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The levitation of a sphere by two parallel turbulent jets
Thomas Barois, Guillaume Ricard, Victor Champain, Lucas Gey, and Hamid Kellay1

Univ. Bordeaux, CNRS, LOMA, UMR 5798, F-33405 Talence, France

Two vertical turbulent round jets are used to levitate a spherical particle. First, a symmetric configuration is
investigated with the two jets of equal flow rates. A structure reminiscent of a pitchfork bifurcation is reported
and characterized between a double trap configuration for low flow rates and a single trap regime at larger
flow rates. A second configuration is then studied with the flow rates that differ between the left and the
right jets. In this case, a preferential transition towards the jet of higher flow rate is reported and quantified.
A model is presented predicting the force field for the symmetric and the asymmetric configurations. The
model is compared to the force field measurements realized with a particle on a flexible cantilever. Finally,
a particle dynamics simulation is proposed to analyze in more details the transition for the levitation in the
symmetric and the asymmetric configurations.
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I. INTRODUCTION

The object of this work is to investigate the trapping and the dynamics of a spherical particle in levitation above
two adjacent round jets. The purpose of this study is to evaluate if it is possible to control the position of a particle in
levitation by a set of air jets without moving the jets nozzles. Two situations are addressed in this perspective. First,
the location of a levitating particle is investigated in a configuration with the two jets of equal flow rate. Second, the
motion of the particle is studied with a different flow rate for the two jets.
Among the realizations of levitation in physics1, the fluid levitation is probably the simplest to perform. The term

fluid levitation may refer either to a levitation by a fountain2,3 or a levitation by a turbulent jet4–7. For the levitation
by a fountain, a water jet in air is typically used and the structure of the water jet is dominantly governed by gravity
and surface tension, with little influence of the shear at the water/air interface. For turbulent jet levitation, only one
fluid is involved and the jet structure is the result of an open shear flow.
In this study, only the fluid levitation with turbulent air jets is considered in a configuration for which the jets are

vertical and with an ascending flow in order to levitate heavy object. The stability of a spherical particle in a single
vertical turbulent jet is attributed to the Coandă effect8: with the sphere slightly off the jet axis, the deflection of the
jet by the particle results in a net force oriented towards the jet axis9. The Coandă effect with monophasic jets is a
high Reynolds number effect related to a momentum transfer involving the fluid inertia. The turbulent nature of a
jet is not a priori required for the Coandă effect to exist but the levitation in monophasic vertical jets is practically
observed in the turbulent regime. The levitation in non-turbulent jets is however possible with tilted jets4 at moderate
Reynolds numbers Re ∼ 10. Inverted levitation is also possible in water experiments with jets pointing downward
and buoyant particles10,11.
A turbulent jet in the high Reynolds number regime has a universal structure12,13. Except close to the nozzle14,15,

the mean velocity profile is self-similar with a rescaling depending on the ratio of the radial distance with the distance
to nozzle. The flow is maximal on the jet axis and it decreases proportionally to the inverse distance to the nozzle.
The width of the jet is also proportional to the distance to the nozzle which gives a conical structure for a round jet.
For the levitation in a single jet, the equilibrium distance to the nozzle is a function of the flow rate. The flow rate

has to be above a threshold related to the weight of the ball to allow levitation away from the nozzle. If the flow
rate is increased above this threshold, the distance to the nozzle increases until the levitation state is lost because the
fluctuations of the sphere are sufficient to release it. Note however that a non-contact state is possible well below the
levitation threshold. This regime corresponds to suspension of the sphere in the lubrication limit with a very thin gap
between the object and the nozzle. This strategy may be used to suppress thermal loses of heated objects16–18 or to
get rid of the solid friction with heavy spheres19. Also, vertical air flows may be used below the levitation threshold
to investigate air-fluidized granular layers20.

In section II., the experimental setup used to capture a particle with two jets is presented. Then, a first configuration
is investigated in section III. with the two jets having identical flow rates. Section IV. presents the measurement used
to obtain a mapping of the force field. Section V. presents the experimental results obtained when the flow rate is
different between the two jets. Finally a particle dynamics simulation approach is presented in section VI.

II. EXPERIMENTAL SETUP

The experiments are performed with air jets in an open room. The image in figure 1 (a) presents a ping-pong ball
levitating above two jets of equal flow rates. The diameter of the ball is D = 4 cm, its mass is m = 2.7 g. This
configuration with two adjacent jets is a macroscopic equivalent of dual optical traps21–25.

The sketch in figure 1 (b) presents the structure of the connected tubes to obtain the two air jets. A first tube
(inner diameter 10 mm, length 3 m) is connected to a pressure regulator. The input pressure is varied between 0
and 2 bars. After a connection to a tube of inner diameter 4 mm, a T-junction is used to separate the flow in two
branches L and R corresponding to left and right from the point of view of the camera. The tube lengths between
the nozzle and the junction are LL for the left tube and LR for the right tube. The nozzles are metallic tubes with an
inner diameter of 4 mm. The tubes are mounted on rails and can be moved independently in the horizontal direction
x. In all the configurations, the two nozzles have the same altitude z = 0 and the origin x = 0, y = 0 and z = 0 is set
at the middle of the two nozzles.
The flow rates at the output of the nozzles are QL for the left nozzle and QR for the right nozzle. The values of

QR and QL depend on the input pressure imposed at the regulator and the lengths LL and LR. In the symmetric
configuration LL equals LR and the flow rate is expected to be the same in both branches. In practice, a true
symmetric configuration is difficult to obtain and the flow rates from the two nozzles are not exactly the same. To
compensate this residual difference, the length LL and LR are slightly adjusted.
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FIG. 1. (a) Photography of a sphere in levitation above two vertical turbulent jets of equal flow rates. The distance between
the nozzles is 36.1 mm and the diameter of the ball is 40 mm. The ball is marked with black dots distributed on its surface.
(b) Sketch for the experimental setup. The origin of the frame is at the middle of the two nozzles. The length of the tubes
from the T-junction is LL for the left jet and LR for the right jet. QL and QR are the flow rates for the individual jets. a is
the separation between the nozzles.

The levitation threshold imposes that the momentum flux for one nozzle has to be larger than the weight of the
ball. The threshold in velocity is of the order of:

ρaSNvN
2 = mg (1)

in which ρa is the air density, SN the cross section of the nozzle, vN the velocity at the nozzle and g the gravity
acceleration. With a ping-pong ball and a tube of 4 mm, one gets vN = 42 m/s which corresponds to a Reynolds
number at the nozzle Re ∼ 104. For all the experiments presented below, the Reynolds number will be larger than
104 which means the jet is fully turbulent, with a universal structure scaled by the velocity at the nozzle.

