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We present a variational calculation of the energy of an impurity immersed a double Fermi sea of
non-interacting Fermions. We show that in the strong-coupling regime, the system undergoes a first
order transition between polaronic and trimer states. Our result suggests that the smooth crossover
predicted in previous literature for a superfluid background is the consequence of Cooper pairing
and is absent in a normal system.

Introduced for the first time by Landau and Pekar
to describe transport properties of electrons in semi-
conductors [1], polaron physics has become a prototype
for other impurity problems in quantum many-body sys-
tems, from solid state [2, 3] to nuclear physics [4]. More
recently, the crucial role played by polaronic properties
in the performances of solar panels has revived the inter-
est for this system in semi-conductors, which is now an
active field of research in both applied mathematics [5]
and fundamental physics [6].

Thanks to the versatility of their experimental investi-
gation tools, ultracold atoms have become over the past
decade a remarkable playground for the exploration of
quantum many-body physics [7–10]. In this context, po-
laron physics has been the subject of extensive research,
starting from the so called ”Fermi polaron”, correspond-
ing to an impurity immersed in a spin polarized Fermi
sea [11–16] (see also [17] for its realization in exciton-
polariton systems), to the Bose polaron, where the im-
purity interacts with a weakly interacting Bose-Einstein
condensate [18–20]. The study of dual superfluids of
bosons and fermions recently paved the way to the study
of a novel type of polaronic system where the impurity
is immersed in a spin 1/2 fermionic superfluid [21–23].
This superfluid version of the Fermi polaron interpolates
between aforementioned Fermi and Bose-polarons, and
like in this latter case, three-body physics, and most no-
tably the existence of Efimov trimer states [24, 25] play
an important role in shaping the phase diagram of the
system [26–28]. Using a mean-field description of the
superfluid, the generalization of the Fermi-polaron wave-
function suggested the existence of a crossover between
the polaron and trimeron states. In particular, ref. [27]
proposed a variational ansatz

|ψ〉 =

αb̂†0 +
∑
k,k′

βk,k′ b̂†k′ γ̂
†
k,↑γ̂

†
−k′−k,↓

 |BCS〉, (1)

where |BCS〉 is the BCS mean-field ground state, b̂k is
the annihilation operator of an impurity of momentum
k and γk,s that of the Bogoliubov modes of the under-
lying superfluid. Under this assumption, the crossover
arises from the fact that the γ’s are linear combinations

of creation and annihilation operators of real fermions
âk,s=↑,↓. Indeed, the variational state (1) contains terms

proportional to b̂†â†sâ
†
−s and b̂†â†k,sâk′,s that describe re-

spectively a trimer made of fermions above the Fermi
surface and a polaron dressed by a particle-hole pair.
The crossover is here a direct consequence of the mix-
ing between particles and holes induced by the quantum
coherence of the superfluid state and trimers can be in-
terpreted as bound states between the impurity and pre-
existing Cooper pairs. The question that naturally arises
is then the existence of such a crossover in a normal sys-
tem. Here, we analyze this question by considering the
interaction of an impurity with an ideal gas of spin 1/2
fermions. By considering a variational ansatz incorpo-
rating two particle-hole excitations we suggest that the
crossover is suppressed in the absence of Cooper-pairing
and is replaced by a sharp (first-order like) transition be-
tween a polaron and a trimer branch. We show that this
transition is driven by the onset of momentum correla-
tions between holes of the background Fermi seas which
can be associated with two subspaces that are uncou-
pled by the many-body Hamiltonian and leading to the
suppression of the center of mass of the trimer.

We consider an impurity of mass mi coupled to a Fermi
sea of non-interacting spin 1/2 fermions of mass m. We
describe the system using a two-channel model known to
give rise to Efimov trimers without requiring any addi-
tional physical ingredient [29]. Assuming periodic bound-
ary conditions in a box of quantization volume Ω, the
Hamiltonian then takes the general form

Ĥ =
∑
k,s

~2k2

2m
â†k,sâk,s +

∑
k

~2k2

2mi
b̂†kb̂k+

∑
k

(
~2k2

2M
+ E0

)
ĉ†k,sĉk,s+

Λ√
Ω

∑
k,k′

[
âksb̂k′ ĉ

†
k+k′,s + h.c.

