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Abstract

We give a systematic L' approach to L? form-perturbation theory
for many-body convolution type Hamiltonians. The tools behind the
construction rely on local equi-integrability in L'. In particular, we
deepen and extend the Kato classes in different directions.

Contents

(1 Introduction|

2 Form-bounds for one-body Hamiltonians|

[3 Form-bounds for many-body Hamiltonians|

[4 On K., potentials|

[5__Miscellaneous!

[6 Spectral theory|

1 Introduction

13

17

24

31

43

It is well-known that the mathematical theory of Schrodinger operators was
born in 1951 with Kato’s famous self-adjointness theorem [20] for atomic



Hamiltonians in L2 (R3N )

N N
=Y )T A+ D Vi) + Y Vil — ) (1)
i=1 i=1

1<j

on the domain H*(R*Y) provided that V;~,V;; € L*(R?) + L>(R?); (A; is
the Laplacian with respect to the variable z; € R3 and the p;’s are positive
constants) @ In this case, the potential

N
D Vilm) + Y Vigla — )
=1

1<j

(as a multiplication operator) has zero relative operator bound with respect
to Ef\i 1(211;) 1A and the self-adjointness property follows from the Kato-
Rellich theorem. Since that time, more systematic results, in terms of Bessel
potentials, for more general differential operators, have been obtained; see
([42] Chapter 7). When the natural addition of (unbounded) self-adjoint
operators is no longer possible via the Kato-Rellich theorem, there is a pos-
sibility to add them (via the KLMN theorem) in the sense of quadratic
forms [23][13]; (we note also the alternative approach by Trotter limits [6]).
Without pretending to be exhaustive, we refer to [43] [44] for the case of
positive potentials and to [4I] for the general ones while various functional
analytic tools and results around form-pertubation theory can be found in
[12][36] [18].

If we want to stay within the realm of LlloC potentials, a sufficient (but
not necesssary) condition is that the negative parts of the potentials belong
to the Kato class. Besides its interest for self-adjointness (see the second
famous Kato’s paper [22]), this class of potentials turns out to play also
a key role in the exploration of "Schréidinger semigroups” as shown in the
classical paper by M. Aizenman and B. Simon [I] where the connections of
the Kato class with Brownian motion, Harnack’s inequality and LP proper-
ties of Schrodinger semigroups are analyzed; we refer to the surveys [45][46]
and to [48] for more information. We note that this Kato class is attached
to the Laplacian but other Kato classes are attached to different generators,
see R. Carmona, W. Ch. Masters and B. Simon [4]. Moreover, since the
seminal paper [I], the Kato classes have had strong ramifications in differ-
ent directions, (see e.g. [7][8][25][52][9][16][5] and the numerous references
therein).

!'See also in [38] a report by B. Simon on T. Kato’s contributions to quantum mechanics.



We are concerned here with the classical problem of self-adjointness only;
but we revisit deeply the Kato classes and enlarge them appropriately. We
give new functional analytic developments on both perturbation theory in
L' spaces and its form-perturbation counterpart in L? spaces. This paper
improves, in several directions, some previous results on perturbed convolu-
tion semigroups [30] and an unpublished work on multi-particle convolution
Hamiltonians [31].

We deal with many-body Hamiltonians on L?(R3Y)

N

N
7‘(:=*ZT(Z')+2V1(93Z')+ZWJ‘(%*$J') (2)
i=1

i=1 i<j

where T(;) is a generator (with respect to the variable z; € R3) of a general
symmetric convolution semigroup depending a priori of the index 7 (1 <14 <
N) and V;,Vj; - R3 — R are measurable potentials. The introduction of
this general class of Hamiltonians is motivated by both the non-relativistic
Hamiltonian and the quasi-relativistic one where

Ty = — <\/—02h2Ai + m?c4 — mic2>

(see [26] Chapter 8) and also by the combination of the two (see [18] Example
2.6). Even if we consider general convolution semigroups, we have in mind
the (large) class of of subordinate Brownian semigroups. The self-adjointness
of H is of course a prerequisite to build the unitary group (e*im) teR which
solves the Schrodinger equation
i% =Hf, f(0)=foec L*R¥).

This work is dedicated to the search of form-bound estimates to build general
lower-bounded Hamiltonians H. To this end, we revisit, deepen and extend
in different directions the Kato classes relative to generators of convolution
semigroups. We provide a systematic L'-functional analytic approach. The
construction relies on the analysis of suitable positive semigroups on L*(R3)
under the general assumption that the potentials V? and Vi (e.g. the
negative parts of V* and V%) are T(;-bounded in L'(R?). Indeed, the start-
ing point of our construction is the observation that any potential which
is T(;)-bounded in L'(R?) must be form-bounded in L?(R3) with respect
to the positive operator —T(;). This explains our L' approach of L? form-
pertubation theory. These L? bounds turn out to be connected to many



new L' results of independent interest. Our construction relies on L' tools

only.
We say that a nonnegative measurable function W € Lllo i f(]R3, dx) if
sup Wy(z)dx < 400
yER? J|z|<1
where

Wy(x) :==W(y + ).

We recall that a nonnegative potential W is T(;-bounded in LY(R?) if and
only if

sup W, (z) B4 (z)dz < 400
y€R3 R3

where E(z — y) is the kernel of (A — T(Z-))_l; in particular
W e Llloqunif(RS? u(dm)) - Llloc,unif(R3’ d:l?)

where
wu(dr) = Ey(x)dz.

Two main statements on many-body Hamiltonians are given.
The first one holds for general convolution semigroups: If the potentials
V® (and also the V'7’s) are such that

lim sup V'(y) < 4oo (3)
|y|—+o0

and satisfy the local equi-integrability condition

lim sup/meEix—ydsz 4
o o [ VB ) (@

for any ball B C R3 and any ¢ > 0 (| is the Lebesgue measure of §2), then
the multiplication operator on L?(R3") by the potential

N
—V_(z1,..,zN) = — ZVf(xz) - ZVi](:L’Z — zj)
i=1

1<j

is form-bounded with respect to the positive free Hamiltonian

N
~T == T
i=1
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with zero relative form-bound; (see Theorem [21)).

The second statement, for convolution semigroups with spherically sym-
metric and radially decreasing kernels, gives the same conclusion when we
replace (3) by the condition that the Vi’s (and also the V’s) are "Kato at
infinity" (or K for short) in the sense

lim lim lim sup / Vi(y+ 2)Ei(2)dz = 0, (5)
FT0ATFee oo /{2 <e)
(see Theorem . The restriction to this class of convolution semigroups
(covering nevertheless e.g. all subordinate Brownian semigroups, see Section
1)) is due to the need of a technical result (see Lemma[l3|below). Note that
Assumption on the potentials is much weaker than Assumption but
must be accompanied by a restriction on the class of convolution semigroups.
If the V'’s "vanish weakly at infinity” in the sense

lim sup / Vi(y+2)dz=0 (6)
lyl—o0 {lzI=1}

then we can replace by the condition

lim limlim sup / Vi(y+ 2)Ei(2)dz = 0,
{lz[<e}

A—+o00e—0 ly|—00

(see Remark . Of course, we could also replace by the stronger (but
more convenient) condition

lim lim sup / Vi(y+ 2)Ei(2)dz =0 (7)
0 Jylmoo J{jzi<e}

for some A > 0.
For a nonnegative function W on R3, we recall that the membership to
the Kato class (relative to T(;)) refers to

lim sup / W(z + 2)E}(2)dz = 0.
e=02ers J{|2|<e}

This property is equivalent to

lim |[W (A= T,
A—4o00

))71H£(L1(R3)) =0 (®)

or to the relative operator bounds

IWeoll L1 rsy < € HT(z‘)SOHLl(Ra) +cellellpirsy, ¢ € D(T) (Ve >0); (9)

5



where ¢. > 0; (see [4]). The membership to the local Kato class (relative to
T\;)) refers to

lim sup / Wz + 2)E(2)dz = 0

e0z|<0 JYlzl<e)
for any C' > 0. It turns out that both conditions ) are satisfied by
the Kato class potentials. Moreover, the concept @ of potential "vanishing
weakly at infinity" turns out to be the right notion of "smallness at infinity"
for spectral problems (see Theorem 45| and Theorem .

Theorem [21] and Theorem [22] are new and appear here for the first time.
Their proofs are quite involved and are related to many other results of
independent interest, most of which also appear here for the first time, see
below. We note that Theorem RI] and Theorem 22| are new even when
Ty = (211;) "1 A\;; in the latter case, we could also replace the Laplacian by
the magnetic Laplacian; (see [2] Theorem 2.5). (The results which are stated
here in R3, in view of many-body-Hamiltonians in L?(R3N), are actually true
in R? (d € N).)

The starting point of our construction is that any nonnegative potential
W which is T(;)-bounded in L'(R?) is form-bounded in L?(R?) with respect
to the positive operator —7{;) with relative form-bound less than or equal

to
lim 7o (W (A= Tp) ") 10
Ai?oo " ( (l)) ( )
where 7, refers to the spectral radius in L!(R3); (see Theorem [I|and Corol-
lary . By defining

T j -1 1 ij -1
i = lim g [VEA=T() '], 6y = lim v, VIO =T
we show that the multiplication operator on L?*(R3N) by —V_ is form-
bounded with respect to the positive self-adjoint operator —7 with relative
form bound less than or equal to

5 5,
12?5\/( i)+ 1§%2}\}/<—1( i)

where 6; = Z;-v:iﬂ dij (i < N —1); (see Theorem . Thus the study of the
size of the limit becomes a key issue.