The trajectory of a trapped sphere is recorded with a camera. A white LED screen is positioned behind the sphere
in levitation. The location of the sphere in pixels is obtained from the center of mass of the complementary image in
normalized units for which 1 is the normalized grayscale index for the sphere and 0 is for the illuminated background.
A space calibration is used to establish the relation between pixels and locations in the observation plane xz. The
calibration compensates the misalignment of the camera and also the radial distortions induced by the camera lenses.

III. SYMMETRIC TRAP

In this section, the configuration with two jets of equal flow rate is considered. At low flow rates, close to the
levitation threshold, the levitation is above one of the two jets without the influence of the other. The question
addressed here is the location and the dynamics of a trapped sphere when the flow rate is increased in a regime for
which the levitating sphere is under the influence of both jets.
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A. Transition from a double trap to a single trap

1. Trapping map

A first characterization of the trapping location is realized with a continuous increase of the flow rate during a video
acquisition of the order of 5 minutes at a rate of 20 frames per second. The flow rate is varied continuously at the
pressure controller between a lower value corresponding to a trapping position as close as possible to the nozzle to an
upper value for which the sphere escapes from the trap. The trajectory of the sphere is recorded and the histogram
of the particle probability location is computed in the xz plane. The trapping map of the particle in the double jet
configuration is presented in figure 2 for a spacing between the two nozzle of (a) 31.9 mm and (b) 36.2 mm.
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FIG. 2. (a) Probability map of a sphere in levitation above two jets of equal flow rate with separation a = 31.9 mm. The map
is obtained by varying the total flow rate and averaging the trajectory of the sphere. The red line indicates the maximum of
the probability of presence for each horizontal line of the map. The dashed-lines are guiding lines to identify the three regimes
(i) two positions without jumps (ii) two positions with noise-induced switching (iii) central position. The map is represented
with a horizontally stretching of a factor 2. A linear color scale is used with 1 corresponding to the maximum of probability of
the map. (b) Probability map of a sphere in levitation with a separation a = 36.2 mm between the nozzles.

The trapping map is obtained after two steps of signal processing. First, the trajectory is superimposed to its left-
right symmetric image. Second, the sum of the pixels of the trapping map is normalized to unity for each horizontal
line of the map. The first step ensures a symmetric map without a bias coming from the difference in the time spent
in the left branch and the right branch at low flow rates. The second step compensates the non-uniform sampling in
z.
For the lower flow rates, the ball levitates above one of the two nozzles. As the flow rate increases, the horizontal

position of the ball approaches the centerline of the two jets and, above an altitude zc, the two levitation branches
merge in a single central branch corresponding to a centered levitation. zc corresponds to a critical point between a
double-well potential and a single well potential.
For each line of the map, the position of the maximum is identified. A set of red solid lines are plotted on top of

the trapping map to show the position of the local maxima. The red lines reveal the backbone of the trapping map.
The structure of this backbone is characteristic of a pitchfork bifurcation for a dynamical system26.

The fork was observed for a nozzle separation ranging between 28 mm and 44 cm. Below 28 mm, the ball can be
trapped above one of the two jets at low flow rates. For larger flow rates, the transition to a centered levitation is
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FIG. 3. Altitude z of the levitating sphere with diameter normalization as a function of the square root of the normalized input
force per jet. Fb is the weight of the sphere. The solid line is the relation for z predicted for a sphere in levitation with a single
jet of input force F . The dashed line is the same relation with an input force 2F . The error bars indicate the vertical RMS
displacement of the sphere over time while F is fixed.

not observed because the fluctuations are too strong to trap the particle. Above 44 mm, the centered levitation is too
high to be reached and the particle escapes before.
One could notice that the lines in the bifurcation map in figure 2 are not well resolved as one should expect for a

conventional pitchfork bifurcation. First, the particle 3D position X,Y, Z is a function of the control parameter, here
the flow rate. It means that the map itself is not a straightforward representation of a pitchfork bifurcation. However,
we show in the following section IIIA 2 that the average particle altitude is a monotonic increasing function of the
flow rate. Secondly, the particle fluctuations are large, typically of the order of the particle radius even with one jet.
In the case of the double jets, the existence of a critical point implies a softening of the confinement. As discussed
below, these fluctuations are mainly attributed to the driving by the jet intrinsic fluctuations.

2. Particle altitude

A second set of experiments is performed in which the ball’s trajectory is measured for a constant flow rate. The
flow rate is increased step-by-step and the trajectory of the ball is recorded during acquisitions of 2 to 3 minutes
typically for each step at a rate of 60 frames per second. The results for the altitude of the ball are presented in figure
3. The square root of the normalized force

√
F/Fb is presented on the horizontal axis. 2F is the total input force

of the two jets and Fb = mg is the weight of the ball with m = 2.7 g and g the gravity acceleration. For each data
points, the flow rate is maintained constant and the average altitude ze is measured from the recorded trajectories.
The altitude is represented in normalized units ze/D with D the particle’s diameter.

The force of the two jets 2F is measured after each acquisition by placing a flexible cantilever plate above the
two jets. The cantilever spring constant is measured by positioning a weight on the cantilever and measuring the
associated deflection. The cantilever is placed at a distance of 32 mm above the nozzle and the cantilever is sufficiently
large to be fully impacted by the two jets. Because the force of a turbulent jet is preserved12,13, the total force 2F
should not depend on the distance of the cantilever to the nozzle and, by symmetry, F is the input force for each
individual jet.
The force for one jet measured with the cantilever is F = cD/2ρSNVN

2 with ρ the air density, SN the cross sectional
area of one nozzle and vN the RMS velocity at nozzle. The square root of the normalized force can be written as:

√
F

Fb

=

√
2cD
6

FrK−
1

2D−
3

2 (2)

in which the dimensionless parameters introduced6 are: Fr = vN/
√
DNg the Froude number, D = D/DN the diameter
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ratio with DN = 4 mm the nozzle inner diameter and K = ρb/ρ the density ratio. According to relation (2),
√
F/Fb

is proportional to the exit velocity vN . Consequently,
√
F/Fb may also be interpreted as a normalized input flow rate

and will be referred as such in the following.
The solid line in figure 3 is an empirical estimation of the equilibrium distance z1 as a function of the input force

for a single jet:

z1
D

=

(√
F

Fb

)α

(3)

The value of the exponent α = 1.562 is obtained after the analysis of the experimental data points reported in a
previous work about the levitation in a single jet. The dashed line corresponds to the estimation of the equilibrium
distance z2 for a single jet but for a double input force:

z2
D

=

(√
2F

Fb

)α

(4)

The experimental data in figure 3 follows the master curve for a jet with an input force F at low flow rates and
the master curve for a jet with an input force 2F at high flow rates. This result is consistent with the trapping maps
presented in figure 2. At low flow rates, the sphere levitates above one of the two jets without the influence of the
other. At large flow rates, the two jets merge into an equivalent single jet with a trapping distance consistent the sum
of the forces from the two individual jets.

