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Abstract

In this paper we propose a notion of irreversibility for the evolution of cracks in presence
of cohesive forces, which allows for different responses in the loading and unloading processes,
motivated by a variational approximation with damage models. We investigate its appli-
cability to the construction of a quasi-static evolution in a simple one-dimensional model.
The cohesive fracture model arises naturally via I'-convergence from a phase-field model of
the generalized Ambrosio-Tortorelli type, which may be used as regularization for numerical

simulations.
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1 Introduction

The variational approach to fracture, as formulated by Francfort and Marigo [34] (see also [13]),
is based on Griffith’s idea [40] that the crack growth is determined by the competition between
the energy spent to increase the crack and the corresponding release in the bulk elastic energy.
By representing the crack as a (n — 1)-dimensional surface I and assuming for simplicity that the
material behaves as a linearly elastic body in the unbroken part Q\I of the reference configuration,
for pristine materials one is led to consider an energy of the form

E(u,T) :=/QIVUI2d$+/Fgo(l[U](ir)l)dH”*l, (L.1)

where [u](z) := vt (z) —u™ () is the difference of the traces of the displacement u : 2 — R on the
two sides of I". In the original Griffith’s theory for brittle fracture the energy associated with the
crack is proportional to the measure of the surface of the crack itself, and gy is assumed not to
depend on the crack opening [u]. It was however early recognized (Barenblatt [10]) that in many
situations fracture should be regarded as a gradual process, and that the presence of cohesive forces
between the lips of the crack should be taken into account: in cohesive fracture models Griffith’s
energy is replaced by various surface energies depending on the actual opening of the crack; in
this case the function g in (1.1) is typically assumed to be an increasing and concave function,
with go(0) = 0, with positive and finite slope go’(0) € (0,00) at the origin, and asymptotically
converging to the value of the fracture toughness. Variants of (1.1) with gg not necessarily concave
have been used to study the formation of micro-cracks [30, 31].

The notion of irreversible quasi-static evolution in the brittle case (go constant), proposed in
[34], under the action of time-dependent loads (for instance, in the form of a prescribed boundary
displacement b(t)), requires three essential ingredients: one looks for a map ¢t +— (u(t),['(t))
satisfying

(i) (irreversibility) T'(t1) C T'(t2) for t1 < to;

(i) (static equilibrium) (u(t),T'(t)) is a global minimizer of the energy (1.1) with respect to the
boundary condition b(t);

(iii) (energy balance) the increment in stored energy plus the energy spent in crack increase equals
the work of external forces.

The common approach in showing the existence of a variational evolution with the properties
above is based on a time-discretization algorithm, in which one selects at each time step a global
minimizer of the total energy, and then recovers the time-continuous limit by sending to zero the
discretization parameter. This program has been successfully accomplished in the brittle case in
a series of contributions: the existence of a quasi-static evolution was first proven by Dal Maso
and Toader [28] in a two-dimensional, antiplane shear setting and with a uniform bound on the
number of connected components of the crack, then extended to the case of planar elasticity by
Chambolle [19]. The general n-dimensional case, without restrictions on the number of connected
components, was studied by Francfort and Larsen [35] (antiplane case) and by Dal Maso, Francfort
and Toader [24] (finite elasticity). Further results in this direction were obtained in [42, 26, 43, 5].

In the cohesive case the picture is less clear and there is no agreement on a single notion of
irreversibility. Indeed, while in the brittle case the irreversibility constraint is a purely geometric
condition, in the cohesive context one has to take into account also the amplitude of the cracks,
through the inclusion of some internal variable which keeps track of the complete history of the



fracture process. In particular, it would be desirable to model the possibility of having different
responses of the material to loading and unloading processes. Up to now, several plausible choices
have been proposed in the mathematical literature under the assumption that the crack path is
prescribed (see also the discussion in [13, Chapter 5]): Dal Maso and Zanini [29] adopt as internal
variable the maximal opening of the crack, postulating that the energy is dissipated only once for a
given value of the jump, and additional dissipation can only occur if the distance between the crack
lips is further increased; Bourdin, Francfort and Marigo [13] propose a different model, which
adopts as the memory variable the cumulated opening of the crack and allows for the phenomenon
of fatigue, as the surface energy evolves during each loading phase; in the model by Cagnetti
and Toader [18] part of the dissipated energy is recovered when the crack opening is decreased;
finally also Crismale, Lazzaroni and Orlando [21] include fatigue assuming that some energy is
dissipated also during the unloading phase. In these cases the existence of a quasi-static evolution
(encoding in the definition the relevant notion of irreversibility) is established. In the cohesive
fracture context, further results on evolutions of local minimizers or critical points (rather than
global minimizers) are obtained in [17, 4, 9, 45].

In the first part of this paper (Sections 2-4) we discuss the construction of a quasi-static
evolution for a one-dimensional model of cohesive fracture, which allows for a different response of
the material to loading and unloading. This is achieved by introducing a cohesive energy density
g(s,s’) which depends both on the crack opening s and on the internal variable s’, which keeps
track of the maximum previous opening (see Section 2 for the detailed assumptions on g). It is the
goal of the second part of the paper (Sections 6-8) to show how those assumptions on the energy
density g can be naturally derived by introducing an irreversibility condition on a phase-field
approximation.

The construction of a quasi-static evolution follows a rather standard approach, which we now
outline. We let 2 = (0, 1) represent an elastic bar, on which we prescribe a time-dependent bound-
ary displacement ¢ — (b(t,0), b(¢,1)). We also include in the energy a lower-order penalization of
the form ~l|ju — 11)(7§)||2L2(071)7 where v > 0 and ¢ — w(t) is a given function which prescribes the
average behavior of the material. This foundation-type term, as usual in one-dimensional simpli-
fications of models in solid mechanics, represents the boundary conditions in the directions that
have been eliminated. A simple way to understand its physical significance is to imagine solving
for a: (0,1) x (—H,H) — R with boundary conditions @(z, +H) = w(z) on the top and bottom
boundaries, and then focusing on u(x) := @(x,0). The difference © — w would be penalized by a
D20 term in the energy. If dealing with the Dirichlet functional, the H'/2 norm of the difference
would be the most natural way to model this effect; for general energy densities there is no clear
natural form. For simplicity we use the L2 norm. Due to the presence of this term the bar can be
fractured at multiple points, while if v+ = 0 one can prove that minimizers of the energy have at
most one jump.

We keep track of the state of the fracture at each time ¢ € [0, T] by means of a pair of internal
variables (I'(t), s(t)), where I'(t) is a discrete set of points (representing the sites of the crack
points), and s(t) : I'(¢) — (0,00) is the maximal amplitude of the jump at the points of I'(¢) for
all the previous times. For technical reasons, we fix a (arbitrarily small) positive threshold 5 > 0
and we keep track only of the jumps that overcome this value; in other words, fracture points
where the jump is smaller than s are not affected by the irreversibility condition, and the opening
can be reduced with a complete recover of the dissipated energy. From the mathematical point of
view this guarantees a uniform bound on the total number of crack points (this assumption can be
easily removed in the case v = 0, that is if we do not include the lower order penalization). It is
often convenient to switch to the equivalent formulation in which s is first extended by 0 outside
T, and T' is implicitly replaced by the set {s > 0}.

One main novelty in the problem we consider here is that a new energy density g(s, s’) appears
at the points where the bar was previously broken. The first argument s of g represents the current
opening of the crack at a given point; the second argument s’ represents the maximal amplitude of
the jump reached at that point at the previous times, in particular g(s,0) = go(s) represents the
fracture energy in a pristine material. More in general, when s > s’ the additional constraint is



irrelevant and one has g(s, s’) = go(s): this means that, in the process of crack opening, the energy
per unit area of the fracture at a point z is given by go(|[u(x)]|), the “original” cohesive energy
density. The behaviour of g(s,s’) is instead different when s < s’: in this case s — g(s,s’) is
monotone nondecreasing and, generally, g(s, s’) > go(s). Hence, when |[u](x)| is smaller than the
maximal opening reached at previous times, the energy density follows a curve which is above the
graph of go, see Figure 1. If a fracture with opening s is closed, a certain amount of energy ¢(0, s)
is permanently dissipated, so that a successive opening only has the smaller cost g(s, s) — ¢(0, s).
We refer to Section 6.1 and Section 7.1 below for the construction of specific examples for the
functions go and g, respectively.

We consider a time discretization 0 = tg < t; < ... < ty = T and we initially select the
displacement uo by minimizing the energy

1 1
/0 W2de+ S golllul@)]) + / fu — w(to) 2 de (1.2)

x€Jy,

among all v € SBV(0,1) attaining the boundary conditions b(tp) at the endpoints of the bar.

To be more precise, we need to consider the lower semicontinuous envelope of the energy and a

minimizer will belong in general to BV(0,1): indeed the presence of the lower-order term allows

for the possibility of having more than one jump, while some regularity can still be proved, see

Proposition 3.2. In the case v = 0 it is well-known that minimizers in dimension one are in SBV

with a single jump, see [15]; see also [25, 16] for further regularity results for cohesive energies.
We then define

Lo = {z € J5) ¢ |[uo)(z)| > 5},  so(x) :=|[uo)(z)| for z €Ty

(where the superscript b(tg) in the jump set of ug indicates that we consider as part of the crack
also the points at which the boundary conditions are not attained). Iteratively, assuming to have
constructed (u;,I';,s;) fori =0,...,k—1, we select the displacement u at time ¢; by minimizing
(the relaxation of) the energy

/OIU'I2dx+ Y (@) sk-a@) + Y 90(|[U](5U)|)+7/0 u —w(ty)|*dz (1.3)

€l _1 IEJu\Fk,1
with respect to the boundary condition b(¢x), and we update the state of the fracture by setting

Iy =Ty U{z € ijff’“) : |[ug](@)| > 5}, skp(x) == |[u)(z)| V sg—1(z) for z € T'y.

Passing to the limit as the time-step goes to zero we obtain in Theorem 4.1 the existence of
a quasi-static evolution (u(t),'(¢), s(t)) satisfying the by now classical unilateral minimality and
energy conservation conditions of quasi-static energy minimizing evolutions, see [44]. The irre-
versibility condition is reflected in the fact that the sets I'(¢) and the maps s(¢) are monotonically
increasing in time.

The second part of the paper is devoted to explain how the notion of irreversibility, used
in the construction of the quasi-static evolution in the first part, is related to a corresponding
irreversibility constraint on approximating damage models. In particular, one of the goals of the
second part is to derive the properties of the cohesive energy density g, stated in Section 2, from
a phase-field approximation of the cohesive functional (1.3) in the spirit of [20].

In order to explain the main idea, it is first convenient to refer once again to the brittle case, and
to recall the classical Ambrosio-Tortorelli approximation [7, 8] of the Mumford-Shah functional

E(u) ;:/ Vul2dz +H" 1 (J,), e SBV(Q),
Q
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Figure 1: Graph of go(s) (bottom curve) and g(s,s’) for mgy = 0.3,0.5 and 0.7 (from bottom
to top) using the function f(s) defined in (6.5) with £ = 1.5, /; = 0.2. See Section 6.1 and in
particular Figure 5 below for further details.

by the regularizing energies

@) dz,  (ue,v.) € HY(Q) x HY(Q),

E (ue,ve) := /(vf+o(5))\Vus|2 dz+ % / <<€|Vv5|2 +
Q Q

with 0 < v, < 1. Here the function u. has to be understood as a regularization of the displacement
u, possibly creating jumps in the limit as e — 0, while v. can be interpreted as a damage variable
which concentrates in the regions where the singularities of u are created: more precisely, v. — 1
almost everywhere in €, and v. — 0 on the (n — 1)-dimensional surface where the limit jump
will appear. The notion of quasi-static evolution in the regular context of the Ambrosio-Tortorelli
functionals can be formulated including an irreversibility condition in the form of a global mono-
tonicity constraint on v. (the damage can only increase in time). It is proved in [38] that this
evolution converges as ¢ — 0 to a quasi-static evolution for brittle fracture.

Returning to the cohesive setting, in the spirit of Ambrosio and Tortorelli it is shown in [20]
(see also [36] for a numerical insight) that, for a suitable choice of the function f., functionals of
the form

1—v.)2

Fo(ue,ve) i= / (ff(vs)|Vu5|2 + % +5\w5\2) de, (ue,v.) € HY(Q) x HY(Q), (1.4)
Q

with 0 < v, < 1, I'-converge as ¢ — 0 to the relaxation of an energy of the form (1.1) (see

Section 6.3 for the precise statement). The function gy obtained as limit surface energy density

can be characterized as the solution to a minimum problem,

oo a2
aolo) =int{ [~ (200 CPE 0P dt ¢ (0,) € BRI X HL(®). o’ € LUR)

o0
’/ o' (t) dt‘ =1,0<p8<1, lim g = 1}, (1.5)
— 0 [t]—o0
and satisfies the natural requirements for a cohesive energy (see Figure 1). As before, u. is a
regularization of w developing singularities in the limit, and v, converges to the value 1 almost
everywhere and the measure |V |L™ concentrates on the limit jump. The crucial observation
is that, in contrast with the Ambrosio-Tortorelli case, v. does not tend to zero everywhere on
the jump, but reaches a value depending on the amplitude of the limit jump of w. Indeed,
the one-dimensional blow-up analysis of the behaviour of recovery sequences (u.,v.) — (u,1)
around a jump point T € J,, which we perform in Section 6.3, shows that the rescaled functions
ze(x) := ue(xetex), we(x) := ve(x.4€x) converge to an optimal profile (as, Bs) for the minimum
problem (1.5) defining go(s), for the value s = |[u](Z)| (Theorem 6.5); moreover the minimum value
reached by v. in a small neighbourhood of Z, my := ming 3, is in one-to-one correspondence with
the limit amplitude s of the jump.
Therefore the relevant information about the amplitude of the limit jump |[u]| is carried only
by the value of the minimum of the damage variable v.. This suggests to impose, at level ¢, an



irreversibility condition in the form of a monotonicity constraint on the value of local minima of
ve: in the points where v, has a local minimum, its value can only decrease. By looking at the
I-limit of the functionals F; in (1.4) with this additional constraint (see Section 7.3), one finds
that the limit energy density has the form

AN > 2 r2 712 (1_5)2 712 . 1 1 / 1
g(s,s) =infq | (LB +————+IF]" | dt : (o, B) € Hipe(R)xHioe(R), o € L'(R),

‘/OC a'(t)dt’:1,0<6<1, lim A(t) =1, i%fﬁ<m5/}, (1.6)

|t] =00

see Figure 1. In other words, we restrict the class of admissible profiles by imposing that the
minimum value of the profile 5 does not exceed the minimum value m of the optimal profile 3
corresponding to the amplitude s'.

We then show that the function g derived in this way has exactly the properties stated in
Section 2. Notice that when s > s’ the additional constraint in (1.6) is irrelevant and one has
go(s) = g(s,s"). At the same time, g(0, s’) is (at least for s’ not too large, see Section 8 for details)
strictly smaller than go(s’) = g(s, s’). Indeed, upon closure of the fracture, the part of the energy
that originates from the elastic degrees of freedom (corresponding to the f2(3)|a/|? term in (1.6))
is recovered, whereas the part that originates from the internal variable (corresponding to the two
terms % and |8’|? in (1.6), with 8(d00) = 1 and 5(0) < my) is permanently dissipated. This
behaviour is consistent with models where some of the dissipated energy is recovered when the
crack opening is decreased [18, 4, 45, 46] and our analysis shows that it can be recovered as the
limit of damage models.

It is worth to briefly comment on the connection of this approach with other results in the
mathematical literature. As remarked above, in our model the response of the material when the
crack opening decreases is similar to that considered in [18], that is some dissipated energy is
recovered. However, the memory of the fracture is permanent, and further iterations of opening
and closing the same fracture are reversible. In particular, the phenomenon of fatigue is completely
absent. Fatigue effects are instead taken into account in [13] and in [21] (see also [1]): in particular,
in [21] also when the crack opening is reduced some energy is dissipated, and oscillations of
jumps can produce a complete fracture even if the maximal crack amplitude remains small. This
behaviour is consistent with models where cohesive effects result from the interaction between
damage and plasticity (see [2, 3, 27]); on the contrary, our approach is based on the approximation
[20], where the cohesive behaviour is seen as the effect of the interplay between elasticity and
damage. We expect that our approach could be extended to models of fatigue, by replacing
the maximal amplitude of the opening by the cumulated opening as an internal variable. This
extension is, however, beyond the scope of this paper.

We further remark that the functionals (1.4), when a monotonicity constraint on the minimum
values of v, is included, provide a variational approximation of the limit energy (1.3) in a static
setting (see Section 7.3 for the rigorous I'-convergence result). It remains an open question whether
a result in the spirit of Giacomini [38] holds also in this case, that is if one can construct a
variational evolution for the functionals F. and show its convergence, as ¢ — 0, to a quasi-static
evolution for the limit cohesive model.

We believe that this approach is also suitable for numerical implementation. An appropriate
algorithm should identify the regions where the damage v. is concentrated, and impose the mono-
tonicity constraint only at the local minimum points. This might be numerically less expensive
than imposing the monotonicity constraint at any point. However, it is unclear how to handle
the interplay between the asymptotic process of I'-convergence and evolution. This problem is
closely related to the difficulties that arise in studying the interplay of relaxation and evolution,
and which may lead to the definition of complex concepts of solutions [37, 33].

The generalization to the higher dimensional case poses several challenges. A first step in
this direction has been obtained in [41], where the I'-convergence result in Section 7.3 has been
extended to general dimensions, under minimal regularity assumptions on the set I' on which the



irreversibility constraint is imposed. The next step would consist in the construction of a quasi-
static evolution under the assumption of a prescribed crack path. We stress, however, that in the
present 1D analysis the position of the crack is not prescribed a priori.

Structure of the paper. The paper is mainly divided into two parts. The first part (Sections 2—
5) is devoted to the proof of the existence of a quasi-static evolution in Theorem 4.1. In particular,
in Section 2 we state the main assumptions on the cohesive energy density g and we set up the
evolution problem; then the construction of a quasi-static evolution for the one-dimensional model
is discussed in Section 3 (time-discretization) and Section 4 (continuous limit); finally in Section 5
we compute the relaxation of the cohesive energy.