Under the local equi-integrability condition , it turns out that the
value of the limit is independent of the local properties of the potential
W; (see Theorem @ In particular, if a potential W satisfies then

. -1
Jim v (W (A= 1T) ™) =0 (11)



for general convolution semigroups; (see Theorem .
If a priori is not satisfied then (for a suitable class of convolution
semigroups) we show that the limit is less than or equal to

Koo(W):=1lim lim lim sup / W (y + 2)E}(2)dz;
{l=I<e}

e—0A—4o00 |y|—o0

(see Theorem. This explains the interest of the class of potentials W' such
that Ko (W) =0 (i.e. K& potentials). We introduce also the subclass Koo
of potentials W such that

K2 (W) := lim lim sup / Wy + 2)Ei(2)dz = 0 (12)
{lz]<e}

e—=0 ly|—o0

for some A > 0. Indeed, the monotonicity of K2 (W) in A > 0 shows that

~

Ko C Koo (13)

The restricted class of convolution semigroups we alluded to is quite large
and contains e.g. all subordinate Brownian semigroups; see Section [4 Lo-
cally, the potentials we consider satisfy the local equi-integrability condition
. At infinity, for general convolution semigroups, we consider the po-
tentials which satisfy ; but, for the above restricted class of convolution
semigroups, we allow the larger class of potentials satisfying .

For the sake of clarity, and in order not to slow down the reading of
the paper, we postpone to Section [5| a deep scrutinization of our different
assumptions. In particular, it turns out that the notions of Kato class, local
Kato class or [A(OO class are essentially different incarnations of some hidden
weak compactness assumption; (see Theorem Theorem and Remark
. It follows, for example, that a T(;-bounded potential W belongs to the
local Kato class once

y >R3> — W, € L' (B(0,1); u(dz)) is continuous (14)

where B(0,1) is the unit ball of R3; (see Corollary ; this result is remi-
niscient of an old one ([I] Theorem 4.15) and suggests an interesting open
problem, (see Remark . R

We give also a membership criterion to K, in terms of asymptotics of

N, = lim sup / Wy(z)dz, (k€ N).
27(k+1)§‘z|§27k

ly[—o00



Indeed, W € Ko if
oo
5 (Ba@ ) e < -+
k=1

in particular, if

1\ —1
lim sup (77,6)% < <lim sup (EA?)\(2_I“)>IC> .

k—o00 k—o00

where Fi(z) = E‘Z\(|z|)7 (see Theorem . We have a similar membership
criterion for the Kato class by replacing 7, by

N = sup/ Wy(2)dz;
yER3 J2-k<|z|<2-(k=1)

—

1
(see Theorem . The parameter lim supy,_, (Ef\(Q*k)> * is also estimated

— 1
lim sup (ER(Q*]“)> Pl

k—oo

where

s 1= sup {p > 1; / (E;(x))pdx < -f—oo} ;
{lz[<1}

(see Lemma. It follows that T is a Kato class potential (resp. W € K)
provided that

=
»|w
=

3
s

<
<

<275

lim sup (7;)7 <275 (resp. lim sup (n;)

j—oo j—o0

(see Corollary . In the usual examples,

Ei(p) ~ a (p—0) (0 <a<2) (15)
(a = 2 for the heat semigroup, 0 < a < 2 for the a-stable semigroup and
a =1 for the relativistic semigroup) so W is a Kato class potential (resp.

W e IA(OO) provided that

lim sup (ﬁk)% < 27679 (resp. lim sup (nk)% < 27 (3=a)y.

k—o0 k—o0



(see Remark [38)).
It is well known (see [1] Theorem 1.4 (iii)) that for the Laplacian, W is

a Kato class potential provided that W € L” i.e.

loc,unif?

sup / (W(y +2))P de < 400,
yeR3 J{|z|<1}

for some p > % Of course, this result can also be formulated, with p > %,
for general generators satisfying . We can derive this result from our
membership criteria; (see Theorem [39).

If W is such that

lim W(z)dz=0
|z|—=+00 JB(z,1)nA

for any measurable set A "thin at infinity" in the sense

lim |B(z,1)NA|=0
|z|—~+o00
then W vanishes weakly at infinity in the sense (@ if and only if the super-
level sets of W
W=, (¢>0)

are "thin at infinity"; (see Theorem . This occurs e.g. if W belongs to

p .
loc,unif? L.e.

sup / (W(y+ )P dz < +o0,
ly|=C J{|z|<1}
for some p > 1 and some large C > 0; (see Remark .

In contrast to Kato class potentials which are characterized by , the
more general potentials W we consider here satisfy only

. ~1
i o (WA= 1T3) ™) =0,
We show that instead of @), these potentials W are such that: for any
e > 0 there exists an equivalent norm || _,.,, on L'(R?) (additive on the
positive cone) and a constant ¢ > 0 such that

Wl

enew

<e||Twell., .. + e lellomews ¢ € D(Tw));

gnew

(see Theorem . These abstract relative operator bounds are not of prac-
tical interest and are not used here; but we wonder whether they could be
useful in another context.



We note that the form-sum operators on L?(R3Y)
(=T)® (=V-) (16)

we have built admit C°(R3V) and S(R3*V) as form-cores; (see Remark .
In this paper, we have focused on the negative parts of the potentials but,
of course, it is quite standard (see e.g. [I3] Theorem 4.1, p. 24) to capture
as a form-sum of the positive potential

N

D Vilw) + Y VY (wi— )

i=1 i<j
and the lower bounded Hamiltonian ; however, for V1, V_f_j € L} (R3?), the
question whether C2°(R3V) is a core of the new form desserves a separate
study which is not considered here.

Besides the different results behind the form-bound estimates, we de-
vote Section |§| to two general spectral results in L!'(R3); (see Theorem
and Theorem . The proof of the first one, on stability of essential spec-
tra, uses a result on strictly singular pertubations by T. Kato [21]; (we recall
that in L' spaces, a strictly singular operator is nothing but a weakly com-
pact operator [35]). The second result provides a sufficient criterion for the
existence of spectral gaps.

We point out that the use of local weak compactness arguments is also
an efficient tool to understand the impact of positive parts of potentials on
spectral theory of general substochastic semigroups in abstract L' spaces
[32]. We mention that a part of this work extends to higher-order elliptic
systems where the loss of positivity is compensated by the existence of suit-
able kernel estimates [33]. Finally, we note that T. Kato [24] considered
also complex potentials, (see also e.g. [27][34][17] and references therein).
In the spirit of [33], by using suitable domination arguments, a great deal
of this work could be extended to complex potentials too; we have not tried
to elaborate on this point here.

Before giving our results, we recall some facts on the theory of absorption
semigroups [48]. Let (SP(t)),~, be a positive contraction Cp-semigroup on
some LP(€2; 1) space with generator TP and let V :  — R be measurable.
We assume that V' =V, —V_ is decomposed as a difference of two nonnega-
tive measurable functions Vi (not necessarily the positive and negative parts
of V) such that Vi(z) < 400 p-a.e. To define TP — V" as a generator
(for the time being we are not interested in ”TP — V"), we approximate V.
monotonically from below by V. A j (j € N); the corresponding sequence of

10



semigroups converges strongly to a semigroup (5"1’/+ (t)) - which need not
>

be strongly continuous at t = 0. We say that V, is admissible if (S{’,+ (t)) .
t>

is strongly continuous and denote by T"}+ its generator. In this case,
Ty, DT7 —Vy
([48] Cor 2.7); this occurs e.g. if
D(T?)n D(Vy) is dense in LP(pu)

([48] Prop 2.9 ). Note that if p = 1, if (S* (t))t>0 is mass preserving and if

D(TY)N D(V,) is a core for T then T‘h =T' -V, ([48] Cor 4.3 and Prop
4.4). If (S(1));>0 is a symmetric sub-Markov semigroup, i.e. acts in all LP(u)
spaces as a positive contraction Cp-semigroup (SP(t)),», with generator 77

and (S*(t)) 5

the dual of (S{Z (t)>t>0 is equal to (S{’q (t)>t>0 (q is the conjugate exponent)

and (5‘2,+ (t)>t20 is self-adjoint ([48] Prop 3.2). Moreover,

is self-adjoint then the admissibility of V is p-independent,

S(/Jr (t)|LPmLS = SXS/Jr (t)\LPmLS

([48] Prop 3.1). To avoid cumbersome notations, we write (Sﬁ(t))tzo un-

stead of <S€ (t)) and T% unstead of T}, . We consider now symmetric
+ t>0 +

convolution semigroups
SP(t): £ € @)~ [ fla - ymildy) € (R
R3

where {m;},~, are (symmetric with respect to the origin) Borel sub-probability
measures on R? such that mg = do (Dirac measure at zero), mg xms = My4s
and m; — mgo vaguely as ¢ — 04. Such convolution semigroups are re-
lated to Lévy processes and cover many examples of practical interest such
as Gaussian semigroups, a-stable semigroups, relativistic Schrodinger semi-
groups etc. Note that (SP(t)),~ is a positive contraction Cp-semigroup on
LP(R3) (1 < p < +o0) with generator

TP : D(TP) C LP(R3) — LP(R®).
The sub-probability measures {m;},, are characterized by
N

() i= (2m) ¥ [y (do) = (2m)"Fe 1O, (RO

11



where F', the so-called characteristic exponent, is a continuous negative def-
inite function (see [19] Definition 3.6.5, p. 122) and has the representation

F(Q) = e+ 000+ [ gy 1 @O (e2)

with ¢ > 0, C is a real symmetric matrix such that (.C¢ > 0 V¢ € R? and
1, the so-called Lévy measure, is a positive (symmetric with respect to the
origin) Borel measure on R3\ {0} such that [ min(1, |2*)p(dz) < +o00. Note
that {m;},>, are probability measures if F/(0) = 0, i.e. ¢ = 0. We recall that

F >0 and F(¢) < cp(1+ [¢[*). Note that

T?p = —(2r) "} / TR (C)B(C)dC

]R?’
with domain
D(T?) = {p € L*(R®); Fp € L*(R*)}.

