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No-slip and Free-slip divergence-free wavelets in
three and higher dimension for the simulation of
incompressible viscous flows

Souleymane Kadri Harouna and Valérie Perrier

Abstract This work concerns divergence-free wavelet based methods for the nu-
merical resolution of Navier-Stokes equations. It generalizes to higher dimension the
approach of [23] that reformulates the projection method using the Helmholtz-Hodge
decomposition in wavelet domain. The solution is searched in a finite dimensional
free-slip divergence-free wavelet space, with time-dependent wavelet coefficients.
We prove and verify the convergence of a first-order time numerical scheme for the
Helmbholtz-Hodge based projection method. Numerical simulations on the 3D Lid
driven cavity flow show the accuracy and efficiency of the method.

1 Introduction

The numerical resolution of the time dependent Navier-Stokes equations for an in-
compressible viscous fluid still remains a complex problem. The direct numerical
simulation where all the flows eddies are simulated is very costly in terms of compu-
tational time and memory storage ressources. One reason of such a difficulty is that,
commonly, the velocity field and the pressure are coupled in the numerical discretiza-
tion due to the incompressibility constraint of the velocity field [17, 35]. Moreover,
the numerical methods for the resolution of mixed problems (Stokes problem) re-
quire an inf-sup condition to be satisfied for the velocity and pressure discretization
spaces [17, 36]. In practice, it is difficult to manage both discretizations to obtain
this inf-sup condition. Thus, the conditional number of the arising system is very
high, which increases the numerical cost of the global method.
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By their property of data sparse representation, wavelet based methods have
been introduced in the numerical resolution of the Stokes problem to get robust
and effective numerical schemes, with lower data storage. Principally, wavelet bases
linked by differentiation and integration allows to stabilize the spatial discretizations,
and get the inf-sup condition [2, 32], another interest lies in the ability to provide
adaptive strategies to reduce the algorithm complexity [3, 6,7, 14, 15, 16,31, 32, 36].

The projection method initialized by Chorin and Temam [4, 34] is an approach that
avoids the difficulties of the Stokes problem: it is based on a time splitting method that
uncouples the computation of the velocity field from the pressure. An intermediate
velocity is computed and then, this predicted velocity is projected onto the space of
divergence-free vector fields. The simplicity of the method lies in the fact that the
prediction and the correction steps are elliptic problems, namely Poisson equations.
However, the projection method introduces an additional numerical splitting error,
which must be at worst of the same order as the time discretization error. In addition,
the corrected velocity field does not satisfy the desired boundary condition, and the
projection step imposes an artificial boundary condition on the pressure [12].

A reformulation of the projection method was proposed in [23] consisting in a
change of variable like in the Gauge method [27, 38]. The main idea of [23] is to
replace the classical correction step by a Helmholtz-Hodge decomposition of the
intermediate predicted velocity field, using a divergence-free wavelet basis. This
allows to directly encode the boundary conditions into the divergence-free wavelet
basis and avoids the use of non-physical boundary conditions for the pressure.
The numerical complexity of the divergence-free wavelet based Helmholtz-Hodge
decomposition does not exceed than of the resolution of a Poisson equation, see [21].

The achievements of the present paper is to propose an extension of [23] to the
three-dimensional case, to provide a convergence result and 3D numerical simu-
lations. First we describe a recent construction of divergence-free wavelets, more
easy to handle, satisfying no-slip and free-slip boundary condition on the hypercube
in dimension 3, borrowed from [24]. Then following the approach of [23] for the
2D case, we use these divergence-free wavelets to design a numerical method for
the resolution of Navier-Stokes equations in 3D. As done for the 2D (linear) Stokes
equations in [23], we study here the convergence of the method for the (nonlinear)
3D Navier-Stokes equations, using a first-order time-discretization scheme. Then, a
standard error analysis allows us to prove the convergence of the numerical scheme,
under a CFL type condition. Numerical experiments conducted on benchmark flows
confirm these theoretical results.

This paper is organized as follows. Section 2 summarizes the principle of the
construction of divergence-free wavelet bases. We recall in Section 2.1 the con-
struction of the one-dimensional biorthogonal multiresolution analyses linked by
differentiation and integration that we used to construct divergence-free wavelets
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satisfying physical boundary conditions in Section 2.2. Section 3 present the numer-
ical method, and we investigate the convergence of the time-discretization scheme
in the energy norm. Section 4, describes our fully discrete scheme and presents nu-
merical simulation results on benchmark flow, particularly the 3D lid driven cavity
flow.

2 Free-slip divergence-free wavelet bases on [0, 1]¢

Since the seminal works of Lemarié-Rieusset and collaborators [20, 26], several
constructions of divergence-free (and curl-free) wavelet bases on [0, 1] have been
provided in the literature [10, 22, 32, 33, 36, 37]. The free-slip boundary condition
case was treated by several methods in [22, 32, 33]. In this section, we follow the
construction principle of [22, 24], which we extend to general dimension. We begin
with our construction of biorthogonal multiresolution analyses of L>(0, 1) linked by
differentiation and integration.

2.1 Multiresolution analyses linked by differentiation and integration

Divergence-free wavelet constructions on the hypercube require the use of multires-
olution analyses on the interval linked by differentiation and integration [20, 22, 32].
Specifically, we would like to have at hand two biorthogonal multiresolution analyses
of L?(0,1), denoted by (le,VJ.l) and (VJQ, ‘7}.0) satisfying:

d i 0

wv=v m
The construction of the biorthogonal spaces V! and V? is of the utmost importance.
A suitable choice would provide the commutation of the multi-scale projectors with
the derivation operator. Such a choice was suggested in [20, 22]:

X
- - d -~
V0= {A f(o)dr : ferl} NHY(0,1)! = Evj@ c v )

In this case, we have:

d 1 0o d
EOPJ.:PJOE’ 3

! For m € N*, H™(0, 1) denotes the Sobolev space of order m:
o H™0,1)={u e L*0,1) : v € L*0,1),...,u" e L>0,1)}.
Hy(0,1) = {u € H™(0,1) : u(0)=u(1)=0,..., ulm=D(0) = ul™=D(1) = 0}.
« HY0.1)={ueH™0,1) : m<s<m+land [ [ 0O gy gy < too).

