0;, and A _s) 2 the
two-valued set of a zero-boundary GFF on the annulus A.
Recall from Corollary the definition of Afj"% oy as the connected component of A_y 2

connected to d,. We saw that either A_) o) intersects 9;, or A\A?"2 y.2), has a connected component
that is annular and has 0; as one of its boundaries. We set £ to be the other boundary of this annular
component, i.e. the non-trivial loop of A‘z"u’u. In the case when A‘%’%’% intersects 0;, we set £ = 0;.
We are interested in the marginal law of the extremal distances ED(¢, 0,) and ED(¢, 0;) (see Figure

).

FIGURE 5. In the figure you can see the non-trivial loop ¢ together with the two-

random variables we are interested in.
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In fact, Proposition already gives us the law of ED(¢,9;). The main result of this section
is the computation of the law of ED(¢,0,). To describe the resulting law, let B be a standard
Brownian bridge of time-duration L, that denotes the extremal distance of A. Define

T grox:=inf{s >0: |B;| = 2A} A L,

(4.1) - sup{0 < s < lex,zx B, =0} if TLQ)\,Q)\ <L,
T L if not.

Proposition 4.1. The law of ED(¢,0,) equals that of T_ax 2x.

The proof proceeds by providing a way of constructing ¢ via a local set exploration from the
inner boundary, and then basically using a correspondence with the Brownian motion, similarly to
Proposition 2.18] The main input is a certain reversibility statement, saying that non-contractible
loops generated by iterating two-valued sets starting from the outer boundary, agree in inverse order
with the non-contractible loops generated by iterating two-valued sets from the inner boundary.

4.1. A reversibility statement and Proposition Consider, a zero boundary GFF ® on an
annulus A with outer and inner boundaries denoted by 9, and d;. We now describe an exploration
from the outer boundary ¢y := 0, towards the inner boundary, where each step consists of sampling
the connected component of A_5) 9\ connected to the outer boundary, denoted A?"z A2\

(1) First, construct the component A; := A%z)\,zx If A; touches the inner boundary, we stop.

Otherwise one of the connected components of A\A; is an annulus A!, still containing 0;
as one of its boundaries. We denote by ¢; its other boundary, i.e. /1 = 41 N OAL

(2) As (®,A;1,ha,) is a local set, conditionally on (Aj,ha,) the GFF, ®, restricted to Al is
equal to oA 4 p A,, where the boundary conditions of h4, on ¢; (towards 0;) are equal
to either —2X or 2\ (denote this value by «;) and zero on 9;. We can now construct the

component As of the two valued-set A}igleal,z Ml of the GFF ®41 restricted to A' and
with boundary condition hy,. In this case, by Proposition Ao mnecessarily cuts out
another annulus A? (see Figure @, whose outer boundary we denote by /5.
(3) It is now clear how to iterate, to obtain the iterated A‘ZDQ)HQA, and the sequence of contours
by = 0oy l1,02, ... by, byi1 = 0.
(4) We call A the closure of the union of all sets A; explored.

This construction would work exactly in the same way, if instead of starting with 0-boundary
condition, we would start with boundary conditions given by uy, a bounded harmonic function with
value 0 in 9, and 2AN in 0;, with N € Z. In other words, we could take AJIV = Aﬁ%\%’)\ and then iter-
ate starting from step (2). We denote the loops obtained this way by Eév = 0,, Ejlv, Zév, VAR EnNH =
0;.

We have the following basic claim about the sequence of loops and their boundary values:

Lemma 4.2. Taoke N € Z. The sequence K(J)V = 30,5{\[,@[, . ,Eév,ﬂflvﬂ = 0; is almost surely finite
and the boundary condition on the last boundary £~ before 0; is equal to 2AN .

Proof. They key input for this lemma is a correspondence of this sequence of non-contractible loops
with the stopping times of a Brownian bridge, stemming from Proposition [2.1§

Indeed, let ajN, denote the labels of the contours E;V, i.e. the boundary values of ® 4~ + uy on

. J
EjN inside A7V, the connected component of A\A;V that has 0; in its boundary. Consider also a
Brownian bridge Et of time-length L := ED(0;, 0,) going from 0 to 2N\ and stopping times T0)
defined recursively by T(® = 0,
TU) = inf{t > TU=Y . B, = By £ 2A} A L.
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FIGURE 6. A representation of the iteration produced. In this case n = 2 and /¢ is
the curve separating blue from cyan, and ¢, is the curve separating cyan from green

Now, by Proposition the labels aév are exactly equal to the values of this Brownian bridge

at the stopping times TU). Thus, as the Brownian bridge has a.s. only finitely many jumps of
size 2\, we deduce that n is almost surely finite. Moreover, notice that the last jump is to 2AN,
because the Brownian bridge ends at 2AN and almost surely visits this endpoint after the last visit
to 2A(N £ 1) O

As a simple corollary of the proof of this lemma, we see that

Corollary 4.3. The extremal distance between £, and 0; has the same law as the random time
T_oa2x described in (4.1)).

Now, one can also explore similar contours starting from the inner boundary of a GFF with
boundary values given by u)y = uy — 2N, i.e. setting the values to 0 on 9; and to —2NA
on J,. Indeed, we could start with A := Aqi];; gf\w’ai and then iterate as above, with the only
difference that the exploration goes from interior towards the outer boundary. Let us denote by

— o o
N =9, ¢ ]1\7, eN L EN Y £LV+1 = 0, the non-contractible loops obtained this way, and let &

%
denote the boundary values of ®« on ¢ év towards 0.

The following theorem is the central result of this section and states that the contours described
above coincide in the reverse order. This theorem is proved in the next subsection.

Theorem 4.4 (inside — outside = outside — inside). Let ® be a GFF on A with zero boundary
conditions. Then we have that almost surely

—N & —
(N N ey = (e ey e .
Let us remark that for us the relevant part of the theorem is the equality in law.

Corollary 4.5 (Reversibility in law). Let ¢ be a conformal automorphism of A that swaps the
two boundary components. Then, the sequence (p(EX), (N 1), ..., p(6)) has the same law as
(N Ny,
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Proof. Due to the fact that a GFF & is conformally invariant, we have that d:=do p is a GFF
in A where the roles of the boundary components have been swapped. Thus, by Theorem [4.4]
(p( ¢ N) oL N), NI N)) corresponds to (/7,05 N, ..., ¢, N). The result follows from the fact
that this last n- tuple has the same law as (¢, ), ..., ¢Y) since —® has the same law as ®. 0

In fact, Proposition [.1] follows directly from this corollary.

Prooiof Proposition[{.1. By Corollary the law of ED(¢,0,) = ED(¢1,0,) equals the law of

ED( 4 ,,0,). But this in turn equals the law of ED(¢(¢,,), 9;), which by conformal invariance of the
GFF and Corollary equals the law of 7_5) 2. O

It remains to prove Theorem [£.4] which is the content of the next subsection.

4.2. The proof of reversibility. In this subsection, we prove a commutativity statement about
the iterated TVS exploration described at the beginning of Section[f.I} Theorem [£.4]is an immediate
consequence of this commutativity result.

We follow the same convention as in Section That is to say, consider an annulus A and
a GFF with boundary conditions 0 on the outer boundary and 2AN on the inner boundary. Let

—
AN denote the n times 1terated A“g’;\ 5y, and let A% denote the k times iterated A"y, Sf\\h\ 9 By

convention Ag = 0, and Ao = 0;. Furthermore, let A . be the union of AN and ZN

Let us note that by definition A%, ;% 18 increasing in the sense that A% ik C A 7 ) Whenever j < 4" and
k < k'. Additionally if A;Vk does not connect 0, with 9;, there is exactly one connected component
of A \A that has the topology of an annulus.

The main proposition of this section states that there is a unique way of connecting 0; and 0,
using A .

Proposition 4.6 (Commutativity). Suppose that n € N is the smallest number so that Aﬁyﬂ 18
connected to 9;. Then Aé\fk = A7]¥+1,O for all 5,k > 0 such that j+k =n+1. Moreover, in this case
(4.2) AN AN =¥ =7,

Remark 4.7. Notice that Theoremﬂfollows directly from the equality in ,

The proof of this proposition is based on two commutativity lemmas for TVS. These lemmas
state some conditions under which we can construct A{ in a different way: by first sampling A%
and then constructing a particular two-valued local set of A,

The first of the two commutativity lemmas deals with all types of TVS starting from different
connected components of the boundaries. Let a,a’,b, b’ such that a +b,a’ + b > 2\ and let u be
a harmonic function with constant boundary values v, and v; in 9, and 0; respectively. Assume
furthermore that —a < v, < b and —a’ < v; < b’. We will construct a local set A’ connected to 0O;

and state sufficient conditions for it to be equal to A\E’ff b

e Start by sampling A = Af’f"b. If A does not intersect 0;, denote by O the unique connected
component of A\O that has the topology of an annulus.

e Recall that ® 4 u restricted to O has the law of @4 |g +u', where &4 | is a GFF in O and
u’ is the bounded harmonic function in O with boundary values v; in d; and constant either
—a or bin A. /

e Now explore A’ = A:’;?jb/(q)A |o), the connected component of the local set Aﬁla,’b,(@A lo)
containing 9;. We set A’ =) if O = ().