In the second part of the paper (Sections 6-8) we explain the connection of the model with
the phase-field approximation. In Section 6 we report the approximation result from [20] and we
discuss the main properties of the cohesive energy density go(s) = g(s,0) of the pristine material;
the T'-convergence result in [20] is also improved with the analysis of the behaviour of recovery
sequences in Section 6.3. In Section 7 we introduce the new surface energy density g, and we show
in Section 7.3 how it can be recovered, via I'-convergence, from damage models which include an
irreversibility constraint. The proofs of the properties of gy and g in Sections 6 and 7 are rather
technical and are postponed to Section 8.

Notation. Along the paper we work in dimension one and for simplicity in the interval Q := (0, 1).
For a function of bounded variation u € BV(0,1) we denote by Du its distributional derivative,
which is a bounded Radon measure on (0,1), and by |Du| its total variation. The standard
decomposition of Du is given by

Du = /'L + Du + Z [u](2)d, ,
T€Jy

where v/ € L'(0,1) denotes the density of the absolutely continuous part of Du with respect to
the Lebesgue measure £, D°u is the Cantor part of Du, J, is the jump set of u (sometimes
also denoted by J(u) in the following), [u](z) := u™(x) — v~ (z), and u*(z) and u™ (z) are the
approximate limits from the right and from the left of u at x respectively. We denote by SBV(0, 1)
the space of functions u € BV(0, 1) such that D°u = 0. For the properties of functions of bounded
variation we refer to the monograph [6]. We use standard notation for I'-convergence, see [14, 22].

2 Cohesive quasi-static evolution: general setting and as-
sumptions of the model

We start by introducing the main assumptions on the cohesive energy densities ¢(s, s’) considered
in this paper. We refer to the Introduction for the interpretation of the meaning of the two
variables of g, and to Figure 1 for a visualization of the qualitative behaviour of g.

We let g: [0,400) x [0,400) — [0, +00) satisfy the following assumptions:

(i) g is continuous and monotone nondecreasing in both variables, ¢(s, s’) = g(s,0) if s > ¢/;
(i) g(s,s’) <1 and lim,_,1o g(s,s’) =1 for any s';
(iii) there exist £,£ > 0 and 1 < p < 2 such that

g(5,0) = ls — IsP + o(sP) as s — 07 (2.1)

(iv) for every sq, 82,8 >0,
g(s1+ 52,5") < g(s51,0) + g(s2,8); (2.2)

if in addition s; > 0 and s3 V s’ > 0, the inequality is strict.



Notice that for fixed s, the map g(-,s’) is Lipschitz continuous with Lipschitz constant ¢ due to
its monotonicity, its subadditivity, and the bound (2.1); in particular g(s,0) < ¢s. Moreover, the
global continuity and the strict subadditivity (iv) of g imply that for every £ > 0 there exists a
constant c. > 0, depending on ¢, such that

g(s1+ $2,0) — g(s1,0) — g(s2,0) < —c, for every sq,s9 > €, (2.3)
g(s1+ s2,8") — g(s1,0) — g(s2,8") < —co, for every s > 0 and s1,s" > e. (2.4)

Remark 2.1. We briefly discuss the role of the previous assumptions. We first observe that the
function go(s) = g(s,0) (that is, the cohesive energy of a “new” jump) has the expected behaviour
of a cohesive energy in the sense of Barenblatt. The assumption on the behaviour of g at infinity in
(ii) is just a normalization condition and can be assumed without loss of generality. The assumption
(2.1) is instead fundamental and guarantees that minimizers of the associated energy (see (2.8)
below) in one dimension have no Cantor part (see Proposition 3.2); we expect that the range of
exponents p € (1,2) is not optimal. Finally, the subadditivity condition (iv) is a natural assumption
and is related to the lower semicontinuity of the associated functional (2.8). The condition of strict
subadditivity, which means that one larger jump is energetically more efficient than two small jumps
which are spatially very close to each other, is important for obtaining reqularity of minimizers,
see for example Proposition 3.1(iii) and Theorem 4.1(1). We further observe that monotonicity
and strict subadditivity imply that any fracture which is opened and then closed again dissipates a
positive amount of energy, g(0,s) > 0 for all s > 0.

We next prepare the setting for the construction of a quasi-static evolution. Let T' > 0 be the
final time. The state of the fracture at each time t € [0, T] is modeled by a discrete set of points
(representing the sites where the crack is localized), to each of which is attached a scalar quantity
(representing the maximal amplitude of the jump at all the previous times):

I' C [0,1] finite set, s:T"— (8,00). (2.5)

Here 5 > 0 is a fixed positive threshold (which can be taken arbitrarily small but strictly positive,
for technical reasons). The effect of the irreversibility condition affects only the fracture points
where the jump amplitude exceeds the threshold s, since only these points will be included in the
crack set I'; in other words, for small fractures the process is completely reversible. The internal
variable s in (2.5) will be always implicitly extended as s(x) = 0 for « ¢ T".

The bar is subject to a time-dependent boundary displacement

be H'([0,T];R?), with b(t) = (b(t,0),b(t, 1)). (2.6)

It is also convenient to denote, for ¢ fixed, by b(¢) : [0,1] — R the affine function interpolating
between the boundary values b(¢,0) and b(t,1). We will usually write b(Z,z) := b(t)(z) and we
will denote by b the time-derivative of b, by b'(¢) the spatial derivative of the function b(t).

We would then iteratively minimize a functional of the form

/0 W+ S g(l@)s() (2.7)

zel'UJ,

among all possible displacements v attaining the boundary conditions u(0) = b(¢,0), u(1) = b(¢, 1).
The surface energy in the new fracture points J,\I', where the bar was previously pristine, is
9(|[u]],0); at the points of I', where the fracture was present at previous times, an irreversibility
condition appears: the surface energy density is given by g¢(|[u]], s), with s > 5, which takes into
account the previous work made on I'.

Since the function g(-,0) has finite slope at the origin, the minimization of the functional (2.7)
is in principle not well-posed in SBV, and we have to consider its relaxation with respect to the
weak*-topology of BV, which is given by

P(u; I, s,b) := /0 h(|u']) dz + Z g(|[ul(z)|, s(x)) + €| Du|(0,1), (2.8)

zeJyur



where we highlighted the dependence of ® on the state of the fracture (described by the pair
(T, s)) and on the boundary datum b. The rigorous proof of the relaxation result will be given in
Section 5. Here the elastic energy density h is

e if |¢] < £,
e = {m — 2> 29)

and to take into account the boundary conditions, we use the following notation:
JY = J,U{z € {0,1} : u(z) #b(z)}, (2.10)
[u](0) := u™(0) — b(0), [u](1) :=b(1) —u~(1). (2.11)

Finally, we also add to the total energy a lower-order term of the form ~|lu — w(t)||3. (0,1)» Where
~ >0 is a fixed constant and
w € AC([0,T7]; L*(0,1)) (2.12)

is a given map, absolutely continuous in time.

3 Cohesive quasi-static evolution: the time-discrete evolu-
tion

We construct in this section a time-discrete evolution for the one-dimensional cohesive fracture

model, relative to a given time-dependent boundary displacement b(t). We assume in the following

that the boundary displacement b satisfying the assumption (2.6) is given, as well as the lower-

order term w satisfying (2.12) and that a positive threshold 5§ > 0 for the minimal opening which

leads to irreversibility is fixed.
We fix a discretization step 7 > 0 and we consider a subdivision of [0, 7] of the form

O=to<ti <...<tny. <tny.41=T,

where N is the largest integer such that 7N, < T, and t := k7 for k € {0,..., N;}. We also set
b, = b(ty), wi = w(ty).

The time-discrete evolution in this setting is defined as follows. For k£ = 0, select a solution
ul € BV(0,1) of the minimum problem

1
min{q)(u;bg) +’y/ lu —wi|*de : u € BV(O,l)} (3.1)
0

(with the convention that we do not indicate the dependence on (T, s) in the functional ® defined
in (2.8) when I = 0)). We set
g = {o e I () [0l @)] > 5}, s5@) = |ugl@)], (3.2)

where 5 > 0 is the threshold fixed at the beginning of this section. Assume now to have constructed
u] € BV(0,1) and pairs (I'7, s7) in the form (2.5), for i =0,...,k — 1. We let u, € BV(0,1) be a

i 9%
minimum point of

1
min{@(u; Iy _1,s5_1,b1) + 7/ lu —wi|?dz : u € BV(0, 1)} , (3.3)
0

and we set
pe=T1 U{z € J%(uf) : |[uf](x)| > 5},

@) m {Hu;}(m) VsT_y(x) ifzeT] (3.4)
’ [uf] ()| if 2 € IT\IT_ .



Notice in particular that all the sets I'], are finite, since at each step the minimizer uj, has at most
a finite number of jump points where the amplitude of the jump is larger than the fixed threshold
5. The well-posedness of this construction is proved in the following proposition. We show below
that u], € SBV(0,1).

Proposition 3.1. Forallk =0,1,... N, there exists uj, € BV(0,1) such that, by defining ('}, s})
as in (3.4) (with T™, =0), the following hold:

(i) uf is a minimizer of problem (3.3);
(ii) fluflloo < max{[Iof]lo, W] lloo }
(i) inf, infy min{|z —y| : z,y €T, z #y} > 0.

Proof. As this is a static result, we fix 7 and £ and drop them from the notation. We need to
show that, given a pair (T, s) as in (2.5), an affine function b : [0,1] = R, and w € L*°(0,1), the
minimum problem

1
min{@(u;F,s,b)—i—'y/ lu —w*de : u € BV(O,l)} (3.5)
0

has a solution. Let (uy), be a minimizing sequence for problem (3.5). By a truncation argument
we can take ||uplloo < max{||b|loo, |||} By comparing u, with the function b (and possibly
replacing u,, with b) we obtain the uniform bound

1 1 1
@(un;l“,s,b)—I—v/ |un—w|2dx§/ h(\b’\)dx—&—Zg(O,s(az))—FW/ |b—w|*dz < C.
0 0 oyt 0

Let now s, > 0 be such that g(s.,0) = 3, and let £, € (0,¢) be such that g(s,0) > £,s for all

s € [0, s4]. Then the lower estimates h(t) > £t — %, g(t,s) > g(t,0) yield

1 2
€2 uslos,) 2 ¢ [ [ufdo = 5+ 4D%00.)+ 3 g(lual(@)].0)
0

zeJh

! ! £2 c 1 0
25/0 [unlde — - + £ D%, |(0,1) + > Celfun) (@) + 5H ({[lun] (@) > s.3)  (3.6)

[un)(@) <52
! 02 1
Zf/ up|de — — + 0 Dun |0, 1)+ > Luflun] @)+ T Y [un)(@)].
0 4 fn] (@) <52 lenlloo 1, i@

Therefore the sequence (uy, ), is bounded in BV(0, 1) and, up to subsequences, it converges weakly*
in BV to some function v € BV(0, 1), which is a minimizer of (3.5) by the lower semicontinuity
of the functional ®, proved in Theorem 5.1 below. In particular, it also follows that ||ulle <
max{[b]oc; |10 }

It remains to prove (iii). We first show that there is a minimal distance between any two
new fracture points in I'\I';_,, independent of k and 7. Consider x1,z2 € J (u})\I'}_,, with
si := [uf](z;) and |s;| > 5,4 = 1,2. Suppose also x1 < x3. Let v := uj, + 52X (2, ,2,): Dy minimality
of u], in problem (3.3) we have

T2
0 < g(|s1+ 52/,0) — g(|s1],0) — 9(\82|,0)+2782/ (uf, —wf) dz+rys|ay —a2| < —cs+Clay —aa,
1
where the last inequality follows from (2.3) and the uniform L*°-bound on u}, and w. This proves
that the distance between z1 and xo is larger than a uniform positive constant.
Similarly, we prove that any new fracture point of «j, cannot be too close to the points of I'],_;.
Consider z1 € J% (up)\I'7_, with s1 := [uf](z1), |s1] > 5. Let xzo € T',_; and let so := [u]](x2).

10



Assuming without loss of generality that x; < xo (the construction in the other case is symmetric),
by comparing the energy of uj and v := uj, — $1X(z,,,) We have

x2
0 < g(Is1 + s2f, sp_1(22)) — g(Is1],0) — g([s2], sp_1 (22)) — 2781/ (uf, — wf) dz + ysi|z1 — 22

Z1

< —cs + COlzy — z2f,
where the last inequality follows from (2.4) and the uniform L*°-bound on ], and w. O
Proposition 3.2. Any minimizer u of (3.3) obeys D°u =0 and |u'| < % almost everywhere.

Proof. We define the measure p := (u' — £)4 + (D). We shall show that o = 0, the argument
with (v + £)_ + (D°u)_ is identical.

Assume that there are a # b € (0,1) such that u((a —e,a+¢)) >0 and u((b—¢e,b+¢€)) >0
for all € > 0 sufficiently small. If such a pair does not exist, then the measure p is concentrated
on {0,1} and at most one additional point, and since p does not contain any Dirac measure we
obtain u = 0 and we are done. Let I. := (a—¢,a+¢), Jo := (b—¢&’,b+¢€’), where ¢,¢’ are positive
numbers such that these two intervals are disjoint subsets of (0,1). We set

1 1
Yeer(x) i=1:0((0,2)), with veo i =——=pll.————plL Jo.
() = vee (0, 2) WD) W)

We compare u with u + pi). o for some p chosen below. This gives, since 9. - € BV(0,1) with
Yeer(0) = Yo (1) =0 and Jy_, =0,

1
0 S/O [h(u + pl ) — h(u)] dz + €| D(u+ ptpe)|(0,1) — £|Dul (0, 1)

1
Ty / [ — wf + poesr)? — (u — wf)?] da.

We observe that

, A

14
' : — )

Y4
R R Ry A
I

14
X (W = 5 = s (u

where x;, and ), are the characteristic functions of the two intervals. Therefore for any p €
(—p(le), p(Jer)) we have u' + pyl , — £ > 0 whenever pUL . # 0, so that h(u' + pyl ) — h(u') =
Epz/J;’E,. Analogously, for the same set of values of p we have

(D*u)s + pDe4pu e = (1 L 2 /)XJE,) (D°u), > 0

(1) 7

which implies |D¢(u + pte«)|(0,1) = |Dul(0,1) + pD. . (0,1). The above expression then
becomes

1 1
0< [ tputdot fpDo (0.1 + [ 2ofu = wi)esr + %02, da.
0 0

The sum of the first two terms is ¢pre o/ (0,1) = 0, and since p can still be chosen arbitrarily small
we conclude that fol (u — wf)Ye o dz = 0 for all admissible ¢,¢’. By Fubini’s theorem we have

o= (= ) (@) () dr = / (- w)@) | ectas= | R v (y)

for all €,¢’, where F(y) := fyl (v —wf)(z) dz is continuous.
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We now consider the measure i, := G~ ul_I. — & and set Yo (x) := 0.((0,)). Since ve o — D2

as ¢/ — 0, and F' is continuous, we obtain fol Fdo. =0. We compare u with u + pzﬁs and obtain
1
0< / [’ + p2) — b)) dar+ 01D+ p)|(0,1) — £1D%u](0,1)
0

oy [ = i = (=0T o+ g()®) =l T2 ) = (B 5T 1)

where as usual s],_,(b) =0if b € I',_,. By the same computation as above, using that 7.(I.) = 1,

0 <pl+ 2vp/01 Fdv. +~p® 01 V2 da + g(|[ul(b) — pl, sk (1)) = g(|[ul] (), 51 (b))
By (2.2) and (2.1) we have for |p| small
9(|[ul(0) = ol 571 (8)) < g(|[ull(0), st1(0)) + g(lpl, 0) < g(I[ul|(B), 571 (8)) + llpl = Elpl” + o(|pl?).
Recalling [, F do. =0 we have

1
0 <pt+ tlp| = Tpl” + ofloP”) +p° | 92 da
0

for all p sufficiently small (positive or negative). This is a contradiction, hence we conclude that
w=0. U

Proposition 3.1 allows to construct a piecewise constant evolution, relative to the discrete
boundary values b, = b(t;) and to wj, := w(ts),

t— (ur(t),0-(t),s,(t)  forte0,T], (3.7)

where the piecewise constant interpolations in time are defined as
ur(t) :=up, T.(t):=T%, s.(t):=s} for t € [t tht1), (3.8)
with k = 0,1,...,N,, with I, =0, s, = 0. We also consider the piecewise constant and the

piecewise affine interpolations in time of the boundary data, which are respectively defined as

t— 1t

bo(t):=b],  bT(t)=bf+ — L (b, —b])  fort€ [thtrsr), (3.9)

and similarly

t—1
wy(t) i=w),  w () =w]+ f’“(w;+1 —w])  fort € [t tps1). (3.10)
In the following we use the notation u,(t,z) := (u,(t))(x) (and similarly for the other functions
introduced above). We recall that we extend s, by 0 outside I'},.

