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THE HOLDER CONTINUOUS SUBSOLUTION
THEOREM FOR COMPLEX HESSIAN EQUATIONS

AMEL BENALI AND AHMED ZERIAHI

ABSTRACT. Let © € C” be a bounded strongly m-pseudoconvex
domain (1 < m < n) and p a positive Borel measure with finite
mass on ). Then we solve the Holder continuous subsolution prob-
lem for the complex Hessian equation (dd®u)™ A "~ = p on €.
Namely, we show that this equation admits a unique Hoélder con-
tinuous solution on  with a given Hélder continuous boundary
values if it admits a Holder continuous subsolution on 2. The
main step in solving the problem is to establish a new capacity
estimate showing that the m-Hessian measure of a Holder contin-
uous m-subharmonic function on © with zero boundary values is
dominated by the m-Hessian capacity with respect to 2 with an
(explicit) exponent 7 > 1.

1. INTRODUCTION

Complex Hessian equations are important examples of fully non-
linear PDE’s of second order on complex manifolds. They interpolate
between (linear) complex Poisson equations (m = 1) and (non linear)
complex Monge-Ampere equations (m = n). They appear in many
geometric problems, including the J-flow [SW] and quaternionic geom-
etry [AV]. They have attracted the attention of many researchers these
last years as we will mention below.

1.1. Statement of the problem. Let 2 € C" be a bounded domain
and 1 < m < n a fixed integer. We consider the following general
Dirichlet problem for the complex m-Hessian equation :

The Dirichlet problem: Let g € C°(09) be a continuous function
(the boundary data) and p be a positive Borel measure on € (the right
hand side). The problem is to find a necessary and sufficient condition
on p such that the following problem admits a solution :
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2 AMEL BENALI AND AHMED ZERIAHI

U € SHon(9) N CO(Q)
(1.1) (ddUY" A "™ =4 onQ (D)
Usa =9 on 99 (f7)

The equation (f) must be understood in the sense of currents on
Q) as it will be explained in section 2. The equality (1) means that
lim, . U(2) = ¢(¢) for any point ¢ € 0S.

Recall that for a real function u € C%(€2) and each integer 1 < k <
n, we denote by ox(u) the continuous function defined at each point
z € Q as the k-th symmetric polynomial of the eigenvalues A(z) :=

(A1(2), -+ - A\u(2)) of the complex Hessian matrix <8228“2k (z)) of u i.e.

AW = Y M) (e), zeq

1< <<jp<n

We say that a real function u € C*(Q2) is m-subharmonic on  if for
any 1 < k < m, we have oy(u) > 0 pointwise on (.

Form =1, o1(u) = (1/4)Au and for m = n, o, (u) = det (af;g‘zk (z)) :

Therefore 1-subharmonic means subharmonic and n-subharmonic means
plurisubharmonic.

As observed by Z. Blocki ([Bl05]), it is possible to define a general
notion of m-subharmonic functions using the theory of m-positive cur-
rents (see section 2). Moreover it is possible to define the k-Hessian
measure (ddu)® A 77 when 1 < k < m for any (locally) bounded
m-~subharmonic function u on € (see section 2).

When p = 0, the Dirichlet problem (1.1) can be solved using the
Perron method as for the complex Monge-Ampere equation (see [B105],
[Ch16a]).

When g = 0 and p is a positive Borel measure on €2, the Dirichlet
problem is much more difficult. A necessary condition for the existence
of a solution to (1.1) is the existence of a subsolution.

Therefore a particular case of the Dirichlet problem (1.1) we are
interested in can be formulated as follows.

The Holder continuous subsolution problem : Let p be a positive
Borel measure on €2. Assume that there exists a function ¢ € SH,,,(2)N
C*(Q) satisfying the following condition :

(1.2) p < (ddp)™ A BT, on €, and pppn = 0.

1. Does the Dirichlet problem (1.1) admit a Hélder continuous so-
lution U, , for any boundary data g which is Holder continuous on

o007
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2. In this case, is it possible to estimate precisely the Holder exponent
of the solution U, 4 in terms of the Holder exponents of ¢ and g ?

Our goal in this paper is to answer the first question on the existence
of a Holder continuous solution and give an explicit lower bound of the
Holder exponent of the solution in terms of the Holder exponent of the
subsolution when the measure p has finite total mass.

1.2. Known results. There have been many articles on the subject.
We will only mention those that are relevant to our study and closely
related to our work. The terminology used below will be defined in the
next section.

Assume that € is a smooth strongly m-pseudoconvex domain. When
the boundary data ¢ is smooth and the right hand side y = fAg, is a
measure with a smooth positive density f > 0, S.Y. Li proved in [Li04]
that the problem has a unique smooth solution. Later, Z. Blocki intro-
duced the notion of weak solution and solved the Dirichlet problem for
the homogenous Hessian equation in the unit ball in C™ ([B105]). When
the density 0 < f € LP(Q2) with p > n/m, Dinew and Kotodziej proved
the existence of a continuous solution ([DK14]). Assuming moreover
that ¢ is Holder continuous on €, Ngoc Cuong Nguyen proved the
Holder continuity of the solution under an additional assumption on
the density f ([N14]) and M. Charabati proved the Hélder continuity
of the solution for general densities ([Ch16]).

On the other hand, S. Kotodziej [Kol05] proved that the Dirichlet
problem has a bounded plurisubharmonic solution if (and only if) it
has a bounded subsolution with zero boundary values. This is known
as the bounded subsolution theorem for plurisubharmonic functions.
The same result was proved for the Hessian equation by Ngoc Cuong
Nguyen in [N12].

The Holder continuous subsolution problem stated above has at-
tracted a lot of attention these last years and was formulated in [DGZ16]
for the complex Monge-Ampere equation.

It has been solved for the complex Monge-Ampere by Ngoc Cuong
Nguyen in [N18a, N20]. Recently S. Kolodziej and Ngoc Cuong Nguyen
solved the Holder subsolution problem for the Hessian equation under
the restrictive assumption that the measure p is compactly supported

on 2 (see [KN20a], [KN20b]).

1.3. Main new results. In this paper we will solve the Holder contin-
uous subsolution problem for Hessian equations when p is any positive
Borel measure with finite mass on €.
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Our first main result gives a new comparison inequality which will be
applied to positive Borel measures without restriction on their support.

Theorem A. Let Q € C" be a bounded strongly m-pseudoconvex
domain. Let p € SH () NC*(Q) with 0 < o < 1 such that ¢ =0 in
0. Then for any 0 < r < m/(n —m), there exists a constant A > 0

such that for every compact K C €,
/ (ddp)™ A 5" < A ([Cap,,, (K, Q)] + [Cap,, (K, 2)]™) ,
K
where € := m > 0.

The capacity Cap,,(K,2) will be defined in the next section. The
constant A in the theorem is explicit (see formula (5.13)).

Observe that the most relevant case in the application of this in-
equality will be when Cap,, (K, Q) < 1. In this case the right exponent
iS T = 1 + m.

Theorem A improves substantially a recent result of [KN20b] who
proved an estimate of this kind when the compact set K C ' is con-
tained in a fixed open set ' € €, i.e. K stays away from the boundary
of Q.

When m = n a better estimate was obtained in [N18a] using the ex-
ponential integrability of plurisubharmonic functions which fails when
m < n.

As a consequence of Theorem A, we will deduce the following result
which solves the Holder continuous subsolution problem.

Theorem B. Let 2 €@ C" be a bounded strongly m-pseudoconvex
domain and p a positive Borel measure on ) with finite mass. Assume
that there exists p € E2(Q)NCY(Q) with 0 < o < 1 such that

(1.3) < (dd°p)™ A "™, weakly on 2, and ¢ =0 on 0.

Then for any continuous function g € C**(99), there exists a unique

function U = U, ,, € SHn(Q) NCO(Q) such that
(dd°U)" ANB"™™ =p, and U =g on 0SL.

