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1. Introduction

Many of us have experienced hanging a poster on a wall or
a picture on a refrigerator with tape. Our intuition tells us that
if the tape is too short, it is not going to hold. Interestingly, this
mode of failure is rarely studied. Instead, most measurements on
the mechanical strength of adhesive tape use a high angle peel
test, e.g. the tape is peeled at an angle of 90 degrees. The mode
of failure has been well studied [1–6]: the adhesive fails by nucle-
ation and growth of cavities directly ahead of the peel front; the
growth of these cavities creates tiny fibrils bridging the adhesive
backing and the substrate [4–6] and failure occurs as these fibrils
at the interface break. The same mode of failure can be observed
in a probe tack test [7–13], where a flat cylindrical steel punch
is brought into intimate contact with a thin adhesive film under
a slight compressive force. This is followed by applying a tensile
force to pull the punch off from the adhesive. In both tests, the
adhesive is strongly confined, resulting in a very high triaxial
state of stress which promotes cavitation [13,14]. This is not the
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case with the lap shear geometry, here our intuition suggests that
the adhesive mainly deforms by shear. Hence, one may expect a
different mode of failure. To the best of our knowledge, this mode
of failure has not been studied in detail.

The lap shear geometry is a special case of a peel test where
the peel force is aligned with the peel direction. In the literature,
this is called the zero degree peel test. Here we remind the
reader that the usual adhesive tape consists of a thin stiff backing
(≈20 µm thick) bonded to an adhesive layer of similar thickness.
The Young’s modulus of the backing is on the order of several
GPa [5], while the adhesive has a much lower modulus, in the
kPa range. The mechanics of the peel test is well studied [15–
26]. Kendall’s seminal work [3,27] determined the energy release
rate in the steady peeling of an linearly elastic tape off a rigid
substrate at arbitrary peel angles. More details on the complex
state of stress at the peel front have been analyzed in detail
by Thouless et al. [28] using a linear elastic fracture mechanics
approach [29,30]. However, these works assume an infinitely thin
adhesive layer, which is not the case for adhesive tapes. The
key contribution in adhesive peeling is due to Kaelble [15] who
accounts for the presence of a finite adhesive layer. The peel angle
in Kaelble’s theory is arbitrary, so the zero degree peel test is a
special case of his analysis.
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Although Kaelble’s analysis gives valuable insight into the me-
chanics of the zero degree peel test, it has several limitations. His
analysis assumes that the adhesive is linearly elastic, that is, the
strains are small and stress is directly proportional to the strain.
This is certainly not the case for most common adhesives. Indeed,
the shear strain in the adhesive layer can easily exceed 500% and
1000% strain is not uncommon [31–34]. In this regime, the small
strain assumption breaks down. In addition, the assumption of
material linearity also breaks down: the shear strain is no longer
directly proportional to the shear stress. Indeed, most adhesives
exhibit complex nonlinear stress–strain behavior. Roughly, for
small strains, the stress–strain curve is linear; at larger strains,
the adhesive softens, as indicated by a decrease in tangent mod-
ulus; finally, at high strains, the adhesive hardens [35]. In this
work, we use a nonlinear material model which captures this
feature. Yet another limitation involves local stress concentra-
tion: the complex 3D state of stress at the peel front cannot be
well represented by a one-dimensional model. Finally, Kaelble
assumes the bond length (the length of tape that is sticking to the
substrate) is infinite [15], where the more interesting situation in-
volves a finite bond length. Our analysis also introduces a feature
absent from Kaelble’s classical theory: we treat the peel front as
an interface crack and determine the energy release rate of this
crack. Our energy release rate expression is valid for arbitrary
large deformation and for a wide class of hyperelastic material
strain energy density functions.

The geometry considered in this work differs from the tra-
ditional lap joint test where the joint length is relatively short
in comparison with relevant dimensions. Most lap joint analyses
assume an adhesive layer of zero thickness [29,36,37]. In some
studies, the adhesive layer is modeled as a cohesive zone [29,37].
Here we explicitly account for the finite thickness of the adhesive
layer and we focus on the effect of large deformation and material
nonlinearity of this layer.

In a previous work [38] we studied the large deformation
mechanics of an adhesive tape subjected to zero-degree peel. In
that study we focus on the situation where the bond length is
infinite. Here we consider the effect of finite bond length on the
mechanics of zero degree peel. It turns out a finite bond length
introduces many interesting effects which are absent from the
case of an infinitely long tape. For example, we shall demonstrate
that the stress state at the free edge of the bond tape is highly
triaxial and can nucleate cavities.