The first commutativity lemma roughly says that when A’ does not touch A = Aﬁ’f"b, then it
indeed equals A%% v
23



Lemma 4.8. Up to a null-set
{A\uabﬂAUB,b,—@#A'} {A“abﬁA’—(Z)#A'}
Furthermore, on the event {Aua , NA =0 +# A’} we have that A’ = Aﬁ’ff b

Proof. The proof is similar in spirit to that of Claim [3:4] so we will be brief here.

Indeed, we first construct the local set A = Au 8" We only need to work on the event that it
does not touch 9;. On this event, we define A as the only connected component of A\ A that is not
simply connected.

Now, consider the level line construction of Aii’f}"b/, as described in Section 3.4 of [ALS20al.
Similarly to the proof of Claim [3.4], we can stop this construction once it gets to distance € > 0
of A. Note that by Lemma , these are level lines of both ® + u and of ®4 + u + h4 on
A and thus we obtain a local set A, for both fields. By construction, we have that A C A, C
AU A“’af b Further, as these level lines are also exactly the level lines used in the construction

of A“”L,hg‘,’ ‘(@4 |z) for the field @4 4+ u + hy (in Section 3.4 of [ALS20a]), we also have that
ANA C A“+hA’ (A | %)- Finally, if A-\A is at distance strictly bigger than ¢ from A we have
that, by construction, Ali’(?f p (@) = ANA = Aw,hg‘,’ ‘(@4 |2). We conclude by the fact that the

above holds for all £ > 0.
O

When A’ and Af’f"b do intersect, it is not generally true that the local sets A’ U Ali’f‘}, and

Ai"f} y U Aii’f% are equal. The second lemma of commutativity gives a condition under which this
commutativity does hold.

Lemma 4.9. We work in the same context as Lemma @ Take v, = 0 and v; € 2M\Z. Furthermore,
leta=b=2\, a = -2\+v; and b/ =2\ +v;. We have that a.s.

Au(? UAu@,,

! u,00
AUA —a’ b’ —2A,2X°

=222\ T

Furthermore, if A" # 0 and { = A“a,b, n A% “9n2) # (0, we have that ¢ is equal to Y, the outer
boundary of the annular connected component of D\Au X 20" This can only happen when v; = £2\.

Remark 4.10. Lemma [[.9 is the main reason why in our commutativity results the mazimum
generality we can hope is to have a,b with a +b = 2KX. This lemma is in fact not true, when

a+b# 4\

Proof of Lemma[{.9 By Lemma we just need to study the cases where {A.qigf\ oy N A_ i b= 0}
or {A" = (}. We start by separating into cases according to the value of v; = 2K by

Case |K| > 2: In this case, Proposition [2.18|implies that a.s. Av oxaa Au b= = () and thus the
result follows from Lemma (4.8

Case K = 0: Note that in this case we have that o’ = 0/ = 2\ and thus, if Af’gj\ o MA™ 2/\ a7

we have that Aﬁ’gf\ ox N Afi’ff y = A_2)2x, which implies that the result is true. Furthermore, let

us note that in this case A’ = (.
Case |K| = 1: This is the core of the lemma. WLOG we can consider K = 1, i.e. an annulus with

boundary conditions 0 on the outer boundary and 2\ on the inner boundary. Thus, A" g Xo\ = = Al
and A" 8/ v = = Ay’ Z\ = A Furthermore, when it is necessary we can assume that we are on the

event Aﬁfw NA™ Bo wox 7 0.
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Observe first that by Proposition A1Nd; =0 and Z% Nd, = 0. Thus both A\ A} and A\Z%
have one annular component, denoted by A and A1, respectively. In particular A’ # (). Recall
that we denote the outer boundary of ALl by /1 and the inner boundary of Ab1 by 71

The rest of the lemma is easy, once we establish that A} and A share their only non-contractible
loop.

Claim 4.11. If A 0 AL £ 0, then £} = 7}

Let us first show how the lemma follows from this claim. Indeed, given the claim, Lemma
< u,00
property (2) implies that A} is a local set in AL! of the GFF dA-2X2x restricted to AbL. We need

< <— 1 9. u,00
to prove that A}l is equal to A} := Ag’j&(@A—%” |a11), where v/ = @ + u restricted to

u,00
A72)\ 2X

<_
ALl We know that this is the case when A} N A}l = (), so we can assume A} N A} # (). Note that
this can only happen when u' = 2.

Now, the Minkowski dimension of Al is strictly Smaller than 2 and thus Proposition|2.14|implies it

u,00
is thin. So by Theorem [2.16|it remains to prove that A satisfies the condltlon (43)| for AT on [a11.

First, note that by Claim [4.11{ the connected components of A \A1 are just all the simply
connected components of A\ A}. Now, we have that <I><Z1
constant equal to 0 or 4\. From the constructlon of TVS in [ALS20a], we know that the boundary
of each component O is disjoint from 6 = (3. Thus by part (2) of Lemma [2 . we have that

)

restricted to any such component O is

Al = = P ! for all such connected Components O and we conclude that A} satisfies condition

u,00
(93)| for ®-2X2x 511
Let us now turn to the proof of the claim.

Proof of Claim [{.11: We use the SLE4(—2) based construction of El and f detailed in Section

@ Let these SLE4(—2) type of processes constructing A1, resp. Al be denoted by vy, resp. Vs

Take 7 any stopping time of v where v closes a oontractlble loop and where v, does not hit 0;
and let A, denote the only connected component of A\v; that is not simply connected. Let us now
recall that v, is a local set where h,_+ u restricted to A; is the unique bounded harmonic function
with boundary conditions 0 on d,Ur; and 2X on d;. Thus by Proposition [2.18] we see that the local
set AOQL/\ sampled in A\Vt stays at a positive distance from v; almost surely Moreover, exactly as

in the proof of Clalm we can argue that in fact this local set is equal to A1 As a consequence,
we obtain that a.s. A Stays at positive distance of 14 for any ¢ which corresponds to finishing a

contractible loop. Then A is at positive distance of 14 for any ¢t < T', where T is the time where v
starts tracing the non- tr1v1al loop ¢}. Let T; be the time when v finishes tracing £}

By exactly the same argument, if we denote S to be the time when ¥ starts tracing the non-trivial
loop ¢ 1, then A} stays at positive distance of v, for any s < S.

Flrst let us argue that & cannot enter in the interior of the annulus A\Al. To do this, first
notice that no non-trivial loop of ¥ is inside A\A1 - indeed, any such loop is ﬁnlshed before the

time S. Thus ¥ can only enter A\A] when it is tracing the non-contractible loop E 1

Now take s a rational time such that with positive probability v(s) is inside the 1nterior of the
annulus A\Al. By the argument just above, it then has to enter some connected component O of
A\vr, contained in the annulus A\A}. By Proposition m (1¢)¢>s is in the process of tracing a
generalized level line with boundary values 2\ and 0 or 2A and 4\. From Claim 17 of [ASW17] we
thus see that if #! enters any such connected component O with positive probability, then it only
intersects its boundary at one point corresponding both to its starting and endpoint. But now recall
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P
that ¢ 1 does not intersect v; for any ¢ < T. Thus it means that the only possibility for £! to form
a non-contractible loop in A\ Al is depicted in Figure [7| as for any other O the closure does not
disconnect 0; and 0,.

FIGURE 7. The green set represents Al and the brown set represents s

Now, we note that the generalized level line ¢ enters the interior of a component O by one prime
end of the boundary. Thus by the proof of Lemma 10 in [ASW17| mthe boundary conditions near
the other prime end will be 0 at any rational time when v; is inside A\A}. But then by Lemma
the generalized level line cannot exit through this other prime end.

T h(e_ above discussion implied that /1 is contained in the closure Al. We still need to prove
that ¢ 1 does not intersect the interior of A}. However, this can be proved by exactly the same

<_
argument. Indeed, by hypothesis ¢ I needs to intersects A}. Now recall that v, is disjoint from
A% for all t < T'. Moreover, when ¥ is also disjoint from A%, then as between the times T and Ty,
the process s tracing a generalized level, it cannot hit #1 that has boundary values +2\. Thus
F
the only possibility for £ 1 to intersect Al is depicted by Figure [8] But now we can conclude that
this cannot happen by arguing exactly as in the paragraph above.

FIGURE 8. The green set represents Al and the brown set represents v

"In that statement ‘point’ should read as a ‘prime end’
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The next corollary is a certain iteration of the result.