Moreover U € C*(Q) for any 0 < o/ < 52%y(m,n,a), where

2
mao
m(m+ 1)a + 2(n —m)

y(m,n,a) =

Recall that by definition when o = 1/2, g € C*(99) means that g
is Lipschitz and when 1/2 < a < 1 and 2o = 1+ 0 with 0 < 6 < 1,
g € C**(09) means that g € C'(9Q) and and Vg is Holder continuous
of exponent 6 on 0f).
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Let us give a rough idea of the proofs of these results.

Idea of the proof of Theorem A: The general idea of the proof is
inspired by [KN20b]. However, since our measure is not compactly
supported nor of finite mass, we need to control the behaviour of the
m-Hessian measure of ¢ close to the boundary. This will be done in
several steps in section 3 and section 4.

- The first step is to estimate the mass of the m-Hessian measure
om(p) of a Holder continuous m-subharmonic function ¢ in terms of
its regularization s on any compact set in €25. This requires to consider
the msubharmonic envelope of @5 on €2 and provide a precise control
on its m-Hessian measure (see Theorem 3.2).

- The second step is to estimate the mass of 0,,(p) on a compact
set close to the boundary in terms of its Hausdorff distance to the
boundary (see Lemma 4.1).

Idea of the proof of Theorem B: The proof will be in two steps.

- The first step relies on a standard method which goes back to
[EGZ09] (see also [GKZ08]) in the case of the complex Monge-Ampere
equation. This method consists in proving a semi-stability inequality
estimating supg (v — )4 in terms of ||(v — u)4 |1 ), Where u is the
bounded m-subharmonic solution to the Dirichlet problem (1.1) and
v is any bounded m-subharmonic function with the same boundary
values as u, under the assumption that the measure p is dominated by
the m-Hessian capacity with an exponent 7 > 1 (see Definition 2.18).

- The second step uses an idea which goes back to [DDGKPZ15] in
the setting of compact Kéhler manifolds (see also [GZ17]). It has been
also used in the local setting in [N18a] and [KN20b]. It consists in
estimating the L'(u)-norm of v — u in terms of the L'(\y,)-norm of
(v —u) where u is the bounded solution to the Dirichlet problem and v
is a bounded m-subharmonic function on €2 close to the regularization
us of u. This step requires that the measure p is well dominated by the
m-Hessian capacity, which is precisely the content of our Theorem A.
Then using the Poisson-Jensen formula as in [GKZ08], we see that the
L'-norm of (us — u) is O(6?) (see Lemma 2.3) and Lemma 2.5 allows
us to finish the proof.

2. PRELIMINARY RESULTS

In this section, we recall the basic properties of m—subharmonic
functions and some results we will use throughout the paper.

2.1. Hessian potentials. For a hermitian n x n matrix a = (a;j)
with complex coefficients, we denote by Aq,---\, the eigenvalues of
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the matrix a. For any 1 < k < n we define the k-th trace of a by the
formula

se@) = D ANy,
1< < <jr<n
which is the k-th elementary symetric polynomial of the eigenvalues
(A1, , A\p) of a.
Let Cf} ;) be the space of real (1,1)-forms on C" with constant coef-
ficients, and define the cone of m-postive (1, 1)-forms on C" by

(21) O, :={0€Ch,y; 0AF" >0, 0" ASTT > 0},

Definition 2.1. 1) A smooth (1, 1)-form € on € is said to be m-postive
on Q if for any z € Q, 0(z) € O,,.

2) A function u : Q@ — RU {—o0} is said to be m—subharmonic on
Q if it is subharmonic on Q (not identically —oco on any component)
and for any collection of smooth m—positive (1, 1)—forms 6, ..., 0,1
on ), the following inequality

dduNOy N ...O0p_1 ANB"T >0,
holds in the sense of currents on f2.

We denote by SH,,,(€2) the positive convex cone of m-subharmonic
functions on §2.

We give below the most basic properties of m-subharmonic functions
that will be used in the sequel.

Proposition 2.2. 1. If u € C*(Q), then u is m-subharmonic on § if
and only if (dd°u)k A 8% > 0 pointwise on Q fork=1,--- ,m.

2. PSH(Q) = SH.(Q) € SHn1(Q2) S ... € SH1(Q) = SH(Q).

3. SHn(Q) C L, .(Q) is a positive convex cone.

4. If w is m-subharmonic on 2 and f : I — R is a convez, increasing
function on some interval containing the image of w, then f o wu is
m-subharmonic on €.

5. The limit of a decreasing sequence of functions in SH,,(Q) is m-
subharmonic on €2 when it s not identically —oo on any component.
6. Let u € SH,, () and v € SH,, (), where Q' C Q. If u > v on
oY, then the function

| max(u(z),v(2)) if z €Y
ZHw(Z)'_{u(z) if z€ Q\

18 m-subharmonic on €.
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Another ingredient which will be important is the regularization pro-
cess. Let y be a fixed smooth positive radial function with compact
support in the unit ball B C C" and [, x(¢)dA2,(¢) = 1. For any
0 < d < d = diam(Q), we set x5(¢) = x($) and Q5 = {2 €
Q; dist(z,00) > 0}.

Let u € SH,,(Q) C L}, .(Q) and define its standard §-regularization
by the formula

(2.2) us(z) = / u(z — Oxa(Q)dAan(€), = € O

Then it is easy to see that us is m-subharmonic and smooth on 5 and
decreases to u on (2 as ¢ decreases to O.
The following lemma was proved in [GKZ08].

Lemma 2.3. Let u € SH,,(Q2) N LY Q). Then for 0 < § < by, its
d-regularization extends to C™ by the formula

(2.3) us(z) := /QU(OX(S(Z — ()dXan((),z € C™,

and have the following properties
1) ug is a smooth function on C™ which is m-subharmonic on Qs;
2) (us) decreases to u on €2 as § decreases to 0 and

/Qé(ws(z) —u(2))don(2) < %52/ ddun

Qs
where a,, > 0 is a uniform constant independant of u and 9.

Let us introduce the notion of strongly m-pseudoconvexity that will
be used in the sequel.

Definition 2.4. We say that the open set € is strongly m-pseudoconvex
if 2 admits a defining function p which is smooth strictly m-subharmonic
in a neighbourhood of Q and |[Vp| > 0 on 99 = {p = 0}. In this case

we can choose p so that

(2.4) (dd°p)F A B"F > g™ for 1 <k <m,
pointwise on (2.

The following lemma is analoguous to a lemma proved in [GKZ08|
using mean values rather than convolution.

Lemma 2.5. Let Q@ € C" be a bounded domain and u € SH(2) N

L>(Q). Assume that w is Hélder continuous near 02 with exponent
« €]0,1[. Then the following properties are equivalent:
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(1) Feg > 0, us == u* x5 < u+ 0% in s,
19) deg > 0, suppn gt < u+ c20% in .
B(z,)

A similar lemma has been recently proved in the compact hermtian
manifold setting in [LPT20]. A slight modification of the proof of
[GKZ08] with an observation from [LPT20] works also in our context
as it is explained in [Ze20].

Remark 2.6. Recall that u is Holder continuous near 02 with expo-
nent « €)0, 1] if there exists d; > 0 small enough and a constant x > 0
such that for any ¢ € 02 and any 0 < § < dy,
sup |u(z) —u(C)] < kd®, where Q((,0) := QN B((,9).
z€9Q(¢,9)

Assume that there exists two functions v, w defined and Holder con-
tinuous with exponent o on a neighbourhood U of 0f2 in 2 such that
v<u<wonUand v = u =w on J. Then v is Holder continuous
with exponent « near 0f).

2.2. Complex Hessian operators. Following [Bl05], we can define
the Hessian operators acting on (locally) bounded m-subharmonic func-
tions as follows. Given wuy,--- ,ur € SH,(Q) N LX(Q) (1 < k < m),
one can define inductively the following positive (m — k, m — k)-current
on {2

dduy A - Nddu, A BT = dd(uyddug A - - A ddug A BTTT).