We observe that for any k
@(uE;F;,l,s;,I,b;) = (I)(u£5 kvskvbT) (3'11)
To see this, it suffices to show that

g(|luf)(@)], st(2)) = g(|[uf](x)], 571 () for any & € J* (uf) UTT.
This is true, since in (3.4) we defined s}(x) = s,_,(z) V |[u]|(z). If sf_,(z) >
sj_y(x) = sp(z) and the two terms are identical. If not, then s(z) = [[u]]
calling the assumption (i) on g in Section 2, we have g(|[uf]|(z),s}(z)) = g(
9(|[up]|(z), sj_;(z)). Therefore (3.11) holds.
We are interested in the evolution of the discrete total energy at time ¢, with timestep 7, which
is defined for ¢ € [0, T by

E.(t) = ®(ur (1); T, (1), 57 (8), by (1)) + 7 / fur () — wo (D)2 d. (3.12)
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Lemma 3.3. For any t € [0,T), letting ty, be the discretization point such that t € [ty,tgy1), we
have

&0 <0+ [ [ (W) )F @) + 220000 =0, () 1) =07 (1)) dodr -+ Re(0)
(3.13)
where

Ro(t) = / (T/01|(5T(T))/2dx+77/01 b7 ()2 d

/ (wr(r 4+ 7) —w,(r))w (r) dx / (wr(r+7)— wT(r))bT(r) dx
0 0

) dr. (3.14)

+ 2

+

Proof. We compare uj, with v :=uj_, + b — b_,: by minimality of u], in problem (3.3) we have
by Proposition 3.2

1
B[]y, 5T 1, b]) + 7 / ], — wf? da
0

1 1
< / B((afy + B — b]_,)'|) dz + / il B, — by —wl [ de

+ > 9([ur—1](@)], si 1 (@)

T bL 1 (T
z€lp_uJ (u_y)

If € {0,1}, we remark that v(z) — b} () = u],_,(x) — b},_,(x), so that the notation [u]_,|(z) is
appropriate. Therefore, recalling (3.11),

1
BETT 1ol b))+ [ o] 0 s
1
< O(up_3 TG0, 8k—2: bp—1) + ’Y/O ufpy —wi[* da
1
[ [blat s+ 5=~ )] do
1
[ (s + 0= Vs = 0 oy = ). (315)
Since A’ is a Lipschitz function with |h”| < 2, the mean-value theorem gives
h(z4+19y) < h(z) +yh'(z) +y>  forall z,y € R.

In particular,

h((UZfl + b, — 271)/) - h((uLl)’) < B ((uf—y)")(bF = b7—y)" + (b — 271)/|2~

Similarly,

lup_y +0F —bp_y —wi|® — Juf_, —wi_,?

= (wg +wi_y — 2uj_1)(wf — wi_y) + 2(uf_y — wi) (b — br_1) + b} — bp_,*.
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By inserting these inequalities into (3.15) and iterating we find

1 1
B(uf: Ty, sE 1. b) +7 / f, — w2 da < B(ud; bF) + / g — wf[? de
0 0

k

+Z<Alh’((UZ_1)/)(bZb?_l)’d:H/Ol (b7 — b7_,)'|> dz

i=1

1
T / (W] +w]_y — 2ul_)(w] —wl_,)de
0

1 1
oy [y =)o) o)+ [ -0 ﬂdx)
0 0

We can rewrite this inequality in terms of the interpolants defined in (3.8), (3.9), (3.10): for any
t € [0,T], denoting by tj, the discretization point such that t € [ty, tx+1), and observing that (3.11)
and (3.12) give

1
E-(t) = DTy 571 B7) +7/ uf, — wf|? da
0

we have
£t <&, / (/ B (s () ) (57 (7)) dx+r/ (67 ()2 dee
+7/0 (e (r +7) + wr (1)) (r)dx—zv/:wT(rH)bT(r)dx
+27/01 w, (r) (b7 (r) —u'zT(r))dx—kwT/Ol bT(r)|2dx> dr.
This concludes the proof. O

4 Cohesive quasi-static evolution: the time-continuous evo-
lution

The goal of this section is to pass to the limit in the time-discrete evolution as the time-step 7

goes to zero. As in the previous section, we fix a positive threshold § > 0 for the jumps, the final

time T > 0, a time-dependent boundary displacement b € H'([0,T];R?), and a lower order term

w € AC([0,T]; L*°(0,1)). Let (7,)nen be a decreasing sequence of time-discretization steps with
7, — 0 as n — oo. Correspondingly, let

0=ty <ty <...<ty, <th 1 =T
be the subdivision of [0, T] with ¢} := k7, for k € {0,..., N, }. Let
t (un(t) = ur, (t), Tn(t) :=Tr (1), sn(t) = sq,(t)), for ¢ € [0, 17, (4.1)

be the piecewise constant interpolation, defined in (3.8), of a time-discrete evolution relative to
the boundary data b} = b(t}) and to w} = w(t}), as constructed in the previous section. Let also

b(t) = by, (£),  b"():=b"(t),  walt) =w, (t), w'(t)=w"(t)  (4.2)

be the piecewise constant and the piecewise affine interpolants of the maps b and w, according to
(3.9)—(3.10). We also consider the associated energy &,(t) := &, (), see (3.12). Our main result
is the following.

Theorem 4.1 (Existence of a quasi-static evolution). Under the assumptions of Section 2, with
b and w as in (2.6) and (2.12), there exists (u(t),T'(t),s(t)), for t € [0,T], with the following
properties:
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(i) u(t) € BV(0,1), supyejo, 7y [u)lloe < supseio,ry max{[[b(t) oo, [[w(®)|c}, T'(t) C [0,1] is a
finite set, s(t) : T(t) = [5,00), supsefo,r) [|8(t)lloc < 25upyepo, ) max{|[b(t)]loo, [|w(t)lloc };

(i) (irreversibility) T'(t1) C T'(t2) and s(t1) < s(ta) for all0 <t; <ty <T;

(i) u(0) minimizes the functional ®(v;b(0)) + v|lv — w(0)||%2(071) among all v € BV(0,1), and
L(0) = {z € J*P(u(0)) : [[u(0)](z)| > 5}, 5(0) = |[ul(0)| on I(0);

(iv) {z € JPO(u(t)) : [[u(t)](z)| > 5} C T(t) and |[u](t)| < s(t) on T(t), for all t € (0,T);

(v) (static equilibrium) for all t € (0,T], u(t) minimizes the functional

(v T(1), s +7/ v — w(t)2 do
among all v € BV(0,1);
(vi) (non-dissipativity) the total energy
E() = B(u(t): (1), 5(t), b(t)) + / fu(t) — w(t)2 de

satisfies for every t € [0,T)
t 1 . . .
0 —|—/0 /0 (h ((u(r)NYO) + 2vy(u(r) —w(r))(b(r) — w(r))) dx dr. (4.3)
Corollary 4.2. Theorem 4.1 implies that (u(t),T(¢),s(t)) minimizes the functional

O(v; T, s,b(t) —i—'y/ lv —w(t)|]* dz
among all (v,T,s) such that T is a finite set with T'(t) C T, s: T — [5,00) satisfies s > s(t) on
['(t), and v € BV(0,1) is such that {x € J*(v) : |[v](z)| > 5} C T.

Proof. By Theorem 4.1(i) and (iv), (u(t),T'(¢), s(t)) is admissible. Let now (v, T, s) be admissible.
By monotonicity of g we have ®(v;I'(t),s(t),b(t)) < ®(v;T,s,b(t)), and Theorem 4.1(v) then
concludes the proof. O

Proof of Theorem 4.1. We divide the proof into several steps. In the following, we will denote by
C' a generic constant, possibly depending on b, w, and -, but independent of n and ¢, which might
change from line to line. As a preliminary remark, we observe that w,,(t) is a minimizer of problem
(3.3), for the value of k such that ¢ € [t}}, ¢}, ,); then

Bt (£); T (t — 72, 50t — +7/ i (£) — wn (1)) dz
< P(v; Tt — )y Sn(t — 7)), bn(t)) —|—'y/ |v — w, (t)|* dz for all v € BV(0,1).
0
Using (3.11) on the left-hand side, and monotonicity on the right-hand side, this implies

B (T (D) 50(0)ba (0) 7 [ (®) — wn(0) o
0 (4.4)

1
< ®(v; T (t), sn(t), bn(t)) + 'y/ v — wy(t)]? dz for all v € BV(0, 1).
0

Step 1: compactness. The first goal is to prove a uniform bound on &, (t), independent of n and ¢,
by using the energy inequality (3.13). To this aim, notice that by using v = b(0) as test function
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n (3.1) we easily obtain a uniform bound on the initial energy &£,(0). Then (3.13) yields, as
W(€)] < £ for all £,

En / / VY)Y + 2100 (r) — ()" (r) — 0™ (r)) dardr + R (1)

gc+e/ / (0™ (r))'| dz dr

# 27 sup (o + 1) ) [ [ (o i) arar + R

re(0,T

For the remainder R, (t), defined in (3.14), we have:

T T
Ralt) <€ [ 15 0) o dr + € sup fron()l [ (1670 s + 16°(0) 2s0.) b
0 r€[0,7T] 0

In view of the assumptions on b and w and of Proposition 3.1(ii), all the previous quantities are
uniformly bounded, therefore we obtain a uniform estimate on the energies &,(t) and in turn,
similarly to (3.6), on the BV-norm of the functions wu,(t):
sup &, (t) < oo, sup | Du, (t)](0,1) < oo. (4.5)
n,t n,t

Fix now a countable dense set D C [0,7T], with 0 € D. By a diagonal argument and by the
uniform bounds (4.5) we can find a subsequence (which we denote by the same symbol) such that

Un(t) — u(t) weakly* in BV(0,1), for all t € D, (4.6)

for some u(t) € BV(0,1), with [[u(t)||cc < max,cjo,7) max{||b(r)| oo, [[w(r)[|cc}. This implies in
particular that sup, sup,, sup, |s,(t)(z)| < co.
Thanks to Proposition 3.1(iii), it is clear that we have a uniform bound on the number of
points of T',,(¢):
sup H (T (1)) < 0. (4.7

n,t

Up to further subsequences, we can therefore assume that for any ¢ € D and n large enough
Ly(t) = {27 (1), ..., T ) ()} (with the points 7! (t) distinct and N (¢) independent of n), and that
each sequence z7 (t) converges as n — oo; we denote by I'(t) = {Z1(t),...,Zn@)(t)} the set of
limit points of these sequences,

I(t) := {fi(t) = lim Z°(t), i = 1,...,N(t)} cl0,1] forteD. (4.8)

Notice that all the points Z;(t) are distinct, since two different sequences (Z7 (t))n, (Z7} (t))n cannot

converge to the same limit point by Proposition 3.1(iii). Moreover, in view of the monotonicity
property I'y,(t1) C Ty (t2) for t1 < t2, we also have
F(tl) - F(tg) for all t1,t5 € D, t1 < to. (49)

Finally, we also have compactness for the maps s,(t): by possibly extracting another subse-
quence, for every t € D there exists a map s(t) : T'(¢t) — [8, 00), such that

sn(B)(Z7 (1)) — s(t)(Zi(t)) foralli=1,...,N(t), t € D. (4.10)

Moreover s(t1) < s(tz2) on I'(¢1) for all t1,t2 € D, t1 < t2, since every map s,(t) is nondecreasing
in time by construction. As usual, we extend s by 0 on [0, 1]\I'(¢).

Step 2. We now prove the following claims:

{z € J*O(u(t)) : [[u(t)](z)| > 5} ()  forallte D, (4.11)
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and
[[u(®)](x)] < s(t,x) for all x € T'(t) and t € D. (4.12)

We first recall that by Proposition 3.2 we have u,, € SBV(0,1) and |u},| < £ almost everywhere.

In order to prove (4.11), suppose by contradiction that for some t € D there exists T €
JOO (u(t))\T(t) with |[u(t)](Z)| > 5 + ¢, for some ¢ > 0. We also assume that Z € (0,1), as the
boundary case follows by a similar argument. Let I5 := (Z — 4, Z + §) be such that Is N T, (¢t) =0
for all sufficiently large n; then, by definition of I',,(¢), all the jumps of u, (t) inside I5 are smaller
than the threshold 5: |[u,(t)](z)| < 5 for every x € J,,, ;) N Is. Moreover, as I';,(t — 7,,) C T'n(2),
Uy (t) solves the minimum problem

m1n{/h|v |) dz + Z

zeJ,NIs

2)],0) + £|D%|(Is) +’y/ v — wa () de : v € BV(I;),

{v#u,(t)} CC L;} . (4.13)

By (4.6) and lower semicontinuity of the total variation, we have for every ¢ > 0

lim inf | Du, (1) (1) > | Du(t)|(I5) > 5 +¢.

In view of Proposition 3.2, it is not possible that the limit jump of u(t) at T is created by a nonzero
contribution from the absolutely continuous part of the measures Du,(t): more precisely, we can
assert that

)

for every ¢ > 0 sufficiently small 1iniinf Z [un(t)](z)| > 5+
:L’GJun(t)ﬂI(;

DO ™

and each u,(t) has at least two jumps in Is since |[un(¢)](z)| < 3. In particular, for n large we
can find a partition J,, ;) N Is = A, U B, such that

S @@ =2 Y [

T€EA, r€B,

(4.14)

Nm

We construct a competitor for the minimum problem (4.13) by moving all the jumps of w,(t) in
a single point x,, € Is5\J,, ;) then the minimality of u,(t) in (4.13) and the subadditivity of g
yield

0§g<

< g< T Hun(t)](xn,o) —g( T |[un<t>}<x>|,o) —g( 3 [un<t>]<x>|,0) ver

erun(t)nIg TE€EA, zEB,

Yo [u®l)

LEEJun(t)ﬂfg

,0> Y 9(fua(®)@)],0) +C8

TE€Jup (1N 1s

S _06/4 + 067

the last inequality following by (4.14) and (2.3). This is a contradiction for § small enough and
completes the proof of (4.11).

We next show (4.12). Let Z;(¢) be any point in I'(¢). Recalling (4.10) and that by construction
[[un(O)(Z ()] < sn(t,ZR(t)), it is sufficient to prove that

[[u(®)](Z:(0))| < lim inf [[u, (8)](27 (1)) - (4.15)

Let us momentarily omit the dependence on t. Suppose by contradiction that for some € > 0 one
has |[u](Z;)| > liminf, o |[un](Z})|+e€. Then, by Proposition 3.2, (4.6), and lower semicontinuity
of the total variation, we have for Iy := (Z; — 0, Z; + ¢) and sufﬁciently small ¢

mswp >0 |ual(@)] 2

5
T e, nIs\{a )}
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We construct a competitor by moving all the jumps of u,, at the point Z}: the minimality of u,
in (4.4) yields for n large enough

o<g< Y lu@)

€ Jy,, NIs
Sg( Z |[Un](x)|a3n(j?)> = g(l[un] (@), 50 (Z])) _g< Z |[un](x)’,0> +C4

x€Ju,, N5 x€Ju,, NIs\{Z}}

,Sn(x?)> =gl @) su(@) = D g(ua](@)],0) +C8

"I‘.e‘]un ﬁ15\{7'?}

< —Cg/2 + 057
where the last inequality follows by (2.4). This is a contradiction for ¢ small enough, and proves

that (4.15) holds.

Step 3: lower semicontinuity of the energies. We now claim that for every t € D

D(u(t); (1), 5(t), b(t)) < lim inf @ (un (£); T (), 5u (), bu (1)) (4.16)

n—roo

First observe that, in view of the continuity and monotonicity properties of g, (4.15), and (4.10),

we have
> 9([[u(®)](2)|, 5(t, ) < liminf > 9(lun(®)(@)], snlt, ) - (4.17)

zel'(t) z€ly (1)

Consider any relatively open set A CC [0, 1]\I'(¢); by lower semicontinuity of the functional

/A Ml @) de+ D> g(|[u®)](@)],0) + € Du(t)|(A)

z€Jb(®) (u(t))NA

<hmmf[/A M,z + ST g(lun®)@)]0) + Dun(t)](A)

n— oo
z€Jon () (uy, (t))NA

so that taking the supremum over all A and recalling (4.17) we obtain (4.16).

Step 4: static equilibrium. We now show that the minimality condition (v) holds for every ¢ € D.
In order to do this, we first show that for every v € BV(0, 1) we can construct v,, € BV(0,1) such
that v,, — v in L?(0,1) as n — oo and

lim sup [ ©(v5 T (1), 50 (1), bu (1)) = @(3T(1), (1), b(1))] < 0. (4.18)
n—oo

Recalling (4.8), this can be done by considering the (possible) jumps of v on the points of I'(t) and

moving them to the corresponding points of I'y,(¢): more precisely, assuming for simplicity that

I'(t) € (0,1) (the construction can be straightforwardly adapted if one of the boundary points

belongs to I'(t)), we define v,, by the conditions

N(t) (t)
U,T(O) = U+(0), Dwv,, := Dv — Z[U}(fi(t))ézi(t) + Z[U](ji(t))ai?(t)'
i=1 =1

Then v, — v in L?(0,1). By (4.8), if n is sufficiently large then z'(t) # Z;(t) for i # j. We set
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X =1if Z0(t) # Z;(t), and x? = 0 if ZP(¢) = Z;(t). We estimate

P (vn; L (), sn(t), bn(t)) — (03 T(2), s(2), b(t))
N(#)

= 3 oI 0) + )@ O) 50632 0) — aEO), a6, 3:0) - sl )] 0)

N(#)

£ 30 W=D (L@ )] sat, 77 1) = g @ ()] s(t,7:(0)]
+ 910 (0) = ba(t, 0)1,0) — g(o™*(0) = b(t, 0)1,0) + gl (1) = bu(t, 1)],0) = g(|o (1) = b(t, )], 0)

2.2) V(®)
Y [sBAE O, 00,2 0) — 9B @), 500, 2:0)

£ 30 W=D (L@ )] salt. 77 1) = 9@ ()] s(t,7:(0)]

+ 9E|v+(0) = bu(t,0)],0) — g(|v*(0) = b(¢, 0)],0) + g(Jv™ (1) = bu(t, 1), 0) — g(Jv~ (1) = b(t, 1)], 0).

Hence (4.18) follows by taking into account (4.10), the continuity of g, and that b, (t) — b(¢).

We are now in position to conclude the proof of (v) for t € D. Let v € BV(0,1) and let v, be
the sequence constructed before. Then, using the convergence of w, (t) — u(t) and w,(t) — w(t)
in L2(0, 1),

®(u(t);I(t), s +~y/ lu(t) — w(t)|” da
e hnlgg;f[ (un 05T 050,500+ @)~ ) 0]
< tim i [@wn; D050 0000 7 [ o = w0 ]
" B T(0), 5(0),b(t)) + 7 / o — wit)? d.