‘7\,,),‘21‘\7”1)44
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where P} is biorthogonal projector onto V].l and PJ(.) the biorthogonal projector onto
VJ.O. A significant property of such a construction is that the spaces \7j0 provide

a multiresolution analysis for H(}(O, 1) (and not for L*(0,1)). However, the edge
wavelets of [22] do not satisfy a diagonal differentiation relation. A remedy to
this was proposed in [32, 33], where the commutation property of the multi-scale
projectors and the derivation operator is lost. Another construction proposed in [24]

consists in setting:

d 70 (7d
=, @

where Vd is the biorthogonal space of the space satisfying homogeneous Dirichlet

boundary conditions Vd V1 N H (0,1), and Vd ¢ H (0,1). This choice preserves
the commutation property and leads to a dlagonal dlfferentlatlon relation for the
wavelet bases even for edge wavelets.

The constructions of [20, 22] are based on multiresolution analyses of L*(0,1)
reproducing polynomials at boundaries [5, 28, 29]. Each space is spanned by a
scaling functions basis:

le = span{go}’k ;0<k<N;j-1} and le = span{gﬁ}’k ; 0<k<N;j-1},
and
VJQ = span{go?,k ;0<k<N;j-2} and \7;) = span{gﬁ?’k ; 0 <k < N;j -2},

with dimension parameter N; = 2 + ¢, forc € Z.For e = 0,1, the scaling functions
<p . can be written as ga = 2/12p#(2/ x — k) inside the interval [0, 1], where ¢
1s a compactly supported scahng function on R, but this is no more true near the
boundaries 0 and 1 (idem for go k) In practice, the scale index j must be greater
than some index j;,;,, to avoid boundary effects [29]. The biorthogonality between
bases writes:

<¢f,k,95f,k/> = 6k,k'~
The advantage of using multiresolution analyses reproducing polynomials at
boundaries is that homogeneous boundary conditions can be easily incorporated.

It suffices to remove the scaling functions that do not satisfy the desired condition at
edges 0 and 1, prior to biorthogonalization [28, 29]. This writes:

Vi = V! n Hy(0,1) = span{g} , s 1 < k < N; -2}, 5)

and

V4 = vl n Hy(0,1) = span{g} , ; 2 < k < N; -3}, (6)
Again, for the construction of the biorthogonal spaces \7].‘1 and V¥4, we proceed
similarly by removing edge scaling functions, to ensure the equality of dimensions
and this leads to (de, de) and (ded, ded), biorthogonal multiresolution analyses of
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H;(0,1) and H3(0, 1) respectively [28]. Notice that the spaces de and \7;"1 provide
multiresolution analyses of L2(0, 1), see [24, 28].

Following the standard constructions [5, 18], the wavelets in the biorthogonal
multiresolution analysis (le, \7j1) are defined as the bases of the biorthogonal spaces:

w! =v!

71 571 71
j = Vi N (V)" and W =V

j+l n (V]l)i

These spaces are finite dimensional [5]:
W} = span{zp}’k :0<k<2 -1} and W} = span{zﬁ}’k 10<k<2 -1},

with:
<w}’k,l//}/,k/> = 6j,j’6k,k’ and (lﬁ}’k, ¢]l",k’> = O

Then working in H& (0,1), a first possibility is to construct the wavelet spaces as in
[28, 29]:
d _yd r7d ird _ yrd d
Wi =Vi, n(V; )" and Wi =V, n(V; ).

This possibility was at the origin of the construction [22]. But unfortunately the
diagonal relation with the derivation is lost for edge wavelets. To overcome this
difficulty another approach was proposed by [24] and consists in first using a standard
construction for the wavelet bases of W](.) = Vjo+1 N (\7].0)l and WJ(.) = \719“ N (V]f))l[S,
18, 28, 29], denoted by {l//.?,k}j >jmin and {J/J(.)‘k }isjmin - In @ second step, the wavelets

of W and W are defined by:

wo=? [T e D= o)

As remarked before, this definition is different from this of [20, 22] where the
wavelets ¢¢, and ¢, were defined first and second one set: ¥, =27/ (y¢, )" and
Js s s s

cd A% g
Vi =2 Jy I
Now, due to the vanishing moments of wj(.’ i itis easy to see that definition (7) implies
l//j.{k € Hé (0,1) and for any j > juin:
d _ y,d d o d
Vi=Vv, oW, &---eW.,. 8)

Decomposition (8) is stable in Hy(0,1), i.e. the system {W;lk}jzjmm U{g? }is

Jmin
a Riesz basis for Hj(0, 1), see [24].

For each basis, a fast wavelet transform algorithm exists with a linear complexity
and the approximation order of each multiresolution analysis space is linked to the
number of vanishing moments of its biorthogonal wavelets [5, 22, 28, 29]. Precisely,
if ! allows to reproduce polynomials up to degree r — 1 in Vfl, thus the biorthogonal
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wavelet /! has r vanishing moments :

+00
/ X (x)dx =0 for 0 <t <r—1.

00

Then, due to the differentiation and integration relations (1) and (4), the wavelet A
has (r — 1) vanishing moments and ¢ has (7 + 1) vanishing moments.

2.2 Free-slip and no-slip divergence-free wavelet construction

In this section, we recall the construction of free-slip divergence-free wavelets on
the hypercube [0, 1]* as proposed in [21, 24]. Then we outline the construction of
no-slip divergence-free wavelets. Next section will sketch the general form of no-slip
divergence-free wavelets to higher space dimension d > 3.