The organization of the paper is as follows: in Section 2 we
study the strain and stress distribution in the adhesive layer
using a nonlinear shear-lag model. We also present an exact
expression for the energy release rate which is valid for large
deformation and nonlinear materials. We compare our results
with the linear theory established by Kaelble [15]. Our analytic
results are validated by a nonlinear FE model. In Section 3 we
consider the stress and strain near the edges, where the shear-
lag model breaks down. Summary and discussion are given in
Section 4.

2. Theoretical analysis

2.1. Statement of problem and geometry

The geometry is shown in Fig. 1(a). The bond length is denoted
by L and the initial thickness of the adhesive layer is denoted
by h. The backing layer has thickness hb which is on the same
order as h. In the following we assume that the backing layer
is linear elastic, with plane strain Young’s modulus E∗

b . As the
width of the tape is much greater than its thickness, we assume
plane strain deformation where the out-of-plane displacement u3
is zero and the in-plane displacements uα (α = 1, 2) depend

only on the in-plane coordinates (x1, x2). Another assumption
is that the hanging weight is uniformly distributed across its
width, therefore the appropriate force measured in a plane strain
analysis, denoted by F , is defined as the weight divided by the
width of the tape and has units of force per unit length. This force
F is applied horizontally on one end of the tape (note F is negative
in our coordinate system). Since the substrate is rigid, it can be
extended pass the origin in the negative x1 direction, so the point
x1 = x2 = 0 can be considered as the tip of an interface crack
(see Fig. 1(b)). After load is applied, the material point at (x1, x2)
moves to (y1, y2) with respect to the same coordinate system,
thus, yα = xα + uα .

2.2. Special case of a linear elastic adhesive — small strains

To position this work in relation to previous works and to
motivate the idea, we first consider a situation with a linear
elastic adhesive layer with shear modulus µ; this assumption
is valid provided that the deformation of the adhesive layer or
the applied force F is small. A straightforward calculation based
on the shear-lag model [15,39] shows that shear strain in the
adhesive layer is (see the Supplementary Information (SI) for
details)

γ =
F

µlLT

cosh
(
L − η

)
sinh L

, where L = L/lLT , η = x1/lLT . (1a)

The tension in the backing layer τ B
11 and the shear stress in the

adhesive layer τ12 are given by

τ B
11 = −

E∗

bh

sinh L

F
µlLT

sinh
(
L − η

)
, η ∈

[
0, L

]
Backing layer,

(1b)

τ12 =
F

lLT sinh L
cosh

(
L − η

)
, η ∈

[
0, L

]
, Adhesive layer

(1c)

respectively. Note in the shear-lag model, the backing layer is
subjected to pure in-plane tension and because the strains are
assumed to be small, the only non-vanishing stress in the adhesive
layer is the shear stress τ12.

Equations (1a)-(1c) contain a very important length scale
which is the load transfer length lLT . It is

lLT =
√
E∗

bhhb/µ. (1d)

This is the length of the adhesive tape that carries most of the load
— more precisely, it is the characteristic decay distance of the
shear stress along the tape. For a typical tape, the shear modulus
of the adhesive is on the order of tens of kPa, and the plane strain
Young’s modulus of the backing layer is on the order of GPa. The
thicknesses of the adhesive and backing layers are on the order
of tens of microns. Taking h = hb = 20 microns, E∗

b ≈ 3 GPa
and µ = 10 kPa [5], the load transfer length is about 10 mm.

2.3. Extension to large deformation and nonlinear stress–strain
behavior

The results in Section 2 are based on two simplifying assump-
tions: (1) the strains are small in the adhesive layer so we can
avoid finite strain kinematics; (2) the adhesive is linearly elastic.
Both assumptions are unrealistic in practical applications where
the strains in the adhesive can reach 1000% [31–34]. Here we
explore how removal of these two assumptions affects the results
above. In our previous work [38], we assumed the bond length
is infinite and modeled the nonlinear elastic behavior of the ad-
hesive using a three-term Yeoh solid. We showed that the stress
and deformation in the adhesive layer can be accurately predicted



Z. Liu, H. Minsky, C. Creton et al. / Extreme Mechanics Letters 32 (2019) 100518 3

Fig. 1. Schematics of a zero degree peel test. (a) L is the finite bond length. The adhesive and backing thickness are denoted by h and hb , respectively. The applied
force F is usually provided by a hanging weight per unit width. (b) The overhanging adhesive surface up to the peel front (x1 < 0, x2 = 0) can be seen as an interface
crack. The path ω = ω1 + ω2 + ω3 + ω4 used in the J integral is illustrated by black arrows (see Section 2.5).

Fig. 2. (a) Minimum shear strain γmin versus the normalized force F for three normalized bond lengths L. The dashed and solid lines represent SSLE and NL solutions,
respectively. The limiting case of L = ∞ is plotted as circles. (b) Minimum shear strain γmin versus the normalized bond lengths L for different normalized force F .

by a nonlinear shear-lag model. Here we use the same nonlinear
shear-lag model to study the finite bond length problem.