Notice in particular that, by taking v = u(t), the previous chain of inequalities yields the conver-
gence of the energies:

(u(t);T(t),s(t),b(t)) = lm ®(un(t); Tn(t), sn(t), bn(t))- (4.19)

n— oo

Step 5: definition of the evolution for t ¢ D. By the monotonicity property (4.9), the uniform
bound on the number N (t) of points in I'(¢), and the monotonicity of ¢ — s(t), there exists a set
"' C [0, T]\D, at most countable, such that

It) = INGH inf t) = t for all ¢ T\D'. (4.2
N rey= U 1), nf ()= s s(t)  forallte[0,T]\D (420)
t'eDt' >t t'eD,t'<t b=

We then define T'(t) and s(t) to be equal to the common values in (4.20) for all ¢t € [0,T]\D’.
Moreover, by repeating the construction in Steps 1-4 for the points ¢ € D', and up to a further
subsequence, we obtain a triple (u(t),I'(¢), s(¢)) for all t € DU D’ such that the conclusions of the
previous steps hold for every t € DU D'.

It remains to define u(¢) for ¢ € [0, T)\(D U D’). For t € [0, T], we introduce the quantity

0u(0) = [ (W () )GOY + 200 (0) = w0 (DGO —i0)) da. (@2)
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as well as
0o (t) := limsup 0,,(¢). (4.22)
n—oo
Notice that |6, (t)] < C(||l.>(t)||W171(0,1) + @ (8)| 12 (0,1)) € L*(0,T), therefore 6o, € L*(0,T) and by
Fatou’s Lemma . .
lim sup/ 0, (r)dr < / Ooo(r)dr for all ¢ € [0, T7. (4.23)
0 0

n—oo
For a given t € [0,T]\(D U D’), we can find a subsequence (n;);, dependent on ¢, such that
On,; (t) — Oo0(t), and uy,, (t) converges weakly* in BV(0, 1) to a function u(t) as j — co. We choose
this limit function to define the triple (u(t),T'(t),s(t)) for t € [0,T]\(D U D'). Notice that the
arguments in Steps 2—4 can be repeated at the point ¢ for this subsequence: therefore the evolution
t— (u(t),T'(¢), s(t)) satisfies the properties (i)—(v) in the statement for all t € [0, T].

Step 6: non-dissipativity. To complete the proof, it only remains to show the condition (vi).
Setting

010)i= [ (WO b)) + 21(ute) = wle)(b0) ~ 0(e)) (4.2
we first claim that
0(t) = 05(t) for almost every t € [0,T]. (4.25)

In particular, this will give the measurability and integrability of 6(¢) in [0,7]. The claim (4.25)
can be proved by an argument similar to [24, Lemma 4.11]: fix ¢ € [0, T] and consider any sequence
of positive numbers d; — 0 and any d € R. By the definition of u(¢) there is a sequence n; — oo
such that w,, (t)(z) + do;z — u(t)(x) + dd;x weakly* in BV(0,1); by arguing as in Step 3 to prove
the lower semicontinuity of the energy along the sequence un, (t)(x) + do;z, and recalling (4.19),
we find

é(@(u(t) + dojx; T(t), s(t),b(t) + do;x) — P(u(t); T'(¢), s(t), b(t)))

< lim inf — (@(unj (t) + d6;; T, (£), 8, (£), b, (£) + i) — (i, (£); T, (£), 8, (£), b, (t))).

J—00 i

By writing the explicit expressions of the previous quantities, we find

5% /01 (Al (t) + didl) = (' (1)])) da < Tim inf 51 /1 (A1, (&) + 8id]) = R(Jur, (9))) da,

Jj—o00 i Jo

therefore there exists an increasing sequence of integers j; > 4 such that

5 (w0 + 8:d) — ' (1)) do < + (il (4 + ) hl,, (1)) o+ L.

i 7
Taking the limit ¢ — co we obtain proceeding as in [24, Lemma 4.11],

h(u'(t) + 8id) — h(u/(2))

1
d/ B (v'(t)) dz = lim inf dz
0 1— 00 0 61
1hu;, t+5id—hu;l_ t
< lim inf (uny, 0 ) = hlotn,, (©) dx
i—00 0 5i

1 1
T . i . 1 . rowi
= lim mfd/o h (unji (t) + 73d) doz = lim lnfd/0 W (uy, (1) dz

1—> 0 1—> 00 2

for suitable 7; : (0,1) — [0,9;]. Taking d =1 and d = —1 we see that this is actually an equality
and that the limit does not depend on the subsequence j;, which implies

lim [ B, (0))) d = /0 W (u(t)Y) da.

Jj—oo Jo
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By the strong convergence of uy, (t) = u(t) and w,, (t) = w(t) in L*(0,1), we then conclude that
On, (t) — 0(t) as j — oo and, since 0, was the limit of the subsequence 0,,,, this shows (4.25).
By Lemma 3.3 we have

En, (1) < E(0) + /tzje (r)dr + R, /t / ((tn, (7)) (0" () — b(r)) Az dr

+ 27/ / Unp, (1) — Wn, (T))(b”7 (r) — b(r) —w" (r) +w(r))dedr, (4.26)

where ¢,7 is the discretization point such that ¢ € [tk’,tkH) One can now check that the last
two terms in the previous expression are actually equal to zero, and that R, (t) — 0 as j — oo,
thanks to the assumptions on b and w. Therefore, recalling (4.23), (4.25), and that &, (t) — £(t)

by (4.19), we conclude that
¢
+/ O(r)dr. (4.27)
0

To conclude the proof it remains to show the opposite inequality. Let us stress that the
subsequence n; depends on ¢, so that we do not have a unique subsequence converging pointwise
almost everywhere in [0, 7] to 6(t). This prevents to take directly the lower limit in the opposite
of inequality (4.26), to get the opposite of inequality (4.27). In order to overcome this difficulty,
we will first approximate the Lebesgue integral of § by Riemann sums.

We fix t € (0,T]. We first observe that there exists a sequence of subdivisions of [0,¢] of the
form

0=pp <pi" <...<pi" _<pit =t with  lim  max |p* — pi*4] =0,

m—00 i=1,...,0m
with the property that

i"m

pl
i o = o0 - [ ey dr| <o, (4.28)
i=1 Pty
im 1 , o
Jim Y / (o™ — i )b(") / b(r) dr|dz = 0, (4.29)
= Jo m
i ™) /p £ =0 (4.30)

(see [24, Lemma 4.12], and also [23, Lemma 4.12] for a proof, adapting the arguments of [32,
page 63]). We now exploit the global stability of u(pl™;) (property (v)), taking the competi-
tor u(p™) + b(p™ ;) — b(pl") and adopting an iteration argument similar to that in the proof of
Lemma 3.3. We repeatedly use that b € H'([0,T],R?), with b(t) = (b(¢,0),b(¢,1)), and that
b(t) : [0,1] — R denotes the affine function interpolating between the boundary values b(¢,0) and
b(t,1). Then, using also the monotonicity property (ii), we find

m
im

) > (0 +Z/m/h' w(p™)) ) (b(r))' dz dr

/ /0(w(pzn)—u(p?‘))(w(r)—b(r))dxdr—sm(t), (4.31)
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where

im

Tm 1
Sut) =73 / (w(p™) — w(p™)) dz—zvz / w(p™) = w(pf)) (b(p") = blp,))

=1
+Z/ V(o) =V (p}") I2dx+v2/ b(p}™) — b(p}")|? d.

Notice that, in view of the assumptions on w and b, we have S,,(t) — 0 as m — co. Recalling the
definition (4.24) of the map 6(t), we further obtain from (4.31)

Tm

E(t) = EO) + Y (o = PP )0(P") = Ron(t) = S(1), (4.32)

i=1
with the position

m

/pl / (b(p;”) - b(r))ldas dr

m o 1 ) .
+ 272/ /O (u(p™) — w(p)) (b(p) — b(r) — w(p") + (r)) da dr.

c m
=1 i—1

Using the definition of h and the uniform bound in L*° on u and w we can estimate

R <03 |G =)o) [ 6t

i=1 i—

Tm 1
+C’Z/
0

i=1

m

Pi

(o = o) () = i) = [ () = w0 |

m
i—1

and the previous quantity vanishes in the limit as m — oo in view of (4.29)—(4.30). Eventually,
by passing to the limit as m — oo in (4.32), recalling (4.28) and that R,,(t) — 0, S (t) — 0, we

conclude that .
+ / O(r) dr
0

which completes the proof of (vi). O

Remark 4.3. Notice that in the proof of Theorem 4.1 we do not obtain a unique subsequence
(nj);, independent of t, such that the time-discrete evolution (un,(t),Ty,(t),sn;(t)) converges to
the limit evolution (u(t),T'(t), s(t)) for allt € [0,T). This in general holds only fort in a countable
dense set. It would be possible to prove convergence of a subsequence for every t € [0,T] if we
knew that the minimum problem solved by u(t) has a unique solution.

5 Relaxation of the cohesive energy

In order to construct a time-discrete evolution in the cohesive setting including our notion of
irreversibility, we made use in Sections 2 and 3 of a relaxation result in the spirit of [11, 12].
The main difference is that the surface part of our energy contains also information on points
representing a preexisting crack, and therefore is not considered in the existing literature; however,
the proof is a small variant of the standard theory, and we present it in this section. A similar
problem was discussed by Giacomini in [39].
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Let b: {0,1} — R be a given boundary datum. Let also (T, s) be a given pair with I" C [0, 1]
countable and s : I' — (0,00). Let @y : BV(0,1) — [0, 00] be the functional defined by

/ WPdz+ Y g ,s(z)) if u € SBV(0, 1),
zeJbur (5.1)
otherwise,

where JY and the jump [u](x) at the boundary points z € {0,1} are defined in (2.10) and (2.11)
respectively.

Theorem 5.1. Assume that the surface energy density g satisfies assumptions (i)-(iv) of Section 2.
The relaxation of the functional ®g with respect to the weak*-topology of BV(0,1) is given by
®:BV(0,1) — [0, 0],

B(u) = / (Whde+ 3 g () + €| D) (0, 1) , (5.2)

zeJhur
where the elastic energy density h is defined in (2.9).

Proof. In order to handle the boundary conditions, we work in a larger open interval I containing
[0,1], for instance I := (—1,2), and we extend the boundary values as b(xz) = b(0) for z < 0,
b(x) = b(1) for > 1. We consider the functional

/ WPder S g o@) if u € SBV(I),

zeJour uw=">bon I\(0,1),
00 otherwise in BV([).

The statement is equivalent to proving that the relaxation of the functional ¥, with respect to
the weak*-topology of BV(I) is given by

W) = / (Whds+ 3 g (@) + (| D°u)(0,1) (5.3)

z€JouT

it w € BV(I) with w = b on I\(0, 1), ¥(u) = co otherwise in BV (I).

Step 1: lower semicontinuity of V. Let u, € BV(I) be a sequence converging weakly* in BV to
some function w; in particular, u, — u in L'(I) and Du, — Du in the sense of measures. We
can also assume without loss of generality that u, = b on I'\(0,1) for every n, and that ¥(u,,) has
a limit as n — oco. Since ¥ can be obtained as the supremum of functionals corresponding to a
finite set T', we may also assume that I' = {z1,..., 2}, with s; = s(z;).

We now isolate the possible jumps of u,, at the points x; € I': namely, we consider the atomic

measures
m

i=1

and we can assume that [u,](z;) — a; for suitable values a; € R, or equivalently

[ — = Zai(hi . (5.4)
i=1

We then consider the function v,, € BV(I) defined by v, (x) := b(0) 4+ (Duy, — pin) ((—1,z)). Notice
in particular that v, is continuous at the points z; € T, i = 1,...,m. Moreover v, — v weakly™*
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in BV, with v € BV(I) satistying Du = Dv + pu. With this decomposition we have

lim inf ¥(u,,) > lim inf {/ (Jvl.]) dx + Z 7)|,0) + £|Dv,|(0,1)

wEJv"

—|—hm1nf2g Un] ()], 8:) -

n—oo

By standard results the first term on the right-hand side is lower semicontinuous with respect to
weak*-convergence in BV, see for instance [6, Theorem 5.2]; therefore, using also (5.4) and the
continuity of g,

m

lim inf ¥ (u,) > U (W' da+ Y g(lfv](x)],0) + £ D|(0, 1)} + gllail, si)

n—oo
z€Jy i=1

/ (Jw'dz+ Y g(|[ul(z)],0) + € Du|(0,1)

2EJ\T
+Z( 2:)],0) +g(laz|,sl)).

Finally, as [u](z;) = [v](x;)+a;, using the subadditivity property of g, we can bound from below the
last sum by ", g(|[u](2;)], si), and in turn we recover the desired inequality lim inf,,_, o W(u,) >

Step 2: relazation. For all open sets A C I we consider the localized versions Wy(+; A) and ¥(-; A)
of ¥y and W respectively. We denote by Wg(+; A) the relaxation of Wy(-; A) with respect to the
weak*-topology of BV. Notice that this coincides with the lower semicontinuous envelope of
Ug(-; A) with respect to the strong topology of L', that is

Wo(u; A) = inf{liminf Uo(tun; A) + up — uin LI(A)}
n—oo
(see Remark 5.3 below). The thesis amounts to show that ¥y = W.

We further remark that since g is nondecreasing in the first argument, > - g(0,s(z)) <
W(u) < Wo(u) for all u. In particular, we can assume that ) . g(0, s(x)) < oo for the rest of the
proof.

By the lower semicontinuity of ¥ proved in the previous step, the inequality ¥ < U is immedi-
ate. We therefore show the opposite inequality. By the same argument as in [12, Proposition 3.3]
we have that for every fixed u € BV(I) the set function Wq(u;-) is the restriction to the family of
open subsets of I of a regular Borel measure.

Notice that for every uw € SBV(I) with w = b on I\(0,1) and every open set A C I we have,
using the subadditivity of g,

(u; A) / |u'|* da + Z )+ Z 9(0,s(x)).
rzeJ,NA zel'NA

As a consequence of [12, Theorem 3.1] we obtain for every u € BV(I) with u = b on I\(0,1) and
every open set A C [

@o(U;A)S/Ah(IU’I)derngCUI(AH > g(@)],00+ Y 9(0,5(x)).

zeJ,NA zel'NA

In particular, from the previous inequality it follows that

To(u;-) L (I\D) < A(ju' DL+ D%+ D~ g(|[u](2)],0)5, - (5.5)
z€J,\I'
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It remains to evaluate Wo(u;-)L.T. Without loss of generality we may assume that u € BV ()
with u = b on I\(0,1). Let K C I" be any finite subset of I". For ¢ > 0 we take an open set A, C I
with K C A, and

|Du|(A\K) <€, > 90,s(@) <e.

rzeA.NT\K

We can construct a sequence of functions uy, € SBV(I), with up, = b on I'\(0,1), such that wy, is
piecewise constant, |Dup|(A\K) < |Du|(A\K) < €, and up — u strongly in L>°(I). Then

Uo(u; Ae) < liminf Wo(up; Ao) = liminf Y g(|fun]()], s(x))

e z€AN(Jy, UT)
<tpint( ¥ ol s@) ¢ X g0s@)+ X alul@)ho)
reK z€A. NN\ K € (Ju, \K)NAe
<Y g(lll@)]s@)+ D> g0, s(x)) + £limsup | Duy|(A\K)
wEK 2€ANT\K h—=0
<Y g(llul(@)], 5(x) + (1 + 0z,
zeK

where we used the subadditivity of g in the second line, and the inequality ¢(s,0) < £s in the
third line. By letting ¢ — 0 we obtain

To(w: K) < 3 g([u)(@)]: s(x)).

reEK

and since K is an arbitrary finite subset of I we conclude that

To(u; )LT <Y g(|[u](@)], 5(2))d - (5.6)

zel

The combination of (5.5) and (5.6) yields the inequality ¥y < ¥ and concludes the proof of the
theorem. O

Remark 5.2. Observe that the functional ® is also the lower semicontinuous envelope of

v if u € SBV(0,1)
SR § AU SR O I S

zeJhur
%) otherwise,

which is finite only on functions with a finite number of jumps. Indeed, the functions of the recovery
sequence constructed in the second step of the proof of Theorem 5.1 are piecewise constant and
therefore they satisfy the additional constraint.

Remark 5.3. Notice that the relazation ® of ®( with respect to the weak*-topology of BV coincides
with the relazation of o in the L'-topology, which is given by
O (u) := inf{liminf Oo(tn) @ up — u in L0, 1)} ) (5.7)
n—oo
Indeed, the inequality ®' < & is obvious. For the converse, first notice that the same estimate as
in (3.6) gives that for every sequence (uy)n with sup,, ||un|lec < 00 and sup,, ®o(uy,) < 0o one also
has sup,, | Du,|(0,1) < co. Then, given any sequence u, — u in L'(0,1) with sup,, ®o(u,) < 0o,

consider the truncation uM := (=M) V (u, A M), for M > 0 sufficiently large. By the previous

observation we have uM — uM in the weak*-topology of BV, and therefore

@(uM) < liminf o(ul’) < liminf ®o(u,) .
n—oo n—oo

By passing to the limit as M — oo, the inequality ® < ®' follows.
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6 Static phase-field approximation: the cohesive energy of
pristine material

The goal of this and the next section is to derive a cohesive energy density g(s, s’) from a (static)
phase-field approximation, and to show that the function obtained in this way satisfies the as-
sumptions in Section 2. In this section we focus on the cohesive energy gy of “pristine” materials,
defined in (6.6): this corresponds to the function g(s,0) in the notation of Section 2, i.e. it is
the energy at points which were not previously fractured. The definition of gg is based on the
phase-field approximation proved in [20], which we state in Section 6.3.

6.1 A class of cohesive energies gg for pristine material

Let f be a function with the following properties:

f € C*([0,1);[0,00)) is nondecreasing, f~'(0) = {0}, (6.1)
f1(s) := sf(1 — s) is strictly decreasing, and f;(v/") is convex, (6.2)
f1(s) =€ —L1s+ o(s) as s — 07, (6.3)

for some ¢, £; > 0, where lim,_,o+ o(s)/s = 0. The assumptions (6.2)—(6.3) are of technical nature
and are slightly stronger than the corresponding assumption in [20]: we need to include them in
order to guarantee further properties of the surface energy density go defined below. For instance,
prototype pairs (f, f1) with these properties are

fe(s) := 6788 and f{(s):=4(1—s), forany />0, (6.4)
(with ¢ = ¢ and s — f*(y/s) = £(1 — /s) convex) as well as

w and f{)(s) = (64’ bs)(l - 5)23 for any > 07 be (76726)3 (65)

'(s) =
(with £, = 2¢ — b and s+ f2(y/5) = (£ + by/5)(1 — \/5)? convex).