The divergence-free function space with free-slip boundary conditions is:
Hyin(Q) = {u € (L>(Q))°*: V-u=0and u - n|sq = 0}, 9)

where Q = [0,1]? and n denotes the unit outward normal to boundary dQ. Then,
following [21] there are three kind of divergence-free scaling functions in Hy;, (Q)
defined by:

1T d Vo 0 1
div,1 0 ‘pj’lle ® (gaj’k%z) ® ¢j6k3
(I)_k’ := curl 0 = |—(¢) ® ¢l ®p:, |, 10)
Js d d 0 J-K1 J-r2 J5K3
[Pk © Psr ® €is 0
) d d 1 T 0
div,2 . Cida @ Pk ® Pk 0 d d v
o) = curl 0 =| 9 ®9L®W ) |, dD
J» _0 d y d
0 I =9, ®(65,,) ®¢h
div,3 d (? d - - ;l»kl ® ‘p?,kz ® (‘10;1,](3),-
iv,3 .
(D,',k =curl (¢ ®¢,, @@, | = . 00 N (12)
| (054,) ® ¢4, ® ¢, |

By construction these scaling functions are in Hy;,, (€2) and the space V;?iv that they

spanned is included into the multiresolution analysis of (L?(€2)) given by:
div d _ (yd o 0 o 10 0 o d o /0 0 o 10 o e
ve ch_(Vj ®Vj®vj)x(vj®vj ®Vj)><(Vj®Vj®Vj). (13)

Moreover, let P; be the biorthogonal multiscale projector onto V;.l:
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— d 0 0 0 d 0 0 0 d
- (svj ® P ®73j) x (73]. ® P ®P,) x (P,. ® P ®73j),

and
P)=P)oP) o)

the biorthogonal multiscale projector onto V0 V0 ® V0 ® V0 Due to the commu-
tation property (3), we have:

Vu € Hy(Q), V-Pj(u) =PV -u)=0

In terms of spaces this rewrites P;(Hyi, (Q)) = V; N Hyi, (). Therefore, the spaces
V;”V = V; N Hyiv(€2) provide a multiresolution analysis of H;,(€2) and a basis of

V4 is generated by choosing two of the scaling function generators listed above
[24]. Beside, from each scaling function generator, one can construct 7 types of
anisotropic divergence-free wavelets [10, 24, 26]. We denote by {‘I"d’; ! ‘I‘dw 2} the

pdiv-! (de 2} and Wd’V the space they span:

wavelets corresponding to { K

Wj.iv = span {\Pdlv 1 \Pdtv 2 i (14)

k J k }]minsjlsj_l

where the index k = (ky, kp, k3) varies depending on the corresponding function: if
one coordinate of k corresponds to a wavelet ¢ © Or WY, we take 1 < k < 2/;if
Js Jok
it corresponds to a scaling function <p‘.’ , we take 1 < k < N; —2;if it corresponds
Jk

to a scaling function go;) o W take 0 < k < N; — 2. In the sequel, we will use this
convention for all the summation over the index k.

According to (14), the anisotropic multiscale decomposition of V?iv corresponds

to:
div div div
VI = v D W (15)

Jmin
Jminslj‘sj_l
and since the spaces V¢¥ provide a multiresolution analysis of Hy;,, (), decompo-
sition (15) is stable for this space. Specifically, we have the following proposition
[24]:

div,e

Proposition 1 For every function u € Hy;,,(Q), there are coefficients % and
d¥-€ such that:
Jj.k
2
_ div,e x,div,e div,e dtv €
S Sgrene e ¥ Saee) oo
e=1 ‘J|>./mzn

and for two positive constants Cy and C, independent of u, we have:
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1/2

2
Cllull < | D% D leg™ P +Z 2. L] s Gallulla. a7
k

e=1 =1 |j12jmin k

Proposition 1 is immediate using Lemma 2 borrowed from [20, 26] and reported in
the Appendix Section. Precisely, the constructed divergence-free wavelets and their
duals satisfy the hypothesis of this lemma, see [24].

The approximation error provided by the divergence-free wavelet basis is linked
to the approximation order of the spaces le. If the spaces le contain polynomials

up to degree r — 1, then V]Q contain polynomials up degree r — 2 and for all u €
(H*(Q))> N H i, (Q) with 0 < s < r—1, the following Jackson type estimation holds:

llu =S (@)ll2 < €27 |ullps, (18)

where P}ﬁ" is the biorthogonal multiscale projector onto V;ﬁ":

P;Ii\/(u) Z Z div, Ed);l,:::k"' Z delv elPdlve ) (19)

Jmin <|J |<j-1

For homogeneous Dirichlet boundary conditions, the divergence-free function
space is slightly different, and will be denoted by:

Hain,o(Q) = {u € (Hy(Q))’ : V-u =0} = (Hy(Q))> N Hain(Q).

The space Hy;v 0(Q) is a closed subspace of (Hé (Q))?, then we have the following
decomposition:
(Hy(Q))’ = Haiv.0(Q) & Haiv o)

which is an orthogonal decomposition with respect to the inner product of (H& ()3
(u,V)(HOl(Q))z = (Vu,Vv)12(q)y see [17] for details.

Since Haiv 0(Q) € Haiv(R), a multiresolution analysis of Hy;, o(Q) is then
provided by the spaces:

VIO = VI Hy (),
where

dd _ dd 00 00 00 dd 00 00 00 dd
\%: (V V¥ e V! )x(vj ® Vil g V! )x(vj ® VP oV ) (20)

and V00 V0 N H (0, 1). A scaling function basis of Vd”’ % s then given by:
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dd /o 00
div0.1 . 0 L k1 ("0 90] k3
o = curl 0 ~(¢94 ) ® 90 e |, @D
J.k dd o dd Joki ks
|#7% © P75 © 91 ] 0
r .00 0
Pk ® ¢ k ® ¢ k
J-K1 Jska Jok3
(I)d‘I:02 curl 0 (P?S,B] ® ¢ ,:}d (<P;l‘f“ "1, (22)
’
0 Tk ® (90 ® 90
div.0.3 . dd ’ dd - Jd’(’i‘l ?Okz ® ("D;iiz ]
(I)j l]‘; = curl <pj,k1 ® (p?f)kz (’Dj,kz , (23)
; dd \r dd
| (¢7%,) © 91, © 97, |

where {9 }1<k<n;-3

= {<p§.)’ 4 }1<k<N;-3 is the scaling function basis of VJQO [29].