We refer e.g. to [I8][19] for more information on convolution semigroups.
Finally, we recall that S(R?) is a core of 7? ([I1] Thm 2.1.15, p. 38). In par-
ticular, if Vi € L}, (R3) then C°(R3) ¢ D(T1) N D(V4) so V4 is admissible
with respect to {S* (t)}t>0 and therefore with respect to {SP(t)},5 for all
p > 1. Note finally that if mq(dy) is a probability measure then {S*(¢)},,

is mass preserving. It follows that if S(R3) c D(V,) then D(Ty) N D(V,)
is a core of T and T‘l/+ = T' — V.. For the sake of simplicity, we restrict
ourselves to convolution semigroups such that

/‘ewwwc<+x>@>0) (17)
R3
In this case, m; (¢ > 0) is absolutely continuous with respect to Lebesgue

measure, i.e. my(dz) = k(z)dz (¢t > 0) where k; € L (R3)NCp(R?) is even.
In particular

(A—TP)"1f = / Ex(z —y)f()dy, [ e PR
R?)

where Ey(z) = f0+°° e Mk (2)dt (A > 0). Actually, in most of the paper, we
just need that (A —7?)~! is a kernel operator.

12



2 Form-bounds for one-body Hamiltonians

As noted in the previous section, if
V-i- € Llloc(Rg) (18)

then we can define an absorption convolution semigroup {Sﬁ(t)} i>0 On
LP(R?) with generator T%. We assume that V_ is Ti-bounded in L!(RR?)
ie.
sup / V_(z)Ex(x —y)dz < 400 (A > 0) (19)
yeRS R3
where E)(x —y) is the kernel of (A —T7)~1. Note that is A-independent.
Of course, implies that for any 6 > 0

sup / V(@) Ex(z — y)dz < +00 (A > 0). (20)
yeR3 J{|z—y|<é}

We will show (see Proposition below), for a general class of radially
symmetric convolution semigroups, that and are equivalent. It is
easy to see that implies that E)(z) is bounded away from zero in the
unit ball and therefore implies that V_ € L} (R3), i.e.

loc,uni f
sup / V_o(z + 2)dz < +o0.
zeR3 J{|z|<1}

According to Desch’s theorem [I0] (see also [49] or [2§] Chapter 8), if

- 1y—1
)\EI_POOTU Vox-TH" <1

then A! := T} + V_ with domain D(A') = D(T}) generates a positive Cop-
semigroup {W'(t)},., on L'(R?). Moreover, W*(t) maps L'(R*) N L (R?)
into itself and, for any p > 1,
W) : LY(R?) N L®(R3) — LP(R3)
extends uniquely to a Co-semigroup {WP(t)},., on LP(R?); see [30]. If we
denote by AP its generateur then
{feDTH)NLP(R®); TLf +V_f € LP(R®)}

is a core of A? and A? is self-adjoint; see [30] for the details. The follow-
ing result is already given in ([30] Theorem 21) under the assumption that
V_ e L%OC. We aim here at removing this L%OC assumption by using an
approximation argument combined to suitable a priori spectral estimates.

13



Theorem 1 Letd :=limy 140 7s [V_()\ — T}r)*l] <1 and let @)
be satisfied. Then V_ is form-bounded with respect to fT_%_ in L*(R”) with
relative form-bound less than or equal to 9.

Proof. Let
s(A') = sup {ReX; ) € O'(Al)}

be the spectral bound of A'. We recall that the type of a positive semigroup
in LP spaces coincides with the spectral bound of its generator, see e.g. [51].
We introduce now a nondecreasing sequence of bounded potentials {Vf}n
converging pointwisely to V_, e.g. we can choose V" = V_ An. We note the
uniform bound

ro (VPO =TH ] <rp [VoA=T1)7] vn.

Similarly,

AL =TL+V": D(T}) ¢ LHR?) — LY(R?)
is a generator of a positive Co-semigroup {W,(t)},, in L'(R?). More-
over, V™ < V_ implies W,}(t) < W(¢) and then s(A4.) < s(A') Vn. By
a symmetry argument, {WT} (t)} ;>0 nterpolates on all L? (R3) providing Co-
semigroups {W5(t)},5o in LP(R?) with generator A} where A2 is self-adjoint
in L2(R?). Actually, since V" is bounded A2 is nothing but

T2 + V" : D(T?) — L*(R®).

On the other hand, since s(AL) is the type of {Wﬁ(t)}po then for every
€ > 0 there exists C; such that B

IWa O 211 Rsy) < CLe(3(AR)+e)t

H (Wé (t))IHL(Loo(RS)) S Cae(S(A»}LH”E)t

where(W,(t)) is the dual semigroup on L>(R?). Riesz-Thorin’s interpola-
tion theorem implies

W (¢) ”E(LZ(R?’)) < Cee(S(A}L)JFE)t

showing thus that s(A2) < s(AL) since ¢ > 0 is arbitrary. Finally we get
the uniform estimate
s(A%2) < s(AY) vn.

14



Since V™ is bounded then
(A7e,0) < s(AY) el f2@ay Ve € D(TE) V.
If we choose ¢ arbitrarily such that 1 < ¢ < % then

im 7, [eVo(A-T1) " =cs <1
A——+00

and then, arguing as previously,
AZe = T2 4 cV™ . D(T?) — L*(R®)
is self-adjoint and
(A%, ) < s(A9) l@lz2ms) Yo € D(TE) Vn
where s(A{) denotes the spectral bound of
AS =T! +cV: D(Th) C L' (R?) — LY(R?).

Thus

2
(A2p0) = (Tho + prp) = = | =T e [V loP o

so that, by the density of D(T?) in D(,/—T?%) (for the graph norm of

VT2,
c/Vf](p\Qdac < H\/—in(p

Letting n — oo we get

/V lp|? de < ¢t

2
T (A9 lpl2agay V. Yoo € D(/-T2).

2

+ e 1s(A9) Il famsy Vo € D(y/-T3).

fT_%_@

1

This ends the proof since ¢~ can be chosen as close to § as we want. ®

Corollary 2 If V_ is T} -bounded in L*(R®) then V_ is form-bounded with
respect to —T% in L?(R3).
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Proof. The limit § :=limy 1 75 [V_()\ — T}r)*l] always exists. Let € > 0
and Vo€ = (6 +¢) ' V_. Then

: d+ery _ ply=1) _ -1
/\EI_EOOTU{V_ (A—T1) } (G+e)ts<1

so by theorem (6 + €) "t V_ is form-bounded with respect to —T? in L*(R3)
with relative form-bound less than or equal to (§ +¢)" 4. m
According to Theorem [1} we can define

(-75) @ (-V)

(a form-sum operator) via the KLMN theorem (see e.g. [47] Theorem 6. 24,
p. 150). A natural conjecture is that this operator coincides with the self-
adjoint operator —A? where A2 was obtained previously by interpolation
argments from A'. Indeed, this is the case.

Theorem 3 Let § :=limy_ 007 [Vo(A = T1) 7] < 1 and let (@@)
be satisfied. Then —A? is equal to (=T3) @ (=V_).

Proof. The first observation is
A=TL -V (A=-T; -V (n— +00)
strongly in L!(R3). Indeed, let ¢ > 0 and let A be large enough so that
ro [Vo(A=TH) ] <d+e<L.
Then r, [V*(A=T1)"Y <7 [Vo(A=T1)7!] Vn and for all ¢ € L} (R?)