We now introduce a function gy, depending on f, which will turn out to be a cohesive energy
density for a pristine material, i.e., using the notation of Section 2, will satisty go(-) = g(-,0), for a
suitable g. The relation of the functions f and gy to the phase-field model is discussed in Section
6.3 below, see in particular (6.16), (6.17) and (6.18). We define go : [0,00) — [0,00) as follows
(see Figure 2):

go(s) :== (a7%g£ " Gs(a, B), (6.6)
where - )
Go(a, B) := /_ <s2f2(6)|o/|2 + % + |5'2> dt, (6.7)

th = { (0 ) € Hb(R) x HL(R) - o € L(R), | | e dt\ _1,

— 00

0<B <1, lim B(t) = 1}. (6.8)

[t]—o0
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0.5 *

Figure 2: Graph of the function go for two different choices of f. Specifically, ¢g§ is generated using
the function f¢ defined in (6.4) with ¢ = 1, and obeys g2(s) = 1 for § > Sgrac With Sgrac ~ 3; g§ is
generated using the function f° defined in (6.5) with ¢ = 1.5, £; = 0.2 (hence b = 2.8), and obeys
g4 < 1 for all s € [0,00).

1 = 1 *

0.5 -

Figure 3: Left: Graph of an optimal pair («, ) from the characterization of gy in (6.10), for
fi(s) :==£(1—s), £ =1, as in (6.4). The dashed line is «(t) = ¢, the full curves are  with (from
top to bottom) s = 0.5, s = 1, s = 1.5, s = 2. Right: Graph of an optimal function v from the
characterization of gg in (6.11). From bottom to top, s = 0.5, s =1, s = 1.5, s = 2.

6.2 Main properties of gg

In this section we summarize the main properties satisfied by the function gg, defined by (6.6).
Since the proofs are rather technical, we postpone all of them to Section 8.1.
We first observe that the following equivalent characterizations hold for go:

T
go(s) = :irgfoinf{/T <s2f2(6)|a'|2 + ﬁ + |ﬂ/2> dt : a,p € H'(-T,T),

a(~T) =0, a(T) =1,0< < 1, B(ET) = 1} (6.9)

1
_ inf{ / 1= BV PB)P+ [FRdt : (a,8) € HY(0,1) x H'(0,1),
0

a(0)=0,a(l)=1,0<8<1, 5(0)=p6(1) = 1} (6.10)

= inf{/ol \/32(f1(\ﬁ))2 + B ar e wh(0,1, o, 1})}. (6.11)

For a proof, see Proposition 8.1 and Proposition 8.3. See Figure 3 for the qualitative behaviour of
the optimal profiles in the minimum problems (6.10) and (6.11). We remark that (1 — 8)f(8) =
f1(1 — B) by (6.3) is continuous at S = 1, so that the integrand in (6.10) is interpreted as sf|a/|
on the set {# = 1}. Notice also that the infimum in (6.10) is invariant under reparametrization of
the interval (0,1).

The next theorem shows that gy enjoys the same properties as the function g(-,0) in Section 2.
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The interpretation of gg as a function of type g(-,0), for a suitable function g, will be clear in
Section 7.

Theorem 6.1. Let go be defined by (6.6) with a function f satisfying properties (6.1), (6.2), (6.3).
Then go satisfies the following properties:

(i) go is monotone nondecreasing;
(i1) go(s) < 1A Ls and lims o go(s) = 1;

(iii) there exists £ > 0 such that

go(s) = ls — Is°/3 + o(s°/3) as s — 07"; (6.12)

(iv) for every si,s2 > 0,
go(s1+ s2) < go(s1) + go(s2); (6.13)

if in addition s1,s9 > 0, the inequality is strict;
(v) go is Lipschitz continuous with Lipschitz constant £.

The function gg satisfies go(s) € [0,1] for all s. Many properties of gq are different if gg(s) < 1
or go(s) = 1. Therefore we define

Srac := sup{s : go(s) < 1} € (0, cc]. (6.14)

The existence and the properties of optimal profiles in the minimum problem (6.6) are discussed
in the following theorem. In particular we show that, in the case go(s) < 1, the infimum in (6.6)
is attained by an optimal pair (as, 8s), and that the minimum value mg of the optimal profile S
is uniquely determined by s, and is a monotone function of s.

Theorem 6.2. Let gy be defined by (6.6) with a function f satisfying properties (6.1), (6.2), (6.3),
and let Sgac be defined as in (6.14). Then the following hold:

(i) For all s < sgrac 0ne has go(s) < 1, and there exists an optimal pair (as, Bs) € Uy such that
9go(8) = Gs(as, Bs); the minimizer of (6.6) is unique up to translations, in the sense that if
(as, Bs) and (G, Bs) are minimizers then there are a1,t1 € R such that as(t) = a1 +és(t—t1),

Bo(t) = Bs(t —t).
(ii) For all s > Sgrac one has go(s) =1, and go(s) = Gs(0, Bs), where Bs(t) =1 — et
Moreover, the value of the minimum of the optimal profile B,

,:= min B,(t 6.15
ms 1= min 5,(t), (6.15)
is uniquely determined by s. The map s — mg is continuous, strictly decreasing in [0, Sgrac), with
mo =1 and mg =0 for s > Sgac.

Fig. 4 shows the behavior of an optimal pair («, 8) in the sense of Theorem 6.2(i).
In the following proposition we discuss under which conditions s < 00.

Proposition 6.3. Let n := liminf;y4 {1_—(3, where f1 is the function defined in (6.2). If n =0 then

go(s) < 1 for all s, so that Sgac = 00. If 1 > 0 and sn > 6 then go(s) = 1, so that sgac < 6/7.

We observe that the function f¢ defined in (6.4) has n = ¢ and therefore sgac € (0,12/4],
whereas the function f° defined in (6.5) has n = 0 and therefore sg,. = 00. See also Figure 2.
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0.5 a

Figure 4: Graph of an optimal pair («, 8) from the definition of gy in (6.6) with f{(s) := £(1 — s),
¢=1,asin (6.4), for s =05, s =1, s = 1.5 and s = 2 (from left to right). In each graph « is
dashed, S is the full curve.

6.3 Phase-field approximation and blow-up around jump points

We now clarify in which sense the function gg, defined in (6.6), is related to a phase-field approx-
imation. Following [20], we introduce a family of functionals F. : L'(0,1) x L*(0,1) — [0, ],
depending on a real parameter € > 0, by setting

1 2 i !
, vy (1=0) o if u,v € H'(0,1),
RSl d
/0 (fg (V)|'|” + 1 +elv'] ) Y 0<ov<1flaec in (0,1), (6.16)

o0 otherwise.

Fe(u,v) =

Here the function f. : [0,1] — R is defined as

fo(s) =1 AeY2f(s), f-(1) =1, (6.17)

where f is a fixed function satisfying the assumptions (6.1)—(6.3).
We also introduce the limit functional F : L'(0,1) x L'(0,1) — [0, oc]:

if w € BV(0,1),
v=1L'ae. in (0,1), (6.18)
00 otherwise.

Flu,v) = /0 h(|“'|)d$+/ go(|[u]]) dH° + ¢|D°u| (0, 1)

u

The density h : R — [0,00) is defined as in (2.9),

_Jée if 0<[¢] <3,
h(§) := {MI 2 i (6.19)

and go : [0,00) — [0, 00) is the density defined in (6.6).

We will also consider the localized versions of the functionals above, by writing F.(u,v; A)
and F(u,v; A) when the domain (0,1) is replaced by an open set A C (0,1). The following
I'-convergence result is proved in [20].

Theorem 6.4 (Conti-Focardi-Iurlano [20]). Let f obey (6.1) and (6.2). The functionals F.
defined in (6.16) T'-converge as e — 0% to the functional F defined in (6.18) in L*(0,1) x L*(0,1).
Moreover, if (uc,v:) satisfies the uniform bound

sup(}"s(ug,vs) + ||u5||L1(071)) < 00, (6.20)

then there exists a subsequence (ue,,ve, )k and a function u € BV(0,1) such that ue, — u almost
everywhere in (0,1) and v, — 1 in L*(0,1).
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We next discuss the behavior of a recovery sequence of F. near to a limit jump point. In such
points the material, originally pristine, develops a fracture. This investigation will motivate the
introduction, in Section 7, of an irreversibility constraint on the functionals F., which amounts
to consider the case when a fracture develops in a material that is not pristine, but already
pre-fractured in some points.

We show that the blow-ups of a recovery sequence (ue, ve) of F. around a jump point & of the
limit u converge to an optimal profile for go(|[u](Z)]|), that is, to an optimal pair for the problem
(6.6). Motivated by Proposition 3.2, we will restrict to the case u € SBV(0,1), with [u/| < £,
and for simplicity we will further assume H%(J,) < co. The proof of the theorem is given in
Section 8.2.

Theorem 6.5 (Behaviour of recovery sequences). Let f obey (6.1)—(6.3) and let F. be defined
as in (6.16)—(6.17). Let u € SBV(0,1) have a finite number of jumps and satisfy |u'| < £ almost
everywhere in (0,1). Let (ue,ve) be a recovery sequence for F. corresponding to u, that is, (ue,ve) €
H'Y(0,1) x H'(0,1), 0 < v, <1 almost everywhere, and

ue — u in L*(0,1), ve — 1in L'(0,1), Fe(ue,ve) — F(u,1) (6.21)

as € — 0%, Suppose in addition that sup, ||uc||oc < 0o. Then there exists a subsequence g — 0
with the following properties:

(i) For every jump point T € J,, there exist v, — T such that
wi(x) 1= ve, (1 + ) — Bs(x) strongly in H,}.(R), (6.22)

where 5 := |[u](Z)| and Bs is an optimal profile for the definition of go(8) in (6.6), in the
sense of Theorem 6.2. Moreover, in the case go(|[u](Z)]) < 1 we also have that

2k () = e, (xf + ex) — Sas(x) strongly in H}.(R), (6.23)
where ag is such that (as, Bs) € Uy and go(3) = Gs(as, Bs).
(ii) For everyn >0, setting Iy :=,c; (¥ —n,2 +n) we have that as e — 0

2 112 2 (1 - UE)Q 712
[ (ve)uc|® da — [u'|* da, (7 + elvl] ) dz — 0. (6.24)
(0,)\ 1, (0,)\ 1, O\~ dek

7 Static phase-field approximation: the cohesive energy of
pre-fractured material

7.1 A class of cohesive energies g for pre-fractured material

We now introduce a new surface energy density g, depending on two variables s,s’, and detail
its connection with the phase-field approximating energies. We will show in particular that the
function g defined below satisfies all the assumptions in Section 2, so that for such an energy
density a quasi-static evolution can be constructed, as described in Section 4.

We let f satisfy the assumptions (6.1)—(6.3), as in Section 6.1. For s,s’ > 0 we set

g(s,8') == (a,/iBI)lévS/ Gs(a, B), (7.1)
where
Vy = {(a,B) Uy : inff< m} (7.2)

Gs and Uy have been defined in (6.7) and (6.8) respectively, and my denotes the value of the
minimum of an optimal profile for go(s’), see (6.15). The effect of the second variable s’ is to
introduce a “memory effect” that takes into account the maximal amplitude of the jumps at
previous times. We remark that, when s’ = 0, the constraint is not active since mg = 1, and
therefore

9(s,0) = go(s), (7.3)

where gg is the function defined in (6.6). We refer to Figure 5 and Figure 6 for an illustration.
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Figure 5: Left: Graph of go(s) and g(s,s’) for mgy = 0.3, 0.5 and 0.7 (from bottom to top) and
fo(s) in (6.5) with £ = 1.5, ¢; = 0.2 as in Figure 1 and Figure 2. Middle and right: Graph of («, )
and «y from (7.5) and (7.6) for s = 0.3 and my = 0.1,0.2,0.5,0.7 and the same f? corresponding
to Figure 3. For my = 0.7 the curves are the same as for gg. See also Figure 6.

Figure 6: Graph of the optimal (a, 8) entering (7.4) with a very large T, for s = 0.3 and my =
0.7,0.5,0.2,0.1, as in Figure 5. For the largest value of my one sees that the constraint is not
active and 8 is smooth at ¢ = 0; for the others the constraint is active and the derivative of
jumps. Correspondingly, the profile of & becomes more concentrated.

7.2 Main properties of g

In this section we state the main properties of g, whose definition is given in (7.1). The cor-
responding proofs are postponed to Section 8.3. The next theorem establishes that g enjoys all
assumptions listed in Section 2.

Theorem 7.1. Let g be defined by (7.1) with a function f satisfying properties (6.1), (6.2), (6.3).
Then g satisfies hypotheses (1)—(iv) of Section 2.

Analogously to what happens for g (see Section 6.2), the following equivalent characterizations
hold for g:

T
o(s,s) = inf inf{ / (52f2</3>|o/|2 Il W) dt : o, € H'(-T.T),

T>0 T 4

a(T) = a(~T)| =1, 0< B < 1, B(£T) =1, inf § < ms/} (7.4)

1
_ mf{ / 11— BV PBIE + B : (o, 8) € H'(0,1) x H'(0,1),
0

a0) =0, (1) =1,0< B<1, B(0)=B(1) =1, inf B < ms,} (7.5)

_ inf{/o V()2 + ZE dt e WE((0,1],[0,1]), supy > (1 - mS/)Q}. (7.6)

Extending « and 8 by constants it is easy to show that the inf in the first line of (7.4) is nonin-
creasing in 7. Finally, the following technical lemma holds.
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Lemma 7.2. For p >0, let g/ : [0,00) x [0,00) — [0,00) be defined by

T
g (s,s") ;= inf inf{/ <J‘2(,5’)|o/|2 + a-5° + |ﬁ’|2) dt : o, € HY(-T,T),
-T

>0 4 (7.7)
|a(T) —a(-T)|=5,0< <1, B(xT)=1—p,inf 8 < msf}
Then we have
lg(s,8') — g\ (s, 8")] < 3, (7.8)

for every s, s’ > 0.

7.3 Phase-field approximation

In this subsection we show that the new energy density g defined in (7.1) appears in the I-limit of
the phase-field energies F introduced in (6.16) when we include a suitable irreversibility constraint.
Precisely, below we first introduce an irreversibility constraint at level € on the functionals F,
in the form of a monotonicity condition on the minimum values of the damage variable v.. This
choice is motivated by the blow-up analysis performed in Theorem 6.5. Then, we prove that the
I-limit of such constrained functionals is of the form (2.8), with g given by (7.1).

We assume in the following that a pair (T, s) as in (2.5) is given: T is a finite subset of [0, 1],
and s : I' — (0,00). We also fix a boundary datum b : {0,1} — R. In order to deal with the
boundary conditions, it is convenient to work in a larger open interval Q containing [0, 1], for
instance Q := (—1,2). For ¢ > 0 let L. > 0 be such that L. — 0 and % —ooase— 0. We
introduce a constrained functional, defined on L!(Q) x L(Q), by setting

Fo(u,0:9) if v(x) < My for every z €T,
J:—s(U,U§F787b) = e\U, U; u(z) = b(0) for z < —L¢, u(z) =b(1) for x > 1+ L., (7.9)

00 otherwise.

Here mg denotes the minimum value of an optimal profile 3, for go(s), see Theorem 6.2 and in
particular (6.15). Recalling the definition (2.8) of the relaxed functional ®(-;I',s,b), the limit
functional is defined on L'(Q) x L}(Q) by

if ue BV(Q), v=1 ae,
. O(u; T, s,0)
Flu,v;T,8,b) := u(z) = b(0) for z < 0, u(z) = b(1) for = > 1, (7.10)

00 otherwise.

The main result of this section is the following.

Theorem 7.3. Let a finite set I' C [0,1], a map s : ' — (0,00), and a boundary Dirichlet datum
b:{0,1} — R be given. Then the functionals F.(-;T,s,b) ['-converge as ¢ — 07 to F(-;T,s,b) in
LY(Q) x LY(Q).