]
,

(2)

where âk,s is the annihilation operator of a fermion of

spin s and momentum ~k, b̂k is the annihilation operator
of an impurity and ĉk,s is the annihilation operator of a
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molecule made of an impurity and a spin s atom. E0

and M = m+mi are the binding energy and the mass of
the bare molecules. We assume here that the interaction
between the impurity and each spin component is the
same. The coupling Λ does not depend on momentum,
but a UV-cutoff kc is introduced to match the scattering
length a and the effective range Re of the true potential
using the following relations [29]

1

a
=

2kc
π
− 2π~2E0

m∗Λ2
Re =

π~4

m∗2Λ2
, (3)

where m∗ is the reduced mass of the impurity/fermion
pair.

We search for the ground state energy within a vari-
ational space spanned by the states depicted in Fig.
1. This space can be divided in two sectors. The po-
laron sector is spanned by state |0〉, which corresponds
to the impurity sitting at the center of the two unper-
turbed Fermi seas, and single particle-hole states |q1〉s
and |q1,k1〉s where a hole of spin s and momentum q1 is
accompanied by either a bound or unbound impurity-
fermion pair. The Efimov sector is characterized by
states |q1, q2,k1〉s and |q1, q2,k1,k2〉 containing both
one hole in each Fermi sea.

The general structure of a variational state is therefore

|ψ〉 = A|0〉+
∑
q1,s

Bs(q1)|q1〉s +
∑

q1,k1,s

Cs(q1,k1)|q1,k1〉s

+
∑

q1,q2,s

Ds(q1, q2,k1)|q1, q2,k1〉s

+
∑

q1,q2,k1,k2

E(q1, q2,k1,k2)|q1, q2,k1,k2〉.

(4)

with qi < kF and ki > kF and where kF is the Fermi
wave-vector of the background fermions. For spin bal-
anced Fermi seas, we can assume that the amplitudes do
not depend on s and within this subspace, we explore
two families of variational states.

The polaronic sector corresponds to D = E = 0. The
corresponding Ansatz generalizes the approach succes-
fully used to describe the Fermi polaron problem, ie an
impurity immersed in a spin-polarized Fermi sea [11]. In
particular this trial wavefunction recovers the exact per-
turbative expansion of the energy of the polaron up to
second order in scattering length. In the following, we
will assume that the impurity has the same mass as the
fermions: mi = m.

The minimization of the energy W with respect to A,
B and C in the polaronic sector can be reduced to a
single scalar equation PW = 0 with

PW = W − 2

Ω

∑
q<kF

1

∆q(W )
(5)
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FIG. 1. Structure of the variational Hilbert space. In the
first two rows, the polaronic state is created by the impurity
and one particle hole excitations, in the third row, a second
particle hole excitation allows for the trimer to exist.

and

∆q(W ) =
m

4π~2

{
a−1 −Re(λ2 −

q2

4
)− 2

π
kF

+
4π

Ω

∑
k>kF

1

λ2 + k2 − k · q
− 1

k2

} (6)

where W = −~2λ2/m, is the ground state energy.
In the perturbative regime kFa → 0−, the energy of

the polaron can be expanded as

W =
8π~2a
m

nF

(
1 +

3

2π
kFa+ ...

)
. (7)

At this order, the variational result recovers the exact
perturbative expansion and amounts to twice the inter-
action energy with a single spin component. Because of
the non-linearity of Eq. (5), this coincidence does not ex-
tend beyond that order. For instance, at the unitary limit
|a| =∞, we know that for a single component Fermi sea,
the energy of the polaron is WFP ' −0.606 EF [11–13],
where EF = ~2k2F /2m is the Fermi energy of the back-
ground fermions, while for a two component system, we
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find |W | ' 1.026EF < 2|WFP|, meaning that, contrary
to the perturbative expression, the interaction energy of
the polaron with the two Fermi seas is not additive in
the strong coupling regime.

We now consider the opposite limit A = B = C = 0
corresponding to the formation of a ground state Efimov
trimer above the Fermi surface.

As a reference, we first consider the energy of the
trimer in the absence of a Fermi sea that is obtained
as a solution of Skornyakov-Ter-Martirosyan’s equation
[25][

1

4π

{
a−1 −Re(λ2 +

3

4
k2)

}

+
1

Ω

∑
k′

(
1

λ2 + k2 + k′2 + k · k′
− 1

k′2
)

]
D(k)

+
1

Ω

∑
k′

D(k′)

λ2 + k2 + k′2 + k · k′
= 0

(8)

In this case, the only relevant dimensionless parameter
is Re/a and we observe that the trimer merges with the
atomic continuum for a scattering length a− such that
Re/a− = −2 × 10−4. It means that in our situation,
where only the impurity-fermion interactions are reso-
nant, the three-body bound states essentially exist only
in a regime where an impurity-fermion bound-state is also
stable. This is to be contrasted with the more traditional
three-boson problem for which all three interactions are
resonant and Efimov trimers are stable deep in the do-
main where two-body bound states are unstable (in this
case we have indeed Re/a− ' −0.1).