C-TH -Vl = A=TH Y LO- T e
7=0
— (A=-TH! i VO-TH P o=A-TL-V)"
j=0

by the monotone convergence theorem and we are done since L} (R?) is
generating. It follows by Riesz-Thorin’s interpolation theorem that

(A =A%)t — (A — A%) 7! strongly in L%(R3). (21)

On the other hand, since V" is a bounded operator then —A?2 is also the
form-sum —A2 = (=T%)® (V") . A key point is that the resolvent of the
form-sum operator (—772) & (—V") is given by

A+ (-T2 @ (~V) L= (A =T2) 31 - Ca(N) TN~ T2)72

16



(see [47] Theorem 6.25, p. 150) where C,,(\) is the positive bounded self-
adjoint operator on L?(R3) defined by the positive bounded quadratic form

2
pe PR — [ V'|(A-T2) z¢

RB

with [|Cr(M)|z(z2(rsy) < ¢! for \ large enough (see [47] Theorem 6.25, p.
150). Similarly, the resolvent of the form-sum operator (—7%) & (—V_) is
given by

A+ (-TH @ (-V) =N =T2) 21 -C\) ' (A -T2)2

where C()) is the positive bounded self-adjoint operator on L?(R?) defined
by the positive bounded quadratic form

2
pe LR — e ‘(A - Ti)_%‘

and [|C(N) [l zr2ms)) < ¢! < 1 for X large enough (see [47] Theorem 6.25,
p. 150). The monotonic convergence of the quadratic forms

(Cn(A)%w):/RS v (A—Ti)ésﬁrﬁ(c(k)@,@):/ﬂ@ V_’(A_Tf)*%gpz

implies the strong convergence (I — C,,(A))™t — (I — C(\))™! (n — +00)
(see e.g. [39] Theorem S. 14, p. 373) and finally the strong convergence

A—T2) 51— Co(N) " A—T2)"F = (A—T2)3(I —C(\) ' (A—T2) 3
( n — +00) which shows the equality
A=At =+ (-T2) & (-V)!

le. —Ay=(-T}) & (-V.). =

3 Form-bounds for many-body Hamiltonians

We show now how to define (form-sum) Hamiltonians of the form

N N o g
(‘Zm) o= ViE) - VI i)
i=1

i=1 i<j

17



where, for each i (1 <1i < N), T(;) acts on the variable z; € R? only as a
generator of a symmetric convolution semigroup depending a priori on the
index i. Thus, we consider a family of symmetric convolution semigroups on
L?(R?) indexed by an integer j (1<j < N) (N > 2)

Sht): S € LR = | f( —y)my(dy) € L*(R?).

Let T2j be the generator of {S%(t);t > 0} and let F; be the corresponding

characteristic exponent. On L2((R3)V), we define

{ Typ = —(2m) % Jon €7 (6 )P0
D(Ty) = Lo € L(EDY): F(C)P(0) € LA(EDY)}

and
To=—(2m)" [pan € F(Q)P(C)dC o)
D(T) = {p € LA(®)V); F(QOR(C) € ARV}
where N
F(Q) =) Fi(¢)
j=1

(the (;’s are the component of ¢ € (R3)Y). Note that F is also a continuous
negative definite function on (R?)" ([I9] Lemma 3.6.7, p. 123). Let

VLVI R =R, (3,5 <N)
be measurable and |V(z)| 4 |[V¥(2)| < 400 a.e. Let

Visvi-Vvi, vi=vyP_yY

be decompositions into differences of nonnegative functions (which need not
be the standard positive and negative parts) and let

V_(21,..., TN ZW z) + >V (xi — xj). (23)

1<J

Our first fundamental result is:

18



Theorem 4 Let be satisfied by the characteristic exponents. We as-
sume that Vi and V¥ are T{-bounded in L*(R3). Let

Y iy i1 s ij oy _ i1
b= fim 1o [VIA =), by = lim v [VIOA= 1)) ]

(where o refers to spectral radius of bounded operators on LY(R3)) and let

0; = Zé‘vziﬂ 6ij (1< N-—1).1If

§:= max (6;)+ max (§;) <1
1<i<N 1<i<N-1

then the multiplication operator on L?(R3N) by the potential —V_ is form-
bounded with respect to the positive self-adjoint operator —7T with relative
form bound less than or equal to 0.

Proof. According to Theorem [1} V* is form-bounded (with respect to T%)
with relative form-bound less than or equal to ;. Thus, for each ¢ > 0
there exists cé > 0 such that (for z1,...,x;—1,%i41,....,xN fized) and for all
f € CE(RY)

/3 V(@) | F (1 ey Timt, Ty Tig 1, ooy 2N) |2 dit;
R

< (57;+5)/R3

so that integrating with respect to the remaining variables x1, ..., x;—1, ij+1, ..., TN

[ Vita < @ove | Tof,

7 2
L2(R3N)+CE/R3N|f| o
~ 2 .
e [, B fof dre [ 1k

2
dx; + CE/B |F (21, ooy Tio1s Ty i1, o TN | dg
R

T f

and
N . . 2 N
; /R VilfPdr < (max(s) +e) /R FQ|F© dc+ z; ) 1 2agaomy

N
= (max(6)+) [ VTS| do (0 D) 1o,

=

Similarly, V' is form-bounded (with respect to T%) with relative form-bound
less than or equal to d;;. Thus, for each € > 0 there exists c? > 0 such that
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(for @1, ..., %i—1, Tit1, ..., TN fized)
/3‘/};(2) |F(@1, ey Tim1, 2, Ty 1, oy 2n) | d2
R

< ((5ij+€)/RB‘\/—7Tgf2

whence

/3 |f(CC1,...7CCj_1,CEZ',$i+1,...,SCN)|2dCCZ‘ (24)
R

dz —I—Céj/s ‘f(:L’l, ...,xi_l,z,miﬂ,...,xN)\Q dz
R

= /Vf(z)‘f(xl,...,xi_l,z+$j,$i+17~--axN)’2dz
R3

5U+€ / \/7T2ij

= (6s T3
(6 +¢) R3‘\/72f

(where fo, : 2 — f(21,...,Ti—1,2,%iy1, ..., xN) is the translation by x;) since
the quadratic form is invariant by translation. By integrating with
respect to the remaining variables 1, ..., T;—1, Zj+1, ..., TN We get

2
_ 2 1] 2
/RSN Vi |f|” dx (0i5 +¢) /]R3N ‘,/—T(i)f‘ dx + c? HfHLQ(RSN)

= Gyt [ R@IFO[ are [ I

IN

2
dZ+CZ] /3 ‘firj(mh"'7:67;—1727'%.2'4-17'“71.]\7)‘ dz

dz +C?/3 \f(xl,...,xi_l,z,xiﬂ,...,:(;N)\de
R

IN

and

> [ Vil

1<)

< sup i(&ﬁs)/ﬂ@ﬁ(@(ﬁ( | dc+ (T [ 1P

v j—i+1 i<j

= sup Z (0i5 +¢) H\/jf‘

©j 2
L@ g )1 £l 72y -
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Finally

N

_ 2 - 2

. d - d
l§1i/wvz i x+§i<j:/RSNV;J P da

N
2
e e SR | V7
toj=itl
13+ 3 1113
i=1 1<j

which ends the proof since € > 0 is arbitrary. =

Remark 5 By using Corollary@ one sees that once the Vi’s and the Vs
are Tj-bounded in L'(R3) then —5~'V_ is form-bounded with respect to the
positive self-adjoint operator —T with relative form bound < 1 where ¢ is
given by maxi<i<n(0;) + maxi<i<n—1(d;).

Our second fundamental result is:

Theorem 6 We assume that is satisfied by the characteristic expo-
nents. Let Ei(x —y) be the kernel of (A — T{)™! and let Ei(.) be bounded
outside any neighborhood of 0. Let V! be Ti-bounded in L*(R3) and set

a; = lim lim sup / Vi(z)Ei(x — y)dz. (25)
A—t00 €=+00 yep3 Jiz|>c

We assume that for some X > 0, for any ball B(0,R) C R3 and any ¢ > 0,

lim sup/Vf:nEix—yd:E:O 26
i o [ V@R -y (26)

Then limy— o0 7o [VA(A = T7) 7] < a;. We have a similar statement for
vy,

Proof. For each ¢ > 0, we decompose V' as V! = V', + V', where

Vi = Vil{\x|<6}7 Vi, = Vfl{m}c}. Let € > 0 be fixed. By choosing ¢ and
A large enough

sup / Vlz(:r)Eﬁ\(:E —y)dr < a; + €.
yeR3 JR3
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This implies that the resolvent of the operator
T} + (a; +¢)~'Viy : D(TY) — L*(R?)

exists (for A large enough) and is positive which implies that this operator is
a generator of positive Cp-semigroup by Desch’s theorem [I0] (see also [49]
or [28] Chapter 8). Note that implies

lim su Vi (z)Ei(z — y)dx = 0.
i s [ Vi@B -y

Indeed, for ¢ > 2R we have |z — y| > R for x € B and |y| > c so that

/ Vi (z)Ei(z — y)dx < sup Eﬁ\(z)/ Vi(z)dz — 0 (|Q — 0).
Q Q

|z|>2R

This expresses that Vi, (A —T})~! is weakly compact, i.e. V?; is T{-weakly
compact. This is equivalent to

Vi s (T} + (a; + ) 71V2,)-weakly compact

or to
(v + )MV is (T + (g + ) 71V2,)-weakly compact

and consequently by ([29] Theorem 6)
Tid (o +6) W+ (g + )WV =T+ (a; + )V
generates a positive cp-semigroup. It follows (see [49] Theorem 1.1) that

lim 7, [(a; + &) Vi (A - Tf)_l] <1

A——+00

or imy 400 7o [V_i*()\ —T1)7'] < a; +¢ and this ends the proof since & > 0
is arbitrary. m

Remark 7 The boundedness of Ei(.) outside any neighborhood of 0 is
satisfied by most examples, see Remark [13 below.