The average shear strain in the adhesive layer is γ = ub/h,
where ub is the horizontal displacement in the backing layer.
Since the equation governing γ was obtained in our previous
work [38], we state it here without derivation, leaving some of
the details in the SI. Briefly, Eq. (2) below expresses the equi-
librium of a material element in the backing layer, that is, the
net tension on this element must be balanced by the shear stress
τ (γ ) exerted by the adhesive layer to maintain equilibrium. Due
to material nonlinearity, τ (γ ) is a nonlinear function of the shear
strain γ

d2γ
dη2 = τ̂ (γ ) , (2)

where η = x1/lLT is the normalized distance from the crack tip
and τ̂ (γ ) ≡ τ (γ ) /µ is the normalized shear stress and µ is the
small strain shear modulus in the Yeoh model. The strain energy
density function W of the Yeoh solid is

W = C1 (I1 − 3) + C2 (I1 − 3)2 + C3 (I1 − 3)3 (3a)

where the Ck’s are material parameters with units of stress, I1 is
the trace of the right Cauchy–Green tensor. For incompressible
materials, C1 = µ/2. Softening is controlled by setting C2 < 0 and
strain hardening is controlled by C3 > 0. In our previous work, we
have shown that the normalized shear stress in Eq. (2) is related
to the shear strain by

τ̂ = f (γ ) γ , f (γ ) =

(
1 +

4C2

µ
γ 2

+
6C3

µ
γ 4

)
. (3b)

and

I1 − 3 ≈ γ 2 (3c)

The dimensionless function f (γ ) in Eq. (3b) represents strain
hardening behavior. For example, C2 = C3 = 0 corresponds to
a neo-Hookean solid. It is interesting to note the shear strain
distribution is governed by the same equation whether or not the
adhesive is linear elastic or neo-Hookean. However, it must be
noted that the stress state in the adhesive is highly dependent
on whether the material is linear or nonlinear, as revealed in
Section 2.6. The boundary conditions are

γ |η=0 = γ0,
dγ
dη

⏐⏐⏐⏐
η=L/lLT

= 0. (4a,b)

Here γ0 denotes the maximum shear strain which occurs at x1 =

0. The last condition in (4b) states that the tension in the backing
layer at x1 = L is zero. The maximum shear strain γ0 is deter-
mined by the peel force F which is the integral of the shear stress
along the adhesive/backing interface, i.e.,

F = µlLT

∫ L/lLT

0
f (γ ) γ dη. (5)

The shear strain distribution γ is obtained by solving equation (2)
subjected to the boundary conditions (4a,b). It is (see the SI for
details)

η = −

∫ γ

γ0

dw√(
w2 − (γmin)

2
+

c2
2

(
w4 − (γmin)

4)
+ c3

w6−(γmin)6

3

) ,
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(6a)

where γmin denote the minimum shear strain at x1 = L or η =

L/lLT , w is a dummy integration variable, and

c2 = 4C2/µ, c3 = 6C3/µ. (6b)

Eq. (5) motivates us to introduce a normalized peel force F ≡

F/µlLT . The peel force can be evaluated exactly (see the SI); it is

F = γmin

√
ρ2 − 1 +

c2
2

(γmin)
2 (

ρ4 − 1
)
+

c3
3

(γmin)
4 (

ρ6 − 1
)
,

where ρ = γ0/γmin (7)

Note that both γ0, γmin are unknowns which depend on the peel
force and the bond length. To determine these relationships, we
evaluate Eq. (6a) at η = L/lLT ; after some simple algebra, it
reduces to the following equation relating bond length and the
maximum and minimum shear strains, i.e.,

L ≡
L
lLT

=

∫ ρ

1

dw
√

w2 − 1
√
1 +

c2(γmin)2

2

(
w2 + 1

)
+

c3(γmin)4

3

(
w4 + w2 + 1

) .

(8)

Eqs. (7) and (8) give two equations to determine γ0 and γminas
a function of F = F/µlLT and L = L/lLT . Specifically, these
two equations imply that these two strains depend only on (for
the sake of simplifying notations, we have not indicated their
dependence on c2 and c3)

γ0 = f0
(
F , L

)
, γmin = fmin

(
F , L

)
. (9a,b)

Unfortunately, there is no closed form solution for the inte-
grals (6a) and (8) unless c2 = c3 = 0. In the SI, we show how to
numerically solve for γ0 and γmin as a function of F and L and to
determine the shear strain distribution in the adhesive layer. For
the linear elastic case, these strains are directly proportional to
the peel force and from (1a), the maximum and minimum shear
strains are:

γ0 =
F coth L

µlLT
, γmin =

F

µlLT sinh L
, ρ =

γ0

γmin
= cosh L. (10a,b)

2.4. Numerical results

The minimum shear strain γmin is plotted against the nor-
malized peel force F for different normalized bond lengths L in
Fig. 2. The special case of L = ∞ where it vanishes is shown
as circles. Unless otherwise stated, we use the same parameters
c2 =−0.0948 and c3 = 0.00996 from our previous study [38]
in all the figures below. The special case of small strain linear
elasticity (SSLE) (solid lines) are also plotted as a comparison. In
the linear theory, γmin and γ0 are directly proportional to F (see
Eqs. (10a,b)). Fig. 2(a) shows that as long as F > −1, there is
no significant differences between linear and nonlinear theory.
However, for larger forces, the linear theory overpredicts γmin
considerably. The reason is that the nonlinear material strain
hardens significantly; therefore, for large force, the nonlinear
material deforms much less. Indeed, due to strain hardening,
γmin increases very slowly with the applied force for F < −5.
This result is also illustrated in Fig. 2(b), where γmin is plotted
against normalized bond length for large normalized forces. In
contrast to the linear theory, for large applied force, γmin ap-
proximately depends only on the bond length in the high force
regime; the curves of γmin versus L practically lies on top of each
other. Mathematically, in this regime the minimum shear strain

Fig. 3. Maximum shear strain γ0 versus the normalized force F for three
normalized bond lengths L. The dashed and solid lines represent SSLE and NL
solutions, respectively. The limiting case of L = ∞ is plotted as cross symbols.

is approximately independent of the peel force, i.e.,

γmin ≈ fmin
(
L
)
, F ≪ −1 (11)

Fig. 3 plots the maximum shear strain γ0 versus the normal-
ized force F for three normalized bond lengths. We also plotted
the prediction of the linear theory for comparison. Note in partic-
ular, the special case of L = ∞ (cross symbols) sets a lower bound
for the peel force (for the same γ0). As expected, for small F ,
there is no significant difference between the linear and nonlinear
theory. The effect of strain softening occurs at peel forces roughly
between −4 to −2, after which strain hardening takes over and
the increase in maximum shear stress is much lower than that
predicted by the linear theory. An interesting result is that, γ0
versus Fcurves for different normalized bond lengths lie on top
of each other for large F . Mathematically, this result is:

γ0 ≈ f0
(
F
)
, F ≪ −1 (12)

Thus, decreasing the bond length in the high force regime has
only small effect on the maximum shear strain – a surprising
result.

The shear strain distribution is plotted in Fig. 4(a) for nor-
malized bond length L = 1 for three different normalized peel
forces. The prediction of the linear theory is also plotted for
comparison. In Fig. 4(b), these distributions are plotted for a fixed
force (F = −10) with different curves representing different
normalized bond lengths. In order to plot these curves in one
figure, we use a normalized position r , defined by r ≡ x1/L = η/L,
as the horizontal axis.

2.5. Energy release rate

The energy release rate Γ of the interface crack in Fig. 1(b)
can be computed using the path independent J integral in the
undeformed reference configuration [40,41], which is

J =

∫
ω

Wdy−PαβNβuα,1ds, ω = ω1 +ω2 +ω3 +ω4, α, β = 1, 2,

(13)

where Pαβ , Nβ are the components of nominal stress tensor and
unit normal in the reference configuration respectively. Also uα,1
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Fig. 4. Shear strain profiles in the adhesive layer. (a) L = 1, with different normalized applied peel force; (b) large peel force F = −10, with different normalized
bond lengths.

is defined as ∂uα/∂x1. For the path ω chosen in Fig. 1(b), the
integral is zero on ω1 and ω3. On ω2 the traction is zero, so
PαβNβuα,1 is zero, thus only the first term contributes on ω2 and
it is∫

ω2

Wdy =

∫ htape

0
W (x1 = L, x2) dx2, (14)

where htape = hb + h. Note that W cannot be evaluated exactly
on this path, since the corners can have weak singularities. The
integral on path ω4 can be readily evaluated, since the adhesive
on this path is practically stress free and all the loads are carried
by the much stiffer backing layer, which is linear elastic. Hence∫

ω4

Wdy − PαβNβuα,1ds =
(F/hb)

2

2E∗

b
hb. (15)

Putting all this together, the energy release rate Γ = J is

Γ =
F 2

2E∗

bhb
+

∫ hb+h

0
W (x1 = L, x2) dx2 (16)

Physical consideration suggests that W (x1 = L, x2) must increase
with decreasing L since the same load has to be distributed over
a smaller bond area. Since dL = -dc as the crack grows by dc,
Eq. (16) implies that the energy release rate Γ increases with
crack growth for any finite bond length L. Note that the energy
release rate given by Eq. (16) is valid for any nonlinear elastic solid
and arbitrary large deformation of the adhesive layer.