3. Particle fluctuations

The set of experimental data for which the flow rate is increased step-by-step is analyzed to extract the fluctuating
dynamics of the levitating ball. Figure 4 shows the probability density functions (PDFs) of a ball levitating above

two jets for different input flow rates. The normalized flow rate
√
F/Fb is indicated in the upper left corner of each

image.
For the lowest flow rates (

√
F/Fb = 1.63, 1.79 and 1.89), the sphere explores only one of the two jets. The first 3

maps presented in figure 4 are obtained by superimposing the PDFs obtained with the sphere initially above the left
jet and the PDFs with the sphere initially above the right jet.

For the images with flow rates
√
F/Fb = 2.04, 2.17 , 2.26, 2.38 and 2.53, the PDFs show two symmetric branches

associated with the left and right jets. The fluctuations and the proximity of the branches is such that the ball transits
spontaneously between the two branches. The switching rate is computed as the ratio of the number of crossings of
the vertical centerline divided by the duration of the video acquisition. This switching rate is indicated next to PDFs
for the corresponding images. During a switching event, the horizontal fluctuation is correlated to an upward motion.
This correlated motion has a signature in the PDFs with a probability pattern resembling an inverted V letter.

At large flow rates Fb/F > 2.61, the PDFs have their maxima on the centerline.
The vertical fluctuation is indicated in figure 3 in which the standard deviation for the vertical motion around the

equilibrium position is represented for each data point. The amplitude of the vertical fluctuation is non monotonic
and it shows a local maximum in the transition region between

√
F/Fb = 2 and 2.5 and a local minimum around√

F/Fb = 3. The images in figure 4 also show a vertical spread of the PDFs at least twice larger for
√
F/Fb = 2.17

than for
√
F/Fb = 2.61

The trajectories x(t) and z(t) of the levitating ball for the probability map Fj/F = 2.38 are presented in figure 15
in the appendix B 1. The trajectories and their probability of presence show that the fluctuations in positions are
mostly Gaussian which means that the particle fluctuations is dominantly attributed to the driving by the noise. The
noise comes from the velocity fluctuations that are of the order of 30 % for a jet in the turbulent regime. Close to the
critical point where the left and right branches merge, the fluctuations are enhanced because of the softening of the
trap caused by the potential inversion depicted in figure 2.

B. Rotation

The rotation speed of a particle in levitation is measured by tracking the particle orientation. The white particle is
covered with an ensemble of black dots of typical size 1-2 mm and randomly distributed onto the sphere surface with
a first neighbor distance of 1 cm typically.
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FIG. 4. Probability maps of a levitating sphere with two jets of equal flow rate for different values of the normalized square
root of the input force

√
F/Fb. This value is indicated in the upper left corner of each map. For intermediate input forces, the

sphere is trapped either above the left jet or the right jet and switches between the two branches with a rate (s−1) indicated
in the images. The first image is a sketch of the experiment with a levitating sphere above the left nozzle.

An acquisition of a levitating particle is performed with a slowly varying flow rate with the same protocol used to
obtain the trapping maps in section IIIA 1. Here, the camera acquisition frame rate is 100 frames per second and the
spacing between the jets is a = 35.8 mm which is about the same spacing as for figure 2 (b). Instead of a presence
map (PDF), an angular velocity map is constructed. The angular motion of the particle for each time step is inferred
from the analysis of two successive images: first, the dots on the particle are tracked in the projected field of view
of the camera. Second, the spherical coordinates are used to express the 2D coordinates in pixels onto the particle
surface as a 3D vector. This step involves the estimation of the radius in pixels and it gives access to the orientation
of the sphere. Finally, an elementary 3D rotation is determined to superimpose the orientation of the sphere at a
given frame with the orientation of the sphere for the next frame. This elementary rotation is proportional to the
angular velocity of the sphere.

The rotation speed of a levitating particle is presented in figure 5 (a). The angular rotation speed is presented
for the 3 components with normalized units with ω̃i = ωi, /ω0, i = {x, y, z} in which ω0 is the ratio of the typical
velocity of the fluid around the ball vs divided by the radius of the ball R. The typical velocity around the sphere
is approximated to the terminal velocity of the same sphere settling in a fluid at rest11. For a ping-pong ball in air
vs = 8.3 m.s−1. The normalized angular velocity can be viewed as the ratio of the particle surface velocity to the
typical fluid velocity around the particle.

For the lowest flow rates, the particle levitates above one of the jets without the influence of the other. In this
regime, there is no significant rotation of the particle for the 3 components.

For the intermediate flow rates, the particle shows a biased rotation speed for ωx that reaches about 8% of the
typical fluid velocity vs around the particle for a trapping distance of ze = 3.3D. This regime is for the particle still
levitating above one of the jet but with the influence of the other jet. The rotation is a signature of shear.

In the intermediate regime, there is almost no rotation for the x and z components. This is general to all regimes
because the vertical plane containing the nozzles (xz plane) is a plane of symmetry of the experimental configuration.
This means that no rotation component can be contained in this plane, except the rotation due to the fluctuations.