Corollary 8 Let Ef\() be bounded outside any neighborhood of 0. If for
any ball B C R?

lim sup / Vi(x + 2)Ei(2)dz =0 (27)
€=02eB J{|z|<e}

then the condition @) is satisfied.
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Proof. We note first that
/ Vi (a:)Ef\(:c —y)dx = / Vi (:U)Ef\(ac —y)dx
Q Qn{|z—y|<e}
+/ Vi(x)Ei(x — y)dz.
an{lz—y[>e}

We have

/ Vi(z)Ei(x — y)dz| < C’a/ Vi (x)dx
Qn{|z—y|>e} Q

and

/ Vi (z)E}(x — y)dx
QN{lr—y|<e}

/ Vi(y+ 2)Ei(2)dz
{Q-yIn{lz|<e}

N

< / Vi(y + 2)ES(2)dz.
{lzl<e}
Finally

sup/Vf(x)Eﬁ\(w—y)dﬂchg/ Vi(x)dx+ sup/ Vi(y+2)ES(2)dz.
Q Q {lz<e}

ly|<c ly|<e

Hence it suffices to choose € small enough to make the last term as small as
we want while C. [, V*(z)dz — 0 as [Q2] — 0 for a givene. m

Remark 9 Note that expresses the membership to the so-called local
Kato class while the Kato class refers to

lim sup / Vi(x + 2)Ei(2)dz = 0,
{lzl<e}

€0 ;cR3

see [4)]. We point out that 18 not necessary for (@) to hold since
(at least for Laplacians) is equivalent to the compactness of

VI (A =T1) 7 LHRY) — Ljgo(R?) (28)

(see [£5] Proposition A.2.4 (d)) while (26]) expresses just the weak compact-
ness of (@

A key issue now is to estimate the parameter . A first fundamental
result in this direction is:
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Theorem 10 We assume that is satisfied by the characteristic expo-
nents. Let V :R® — Ry be Ti-bounded in L'(R3) and

lim supV(y) < +oo.

ly|—+o0
Then
lim lim sup V(z)ES(z —y)dx = 0.
A—too etoo e Jiotse (@) EX( Y)
Proof. Note that Ei(z f+°° e MEH2)dt (A > 0) so
i ARV 1
L e e e
Hence
, limsup,|_+00 V(2
lim sup V(z)ES(x —y)dx < Piyi—+o0 V()
C=F0 eR3 |z|=c A

and we are done. m

Remark 11 The proof above shows also that if limsup), 1o,V (y) = 0 then
lime, o0 SUP,cRs flrl% V(2)Ei(x — y)dx =0 for all A > 0.

The analysis of the parameter is more involved when V is not
bounded at infinity. This is the object of the next section.

4 On K, potentials

From now on, we restrict ourselves to the class of convolution semigroups
such that for each ¢t > 0, k}(.) is spherically symmetric and radially decreas-
ing, i.e. ‘ .
ki(z) = ki(|2])

where %t : Ry — Ry is nonincreasing. In particular Fj(z) = Ef\(]z])
where El (Iz]) = f+°° *)‘tk‘l (|z|)dt. (This property is satisfied in the case
of isotropic unimodal Lévy-measures; see [50].) This class contains for in-
stance the usual examples such as the Brownian case

Ty = (2m) ' A
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(where /\; is the Laplacian with respect to the variable z; € R3), the a-stable
case

T(l) = —(—Ai)% (0 <o < 2),

the quasi-relativistic case

Ta = — <\/—c2h2Ai +m2ct — mic2> ;

see [4]. Actually, this property is shared by all subordinate Brownian semi-
groups. Indeed, a C*° (0, 4o00) function f such that (—1)’“% < 0 is called
a Bernstein function and is characterized by the representation

+oo
10 = [ e

where (1;),5 is a convolution semigroup of measures on [0, +-00) . If (S(t));> is

a convolution semigroup on L'(R3) with characteristic exponent F(¢) then
f(F(¢)) is a continuous negative definite function and the associated (sub-

ordinate) convolution semigroup (S7(t)) />0 Operates as

+0o0
S5 (t)p = /0 (S(5)0) my(ds);

see ([I9] Proposition 3.9.10, p. 179). It follows that if for each ¢ > 0, S(t)
has a kernel k;(.) then S/(t) has also a kernel

+oo
K (2) = /0 a(2)1,(ds).

In particular if k;(.) is spherically symmetric and radially decreasing then
so is k{()

Remark 12 Note that if ki(z) = %t(|:1:]) with p — Et(p) non increasing and
if f0+°° e Mk (p)dt < +oo (p > 0) then

Bl (2]) = /0 e E] (|2t

s bounded outside any neighborhood of the origin.

The interest of this class of semigroups lies in Lemma [13| below given in
[4]. A measurable function f: R® — R is said to be [*(L>®) if

1 iy = D sup [f(2)] < +oc

a€Z3 7€l

where C,, is the cube centered at o € Z? with sides of length 1.
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Lemma 13 ([{] Corollary of Lemma III. 2) If for each t > 0, ki(.) is
spherically symmetric and radially decreasing then ki(.) is I'(L>®) and for
each § > 0 fixed '

Sup Hl{\ylzﬁ}ktull(Lw) < Foo.

By adapting some calculations from [4] we derive the following estimate
of the operator norm HV (A — Tli)_lH .

Proposition 14 We assume that for each t > 0, ki(.) is spherically sym-
metric and radially decreasing. Let V : R — Ry be in L}, um-f(]Rg’). Then

V is Ti-bounded in L*(R3) if and only if

sup / V(y+ 2)Ei(2)dz < +00 (6 > 0).
yeRr3 J|z|<s

In this case,

V(\- Tf)le is less than or equal to

sup V(y+2)Ey(2)dz + IV Zianis SUp {12551k () |y ooy (29)
yeR3 J)z|<s A >0 (L)
where § > 0 is arbitrary and ||V||L11 ;= SUPycRs fy+Co V(z)dz.

Proof. We already know the necessity part. Let us consider the sufficiency
part. Since

HV (A Tf)fl( = s /RS V(y+ 2)Ei(2)dz < +o0 (A > 0)

then it suffices to show that

sup V(y+2)Ei(2)dz < 400 (X >0).
yeR3 J|z|>4

Note that
. +w .
/ V(y+2)E\(2)dz = / V(y+ z) (/ e MEl(2)dt > dz
|z|>6 |z|>6 0

= /+Oo (/ V(y+ z)ké(z)dz) e Mdt.
0 |z|>6
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On the other hand, f‘z|>6 V(y + 2)ki(2)dz is equal to

Z / V(y+ 2)ki(2)dz
{|z|>0}NCq

a€Z3

= Z/o V(y + 2) 1250 ki (2)dz

a€Z3

IN

>, Sup (1{z|>6}k§(2))/y+0a V(z)dz

acz3 #€Ce

(sup [. V(e ) 1O g

a€Z3

N (SEZPS /WHCO V(Z>dz> gtz s3 Rt O 2 e

- (L) O

< (sup /u+Co V(Z)dz> H1{|2\>5}k2(')H11(L°")

ueR3

IN

= ||V||Llloc7mfigg||1{\z|>5}k§(-)Hh(Lm)

so, using Lemma [T3]

/m / V(y+ 2)ki(2)dz | e Mdt < 7”‘/"”““"” |1 B
su z)ki(z)dz | e : su ~ . -
yelg”' 0 |z]>6 Y ! B A t>€ Helzop™ HEe)

and we are done. m
We say that V € L} (R3) vanishes weakly at infinity if

loc,unif

lim sup V(y+ z)dz = 0. (30)
ly|—-+o00 / Co

This terminology comes from [14]. In Theorem below, we give a
characterization of this property in terms of "thinness at infinity" of the
superlevel sets {V > c}.