Special case of a linear elastic adhesive
The special case of a linear elastic adhesive can be readily

determined using Eq. (1a)-(1c). The strain energy density of the
adhesive at x1 = L can be estimated using the shear-lag model,

W (x = L) =
1
2
τ12γ

⏐⏐⏐⏐
x=L

=
1
2µ

(
F

lLT sinh (L/lLT )

)2

. (17)

The energy release rate equation (16) is

Γ =
F 2

2E∗

bhb
+

h
2µ

(
F

lLT sinh (L/lLT )

)2

=
F 2 cot h2 (L/lLT )

2E∗

bhb
= Γ∞ cot h2 (L/lLT ) . (18)

The first term in Eq. (18) is independent of bond length, while
the second term in (18) vanishes as L goes to infinity, hence the
first term, Γ∞ ≡

F2
2E∗

b hb
is the energy release rate for the case of

infinite bond length. Fig. 5(a) plots the normalized energy release
rate Γ /Γ∞ versus L.

Energy release rate for nonlinear adhesive and large deforma-
tion

We evaluate the energy release rate by Eq. (16) using the
results in Section 2.3, specifically equations (3a) and (3c). The key
is to compute the strain energy density W in the adhesive layer
at x1 = L. In the nonlinear shear-lag model, the energy density
function W at the bond end is related to the shear strain there
by

W (x1 = L) =
µ

2
γ 2
min

[
1 +

c2γ 2
min

2
+

c3γ 4
min

3

]
. (19)

Note that the strain energy density increases rapidly with the
minimum shear strain γmin at x1 = L. The energy release rate
based on Eqs. (16) and (19) is

Γ =
F 2

2E∗

bhb
+

µh
2

γ 2
min

[
1 +

c2γ 2
min

2
+

c3γ 4
min

3

]
. (20)

Note that if we set c2 = c3 = 0 in Eq. (20), we recover the linear
theory energy release rate given by Eq. (18). Here we emphasized
that γmin is a nonlinear function of F and L, hence the energy
release rate is no longer proportional to F 2. Consistent with our
previous notation, we decompose the energy release rate into two
parts,

Γ = Γ∞ + ΓL, ΓL ≡
µh
2

γ 2
min

[
1 +

c2γ 2
min

2
+

c3γ 4
min

3

]
. (21)

The first term in (21), Γ∞ = F 2/2E∗

bhb is independent of the bond
length L whereas the second term ΓL is very sensitive to it.

The analysis above provides several interesting results:
(1) The effect of adhesive modulus only comes in through the

load transfer length; for long bond length, the energy release rate
is insensitive to the adhesive thickness and its elastic properties.

(2) Griffith criterion states that crack growth occurs when

Γ = Gc, (22)

where Gc is the critical interfacial fracture energy which we
assumed to be a material constant, independent of crack length.
Eq. (20) tells us when the bond length is long in comparison with
the load transfer length, the second term is small since γmin → 0,
hence

Γ ≈
F 2

2E∗

bhb
. (23)
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Fig. 5. (a) Normalized energy release rate versus bond length for a linear elastic adhesive. Note energy release rate increases rapidly as bond length decreases beyond
the load transfer length lLT . For bond length longer than the load transfer length, the energy release rate Γ becomes independent of bond length and reaches a
steady state value of Γ∞ = F 2/2E∗

b hb . (b) Critical normalized peel force Fc/F∞
c versus bond length for a linear elastic adhesive. Note that critical normalized peel

force goes to zero as bond length become small. Fig. 5b will be discussed in the following section.

For this case, the critical peel force F∞
c needed to initiate crack

growth is given by

F∞

c =
√
2E∗

bhbGc . (24a)

The superscript ∞ indicates that this result is valid for long bond
lengths. Eq. (24a) suggests it is advantageous to have stiff and
thick backing layer as it increases the peel force without changing
the adhesion. In other words, one can increase the peel force of
a weak interface by geometry. This conclusion has been justified
by experiments [19,26,42,43]. These experiments showed that the
critical force is proportional to 1/

√
C where C is the compliance

of the system, and C ∼ 1/E∗

bhb for the zero degree peel test [19].
Note that the only place where the adhesive properties appear is
the critical fracture energy Gc .

The critical peel force Fc drops dramatically as the bond length
decreases (see Fig. 5(b)). Indeed, Eq. (18) implies that the fracture
condition (22) is

Fc = F∞

c tanh2 (L/lLT ) . (24b)

Since tanh2 (L/lLT ) ≈ (L/lLT )2 for small L/lLT , the critical peel force
to grow the crack decreases rapidly with decreasing bond length.