In particular, if u € SH,,,(2)NLS.(€2), the positive current (dd®u)™ A
£~ can be identifed to a positive Borel measure on €2, the so called

m-Hessian measure of u denoted by:
om(u) := (ddu)™ A ™.

Observe that when m = 1, 1 (u) = dd“u A "' is the Riesz measure
of u (up to a positive constant), while o, (u) = (dd°u)™ is the complex
Monge-Ampere measure of u.

It is then possible to extend Bedford-Taylor theory to this context.
In particular, Chern-Levine Nirenberg inequalities hold and the Hessian
operators are continuous under local uniform convergence and point-
wise a.e. monotone convergence on {) of sequences of functions in

SH(Q) N LE.(Q) (see [BI05], [Lul2)).

loc
We define 9 (©2) to be the positive convex cone of negative functions

¢ € SH,,(22) N L>(Q) with zero boundary values such that

/ (dd°p)™ N "™ < +o0.
Q
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These are the "test functions” in m-Hessian Potential Theory integra-
tion by parts formula is valid for these functions.

More generally it follows from [Lul2, Lul5] that the following prop-
erty hlods: if ¢ € £2(Q) and u,v € SH,,(2) N L>(Q) with u < 0, then
for0 <k<m-—1,

(2.5) /Q (—@)ddun(ddv)Fnpr—F1 < /Q (—u)dd A (ddv)* A Bt

An important tool in the corresponding Potential Theory is the Com-
parison Principle.

Proposition 2.7. Assume that u,v € SH,,(2) N L>(Y) and for any
¢ €09, liminf, ,¢(u(z) —v(z)) > 0. Then

/ (ddv)™ A < / (ddu)™ A gm—™.

{u<v} {u<v}

Consequently, if (dd“u)™ A B"~™ < (dd°v)™ A "™ weakly on ), then
u > v on ).

It follows from the comparison principle that if the Dirichlet problem
(1.1) admits a solution, then it is unique.

Let us recall the following estimates due to Cegrell ([Ceg04]) for
the complex Monge-Ampere operators and extended by Charabati to
complex Hessian operators ([Ch16]).

Lemma 2.8. Let u,v,w € E2(Q). Then for any 1 <k <m —1

3=
~
3
S
3

[y ddu A (ddev)* A (ddew)™F=1 A B < Ly () Ly (v)
where L (u) == [,,(ddu)™ A\ ™.
In particular, if Q) is strongly m-pseudoconvez, then

/Q ddeu A (dd“w)* A B < o (T ()™ (L(w))™ |

and
/ ddu A B < cpn (In ()™
Q

where ¢, > 0 48 a uniform constant.

The following consequence will be useful in the sequel. This result
is usually stated for plurisubharmonic functions on a bounded domain
with boundary values 0. Let us give a more general version using
Cegrell inequalities.
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Corollary 2.9. Let Q@ € C" be a bounded strongly m-pseudoconvex
domain. Assume that u,v € SH,,(Q) N L>®(Q) satisfy u < v on Q and
for any ¢ € 0, lim,_,¢(u(z) —v(z)) = 0. Then

/Q (ddv)™ A "™ < /Q (dd°u)™ A g™,

Proof. The proof is standard but let us repeat it here for the conve-
nience of the reader. We can assume that I, (u) == [, (dd“u)"Af"™™ <
+00.

Let p : Q@ —] — 00,0[ be a defining m-subharmonic function on a
neighbourhood of Q. In particular [, (dd®p)™ A "™ < 4o0. For fixed
e > 0, the function u. := u + ep is a bounded m-subharmonic function
such that u. = v on 09 and {u. < v} = Q.

Applying Proposition 2.7, we obtain

/ (dd°v)™ A gP™ < / (ddCu)™ A 7.

Q Q

Observe that

(ddu )™ AB"™™ = (ddu) AB" "+ C4e’ (ddu)™ I A(ddC p) AB"™.
j=1

By Lemma 2.8, there exists a constant C' > 0 depending on I,,,(u) and
I,,(p) such that for any 1 < j < m, we have

/Q (ddu)™ A (dd°p)i A B < C.
Therefore for any 0 < & < 1,
/Q (ddv)™ A B < /Q (dd°u)™ A B 4 2.
Letting € — 0, we obtain the required inequality. l

2.3. The bounded subsolution theorem. Let 2 € C” be a bounded
strongly m-pseudoconvex domain.
Assume there exists v € SH,,,(2) N L>(2) such that

(2.6) < (ddv)™ A B"™ on Q and wv|gg = 0.

Ngoc Cuong Nguyen proved that under this condition, the Dirichlet
problem (1.1) admits a unique bounded m-subharmonic solution (see
[N12]).

Theorem 2.10. ([N12]). Let Q € C" be a bounded strongly m-pseudoconvex
domain and i a positive Borel measure on ) satisfying the condition
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(2.6). Then for any g € C°(0NY), there exists a unique U = Uy, €
SH.n(2) N L>(2) such that (dd°U)™ A "™ = on Q and Ulgg = g¢.

2.4. The viscosity comparison principle. In order to prove Theo-
rem A, we will need to prove an important result (Theorem 3.2). The
proof of this result uses the viscosity comparison principle which was
established for complex Hessian equations by H.C. Lu ([Lul3]) in the
spirit of the earlier work by P. Eyssidieux, V. Guedj and the second
author on complex Monge-Ampere equations ([EGZ11]).

To state this comparison principle we need some definitions.

Let 2 € C™ be a bounded domain and F': 2 x R — R a continuous
function non-decreasing in the last variable.

Definition 2.11. Let u : @ — R U {—o0} be a function and ¢ be
a C? function in a neighborhood of z, € €. We say that ¢ touches u
from above (resp. below) at zo if q(29) = u(zp) and ¢(z) > u(z) (resp.
q(z) < u(z)) for every z in a neighborhood of z.

Definition 2.12. An upper semicontinuous function u : £ — R is a
viscosity subsolution to the equation

(2.7) (dd°u)™ A "™ = F(z,u)p",
if for any zo € Q and any C? function ¢ which touches u from above at
zo then

om(q) = F (-, q(20))8", at z = z.
We will also say that o,,(u) > F(-,u)8" in the viscosity sense at zo and
g is an upper test function for u at z.

Definition 2.13. A lower semicontinuous function v : 2 — R is a
viscosity supersolution to (2.7) if for any zgp € X and any C? function
¢ which touches v from below at zy then

[(dd°q)™ N "™, < F(z,q)8", at z = z.

Here [a™ A "~™], is defined to be itself if « is m-positive and 0 oth-
erwise. We will also say that o,,(v)y < F(-,v)8" in the viscosity sense
at zg and ¢ is a lower test function for v at z.

Remark 2.14. If v € C*(Q) then 6,,(v) > F(z,v)3" (resp. [om(v)]1 <
F(z,v)p") holds on € in the viscosity sense iff it holds in the usual
sense.

Definition 2.15. A continuous function u : 2 — R is a viscosity
solution to (2.7) if it is both a subsolution and a supersolution.

The first important result in this theory compares the viscosity and
potential subsolutions.
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Proposition 2.16 ([Lul3)). Let u be a bounded upper semi-continuous
function in Q. Then the inequality

(2.8) Om(u) > F(,u)p"
holds in the viscosity sense on € if and only if u is m-subharmonic and
(2.8) holds in the potential sense on Q.

Now we can state the viscosity comparison principle.

Theorem 2.17 ([Lul3]). Let u : Q2 — R be a bounded viscosity sub-
solution and v : Q@ — R be a wviscosity supersolution of the equation

Um(“) = F(vu)ﬁna
on Q. If u <wv on 0 then u < v on €.

For more details on this theory we refer to [Lul3] and [EGZ11] in
the complex case and to [CIL92] for the real case.