In the rest of this section we drop the dependence on (I', s,b) in the functionals F. and F to
lighten the notation, as these quantities are fixed. In order to prove the theorem we introduce the
following standard notions:

., g e g
Fl(u,v) =T llgl}gffe(u,v)

= inf{lim 'glf]:'s(us,vs) ¢ (ue,ve) = (u,v) in LY) x LI(Q)},

E—

F"(u,v) := I-limsup Fe(u,v)

e—0

= inf{lim sup Fo(ue,ve) : (ue,v:) = (u,v) in LH(Q) x Ll(Q)}.

e—0

The proof of Theorem 7.3 follows by combining Proposition 7.4 and Proposition 7.5 below.
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Proposition 7.4 (Liminf inequality). For every (u,v) € L*(Q) x L*(Q) it holds
Flu,v) < F'(u,v). (7.11)

Proof. The proof follows the lines of [20, Proposition 5.1], with the natural modifications required
to include the additional constraint. We denote I' = {Z1,..., 71}, and 5, = s(z;). Fix any

sequence (uc,v:) — (u,v) in LY(Q) x L*(Q) with sup, F-(uc,ve) < oo. The proof will be achieved
by showing that u € BV(Q2), v = 1 almost everywhere, and

F(u, 1) < liminf F. (ue, ve; ). (7.12)
e—=0
By possibly passing to a subsequence, we can assume without loss of generality that the liminf in
(7.12) is in fact a limit, and that the convergence of u. and v, is also pointwise almost everywhere.
The uniform bound on the energy of (u.,v.) gives v = 1 almost everywhere, and v, (Z;) < mjs, < 1.
Moreover, u(z) = b(0) for z < 0, u(x) = b(1) for z > 1.
By repeating the construction in the first part of the proof of [20, Proposition 5.1], given any
d > 0 one can determine a finite number of points S = {t1,...,t,} C Q, with T" C S, with the
following property: for all n > 0 sufficiently small, n < § and n < 1 — mg, for all 4, setting

L
Sﬁ = U(tl =1t + 77)7
i=1
one has for all € sufficiently small (depending on 7)
(1-w) [ BRICALERE ACRELEN (7.13)
O\S,,

where w(d) — 0 as 6 — 0 is a modulus of continuity.
The uniform bound on the energies F.(u.,v.), together with (7.13), yields

supsup/ [ul|dz < oo,
Q

n e Jas,

and therefore v € BV(Q\S,)) for all > 0; in turn we have u € BV(Q) by the finiteness of S, and
by lower semicontinuity we obtain

(1 —w(8))F(u,1;Q\S,) < ligglf Fe(tue, ve; Q\S)) (7.14)

We now estimate the contribution to the energy coming from the region S,. We first consider
the points z; € T', i = 1,..., k, which in particular belong to S (recall that I' C S). Let Jg::(a’si -
7,Z; +1). We introduce another small parameter p > 0 and we choose 1,25 € Jf], T < T < X9,
with the following properties:

ve(xy) = 1, ve(xa) — 1, (7.15)
ue(x1) = ulxy), ue(x2) = u(xa), (7.16)
lu(z1) —u (T)] < p, lu(ze) — u™ (Z;)] < p. (7.17)

We define I:=(x1,x2) and denote by C. the connected component of the set
{r el v(zx)<l—n} (7.18)

containing Z;, and by C? the connected components (different from C.) of the same set (7.18)
in which v, achieves the value 1 — ¢ (recall that n < 4§, n < 1 —ms, and (7.15)). In each such
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component C? we have, denoting by y its first endpoint and by z an interior point in which
UE(Z) =1- 67

) z 1_ R 2 z
.FE(UE7’UE7C£) 2/ <(U)+€|'U;|2> dJ:Z/ (I—UE)‘UQdZ‘
y e y

2 —n?_ 1
5 15.

[y

2 1 2
5(1 - Ue(Z)) - 5(1 - Us(y))
Therefore the number N. of the components C? is uniformly bounded by 5z, where ¢ is a constant
independent of . Moreover in each set C? and in C. we have f-(v.) = /f(ve) for € small, as
ve < 1 —n. Recalling that Z; € C. and v.(Z;) < ms,, we can now compute using the rescaling
ae(t):=uc(Z; + et), Be(t):=v.(T; + et)

Ry
o (e ) a

(| )

where ¢ is the function defined in (7.7) and the last inequality follows by Lemma 7.2. On the
other components Cg the same argument gives
/ uldz
!

Fa(ueava;cg) > g(‘ / ) U/Edl' ,O) _37]2 :go(
cl

where go has been defined in (6. 6) and satisfies (7.3). Finally, outside the selected components,
that is in the set C. := I'\(C. U U C?), one has v. > 1 — ¢ and therefore an estimate analogous
to (7.13) holds:

‘FE(UEH’UE;OE) :/

s) — 317, (7.19)

> —3n?, (7.20)

~ 2 ~
FoluesvsC) = (L-w®) [ nuthae > (1= w@)|e [ futlas - SIc

5))go<’/@ o, da

where we used the definition (6.19) of  and Theorem 6.1(ii). By collecting (7.19)—(7.21)
N
Fe(ue,ve; I) > g(‘/ ul dx ,si) —3n° + Zg()(‘ / uldx
Ce - cl

+ (1 —w(o go(’/udx)—n
o[ [ o)+ 0o ] v
C. I\C:

> (1= w(®))g (luelr2) —uelan)l 50) — 7 = 50,

) - %n. (7.21)

) — 3NE772

2

> (5+5) 2*%77

where we used (6.13) in the second passage and (2.2) in the third one. Hence (7.16) and the
continuity of g yield

c 02
hgn_gnf]-' (e, ve; Jn) (1- w(é))g(|u(x2) — u(x1)|,§i) - 6—2172 - 577,
and finally letting 4 — 0
- c 5 12
hIEnlIlf]: (e, ve; ‘]77) (1 —w(8)g(I[ull(z:), 5:) — 2 5N (7.22)
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The inequality (7.22) gives an estimate of the contribution to the energy coming from the
points in I'. For the points ¢; € S\I', we can reproduce the argument above just removing the
component C (in this case the argument is the same as in the proof of [20, Proposition 5.1]) and
obtain that, for I; = (t; —n,ti + 1),

lim inf - (ue, ves 1) > (1= w(8))go(|[ull(2:)) + O(n) (7.23)

Eventually we collect (7.14), (7.22), and (7.23) and we let n — 0:
ligxgélf Felue,v:;9) > (1 — w(8))F(u,1).
The conclusion (7.12) follows by letting § — 0. O
Proposition 7.5 (Limsup inequality). For every (u,v) € L*(2) x LY(Q) it holds
F'(u,v) < F(u,v). (7.24)

Proof. Let us consider first the case v = 1 and u € SBV(0, 1), with v/ € L?(0,1) and H°(J,,) < o0,
and recall that by assumption also H"(I") < co. By a localization argument we can further assume
that T consists of a single point ¢ € [0, 1], and that u has at most one jump point, also located at
2. Indeed, in any interval which does not contain any point of I" the conclusion follows directly
by Theorem 6.4.

Let therefore T' = {zg}, z¢ € [0,1], and let sg := s(zp). Let us also assume for the moment
that u only takes the two values u™ (x¢) in a neighbourhood of zg. Given any o > 0, using the
characterization (7.4) of g (and rescaling ) we can find T > 0 and «, 3 € H*(—T,T) such that
O‘(iT) = u7($0)7 OL(T) = U+(x0), 0 S 6 S 1; 5(:|:T) = 13 6(0) S Mg, and

T e (1=B) /12
| (rPoe+ S 181 ) dt < gl so) + o
-7
We then take as recovery sequence

() = a(=t) ifz e A, ve(z) = Bt ifx e A,
u(z) if z € O\ A, 1 if x € O\ A,

where A, := (zo—eT, x9+eT). Notice that, since % — ooase — 0, we have A, C (xg—Le, zo+L.)
for € small enough, and therefore u. satisfies the boundary conditions as in (7.9) in the case
7o is a boundary point. It is easily seen that u. — u and v. — 1 in L'(0,1). Moreover, as
ve(x0) = B(0) < mg, we have

. 1—wv.)?
Flwewd = [ wPaes [ (e S e ) ao
Q\A. A. €

< [wears [ (Pogar s G pp)a
/|U|2dx+g|[ I(z0), s0) + -

Since ¢ is arbitrary we obtain

F"(u,1) < limsup F. (ue, ve) / |u'|2 dz + g(|[u](20)], 50).- (7.25)

e—0
In order to remove the assumption that w is locally piecewise constant in a neighbourhood of x,
we consider the sequence
u(zg — 1) formo—%<x<xo,
uj(x) == Qu(zo+ 5) forazo <z <zo+ %,
u(x) for:z:eQ\(xo—%,xo+%).
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In view of the previous discussion inequality (7.25) holds with u replaced by wu;; since u; — u in
L'(0,1) and w — u/ in L*(0,1) as j — 0o, by lower semicontinuity of F" we conclude that (7.25)
is still satisfied by w.

The inequality (7.25), together with Theorem 6.4 and a localization argument, proves that for
every u € SBV(0,1) with v’ € L?(0,1) and H°(J,) < oo we have

ﬁ”(u,1)g/0 /[P de + Y g([ul(@)],s@) + Y go(llul(x)]).

zel z€J(u)\T

Then the conclusion (7.24) follows since F is the lower semicontinuous envelope of the right-hand
side, by Theorem 5.1 and Remark 5.2. O

Remark 7.6. From Theorem 7.3, in the particular case T' = (), it follows that the T'-convergence
result of [20] (see Theorem 6.4) continues to hold if we include Dirichlet boundary conditions.

8 Static phase-field approximation: proofs

We prove in this section all properties stated in Sections 6.2 and 7.2 of the fracture energy densities
go and g, defined in (6.6) and (7.1) respectively. We also give the proof of the blow-up result in
Section 6.3. Along this section, we work under the assumptions (6.1)—(6.3) on f.

8.1 Proof of the statements of Section 6.2

We detail is a series of propositions the properties of the function gg, defined in (6.6). The proofs
of the results stated in Section 6.2 follow by combining the propositions below.

We start by proving the two alternative representation formulas (6.9) and (6.10) for gg, and
by discussing the existence and the properties of optimal profiles for the minimum problem (6.6).

Proposition 8.1. The following properties hold.
(i) The equivalent characterizations (6.9) and (6.10) hold.
) For go(s) < 1 the problem in (6.6) has a minimizer (as, fs) € Us.
) Any minimizer obeys min Bs > 1 — /go(s).

(iv) If 0 < &' < s and go(s) < 1, then go(s') < go(s).
)

For any minimizer (s, Bs) there is t, € R such that Bs is nonincreasing in (—oo,t.) and
nondecreasing in (t.,00).

(vi) If go(s) < 1, then for any minimizer (as,Bs) there are T_, T, € RU{xoo} such that
Bs € CY((T-,T4);[0,1)) and as € CL(R), with s =1 and o/, = 0 on R\(T-,T}). The map
as — ag(—00) is a O bijection of (T—,Ty) onto (0,1).

(vil) Any minimizer (as, Bs) obeys

(1—5)?

LB + |81 =

pointwise in R. (8.1)
Proof. To prove (i), we show the equivalence of (6.6) and (6.9); the equivalence of (6.9) and (6.10)
is proved in [20, Proposition 4.3]. Let § denote the infimum in (6.9). Notice that the minimum
problems in (6.9) are decreasing with respect to T'; the inequality go(s) < g(s) is trivial, since
if a,8 € H'(—T,T) are admissible functions in (6.9) they can be extended as constants outside
(=T,T) to obtain a pair in U;.

To prove the opposite inequality, we then have to show that for every (a, 8) € U the inequality
9(s) < Gs(a, B) holds. Since translations and truncations of « do not increase the energy, as well
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as the symmetric reflection with respect to the origin of o and 3, we can assume without loss of
generality that 0 < o < 1, limy—,_ oo (t) = 0, limy_ o0 (t) = 1.

Fix T > 0 and let
MT::1—\/1—04(T).

Notice that 0 < My < 1 and limp_,, M7 = 1. We define a new pair (ar, S7), admissible for the
minimum problem (6.9), by modifying the functions («, §) outside the interval (—T,T) as follows:

a(t) ift e (-T,T),

a(T) if t € [T,7 +1),
ar(t) == q .. : : .

linear interpolation ift e [T+ 1,7 + 2),

1 if t € [T +2,00),

B(t) ift e (-T,7),

linear interpolation if t € [T, T + 1),
Br(t) == { My ifte[T+1,T+2),

linear interpolation if t € [T+ 2,T + 3),

1 if t € [T+ 3,00)

(in the interval (—oo, —T') we do a symmetric construction, with the value My replaced by My :=
1 — \/a(=T)). Then we have ar,Br € H* (=T — 3,T + 3), ar(-T — 3) = 0, ar(T + 3) = 1,
0<Br <1, Bpr(-T—3) =pr(T+3) =1, and the pair (ar, Sr) is therefore admissible in the
minimum problem (6.9). Furthermore

T+3 _ 2
wr(r)i= [ (2P0l + I g a

T

1— Br)? 1— My)?
-/ (B=22E 4 iop ) ae+ 220t = oo+ S0
(T, T+1)U(T+2,T+3) 4 4

:1/0 (1—B(T)—(MT—B(T))t)zdt—ki/ (1—MT—(1—MT)t)2dt

4 0
(1— Mr)?

+ |B(T) = Mrl? + 1 = Mr[? 4+ 5 (F(Mr)(1 = Mr))*(1 = a(T)) + — T,

and from the fact that o(T'), 8(T), My — 1 as T — oo we obtain, using assumption (6.3),

wi(T)—=0 asT — .

Similarly
o= [ (2pEne P ) a 0 T oo
Therefore
oz [ (2rwhar s S e
= [ (oo s S g a0 - ()

> 9(s) —wi(T) —w(T)

and the conclusion follows by sending 7' — oco. This concludes the proof of (i).
We now observe that for any 8 with 1 — 8 € H'(R) and any ty € R we have

f”ClﬁV+mvyﬂz/“um&a+/wamﬂ&—aﬂ%»% (8.2)

—00 4 —00 to
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with equality if and only if 5(t) = 1 — (1 — B(to))e~*=*l/2. Assertion (iii) follows immediately.

Let us prove (ii). Assume now that go(s) < 1, which is equivalent to s < Sgac. By equation
(8.2), in the minimization it is sufficient to consider functions  which obey 8 > 0 almost every-
where. For a fixed §, (6.6) is a linear problem in a. One can check that the minimizer is such that
f?(B)a’ is constant on the set {3 < 1}, and that o/ = 0 on {8 = 1} (up to null sets). Therefore the
minimizer takes the form o/(t) = c¢f~2(3(t)) for some ¢ = c( ,B) € R, where to shorten notation
we write f2(1) = 0. Integrating shows that 1 =c [ f~2(B)dt, so that

G.(8) i= min G, (a —s(/ = ) +/°O(“jf)2+|ﬁ’|2)dt

—00

Let now By € HL_(R;[0,1]) be a minimizing sequence for G,. Since infG, = go(s) < 1 we
can assume that there is § > 0 such that G,(8;) < 1 — & for all k. By (8.2) we then obtain
1—8> (1— B(t))? and therefore 85 (t) > 16 for all k and all ¢.

The sequence 1 — 3 is bounded in H*(R) and has therefore a subsequence converglng weakly
to some function 1— 5. Since the second term in Gy is convex, if we prove that f F2(B) dt —

f f72(Bs) dt then f3, is a minimizer of Qs, and by the formula stated above we can reconstruct
Q. To prove continuity we observe that (possibly after extracting a further subsequence) 8 — S5
pointwise almost everywhere, and that (6.2) and B (t) > 8 imply f(Bx) = f1(1 — Be)/(1 = Bk) >
fi(l— %5)/(1 — 1) and therefore 0 < f~2(3:) < Cs(1— By)? pointwise. Since ffooo(l —Br)?dt < 4
and 1 — B — 1 — 8 in L?(R), by Fatou’s Lemma we obtain

| read= i [ e

Therefore S, is a minimizer of G,. This concludes the proof of (ii). R
Assume now that s € (0,00), go(s) < 1 and s’ € [0,s). Let 35 be a minimizer of G;. By
the above estimates [*_ f2(8,)dt < C, [7 (1 — B5)?dt < oo and therefore go(s') < G (8s) <

Gs(Bs) = go(s). This concludes the proof of (iv).

In order to prove (v), it suffices to show that for any m € [0,1] the set I, := {t : 55(t) < m}
is an interval. This will imply the stated monotonicity properties, with ¢, any point in the
intersection of all I, for m > inf §,. If I,,, were not an interval, there would be t; < ty € I,,, with
m = Bs(t1) = Bs(t2) and Ss(t) > m for ¢t € (¢1,t2). We can construct an admissible competitor
(a, B) € Uy by modifying (s, Bs) as follows:

as () if t <ty,

a(t) = ay(ty) + 2252 W) gy if g <t <ty +96,
as(t+t2—t1—6) 1ft2t1+§,
Bs(t) if t <ty,

/B(t) =q{m ift1<t<t1+5,

Bs(t+ta—t1 —9) ift>t; +9,

where § > 0 is to be chosen. Then, by using Young’s inequality and by (6.2),
& 2 r2 12 (1 — 55)2 112
Golas ) = Gsla. B) = | (S2F2(Bo) el + =2 + (B

t1
t1+6 _ A)2
- [ (e B ) ar

ty

o [ 800 el - S et (1=t
S22 (m)|as(ts) — as(t1)? —m)?
> sf(m)(1 —m)|as(te) — as(t)] — f2(m)| s(g) > : ) 5
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By optimizing in § we see that the right-hand side in the previous inequality is zero, and this
contradicts the minimality of (ay, 85). This concludes the proof of (v).

Let us prove (vi). Let go(s) < 1 and choose an optimal pair (as, 5s) € Uy for go(s). By (iii)
and (6.1) we have f(8s) > f(1 —+/go(s)) > 0 on R. Let T_ := inf{t : B5(¢t) < 1} € RU {—o0},
Ty :=sup{t : Bs(t) < 1} € RU{o0}. By (v) we have 8; < 1 in (T_,T}), by finiteness of the
integral we have o, = 0 in R\(7_,T}). By taking variations in the variable « in the minimum
problem (6.6) we find, as in the proof of (ii),

f2(Bs)a = const.  almost everywhere in (T_,TY).

Therefore o, > 0 in (T_, T4 ) with limyp, = limy 7 o (t) = 0, and in particular o, : (T—,74) —
(as(T-), as(Ty4)) is a C*, bijective map (with as (T ) interpreted as the limit of a(t) for t — doo0
if Ty = 4+00). By taking variations in the variable 8 we obtain instead

| (#roaseoare - S22 g a=0 toranpe ey,

from which it follows by standard arguments that 3, € C*(T_, T, ). Hence (vi) is proved.
Finally, taking internal variations (in the sense of considering competitors of the type (o (t +

ep(t)), Bs(t +ep(t)), for ¢ € CL(R)) one also obtains the usual equipartition result, in the sense

that the minimizer fulfills (8.1). This proves (vii). O

We next list in the following proposition some basic properties of the function gy, already
observed in [20, Proposition 4.1] for the exception of (v), which guarantees that the function gq is
strictly below the linear function £s: for the proof of this last property, we require the additional
assumption (6.3) (which is not needed for the I'-convergence result in [20]). Notice that this
condition, which is used in the proof of the strict subadditivity of go (Proposition 8.4), will be
significantly improved in Proposition 8.5.