Definition 15 We assume that 1s satisfied by the characteristic expo-
nents. Let V : R3 — R, be Ti-bounded in L*(R3). We define the parameter

Ko(V):=1lim lim lim sup / V(y + 2)Ei(2)dz.
{ lz]<e}

e—0A—+o00 |y|—o0
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Another fundamental result is:

Theorem 16 We assume that 1s satisfied by the characteristic expo-
nents and for each t > 0, ki(.) is spherically symmetric and radially decreas-
ing. Let V : R3 — R, be Ti-bounded in L*(R3). Then

lim lim sup / V(z)Ei(z — y)dz < Koo(V).
A—to0 ¢=+00 yep3 Jz|>c

Proof. We note that

sup / V(z)Ei(z — y)dx
lz|>c

y€ER3
is nothing but ’ Ve(A— Tf)_1 where Vi(x) := V(2)1{jg|>¢}- According to
(29)
|
< / Vy B 4 M s (v > 0)
su o(y+ 2)E\(2)dz + ——*su . HE - e>0).
B yeﬂg?’ |z|<e Y A A t>10) Uz>e}"e L)
where
H‘/C”Llloc,unif
= sup/ Ve(2)dz = sup/ V(z)dz
yeR3 Jy+Co yeR3 J {y+Co}n{|z|>c}
= sup/ V(y+2)dz < sup / Vy+2)dz. (31)
y€eR3 JCon{ly+2'|>c} ly|>c—1JCo
Hence, for 0 < e < 1,
N1
tim lim [|ve (A=) 7'
M Jim Ve (A= 13)

IN

lim lim sup/ Ve(y + 2)Ei(2)dz
A—~+00 c—+00 y€eR3 J|z|<e

V(y+ 2)Ei(2)dz

= lim lim sup/
A= +00 €7 H00 yeR3 J{|z|<e}n{|y+2[>c}

<  lim lim sup/ V(y + 2)Ei(2)dz
A0 €700 |y 201 J{fz|<e}

= lim lim sup / V(y+ 2)Ei(2)dz (0 <e<1).
ATEee yl oo J{jzl<e}

Letting € — 0 ends the proof. m
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Remark 17 If V vanishes weakly at infinity in the sense (@) then we can
complement Theorem . Indeed, the use of gives an estimate for a
given A > 0

lim
c——+00

Ve (A= Tf)_lH < lim lim sup / V(y + 2)Ei(2)dz
{ |zl<e}

e=0 |y|—o0

so that

lim lim su V(z)Ei(x — y)dz
i Jim s [ V@R

< lim limlim sup / V(y+ 2)Fi(2)dz.
{ lzI<e}

A——+o0e—0 |y‘*>00

Definition 18 A measurable potential V : R — Ry which is T}-bounded
in LY(R3) is said to be "Kato at infinity" (with respect to T}), or Ko for
short, if Koo(V) = 0. We say that V is K if

lim lim sup / V(y+2)Ei(2)dz =0
{ lzI<e}

=0yl

for some A > 0.

Corollary 19 We assume that is satisfied by the characteristic expo-
nents and for each t > 0, ki(.) is spherically symmetric and radially decreas-
ing. If V : R3 — Ry is Ti-bounded in L'(R3) and Ko, then

lim lim sup V(z)ES(z — y)dz = 0.

A—4-00 c—+00 yeR3 J|z|>c

The simple observation

K (V) < lim sup / V(y+ 2)Ei(2)dz
{lz|<e}

€0 cRr3

implies:

Proposition 20 We assume that is satisfied by the characteristic expo-
nents and for each t > 0, kj(.) is spherically symmetric and radially decreas-
ing. The Kato class potentials are included in the class of Ko, potentials.

We are ready to summarize some consequences of the previous results in
two main statements.
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Theorem 21 We assume that is satisfied by the characteristic expo-
nents. Let V' and V" be Ti-bounded in L'(R?). If

lim sup V'(y)+lim sup V(y) < +o0 (32)
[y|—+o00 ly|—+o0

and

lim sup / V' (z)ES(z — y)dx + sup / VY (2)Ei(x —y)da | =0
€20, QCB \ jy|<c Ja ly|<c o
(for some X > 0) for any ball B C R® and any constant ¢ > 0 then the
multiplication operator on L*(R3N) by the potential —V_ is form-bounded

with respect to —T with zero relative form bound where T is given in
and V_ is the potential .

Theorem 22 We assume that is satisfied by the characteristic expo-
nents and for eacht > 0, ki(.) is spherically symmetric and radially decreas-
ing. Let V' and V¥ be Ti-bounded in L'(R3) and Ko. If

lim sup / Vi (x)E}(x — y)dz + sup / VY (z)E\(z —y)dx | =0
=0, QCB \ y|<c /@ lyl<e /@

(for some X > 0) for any ball B C R® and any constant ¢ > 0 then the
multiplication operator on L*(R3N) by the potential —V_ is form-bounded

with respect to —7 with zero relative form bound where T is given in
and V_ is the potential .

Remark 23 Because of , we could replace Ko by I?oo i Theorem .

Remark 24 Note that C®°(R3N) and S(R3N) are cores of —T (see e.g.
[30] Theorem 2 (iii)). Since D(—T) is a also core of v/—T then C°(R3N)
and S(R3N) are cores of /=T, i.e. C°(R3N) and S(R3*N) are form-cores of
—T. It follows from ([39] Theorem X.17, p. 167) that (=T ) ® (—V-) admits
CX(R3N) and S(R3N) as form-cores.

Remark 25 We note that if for some i < N

T(l) = — <\/—C2h2AZ‘ + m?c‘* — micz> s

then we cannot handle Coulomb potentials V' and Vi Indeed, in this
case, E}(z) behaves like 12|72 near z = 0 so that a Coulomb potential is not
Ti-bounded in L*(R3). In this case, the form-boundedness is obtained via a

relativistic Hardy inequality [26].
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Remark 26 The results preceding the last two statements are stated in R3
but their proofs work in R? (d € N).

5 Miscellaneous

From now on, we work in R? (d € N). The object of this section is to
scrutinize the different assumptions used in the previous sections. Let

V: R SRy

be measurable. We say that V € L} (dx) if

loc,unif
sup / V(y + z)dz < +o00
yeRe J{|x|<1}

or

sup / Vy(z)dx < +00
yeR® J{|z[<1}

where {Vy} pa are the translates of V/
V, iz €RY = V(y+ ).

Let (S(t));> be a convolution Cp-semigroup on L'(RY)

S@): f e LNRY — /R I = y)maldy) € L (RY) (33)

with generator

T:D(T) c L*(RY) — LY(RY).
We assume that the corresponding characteristic exponent satisfies and
k¢(.) is spherically symmetric and radially decreasing. Let Ey(z — y) be the
kenrel of (A —T)"'. By Proposition V : R? - R, is T-bounded in
LY(RY) if and only if

sup / Vy(2)Ex(z)dx < 400 (34)
yeR? J{|z|<1}

i.e.
Ve Llloc,um'f (:U’(dl‘))

where p(dz) = Ey(z)dz. The following statement provides us with a different
insight into the Kato classes.
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Theorem 27 Let V : RY — R, be T-bounded in L'(RY). Then V is a
Kato potential provided that {Vy; Yy e Rd} s equi-integrable at the origin
with respect to the measure p(dz) = Ey(x)dx.

Proof. We have
/ V(y+ 2)Ex(z)dz = / Vi (2)Ex(2)dz
{lz1<e} {lz<e}

/ V(=) Ex(2)dz
{lz|<eIn{Vy(2) >3}

+/ Vy(2)Ex(2)dz
{lzl<e3n{Vy (2)<i}

IN

/ Vy(2)Ex(2)dz
{lz[<13n{Vy (2)>5}

—I-j/ E\(2)dz
{lzl<e}

SO

sup / V(y + 2)Ex(2)dz
{lzl<e}

yER4
< sup/ Vy(z)EA(z)dz—l—j/ E\(z)dz.
yeR® J{|2|<1}N{Vy (2) >4} {lzl<e}

By the criterion of equi-integrability (see e.g. [3] Theorem 4.7.20, p. 287),
we fix j large enough so that sup,cpa f{\z|§1}ﬁ{vy(z)2j} Vy(2)Ex(2)dz is as
small as we want and then let ¢ — 0. ®

Remark 28 Similarly, V is in the local Kato class provided that, for any
c >0, {Vy;| y| <c} is equi-integrable at the origin with respect to the
measure p(dx) = Ey(z)dz.

Corollary 29 Let V : RY — R, be T-bounded in L*(R?). Then V belongs
to the local Kato class once

y >R -V, € L' (B(0,1); p(dx)) is continuous. (35)

Proof. Indeed, for any compact subset C C R {Vy}yec is a compact
subset of
LY (B(0,1); p(dz))

and this implies the (local) equi-integrability above. m
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Remark 30 In ([1] Theorem 4.15), we find a characterisation of the local
Kato class by a continuity assumption quite similar to . We suspect that
the continuity assumption characterizes also the local Kato class.

Remark 31 (Open problem) Look for potentials V' such that
y >R =V, € L' (B(0,1); pu(dz)) is not continuous

while {Vy7 Yy € Rd} s equi-integrable at the origin with respect to the mea-
sure p(dx) = Ex(z)dz. It seems that such potentials are those which dis-
tinguish the local Kato class from the class of potentials satisfying the local

equi-integrability (@)
We link also the Kuo potentials to equi-integrability.

Theorem 32 Let V : RY — R, be T-bounded in L'(R?). Then V is Koo
provided that

Vy(z)Ex\(z)dx = 0.

lim lim sup

j——F00 ly|—o0 /{|x<1}ﬂ{Vy(x)>j}

Proof. Given d > 0, we fix j large enough so that

lim sup Vy(z)Ex\(z)dx < 6.

ly|—o0 /{I|<1}Q{Vy(ﬂf)>j}

Arguing as previously,

lim sup / V(y + z)Ex(z)dx
{lz[<e}

ly|—o0

= lim sup/ Vy(2)Ex(z)dx
{lz[<e}

ly|—o00

IN

lim sup

ly|—o0 /{x|§1}ﬁ{Vy(I)Zj}

< (5+j/ Ey(z)dz
{lz[<e}

Vy(z)Ex(z)dz +j/{ - }E,\(:C)d:p

and then let € — 0. m
For the Laplacian, it is known that V is a Kato potential provided that
Verr

loc,unif? L.€.

sup / (V(y + 2))P dz < 400,
yeRd J{|z[<1}
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for some p > % (see [I] Theorem 1.4 (iii)). By averaging in angles, it is easy
to improve slightly this result (i.e. we gain something in "angles"). Actually,
we state this for general rotationally invariant convolution semigroups.