Corollary 4.12. Suppose that Aé\fk does not connect the inner and outer boundary and consider
the annular connected component A of A\AN. Let K be equal to (2)\)" (o — &) . Then

]+1 k\A is equal to A KGx of the GFF 0 in A. Stmilarly, we have that A] k+1\A '\ Us equal
to A Kb ofthe GFF &4+ in A

Proof of Corollary[4.13: We will prove this by induction on j+k > 0. The claim is true for j = k =0
by definitions. The claim for j = 1,k = 0 (and then similarly for j = 0 and k& = 1) follows from

Lemma indeed, the lemma directly implies that AJI\S\AJI\’[0 equals A8,1 = A of the relevant

GFF. Moreover, A%\A{YO equals A%O = A/ just by construction of the iterated TVS.
Now suppose that the claim holds for all j+ & < m, with m > 1 and let us consider j+k = m—+1.
WLOG we can assume j > 1. As ANk is assumed not to connect inner and outer boundaries by

(an iterated version of) Lemma it follows that A \A equals in law with A 1  of the GFF
in the non-simply-connected component of A\ALO7 Where N "= N=%1, dependlng on the label of
A1 towards the inner boundary. As by construction Aﬁl k\AJl\’TO has the law of A;V,;, we can now

use the induction hypothesis for Aé-v_/ 1 to conclude. O
We are, finally, ready to prove the proposition.

Proof of Proposition[].6: We will prove the proposition again by induction on n. The base case is
n = 0: by Proposition [2.18] A{YO = “g’/’\ag/\ can only hit the inner boundary if N =0. In this case
A?,O =A_oyon\ = A871 by Corollary [2.17| and AO N A% =9, and AO NnAY =0

So suppose now that the statement is true for n < m and we want to prove it for n = m+1. We will
show that A% 410 = AN and by a similar argument it then follows that A% Fm— l Aﬁv 1 mt2—j-

m,1»

As by hypothesis AN m.,o does not connect the two boundaries, by Corollary 4.12| we see that

m+1,0\Am70 equals AL(’)"O of the relevant GFF &m0 in A\Amp. Because Am+170 connects the
two boundaries, Proposition implies that K, o has to be equal to 0. Similarly AN \AN
equals A 01 In A \Ak0 for the same GFF as above. But by the 1nduct10n base A}, = AO 1 a.s.

and we conclude that A% 10 = Aml As moreover AN = AN m,0 and Al = Ao 1, the claim on the
boundaries also follows from the base case n = 1. O

4.3. Extensions to general boundary conditions and to first passage sets. In this subsection
we will first generalise Proposition to boundary conditions differing on the inner and outer
boundaries. This allows us prove the result also for general two-valued sets with a + b € 2AN. We
finally deduce the result for first passage sets.

4.3.1. General boundary conditions for the TVS A_o) 2). Consider again an annulus A with outer
and inner boundaries denoted by d, and 0;. Denote by ® a zero-boundary GFF on A and for
v, Vo € R, let uy, 4, denote the bounded harmonic function that is equal to vy € (—2A,2X) on 0,

Uvo,v;

and v; on d;. Consider now the two-valued set A £ of ® 4+ u, on the annulus A.
Let £%% be the boundary of the connected component of A" 2“;5 , connected to 9, (in case there
is no non-trivial loop surrounding 9; we again set £”>¥" = 9;). We want to calculate ED ("%, 9,)

as before.

—
8Recall that a;, resp. &k is the boundary value on K ,resp. LN of hav +un, resp. hgy + un restricted to
J k

Aj , resp. Ak .
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To do this, let B0 be a Brownian bridge from vy to v;, whose time-duration L is given by the
extremal distance of A. Define

ng’f\h% —inf{s > 0: |B%"%| =2\} A L

If Tv<;27/1\112 \ =L, we set T”%’;”Q , = L. If, however Tf‘é’;\)"” < L, we define

Py = supf0 < s < TG, B = 0}V 0.
We then generalize Proposition [4.1] as follows.
Proposition 4.13. The law of ED(£%Vi 0,) equals that of ?v‘é’;l%

We start again from a result on reversibility. For simplification, in this stage we will take v, = 0,
v; =v € (2A(N —1),2N )] and u, = ug,. As before, we denote the iterations of Au”éf"% from the
outer boundary by Ay*, A5",..., A% where A% is the last iteration that does not touch 9;. We

also define 43" = 0,, (7", .. S0 €n %1 = 0; as the non-contractible contours.

To construct the iterations from the interior boundary, let us first define A“” : Agf\i N—1)2)N"

Now, if A““ 1ntersects 0, we finish the construction. If A“” N0, # (), define A 2 the connected
component of A\A““ that has the topology of the annulus furthermore define E v as the inner
boundary of A0 . As a consequence of Proposition € v always 1ntersects 8 Now let us
work in A0 Like in the Subsection u we define ?11“’, . E Zﬁrl = 0,, as E . n+1 =0, of

the GFF 44" , where N € {N — 1, N} is (2A)! times the boundary value on EO of hAuU + Uy

F
Proposition 4.14. If Ag® intersects O, then A" intersects 0;. Furthermore, we have that almost

surely
(o, 0oy = (T, T e,

Proof. For the first part, let us note that if A“” 1ntersects 0o then v € (—2A,2)), and thus A“” i
equal to either A", 0 and AO e As in both cases A CA™ Conan = = A}", we conclude.

We work now in the case where A“” does not touch 0,. In this case, recall that ® + u, restrlcted

to A“” is equal to CDA +u’ where v is the unique bounded harmonic function in Ag” with

the GFF

|Auv
au A
boundary values 0 € Jy and N in E v. For simplification, we write ® = ®%o |K“v
0
<—uv
in A(“) We now apply the Proposition to the iterated TVS of the GFF ®40”°. Now, as long as
the iterated AUUQ’/\ 5 from the outer boundary does not touch Ay, we can deduce from (an iterated

(—
version of) Lemma that the iterated A" “oxay of the initial GFF @ agrees with that of Ao,
And in particular, t at the non-trivial loops coincide in reverse order

It remains to argue that the first iteration where Au’é’f‘z , touches A“” is also the first iteration

when it touches 9;. To show this, 1t suffices to show that if the iterated A% Zox2n does not touch the

boundary, then it does not touch A“” To see this, assume that A} does not intersect 9; and, as

above Lemma define A’ to be the A 2?\(]\, 1).2AN of the GFF ®4%" restricted to Ajv. Here o' is

the unique bounded harmonic function with value o in £, and v in 0;. From (an iterated version
<_

of) Lemma E we know that if A" does not intersect £, then neither does A{*. But we have that

ap? € 2M\Z and thus by Proposition A’ does not touch £, and we conclude. O

We will now prove Proposition 4.13]
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Proof of Proposition[{.13 Notice that by symmetry we may assume that 0 < vy < 2.

As in the last section, whereas the loop of the TVS is constructed using an outside to inside
exploration, the Brownian motion stems from an inside to outside exploration via Proposition [2.18
Again, the two are joined by a reversibility argument.

Our aim is reduce to boundary conditions of the form 2AN on both boundaries. To do this,

Vo,V

explore A, := Agvg’;“ °, the connected component of AO o - connected to 0,. Notice that by

Uvp,v; 780

monotonicity of TVS, we have that A, € A 71\ ".

We divide the study in three cases. 7

Case 1: All connected components of A\ A, are simply connected. Then so are those of A UQ"/\Ué A
Thus ¢%ve-vi = 0;.

Now, we are going to present the two other cases. As A, does not touch 0; in these cases, there
is unique a non-simply-connected component in A\ Ay, which we denote by Ay. Proposition m
implies that 0A(\0; touches 0,. Notice that the boundary condition of ha, + g, restricted to
A; on the boundary 0A(\0; is equal to either 0 or 2\, which correspond to two further cases we
are going to study.

Case 2: The boundary condition is 2A. In this case, we can further explore A _oy 9y of PAo
in all simply-connected components of A\ Ay with boundary conditions 0. As a result we obtain
a local set that is connected to 9, and has boundary conditions £2\ on all its boundaries. Using
uniqueness of TVS, it follows that this local set is in fact the connected component of A vzo)\vé’)\a and
thus 0A(\0; equals £"vo-vi.

Case 3: The boundary condition is 0. In this case, we have not yet discovered £“wo-vi and again
by uniqueness of the TVS, £“vo-»i is given by the first non-contractible loop ¢; of the iterated A _oy 2
of the GFF <I>64 restricted to Ag.

We have now identified the loop £“vo-¥i in the three cases. Let us show that they correspond

respectively to the cases where 7'””2’:12)\ = L, where 779\, = 0 and where 7°%)%, is non-trivial.

Uve,v;

As in the last section, the Brownian motion comes from the exploration of A_J 1A from the inner
boundary, via Proposition [2.18]

Pick N € Z such that v; € (2A\(N — 1), 2)\N] and explore A(] = Agf\c(']\v; f) o\ the connected

component of AL\(N 1).20N connected to 9;. If AO intersects dp, then one can see that we are in

the case 1 and by Proposition indeed ?”"2’;”2 , = L.

Otherwise, there is a non-trivial annulus Ay in A\ Ag. We can now repeat the construction of

F v, vy % v, Vs . . . .. . .