At high flow rates, the particle levitates in an equivalent centered jet without shear on the centerline. As a result,
the biased rotation progressively drops to zero for ze/D ≈ 6. The estimated transition to a central jet is indicated by
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FIG. 5. (a) Angular frequency maps ω̃i(x, z) for a sphere in levitation above two jets of equal flow rates. The map is obtained
by varying the jets flow rates and by representing the angular frequency components as a function of the particle location. The
ball has a significant angular velocity ω̃y for a rotation perpendicular to the plane xz containing the jets. The ball rotates
positively when it is located above the right jet and negatively when it is located above the left jet. The angular velocity is
normalized by vs/R in which vs is the settling velocity of the ball and R its radius. The map shows the rotation of the sphere
mostly in the double-well region marked the vertical dashed line. Above the altitude z/D = 6, the levitation is centered and
no biased rotation is observed (b) Absolute value of the angular frequencies as a function of the normalized altitude of the
sphere for the left branch ωL and for the right branch ωR. The dashed line indicated the altitude for the maximal rotation at
z/D = 3.3.

a dot separating the centerline from a dashed to a solid line in figure 5 (a). The altitude of this transition is ze = 6.2D

Figure 5 (b) shows the rotation speed ωy as a function of the trapping distance for two regions: the region above
the right jet (ωR, upward triangles) and the region above the left jet (−ωL, downward triangles). First, the rotation
speeds are almost exactly opposed except close the nozzle. Second, the rotation speed increase quasi-linearly with the
distance up to a distance of ze ≈ 3.3D marked by a dashed line in both figures 5 (a) and (b).

The sign of the rotation is positive for the levitation above the right jet and negative for the levitation above the
left jet. This rotation sign is counter-intuitive because one could expect that a particle in levitation in the left jet
would be driven in positive rotation with the influence of the right jet. The reason for the negative rotation velocity
observed is due to the right jet inducing an attractive lateral force that shifts the ball slightly off-center of the left jet
axis.

IV. FORCE FIELDS

As discussed in the introduction, the structure of turbulent jets is universal. In the following, we will assume
that the structure for the two jet configuration is also universal. As a consequence, the force field for the symmetric
configuration can be established for one value of the input flow rate.
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A. Measurement

A mapping of the force field with two jets is performed by placing a sphere with D = 40 mm on a flexible cantilever.
The separation between the jets is 32.1 mm and the flow rate configuration is symmetric.
The cantilever is a flexible cylindrical rod with a diameter of 4 mm orientated in the y direction perpendicular to

the observation field of view. The deflection of the ball in the x and z directions give access to the horizontal Fx and
vertical Fz components of the fluid force acting on the sphere via the spring constant of the cantilever.
The cantilever with the attached ball is placed at different positions in the plane xz to obtain a set of force

measurements for Fx and Fz on a binning grid with a typical mesh size of 10 mm. A spatial Gaussian filtering is used
to obtain a map representation of the force fields for the horizontal component in figure 6 (a) and the axial component
in figure 6 (b).
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FIG. 6. (a) Horizontal force map for a fixed sphere above two jets of equal flow rates. The ball is fixed on a flexible cantilever
and positioned at different location to map the force field. The thin solid line marks a stable horizontal equilibrium Fx = 0,
∂Fx/∂x < 0 . The dashed line on the centerline is an unstable equilibrium line. The thicker solid line is the probability map
backbone represented in figure 2 (a) for the experimental results for the same nozzle separation. (b) Vertical force map. The
forces are in normalized units.

The first force map Fx in figure 6 (a) is used to identify the equilibrium lines corresponding to Fx(x, z) = 0 in black
solid line. The term equilibrium lines refers here to the ensemble of position occupied by the sphere in levitation
when the flow rate is varied and with an averaging of the fluctuations. Four branches are found. First, there is a
pair of two symmetric branches starting from the left and right jets. Those 2 branches are stable as indicated by the
arrows showing the orientation of the force Fx in each region. Second, the central branch in the upper part of the
map indicates the region where the two jets merge into a central jet. This branch is also stable. The last branch is
the central branch marked by a dashed-line. This line corresponds to an unstable equilibrium point.
Another stability line is presented in the same figure with a red thick solid line. This stability line is the bifurcation

fork presented in figure 2 for the same nozzle configuration. Although the two sets of stability lines are very close,
one could see some differences. First, the merging point is slightly lower for the free levitating sphere. It is possible
that the large fluctuations are playing a role in the trapping map for a levitating particle. In general, it is known
that fluctuations can shift the position of a sharp transition by smoothing the force landscape around the transition
point. Here, a smoothing of the force map Fx by a Gaussian kernel results in a downward shift of the merging point.
A second difference is the fact that the stability fork for the levitating sphere remains a bit larger in the lower part
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of the force mapping. This slight shift could be attributed to the fact that the levitating sphere is free to rotate and
indeed spins significantly as discussed in section III B. This rotation may involve a lateral force due to Magnus effect.
The second force map Fz in figure 6 (b) shows the axial component of the force. This force is aligned with the

weight of the ball. The thick solid and the dashed lines represents the same set of lines as in figure 6 (a). For the
two maps, the thinnest lines are isoforce lines. The position of a sphere in levitation corresponds to the intersection
of the stability fork established with Fx = 0 and the isoforce line Fz that equals the weight of the levitating particle.
The vertical force Fz appears to decrease with the altitude when the stability lines are followed, at least in the

lower half of the mapping. If one assumes that the force profile is proportional to the input force of the two jets F ,
the monotonic decrease means that the average altitude of a levitating particle is continuously increasing with an
increasing flow rate. It is not clear if the vertical force is strictly monotonic above the merging point. The particle
fluctuations in figure 4 indeed show large vertical fluctuations at

√
F/Fb = 3.31 which may be attributed to a region

with multiple stable points.
It is interesting to notice that, below the merging point, the trapping position at a given altitude is not where Fz is

maximal. It appears that Fz is always maximal on the centerline, even if this equilibrium line is not stable. A similar
observation was reported for the levitation in a single turbulent jet27 at moderate distance z = 3.5D for which the
vertical component of the force is not maximal at the trapping position.
Another important point is the softening of the trap at the merging of the branches. For the horizontal restoring

force, there is a rigorous cancellation of the equivalent spring force because of the potential inversion. For the vertical
restoring force, one can see that the isoforces lines for Fz in figure 6 (b) follow the line Fx = 0 close to the inversion
point. This means that the softening occurs for both the horizontal and the vertical motion. This is consistent with
the increase of vertical fluctuations observed in figure 3 near the transition from two jets to one jet.

B. Velocity and force summation rules

The object of this section is to propose a prediction for the force field for a sphere with two jets. If the sphere is
small, a model for the summation of the velocity is sufficient to predict the force profile. If the sphere diameter is
comparable to the jet size, an empirical formulation of the force field for one jet is necessary.