Theorem 33 Let E)\(x) be rotationally invariant, i.e. Ey(x) = E,\(\x|) and
let

h(y, p) := - V(y + pw)dS(w).

Seo = SUP {s > 1; / (Ex(z))’dz < —i—oo}
{lz[<1}

If there exists s > sk (the conjugate exponent of s ) such that

Cs := sup </01 (h(y, p))spd‘ldp> < 400

y€Rd

then V is a Kato potential.

Proof. Note that V being T-bounded in L'(R?) we have at least

1
Sup/ h(y, p)p*'dp < +o0.
yeRd JO

Since

/ V(y+ z)Ex\(z)dz = /E h(y, P)E/\(,O)pdfldp
{lz|<e} 0

then

sup/ V(y + x)Ex\(z)dx
yeR J{|z[<e}

1
3

< [555 (/01 (h(y,p))spd‘ldp> i] </05 (Ex(p))s* pd‘ld/))S

and we are done since [ (E,\(p))s pldp —-0(e—0). m

We give now membership criteria to the Kato class and to the K oo Class
in terms of asymptotics of the integrals of W, over spherical shells. Let

Q, = {z e RY 270+D) < |z] < 2*]'}, (j €N)
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and

) = /ﬂj Wy(z)dz

= sup/ Wy(2)dz and n; := lim sup / Wy(z)dz

yeRr? |yl —o0

Let

Theorem 34 Let ki(.) be spherically symmetric and radially decreasing,
(i.e. Ex(z) = Ex(|z]) and p — E\(p) nonincreasing). Let W be locally
integrable. Then

S (Be))nws [ WeB@d <Y B 0 )
§=0 {lz[<1} =0
Moreover:

(i) W is a Kato class potential if

the series Z (EA(2_(j+1))) n;(y) converges uniformly iny € R% (36)
j=1

in particular if

S

Jj—00

~1
lim sup (nj)% < (hm sup (E)\(Q J)) ) .
j—00
(ii) W € Koo if
Z ( AR )77]' < 4005
7j=1

in particular if

=

N
lim sup (773)7 (hm sup (E)\(Q_j)>j) .

Jj—00 Jj—00

Proof. We know that

1 o~
| w@E@d = [ b0 B
{lz|<1} 0
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where

The fact that

1 R 0o 2—J N
/Oh(y,p)EA(p)pd‘ldp = Z/z h(y, p)Ex(p)p"~"dp

. 27]’
(27U / h(y, p)p®tdp
2

—(3+1)

IA
NER
gm

and

1 N > ~
/0 Wy, p)Ex(p)p®dp = Z /2 h(y, p)Ex(p)p"dp

shows the first claim. We have also
| w@E@d = [ b0 Bt
{lz|<e} 0

Since 2-U*Y < ¢ implies hﬁ;l —1 < j then

g
| hw B < /2 bl Ba(
{5 J>“ -2}
2—J
< E 2—(j+1)/ h(y, p)p?~
< > A( V| oy 2D
{J jlael_ }
= Yo E@ U )(y).
{3 >z —2}
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Note that ¢ — 0 implies that hilf; — 2 — 400 so that

€
wp/hmMEWW“WWQO@H®
yeR JO

provided that the series }_ E,\(2*(j +1))77]- (y) converges uniformly in y €
R?. This occurs if

l'
lim sup (E/\(Zf(jJrl))ﬁj)] <1

j—+oo
This ends the proof of the second claim since
~ . 1 1 ~ N1
lim sup (E,\(Q*(]H))nj) ? <lim sup (nj) 7 lim sup (E,\(2*J)> ’.
400 j—+oo Jj—+oo
Finally

€ .
im s [ hpBs) o< Y B U,

|y—oo| . —1
{J; 12%72}

and, similiarly,

€
ti lia sup | by, p) B ()~ dp = 0
0

e—0 ly—oo|

provided that > E)\(Q*(jﬂ))nj < +o00. We end the proof similarly. =
We show now how to estimate the parameter

=

<

lim sup (E,\(Q_j))

Jj—o0

Lemma 35 Let

s:=supqp>1; / (Ex(z))Pdr < 400 p . (37)
{lz[<1}

Then

I

1
lim sup (E’)\(Q_j)>J < 2.

j—+oo
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Proof. We already know that f{|$|<1} Ej\(z)dx < +00. Let s > 1 and let
1 < p < s. We have B

/{I:chl} (EA(m))p dr = ‘Sdil‘ /01 (EA(P))pﬂdfldp

and

2—J

~ p ~ P > p _
/0 <E)\< ) . ldp Z/z G+1) E)\ p d 1d ZZ(E/\ 2 ])) /2 Pd 1dp'

(+1)

Since f;:(i-H) p?ldp = c427 UV with ¢y = d~* (2¢ — 1) (see the proof of
theorem then

ZQ (j+1)d (E,\ (2 J))p<_|_oo

which implies
1

lim sup (2_(j+1)d (EA(2_j))p)j <1

j—+oo

i.e.

=

lim sup ((E\)\(Q_j)y)j <24

j—+oo

1
J

Since limsup;_, ; o ((E’)\(Q_j)>p> = <lim SUP; 400 (E,\(Q_j)>;>p then

1
~ . = d
lim sup (E,\(ij))J <2r (p<s)
j—Foo
Finally, letting p — s ends the proof when s > 1. If s = 1, the above
calculations with p = 1 end the proof. =

Remark 36 When Ex(p) — +00 (p — 0) (this is generally the case) then
Ex(p) ~ Eg( ) (p—0) (N, B >0) (see [f| Lemma III. 3). It follows that
the parameter s A-independent.

As a consequence of Theorem [34] and Lemma [35| we have:
Corollary 37 Let ki(.) be spherically symmetric and radially decreasing,

(i.e. Ex(z) = E\(|z|) and p — E\(p) nonincreasing). Let W be locally
integrable and let s be given by .
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(i) W is a Kato class potential provided that

1
lim sup (ﬁj)f <275,
Jj—00
(ii) W € Ko provided that
1 d
lim sup (nj)f <275,
Jj—00
Remark 38 Note that for d > 3
~ 1
Bo(p) ~ = (h=0) (0<a<2) (39)

for the usual examples (v = 2 for the heat semigroup, 0 < o < 2 for the

a-stable semigroup and o =1 for the relativistic semigroup; see [4])). Thus
/E\O(Q_(j'i‘l)) ~ 2(]—}—1)((1—0&) and

1
lim sup (Eo(Q_j))] — 9(d—a)

j—+oo

shows that Lemma is optimal. In these cases, W is Kato potential (resp.
W € K ) provided that

lim sup (ﬁj)% < 9~ (d=a) (resp. lim sup (nj)% < 2_(d_a)).

Jj—o0 J—o0

Actually, for subordinate Brownian semigroups (relative to a Bernstein func-
tion f), the behaviour of Eg(p) (p — 0) is determined by the asymptotics
of f(A) at infinity. In particular, Eg(p) ~ pd%a (p—0) 0<ac<?2
if fON) ~ A2 (A — 400); (see [37] Theorem 3.1). This is the case of the
Bernstein function f(\) = ()\ —i—m%))% —m (0 < a < 2) which defines
the relativistic a-stable semigroup with generator

T:—<—A+m%)5+m

&
2

and characteristic exponent F(¢) = (]C\Q + m%) —m.

We are going to derive Theorem [33] from Theorem [34] under Assumption
(38)-
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Theorem 39 We assume that E\(x) be rotationally invariant, i.e. Ey(x) =
Ex(|z|), and (@) is satisfied. Let W € Ly, ni¢, i€

sup / (V(y+ )’ dz < 400,
yeRE J{|x|<1}

with s > g. Then W is Kato class potential.

Proof. We have

/ Wy(z)dz
2-9<|z[<2-(-1)

(/ Wy(z)sdz>
277 <|z]<2- 06D

1

PE

0 =

/ dz
277 <|z|<2-0 D

<
- 9-G-1) r
< Cj(s) (/ _ dZ) = Cj(s) (‘Sd_l‘/, Pd_ldp>
2-i<|z|<2-G-1) 2—3J
Since

9—(i—-1) .
/ pd—ldp — Cd2—jd
2

~j
(where ¢g = d~! (2¢ — 1)) then

1
S*

7; = sup / Wy(z)dz < Cj(s) (’Sd_l) cd2_jd>
yerd J2-i<|z|<2-G-D)

Since Ey(270+D) ~ 20 +1(d=0) then

L 1 ~ N
< lim sup (ﬁj)flim sup (E,\(Q_])>J

Jj—00 Jj—00

lim sup (ﬁ}ﬁ,\@_j))

j—o0
< (hm sup (C](s));> 9~ 2(d—2)
o0
da

= (hm sup (C](s));> s

J—00

Sl

< 1since W € L} Finally, Theorem

loc,unif*

Note that limsup,_,, (Cj(s))
ends the proof. m
We characterize now the property for V' to vanish weakly at infinity. We

start with a definition.
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Definition 40 (i) We say that a measurable set A C R? is thin at infinity

if
lim |B(z,1)N Al — 0.

|z| =00

(ii) Let V : RY — Ry be locally integrable. We say that V is locally
equi-integrable at infinity if for any measurable set A C R thin at infinity
we have

lim V(z)dz = 0.
|z|—+00 JB(z,1)NA
Theorem 41 Let V : RY — R, be measurable. Then:
(i) V vanishes weakly at infinity if and only if

/ V(z)dz — 0 (|z|] = 4+00) (Ve >0).
B(z,1)Nn{V>c}

(i If V' is locally equi-integrable at infinity then V wvanishes weakly at
infinity if and only if the superlevel sets {V > ¢} are thin at infinity.