AT AR as in Proposition above. The proof of Proposition then implies that
S Upy s . Uy v .
A" does not intersect Ay and that the boundary value of heguvo.v; =+ Uy v, O ¢ 50" s equal
to that of ha, + Uy, ,, ON fo. We can now conclude:

~Vo,V;

e In the case 2, we have that 7T “oneN = = 0. Indeed, we know that the label corresponding to

the last loop from the interior, £ ,;>'"!, is equal to 2\. Hence the Brownian bridge describing
the (reverse) labels by Lemma [4.2f does not attain 0 before hitting vg.
4

e In the case 3, by Proposition [4.14] we can identify (%o~ with ¢ """, Moreover, we know
that its label is equal to 0. Thus we deduce the law of 7/:”"2’;\“2 5 from Lemma

0

4.3.2. The case of two-valued sets with a4+b = 2N A. We now prove the generalisation of Proposition

to the case where a 4+ b € 2AN.
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To do that, let Bvi be a Brownian bridge from v, to v;, whose time-duration L is given by the
extremal distance of A. Define

f”zf‘l’: :=1inf{s > 0: B\U"’”i €{—a,b}} NL
If %% = L, we set 7% = L. If, however T"%% < L, we define
?ﬁi{% = sup{0 < 5 < T . | BV — U%’:ZM =2A}VO

Uvn ”z ,80

As before, let £ o ' be the non-trivial loop of A" when it exists, and if it there is no

vo v,

non-trivial loop let E * be 0;. We can relate the law of the extremal distance between £, K, 7 to

0, to a Brownian motlon as follows.

Proposition 4.15. When a + b € 2)\N, the law of ED(£*°*" | 8,) equals that of Av‘;’%’

_a7b 9

First, in the case a+b = 2), it follows from Proposition[2.19that 7>V touches the inner boundary
and thus the extremal distance is equal to zero. Notice that indeed in this case 7'””’1;; is also zero so
the proposition holds. So we can now assume that a + b > 4.

Let now v, € [0,2)) and recall the sequence Eg“"’”i , Ezfv"‘”i, AR 00 introduced in the proof

n+1
L. U .. . U .0
of Proposition [4.13] where £,"""* is the non-contractible loop associated to A ;%" and
L T N Y el

are the non-contractible loops associated to the iterations of A.% \ay Of d%" """ restricted to Ag”o’vi
as in Proposition
Lemma 4.16. Take k,l € N and v, € [0,2)), then the non-trivial loop £ = £* Copxany s equal to

guvo U4 Vo, V4

where j is the first j so that o is equal to either —2k\ or 2I\. If such a j does not
exist, then take j = n+ 1 i.e. £ = 0; . Recall that here a;vo’”i is the boundary value in K?”"’”i of

h v Uuo o, restricted to A"

Proof. Observe that starting from A 0% we can construct A" ongf% y by sampling Alj/%)\ 2\ of
&4 " inside each connected component O of D\Au“" " where u' restricted to O is equal to

h uUO vi + Uy, ;- The resulting set satisfies the characterisation properties of the TVS Au”" i and

thus by Theorem [2.16| it is equal to it. Furthermore, if j < n, as o Lrovi g {=2k\, 20\}, we have

Uvp,v;

/ 0,V . Uy s . . .
that A%, 20 of ®4i inside A—2OI%/\Z,2l/\ does not intersect €j . By the same construction, if

Uvp,v,

j=mn+1, it is clear that A —oka 21 Connects 0, with 0;. ]
Proposition [£.15] now follows.

Proof of Proposition[{.15 First, we reduce the proposition to the case where vy € [0,2)) and a =
—2kX, b =2j5)\. To do this, we notice the following

e For a,b with a + b = n2\ with n > 2, we can always find some ¢ € R such that A* , =

AYory 272 Thus it suffices to treat the case of a,b € 2kZ.
e By symmetry we can assume v, is positive, and again by a constant shift taking values in

2)\Z, we can assume v, € [0,2)).

The proof now follows as in Proposition[4.13] by separating in the same cases as in that proposition
and noting what these cases correspond for the respective Brownian motion. The only difference
is that thanks to Lemma this time we are looking at the j-th iteration instead of the first
one. ([l
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4.3.3. The case of first passage sets. Finally, let us consider the case of the first passage sets. On
an annulus A with outer and inner boundaries denoted by d, and 0;, consider ® a zero-boundary
GFF. For v € R, again we let u,, denote the bounded harmonic function that is equal to 0 on J, and
equal to a constant v on 9;. Consider now, A\fig’f", the component of the first passage set A" of
® + u, connected to J, and let £, be the outer boundary of the non-simple connected component
of A\Aqiga" (in case there is no non-trivial loop surrounding 0; we again set %, = 9;). We want
to calculate ED(¢%, 0,) as before.

To do this, let BY be a Brownian bridge from 0 to v, whose time-duration L is given by the
extremal distance of A. Define

T, :=inf{s >0: B’ = —a} A L.
If T\fa = L, we also set 7V, = L. If, however T\fa < L, we define
7, =sup{0 < s < T : B’ = —a+2\} V0.
The analogue of Proposition to first-passage sets is then the following.
Proposition 4.17. For all a > 0, the law of ED(¢",,0,) equals that of T¥,,.

o
Proof. Consider a TVS Azi”%_ atorxn Then, on the event where the label of Ezi”%_ atory towards 0;
is equals —a, we have that ¢ is equal to £*°, _ ...\ . Moreover, from Proposition we know

—a
that the probability of this event converges to 1 as k — oo. Thus the proposition follows from
Proposition by taking k — oo. ]

4.4. The conditioned GFF and annulus CLE. Consider Aqi”z’fc'z/\ in an annulus A of a zero

boundary GFF ®. As A.Z“Q’fg ) is a local set, conditionally on the set AT’Q’?\OQ , and the harmonic func-

tion g u, 0, , we can explicitly describe the law of the GFF @ restricted to a connected component
—2A,2X

O of D\Aﬁgi‘é y as a GFF with boundary conditions.

In the following proposition we extend this in the case where O is the outer boundary of the only
annular connected component of A; = A\Aﬁg’f:’%. First, a simple extension is to determine the
conditional law of the GFF in O when conditioning only on the non-contractible loop ¢“* on the
boundary of A;; second, we also determine the conditional law in the interior of O¢ = A\ A;.

Proposition 4.18. On the event Aﬁg’f‘;/\ No; = 0, let £* denote the non-contractible loop of
A\T’Q’f"% No; = 0 and o™ its label towards 0;. Let A" denote the annulus between ¢** and 0,

%
and let Al denote the annulus between (" and 0,. Conditionally on (¢*v,a") and the event
AvPo N 9; =0, the fields <I‘|A11m and (I)’K“v are independent. Moreover,

(1) The conditional distribution of (®+uy)|a, is that of ®'+u" where ® and v’ are independent,
@' is a GFF in Ay and v’ is the bounded harmonic function with boundary values o™ on
0% and v on 0;; -

(2) The conditional distribution of the field ((<I>+uv)\<sz) is that of a GFF in Al conditioned
on the event that its TVS A_s) o) is connected.

Proof. Let us start with (1). This is just a slight extension of the local set property. Indeed, if we

condition on ATJQ’:\?"’Q , and h Ao then the law of (® + u,)|a, only depends on ¢** and a* and it

is exactly the one described in (1), so we conclude.
The conditional independence of the fields ®|5u and @[, follows similarly. Indeed, if we

condition on (® + u””Kﬁv’ AT’Q’%’% and hA’i”Q’ABEA the law of (® + uy)[pue still only depends on £

and o™, so conditionally on ¢* and a", it is independent of (P + Uu)|X%).
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We now prove (2). For simplicity, let us first consider the case when w, has boundary conditions
2N X on the outer boundary. Using the notation of Proposition Let n be the smallest number
k such that Ak+1 (the k— times iterated A.a"% 2A) is connected to 0;. By Proposition E we see

that An+1 = An+1, ie. the n-times iterated A% Zox2A from the inner boundary In particular, we

know that ¢4 = ¢V = ¥ N. But now, for any fixed m, the iterated TVS, AN is a local set and
thus the field between 0, and ¢ ;) N is given by a GFF with relevant boundary conditions. Further,
conditioning on the event that m = n, amounts to conditioning that A +1\A is connected in the

&
annulus between ¢, o and 8 Moreover, by Lemma the loop /7 N corresponds to the last loop

F
£ discovered and 1ts label & 040 equals 0. The claim now follows.
The case of general boundary conditions on the inner boundary follows similarly by using Propo-

sition instead of Proposition
]

Remark 4.19. In fact, it is also true that conditionally on only £“v, the law of(I>|Azlm 1s independent
of that of ®|4.,. This is due to the fact that one that the law described in (2) does not depend on

atv,

To prove Theorem we will need to generalize this proposition to several interfaces stemming
from an iterated A_py 2. In this respect, consider as in Subsection the exploration of the
GFF ® + u, by sampling successive local sets in the non-contractible connected component of the
complementary of the preceding one, starting with Au“2’f°2 - Let €57, 077, ... £y be the sequence
of non-contractible loops, with (5" = 0, and (%, = 0;. Let aj* € 2AZ be the label of the loop
7" towards 0;. By conmstruction, ag” = 0, o¥ € {=2A,2A} and [aj}; — af*| = 2A for every
j€{L,2,....,n —1}. Further, A’ will denote the annular domain delimited by ¢;* and 0; and
A"” Wlll denote the annular domain delimited by éu” and Eju.ﬁl. The generalized version that
follows by standard arguments is then as follows.