2.5. Weak stability estimates. An important tool in dealing with
our problems is the notion of capacity. This was introduced by Bedford
and Taylor in their pionneer work for the complex Monge-Ampere op-
erator (see [BT82]). Let us recall the coresponding notion of capacity
we will use here (see [Lul2|, [SA13]). Let 2 € C" be a strongly m-
pseudoconvex domain. The m-Hessian capacity is defined as follows.
For any compact set K C (0,

Cap,,(K,Q) = sup{/ (ddu)™ A B ™ u € SHuW(2),—1 <u < 0}.
K
We can extend this capacity as an outer capacity on 2. Given a set
S C (), we define the inner capacity of S by the formula
Cap,, (S, Q) := sup{Cap,, (K, ?); K compact K C S}.
The outer capacity of S is defined by the formula
Cap;, (S, Q) := inf{Cap,,(U,Q); U is open U D S},

It is possible to show that Cap;, (-, ) is a Choquet capacity and then
any Borel set B C () is capacitable and for any compact set K C (2,

(2.9) Cap, (K,Q) — /Q (ddeul )™ A B

where ug is the relative equilibrium potential of (K, €2) defined by the
formula :

ug = sup{u € SH,,(2); u < —1gon Q},

and u} is its upper semi-continuous regularization on  (see [Lul2]).
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It is well knwon that uj, is m-subharmonic on 2, —1 < uj < 0,
uj = —1 quasi-everywhere (with respect to Cap,,) on  and uj; — 0
as z — 0f) (see [Lul2]).

We will use the following definition.

Definition 2.18. Let i be a positive Borel measure on 2 and let
A,7 > 0 be positive numbers. We say that g is dominated by the
m-Hessian capacity with parameters (A, 1) if for any compact subset
K C Q with Cap,, (K, ) <1,

(2.10) w(K) < ACap,, (K, Q)".

Observe that by capacitability, this inequality is then satisfied for
any Borel set K C .

Let us mention that S. Kolodziej was the first to relate the domina-
tion of the measure p by the Monge-Ampere capacity to the regularity
of the solution to complex Monge-Ampere equations (see [Kol96]).

Using his idea, Eyssidieux, Guedj and the second author were able to
establish in [EGZ09] a weak stability L'-L> estimate for bounded so-
lutions to the Dirichlet problem for the complex Monge-Ampere equa-
tion. This result is the main tool in deriving estimates on the modulus
of continuity of solutions to the complex Monge-Ampere and Hessian
equations.

The following examples are due to Dinew and Kolodziej (see [DK14]).

Example 2.19. 1. Dinew and Kolodziej proved in [DK14| that the
volume measure Ay, is dominated by capacity. Namely for any 1 <
r < —"- there exists a constant N(r) > 0 such that for any compact
subset K C ),

(2.11) Aon(K) < N(r)Cap,, (K, Q).

Observe that this estimate is sharp in terms of the exponent when m <
n. This can be seen by taking 2 = B the unit ball and K := B, C B
the closed ball of radius s €]0, 1], since Cap,,(B,, B) ~ s>™™™) as s — 0
(see [Lul2]). When m = n we know that the domination is much more

precise (see [ACKPZ09]).
2. Let 0 < f € LP() with p > n/m. Then 2= > 1. By Holder
inequality and inequality (2.11) we obtain: forany 1 < 7 < z% there

exists a constant M (7) > 0 such that for any compact set K C €,

(2.12) /K fdAan < M(0)||f1l,Capy, (K, Q)7

Theorem A will provide us with many new examples.
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The condition (2.10) plays an important role in the following stability
result which will be a crucial point in the proof of our theorems (see
[EGZ09, GKZ08, Chl16]).

Proposition 2.20. Let p be a positive Borel measure on ) dominated
by the m-Hessian capacity with parameters (A, 1) such that T > 1.
Then for any u,v € SH,,(2) N L®(Q) such that (ddu)™ A"™ < u

on © and liminfsq(u — v) > 0, we have

(213)  sup(v—u); <2 W) 1Y Ol (v — )|,
where ||(v— )41, = [y (v —u)idp and

27 AE T—1
2.14 =14+ — = - — .
(2.14) Cim Lo {1 =) i=

Observe that the most relevant case in applications is when ||(v —
w)+ |1, is small. So the right exponent is v < 1/(m + 1).

Proof. The proof uses an idea which goes back to Kotodziej ([Kol96])
with some simplifications due to Guedj, Eyssidieux and the second
author (see [EGZ09, GKZ08]). It relies on the following estimates : for
any t > 0,5 >0

(2.15)  t"Cap,,({u<v—s—1},Q) < / (ddu)™ A "™,
{u<v—s}

Indeed let t > 0,s > 0 fixed and w € SH,,() be given such that
—1 <w < 0. Then

{u—v<—s—tyCc{u—v<tw—s}C{u—v<—s}e.
It follows that

tm/ uwmmAmnlg‘/ (dd° (v + tw))™ A BT
{u—v<—s—t} {u<v—s—t}

< / (dd(v + tw))™ A "™,
{u<vt+tw—s}
On the other hand the comparison principle yields

/ (ddf(v + tw))™ A B < / (ddeu)™ A g
{u<v+tw—s} {u<v+tw—s}

< / (ddu)™ N "™,
{u<v—s}
The last two inequalities imply (2.15).
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Applying inequality (2.15) with the parameter (s/2,s/2) instead of
(t,s) and taking into acount that u is a supersolution, we obtain

Cap,,{u <v—1s},Q) < 2ms_m/ (dd°u)™ A g™
{u<v—s/2}
(2.16) < gmitlgmm—l /(v —u)ydpu.
Q

Set sp :=2||(v —u), Hl/ (m+1) Then for any s > s,

(2.17) Cap,,{u <v—s},0) <1

Fix € > 0 and s > 0. Then applying inequality (2.15) with sop+s+¢
instead of s and taking into account the fact that (ddu)™ A "™ <
weakly on 2, we get

(2.18) t"Cap,,{u<v—s9—e—s—1},Q) < / dj.
{u<v—sp—e—s}

Set f(s) = f-(s) :== Cap,,{u—v < —s — 59 — e}, Q). By (2.17), we
have f(s) < 1. Hence since p is dominated by capacity, it follows that
for any ¢ > 0 and s > 0,

tf(s+1t) < A%f(t)“r“, where @ :=7—1> 0.

It follows from [EGZ09, Lemma 2.4]) that f(s) = 0 for any s > S
where
2 A .
2o

Thus v —u < sp+e+ 5 quasi everywhere on 2 and then the inequality
holds everywhere on 2 i.e.

Seo i=

1

max(v —u); < sg+ ¢+ Cap,,({v—u> e}, Q)

1—2¢
Applying (2.15) with t = ¢ and s = 0 we obtain
Cap,,({v —u>¢e}, Q) <27 (v —u) |1
As a consequence of the previous estimate, we obtain

sup(v =) < 2 (v = w1 42+ O 0 — w1,
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a+1 % .
where C' = 21_2111 . Set € = H(U — U)JFH’{’M, with Y o= m =
1
DG L hen

1/(m+1
sup(v = w)s < 2| = w) 1" + Cll(o = w4l

1 L
WhereC’::C’+1:1+2i12‘§;”:1—1—12_;%. O

3. SUBHARMONIC ENVELOPES AND OBSTACLE PROBLEMS

Here we prove some results that will be used in the proof of the
Theorem A. Since they are of independent interest, we will state them
in the most general form and give complete proofs.

3.1. Subharmonic envelopes. Let @ € C*" and h : Q@ — R is
a non positive bounded Borel function and define the corresponding
projection:

(3.1) h = Pna(h) = (sup{v € SH,,(Q); v < hin Q})*.

Observe that we do not need to take the upper semi-continuous regu-
larization if h is upper semi-continuous on 2. On the other hand, we
can easily see that

Pa(h) :=sup{v € SH»(Q); v < hquasi everywhere on 2},

where v < h quasi everywhere on () means that the exceptional set
where v > h has zero c¢,,-capacity.