Similarly, to construct no-slip divergence-free wavelets associated to de 0 it
suffices to replace the wavelets of W by those of Wi/ = Vj‘i‘{ N (Vd”l)L in the
formula which defines the functions {‘{'jike}le,z,g, see [22, 33]. Let now P;l”’ O pe

the L?-orthogonal projector from (H}(Q))* onto V;.ﬁ"’o. Again, for all u € (H*(Q))?
with 1 < s < r — 1, the following Jackson type estimation holds, for some C > 0:

e =50 @)y < €270V llullgs (24)

2.3 Extension to higher dimension d > 3.

The divergence-free wavelet basis construction is not limited to dimension 3 only.
Several applications such as image warping [30], optimal transportation [19] or
magnetohydrodynamic turbulence [13], involve divergence-free vector fields living
in spaces of dimension d greater than 3. This divergence-free contraint for the
solution leads in general to solve a Poisson equation difficult to handle. Therefore it
would be of great interest to have at hand divergence-free bases that enable to encode
such solution.

The construction of previous section extends to larger dimensions d > 3 readily.
Asin [8,26] we obtain in this case (d — 1) types of linear independent divergence-free
wavelet functions. For 1 <i < d — 1, the general formula of these wavelets is given
by:
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0
0
Jji+1,),0 e 0 d 0 ... 0
pdivii . 2 +, "l,J(')l’kl ®® w{]i—laki—l (X:ll’bji,kf ® l’[/](‘]I'Jrl,km ®:--® wjo'd,kd (25)
/ : _Ji . e ’
Jk 2 wjl,kl ® ® wfi,ki ® lﬁjiﬂakiﬂ ® lﬁjnl,knz ® ® wjdakd
0

where only the row i and row i + 1 are not zeros.

Recalling that (wj‘f o) = 2Ji w/‘} x> we easily verify that V - ‘I’;{i;c’i = 0, and that
the ‘I’;{i;c’i satisfy the boundary condition ‘I’ji;(’i -n = 0. The space Wjiv spanned
by these wavelets is included into the following standard BMRA of (L?(Q))?:

Vi=Vix - x V¢ with V;'.:\/fl»"®~--®\/fd’f, l<i<d, (26

where 6; ; denotes the Kronecker symbol. To satisfy the free-slip boundary condition
we must replace le by de in (26). We also emphasized that, the corresponding spaces

V;’i" = V;NHyin(Q) = Pj(Hgai, (Q)) provide a multiresolution analysis of H;., ().
Following a similar approach as for d = 3, and taking (d — 1) scaling functions, we
obtain a divergence-free basis of V?iv.

3 Divergence-free wavelet schemes for the Navier-Stokes
equations

The motions of incompressible homogeneous viscous flows, confined in an open
domain Q c R? with smooth boundary I" = 4Q, are governed by the time-depending
Navier-Stokes equations:

ov—vAv+ (@ -Vv+Vp=f,
(27
V.v=0,

where v € R? denotes the velocity vector field, p € R is the pressure, v > 0 is
the kinematic viscosity and f the external force. Without loss of generality, we
will assume that f = 0. System (27) is supplemented by boundary conditions and
throughout this section, we will assume the no-slip boundary condition v = O on .
Non-homogeneous Dirichlet boundary condition v = g on I' will be handled in the
numerical experiments.
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The objective in this section is to study the numerical approximation of (27)
using divergence-free wavelet based methods. These schemes use the divergence-free
wavelet Leray projector to decouple the computation of the velocity and the pressure,
as in the case of the Fourier spectral method [9, 10, 23], thus they avoid the resolution
of a Stokes problem. In this section we propose to investigate the generalization of
the method of [23] to the three dimensional Navier-Stokes equations. We begin with
the description and the study of the temporal and spatial discretizations.

3.1 Temporal discretization

Let 6t > 0 be a time step. For 0 < n < N, we set t, = ndt such that 0 = 7y < 1] <
.-+ < tiy =T is auniform partition of the computational time interval. We denote by
v’ and p" the approximations of v(¢,, x) and p(t,, x), where (v, p) is a smooth solution
of (27). To compute (v", p"), the approach of [23] consists in replacing the classical
correction step of the projection method [4, 34] by a divergence-free wavelet Leray-
Hodje projector. Specifically, since (Hé Q)4 = Haiv 0(Q) O Hyiv o(Q)*, there exists
®"*1, a scalar potential in L2(Q) such that:

prl =yt vt with 5 e (HY(Q)Y. (28)

Then, substituting this change of variable in the Navier-Stokes equations (27) and
using a projection method time step, with an implicit Euler scheme in time for the
diffusion term, we get:

* Prediction step:
Sn+l

A A " (vn . V)vn — VAi;nJrl’

5t
(29)
1 =0, on 6Q.
* Correction step:
vn+1 — Pdiv,O(f,nH)
(30)

pn+l — éq)rﬁ-l _ VA(I)n+l.

where the correction step of the standard projection method has been modified
by introducing P4"-0, the L2-orthogonal projector from (H}(€))* onto Hgiy o(€2).
Remark that the Navier-Stokes formulation (29) and (30) is no more than a change
of variables, whereas the classical projection method is an operator splitting, which
implies a loss of precision in time.

The problem defined by (29)-(30) is well posed, in the sense that the numerical
solution #"*! exists for given smooth initial data. Indeed, let us define the bilinear
form a(.,.):
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a(u,v)z/u~v+v6t/Vu 1V, Vu,veH&(Q)d, 3D

Q Q

and the linear form L:

L(v) = /v" -y —6t/(v" VW v,V v € H(Q)Y. (32)

Q Q
Formal computations lead to:
a(v,v) = / yov+ v6t/ IVv[> > min{1,vt} |[v]7,1. Vv € Hy(Q),
Q Q

and
ILO) < (V" g + 68 19" e ™ ) 19, ¥ v € Hy(Q)4.