(3) A short bond length destabilizes crack growth. Note that
the first term of Eq. (20), F 2/2E∗

bhb, does not change with bond
length or adhesive properties whereas the second term does. In
our system, extension of the interface crack by ∆c > 0 is exactly
−∆L, that is, the bond length decreases by the amount of crack
extension. Thus, the second term in Eq. (20) controls the change of
energy release rate as the crack extends. Note this term increases
with increasing crack length (or decreasing L). If the interfacial
fracture energy is a material constant, then crack growth is stable
if
∂Γ

∂c

⏐⏐⏐⏐
F

= −
∂Γ

∂L

⏐⏐⏐⏐
F

< 0. (25)

In our case ∂Γ
∂c

⏐⏐
F > 0, so the condition equation (25) can never be

satisfied as long as the critical energy is a constant independent
of the amount of crack extension; the best one can manage is
neutral stability ∂Γ

∂c

⏐⏐
F = 0, which occurs at long bond lengths,

i.e., L/lLT ≫ 1.
In Fig. 6, we plot the normalized energy release rate

Γ

Γ∞

= 1 +
ΓL

Γ∞

(26)

versus L for four different values of normalized peel force F
(dashed lines). We also plotted the prediction of the linear theory
by Eq. (18) in the same figure (solid line). For linear theory,

Fig. 6. Normalized energy release rate Γ /Γ∞ versus normalized bond length L
for different normalized peel force F . The predictions of SSLE and NL are plotted
as the solid line and dashed lines, respectively. Note normalized energy release
rate is independent of the peel force in the linear theory.

Γ /Γ∞ is independent of peel force — that is, the energy release rate
scales as the square of the peel force. Surprisingly, the normalized
energy release rate Γ /Γ∞ predicted by the nonlinear theory at a
given bond length decreases with the peel force: the linear theory
dramatically overestimates the energy release rate at large peel
force. A striking example is to consider large peel force (e.g. F =

−10); according to Fig. 6 (purple dashed line), Γ is approximately
independent of the bond length for L ≥ 1/2 and is given by
Γ ≈ Γ∞ = F 2/2E∗

bhb. However, the energy release rate based
on the linear theory (see Eq. (18)) predicts that energy release
rate increases rapidly with decreasing bond length for 1/2 ≤

L ≤ 2. This surprising result is due to the fact that the linear
theory overestimates γmin in this regime (see Fig. 2) and hence
overestimates the energy release rate (see Eq. (20)). Finally, it
is necessary to point out that the shear-lag model may not be
accurate at x1 = L because of a stress concentration at the free
edge (due to edge effects). Thus, the results in this section should
be checked against FE result in the next section.
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Fig. 7. Maximum shear strain γ0 and minimum shear strain γmin versus
normalized peel force F for different normalized bond length L (blue, green and
red colors indicate L = 1.0, 2.0 and 5.0). γ0 and γmin of nonlinear shear-lag model
are plotted as solid and dashed lines respectively. FEM results are represented
as symbols.

2.6. Stresses in the adhesive layer

As shown in our previous work [38], an important distinction
between the linear and nonlinear theory is that the stress state
in the adhesive layer is entirely different. In the linear theory, the
stress state is one dimensional, that is, the only non-vanishing
stress component is the shear stress. However, under large de-
formation, the stress state in the adhesive is three dimensional.
Indeed, the true normal stress τ11 in the adhesive layer is not zero
and is in fact much greater than τ12 for large peel force. The in-
plane stresses in the adhesive layer are completely determined
by the shear strain γ distribution and the hardening function f,

τ11 = µγ 2f (γ ) , τ12 = µγ f (γ ) , and τ22 ≈ 0. (27)

Note for small shear strains (small applied force), the transverse
stress τ11 is insignificant compare to the shear stress, consistent
with the linear theory, where it is assumed to be zero.

3. Finite element analysis

3.1. Finite element method (FEM) results

In the following, we use a nonlinear FE model to check the
results of the shear-lag model in the previous section and to
study edge effects. These FE calculations account for nonlinear
material behavior using the three term Yeoh’s material behavior
and large strain kinematics. All simulations are carried out using
ABAQUS and plane strain deformation is assumed (as in the
shear-lag model). Since the FE model is similar to our previous
work, relevant details are given in the SI.

Fig. 7 plots the maximum shear strain γ0 and minimum shear
strain γmin in the adhesive layer versus normalized peel force
F for different normalized bond length L. The blue, green and
red colors indicate L = 1.0, 2.0 and 5.0. The nonlinear shear-
lag solution of γ0 and γmin are plotted as solid and dashed lines
respectively. FEM results are represented as symbols for compar-
ison. Fig. 7 shows excellent agreement between predictions of
nonlinear shear-model and FEM results.