Corollary 4.20. Let J be a stopping time (wzth values in N) for the filtration of (f““ "”)]>1
Conditionally on £ N 0; = 0 and on (£3*, 05" )1<j<g, the fields (@\Auu )1<]<J are mdependent
The conditional law of (@ + uy — " )\Auv _is that of the GFF condztzoned on the event that its
TVS A_g) 2y is connected. v

To finish this section, let us state a corollary that is not used in this paper, but is of independent
interest.

Corollary 4.21. Consider a zero boundary GFF ® inD and A_oy 2x. Then conditioned on the loop
¢ of A_y) 9) surrounding the origin, the restriction of ® to the annulus between ¢ and O, has the
law of a zero boundary GFF conditioned on the even that its corresponding two-valued set A_oy o)
is connected.

Proof. Proposition implies that we can couple the local set A\fj"2 y2y for the GFF in the annulus

D\rD and the TVS A_3) 2y for the GFF in D such that as r — 0 the probability that A%A oy 18
equal to A _9) 9 converges to 1. Thus the corollary follows from Proposition O

Thus, as CLE4 has the law of A_) o), we can use Prop 3.5 in [SWW17] to deduce that the annulus
CLE defined in that paper (Section 3.1) agrees with the conditional law of A_gy 2y, conditioned
on the event that it is connected. Using the definition of the annulus CLE via BTLS, we further
deduce the following connection between the critical Brownian loop soup and the TVS A _sy 2y in
the annulus.
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Corollary 4.22. Tuake a critical Brownian loop soup in an annulus A and let E be the event on
which this loop soup has no cluster that disconnects from 0; from 0,. Then conditionally on E, the
law of the outermost boundaries of its outermost clusters is the same as that of a TVS A_3y 2y in
A, conditioned to be connected.

5. THE JOINT LAWS

In this section we will calculate the joint laws of extremal distances and conformal radii. This is
done in two steps.

e First, we obtain a characterization of certain joint laws for the Brownian motion and the
Brownian bridge in terms of conditional laws. These characterizations could be of indepen-
dent interest, and are based purely on Brownian bridge arguments.

e Second, we argue that the joint laws of extremal distances and conformal radii satisfy these
characterizations.

This is also the rough outline of this chapter, although we will start instead with more general
statements of our main theorems, and finish with the proof of Theorem 1.2 in a separate subsection.

5.1. Statements. To describe the relevant laws of conformal radii and extremal distances, we need
to introduce the following random times of a Brownian motion B;.

T_op:=inf{t >0: B, = —a or By = b},
T_ab = Sup{o <t< Tfa,b : ‘Bt — BT_%b’ = 2)\} V0,
Theorem [I.1] is a consequence of the following generalization.

Theorem 5.1. Let a,b > 0 with a +b = 2k\, k € N\{0}, and ¢ be the loop of a two-valued set
of level —a and b, A_,, in the unit disk surrounding the origin. Consider the extremal distance
ED(¢,0D) between £ and 0D, and CR(0,D\¢) the conformal radius of the origin on the bounded
domain surrounded by £. Then, (ED(¢, D), —(2m) ! log CR(0,D\¢)) is equal in law to (T—qp, T—ap)-

The fact that we can obtain the joint laws for a large family of two-valued sets motivates the
study of another important set related to the continuum GFF - the first passage set of the GFF
introduced in [ALS20al]. The geometry of the loop of this set is related to the following times of a
Brownian motion B,

T o :=inf{t >0: B, = —a},
T_g:=sup{0<t<T_,:B;=—-a+2A} V0.
In this context, an analogue of Theorem takes the following form.

Theorem 5.2. Let a > 0 and £ be the loop of the first passage set of level —a, A_,, in the
unit disk surrounding the origin. Take ED(¢,0D) the extremal distance between ¢ and 0D, and
CR(0,D\¢) the conformal radius of the origin on the bounded domain surrounded by ¢. Then,
(ED(£,0D), —(27) "t log CR(0,D\¢)) is equal in law to (T—q, T—4).

This theorem is also of interest due to the relation of the Brownian loop soup and FPS, as given
in Proposition [2.32] and is used to prove Theorem 1.2, i.e. to describe the extremal distances related
to a cluster of a critical Brownian loop soup.

In fact, strictly speaking, one could deduce Theorem 5.2 from Theorem 5.1 by using the fact that
the non-contractible loop of A_, agrees with the non-contractible loop of A_,; with probability
1—o0(1) as b — oo (see e.g. the proof of Proposition . However, several proofs are easier to
explain in the case of the FPS, so we will still prove both theorems in this section.
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5.2. Characterizations of the joint laws. For L > 0 and v € R, denote (Ef)ogtgL the standard
Brownian bridge from 0 to v in time L. Take ¢ € R and define

T :=inf{0<t<L:B’=c}AL,

- _ sup{0 < TV : B =c+2\or B =c—2A} V0 if T’ <L,
T\ L if T = L.

Additionally, for a,b > 0, denote %, = T%, ATy, and

TV 1fT” b—T” < L,
ap =8 T if TV b—T”<L
L Ty, =L

The following proposition gives a characterization of the joint law of (7%,, L — Tv o). This will
help us identify, on an annulus, the joint law of the extremal distance of the non—contractible loop
" of A% to both boundaries.

Proposition 5.3. Let a > 0. Assume that for every v € R, there is a couple of random variables
(68,07), with 0,0} €0, L] and o + o} < L, such that

(1) of, respectively o}, has same law as T°,, respectively L — T,

(2) for every v € R cmd on the event o} > 0, the conditional law of oy given o is the same as

the conditional law of o3 given o).

Then, for every v € R, the couple (oy,0}) has the same law as (7°,, L — v o)

_a,

Similarly, to identify the joint laws of extremal distances for two-valued sets, we obtain the

following characterization of the joint law of (7%_,, L — T B” 1+

—a,b’ —a,b’ b T3a7b<L)'

Proposition 5.4. Let a,b > 0. Assume that for every v € R, there is a triple of random variables
(08,07, X"), with of,0? € [0,L], o) +0f <L, and X" € { a,b,v}, such that

(1) the joint law of (o7, X") is the same as for (L — Tv B%v ),
—a,b
v
Bj—\‘ﬁa,b)’
(3) for every v € R, on the event o > 0, the conditional law of oy given (of, X") is the same
as the conditional law of o9 given (o?, X©).

—a,b’

(2) the law of (og,X") is the same as that of (T°

—a,b’

Then, for everyv € R the triple (03,0, XV15v50) has same law as (T" b =T s B” 1@ <L).
7 —a,b

The proofs of these propositions make use of certain explicit formulas. Firstly, recall the heat
kernel on R:
1 _w=?

(5.1) p(t,z,y) = \/%e 2t

Also, denote by ¢q_, the density function of the first hitting times of Brownian motion of level —a

(see [BS15], Section 1.2, Formula 2.0.2)
a2
(5.2) Goa(t) = —— % = P(T_q € (t,t +dt))/dt.
27t3

Finally, let us also state the explicit laws for the hitting times of the Brownian bridge.

Lemma 5.5. For allv € R and a > 0, the law of fﬁa is given by

(5.3) P(T", € (t,t +dt), T%, < L) = a(t)%
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Proof. For t € [0, L), the Brownian bridge (Eg)ogsgt is absolutely continuous with respect to the
Brownian motion (Bs)o<s<¢, with the Radon-Nikodym derivative

p(L - ta Bt7 ’U)
Dy = —F—F——"7—.
p(L,0,v)
Then (j5.3)) follows from ([5.2)) and the expression above. O

We are now ready to prove Proposition [5.3

Proof of Proposition[5.5 Denote by F(v,v) the Laplace transform of o%:
F(v,v) =E[e™"], v >0.

By assumption (1), this is also the Laplace transform of 7%, hence already determined. Take p > 0
and let F.(v, p) be the conditional Laplace transform of ¢ given o}

F.(v,p) = E[e ™" |0 = o],

defined, for every v > 0, 1(g 1ydp-almost everywhere. Note that as a consequence of assumption
(3), F¢(v, p) does not depend on v.

It suffices to show that Fy(v, p) equals Ele "7 e|T" v, = p] for any v > 0 and for dp-almost every
p € [0,L). To do this, we argue that due to our conditions, F.(v,-) is entirely determined by F'(v,-).
Indeed, note that for v < —a, we have that fﬁa < L a.s., and thus

F(l/, ’U) - E[FC(V7 Uf)]

) I
= —5 _ — P
p(L,0,v) Jo ¢ Yo P)a P 27rpe r

_ 1 +OOF —1 L -1 1 5
= p(L,0,0) J, (V577 )q-a(L — s )me S

As a consequence, we obtain that F(v, —v2u — a)p(L,0, —v2u — a) is the Laplace transform of

1
-1 S|
s 1r-1Fe(v,s )g_a(L —s )m,
evaluated in u > 0. It follows that the above function is uniquely determined ds-almost everywhere,
and consequently, for a fixed v, F.(v, p) is uniquely determined for dp-almost every p € (0, L), and
thus equals

Ele™"™|T", = o].