By the Lax-Milgram theorem [17, 35], there exists a unique pntl e H(} (Q)d, solution
of (29) and v"*! = P4-0(57+1) The spatial approximation of these solutions is
detailed in next subsection.

3.2 Spatial discretization

For simplicity, this part takes place in dimension d = 3, but can be generalized in
general dimension. At a fixed spatial resolution j > j,i,, the numerical solutions "
and v" of (29-30) are searched as the following linear combination of wavelets:

f’;’:i Z Zd;;cql;k andv;l:i Z detvne\l_,dz\;OE ,

=1 mtn_1<‘,]|<./ e=1 mln_1<|J|<./

m

where for € = 1,2,3, W€, , denote the usual tensor-product wavelets of the space

Jj.k
Vdd introduced in (20), whose (vector) scaling functions @€ K are recalled below:
d 00 00
L |k e O w0 o 0 o 8
(Dj,k = 0 ’(I’j,k = i k1 ®QDJ ks ®§0] k| j,k = 00
0 0 Pk ®‘PJ ks ®‘PJ ks

For the wavelet basis ‘P;. PRC adopted the convention that at index j,,;, — 1, the

wavelets have to be replaced by scaling functions:

e = @€ and \{,dlv 0 _ (Ddiv,(),e
jmin_l,k jminsk Jmin—1, k jminvk'

We use a Galerkin method to compute the set of coefficients (d"+1 “Yand (ddw ey

on these wavelet bases. The numerical resolution of (29-30) thus y1e1ds to the
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resolution of two linear systems:

) =y (i) on). 63
and

deiV(d;f;c,n+l,e) _ ((<§;+1’\Pjﬁ;€,0,e>)), (34)
where d'f:s and h;.’f are respectively the coefficients of the projection of v and

k k
v V)vJ” onto the basis {‘{’; K }. The nonlinear term (v" - V)v" is computed at grid
collocation points before its i)rojection onto the wavelet space, where the gradient
operator V is approximated using a finite difference method of the same order as
the scaling function ¢' polynomial approximation order [23]. Likewise, A ; and M
correspond respectively to the matrices of the projection of the identity operator
and 1 — 6tA onto this wavelet space, and M?[ v denotes the divergence-free wavelet
basis Gramian matrix. In practice, one can take advantage of the tensor product
construction of the above wavelet bases, thus to reduce the storage and the numer-
ical complexity of vector-matrix multiplication in (33) and (34). For the numerical
computation and properties of these matrices and projections, the reader is referred
to [1, 21, 23].

The numerical schemes (29 — 30) and (33 — 34) are stable and consistent with
the Navier-Stokes equations (27). This can be deduced from the numerical error
estimations.

3.3 Numerical error estimations

Let v” be the numerical solution of (33) and (34). If the initial condition v°

enough, the following lemma is verified:

is regular

Lemma 1 For v;‘ an approximated solution of (30) given by (33) and (34), with an
appropriated time step 6t, we have:

V33, < COOv) (35)
and
n
Vot Z V&2, < COOv), (36)
k=1

where C(v°,v) is a positive constant depending only on the initial data.

Proof To prove the lemma, it suffices to show that:
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212, + vseC Y VA2, < €O, v), (37)
k=1

and this is done by induction with similar arguments as in the proof of Lemma 5.9
of [35]. Let us introduce a constant C(v°,v) such that:

COO,v) = IWOI2, + 622 v 2, 1V 2. (38)

Now, we assume that (37) holds for some n > 0. Then, using (31) and (32), the

variational formulation for the solution 17;’” reads:

a(ﬁ;‘”,v) =L{), Vve Vj‘.l, for j > jomin. (39)

Since V - v;.’” = 0, taking 2»';.”l as a test function in (39) and replacing 17;.”1 by its
ex (28) leads to:

12 2 1 2 12 1
2, = 2, + I = w2, + 208t [V |2, = <260((0- V)WL) (40)
Otherwise, we have:

n n n+l
6t((vj'V)vj,vj )

or((v] - V)v;’,v;‘“ —vi) < 5t”V;L||L°°||VV?||L2||V?+1 = Vil
612
2

1
2 2 1 2
VAV 2, + S =2,

2

Thus, collecting these estimations together, we deduce that:
12 2 12 2 2 2
2, = W2, + 2vatlIVY 2, < SRR VY2, @)

We recall that v;‘ € V;’ for j > jmin. As we are in finite space dimension, we have:

IVIZs < 2740V, (42)
and Equation (41) becomes:
IS = 7 + 2vae [V, < 6227 I IV, (43)
For n =1, (41) reads:
IWill72 +2verl|Vvili7, < D017, + 627 o117, 1190117 (44)

This is the statement of the lemma with:
2 2nj 2 2
Cv) 2 012, + 6227 Y12, IV ¥0)12,. (45)

Summation over 7 in (41) leads to:
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n n
12 0112 k+12 2njd k2 k2
2, = 12, + 2vsr DIV 2, < 62274 3 Ik, 1199412, (d6)
k=0 k=0

and rewritten this, we get:

W2, + 2vse Vo2, + 2vse Y IIVVEIZ, < €00, v) + 612279000, v) ) IWvk 12,
k=1 k=1

which implies

n
7, + 2vet |7, + 612y — 61274 C(v°, v)] Z IVEIE, < €O v)  (47)
k=1

From (47), to end the proof of the lemma, we take 6¢ small enough such that:

612740, v) < 2v. (48)
O
Now we will analyze the behavior of the local error e" = v(t,) — v", where v is

a smooth solution of the exact Navier-Stokes equations (27) and v" the numerical
solution of (29) and (30). With the help of the Lemma 1, we get:

Proposition 2 Ler v € H*(0,T; L*(Q)9) n C(0,T; Wh+(Q)? n H}(Q)?) be a so-
lution of (27) and v"* a solution of (29 — 30). Denoting by e = v(t,) — v" the local
error, we have:
ny2
mnaX ”e ||L2(Q)d m 0. (49)

Proof According to (29) and (30), we see that:
V(tne1) = V(tn) = O1VAV(ti1) + 5t (1) - VIV(tn) = St€™! = 6tVp(t,), (50)

where € denotes the consistency error. Since V - e"*! = 0, taking 2¢"*! as test
function in the variational formulations and using similar arguments as in the proof
of Lemma 1 allow to get:

112 2 1 2 112
le™ 7, = [le"[l7, + lle"™ —e"[l;, +2651v|[Ve" |7,
< 265t|[v" |l IVe" (|2 ]le™! = e llp2 + 26t ™| 2| Vv (t)llze [l "l 2
+ 261"t ety (51)

Poincaré and Young’s inequalities lead to:

le™ N7, = lle™ 17, + sevlIVe™ 17, < 62" 17 11Ve" |17 (52)

2
N C(Q)*6t

” le™ 17 119v(t)li7 + 262, ™)

Since V - e" = 0, using (50) we have:

St(€™, ey = (W(tpe1) — v(tn) — StVAV(tasr) + 6t (v(t) - VIV(1), ™), (53)
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and replacing —Av(t,+1) by

—VAV(tns1) = =0V (tns1) = (V(tns1) - VIV(tns1) = Vp(tna1)s (54)
we obtain:

6t<€n+l7en+l>
= (W(tns1) = V(1) = 6109 (ty11) + 61[(v(t) - VIV(tn) = (W (tns1) - VIV(tni1)], ")

= 5t<l/tnﬂ(tn —t)ﬁsz(t)"»'f_/tm1 a[(v(1) - Vyv(n)ldr,e"")

(52‘3/2
<
V3

Again, using Young’s inequality we have:

18Vl 220, sy + 082U - VI ML2(0, i) | 1€ N2 (55)

4C(Q)* 512 4C(Q)2 51

n+l _n+l 2

261 (€, ey < T||anv||u(,n,,mz)+fnat[(v Y s,
+—||V ",

and from the maximum principle and regularity of the solution of elliptic problem,
we infer that:

V"l S V5 Iz

Thus, (52) becomes:

2
lle™ 12, — lle™ 17 +@||Ve'”'ll2 < 6224 w3, |[Ve™ |I; +C( yé || IV () 117
LZ LZ 2 2 = l LZ LZ 2 n L>
4C(Q)*612 )
+ 3—”6"V||L2<rn.z,,ﬂ;m>

4C(Q)2612
R L (CR/ F—

Summation over » in (52) shows that:

n+1

otv
lle™ 12, ~ 11|12, + va “12, <6t221d2||vk||Lz||Ve 12,
+C16IZ lle* |12, + G612,

with

Cc(Q)? 4C(Q)2 4c( 2
”Vv”i‘”((),T,L‘”)’ C = “attv ”L 2(0,T; L2)+

C =

[EA(CR I FF—-

Since ||vk|| < C(»°,v) according to Lemma 1, we have:
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otv otv : =
le™ 7, + S 1e™ 7, + (5 = 672 C0 ) Y IVet7,
k=1

n
< Ao+ Ci6t Y |le|I2, + Cror?,
k=0

where:
Ao = 1€°17, + 62279 (O, v)[|Vell7 .
Then, choosing 6¢ small enough such that:
% — 51274 (0, v) > 0, (56)
by the discrete Gronwall lemma, see [35, 38], we deduce that:

lle™ |12, < (/lo + C26t2) exp(CiT) (57)
For the numerical error e;.’ =v(t,) — v;‘, we can write:

2 2 2
lefIZ <2 (Ivn) = " 12 + 1" = v 1% ).

and
div,0
Iv" — v;.’lli2 < Clv" - ij (Vn)”iz-

Thus, due to the Jackson estimation (24) and Proposition 2, we obtain the following
convergence result:

n2
lleF 1172 qa pmry— 0. (58)

4 Numerical results

We present in this section numerical results on the simulation of the Navier-Stokes
equations, obtained using the time and spatial discretization (29 — 30) and (33 — 34).
These results will be compared to those of the literature for method validation.

4.1 Divergence free wavelet illustration

We start by presenting the wavelet bases generators introduced in Section 2.1, used
in all the numerical experiments that follow. We chose as scaling function generators
(¢!, @), the biorthogonal splines of order four: » = 7 = 4. This corresponds to four
vanishing moments for each wavelet generator ¢! and y!. We plot in Figure 1 the
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graph of ¢! and its derivative that satisfies (¢'(x)) = ¢°(x) — ¢°(x — 1). Thus,
the scaling function ¢° can reproduce polynomials up to order 3 (or equivalently
of degree up to 2). Figure 2 shows the graph of the wavelet generators ' and
(¢') = 44°. The biorthogonal functions (@', ') are plotted in Figure 3.

10 0 2 4 6 8 10

(a) ¢! ®) ('Y

Fig. 1 Primal biorthogonal spline scaling function generator ' (left) and its derivative (¢'(x)) =
@%(x) = @°(x = 1) (right) with order parameters r = 7* = 4.

) 0 2 4 6 8 10 0 2 4 6 8 10

(a) ¢! (b) 4y°

Fig. 2 Primal biorthogonal spline wavelet generator ¢! (left) and its derivative (! (x)) = 4y%(x)
(right) with order parameters r = 7 = 4.

As mentioned in Section 2.2, the above scaling functions allow to construct, in
dimension 3, three divergence-free scaling function generators, defined by (10— 12).
We plot in Figure 4 the isosurface of the magnitude of some internal scaling functions

(D('jll? b @4‘1‘2’2 and ®?7-3 where for a vector function v = (v1,v2,v3), the magnitude
J J- Js
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0.4 1.5

(@) @' (b) &'

Fig. 3 Dual biorthogonal spline scaling function generator ¢! (left) and the dual wavelet generator
¢! (right) with order parameters r = 7 = 4.

is defined as: |[v| = {/v} +v3 +vi. Likewise, the corresponding divergence-free
wavelet generators magnitude isosurfaces are shown in Figure 4.