1. velocity field

There is no superposition principle for the velocity of a fluid in general simply because the governing Navier-Stokes
equation is nonlinear. However, an empirical theory for turbulent jets was proposed by Reichardt28 in which the
squared velocity satisfies a linear equation29 similar to the diffusion equation:

∂v2

∂z
=

2

σ
z∆v2 (5)

in which v is the mean velocity for the axial component along z, σ a dimensionless parameter and ∆v = ∂xxv + ∂yyv
the two-dimensional Laplace operator. The point z = 0 is the point source of the jet, also called virtual origin of the
jet, generally close to the location of the nozzle in a practical situation.

The mixing process described by equation (5) is similar to a two-dimensional diffusion for v2 in the plane xy where
z would play the role of time. The effective diffusion coefficient D = 2z/σ is proportional to the distance to the
source point z. The physical origin of this effective diffusion is the mixing induced by turbulence: because the scale
of the turbulent fluctuations is increasing proportionally with the distance to the jet origin, the effective diffusion
coefficient should increase with the distance to the jet origin. In this perspective, the Reichardt interpretation could
be related to Prandtl’s mixing length approach in which the mixing length scales proportionally with the distance z
to the source point.
Another formulation30 for equation (5) is possible with the variable T = z2. In this case, the squared velocity

satisfies a diffusion equation with diffusion constant independent of z:

∂v2

∂T =
1

σ
∆v2 (6)

Equation (6) is exactly a 2D-diffusion equation for the quantity v2. The solutions are

v2 = P 2σ

πz2
exp

(
−2σ

r2

z2

)
(7)



11

in which ρP = ρ
∫
x,y

v2rdr = FN is independent of z and corresponds to the input force of the jet discussed in section

IIIA 2.

Since equation (6) is linear, the superposition principle applies for two or many point sources with non buoyant
jets31–33 or even, more recently, buoyant jets34,35 if they are located at the same altitude z = 0. With two point
sources located in xL = −a/2 and xR = a/2, the resulting flow is

vz(x, y, z)
2 =

2σ

πz2

[
PL exp

(
−2σ

(x− a)2 + y2

z2

)
+ PR exp

(
−2σ

(x+ a)2 + y2

z2

)]
(8)

in which ρPL and ρPR are the axial momentum fluxes, i. e. the forces, for the left and right jets respectively.

2. Force field for a small sphere

The validity of equation (8) is tested by measuring the vertical force exerted on a small sphere positioned in
the flow of the two jets. For a small sphere, the vertical force is simply proportional to the squared velocity with
Floc = (cD/2)×ρπr02vz(x, y, z)2 in which r0 is the radius of the sphere. Here, r0 = 3 mm which is reasonably smaller
than the typical scale of the spatial variation of the velocity. The small sphere is pinned onto a needle that is glued to
a flat flexible plate that measures the vertical component of the force. The deflection of the sphere is measured as the
position of the sphere is varied along the cross flow direction x. The separation between the nozzles is a = 40 mm.

Figure 7 shows the force profile Fz ∝ vz(x, y, z)
2 measured for a small sphere for the altitude z = 135 mm (a) and

z = 208 mm (b). Two other profiles not presented in the figure are measured at z = 156 mm and z = 183 mm.
The scatter points are for the measured force in normalized units in which only the symmetric component of the
signal is presented. The asymmetric component is a small contribution of the order of 10% attributed to uncontrolled
parameters such as the non-symmetry of the input flow rates or a misalignment of the cantilever with the observation
plane.

The measured force shows a remarkable agreement with the model predicted by equation (8) with a Gaussian
profile exp(−2(x± af/2)

2/W2) for each jet and a sum of the squared velocity. For comparison, a model for the force
resulting from a summation of the linear velocity is presented by a dashed line. The adjustment of the two models
clearly shows that the linear superimposition applies for the squared velocities and not for the linear velocities.

The two adjustable parameters of the model are the width W = z2/
√
σ of an individual Gaussian profile and the

separation af between the jets. The width W of the Gaussian profiles is plotted in figure 7 (d) as a function of the
distance to the nozzle. W is linear with z with a positive vertical shift of W = 1.6 mm at z = 0 which is of the order
of the radius of the sphere. Accordingly with Eq. (8), W = z/

√
σ. With the linear fit in figure 7 (d), σ = 83 which

is consistent with the value of σ for turbulent round jets.

The separation af between the two jets source points is adjusted for the 4 distances z = 135, 156, 183 and 208 mm.
The values found for af = 34.4, 37.8, 37.6, and 36.2 mm are systematically slightly smaller than the separation a = 40
mm between the nozzles. This result suggests that there is no rigorous superposition of the squared velocity but a
superposition combined with a small attraction of the two jets.

3. Force field for a large sphere

If the sphere is large compared to the width of the jet or even of the same order, there is no proportionality between
the squared velocity and the force. An empirical formulation for the force acting on a large sphere is proposed in the
appendix A for a single jet. Using the same force summation rule as in section IVB1, one can estimate the force field
for two turbulent jets as the sum of the forces from each individual jet. Figure 8 shows the forces Fx and Fz predicted
by the linear summation of the force.

V. ASYMMETRIC TRAP

In this section, the levitation dynamics of the ball is investigated when the input flow rate is not equal in the right
jet and in the left jet.
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FIG. 7. (a) Normalized force exerted by two jets on a sphere of diameter 6 mm as a function of the horizontal position. The
vertical distance to the nozzles is 208 mm . The thick solid line is the model in Eq. (8) with force summation of the Gaussian
profiles vL

2 and vR
2 for the individual jets. The free parameters of the model are the separation d = 34.4 mm between the

two Gaussian profiles and the width W = 14.2 mm of the profile. For comparison, the force obtained with a summation of the
velocities vL + vR is represented by a red dashed line. The nozzles are separated by a = 40 mm. (b) Sketch of the experiment.
A sphere of diameter 6 mm is mounted on a cantilever and positioned in the plane of the two jets of equal flow rates. The
sphere is moved step by step horizontally to obtain the force profiles. (c) Normalized force profile at a distance of 135 mm.
d = 36.2 mm, W = 9.54 mm. (d) Gaussian profile width as a function of the vertical distance to the nozzle. The data are
adjusted with a linear relation W = p(z − z0) with p = 0.112 and z0 = −12.2 mm.

A. Trapping map

An asymmetric flow rate is obtained by increasing the length of the left branch LL > LR. This strategy is simple to
implement but its counterpart is that the ratio of the left QL and right QR flow rates is not constant when the input
pressure at the controller is varied. The length for the right branch is LR = 62 cm. Figure 9 shows the trapping map
obtained with (a) LL = 78.4 cm and (b) LL = 92.8 cm.