By taking a countable intersection, Fi(v, p) is uniquely determined for dp-almost every p € (0, L)
and for all v positive rational. Thus by continuity of the Laplace transform, for dp-almost every
p € (0,L), F.(v,p) equals E[e " ™«|T", = p| for all v > 0.

It remains to treat the p = 0 case, which can happen with positive probability. To do this, note
that when v > —a,

F(v,v) = E[F.(v,0{)1o50] +E[e7% | 6} = 0] P(c} = 0)

L

p(p7 —a, U) —vo?

= /0 Fo(v, p)q—a(L — P)mdp +E[e7% | o = 0] P(T", = L).

Thus, as P(T", = L) is positive, E [e*” % | o? = O] is uniquely determined, too, and the proposition

follows. O
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Next we move to the proof of Proposition [5.4] The proof is analogous to that of Proposition [5.3]
Let us define the following density

Goap(t,c) :=P(T_4p € (t,t +dt), By ,,=c)/dt, ce {—a,b}.

For the exact expression of q_q(t,c) we refer to Proposition (2), which stems from Formula
3.0.6, Section 1.3, in [BS15].
We can, now, write the analogue of Lemma [5.5] in this context.

Lemma 5.6. The joint law of (T\Ea,b’ E%E b) on the event T\fab < L is given by

N R N p(L —t,—a,v)
P(T" t,t+dt), T L,B%, =-— = q gp(t,—a)———— 1y dt
( —a,b € ( U+ )7 —a,b < L, b CL) q a,b( ’ CL) p(L,O,v) t< LAt
~ ~ ~ p(L —t,b,v)
P(T%,, € (t,t+dt), T, , < L,B%, = = q_qgp(t,b)———1y1dt.
( —a,b ( U+ )7 —a,b ) L. > q (175( ) ) p(L,O,’U) t<L

The proof of Proposition now follows almost line by line the proof of Proposition [5.3] so
instead of detailing with we just highlight one difference.

Proof of Proposition[5.7: The only difference w.r.t. to the proof of Proposition is the fact that
we calculate the Laplace transforms, conditioned on the value of X7, i.e. we consider the Laplace
transforms

]E[6_Vog 1xv:,a], E[B_ygg ]_Xu:b],
and their conditional versions given o7 = p > 0 and X" equal either —a or b. Additionally, one
needs to note that X = v if and only if o} = 0. O

5.3. Calculating the joint laws for TVS and FPS. We will now verify that the laws of extremal
distances for the FPS and the relevant TVS in an annulus satisfy the characterization of the joint
law. This will prove versions of Theorems and in an annulus. We thereafter explain how to
deduce the case of the disk, i.e. the theorems themselves.

Now, let A, := D\rD (r € (0,1)) be an annulus with outer boundary 8, := 0D and inner
boundary 0; := r0D. Let L be the extremal distance between 0, and 0;:

L= ED(9,, ) = %log(vfl).

Define, for v € R, u, as the harmonic function in A, with boundary values 0 on J, and v on 9;.
Take ® a (zero-boundary) GFF in A, and let A™ , (a,b > 0,a +b > 2X) be a two-valued local

set of ® + u,. Denote by ATJG’%’ the connected component of Aqi”a,b containing d,. Let €Ti“a7b be the

non-contractible loop of AZZ’% on the event Azi’:l’ab" N d; = 0. Moreover, o , € {—a,b} denotes
the (random, constant) boundary value of ® 4 u, on ¢ , from the interior side. On the event
Aﬁz%’ N 0; # 0, the convention is £** , = J;.

We can now obtain the analogue of Theorem in the case of the annulus, i.e. identify the joint
laws of the extremal distances of loop of a TVS to both inner and outer boundaries.

Proposition 5.7. Take a,b > 0, with a +b = 2k\, k € N\{0}. Let (Ef)ogtgL be a standard
Brownian bridge from 0 to v in time L. With the notations of Subsection[5.3, the joint distribution
of

(ED(¢* ,.8,), ED(£*

_a7b7

i), O‘%,blAﬁz’io mai:Q))

~

is that of (?fa’b, L-T%,,

BY 1. .
T, T”a,b<L)
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Proof. By Proposition [2.18] for all v € R, we have that
PA™ N0 =0) =P(T",, < L),

and the joint law of (ED(¢""

—a, b

9;),a"™ ) on the event AZZ% N0; =0 is that of (L — T\Ea,b’ B, )

70, b
on the event T” » < L. Moreover, by Proposition 4.15|7 for all v € R, ED(¢" ,,0,) has same law
as 77 Flnally, from Proposition (3.3 we deduce that the family

((ED([T;Z’M ao)a ED(ﬁf}a’b; 87,), aqiz’blAZz;,iomai:@))veR

satisfies the assumptions of Proposition [5.4] and thus we conclude. O

Now, consider AT’Q’&’ (a > 0) to be the first passage set starting from 9, of the GFF ®. Let ¢,

be the non-contractible loop of A“% (on the event A% N d; = 0, otherwise £2 = ;).We can
now state the analogue of Theorem [5.2] in an annulus. We omit the proof that is exactly the same
as that of Proposition [5.7

Proposition 5.8. For every a > 0, the joint distribution of
(ED(¢* ,0,), ED(£",, 9;))

—a’ —a’

is that of (7°,, L — TV 0)-

_a,

Theorems[5.1]and [5.2| now follow from these propositions by letting the inner radius of the annulus
tend to zero.

Proof of Theorems[5.1 and[5.4. We only write the proof of Theorem [5.1 as Theorem can be
proven by the same technique.

Here @, respectively ®” will denote the (zero-boundary) GFF in D, respectively A,.. A_, ,(P) will
denote the corresponding two-valued local set of ® and ¢ will denote the loop of A_, ;(®) surrounding
0. A_,(®") will denote the two-valued local set of ®", and A‘zﬂib(@r) its connected component

containing 0D = 0,, the outer boundary of A,. Finally, on the event A‘zﬂg,b(@r) NroD = 0,
lr) = €9a7b(¢r) will denote the non-contractible (in A.,.) loop of A‘Eﬂz’b(@T).

The probability P(Aéﬂz’b(@") NrdD = () equals the probability that a Brownian bridge from 0
to 0 of length (27)~!log(r~—!) does not exit [—a,b]. Thus,

: oD r _ _
lim P(AZ,(97) N roD = 0) =

Moreover, from Proposition it follows that the law of £(r) converges in total variation to the law
of £ as r — 0. In particular, (ED({(r),dD), —(27) ! log CR(0,D\¢(r))) converges in law to
(ED(¢,0D), —(27) ' log CR(0,D\¢)). By Lemma[2.2]

1
lim ) ~ —log CR(0,D\¢) — ED(9D, rdD) + ED(Z, 8ID>)‘ — 0 as.
r—0 2

The convergence in total variation of ¢(r) to ¢ implies the convergence in probability to 0 of

|~ - 10§ CR(0, D\((1)) ~ ED(@D, rdD) + ED((r), aD) -

Thus, (ED(4,0D), —(27) " log CR(0,D\¢)) is a limit in law of

(5.4) (ED(¢(r),0D), ED(0D, r0D) — ED(¢(r), 0D)).
To identify the limiting law of (5.4]), we finally use Proposition indeed the limit » — 0 corre-
sponds to the limit L — 400 on the side of the Brownian bridge. U
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5.4. Proof of Theorem Exactly as in the proofs of Theorems |5.1|and Theorem (ie. a
statement in the unit disk) will follow from analogous statement in an annulus A, by letting » — 0.

So to avoid extra notations, let us here concentrate only on the proof in the annulus. To do this,
first recall the construction of relevant local set in the annulus, as given at the end of Subsection

0. 2
-In the annulus A, we first sample the local set Ali“z’f"’z y» and if ATQ’?:’Q 4 N0O; = 0, we further sample
an FPS A_Q,\(CI)AZ%A) or A_QA(—QAE%A) inside the non-contractible connected component of
AT\ATQ’%’M, depending on whether the sign of the GFF is equal to the sign of the label a% =
0/1“2)\72)\. The explored set is, in fact, a local set and is denoted Ag“. Further, let ¢* = Eqi“w\’w\
denote the non-contractible loop of Aqi’g%/\ (if AZ”Q’?"’Q , N 0; =0, otherwise /" = 9;), and l%‘“ the
non-contractible loop of ﬁg” (if Eg” nNo; = \({), otherwise Z}f” = 0;). To emphasize the dependence on
the domain, we will also use the notation AgP (@), where ®" is a zero boundary GFF in A,.