This is a classical construction in Potential Theory and has been
considered in Complex Analysis first by H. Bremermann in [Bremb59],
J.B. Walsh in [Wal69] and also by J. Siciak in [Sic81]. Later it has been
studied by Bedford and Taylor when solving the Dirichlet problem for
the the complex Monge-Ampere equation ([BT76], [BT82]. In the set-
ting of compact Kahler manifolds it has bee considered R. Berman and
J.-P. Demailly in [BD12] and later in [Ber19]. It has been also consid-
ered recently in [GLZ19] in connexion with the supersolution problem
for complex Monge-Ampere equations, where a precise estimate of its
complex Monge-Ampere measure was given.

We will extend these last results to Hessian equations.

Lemma 3.1. Let 0 € C" be a bounded strongly m-pseudoconver do-
main and h a bounded lower semi-continuous function on €). Then the
function h := Py, (h) satisfies the following properties:

(i) h € SHpW(Q) NL2(Q), and h < h a.e. on Q;
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(ii) if h is continuous on Q, then h is continuous on Q with a modulus
of continuity k;, < Ky and

(3.2) lim h(z) = h((), ¢ € 99,

Q3z—(¢
(iii) [o,(h — h)(dd°h)™ A B"~™ = 0.

Proof. Observe that mingh < h < maxgh on Q. 1. Property (i)
follows from the general theory (see [Lul2]).

2. Property (i7) can be proved using the perturbation method due to
J.B. Walsh (see [Wal69]). Let us recall the argument for completeness.

We first prove that A satisfies (3.2) meaning that it has boundary
values equal to h and then it extends as a function on Q which is
continuous on 9. Indeed fix € > 0 and let &’ be a C? approximating
function on € such that h —e < b/ < h on Q. Let p be the strongly
m-subharmonic defining function for 2. Then there exists a constant
A > 0 such that u := Ap + h' is m-subharmonic on Q and u <A’ < h
on . Then by definition of the envelope, we have v < h < h on .
Therefore for any ¢ € 01,

M)~ Q) = lim u(2)

03z—C

< liminf h(z) < limsup h(z) < h(¢).
252=( Q5z—C¢

Since € > 0 is arbitrary, we obtain the identity (3.2). We can then
extend & to Q by setting A(¢) = h(¢) for ¢ € dN. To prove the
continuity of h on ), we use the perturbation argument of J.B. Walsh.
Fix 6 > 0 small enough, a € C" and set 2, := —a + €.

Observe that the (uniform) continuity of 2 = h on the boundary
implies that for 0 < § << 1, if |a|] < ¢ and z € QN 9Q,, we have
h(z+a) = h(z +a) < h(z) + rn(0). i i

Moreover since h is (uniformly) continuous on €, for any z € QN Q,
|h(z + a) — h(2)| < Kkx(J). Therefore the function defined by

o(z) = { I}l&x{ﬁ(z), hz+a)—ka()} ifzeQnQ,
L) if €0\ Q

is m-subharmonic on {2 and satisfies v < h on Q. Therefore v < h on
Q and then h(z + a) — kx(0) < h(2) for any 2 € QN Q, with |a| < 4.
3. Property (iii) follows by a standard balayage argument in Poten-
tial Theory which goes back to Bedford and Taylor for the complex
Monge-Ampere equation ([BT76], [BT82], see also [GLZ19]). O
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3.2. An obstacle problem.

Theorem 3.2. Let h € C2(Q). Then h := P,oh € SH,,(Q) N C%(Q)
and its m-Hessian measure satisfies the following inequality :

(3.3) (ddR)™ A 37 < 1o (h),
in the sense of currents on 2.

Here for a function h € C2(Q), we set
o (h) :=1gom(h),

m

pointwise on €2, where G is the set of points z €  such that dd°h(z) €
O,, i.e. the (1,1)-form dd°h(z) is m-positive (see Definition 2.1).

Proof. To prove (3.3), we proceed as in [GLZ19], using an idea which
goes back to R. Berman [Ber19].
Thanks to the property (i7) of Lemma 3.1, it is enough to prove that

(3.4) (dd°h)™ A B"™ < o (h),
in the sense of currents on 2.

We procced in two steps:

1) Assume first that € is smooth strongly m-pseudoconvex and h €
C%(Q2) and consider the following Dirichlet problem for the complex
m-Hessian equation depending on the parameter j € N,

(3.5) (dd°u)™ A g™ = 1Mot (h), u=hin ON.

By [Lul3], for each j € N, there exists a unique continuous solution
u; € SH,(2) NCY(Q) to this problem (see also [Ch16]).

Our goal is to prove that the sequence (u;);en increases to h uni-
formly on Q. We argue as in [GLZ19] with obvious modifications.
Recall h is C2 in Q. Then by definition h is a viscosity supersolution
to the Dirichlet problem (3.5). Moreover by Proposition 2.16, u; is a
viscosity subsolution to the Dirichlet problem (3.5). By the viscosity
comparison principle Theorem 2.17, we conclude that u; < h in 2 since
uj = h on 0f.

Therefore the pluripotential comparison principle Proposition 2.7 im-
plies that (u;) is an increasing sequence. On the other hand, by Theo-
rem 2.10 there exists a bounded m-subharmonic function 1 on 2 which
is a solution to the complex Hessian equation

o) = "ot ()

with ¢» = h on 0f). Moreover for any j € N, one can easily check that
the function defined by the formula

= (1= 1/§)h+ (1/§)(¢) — mlog j)
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is a (pluripotential) subsolution to the equation (3.5), since & < h on
2. Hence by Proposition 2.7 we have ¢; < u; on 2.

Summarizing we have proved that for any j € N, ¢, < u; < h on
Q. Therefore 0 < h —u; < h —1h; = (1/§)(h — 1 + mlogj) on Q for
any j € N*. This proves that u; converges to h uniformly on €. Then
since u; < h on 2, taking the limit as j — 400 in (3.5) we obtain
inequality (3.4) by the continuity of the Hessian operators for uniform
convergence (see [Lul2]).

2) For the general case of a bounded m-hyperocnvex domain, we
approximate € by an increasing sequence (£2;);en of smooth strongly
m-pseudoconvex domains such that for any j € N, Q2,1 C Q; and
Q = U,en;. Then it is easy to see that the sequence (P, oh;) decreases
to Poh on Q (see [GLZ19]). Thus the result follows from the previous
case by the continuity of the Hessian operator for monotone sequences.

U

It’s worth mentioning that these envelopes have been considered
by Berman and Demailly in the context of compact Kéhler manifolds
where they proved that if i is C? then P(h) is C*! and equality holds
in (3.3), which means that P(h) is a solution to an obstacle problem
(see [BD12)]).

We can address a similar question.

Question : Is it true that i is C** locally on Q when h is C% on Q ?
Is there equality in (3.3) 7

Corollary 3.3. Let Q2 € C" be a strongly m-pseudconver domain. Let
u € SH, () a negative m-subharmonic function. Then there exists a
decreasing sequence (u;) of continuous m-subharmonic functions on 2
with boundary values O which converges pointwise to u on ).

Proof. We can assume that u is bounded on {2 and extend it as a
semi-continous function on 2. Let (h;);en be a decreasing sequence of
smooth functions in a neighbourhood of Q which converges to v in Q.
For each j € N, consider the m-subharmonic envelope v; := Pph; on (2
and set u; := max{v;, jp} on Q, where p is a continuous m-subharmonic
defining function for 2. Then by Lemma 3.1, by the Lemma (u;) is
a decreasing sequence of continuous m-subharmonic functions on 2
which converges to u on ). O

Applying the smoothing method of Richberg it is possible to con-
struct a decreasing sequence of smooth m-subharmonic functions on 2
which converges to u in € (see [P14]).
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4. HESSIAN MEASURES OF HOLDER CONTINUOUS POTENTIALS

In this section we will prove two important results which will be used
in the proof of the main theorems stated in the introduction.

4.1. Hessian mass estimates near the boundary. Here we prove
a comparison inequality which seems to be new even in the case of a
complex Monge-Ampere measure.