We consider next the effect of the Fermi sea on the en-
ergy of the trimer. In a first approach we simply assume
that its role is to prevent the fermions above the Fermi
surface to occupy states below kF , in a manner very sim-
ilar to the celebrated Cooper pairing problem for pairs of
fermions in superconductors. These Cooper-like” trimer
states correspond to locating hole momenta q1,2 on the
Fermi surface, and having q1 + q2 = 0 to cancel the cen-
ter of mass momemtum of the trimer. The energy of the
trimer state is then solution of:

[
1

4π

{
a−1 − 2

π
kF −Re(λ2 − k2F +

3

4
k2)

}

+
1

Ω

∑
k′>kF

(
1

λ2 − k2F + k2 + k′2 + k · k′
− 1

k′2
)

]
D(k)

+
1

Ω

∑
k′>kF

D(k′)

λ2 − k2F + k2 + k′2 + k · k′
= 0

(9)

This equation is very similar to Eq. (8), the main differ-
ence stemming from the sums over momenta that are now

restricted to k > kF and the shift of the energy associ-
ated with the chemical potential of the two fermions that
were removed from the Fermi seas to create the trimer.
The corresponding ground state energy is plotted in Fig.
2 for an experimentally relevant value kFRe ' 10−2. We
observe that like for traditional Cooper pairing the pres-
ence of the Fermi sea stabilizes the trimer.

We can generalize this result by considering trimer am-
plitudes Ds and E of the form

Ds(q1, q2,k1) = F (q1, q2)D̃(k1) (10)

E(q1, q2,k1,k2) = F (q1, q2)Ẽ(k1,k2), (11)

where the Cooper-like trimer corresponds to F (q1, q2) =

δq1,−q2
F̃ (q1), where F̃ is peaked near the Fermi surface.

We choose the following normalization for the function
F (q1, q2):

∑
q1,q2
|F (q1, q2)|2 = N2

F , where NF is the
total number of fermions per spin state.

Once again, we can eliminate E and we see that at
fixed F , D̃ is solution of a Skornyakov-Ter-Martirosyan
like equation :[

1

4π

{
a−1 − 2

π
kF −Re(λ2 +

3

4
k2 − 〈(q1 − q2)2〉

4
) +

}

+
1

Ω

∑
k′>kF

(
1

λ2 + 〈q1 · q2〉+ k2 + k′2 + k · k′
− 1

k′2
)

]
D̃(k)

+
1

Ω

∑
k′>kF

D̃(k′)

λ2 + 〈q1 · q2〉+ k2 + k′2 + k · k′
= 0

(12)

with 〈f(q1, q2)〉 =
∑

qi
|F (q1, q2)|2f(q1, q2)/N2

F , and

where we assumed that the distribution |F |2 is an even
function of q1 and q2. Comparing Eq. (9) and (12) we
see that their respective energies are simply translated
one with respect to the other since we have:

WF (Re/a) =WC(Re/a+R2
e〈(q1 + q2)2〉/4)

−~2

m

(
k2F + 〈q1 · q2〉

)
.

(13)

This mapping corresponds to a translation of both the
argument and the value of Wc and in practice we observe
that the latter dominates. Since q1 and q2 are bounded
by the Fermi wavevector kF , we see that k2F + 〈q1 · q2〉
is always positive and the Cooper-like Ansatz is always
the optimal choice We now study the hybridization of
the polaronic and Efimov sectors by minimizing the en-
ergy with respect to all five amplitudes A,B,C,D and
E. From the previous analysis, we would expect that the
optimal choice would be to mix the polaron wavefunction
with the Cooper-like trimer. However, as we will show
below, these two sectors are not coupled at the thermo-
dynamic limit. Indeed, the normalization of the state of
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a Cooper-like trimer requires that

|A|2 + 2
∑
q1

|B(q1)|2 + 2
∑
q1,k1

|C(q1,k1)|2

+2
∑
q1,k1

|D(q1,−q1,k1)|2

+
∑

q1,k1,k2

|E(q1,−q1,k1,k2)|2 = 1

(14)