Fig. 8. Normalized energy release rate Γ /Γ∞ versus normalized bond length
L for different normalized peel force F . The blue, green, red and purple colors
correspond to F = −1.0, −2.0, −5.0 and −10.0. The FEM results are represented
by symbols. SSLE and NL solution are plotted as the solid line and dashed lines,
respectively.

3.2. Energy release rate and stress distribution in adhesive layer

ABAQUS can also evaluate the energy release rate and these
energy release rates (symbols) are compared with the energy
release rates obtained using the nonlinear shear-lag model given
by Eq. (20) (dashed lines) in Fig. 8. The agreement between our
analytic model and FEM is excellent. This justifies our results in
Section 2, in particular, Eq. (20).

Fig. 9 compares the true stress distributions τ12, τ11 and τ22 in
the adhesive layer obtained by our FEM with our nonlinear model
(27) for F = −10. All stresses are normalized by the maximum
stress. The normalized position r is defined by r ≡ x1/L. The
nonlinear shear-lag model is able to capture accurately the true
stress distribution accurately as long as (27) is used to describe
the stress state of the adhesive layer and the edges at x1 = 0, L
are avoided. In the next section, we focus on the stress state
near these edges, where the shear-lag model is expected to break
down.

3.3. Edge effects

The FEM results in Fig. 7 to 9 show that the nonlinear model
accurately captures the stress and strain in the adhesive layer as
long as one avoids the edges at x1 = 0 and L. This is expected,
since the edge at x1 = 0 is the tip of an interface crack and the
other a sharp 90◦ corner. Since one of the key assumptions of the
shear-lag model is that the stress and strain is independent of the
vertical coordinate, this model cannot possibly capture the true
state of stress at these locations. Indeed, the stress distributions
can be significantly different along the adhesive/substrate and
adhesive/backing interfaces near these edges. In the following,
we use our FEM model to study these edge stress states. All
figures below use the coordinates in the deformed configuration.
Specifically, the true stresses are plotted against the deformed
coordinates yα . An illustration of the difference between the ref-
erence coordinate (undeformed configuration, where a material
point is denoted by its positionxα) and deformed coordinates
(where the material point xα moves to yα) is shown in the bottom
of Fig. 11(a). Note, on the adhesive/substrate interface, there is
no difference between deformed and undeformed coordinates,
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Fig. 9. Comparison of true stress distributions in the adhesive layer obtained using nonlinear shear-lag model (solid lines) and finite element models (symbols) for
four different bond lengths. The normalized applied force is F = −10. (a) τ 22; (b) τ 11/τ

max
11 ; and (c) τ 12/τ

max
12 . The maximum stress τmax

11 for different bond lengths
L = 0.5, 1.0, 2.0, 5.0 are 351, 312, 292 and 285, respectively; and the maximum stress τmax

12 for these different bond lengths are −59, −53, −50 and −49, respectively.

Fig. 10. Stresses near the crack tip along the adhesive/substrate interface for different normalized bond length L (blue, green, red and purple colors indicate L = 0.5,
1.0, 2.0 and 5.0). The applied normalized force F = −10. The black dashed lines indicate FEM results are singular at the tip. (a) τ 22; (b) τ 11; (c) τ 12; and (d) p.

i.e., xα = yα , as the substrate is rigid and we assume perfect
bonding.

Figs. 10 and 11 plot the normalized stress components along
the adhesive/substrate and adhesive/backing interfaces near the
crack tip respectively. Here we used different normalized coor-
dinates to reflect our focus near the crack tip. The coordinates

in the reference and deformed configurations are normalized by
the initial adhesive thickness h and are denoted by xα = xα/h and
yα = yα/h respectively. Fig. 10(a) shows that there is a very large
stress concentration directly ahead of the interfacial crack tip.
Note that the normalized stress τ 22 is very large and compressive.
However, the hydrostatic stress p ≡ (τ 11 + τ 22 + τ 33) /3 is still
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Fig. 11. Stresses near the crack tip along the adhesive/backing interface for different normalized bond length L (blue, green, red and purple colors indicate L = 0.5,
1.0, 2.0 and 5.0). The applied normalized force is F = −10. (a) τ 22; (b) τ 11; (c) τ 12; and (d) p.

very high and tensile near the crack tip, this is due to the large
normal stress parallel to the interface. It must be noted that here
we assume the interface is perfectly bonded whereas in reality,
local slip or debonding will relax these extremely high stresses
near the crack tip. As expected, the stress concentration is much
less severe along the adhesive/backing interface. Note, however,
the hydrostatic stress here is still very large and tensile.