To state all the laws relzited to (¢*v,£5") in the annulus A, we introduce two further times related
to the Brownian bridge (B} )o<t<L:

Ty :=inf{TV, <t < L: By =0} AL,

BY =By if Ty < L
sz,\,z,\"‘t T32A,2A } VO ’
L it Ty = L.
We can now state the relevant proposition for the annulus, which implies Theorem [I.3] by taking
r— 0.

v

sup{O <t< Té’ —fﬁw\”\:
TO = ’

Proposition 5.9. For every v € R one has the following joint laws.
1) The quadruple (ED(,,¢"),ED(¢%,8;), ED(£% %) ED(f% ;) has same joint law as
0 0
(?”,L—TEQA’QA,Fé’,L—Té’). ) ) )
2) The quadruple (ED(9,, %), ED({%, £5°), ED(9,, {5 ) ED(£y7, 0;)) has same joint law as the
0 0 0
quadruple (7%, 75, T, o\ + 76, L = T7).

Recalling the definitions of ¢_, from Equation (5.2) and g_, from Equation (5.2)), we set
t
(1) = [ (a-202(5:20) + g-nnaa (5. ~2) -t — s)ds.
0

Similarly to Lemmas and one then has the following description of the law of YV’(}’

Lemma 5.10. For all v € R, the law of féj s given by

p(L — ta 07 ’U)
p(L,0,v)
Moreover, using the same proof as for Proposition with ¢_,(t) replaced by ¢o(t) and —a by

0, we have the following characterization of the joint law of (7§, L — T¢).

P(j%u € (ta t+ dt)a T(SU < L) = (\J/O(t) 1t<Ldt'

Proposition 5.11. Assume that for every v € R, there is a couple of random wvariables (oy,07),
with 0,0} € [0, L] and o + o} < L, such that
(1) o8, respectively o}, has same law as T\E% oy + 73, respectively L — Té’,
(2) for every v € R and on the event of > 0, the conditional law of o given o is the same as
the conditional law of o0 given 0'?.
Then, for every v € R, the couple (0y,0}) has the same law as (fﬂz\,% + 75, L — Té’)
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We now turn towards the proof of Proposition In fact the point (1) follows easily:

Proof of Proposition (1). The first point follows simply by first applying Proposition to get
the law of (ED(0,, £*»), ED(£**, 9;)), and then, conditionally Aqf’éfg y» by further applying Proposi-
tion [5.8] to get the conditional law of (ED(£", f5*), ED(¢y", 0;)) given (. O

The proof of the second point is more involved. We would like to now first condition on l%‘” and
the GFF in the annulus between l%‘“ and 0;, and then describe the conditional law of £“v. However,
compared to the point (1) the difficulty is the conditional law in the annulus between 9, and ég“ is
not that of a GFF, but rather of a conditioned GFF. So we will need to use a conditioned version
of Proposition So let us state this before giving the proof of (2). Recall that ®" is the zero
boundary GFF in the annulus A, and ®" + us) is the GFF with boundary condition 0 on 9,, and
2) on J;. As in Subsection and in particular in Lemma in the case N = 1, we consider the
exploration obtained by sampling successive local sets in the non-contractible connected component
of the complementary of the preceding one, starting with AZQQX%’A. Let 6§, 03,05, ... 0}, £n+1 be the
sequence of created loops, with £} = 9, and €711+1 = 0;. Let 04; € 2MZ be the label of the loop K}
towards 0;.

By construction, n > 1, al € {—2),2A}, ’%H ;\ = 2\ for every j € {1,2,...,n — 1}, and

al = 2)\. Let E(®") be the event on the GFF ®" defined by requiring that a} = 2\ and %1 >0

for every j € {1,2,...,n — 1}. Given (B\EA)O<t<L the Brownian bridge from 0 to 2X, E(B?) will
denote the event that BZ/\ hits 2\ before —2\ (B2)2‘A = 2)) and that B?* does not hit 0 after

—2)\ 22
time T_2A72A.

Lemma 5.12. We have that P(E(®") = P(E (32)‘)) Moreover, the law of (ED(¢1,0,),ED(41,9;))
conditional on E(®") is the same as the law of (T2 2/\ o L — T2 “oa2)) conditional on E(B2).

Notice that to prove the lemma, we cannot couple the GFF & and the Brownian bridge B2
directly through a local set process as we did in Lemma [4.2] via Proposition Indeed, this would
not relate ED(¢1,9,) and ?3)\’2)\.

Proof. By Proposition we can couple (A?ﬁ%’)\, al) with (7/:%/\72)\,?3%)\72)\, B2\ ), such that

2)\
= 2

ED(#1,0,) = AQ%)\ o ED(01,0;) = L — T\Eg)\’%, and af = BCQF%A N . Now, using the strong Markov

property of the Brownian motion w.r.t fzé A2 and the fact that A"%)\ Sa.2) 18 @ local set, we can couple

2\ 2\
(BT%A ot BT2;A N )0<t<L 723, ox
2x:90
with a local set process exploring o X in the non-contractible connected component of A \Awﬁ%’)\
exactly as in the proof of Proposition . As in this construction, the events E(®") and E(B>)
coincide, we deduce the lemma. O

We are now ready to prove the second point of Proposition

Proof of Proposition[5.9 (2). From the point (1) we know that ED(¢", 9;) is distributed as L — Té’
Moreover, from the general reversibility statement, i.e. Proposition in Subsection it follows
that the marginal law of ED(0,, f5") equals to that of T_QA o+ 75
As Proposition ensures that the assumptions of Pfoposition 5.11| are met, we can apply
Propositionto conclude that the joint law of the pair (ED(9,, £3*), ED(f4*, d;)) is distributed as
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(ffg,\n +75, L—TO"). It thus remains to deal with the conditional law of (ED(9,, £“*), ED(¢£%, 5"))
given 7"

First we claim that conditionally on (7% ax2x T 70 (BY)~ ), the process

TV gr FFO<E<L)

—2X,2

(Sign(Bv )Bv)0<t<T

—2X,2)\ 2, 2)\+7—0

has the law of a Brownian bridge B2 from 0 to 2) of duration TEQ/\ oy + 79, conditioned on the

event E(Ez)‘) above. We omit the proof, as this is a standard argument using for example discrete
time random walks, and convergence, or can be also deduced from decompositions of Brownian
trajectories, as in Section 1 in [SVYO07|, Chapter XII § 3 in [RY99], Chapter IV Section 3.18 in
[BS15].

Further, let 6‘0“ be the connected component of Ar\l%“ containing 0, on its boundary. Let 42 be
the harmonic function on 5;‘” with boundary values 0 on 0, and a** on Zg”. Then, from Corollary
it follows that conditionally on £4*, ®Ar restricted to AN\OY, ED(0,, £g") = 5= log(1/1"),
" £ 9; and a' = 2], the field " + u, — 4} under a conformal map ¢ uniformizing 5})‘“ to the
annulus of form A,, is distributed as a zero boundary GFF & in 5},‘” conditioned on the event

E(®"

(Hezlce Lemma |5.12| ensures that the conditional law of (ED(9,, £**), ED(K“’“ Z4)) given
(ED(9o, 45, ED(ES ,ﬁi)) is that of (7¥9) 5y, 7() given (TV oxax T 70, L — TO) and we conclude. [

5.5. Proof of Corollary Let £ be the CLE4 loop in D surrounding 0. Recall the Brownian
times T" and 7 from Equation (|L.1f):

=inf{t > 0: |By| =7},
T:=sup{0 <t <T:B;=0}.
According to Theorem [I.1] there is a coupling such that
(2r ED(¢,0D), —log CR(0,D\¢)) = (1,T) a.s.

Thus, by (2.1)), Proposition and Corollary

1 1 T 1 T r—r _ T+(0)
—e" < < e’ < < 4 T <
=0 = S =Co=T f =

One has

<16ef™" as.

P(r>t) = e~ sttolt ), P(T >t)=e —gtto(?)

(see Appendix A, in particular Proposition (2)). Indeed, —1/8 is the first eigenvalue of %d—Q
with zero Dirichlet boundary conditions on the interval (—m, 7). This gives the exponents for r ()
and r_(¢).