For large quantization volumes, the sums are turned into
integrals and to recover results that do no depend on Ω,
we see that A should not depend on Ω and B, C, D and
E should respectively scale like

B =
b(q1)√

Ω
, D(q1,−q1,k1) =

d(q1,k1)

Ω
(15)

C =
c(q1,k1)

Ω
, E(q1,−q1,k1,k2) =

e(q1,k1,k2)

Ω3/2

where b, c, d and e do not depend on the size of the
system. Under this assumption, the interaction term of
the Hamiltonian can be recast as

〈Ĥint〉 =Λ[

∫
d3q1
(2π)3

A∗b(q1)

+

∫
d3q1d

3k1

(2π)6
b(q1)∗c(q1,k1)

+

∫
d3q1d

3k1

(2π)6
√

Ω
c(q1,k1)∗d(q1,k1)

+

∫
d3q1d

3k1d
3k2

(2π)9
d(q1,k1)∗e(q1,k1,k2)]

+c.c.

(16)

In this expression, we see that the energy does not de-
pend on the quantization volume, except for the term
coupling the amplitudes c and d which vanishes as 1/

√
Ω

for diverging Ω thus showing that in this limit, the po-
laron and Cooper-like trimer sectors are decoupled.

To explore a possible polaron-trimeron crossover we
therefore need to relax the constraint on the vanishing
center of mass momentum characterizing the Cooper-like
trimer state. For this purpose we consider a trial wave-
function F (q1, q2) = F0e

−q1·q2/2σ
2

, where F0 is a nor-
malization constant. Just like for the Cooper-like trimer,
this amplitude is maximum when q1 + q2 = 0 and when
both momenta are on the Fermi surface. The param-
eter σ allows us to tune continuously the width of the
hole wave-function between a uniform distribution and
the Cooper-like trimer configuration. The Cooper-like
trimer corresponds to σ = 0 while the opposite limit
(σ =∞) corresponds to a uniform distribution F .

The minimization of the energy with respect to the
amplitudes A,B, ..., E yields the following set of coupled
equations on Ã = A/(

√
ΩNFΛ) and D̃ generalizing Eq.

(5) and (12)

PW Ã =
2

Ω

∑
k

h(k)D̃(k) (17)

T [D̃](k) = h(k)Ã+ f(k)D̃(k) +
1

Ω

∑
k′

g(k,k′)D̃(k′),

(18)

where T is the operator from Eq. (12) (times m/~2), and
the coupling functions h, f, g are the following:

h(k) = − m

~2Ω

∑
q

β(q)

(λ2 + k2 − q · k)∆q
,

f(k) = − m

~2Ω

∑
q

β(q)2

λ2 + k2 − q · k
,

g(k,k′) =
m2

~4Ω

∑
q

β(q)2

(λ2 + k2 − q · k)(λ2 + k′2 − q · k′)∆q
,

β(q) =
1

NF

∑
q′

F (q,q′)

(19)

and where ∆q is defined in Eq. (6).
The results of the minimization are displayed

in Fig. 2 [30]. For each value of Re/a we solve
Eq. (17) and (18) for a fixed set of values of σ (σ ∈
{0, 0.1, 0.125, 0.2, 0.25, 0.4, 0.5, 0.625, 0.67, 0.71, 0.77, 0.83,
0.91, 1}, σ = 0 corresponding to the Cooper-like trimer).
For each value of Re/a we search for the optimal value
of σopt that minimizes the energy of the impurity. The
corresponding values of σopt are displayed in Fig. (2).
For Re/a . 7.7 × 10−3, we observe that the optimum
value decreases smoothly (in this regime the steps
are just due to the discrete values of σ) and drops to
σopt = 0 (corresponding to the Cooper-like trimer) at
Re/a ' 7.7 × 10−3 that suggests a sharp transition to
the Cooper-like trimer state. The variational ground
state energy corresponding to σ = σopt is displayed in
the lower panel of Fig. 2, as well as the energy of the
polaron state, and of the Cooper-like trimer. On this
graph, we clearly see that for weak attractive interac-
tions (Re/a → −∞), the variational states converges to
the polaron energy and that the ground state abruptly
jumps to the Cooper-like trimer state in the vicinity of
Re/a ' 7.7× 10−3. Note that this critical value depends
on kFRe and should converge to Re/a− for vanishing
fermionic density.