Proposition 8.2. The function go defined in (6.6) enjoys the following properties:

@

0(0) = 0, and go is subadditive, i.e. go(s1 + s2) < go(s1) + go(s2) for every s1,s, € RT

(ii) go is nondecreasing, go(s) < 1Als, and go is Lipschitz continuous with Lipschitz constant ¢;

90(8) — /.
(iv) im0+ 22 = /;

) g
)

(i) Timy o0 go(5) = 1;
)
) g

(v

Proof. Ounly the statement (v) requires a new proof, the others follow from [20, Proposition 4.1]
using Proposition 8.1(i). With fixed s > 0, let o € (0,1) and set a(t) := 0 in [0, 1], a(t) :=1 in
[2,1], and the linear interpolation between these two values in [£, 2]; set also 3(t) := o in [37 2],
and the linear interpolation between the values o and 1 in each of the two intervals [0, 3] and
[%, 1]. By using the pair (a, 8) as a competitor in the characterization (6.10) of gg we find

o(s) < s for all s > 0.

go(s) < _inf [s(1~0)f(0) + (1~ 0)’]

= inf [sl—sl(1— 1- 1-0)?
661%71)[5 sti(l—o0)+o(l—0)+(1—0)?],

(8.3)

where we used the assumption (6.3). The strict inequality go(s) < {s follows from (8.3), by
choosing a o sufficiently close to 1. O

In the following proposition we prove the representation formula (6.11) for g, which removes
the invariance under reparametrization in (6.10) and has a unique minimizer. We recall the
definition (6.14) of the threshold sgrac.
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Proposition 8.3. The following properties hold:
(i) The characterization (6.11) of go holds.

(ii) For s € (0, sfrac) the variational problem (6.11) has a unique minimizer vs. It obeys s €
C(0,1), ’ys(%) = max 7y, = (1—min 35)?, where Bs is any minimizer from Proposition 8.1(ii).

(iii) If 0 < 81 < 82 < Srac then 0 < s, (t) < vs,(¢) for allt € (0,1).

Mg = {1 Y 75(%)7 Zfs S [O»sfrac)a (84)

0, ZfS > Strac

(iv) The function

is continuous and strictly decreasing in [0, Sgrac)-

(v) For s < Sgrac, the minimizer of (6.6) is unique up to translations, in the sense that if (as, fs)
and (&s, Bs) are minimizers then there are a1,t; € R such that as(t) = a1 + és(t — t1),

Bs(t) = Bs(t — t1).

Proof. (1): The identity (6.11) follows from (6.10) by reparametrization: indeed, first observe that
by a density argument the infimum in (6.10) can be written as

3 ! 2 2 £2 2 1 d 22 2 1
mf{/ (1= BB /2 + 5| (1= B2 dt : (1= §)? € CL(0,1), 0 B,
0 Aldi (8.5)

ac CH[0,1]), (0) =0, a(1) =1, o/ > O}.

Similarly, the infimum in (6.11) can be considered on the class of v € C1(0,1) with 0 < v < 1.
Then, for (a, 8) admissible in (8.5), the reparametrization

() = (1= B)2oa (1) (8.6)

gives an admissible profile for (6.11) with

[ ea-mperae s ilaa-mla= [ Vener a6

Conversely, given v € C1(0,1) with 0 < v < 1, we consider the pair (a, 3) defined by «a(t) := t,
B(t) :=1— /7(t), which is admissible in (8.5) and satisfies (8.7). This proves (i).

(if): Assume now go(s) < 1 and let (as, 55) € Uy be a minimizer for (6.6) with a(—o0) = 0,
which exists by Proposition 8.1(ii). We consider the rescaled profile v4 : [0,1] — [0, 1], vs(t) :=
(1= Bsoazt(t)? we have v5 € C1(0,1), 0 < 75 < 1, 75(0) = 75(1) = 0, and, with 7_, T, as in
Proposition 8.1(vi),

T ' 2 P
go<s>:gs<as,5s>zL |1—lex/szfQ(Bs)Ia’sI“r|ﬂ§|2dt:/0 Va2 (i (vam)? + 5L ar,

which shows that 7, is a minimizer in problem (6.11). We have 1 — min 8, = max /¥, and by
symmetrization the maximum is attained at the point ¢t = % Thanks to the convexity assumption
(6.2), the minimizer 5 of (6.11) is unique.

(iii) and (iv): We will exploit further properties of the optimal profile v5 for s < Sgac: by
computing the Euler-Lagrange equation satisfied by a C'-minimizer of problem (6.11) we find

Vs _ s° f1(v7:) Fi(/7s) .
5 = = in (0,1),
2/ () + 2P/ (AR + Ll
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which yields the C?-regularity of v, in (0,1) and, after elementary computations,

= DA (282 s ) n (0.1).
Vs (A1 (/7))

Furthermore, the equation (8.8) has a first integral:

|2
(8.8)

RGP = a2+t m o

for a constant ¢ > 0, which can be computed by imposing that s has a maximum at the point

t = § with value (1 —m,)?: this gives ¢ = 1 f1(1 — m,) and in turn

o = izsfl(\/%)\/(flfgl(_‘/fﬁb)s))2 1 (0,1 (8.9)

(with positive sign in (0, 1), and negative sign in (3,1)).

By using the previous equations we can now show the continuity of the map s — mgs. Indeed,
consider a sequence s, — s € [0, Sgrac) and the corresponding optimal profiles 75, . In view of
(8.9), the first derivatives 7/ are uniformly bounded in L°°(0,1), hence possibly extracting a
subsequence we have v,, — v weakly* in W1°°(0, 1) (and uniformly), for some v vanishing at the
boundary. By continuity of go we find that 7 is the unique minimizer in problem (6.11) for go(s);
in particular (1 —m,)? = y(3) = lim, 75, (3) = lim, (1 — m,,)?, which proves the continuity of
ms.

We then show that the map s — my is injective (then also the strict monotonicity follows).
Assume by contradiction that for two different values s; < so one has m,, = ms,, and let
v := s, — s, be the difference of the corresponding optimal profiles. By (8.9) we have 7/(0) > 0,
and hence v(t) > 0 for all sufficiently small t£. On the other hand, at the point ¢ = % by assumption
v(3) =7, (3) =14,(3) =0, therefore we find using (8.8)

fl(l 7m91)f{(1 7m$1)

<0
1—my,

7"(3) = 2(s3 — s1)

(by the assumption (6.2)). We conclude that v(t) < 0 for ¢ sufficiently close to 1. Let then
t € (0, 3) be the smallest value with v(£) = 0, that is v, (£) = 7s,(f) =: 0. By (8.9)

N

7 (B) = 2(s2 —snflw&)\/( (Vo) ))2 _1so,

fl(l — Mg,

which is a contradiction.

At this point we conclude the proof of (iii). Fix two values s1 < s < Sgrac and let v := v5, — s,
be the difference of the corresponding optimal profiles. Then mg, < ms,, hence f1(1 —ms,) <
f1(1 = my,) and by (8.9) we have 4/(0) > 0, and hence «(¢) > 0 for all sufficiently small ¢. If
~(t) > 0 for all t € (0,1), we are done. Otherwise, let ¢ € (0,1) be the smallest value with v(f) = 0.
Then (8.9) implies 7/(£) > 0, which is a contradiction.

(v): Let (s, Bs) and (&s, Bs) € Uy be minimizers for (6.6). Without loss of generality we can
assume as(—00) = Gs(—00) = 0. By Proposition 8.1(vi), ay is a C! bijection from (T_,Ty) onto
(0,1); as and B4 are constant on (—oo,7-) and (T, 00) (if these intervals are nonempty). We
define v € C1(0,1) by v := (1 — B5)? o a;!, so that y(t) = 0 ast — 0 and t — 1. Then v is a

competitor in (6.11). Using first equipartition, that was proven in (8.1), and then the change of
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variables r := a,(t), we have

— 00

0o _ 2 o
[ (2reae+ CPE v gp)a= [ TR EGIE T - AR

- [T\ ramemone + d o ot par
T_

1
1
- [ erom e e e
0
so that v is a minimizer of (6.11). By uniqueness, the pair (oQS,BS) has to produce the same ,
so that Bs o ag! = fs 0 a;!. The function ¢ := 45! o is a C! bijection from (7,7} ) onto
(T-,T4). Then s = fBs o p, as = &5 0 . Recalling the equipartition condition (8.1),

Ry
0= (Bl + |y - L=2
) . 1- B,)? 1-8)20p. ,
= (BN + 18P ool — TPl o S L2080y

where in the last step we used the equipartition condition (8.1) for (&s,Ss). We conclude that
|| = 1 wherever fs(¢) < 1, which implies ¢(t) = t + ¢; for some ¢t; € R and concludes the
proof. U

We remark that («, ) minimizing (6.10) is not unique, as the variational problem (6.10) is
invariant under reparametrization. However, if one fixes «, for example by setting «(t) = ¢, then
for s < sgac one easily obtains uniqueness of the corresponding 3. Indeed, any minimizer (3
produces an optimal 7 via (8.6). Analogously, once « is fixed, monotonicity of s — 7,(t) implies
monotonicity of 8 with respect to s.

Proposition 8.4 (Strict subadditivity). For every s > 0 and t € (0,1) the function go satisfies
the inequality go(ts) > tgo(s). In particular go is strictly subadditive: for every si,s2 >0

go(s1 + 52) < go(s1) + go(s2) -

Proof. Let s > 0,t € (0,1), § =ts. If go(5) = 1, then tgo(s) < 1 = go(ts) and the first assertion
is proven. Otherwise, by Proposition 8.1(ii) there is (as, 8s) € Uy such that Gs(as, 8s) = go(5).

Then by rescaling a(y) := az(ty), S(y) := Bs(ty) we have (&, ) € U; and therefore
o0 _ 3.2
wio) = [ (PP + S ) o

%) _ _ A\2 3112
:/_ (52f2(6)|d/|2+ (1 46) T |€2‘ )tdy

~ G+ (3-0) [ ra
> tgo(s) + (% - t)t/_o; 185 I* dy > tgo(s),

where the last inequality follows by 5 % 0. This proves the first part of the statement. By writing

go(s1) + go(s2) = go ((81 + 52) ) + go((81 + s2) ) > go(s1 + s2)

S1 + S2 s1 + s2

the strict subadditivity of gg follows. O
In the following proposition we perform a careful asymptotic analysis of the function go(s) as
s — 0T. Notice that, in view of Proposition 8.2, gq is differentiable at the origin, with positive and

finite slope; we now compute the second order correction by means of a I'-convergence expansion
in the minimum problems (6.11).
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Proposition 8.5. There exists { > 0 such that
go(s) = ts — Is°® + o(s°/3) as s — 0" (8.10)

Moreover, if vs is a minimizer in problem (6.11), then the sequence s~4/3~, converges uniformly
in [0,1] as s — 0" to the unique solution fj € HE(0,1) of the minimum problem

min{H(n) tn € HE0,1),n> 0} (8.11)
where
g [ ['[? 8.12
o= [ (= v+ ). (8.12)
In particular
(1 —ms)? = max ~,(t) < es?/? (8.13)
te(0,1]

for all s > 0 small enough and for a uniform constant ¢ > 0.

We remark that the minimum in (8.11) can be found explicitly, and leads to

0 = —¢min H(7) =01301/3 130(3) ~ 0.461301/3, (8.14)

The computation is straightforward but somewhat cumbersome, we do not report it for brevity
since this result is not needed for what follows.

Proof. To guess the order of the second term in the expansion of gy as s — 0, we perform a Taylor
expansion in the energy of a minimizer ~,; for (6.11). Let ~; be an optimal profile for problem
(6.11), as in Proposition 8.3(ii). Using max~ys = 7,(3) = (1 — ms)? and Proposition 8.2(ii) gives

ts > go(s /|th (1—m,)?,

and therefore
0 <~s(t) < s for all ¢t € [0, 1]. (8.15)

Furthermore, by the Euler-Lagrange equation (8.9) satisfied by ~, we further deduce for s small,
using (8.15) and (6.3), the bound on the derivative

M@H%ﬁ&ﬁJV(fﬂfm)f1

fl(l — Mg

=% fl 1_ms \/2661 1—mg —/7s) +o(l —my) < cos

(8.16)

o

for all ¢ € [0,1], for some positive constant cj, independent of s. Since 7, converges to zero
uniformly as s — 0, we can formally expand the energy of -, by using (6.3) and neglecting higher
order terms:

1 2 1 712
s):/ \/32(f1(\/~75))2+—‘”;' dtw/ \/32627232561\/%+—|7;‘ dt
0 0
‘2

1
4 hﬁs
~sz+s£/0 (-5 v+ o)

For s small, the two terms in the last integral are of the same order if v, ~ s*/3, so that, in turn,
we might expect go(s) — £s ~ s°/3.
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The previous formal considerations can be made rigorous by means of an asymptotic devel-
opment by I'-convergence. The expected decay of minimizers of (6.11) suggests to consider the
rescaling 7(t) := s~37(t): with this position the minimum problem (6.11) can be reformulated as

mf{/ \/82 (Fu(s2/3m12)) 4 =2 nGW&’l(O,l),Oéngs‘V?’}. (8.17)

We compute the I-limit as s — 0, with respect to the strong topology of L(0, 1), of the family of
functionals defined by

8/3 |,/ (2
Hw7:8w<%/ﬁ¢ (fu(s2/391/2))? + 2 MIMQ (8.18)

if n.e Wy'(0,1), 0 < <573 and || < cos™ /12, and H,(1) := oo otherwise in W' (0,1).
Notice that the previous bounds are satisfied by the (rescaled) minimizer ~,, in view of (8.15)—
(8.16). We will prove that the I'-limit is given by the functional H defined as the expression in
(8.12) for € HE(0,1), 7 > 0, and H(n) := oo otherwise in W, (0,1).

We first prove the I'-liminf inequality, together with the compactness of sequences with bounded
energy with respect to the weak topology of H'(0,1). Without loss of generality, we consider a
subsequence 7, € Wol’l(O,l)7 not relabeled, such that 0 < 7, < €s~'/3, || < cos~ /12, and

limg_ o Hy(ns) < oo. Since 52/37);/2 < (Y2512 by (6.3) we have

A = £ 052l 4 o212,

and therefore

1 /1 [t 2 sS/3[p 2
HS(WS)ZSQ/3<S£/ \/sz(g_g182/377;/2+O(S2/3n;/2)) + éll | dt_l)

B 1 1/2 1/2 32/3‘775‘2
_52/3</ \/1—2 s2/3ns"" + o(s2/3n5' ") + —iz dt—1).

Now, since
2l oetrigtrey o IEE < e
a Taylor’s expansion gives
i ):/1<_€1 12, |n52>dt+1 10(52/3 12 4 200012 dt. (8.19)
(s ; 7 s 302 273 Un s

Notice that, for s small enough, the second term in the right-hand side of (8.19) can be controlled

by the first one:
1 2
20, 4 LA
H,(ns) > gtz Os ) ge.
(n)/o( 7T e

Now, for any € > 0 we have 7781 /2 < en?+ c. by Young’s inequality; therefore, using also Poincaré’s
inequality we end up with

2ely 2 2ecly / 24 1 2 /1 1o 2c:t
Ho(ns) > —=—= [ n?dt— == dt — :
(ns) s ¢ tiee J Mld (16£2 ] ) |l ]

and choosing e small enough we deduce that the sequence (ns)s is uniformly bounded in H}(0,1).
Up to subsequences, 15, — 1 weakly in H'(0,1) (and uniformly) for some n € H}(0,1), n > 0. By
(8.19) we also deduce that

1 2

. b 1/2 ']
(ns) > —— .
hgnlglfHé(né) > /0 ( 7 n/e + 302 )dt H(n)
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As for the I-limsup inequality, fixed n € C}(0,1), n > 0, we simply define 7, := 7. Hence,
(8.19) gives for s small enough

man) = [ (=5 (0 )t o) = 1 + o),

where 0(1) depends on 7 and tends to 0 as s — 0. The I'-limsup inequality follows by density of
CL(0,1) in H(0,1).

The existence of a minimizer 7j € Hg (0, 1) for the limit functional H follows by a standard ap-
plication of the direct method of the Calculus of Variations, and its uniqueness by strict convexity
of the functional H. We can now check that the value of the minimum of H is strictly negative:
by considering Asin(7t) as a competitor, with X\ > 0, we have

g 1 )\2 1
min  H(n) < ——1)\1/2/ sin'/?(xt) dt + —2/ 72 cos?(wt) dt,
newy ! (0.1) ¢ 0 802 Jo

which is strictly negative if A is small enough. We denote ¢ := —¢min H > 0. By (8.17) and
standard properties of I'-convergence we obtain the convergence of the minimizers of Hy to 7 and

go(s) — s . . /! n
—_— = min  Hy(n) — min H —= ass — 0",
ls5/3 new, ™ (0,1) ) neW, ™ (0,1) W=7
so that (8.10) and (8.13) follow. O

We are now in position to give the proofs of the results in Section 6.2, which essentially collect
the main properties of gy from the previous statements.

Proof of Theorem 6.1. The result follows by combining Proposition 8.2, Proposition 8.4, and
Proposition 8.5. O

Proof of Theorem 6.2. The first assertion follows from Proposition 8.1(ii) and Proposition 8.3(v).
The second follows from monotonicity (Proposition 8.2(ii)) and an explicit computation (see also
(8.2)). The remaining assertions follow from Proposition 8.3. O

Proof of Proposition 6.3. First we observe that 7 = liminfy ! 11(f)7 that by convexity of fi(1/)

the liminf is actually a limit, and that, using convexity, f1(0) = ¢ and f1(1) = 0, we have
n(1—t) < A(Vt) <1 —1t) foralltelo,1],

which implies 7 € [0,4] and fi(1 —b) > n(1 — (1 — b)?) = n(2b — b?) for all b € [0,1]. We also
observe that, using (6.2), the integrand in (6.10) can be estimated by

(1= B) PP + B = |11 - B + H( (15’

~+

(8.20)

> s - e+ L (o ppy
4 dt
To prove the first assertion we construct a competitor for the characterization of go in (6.10).
Assume 7 = 0 and fix s > 0. By definition of 5 we can find ¢, € (0,1) such that sf1(g;) < 3(1—¢?).
Welet B =1—g¢s in (%, %), B =11n {0,1}, and the linear interpolation in between; we let o« = 0
in (0, %), a=1in (%, 0), and the linear interpolation in between. A straightforward computation
shows that

(14+¢2) <1

DN =

wo) < [0+ (S0 02) a=d 4o <
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We now turn to the second assertion. We assume sn > 6, let o € H(0,1), 3 € H'(0,1) be test
functions in the characterization (6.10) of gg, denote by I(a, ) the integral in (6.10), and prove
I, 8) > 1.