For the larger length mismatch LL/LR = 1.49, there is a clear separation of the trapping branches with a short
branch above the left jet with the lowest flow rate and a dominating right branch connected to the right nozzle. At
large flow rates, the trapping branch is not centered but shifted towards the right jet.

The trapping map was obtained by putting the ball first in the left jet and sweeping up and down the pressure at
the controller. During the acquisition, the ball has suddenly jumped from the left branch to the right branch. After
this jump, the ball is in stable levitation in the right jet and for a higher altitude than before the jump. When the
pressure was swept back to a low value, an hysteresis situation is present and the ball kept levitating in the right
branch.

For the smaller length mismatch LL/LR = 1.26, there is still an asymmetry of the trapping map but the separation
between the two branches is small notably because of the position fluctuations of the sphere. This configuration
LL/LR = 1.26 is about the limit where the ball can jump back from the right branch to the left branch thanks to the
fluctuations: when the flow rate was slowly swept up, the ball that was initially in the left branch made a first jump
to the right branch, then a second jump back to the left branch and a last jump to the right branch, all within less
than 5 seconds.
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FIG. 8. (a) Prediction of the horizontal force map using the force summation with the force field for one jet established in
appendix A. The solid lines are the stable equilibrium lines. The dashed line is unstable. The thicker red solid line is the
probability map backbone represented in figure 2 (a). (b) Prediction of the vertical force map. The forces are in normalized
units.

B. Topology of the trapping lines

In the case of symmetric flow rates, the trapping maps define a symmetric pitchfork bifurcation structure. For
the asymmetric flow rates, the geometry of the trapping line can be obtained using the summation rule described
previously to predict the force field when the left and right flow rates are not identical. Figure 10 (a) presents the
horizontal component of the force acting on a sphere predicted for a ratio for the jets forces PL/PR = 0.9.

The lines presented in the figure corresponds to the equilibrium lines with Fx(x, z) = 0. The solid lines are stable
and the dashed line is unstable. The line structure for asymmetric flow rates is not topologically equivalent to the
lines for the symmetric case. The line for the lower flow rate reaches a inflexion point marked by a diamond symbol
in the figure. This inflexion point is at the origin of the irreversible jump observed in the experiments.

Figures 10 (b), (c) and (d) represent the potential energies for the horizontal motion as a function of X for the
altitudes z/D = 3, 4.3 and 5.3. The potential energy profiles are obtained by integrating the force field Fx along
the horizontal axis x for each altitude. For z/D = 3, the energy landscape is a double-well potential, deeper in the
stronger right jet. z/D = 4.3 is a critical altitude with two equilibrium positions, one stable marked by a circle and
one semi-stable marked by a diamond symbol. Semi-stable means here that the curvature of the potential is positive
at the left (stable) and negative at the right (unstable). The semi-stable point can be viewed as the merging of the
two equilibrium points, one stable and one unstable, at the left for z/D = 3. For z/D = 5.3, the left equilibrium
positions vanishes and the stable position is shifted from the centerline.

VI. PARTICLE DYNAMICS SIMULATION

In this section, we use the force field prediction established in section IV to compute the dynamics of a particle in
levitation.
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FIG. 9. (a) Probability map of a sphere levitating above two jets of different flow rates. The two jets are connected to a
T-junction upstream. LL = 78.4 cm is the distance between the nozzle and the T-junction for the left jet and LR = 62 cm is
the distance for the right jet. LL is larger than LR which means that the flow rate of the left jet is smaller than the flow rate of
the right jet. (b) Probability map for a larger length mismatch LL = 92.8 mm and LR = 62 mm. Nozzle separation a = 32.4
mm.

A. Equation of motion

The equation of motion for a particle in a force field is given by:

ẍ+ αxẋ+
Fx(x, y, z)

m
= ηx(t) (9)

ÿ + αy ẏ +
Fy(x, y, z)

m
= ηy(t) (10)

z̈ + αz ż +
Fz(x, y, z)

m
= ηz(t) (11)

in which αi is a set of damping rates, Fi the force field established in section IV, ηi(t) accounts for the noise and m
is the mass of the particle.
A relation between the linear damping coefficients αi can be established using a linear expansion of the drag for a

small particle with velocity vx, vy, vz. The relative velocity of the particle to the fluid is:

~v =




vx
vy

vz − V


 (12)

in which V is the vertical velocity of the fluid. The drag on the particle is:

~Fd = −1

2
cDρSv~v (13)

in which cD is the drag coefficient, S the cross section of the particle and ρ the fluid density. After a Taylor expansion
vi ≪ V , one gets

~Fd ≈ −1

2
cDρS




V vx
V vy

V 2 + 2V vz


 =




0
0
Fz


+



αxvx
αyvy
αzvz


 (14)



15

x (mm)
-30 -20 -10 0 10 20 30

E
p

z/D = 5.3

x (mm)
-30 -20 -10 0 10 20 30

E
p

z/D = 4.3

x (mm)
-30 -20 -10 0 10 20 30

E
p

z/D = 3

z/D = 3

z/D = 4.3

z/D = 5.3

Fx

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

(a) (b)

(c)

(d)

FIG. 10. (a) Prediction of the horizontal force map for two jets separated of a distance a = x mm with different flow rates.
The flow rate of the left jet is smaller with a ratio for the jets forces PL/PR = 0.9. The solid line is a stable equilibrium line,
the dashed line is unstable. Distance between the nozzles a = 32.4 mm. A thin dot-dashed line indicates the centerline. (b)
Energy landscape along a line z/D = 5.3. There is one stable equilibrium point shifted towards the right jet of higher flow
rate. (c) Energy landscape at z/D = 4.3. The diamond symbol is a hemi-stable point corresponding to the junction of the
stable and unstable lines. (d) Energy landscape at z/D = 3 with an asymmetric double-well potential with two stable points
and one unstable point.

with the relations

αx = αy =
1

2
cDρSV (15)

αz = cDρSV (16)

A calibration of the vertical damping coefficient is presented in appendix B. The value used in the simulation of
Eqs. (9), (10) and (11) are αz = 0.4 s−1 and αx = αy = 0.2 s−1.
The driving noise ηi(t) models the forcing by the turbulent fluctuations. The noise is zero on average and we assume

that the 3 components of the noise are independent and of equal magnitude. We also assume a noise of constant
spectral density. The noise satisfies the relations:

< ηi(t) >= 0
< ηi(t)ηj(t0) >= δ(t− t0)η

2

< ηi(t)ηj(t0) >= 0
if
if
i = j
i 6= j

(17)

in which i = x, y, z and η is the magnitude of the noise. The value used in the simulation is η = 5.8×10−2 m.s−2/
√
Hz

and the calibration of this value is presented in appendix B.