From our variational approach, we conclude that
the ground state of an impurity immersed in a non-
interacting mixture of spin 1/2 fermions undergoes a
first-order transition between a polaronic and a trimer
state. This is different from the case of superfluid back-
ground where the presence of Cooper pairs allows for a
crossover between these two states. We attribute this dif-
ference to the absence of coupling at the thermodynamic
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FIG. 2. Variational ground state in the polaron-trimeron
space for kFRe = 10−2. Upper panel: optimal value of the
width σ of the hole-pair wavefunction (blue). σ was varied
over a finite set of values between between 0 and 1 (see text).
For Re/a . 0.0077, each step corresponds to a jump from
one value of sigma to the next and is therefore an artefact
of the discretization of σ. The red-dashed line corresponds
to a smooth interpolation. For Re/a ' 0.0077, We observe a
jump of the value of σ which straddles several consecutive val-
ues of σ and thus marks a discontinuity between a Cooper-like
trimer and a polaron-trimeron crossover state. Lower panel:
energy of the variational state. Cooper-like trimer (σ = 0,
blue), compared to the energy of an Efimov trimer in vacuum
(purple, dash-dotted). The ground state associated with the
optimal value of σ is the solid line. The orange section of
the line corresponds to finite width hole pair wave functions
F while the blue section corresponds to Cooper-like trimers
(σ = 0).

limit between the vector space spanned by the polaron
and that of the trimer state. In the strongly attractive
limit, the energy of the Cooper-like trimer is lowered
thanks to the exact cancellation of its center of mass
motion. A similar situation seems to occur in the Fermi
polaron for the transition between the polaron and dimer
states [31] where the dimer state was described in a varia-
tional subspace containing two particle-hole pairs located
on the Fermi surface, a question that is still open [32–
34]. More generally our approach can help understand-

ing the transition between few body states in many-body
environment, such as the recently reported trimer/dimer
avoided crossing for the Efimov ground state [35]. Fi-
nally, a natural extension of this work would be to study
the existence of such a transition in the case of the nor-
mal state of an interacting fermionic background to un-
derstand the relative role of pairing and superfluidity in
this problem.
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NUMERICAL CALCULATION

The energy spectrum of Eq. (18) can be obtained nu-
merically. In the following we put ~ and m to unity for
simplicity. We use the following parameters:

x = λRe, y = kF /λ

k = λ sinh(ξ), φ(ξ) = λ sinh(ξ)D(λ sinh(ξ))
(20)

With this we can write Eq. (18) as follows:

M(x, y, a)φ̃ = 0 (21)

WhereM is a non-symmetric square matrix. Its elements
have the following form:

Mi(ξ, ξ
′, x, y, a) = δ(ξ, ξ′)MD(ξ, x, y, a)

+ ε

∫ 2π

0

dφ

∫ π

0

dθ sin(θ) cosh(ξ′) sinh2(ξ′)MN (ξ, ξ′, x, y, a)

(22)

Where ε is a discretization step we choose in order to have
a convergent value of the unknown variable. We note that
ε = ξ′max/Np where ξ′ is the cutoff of the integral over ξ′

and Np is the number of points per row. Note also that
ξ, ξ′ > asinh(y). We define the two functions MD and

MN as follows:

MN (ξ, ξ′, x, y, a) =
1

λ2I(ξ, ξ′)
+

2h(ξ)h(ξ′)

PW
+ g(ξ, ξ′)

(23)

and

MD(ξ′, x, y, a) = f(ξ)− λ

4π

{(
1 +

3

4
sinh(ξ)2

− 〈(q1 − q2)2〉/(4λ2))
)
λRe −

1

λa
+

2kF
πλ

}
− 1

λ3Ω

∑
ξ′>asinh(y)

1

I(ξ, ξ′)

] (24)

Where:

I(ξ, ξ′) = 1 + 〈q1 · q2〉/λ2 + sinh2(ξ)

+ sinh2(ξ′) + sinh(ξ) sinh(ξ′) cos(θ)
(25)

and g and h are functions defined in Eq. (19) , after the
proper variable change. By fixing the value of kFRe and
for each value of x = xc, we search the smallest value of
1/λa which verifies the equation:

det[M(xc, yc, a)] = 0 (26)

Note that the results in the Fig. 2 are obtained using a
total number of points Np = 350 and ξ′max = 10.
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