4 4 4
2 2| 2
0 0 0
o - 8 G s S0
6\, s 6 o 8 N
4 L N\ e 4 .
2 ) 2, 2 2
00 00 00

=0.2

div,l| _ div,2| _ div,3
@ [0 =02 (b) [@7%] = 0.2 © [y

Fig. 4 Divergence-free scaling functions magnitude isosurface for biorthogonal spline generators
(!, @) of order 4
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(a) |WJ‘?",:J| =0.4 (b) |‘PJ‘.’2”2| =0.4 © |‘I‘J‘?2”3| =0.4

Fig. 5 Divergence-free wavelets magnitude isosurfacef or biorthogonal spline generators (¢!, @)
of order 4.

4.2 Analyses of time and space convergence rates

In this part we study the time and space convergence rates provided by the divergence-
free wavelet based projection method (29 — 30)-(33 — 34) introduced in Section 3.
We present below two experiments on analytical solutions.

The spatial discretization of the divergence-free wavelet based projection method
uses the scaling function and wavelet generators of Section 4.1. In practice, one time
iteration step (33 — 34) split into the following steps:

Step 0: Start with an initial velocity v°(x) = v(x,0) defined on dyadic grid points
at space resolution j > jjpin-

- Compute its wavelet coeflicients [d;’;c].

- Compute the nonlinear term (v° - V)»? using a fourth order finite difference

scheme, and its wavelet coefficients [h;’sk] in V;.i .

For 1 < n < N, repeat:

Step 1: Find [ci;flé’e] solution of (33).

Step 2: Find [dji;c’"“’f] solution of (34).

Step 3: Compute [d;fJ'Ii’E] from [dd”’ *1-€] using a change of basis [22] and

n+1

extrapolate v at grid points to compute the nonlinear term, and update.

Remark 1 An explicite optimal preconditioner is known for the matrices M; and
de see [6, 22] and references therein. Therefore we use a preconditioned conjugate
gradlent method to solve systems (33) and (34). Moreover, due to the tensor product
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construction of wavelet bases, the matrix-vector product in (33) and (34) only requires
the use of one-dimensional basis stiffness matrices [21, 23]. Therefore, the numerical
complexity to solve (33) and (34) is about O(N?), with N; the dimension of the one-

dimensional space V.

The time discretization convergence rate of the proposed divergence-free wavelet
based projection method is studied on a designed solution (v, p) defined by:

vi(x,y,2,1) = 2e7H(x* + x% = 2232y + 4y — 6y)(2z + 42° - 627),
vo(x, y,2,1) = —e 1 (2x + 4x3 — 6x2)(y* + y2 - 2y3)(2z + 42° - 627),
Vi(X, ¥, 2,1) = —e 7! (2x + 4x° — 6x7)(2y + 4y? - 6y*)(2* + 22 - 227),
p(x,y,1) = cos(D)[(x* — x)(y* - y)(z* - 2)]*.

This solution satisfies Dirichlet homogeneous boundary conditions v|5q = 0, where
Q = [0, 1]° and appropriate forcing terms f are added to ensure that (59) is an exact
solution of (27). Since the quadrature formula for the projection onto V¢ is exact
up to order 3, which is the polynomial reproduction order of the scaling function
¢, the spatial discretization error for the solution (59) is negligible compared to
the time discretization error for 6t < 0.1. Tab. 1 shows different errors between
the exact solution projected onto le (with a space resolution fixed at j = 7 and

(59)

viscosity v = 27/), and the numerical solution of (29 — 30)-(33 — 34), in terms of
the discretization time step o¢. For each norm considered, the expected first order
convergence rate is obtained.

Going further, we also analyzed the convergence rate of a second order numerical
scheme: Crank-Nicholson for the diffusion part and Adams-Bashforth for the non-
linear term [23]. The results of this experiment are given in Tab. 2, where again the
expected order is achieved.

Backward-Euler
St 0.05 0.025 0.0166 Order
Lo.-error||7.2549E>|3.6427E~>[2.4318E7>{(0.99159
Ly-error ||2.9129E|1.4626E~>[9.7643E7°((0.99157
H'-error||2.9031E*|1.4576E~*]9.7312E7>{(0.99159

Table 1 Time discretization relative errors according to the time step ¢, for the solution (59) at
final time T =1, j = 7and v = 27/,

Similarly, we investigate the spatial projection error convergence rate of the pro-
posed divergence-free wavelet based projection, using the following exact solution:

vi(x,y,z,1) = 2¢7" sin?(27x) sin(4ry) sin(4nz),
va(x,y,2,1) = —e~! sin(4mx) sin®(27y) sin(47z),
v3(x,y,2,1) = —e~! sin(4nx) sin(4ny) sin?(27nz),
plx,y,1) = cos(N[(x* = x)(y* = y)(2* = 2)I*.

(60)
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Crank-Nicholson
ot 0.05 0.025 0.0166 Order
Lo.-error||6.1014E~7[1.5292E7[6.8247E 8| 1.98770
Ls-error ||2.4478E77(6.1226E~7[2.7271E78{|1.99124
H'-error||2.4476E7°|6.3177E°[3.1354E7||1.87311

Table 2 Time discretization relative errors according to the time step 6z, for the solution (59) at
final time 7' =1, j =7 andv = 277,

The simulation time step is 6 = 0.0001, which is very small compared to the
maximal spatial resolution j = 7 (5x = 277 = 0.0078125) and the used kinematic
viscosity v = 273/, Tab. 3 shows the spatial error for the final time 7 = 1, using
the first-order-accurate Backward-Euler time-scheme: as the solution is C, the

Backward-Euler
J 5 6 7 Order
L-error ||[1.40145E76.2469E>[3.2643E~° [[4.3729
Lo.-error||5.4952E> [2.7106E~*|1.42890E~>[4.2935
H'-error||9.2027E~2 [7.7476E>]6.5306E~* [[3.5693

Table 3 Spatial discretization errors according to the resolution j, for final time 7" = 1.

convergence rate given by Tab. 3 saturates due to the number of vanishing moments
of our wavelet family (equal to 3 in our spline approximation), and we lose one order
for the H'-error. Remark that the use of divergence-free wavelet basis induces no
divergence error on the solution v;.’ in le .