Lemma 4.1. Let 2 € C" be a bounded strongly m-pseudoconvez do-
main and ¢ € SH,, () NC*(Q) (0 < a<1) with p =0 on IQ. Then
for any Borel set K C (), we have

[ (@ g < (0] Cap, (K.9),

where
Ok (09) := supdist(z; 00).
zeK

The constant 0k (0€2) is the Hausdorff distance of K to the boundary
in the sense that Jx(0€2) < € means that K is contained in the e-
neighbourhood of 0.

The relevant point here is that the estimate takes care of the be-
haviour at the boundary. It shows in particular that if the volume of
the compact set is fixed, the capacity tends to +o0o when the com-
pact set approaches the boundary at a rate controlled by the Hausdorff
distance of the compact to the boundary.

Proof. By inner regularity, we can assume that K C () is compact.
Since ¢ is Holder continuous on €2, we have ¢(¢) — ¢(z) < k|¢ — 2| for
any ¢ € 02 and any z € 2.

Fix a compact set K C . Since ¢ = 0 in 012, it follows that for any
z e K,

—p(z) < k[dist(z,00)]" < k[0 (0Q)]" =: a.

Therefore the function v := a ' € SH,,(Q) and v < 0 on Q and v >
—1in K. Fix e > 0 and let ux be the relative extremal m-subharmonic
function of (K, ). Then K C {(1+ e)uj, < v} U{ux < uj}. Since
the set {ux < ul} has zero m-capacity (see [Lul2)), it follows from
the comparison principle that for any ¢ > 0,

/(ddcv)m Aﬂnfm < / (ddc?})m /\ﬁnfm
K {(A+e)uj <v}

a+ar [ (ddvwi )™ A B
{(A+e)uj, <v}

< (14¢)"Cap,, (K, Q).

IN



THE HOLDER CONTINUOUS SUBSOLUTION THEOREM 21

The last inequality follows from (2.9). The estimate of the Lemma
follows by letting ¢ — 0. O

4.2. Holder continuity of Hessian measures. In order to prove
the Holder continuous subsolution theorem we need an additional ar-
gument following an idea which goes back to [DDGKPZ15] and used
in a systematic way in [N18a] (see also [KN20b]).

Given a continuous function g € C°(99Q) and a real number R >
0, we denote by &9 (2, R) the convex set of bounded m-subharmonic
functions v on € such that v = g on 02 normalized by the mass
condition [,(ddv)™ A "™ < R.

In order to prove Theorem B, we will need the following Lemma:

Lemma 4.2. Let p € E2(Q)NCYQ) (0 < a < 1) and g € C°(0Q) and
R > 0. Then for any 1 < k < m, there exists C, = C(k,m,Q, R) > 0
such that for every u,v € £9,(Q, R)

(4.1) / o] (dd0)* A B < O [llu — o]l |

provided that |lu — vl := [, |u—v|dAs, < 1, where oy, == a*27F.
Proof. Recall the following notation for the complex Hessian measure
of ¢:

or(p) == (dd°p)" A "% 1<k <m.

We can assume that u > v, since max{u,v} € £%(2) and |u —
v| = (max{u,v} —u) + (max{u,v} — v). Moreover by the comparison
principle, for any ¢ > 0, u. := max{u,v — e} € £9(2, R). Therefore,
replacing u by u., we can assume that u = v near the boundary.

On the other hand by approximation on the support S of u—wv which
is compact, we can assume that u and v are smooth on a neighbourhood
of S.

We will argue by induction on k. For k£ = 0, the inequality is obvi-
ously satisfied with Cy = 1.

Assume that the inequality holds for some integer 0 < k < m i.e.

(42) [ w= o) < Cullu= ol
Q
We will show that there exists C,q > 0 such that

/Q (4= 0)os1(0) < Cronn [llu— o]+

We will approximate ¢ by smooth functions. We first extend ¢ as a
Holder continuous function on C”.
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Indeed recall that for any z, ¢ € €, we have ¢(z) < ¢(¢) + k|2 — (|
Then it is easy to see that the following function

(4.3) p(2) = sup{p(¢) — x|z = (|* ¢ € 0}, z€C.
is Holder continuous of order av on C" and ¢ = ¢ on €). For simplicity,
we will denote this extension by ¢.

Then we denote by ¢s the smooth approximants of ¢ on C", obtained
by the formula (2.3).

Then by Lemma 2.3 for 0 < § < &y, @5 € SH.,(25) NC(C™).

To prove the required estimate, we write

/(u_v)(ddcgo)k—l-l /\Bn—k—l — A+B,
Q
where
A= /(u —v)dd®ps A (dd°)* A BmF 1
Q

and
B - / (1 — 0)dd (05 — ) A (ddp)* A B,
Q

We estimate each term separately. Fix 0 < § < dy. Since ¢ is Holder
continuous, we have |ps(z) — p(2)| < kK0 for any z € Q.

Moreover, differentiating the formula (2.2), we obtain for z € €,
KO
?ﬁa
where M; > 0 depends only on €2 and .

By (4.4) and (4.2), we have

KJ(SOC — «
(4.5) Al < Ml? /(u —0)op(p) < MCypkd® 2Cy [||u — v]|1]™* .
Q

To estimate B, observe that, since u — v = 0 near the boundary, we

can integrate by parts to get the following formula

b= /(so — @s)dd (u —v) A (ddp)* A BT,
Q

(4.4) ddps(z) < M,

and then
1B1 < [ los = eldd*(u+0) A ) g7
Q
Therefore since |ps — | < k0 on €, it follows that

(4.6) 1B < (Ix(u, @) + Ix(v, p)) k6%,
where Ii(u, ) := [, dd°u A (dd°p)* A k-1
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Observe that by Lemma 2.8 and the normalization mass condition,
it follows that there exists a constant d(m,n) > 0 such that for any
1<k <m, Ii(u,p) + Ix(v,p) < d(m,n).

Combining this with the inequalities (4.5) and (4.6), we obtain for
0<d< 50,

/(u —0)ops1 (@) < MiCLed® ?[||u — v|[1]* + d(m, n)Kd™.
Q

Since [||u — v||; < 1., we can take 6 = do/[||lu — v||1]* < & the last

inequality to obtain

[w=voate) < A0 +dm,n) w (V= o)
= Crafllu = v[[]*,
where a1 1= ag(a/2). O

It is an open problem to know the precise modulus of continuity
of the Hessian measure o,,(¢) acting on the space of normalized m-
subharmonic potentials £9,(Q, R) C L'(Q, A\g,). We also don’t know if
the lemma is true when the total mass of the Hessian measure o,,(¢)
on € is infinite.

5. PROOFS OF THE MAIN RESULTS

In this section we will give the proofs of Theorem A and Theorem B
stated in the introduction using the previous results.

5.1. Proof of Theorem A. For the proof of Theorem A, we will
use the same idea as [KN20b]. However, since our measure has not a
compact support, we need to use the control on the behaviour of the
mass of the m-Hessian of the subsolution close to the boundary, given
by Lemma 4.1.

Proof. We extend ¢ as a Holder continuous function on the whole of
C™ with the same exponent and denote by ¢ the extension (see (4.3)).
Then denote by s (0 < § < dy) the smooth approximants of ¢ on
2 defined as usual by the formula (2.3). Then we know that ¢s €
SH.(25) NC=(C™).

We consider the m-subharmonic envelope of s on €2 defined by the
formula

s = sup{y) € SH,(Q);¢ < s on Q}-
It follows from Lemma 3.1 that 5 € SH,, () and 15 < @s on €.



24 AMEL BENALI AND AHMED ZERIAHI

Fix 0 < 0 < dp and a compact set K C {25 and consider the set
E = {3r0uj + s < o — 2k0“} C Q.

Since ¢ is Holder continuous on €, we have ¢ — k6® < 5 < @ + K6®
on Q and then ¢ — k§* < Y5 < @5 < @(z) + kKI* on . Therefore
liminf, ,s0(¢s — ¢ + kKd*) > 0, and then E € Q. By the comparison
principle, we conclude that

/(ddc@)m AT < /(ddc(SIi&xu;{ + )" A BT™

E E

6. < anL® [ (A i+ )" A B
E

where L := maxg<j<m—1(3K05)".