Figs. 12 and 13 plot the normalized stress components along
the adhesive/substrate and adhesive/backing interfaces near the
right edge corner at x1 = L respectively. As shown in the bottom
of Fig. 13, we define the distances measuring from the right cor-
ner along the adhesive/substrate and adhesive/backing interfaces
by m1 and n1, and these distances are normalized by the adhesive
thickness h, i.e., m1 = m1/h and n1 = n1/h. These figures show
that the stresses on both interfaces increase rapidly as the bond
length decreases beyond one load transfer length. Further, the
stress state at this edge along the adhesive-back interface is tri-
axial with τ22, τ11, τ33 all positive; therefore, cavitation is likely to
occur at this edge. However, for bond length longer than 2 times
the load transfer length, these stresses are small, and debonding
or cavitation here is less likely.

4. Summary and discussion

In zero degree peel, the dominant deformation in the adhesive
layer is shear. Except at distances very close to the peel front and
the free edge, finite element analysis has shown that the shear
strain and the stresses in the adhesive layer is well predicted
by our analytic model in Section 2. Here we recall that in large
deformation, even simple shear can induce normal stresses via the
Poynting effect [44]. Thus, even though the dominant deforma-
tion mode in the adhesive layer is shear, the stress state there is
not one dimensional. Indeed, at large shear strains, the adhesive is
subjected to a normal stress τ11 (in the direction of the peel force)
that is much larger than the shear stress τ12, as noted by (27).
This, together with the out of plane stress due to the plane strain
confinement, raise the possibility of cavitation inside the adhesive
layer despite the fact that the stress normal to the adhesive layer
τ22 is zero.

Due to strain hardening, the minimum shear strain γmin at the
free end of the tape depends primarily on the bond length and
is quite insensitive to the peel force, as long as the peel force is
large. This result significantly affects the energy release rate Γ ,
which consists of two parts: the first is the energy release rate of
an infinite long tape, Γ∞ which is independent of the mechanical
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Fig. 12. Stresses near the corner along the adhesive/substrate interface for different normalized bond length L (blue, green red and purple colors indicate L = 0.5, 1.0,
2.0 and 5.0). The applied normalized force F = −10. The black dashed lines indicate FEM results are singular at the corner. (a) τ 22; (b) τ 11; (c) τ 12; and (d) p.

Fig. 13. Stresses near the corner along the adhesive/backing interface for
different normalized bond length L (blue, green red and purple colors indicate
L = 0.5, 1.0, 2.0 and 5.0). The applied normalized force F = −10. The black
dashed lines indicate FEM results are singular at s = 0 (1) τ 22; (2) τ 11; (3) τ 12;
and (4) p.

property of the adhesive and the second part depends on γmin
which is insensitive to the peel force in the nonlinear high force
regime. As a result, Γ /Γ∞ increases much slower with decreasing
bond length, which means that the driving force for unstable
crack growth is reduced significantly in comparison with linear

theory. It is interesting to note that for long tapes (i.e., L ≫ lLT )
γmin is practically zero, this means that the force to drive the crack
is controlled by the stiffness of backing layer and is independent
of the mechanical behavior of adhesive. For a stiff backing, the
force to pull the tape off can be very high. Thus, even though
the force is supported by a small segment of the tape, the part of
the tape that is not supporting shear actually plays an important
role in protecting the tape as it significantly reduces the energy
release rate. This is one reason to use a longer tape in the hanging
weight experiment.

The maximum shear strain is found to increase much less
rapidly with the applied force in the nonlinear model. Further-
more, in the high force regime it is insensitive to the bond length.
However, it should be aware that the maximum shear strain
evaluated using the shear-lag model is most likely a lower bound
because of the high stress concentration and 3D effect near the
peel front. Here, our FE results indicate the normal stress τ22
on the adhesive/substrate interface close to the peel front is
highly compressive, so cavitation, if exist, is expected to occur
at a small distance away from the peel front, where the normal
stress is tensile. In contrast, the normal stress τ22 on both the
adhesive/substrate and the adhesive/backing interfaces close to
the free edge are found to be tensile. For short bond lengths, the
stress state on the interfaces near the free edge can be very high,
and cavitation here is a definite possibility.

A limitation of our model is that the adhesive is assumed to
be elastic while in reality they are nonlinear viscoelastic. The
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main difficulty with extending our analysis to account for vis-
coelastic effect is the absence of an accurate 3D large deformation
viscoelastic model for adhesives.

Finally, although this study is motivated by understanding
how adhesive tapes work under predominantly shear loading, our
results have much wider generality and can be applied to study
the mechanics of other composite systems with similar geometry.
For example, the energy release rate expression and the stresses
in the adhesive layer as well as the solution of the nonlinear
shear-lag model, are valid for a wide class of hyperelastic strain
energy density functions W, as shown in the supplementary
information.
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