B. Particle dynamics simulation in the symmetric configuration

The equations of motion for a sphere are solved numerically with two jets with equal flow rates and separated by a
distance of 32 mm. The force of the jets is increased step by step with a force per jet that varies between F/Fb = 4
and F/Fb = 12 by steps of 0.2. This force range corresponds to a vertical distance to the nozzles between 2D and
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FIG. 11. (a) Probability map for a simulation of a particle in levitation above two jets of equal flow rates (Eqs. (9), (10) and
(11)). Nozzle separation a = 32 mm. The dashed lines are the same lines as in figure 2 (a). (b) PDFs for 8 altitudes for
the total input force F/Fb = 5.4, 5.8, 6.2, 6.6, 7.0, 7.4, 7.8 and 8.2. The profile for the input force F/Fb = 6.2 is marked with a
star symbol and corresponds to a flat probability of presence around x/a = 0. (c) Transition rate Γ between the two jets as a
function of the particle altitude.

10D. For each force step, the simulation runs for 400 s with a time resolution of 5 ms. The sphere is initially in the
left jet.

Figure 11 (a) shows the probability density map of the sphere. The configuration of the jets is identical to the
experimental configuration presented in figure 2 (a). The dashed lines indicated in the figure are the same as in figure
2 (a). The solid red line in figure 11 (a) is the maximum of the probability map for each line. It is obtained with the
same analysis used with the experimental data.

Figure 11 (b) shows the probability of presence for different distances to the nozzle corresponding to the force steps
F/Fb = 5.4, 5.8, 6.2, 6.6, 7.0, 7.4, 7.8 and 8.2. The first 3 steps are below the merging of the two equilibrium positions
and the PDF is not maximal at the center of the jets x = 0. The 4 highest altitudes, the PDF are maximal at x = 0.

Figure 11 (c) is the transition rate Γ as a function of the vertical distance to the nozzles. The switching probability
is computed by counting the number of sign changes for the trajectory x(t). Below the first dashed line, the switching
probability is smaller than 0.05 s−1 which means that the switching from one jet to the other may happen after 20 s
typically. This is consistent with the fact that almost no spontaneous transitions are observed in this region for the
experiment presented in figure 2 (a). Between the two dashed lines, Γ is of the order of 1 s−1 which means that the
spontaneous switching is occurring many times during an acquisitions of a few minutes typically. After the second
dashed line, the potential is a single well centered at x = 0. The transition rate Γ saturates at 4.1 s−1. This value is
consistent with the fact the transition frequency cannot exceed the horizontal frequency of the single well fSW ∼ 5
Hz.

C. Particle dynamics in the asymmetric configuration: transition probability

The equations of motion are solved in the asymmetric case with a force ρPL for the left jet and ρPR for the right
jet. The total input force ρPL + ρPR is varied up and down between a low value Fb/F = 3.6 and a high value
Fb/F = 7. The ball is initially above the right jet. Figure 12 presents the cumulative probability for the particle to
have transited to left jet at the end of the cycle as a function of the jets asymmetry PL/PR.

The transition probability is computed over 80 realizations of particle simulations for each value PL/PR. PL/PR = 1
corresponds to a probability of the order of 0.5 as expected for a symmetric configuration of the double trap. The
transition probability is adjusted to a fit (tanh((PL/PR − 1)/ǫ0) + 1)/2 in which ǫ0 = 0.118 is the only adjustable
parameter. This fit means that the transition probability goes to 1 exponentially with the distance to PL/PR = 1
with a characteristic distance PL/PR = 0.118. For instance, the transition is observed with a probability larger than
99% for PL/PR > 1.27.
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FIG. 12. Simulation results for the probability to transit from the right jet to the left jet as a function of the double jet
asymmetry. For each data point, the sphere is initially in the right jet and the input force of the jet PL +PR is varied up and
down. The simulation is run 80 times for each ratio PL/PR to compute an average number of transitions. For low PL/PR,
the asymmetry corresponds to the situation in figure 9 for which the sphere in the right branch has little chance to transit to
the left branch. For PL/PR = 1, the configuration is symmetric and the probability to transit is close to 1/2. A fit with a
hyperbolic tangent (tanh((PL/PR − 1)/ǫ0) + 1)/2 is performed with ǫ0 = 0.118.

VII. CONCLUSION

The levitation of a sphere above two parallel and vertical turbulent jets realizes a transition from double-well
levitation to single-well levitation. For an equal flow rate in the two nozzles, the transition is a symmetric pitchfork
bifurcation controlled by the input flow rate. For different flow rates in the two nozzles, the bifurcation is asymmetric
and a biased transition towards the jet of higher flow rate is observed.

Because the jets are turbulent, the velocity fluctuations are inducing a source of noise with observable effects on
the bifurcation maps. In the symmetric configuration, the transition between the two stable equilibrium positions is
possible and its transition rate depends on the distance to the bifurcation point. In the asymmetric configuration,
the transition to the jet of higher flow rate is not systematic and fluctuations may induce transitions from the low
energy well to the higher energy well.

We were not able to identify dynamical instabilities of the particle in levitation, mostly because the level of noise
is high. If the existence of negative feedback processes cannot be ruled out, one should perform a more detail
investigation of the effective damping of the particle to track the influence of such mechanisms.

A prediction of the force field with two jets is proposed with a simple summation of the force from each jet and
using the measured force field for a single jet. This force field allows to predict the trapping map for different
nozzle separations and also to carry out particle simulations including the effect of noise induced by the turbulent
fluctuations.

In the context of particle contactless transport and manipulation using the levitation by turbulent jets, this work
allows to quantify a first step with a double jet configuration. In particular, the numerical simulation can be used to
(i) predict the altitude range for which the levitation above one of the jets is permanent and (ii) quantify which bias
is necessary between the two adjacent jets for the transition to the jet of higher flow rate to occur.