Proof. The first claim follows from the inequalities

/ V(z)dz < / V(z)dz
B(z,1)n{V>c} B(z,1)
< / V(2)ds + / V(2)dz
B(z,1)N{V>c} B(z,1)n{V<c}
< / V(2)dz + c¢|B(z,1)]
Bz, )N {V>c}
_ / V(2)dz + ¢ |B(0,1)] . (39)
B(z,1)N{V>c}

Since fB(x Dvse V(2)dz > ¢|B(z,1) N{V > c}| then the necessity part
of (ii) is true. Suppose now that {V > ¢} is thin at infinity (Ve > 0). Then
the local equi-integrability of V' at infinity implies that

/ V(2)dz — 0 (|2] — +00) (Ye > 0).
B(z,1)n{V>c}

It suffices to choose ¢ small enough and to use (39). m

Remark 42 Holder’s inequality shows easily that if V € L at infinity

loc,unif

for some p > 1 then V is locally equi-integrable at infinity.
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We know that a Kato class potential (relative to T') has zero relative
operator bound, see @D We have seen that the potentials considered here
satisfy

Jim 7, (W = T)*l) = 0. (40)

We give now a substitute to @D for such potentials.

Theorem 43 Let W satisfy (@ Then for any € > 0 there exists an
equivalent norm ||| e, on LY(RY) (additive on the positive cone) and a
constant c¢. > 0 such that

||W90H5new S € ||Ts0H€new + CE ”@Hsnew Y SO E ‘D(T)

Proof. We resume an argument given in ([28] lemma 8.3, p. 189). Let
~ ~ ~1
€ > 0 be given and let A > 0 such that r, (W <)\ — T> ) < 5. There

exists ng € N such that
H (W (A — T)—l)”H <& (Yn > ng).

One sees that

Il = Y| (W 2= 107) 1]
k=0

is a norm which is additive on L} (R?). Moreover, | f|| > || f]| and there

enew

exists ¢ > 0 such that || f||_,.., < cl|/f|l. Since
~ -1 >0 k+1
HW()\—T) f = Yt (wa-n fH
enew k=0
1 o\ kL
k=0

1
= £ _

E:Ek

k=1

(W =) 1] <l
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then

~ -1
W ()\ - T) < e. Finally, for any ¢ € D(T)

Enew

W el = W (R-7)" G-

enew

< HW (X—T)_l

1Tl cnew

enew Enew

W |w (3-1)"

1]l

Enew

+XHW(X—T)_1

IN

e|| Tyl el crew -

enew

gnew

This ends the proof. m

6 Spectral theory

We end this paper with two spectral results in Ll(Rd). We start with a
preliminary result.

Lemma 44 We assume that V : R® — Ry is T-bounded in L'(R?) and
satisfies

lim sup/Va:E z—1y)dr =0 41
o o [ V@B ) (41)

or some \ > or any ba - and any constant ¢ > 0.
¥ A>0) f ball B C R? and 0. If

lim sup V(z)Ex(x —y)dz =0

o0 yer3 Jia|>e
then V is T-weakly compact on LY(R?). In particular,
Oess(T+ V) = 0ess(T).

Proof. Indeed, let Vi(z) := V(7)1{3>c and Vi(z) := V(2)1{jz)<c}- Since
implies that ‘76()\ —T)~ ! is weakly compact then

HV()\ R O T)—1H — VA=) =0 (c— +00)  (42)
implies that V(A — 7)1 is weakly compact. Since

Jim 7o V(A - ) ' =0
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then, once r, [V()‘ - T)il] <1, A\=T — V)~ ! exists and
O-T- V) (T =S 0T (V- T) Y

Jj=1

is weakly compact so that T'4+ V and T share the same essential spectrum
21]. =

It is easy to see that SUPyeR3f| V(z)ES(z — y)dz is bounded from

z|zc
below by
sup / V(z)Fi(z — y)dz > E;(&) sup / V(y+ z)dz
YER? H{Jz|>cH|z—y|<d} ly|=c+d J{|2|<d}

so that implies that V' must vanish weakly at infinity.
Our first result is about stability of essential spectra.

Theorem 45 We assume that V : R? — R, is T-bounded in L'(RY) and
satisfies . Let ki(.) (t > 0) be spherically symmetric_and radially de-
creasing. If V wvanishes weakly at infinity in the sense and 1is I?Oo mn
the sense

lim lim sup / V(y+ 2z)Ex(2)dz =0
{lz]<e}

0 Jyloeo
then V' is T-weakly compact. In particular cess(T + V) = 0ess(T). If
the Co-semigroup (etT)t>O is (operator) norm continuous (in t > 0) then
Uess(et(T+V)) = Uess(etT>-

Proof. The combination of Remark [I7 and Lemma [44] shows that V is T-
weakly compact. If additionaly (etT) 4> 18 operator-norm continuous then
TV — et is weakly compact and oess(eTHV)) = oogs(ef?), (see [32]
Theorem 67). m

Remark 46 We note that if a Co-semigroup (S(t));~q 18 holomorphic and
so is the subordinate semigroup (Sf(t))t>0 for any Bernstein function f

(see e.g. [15]). In particular all Brownian semigroups are holomorphic and
consequently norm continuous.

Our second result is about spectral gaps.

Theorem 47 DBesides the assumptions in Theorem we assume my(dz) =
ki(x)dx (t > 0) are probability measures. Then:
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(i) (e!T*+V)) >0 has spectral gap, i.e.

Tess(et(TJrV)) < Tg(et(T+V)), (t > O),

lim inf [ V Ex(z)dz > 1. 43
aim - inf |V F2)Ea(@)de (43)

(ii) If + € L}, (R?) then the potential operator exists; let Eo(z —y) be
its kernel. If

sup / V(y+z)Eo(z)dz <1 (44)
yeRd JR4

then the type of (et(T+V))t20 s equal to zero.

Proof. In this case, (e/T);> is stochastic, i.e. mass preserving on L1 (RY)
and 0 is the type de (e!?);>¢. It follows from Theorem [45| that

aess(et(TJrV)) C a(etT) c{veC |v|<1}

50 Tess(€!TFV)) < 1. Note that for any ¢ € L1 (R?)

[vo-my| = /Rd V(a:)d:c/Rd Ex(e—)o(y)dy
= /Rd (/Rd Vi(z)Ex(z — y)dx> w(y)dy
= el

where

dy := inf V(z)Ex(x —y)dx > 0.
yER4 JRd

It follows by iterations that

H (V - T)l)ij > (62 llell (G eN)

SO

(vir- T)l)jH > (6,) and

re(VA=T)"") > 65 (A>0).

Thus implies

lim r,(VA=T)"") > 1.
A—04
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Note that V (A — T) ! is positive so that 7, (V (A= T) ') € o (V (A= T)_l)

(see e.g. [40] Proposition 1). Since V (A —T) ! is weakly compact then
2

(V (A= T)_l) is compact. Since

re(VA=T)"1 >0

then ro(V (A —=T)7") is an isolated eigenvalue of (V (A —T)"! associated
to a nonnegative eigenfunction ¢, (see e.g. [40] Proposition 4). Finally, the
continuity of

(0,400 )X —=r,(V(A=T)"1)

and limy_ o 7o (V (A = T)') = 0 imply the existence of A > 0 such that
ro(V (A=T)"1) = 1. Thus, there exists a non-zero ¢ € L (R?) such that

VA-T)"o =0 (peLLR)
so ¢ :=(A—T)""p € D(T)N LL(RY) and
Ty +Vip =X, (¥ #0).

Finally e is an eigenvalue of e!T+V));5 and 7, (e!T+V)) > 1. This shows
(). For the existence of the potential operator, see [19]. Since V' > 0 then
a priori, the type of (e!T+V));5¢ is not less than the one of (¢!”);>0. Note
that HV A=1)"" H <1 (A>0) follows from so the spectral bound of

T + V is < 0. This ends the proof of (ii) since this spectral bound must be
equal to the type of (eT*+V));5¢ [51]. m

Remark 48 In the case (i), o(e!TtV)) N {v € C; |v| > 1} consists of a
nonempty set of isolated eigenvalues with finite algebraic multiplicitices. The
same observation holds for o (T'+ V)N {ReX > 0}. It is not clear a priori
(although very likely) that this spectrum in L' is real for general symmetric

convolution semigroups (€'1)i>g. We suspect also that oess(efl) = o(e!l) in
L's50 that Tess(eT) = regs(e?THV)) = 1.
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