Observe that —1 + ¢ — k0* < uj + s < @ + k0“ on €, hence
|uhe + s < supgq ||+ 1+ k6§ =: My on Q.

Therefore from inequality (5.1), it follows that

(5.2)
/ (dd°p)™ A 3" < 36 LMI"Cap, (E, Q) + / (ddeebs)™ A g7
E E
Since ¢ is Hélder continuous on €2, we have

M1 KO
52
where M; > 0 is a uniform contant depending only on €.

Hence by Theorem 3.2, we have

(5.3) dd°ps < B, on €,

(54)  (ddys)™ AT < (om(ps)) s < g8,
in the sense of currents on €.
Therefore

/E (ddps)™ A B < MR N, (E).

From this estimate and the inequalities (5.2) and (5.4), we deduce
that
(5.5)

/ (dd°p)™ A B"~™ < 3k6CLMCap,, (E, Q) + Msm5@=2m ), (E).
E
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By the volume-capacity comparison inequality (2.11), it follows that
for any fixed 1 < r < - there exists a constant N(r) > 0 such that

(5.6) Aon(E) < N(r)[Cap,,(E, Q).

Since F C {u}; < —1/3}, by the comparison principle we deduce the
following inequality

(5.7) Cap,,(F, Q) < 3™Cap,, (K, Q).

Since K\ {ux < u}} C F and K N{ux < uj} has zero capacity, it
follows that [, (dd°@)™ A "™ < [ (dd°p)™ A ™.

Therefore if we set ¢, (+) := Cap,, (-, ), we finally deduce from (5.5),
(5.6) and (5.7) that for a fixed 0 < 0 < Jy and any compact set K C €y,
we have

(58) /(ddCQO)m/\Bnm S Coli(sacm(K> +Clmm6(a72)m[cm(K)}l+r.
K

where Cp := 3™ LM" and Cy := M{"3™" N(r).
By inner regularity of the capacity, we deduce that the previous
estimate holds for any Borel subset B C ()5 i.e.

(5.9) / (dd°p)™ A B"™™ < Cord®cp(B) 4+ C1a™6@= 2™ ¢, (B)].
B
Let K C ) be any fixed compact set and 0 < § < dg. Then

[ o ngr= [ AT | oy g

K\Qs

We will estimate each term separately. By (5.9) the first term is
estimated easily:

/ (dd*p)™ A B < Cord®ep(K) + Cor™§=2mmae, ()]
KNQs

To estimate the second term we apply Lemma 4.1 for the Borel set
B := K\ Q. Since d5(0€2) < 0 we get

/ (dd°p)™ A B"™™ < KM, (K).
K\Qs

Therefore we obtain the following estimate. For any 0 < § < dg and
any compact set K C €2, we have

(5.10)
/ (ddep)™ AB™™™ < Cord®cp (K )+Crm8 D™ e, (K) | +xm ™, (K).
K
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We want to optimize the right hand side of (5.10) by taking 0 :=
en(K)] FeF7e.

Observe that if §x(02) < [¢,(K)]@=mFe then by Lemma 4.1 we
get

(5.11) / (dd*p)™ A B"™ < K" e ()] P
K

Now assume that [c,, (K)]@®m%a < §,(09) < 6. Then we can take
§ := [epm(K)]E=mFa in inequality (5.10) and get

(5:12) [ (@G A B < (Con o+ Con™ ) e (RO
K

Combining inequalities (5.11 ) and (5.12), we obtain the estimate of
the theorem with the constant A given by the following formula:

(5.13) A= Cyk + C1E™ + k™.
O

5.2. Proof of Theorem B. Now we are ready to prove Theorem B
from the introduction using Theorem A and Lemma 4.2.

Proof. According to Theorem 2.10, we know that there is a unique

function v € SH,,,(Q2) N L>(2) such that
(ddcu)m /\Bn—m = u,

in the weak sense on €2 and u = g on 0f2.

To complete the proof we need to show that u is Holder continuous
up to the boundary.

For 0 < § < Jy and denote as before by us(z) the d-regularization of
u. Recall that us is m-subharmonic on €.

We construct a global m-subharmonic function us; which is close to
ug on 5.

By [N14] there exists a continuous maximal m-subharmonic function

w € SH(Q) N CYN) such that w = g on JQ. Then v = w+ ¢ €
SH(2) N C¥(Q) is a subsolution to the Dirichlet problem (1.1) such
that v = g on 09). Hence v < u < w. To prove Holder continuity on
), it’s enoug by Lemma 2.5 to estimate us := u % x5 on {s.

We claim that there exists a constant x > 0 such that for z € 9€;,
we have u(z) > us(z) — k6®. Indeed fix z € 0€25. Then there exists

¢ € 09 such that |z — (] = . Since v < u < w on Q and they are equal
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on 0f), it follows that

us(z) < ws(z) < w(z) + Kywd®
< w(C) + 264,0% = v(C) + 2K,0°
< 0(2) + (K + 264)0”
< u(z) + KoY,
where k := Kk, + 2k, and K, (resp. k) is the Holder constant of v

(resp. w). This proves our claim.
Therefore the following function

. { max{us — k0%, u} on Qs,
Us ‘=

u on 2\ Qs
is m-subharmonic and bounded on € and satisfies 0 < us(z) — u(z) =
(us(2) — u(z) — kd*)y <wus(z) —u(z) for z € Qs and us(z) —u(z) =0

on Q\ Q.
Moreover, since s > u on €2 and 4s = u on Q \ €5, Corollary 2.9
implies that

/ (ddcﬂ(g)m ApTTm <L / (ddcu)m A BT,
Qs Qs

Hence for any 0 < § < &g, we have

Q/MJMWAB”mSMM)<m.
Q

Since us > wu on §2, Proposition 2.20 implies that for any 0 < v <

y(m,n,a) = m(m—&-l)TZjé—Q(n—m)’ there exists a constant D., > 0 such that

any 0 < 9 < do,

(5.14) sup(is — ) < D, ( [ (d = wa)

Q

On the other hand, since p < (dd®p)™ A 5"~™ on €, it follows from
Theorem A that we can apply Lemma 4.2 and get for 0 < § < &y,

Jas—uin < co( - uEane)
SC%(L}M@—MQMQOM-

By Lemma 2.3, the previous inequality implies that
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(5.15) / (@ — u)dp < Co(B]| Auflad).

Since max{us — kd* u} —u < us —u on €, it follows from the
equations (5.14) and (5.15) that

supq (s — u) + KO“

Supg, (us — u) .
C D., (B||Aul|od?)"™ + kd°.

ININ

By Lemma 2.8, we have ||Aullq < ¢nnp(2)Y™ < +o0o. Then for
0 <9 < dp,
sup(us — u) < C'(m,n, a)§>1em.
Qs
Since 2ya,, < «, it follows by Lemma 2.5 that for 0 < § < dp and
z € Qs,
sup u < u(z) +C”"(m,n,a)d>*m,
B(z,6)
where C”(m,n,a) > 0 is a positive constant which can be made ex-
plicity using the proof in [GKZ08]. This proves the Holder continuity
of u on Q. 0

Aknowledgements: The authors are indebted to Hoang Chinh Lu
for his very careful reading of the first version of this paper and for
valuable comments that helped to correct some errors and to improve
the presentation of the paper. They also would like to thank Vincent
Guedj for interesting discussions and Ngoc Cuong Nguyen for useful
exchanges about his earlier work on this subject.

This project started when the first author was visiting the Institute of
Mathematics of Toulouse (IMT) during the spring 2017 and 2018. She
would like to thank IMT for the invitation and for providing excellent
research conditions.

REFERENCES

[ACKPZ09] P. Ahg, U. Cegrell, S. Kolodziej, HH. Pham, A. Zeriahi: Partial En-
ergy and Integrability Exponents. Adv. Math. 222 (2009), no. 6, 2036-2058.