Appendix A: Force field: Empirical model 1 jet

There is no general model to compute the drag and the lift exerted on a sphere for an arbitrary velocity profile.
The object of this section is to establish an empirical formulation that relates a jet velocity profile and the resulting
forces acting on a large sphere.
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1. Measurement

We consider a turbulent jet aligned with the z axis with its origin in x = 0, y = 0 and z = 0. The force acting
on a sphere of diameter D = 40 mm in the turbulent jet is measured with the same strategy used for the two jets
presented in section IVA. The force components Fx and Fz are presented in figure 13 (a) and (c) respectively. Figure
13 (b) and (d) are the empirical fitting profiles described below.
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FIG. 13. (a) Horizontal force exerted on a sphere by a turbulent jet. The map on the left is the force measured with the sphere
placed on a cantilever. The sphere of diameter 40 mm is represented at a stable equilibrium position. The map on the right is
the model in eq. (A2). (b) Vertical force with measurements on the left and model given eq. (A1) on the right. The sphere is
represented at a position where the vertical force is maximal. This position is not an equilibrium position.

2. Modal decomposition

In order to describe the forces acting on a sphere of diameter D a modal decomposition is used36 in which the axial
force (drag) and the horizontal force (lift) are given by:

Fz(x, z) = Z0

( z
D

)
φ0

(
x

z − δz

)
+ Z1

( z
D

)
φ1

( x
D

)
(A1)

Fx(x, z) = X0

( z
D

)(
ψ0

(
x+∆x

z − δx

)
− ψ0

(
x−∆x

z − δx

))
(A2)

The mode Z0φ0 for Fz has the same symmetry as the velocity profile of the turbulent jet. It corresponds to a
Gaussian profile φ0 with an ad hoc function for the amplitude Z0 on the centerline:

Z0

( z
D

)
=

1(
1 + eZ0

(
z
D

)η1
)η2

(A3)

φ0

(
x

z − δz

)
= exp

(
−σZ0

(
x

z − δz

)2
)

(A4)
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For Fx, two Gaussian modes shifted by ±∆x are used to obtain an anti-symmetric function of x:

X0(z) =
AX0

1 + eX0

(
z
D

)η3
(A5)

ψ0

(
x±∆x

z − δx

)
= exp

(
−σX0

(
x±∆x

z − δx

)2
)

(A6)

The mode Z1φ1 is a near-field correction to account for the force profile close to the nozzle and notably the fact
that Fz is not maximal on the centerline:

Z1(z) = AZ1

zφ1
− z

D
(A7)

φ1(x, z) = sin2
(
2πλφ1

x

D

)
(A8)

The amplitudes X0(z) and Z0(z) are adjusted by extracting the maximum for Fx and Fz for at a given altitude z.
The results of the fit are presented in figure 14 (a) and (b).
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FIG. 14. (a) Amplitude of the mode for the horizontal component of the force as a function of the vertical distance to the
nozzle. The fitting function is given by eq. (A5). (b) Amplitude of the mode for the vertical component of the force. The
fitting function is given by eq. (A3).

A global optimization of the free parameters is performed by minimizing the absolute distance between the measured
force maps in figure 13 (a) and (c) and the model force maps in figure (b) and (d) respectively. The values of the free
parameters are presented in table I

mode Z0φ0 Z1φ1 X0φ0

parameter eZ0
η1 η2 σZ0

δz (mm) AZ1
zφ1

(mm) λφ1
AX0

eX0
η3 σX0

δx (mm) ∆x

value 0.129 3.84 0.246 179 171 0.130 201 0.751 1.243 0.0164 2.78 267 90.6 13.5

TABLE I. Fitting parameters of the modal decomposition for the forces exerted on a sphere by a turbulent jet.

Since a turbulent round jet has a cylindrical symmetry, equations (A1) and (A2) with the values in table I can
be used to describe a 3D force field {Fx(x, y, z), Fy(x, y, z), Fz(x, y, z)} for a spherical particle in a turbulent jet.
Moreover and because the jet has a self-similar structure, this force field is valid for spheres with different diameters
using the scaled parameters x/D, y/D and z/D.

Appendix B: Calibration for the particle simulation

The parameters corresponding to the linear damping and the noise term are calibrated for a single jet configuration.
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1. Nature of the particle fluctuations

A particle’s trajectory is presented in figure 15 (a) and (b) with the horizontal x(t) and the vertical z(t) positions
of a trapped particle in a double jet configuration. The flow rate is independent of time and corresponds to the PDF
image Fj/F = 2.38 in figure 4. The particle is in the regime (ii) with spontaneous jumps between 2 positions.
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FIG. 15. Trajectories for the horizontal x(t) and the vertical z(t) motion of a sphere in levitation with two parallel turbulent
jets. The flow rate is symmetric and such as the particle is in the regime (ii) (see figure 2) with spontaneous jumps between
the two jets. Fj/F = 2.38, see figure 4. The probability of presence are represented on the right.

The vertical position z(t) corresponds to the fluctuation signal of a damped harmonic oscillator driven by a noise.
The particle probability is presented in figure 15 (c) and the fluctuations appear Gaussian.

For the horizontal position x(t), the particle probability of presence is bi-modal because the particle jumps between
the left and the right jet. Within the step, the signal seems to be noise-induced, even if it is less clear than for z(t).

2. Damping

An acquisition of a particle trajectory is performed in a single turbulent jet with fixed flow rate corresponding to an
equilibrium distance to the nozzle z/D = 3.88. The ball is displaced vertically from its equilibrium position and the
trajectory is recorded during 16 s at a frame rate of 40 fps. The trajectory of the horizontal and vertical component
is presented in figure 16 (a).
The trajectory of a particle in single turbulent jet is computed for the analytical force field established in appendix

A with a linear vertical damping of γ/m = 0.4 s−1 and without noise. The trajectory obtained is presented in figure
16 (b).
The natural frequencies for the horizontal and vertical oscillations are measured to fx,exp = 5.92 Hz and fz,exp = 1.43

Hz in the experiment and fx,simu = 6.31 Hz and fz,simu = 1.19 Hz in the simulation.

3. Noise

A simulation of a particle trajectory is carried out by sweeping the magnitude of the jet from
√
F/Fb = 2.3 to√

F/Fb = 5.8 with an added white noise ηi(t).
The RMS displacement for the horizontal and vertical motion are represented as a function of the normalized

distance Z/D in figure 17. The random noise ηi(t) is set to an amplitude of 5.8× 10−2 m.s−2/
√
Hz so that the results

presented in the figure are consistent with the RMS displacements reported by Davoust and Jacquin6.
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