Further, the path (Br4¢)i>0 is independent from (7, (B:)o<t<r) (this can be seen for instance
with the excursion theory of Brownian motion.) Now, the path (|Br4¢|)o<t<7— is distributed like a
Bessel 3 process started from 0 and run until the first hitting time of level 7. Thus from Proposition

[A2]
P(T—7>t)= e~ 3tto(d),
It follows that
P(ro(0)/r_(¢) > R) = R—2T°(),

To obtain the statement about the stationary CLE,4 loop, observe further that the conclusions

of Corollary still hold if one conditions ¢ on ED(¢,0D) > L. This is because 7 and T — 7
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are independent. The convergence of Theorem [2.33] ensures that Corollary also holds if ¢ is
distributed according to P%ﬁ%4, the stationary CLE4 distribution in C. See Subsection

APPENDIX A: LIST OF LAWS FOR BROWNIAN MOTION, BROWNIAN BRIDGE AND BESSEL 3

The joint laws appearing in Theorems [5.1] and [5.2] and Propositions [5.7] and [5.8] can be expressed
explicitly. For this we introduce

—+o00
2 (2k+1)%2?
B(t,z) == V21 S(@k+ 1% — e @, 1> 0,0 >0,
Tt
k=0

Vv 5 —

14~05(t, x) is the density of the first hitting time of level z of a Bessel 3 process started at 0 (Formula
2.0.2, Section 5.2 in [BS15]). We recall that p(t, z,y) denotes the heat kernel (5.1]) on R. We will also
need p_q(t, x,y), the heat kernel on (—a, +00) with zero Dirichlet condition in —a, and p_, (¢, z, )
the heat kernel on (—a,b) with zero Dirichlet condition in —a and b:

1 _w-a)? _ (tot2a)?
p—a(t,m,y) — \/ﬁ@ 3 — e 2t ,

1 _ (y—a+2k(b+a))> _ (y+a+2a+2k(b+a))>
2t

pasltay) = S
2t 1 27

- T (B - (B - )

j=0
2 . 297 b—a . 24 ( b—a)) —212”22t
_ - (b+a)2 ",
+b—|—a;sm(b—|—a(x 2 ))Sm(b—i—a y 2 €

The heat kernel p_g (¢, z,y) is related to theta functions of imaginary argument (Appendix 2.13
in [BS15]). Its first expression (Formula 3.0.2, Section 1.3 in [BSI5|) comes from the reflection

principle. The second one corresponds to a decomposition along the eigenfunctions of %% (see also
[AS64], Section 16.27). The two expressions are related by the Poisson summation formula.

Next we give the joint laws for (7_q, T 4), (T—a,b, T—abs B1_, ), (7205 fﬁa) and (?Ea,b’ ffmb, E;Av b).
We refer to Section 1 in [SVY0T7], Chapter II Section 3.20 in [BS15], and the references therein for

the notion of last exit time decomposition.

Proposition Al. One has the following explicit laws.
(1) With the notations of Theorem the joint law of (T—q,T—4) is given by
1
P(1_q € (t1,t1 + dt1), Tq € (ta, ta + dt2)) = %p_a(tl, 0, —a + 2)\)B(ts — t1,2)\)dtq dts.
(2) With the notations of Theoremm the joint law of (T_ap, T—ap, Br_,,) is given by

P(7_ap € (t1,t1 +dt1), T_ap € (t2,t2 +dta), Br_,, = —a)

b+a
= Lo<ti<ts mp—a,b(th 0, —a + 2X\)B(ta — t1,2X)dt dto,

P(7_ap € (t1,t1 +dt1), T op € (t2,t2 +dta), Br_,, = b)

b+a
= lo<t; <ts mp—a,b(tla 0,b—2X)B(ta — t1,2X\)dt1dts.
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In particular,

b+a
P(7_ap € (t1,t1 +dt1), Br_,, = —a) = lo<y, o P- ab(t1,0, —a + 2X\)dty,
b+a
P(T—a,b S (tlvtl + dtl); BT,ayb - b) - 10<t1 mp—a,b(tlu 07 b - 2)‘)dt17
and
P(T—a,b S (t27 t2 + dt2)7 BT,a,b = C) = 10<t2Q—a,b(t2a C)dtQ’ (S {70’5 b},
where
(& a 2
4 an(tsc) = Z|c\+2k b—l—a)e (el+2kG-+a)?
ez 27rt
Moreover,
q-ap(t,—a) + q_ap(t,b) = —/ P—ab(t,0,y)dy.

(3) With the notations of Pmposz’tion the joint law of (T_a,ffa) is given by
P(7°, € (t,ty +dt1), T, € (ta, 12 + dt2))

1 L—ty,—
= 0shsbshy, (1,0, —a + 2X0)B(ts — t, 2)\);0( o U)dtldtz'

A\ (L, 0,0)
(4) With the notations of Pmposz’tion the joint law of (72,4, T, 1, BA ) is given by

]P)( —a,b € (tbtl + dtl) —ab S (tQ,tQ + dtQ) = _a)
—ab
b+a p(L_tZa_aH/U)
=1 ap(t 20)B(tz — t1,2) dt1dts,
0<ti<tr<L=gps-P-ab(ts, 0, a4 20)B(ts — 0, 2 == o dtdt
]P)( —ab € (thtl +dtl) _ab S (tQ,tQ + dt2) = b)
7a,b
bta p(L_t27_a7v)
0<tr<ta<t gy Poan(tn, 0,0 = 2N)B(t2 =, 20) === dhdt

For x > 0, let 7, denote the first time a Bessel 3 processes started from 0 hits the level x. Its
distribution is 14~0/3(¢, x)dt. One has the following exponential asymptotics for the tail of 7.

Proposition A2. Ast — +oo,
]P)(l]; > t) e 22 2t+0(t)

Proof. The point 0 maximizes the hitting time of level x by a Bessel 3 among the starting points in
[0, z]. Thus, for every t,s > 0,

P(T >t+s) <P(T, > t)P(T, > s).

Moreover, the function t — P(7, > t) is continuous. By Fekete’s subadditivity lemma,

1 1
lim flogIP’(E>t) %nf log P(7; > t) € [—00,0).

t—+oo ¢
According to Formula 2.0.1, Section 5.2 in [BS15|, for every v > 0,
2
Ele"T] = — 2V
sinh(zv/2v)
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By analytic continuation,

2
e
sin(zv/2v)
for v € (0, %), and

lim Ele"7] = +o0.

us

V—)m
Thus,
1 2
li —logP ) = ——. O
t—ggloo t 0g (7o > 1) 212
APPENDIX B: PROOFS OF SOME BASIC RESULTS
Proof of Lemma [2.2]

Proof. Let f be a holomorphic function uniformizing the interior surrounded by ¢ into D, with
f(0) = 0. Then, CR(0,D\¢) = |f'(0)]~L. For r < d(0,¢), let be

R_(r) :=d(0, f(roD)),  Ry(r) :=max{|f(z)| :|z[ =7}

Then
R_(r) = |f'(O)r+0(?),  Ri(r)=[f(0)lr +O(r?).
By conformal invariance,
ED(?,70D) = ED(f(¢), f(roD)) = ED(9D, f(roD)).

By a comparison principle (see Theorem 4-1 in [Ahl10]), we have the following bounds

ED(9D, R4 (r)0D) < ED(0D, f(roD)) < ED(ID, R_(r)0D).
It follows that

ED(0D, f(r0D)) = o los(|f' ()] ') + O(r),

which implies the lemma. ]

Proof of Proposition [2.5

Proof. The lower bound comes from monotonicity. Since p C r4(p)D,
1 1

ED(0D, p) > ED(ID, r4(p)0D) = — log ——.

" 2r T re(p)

For the upper bound, consider the segment [0,74(p)] and the annular domain D\[0,r; (p)]. The
latter is extremal in the following sense:

(5.5) ED(ID, p) < ED(ID, [0,7+(p)])-

The latter inequality is equivalent to Grétzsch’s theorem (Theorem 4-6 in [ALI10].) The inversion
2+ 1/z sends D\ [0, 7 (p)] to the two-connected domain C\(DU[Rgqy, +00)), with Rg, = r4 ()L,
known as Groétzsch’s annulus. By conformal invariance,

(56) ED(@D, [07 7’+({J)]) = ED(8D7 [RGH +OO))

Further, consider the Teichmiiller annulus C\([—1, 0]U[Rren, +0)), with Rre, = R%,—1. According
to the Formula (4-14), Section 4-11 in [AhLIL0],

(5.7) ED([~1,0], [Rren, +00)) = 2ED(ID, [Rey, +00)).
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According to the inequality (4-21), Section 4-12 in [ALI10],

(5.8) 2™ ED([=1,0],[Rrcn,+o0)) < 16(Rrpen + 1).

y combining (5.5)), (5.6]), (5.7) an .8)), one gets the desired upper bound.
By combining (3), (5:6), B7) and B3) he desired bound 0
Proof of Theorem 2.9l

Proof. First, use the Cameron-Martin theorem (e.g. Theorem 11 of [ASWIT]), to see that the law
of ® under PP is that of ® + g, where ® is a GFF under P. Now, define

o4 ::;IV)—Q)A—gA.
To conclude, we need to show that under the law of P and conditionally on (A, ®4) = (A, ®4 — ga)

the law of ®4 is that of a GFF on D\ A. To do this, we just need to take F' a bounded measurable
function and compute

B [F@ (4.0~ 0] = Zaw B [F@) exp((@.)5 - 5(0:9)5) | (4.2

=Zh o, E[F(®* +g—ga)exp((®*, 9 — ga)v) | (A, Da)],

where we used that (24, g4)v is a.s. equal to 0. Note that conditionally on (A, ®4), ®4 is a GFF
in D\ A, thus by Cameron-Martin theorem we have that

E[F(3) | (4,®4 - g4)| = Zho,E [F(@4)] 4]

Note that ZZ,':I)A = 1 thanks to the fact that one can take F' = 1. Thus, we obtained that under
the law P and conditionally on (A, ®4), ®* has the law of a GFF in D\ A. O
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