4.3 Simulation of 3D lid-driven flows

In addition to these preliminary studies, the present method was tested on the numer-
ical simulation of 3D lid-driven flows in a cubic cavity Q = [0, 1]?, with Reynolds
numbers Re = 100 and Re = 1000. These flows have been extensively studied in the
literature and there are a lot of reference results and solutions, mainly for the two
dimensional flows, see [11]. The simulations used a Matlab code and the discretiza-
tion parameters are 6t = 0.005 and 6x = 27/, where j = 6 or j = 7 is the considered
spatial resolution.

The validation is done by analyzing the flow’s steady state. Specifically, we
compare our simulation horizontal velocity v, and vertical velocity v, profiles in
the middle of the cavity to the results of [11]. For j = 6, Figure 6 and Figure 7
show the plot of these profiles, respectively for the Reynolds numbers Re = 100 and
Re = 1000. As observed, despite of some small discrepancies for z € [0,0.2] in the
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velocity component v, our results are in agreement with those of [11]. Moreover, as
illustration we plot in Figure 8 the velocity magnitude for the simulations performed
at resolution j = 7. As expected, this highlights the presence of a cavity central
vortex.

We also analyze the divergence-free wavelet representation of the solution. For a
3D array A = [A;j] of scalars, we define its magnitude as |A| = [|A;jx|], the array
of coefficients modulus |A;jx|. Figure 9 and Figure 10 show the map of divergence-
free wavelet coefficient magnitude of the solutions, respectively for the Reynolds
number Re = 100 and Re = 1000. Clearly, these figures emphasize the quality
and the sparsity of such a solution approximation. This suggests the development of
adaptive methods with these wavelet bases to improve the numerical complexity. As

mentioned before, the actual theoretical complexity of one iteration in the method
is about O(Nj}).

Present Present
© Dingetal| | © Dingetal
0.2f b000°°00, 1

-0.21

-0.6 -

-0.8 1

Fig. 6 Steady state velocity profile in the middle of the cavity: v,(0.5,0.5,z) (left) and
vz(x,0.5,0.5) (right). Solid line (present work) and circle (reference [11]) for the Reynolds number
Re =100 and the spatial resolution j = 6.

Conclusion

We presented a construction of wavelets linked by differentiation and integration
that allows to construct free-slip and no-slip divergence-free wavelets on the hy-
percube. These divergence-free wavelets are used to provide an Helmholtz-Hodge
decomposition and a change of variables in a first-order-accurate time integration for
the resolution of Navier-Stokes, similar to the Gauge method. This scheme avoids
the use of the projection method Poisson solver that imposes non physical boundary
conditions on the pressure. Our method was tested and validated on the simulation
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0.3 0.4 T T T T
—— Present —— Present
o Dingetal 0°o o Dingetal
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0.1

02t
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02h 0.6
03} 08}
04t o At
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Fig. 7 Steady state velocity profile in the middle of the cavity: v,(0.5,0.5,z) (left) and
vz (x,0.5,0.5) (right). Solid line (present work) and circle (reference [11]) for the Reynolds number
Re = 1000 and the spatial resolution j = 6.

w001 2 3 4 5 61 71 81 900es01 | w001 2 3 4 5 61 71 8 90001 |
[ - [ -

Fig. 8 Isosurface of the steady state velocity magnitude |v| for the Reynolds number Re = 100
(left) and Re = 1000 (right), at the spatial resolution j = 7.

of the well known 3D lid-driven cavity flow for the moderate Reynolds numbers
Re = 100 and Re = 1000. From the simplicity and precision of this method, we
claim that adaptive algorithms can be developed within this approach: mainly for the
simulation of turbulent flows at high Reynolds number, including sub-grid models
near walls.
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|
\ : § , Til ‘“} ’:/,
L

Fig. 9 Isosurface of the steady state velocity divergence-free wavelets coefficients magnitude

1.0e+00
[ 0.9
- 0.8

|dJ‘.l’A,:’1 | (left) and Id;Z’ZI (right), for the Reynolds number Re = 100 and 4 = j,in < j1,J2, 3

=T

Fig. 10 Isosurface of the steady state velocity divergence-free wavelets coefficients magnitude

1.0e+00

|d;i£’1| (left) and |d;.ﬁl;"2| (right), for the Reynolds number Re = 1000 and 4 = j,,in <

Jig2.j3 <j=1.

Appendix

Lemma 2 [20, 26] Let 8 € L*[R) be a compactly supported function, C®-
differentiable, « > 0, and with at least one vanishing moment fRH = 0. Then,
there is a positive constant C(0) such that:

1.0e+00
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1/2
V() € @, 1Y) abialliog < CO| Y 1l . 6D
j.kez j.kezZ
with 0; x = 2/120(2/. - k).

Proof The C® assumption on 6 leads to (8 k.8, 1) < C27V=/1172+@)  Aq g js
compactly supported, for fixed index j, k and j’, we have (0,0 ) = 0 except
for some k’: k’ < M if j/ < jand k’ < M2V if j* > j, where M is a positive
constant independent of j, j” and k. Then

sup " (07 10 1) 20772 < oo

J.k JK
and since
12
I Z 180,472 < Z Z 42140 s 00 4y 207712
Jokez Jk jkez
12
Z Z |/l.”k,|2|<6j’k,ej/’k/>|2(j/_j)/2 , D

Jk jkeZ

the lemma is proved.
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