[AV]  S. Alekser, and M. Verbitsky : Quaternionic Monge-Ampére equations and
Calabi problem for HKT-manifolds. Israel J. Math. 176 (2010), 109-138.

[BT76] E. Bedford, B.A. Taylor : The Dirichlet problem for a complex Monge-
Ampeére equation. Invent. Math. 37 (1976), no. 1, 1-44.

[BT82] E. Bedford, B.A. Taylor : A new capacity for plurisubharmonic functions.
Acta Math. 149 (1982), no. 1-2, 1-40.

[Ber19] R. Berman : From Monge-Ampére equations to envelopes and geodesic rays
in the zero temperature limit. Math. Z. 291 (2019), no. 1-2, 365-394.



THE HOLDER CONTINUOUS SUBSOLUTION THEOREM 29

[BD12] R. Berman, J.-P. Demailly : Regularity of plurisubharmonic upper en-
velopes in big cohomology classes. Perspectives in analysis, geometry, and
topology, 39-66, Progr. Math., 296, Birkhiiser/Springer, New York, 2012.

[Bl05] Z. Blocki : Weak solutions to the complex Hessian equation. Ann. Inst.
Fourier (Grenoble) 55(5), (2005) 1735-1756.

[Brem59] H. J. Bremermann : On a generalized Dirichlet problem for plurisub-
harmonic functions and pseudo-conver domains. Characterization of ilov
boundaries. Trans. Amer. Math. Soc. 91 (1959), 246-276.

[Ceg04] U. Cegrell : The general definition of the complex Monge-Ampére operator.
Ann. Inst. Fourier (Grenoble) 54, no. 1, (2004) 159-179.

[Ch16a] M. Charabati: Le probléme de Dirichlet pour I’équation de Monge-Ampére
complexe. These de Doctorat de I’Université de Toulouse, Paul-Sabatier,
2016.

[Ch16] M. Charabati: Modulus of continuity of solutions to complex Hessian equa-
tions. Internat. J. Math. 27 (2016), no. 1, 1650003, 24 pp.

[CIL92] M. G. Crandall, H. Ishii, P. L. Lions, User’s guide to viscosity solutions of
second order partial differential equations, Bull. Amer. Math. Soc. (N.S.)
27 (1992), no. 1, 1-67.

[DDGKPZ15] J.-P. Demailly, S. Dinew, V. Guedj, S. Kolodziej, H.H. Pham, A.
Zeriahi: Hélder Continuous Solutions to Monge-Ampere Equations J. Eur.
Math. Soc. (JEMS) 16 (2014), no. 4, 619-647.

[DGZ16] S. Dinew, V. Guedj, A. Zeriahi : Open problems in pluripotential theory.
Complex Var. Elliptic Equ. 61 (2016), no. 7, 902-930.

[DK14] S.Dinew, S. Koldziej: A priori estimates for the complex Hessian equation.
Anal. PDE 7 (2014), no. 1, 227-244.

[EGZ09] P. Eyssidieux, V. Guedj, A. Zeriahi : Singular Kdhler-FEinstein metrics.
J. Amer. Math. Soc., 22 (2009) 607-639.

[EGZ11] P. Eyssidieux, V. Guedj, A. Zeriahi, Viscosity solutions to degenerate
complex Monge-Ampére equations, Comm. Pure Appl. Math. 64 (2011),
no. 8, 1059-1094.

[GKZ08] V. Guedj, S. Kotodziej, A. Zeriahi : A. Holder continuous solutions to
Monge-Ampere equations. Bull. Lond. Math. Soc. 40 (2008), no. 6, 1070-
1080.

[GZ17] V. Guedj, A. Zeriahi : Degenerate complex Monge-Ampére equations. EMS
Tracts in Mathematics, 26. European Mathematical Society (EMS), Ziirich,
2017.

[GLZ19] V. Guedj, C.H. Lu, A. Zeriahi : Plurisubharmonic envelopes and superso-
lutions. J. Differential Geom. 113 (2019), no. 2, 273-313.

[Kol96] S. Kotodziej, Some sufficient conditions for solvability of the Dirichlet prob-
lem for the complex Monge-Ampére operator. Ann. Polon. Math. 65 (1996),
11-21.

[Kol05] S. Kolodziej, The complex Monge-Ampére equation and Pluripotential The-
ory. Mem. Amer. Math. Soc. Vol 178, n 840 (2005), 64 pp.

[KN20a] S. Kotodziej, N.C. Nguyen : A remark on the continuous subsolution
problem for the complex Monge-Ampére equation. Acta Math. Vietnam.
45 (2020), no. 1, 8391..



30

AMEL BENALI AND AHMED ZERIAHI

[KN20b] S. Kotodziej, N.C. Nguyen : An inequality between complex hessian mea-

ILi04]
[Lul2]
[Lul3)

[Lul5]

sures of Holder continuous m-subharmonic functions and capacity. Geo-
metric Analysis, p. 157-166, Part of the Progress in Mathematics book
series (PM, volume 333)(2020).

S.-Y. Li: On the Dirichlet problems for symmetric function equations of
the eigenvalues of the complexr Hessian. Asian J. Math. 8 (2004), 87-106.
C.H. Lu : Equations Hessiennes Complezes. These de Doctorat de
I’Université de Toulouse, Paul-Sabatier, 2012.

C.H. Lu: Viscosity solutions to complex Hessian equations. J. Funct. Anal.
264 (2013), no. 6, 1355-1379.

C.H. Lu : A wariational approach to complex Hessian equations in C™. J.
Math. Anal. Appl. 431 (2015), no. 1, 228-259.

[LPT20] C.H. Lu, T.T. Phung, T.D. Té : Stability and Hioder continuity of solu-

IN12]
IN14]

[N18a)

[N20]

[P14]
[Sic81]

[SA13]

[SW]

[Wal69]

[Ze20]

tions to complex Monge-Ampére equations on compact hermitian manifolds.
preprint 2020.

N.C. Nguyen : Subsolution Theorem for the Complexr Hessian Equation.
Univ. Tagiell. Acta Math. 50, (2013), 69-88.

N.C. Nguyen : Hdélder continuous solutions to complex Hessian equations.
Potential Anal. 41, no. 3 (2014), 887-902.

N.C. Nguyen : On the Holder continuous subsolution problem for the com-
plex Monge-Ampére equation. Calc. Var. Partial Differential Equations 57
(2018), no. 1, Art. 8, 15 pp.

N.C. Nguyen : On the Hélder continuous subsolution problem for the com-
plex Monge-Ampére equation, II. Analysis and PDE, 13 (2020), no 2, 435-
453.

S. Plis : The smoothing of m—subharmonic functions. arxiv: 1312.1906v2
(2014).

J. Siciak : Extremal plurisubharmonic functions in C™. Ann. Pol. Math. 39
(1981), 175-211.

A. Sadullaev, B. Abdullaev : Capacities and Hessians in the class of m-
subharmonic functions. (Russian) Dokl. Akad. Nauk 448 (2013), no. 5,
515-517; translation in Dokl. Math. 87 (2013), no. 1, 88-90

J. Song and B. Weinkove : On the convergence and singularities of the
J-flow with applications to the Mabuchi energy, Comm. Pure. Appl. Math.
61 (2008), 210-229.

J.B. Walsh : Envelopes of plurisubharmonic functions. J. Math. Mech. 18
(1969), 143-148.

A. Zeriahi : Remarks on the modulus of continuity of subharmonic func-
tions. Preprint 2020.

AMEL BENALI, UNIVERSITY OF GABES, FACULTY OF SCIENCES OF GABES,
LR17ES11, MATHEMATICS AND APPLICATIONS, 6072, GABES, TUNISIA
E-mail address: amelmath.kabs@gmail.com

AHMED ZERIAHI, INSTITUT DE MATHEMATIQUES DE TOULOUSE, UNIVERSITE
DE Tourousg, CNRS, UPS, 118 ROUTE DE NARBONNE, 31062 TOULOUSE
CEDEX 09, FRANCE

E-mail address: ahmed.zeriahi@math.univ-toulouse.fr