Assume first that there is ¢ € (0, 1] such that sn f{q<B<2q} |o/|dt > 2. Then (8.20) yields

' 1d
_ 212 72 N2 q — B9 d Z —B)2|d
/0(1 BIVs2F2(B)(a)? + () tZ/{q<5<2q}sn(2B Ealey t+/{2q<5<1}2‘dt(1 &) ’ t

>22¢—¢*)+(1-29)* =1+2¢*>1

and the proof is concluded.

We let Bumin := ming. If B = 0 then necessarily I(a,3) > 1 and we are done. We can
therefore assume Buin > 0. We also define, for j € N, 3; := min{2/ By, 1} and E; := {t : ; <
B < Bjt1}. We let J be the largest index with 8; < 1 and observe that (E;), 7 = 0,...,J,
is a partition of (0,1), with B(inf E;) = S(sup E;) = B;4+1 and min5(E;) = B;. We define
aj = ij |@’| dt, which obey > a;> 1, and

o= [ 0-BVEPEET @Rz [ e, - B+ L (S - ap)

We first treat g;. We observe that
3
I(a,8) > g5 > / sn(28; — B7)|e|dt = sn(28; — B7)a; > S04,
E;
so that if spay > % we are done. Therefore we can assume sna; < % in the following.
By Jensen’s inequality, for any functions h,k : E; — R we have |E;|7! ij Vhr+k2dt >
-1 2 -1 2 21 12 2 2
\/(\E]| [, @) + (|B;| =" [ kdt)? and therefore [, vA? + k2 dt > \/(ij Bl dt)2 + ([, [k] dt)2.
For j < J, [, 515 A=B)%dt = (1-5))* = (1= Bj+1)* = (Bjs1—B;)(2— Bj1— B;) = B;(2—3B;)-
Therefore, again for j < J,

g5 > \[s22B2(2 - B;)%03 + (B;(2 - 36)))2 = B;(2 - 3@)\/?9”?

with 2; := (sna;)(2 — B;)/(2 — 3B;). Recalling sna; < 2 and B; < 3 we obtain z; € [0,6]. We use
the fact that /1422 > 1+ 122 for all « € [0,6] and obtain, inserting first the definition of z;
and then the one of j3;,

1s°n%a3(2 — B;)?
8  (2-35;)2

_ R.)2 .
) > (1= 8;)* = (1= Bj41)* + Buin ! M?(snaj)Q.

ngBj(2—36j)(1+ 87235

We observe that (3:;); > 2 for z € 0, %], sum over j, and recall that g; > (1 — 8;)%. This gives

Zgj > (1 — Bmin)2 + ﬂmini Z 2].(87707)2'
J

i<J

We recall that we are working under the assumption that Zj snaj > sn > 6 and snay < %, which
imply 4 < 3>, ; sna;. By Hélder’s inequality,

2 . . .
16 < (Z snaj) < Z 27 (snaj)Q . Z 277 <9 Z 29 (sr]aj)2.
j<J j<J i<J j<J

Therefore Zj<-f 27 (sna;)* > 8, so that I(a,8) = Zj g5 > (1= Bmin)? + 2Bmin = 1+ B2, > L.
This concludes the proof. O
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8.2 Proof of Theorem 6.5 in Section 6.3

This section is devoted to the proof of Theorem 6.5, which will be achieved through a sequence of
lemmas. In the following we assume that u, u. and v. satisfy the assumption of Theorem 6.5. We
start by (i). Since this assertion is local, we can assume without loss of generality that the jump
set of u consists of a single point Z € (0,1), J,, = {Z}. We let

I,:=(xz—n,z+n),

where 1 > 0 is always supposed to be small enough so that I, C (0,1). Notice that, since the
endpoints of I,, are not in the jump set of u, one has the localized convergence

gii%]:s(usavs;]n) = F(u, 1§I77)'

In the following, we will work with a fixed subsequence ¢, — 0T, k — oo; to lighten the notation
we will replace the subscript €, by k (thus, for instance, we set uy := u.,, vk = vgp,...). We
further assume that for this subsequence u; — u and vy — 1 almost everywhere in (0,1), and
choose a continuous representative for u, and vy.

Lemma 8.6. For L'-a.e. n sufficiently small we have u(Z 1) — u(Z +n), ve(Z+n) — 1, and,
if v € Iy, is a minimum point of vy in the interval I,), in the sense that

my = léllf vg(z) = vp(xk) , (8.21)

then the following properties hold:

() fr(vr(zr)) = fr(mp) — 0 as k — oo;

)
(i) limsupy_,o mix < 1;
(iil) zp = T as k — oo;
(iv)
Proof. Since we are assuming that uy — u and vy — 1 almost everywhere in (0, 1), the convergence
at the endpoints of the interval I, is automatically satisfied for almost every 7.

(i): If for a subsequence we had fi(my) > o > 0, then as the energies Fj(ug,v;) are equi-
bounded we would get

v) if go(|[u](Z)]) < 1, then liminf,_, o my > 0.

C > / T2 (vp)|up|? da > 02/ uj, | dz .
IW I'W
Therefore u € H'(I,)), which is a contradiction since Z € J,, N I,,.
(ii): Suppose by contradiction that for a subsequence mj — 1. For a given ¢ > 0, we have
vg(x) > 1 —¢ in I, for k sufficiently large; by assumption (6.3) this implies that
|(1 = i) f(vi) — €] < lw(d)

for some modulus of continuity w(d) — 0 as 6 — 0. Therefore for k large enough

(1*’11]@)2 (1*”]@)2
Futwounihy) 2 [ (f00 + S bz [P A (o2l + S da

> [ (P 2 = vs@olul) de > (=) [ (P Al de (322)

> <1n— won(t [ gl - fm) .
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Notice now that in view of (6.12) we have go(s) < £s — g(s) for s small and for some continuous
and strictly positive function g(s) > 0; inserting this inequality into (8.22) we find

Fre(ur, vgs Iy) > (1 = w(0)) {90(‘ /In Uy da:D +§(‘ /In u de B 62277]

= (1 () [go(us(F + 1) — @ — ) + §((ue(F + 1) — we@ — ) — 5]

2

By passing to the limit as k& — oo, since the left-hand side converges to the limit energy in I,, and
by assumption ug(Z + 1) — w(Z = n) we have

[hwwm+mmmm=fmnm

> (1— w(®) g0 (Ju@ + 1) = u(@ = n)l) + §(|u(z +n) — u@ - ) - ]
Therefore, letting first § — 0 and then in turn n — 0, we conclude that

90(|[ul(@)]) = go(|[ul(@)[) + g(|[ul ()]) > go([[u](Z)]) ,

which is a contradiction.
(iii): By contradiction, assume that for a (not relabeled) subsequence x, — & # Zz. Fix
d € (0,m) such that vi(Z 4+ 6) = 1 and T ¢ [T — §,% + 0]. For k large enough, x € (Z — 6,Z + 0)
and
i+d 2 i+d
(M + Ek|’(};€|2) da > / (1 — vg)vy, do
4€k

-9 Tk

1 -
= 7(1 —mk)2 - *(1 —Uk(l‘+5))2.
2 2

Notice that the liminf as k — oo of the right-hand side is a strictly positive quantity, in view of
property (ii), which does not depend on §. On the other hand

)
klim Fr(ug,vg; (2 — 6,2 +0)) = F(u,1;(Z — 9,2+ 9)) = / h(|u'])dz,
—00 z—90

and therefore we conclude that f;f; h(|u')dz > §liminfj_,oo(1 —my)? > 0. This is a contradic-
tion since d can be chosen arbitrarily small.

(iv): By arguing as in the previous step and using the fact that z; € I, for k large by (iii) we
have the inequality

T+n

Th z+n
(1 —vp)|vp| do > %/ (1 —vg)?] da — E/m (1 —wvg)?] da

z—mn 2 k

Fie(ur, vs 1) 2[

r—n

L1 - ol + )2,

S0 —m)

> (1= me)? - 5

By letting & — oo, and using that v (Z £ 1) — 1, we have

1mwmfmmgthMM+mmmm,

k—o0
and the right-hand side is strictly smaller than one provided 7 is small enough. O

In the following we fix n > 0 such that the conclusions of Lemma 8.6 hold, and we define xj
and my, as in (8.21). Since these quantities depend on the choice of 1, in the arguments below
we will always let & — oo and 7 — 0 in this order. The following formula, obtained by a simple
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change of variables, will be often useful: for every fixed T' > 0 and for k > kp, for some kp large
enough,

crted 2 re, (1= Ulc)Q 712
Fr(ug, vg; (g — exTyxp +exT)) = / (f,c (vg)|ug|* + e + ex|vgl ) dx
xp—eRT €k
o _— (8.23)
= [ (Sl + S ) da,
_7 \E€k 4

where wy, and zj, are the functions defined in (6.22) and (6.23) respectively.

Lemma 8.7 (Compactness of wy). Up to subsequences, wy, — w weakly in H_(R) and therefore
locally uniformly for some function w such that 1 —w € HY(R). In particular w satisfies

lim w(z) =1, w(0) = lim v(xg) = lm my < 1.
|| =00 k—o0 k—o00

Proof. The result is an immediate consequence of the uniform bound on |1 — wg| g1 (—7,7) for
every T > 0, which follows from (8.23) and the fact that (ug,vy) is a recovery sequence and has
therefore equibounded energy. The fact that w(0) < 1 follows from Lemma 8.6(ii). O

In order to proceed with the proof of Theorem 6.5, it is convenient to distinguish between
the cases w(0) = 0 and w(0) > 0. Indeed, we will see that these conditions correspond to
go([[u](@)]) = 1 and go(|[u](Z)]) < 1 respectively; according to Theorem 6.2 the behaviour of
minimizing sequences for the minimum problem defining gq is different in the two cases.

We first consider the (easier) case w(0) = 0.

Lemma 8.8. If w(0) =0, then Theorem 6.5(i) holds.

Proof. By (iv) of Lemma 8.6 it has to be go(|[u](Z)]) = 1. Therefore for n > 0 and T > 0 we have
by (8.23)

F(u, 15 1y) = i T (g, ves Iy
. (1 —wy) /2 (1—w) "2
> — = 1
st [ (S i) as> [ (S5 e ac,

where the last inequality follows by lower semicontinuity with respect to the weak convergence of
wy to w in HY(=T,T), proved in Lemma 8.7. By letting first T'— oo and then 7 — 0 we obtain

L= ao(El@D = i ) > [ (S5 ) ao.

As w(0) = 0, by Young inequality we conclude that the right-hand side of the previous expression

is exactly 1 and then w(z) =1 — e—'% is the optimal profile for go(|[u](Z)]).
It remains to prove the strong convergence in Hlloc(]R)‘ To this aim, it is sufficient to show
convergence of the energies: suppose by contradiction that for some M >0 and o > 0

M 2 M 2
. (1_wk) 712 / (l_w) 72
hmsu/ — 4 |w dz = — +|w dx +o. 8.24
msup [ (S P de = [ (S ') (8.24)

Then for every n > 0 and 7" > M one has

T 2
1 —
Flu,150y) = lim Fi(ug, v Iy) > nmsup/T(( O ) da

k—o0 4

M 2 2
1-— 1-—
> limsup/ (w + |w§€|2) dz + liminf/ (M + |w;€\2> dx
k—oo J—M 4 k=00 Ji_ T\~ M, M] 4

T 2
(1710) /12
> - 7
_/T( 1 +|w|>dz+0,
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so that by letting first T"— oo and then n — 0 we end up with

oo

wlll@D > [~ (B2 4 ) o to,

— 00
which is a contradiction. This completes the proof. O

Lemma 8.9. If w(0) > 0, there is a subsequence such that zj, converges to some z € H\ _(R) N

L>(R) strongly in HL.(R), and wy converges to w € HL _(R) strongly in HL_(R). The pair

(5712, w), where 5 := [u](Z), is a minimizer of the functional G5, introduced in (6.7), in the class

U.

Proof. Preliminaries. We first prove the weak compactness of the sequence z;. For every fixed
T > 0 and for k > kr one has

min wyg = min vg = V() = wi(0) = w(0) > 0,
[—T,T] [$k—EkT,Zk+8kT]

so that

. S PO
Jof min afk (wi) = of - A 7 (wi(0)) > 0.

By (8.23) it follows that for every T' > 0

T
sup/ |2 |* dz < oo (8.25)
k>kr J—-T

Since by assumption the sequence zj is also uniformly bounded in L*°, we can extract a further
subsequence such that
zp — 2 weakly in H. (R) (8.26)

for some function z € H{ (R)N L (R). Possibly after extracting a subsequence, by (8.25) we can
assume that |z}, |2£! converges weakly in measures to a Radon measure p. By lower semicontinuity,
this implies

|/|°L' < p as measures, (8.27)

with u(=T,T) = fTT |2’|? dz if and only if 2z — 2z strongly in H*(=T,T).
Step 1. We prove that p({w = 1}) = 0 and

allid@) 2 [ £eans [ (S5 ) ar,

To see this, we first observe that for almost any T' > 0 we have u({—7,7T}) = 0 and, by (8.23),

(1 - wk)Q

T
. , 1
Flu,1;1,) = klggofk(%vk;fn)zhmsup/ (gfzf(wk)%IQ +

k—o0 -T

+ |w§€|2) dz.
For 6 > 0, we let A5 := {z € (-T,T) : w(z) < 1—0}. For almost every ¢ we have u(0A45) = 0. By

uniform convergence (Lemma 8.7), for sufficiently large k we have wy(z) < 1— 18 on Aj, therefore
f(wg) = f(w) uniformly on As. Since u(0As) =0, |z} |>L* — u, and f(w) € C°(4y),

T
1
fA(w)dp = lim / f2(w)|z,|* dz = lim / 2 (wp)| 2, |* da < liminf/ — fE(wp)| 23| da.
AS k—oo A(; k—oo A5 k—o00 —-T €k»
By monotone convergence, this implies

T
1
/ fA(w)dp =1lim [ f*(w)dp < liminf / — f2(wy)| 2| da. (8.28)
(=T, T)n{w<1} 60 J a5 k—oo J_p €k
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Also by uniform convergence of wy to w, for k sufficiently large we have 1 — 2§ < wg(z) on
Bs == (—=T,T)\As. Recalling (6.1), for large k we have f2(1 —26) < ;' A f2(wg) = &5 ' f2(wy)
on Bs. Since p(90Bs) =0,

k—o0

1
f2(1 = 28)u(Bs) = f2(1 — 26) lim / |zp > do < liminf [ — fZ(wy)|2;[> de < C.
k—oo J g Bs €k
By monotone convergence,

C
,LL((*T,T) N {w = 1}) = %g%:u'(st) < %%m =0.

Since wy, converges to w weakly in H'(—T,T) (Lemma 8.7), (8.28) yields

1— 2
/ fz(w)du—i—/ (ﬂ—i— \w'\2> de < lim Fy(ug,ve; 1) = F(u, 1; 1)
(~1.7) -ty 4 hvoo
for all T and all n. Sending first 7" — oo and then n — 0,

[ rwans [(B52E ) ar < o) (529

Step 2. By Lemma 8.7 and (8.26), for every j € N we can pick T} > j such that |w(£T})—1|* <277
and z(+T;) — 2(£T};) as k — oo. Since uy and z; are bounded in L, possibly passing to a
subsequence we have

zy = lim 2(T}), z-:= lim 2(-T). (8.30)
j—o0 j—o0
We intend to show that z — z_ = [u](Z). o
To do so, we separate the part of the profile in the inner interval (a,b) := (aj,b,) = (2 —
e, T,z +€xT;) from the part outside (for sufficiently large k we can assume [a — ey, b+¢i] C I)).
Specifically, we set
ug(a) ifz<a, ug(z) —ug(a) if x <a,
u}Cn7 () == qup(z) fa<z<bh, uR'i(z) =<0 ifa<xz<b,
up(b) if x>0, ug(z) —ugp(d) ifx>b
which implies, since ug(a) = z;x(=T;) = 2(—Tj) and ug(b) = 2, (T;) — 2(T}), that
in in Z(ijjj) if z < z, out out in
up(z) = ut(x) = up = ud™ = u —
ks(®) ;@) {Z(Tj) ifx >z, kg ! /
in L'(I,) (as k — 00). Correspondingly, we define
1 if e <a-—eg, vg () if x <a,
in v () ifa<xz<b, out 1 ifate, <z <b-—egy,
vk,j(x) = . Vk,j (z) = .
1 ifx > b+ ey, vg () if x > b,
affine interp.  in between, affine interp.  in between.

We observe that v}f‘jj — 1 with minv}gjj = v}gjj(xk) =my, — w(0) < 1; 1% — 1. By Lemma 8.7
and |w(£T;) — 1| < 277, for k sufficiently large (on a scale depending on 5) we have |vy(a],) — 1| <
279t and |uy (b)) — 1] < 27971 The energy then obeys

‘Fk(uikrjﬁv}crjj;lﬁ) S ]:k(ukavk; (a7b)) + C2ij7

Fro(uy, vRty's In) < Fie(ur, vi; In\(a, b)) + c277,
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so that ‘ ‘ ‘
Fre(uiy, v In) + Fre(u'y, vp'ss Iy) < Fr(up, vis Iy) + ¢277.

Passing to the limit and using (6.21),

Flu 3“, L I) + Fud™, 1;1,) < liﬂi}gf}—k(ukaﬂkﬂn) + 277 = F(u,1;I,)) + 277

out

;" and F, we obtain

for all 7 and 7. Using the explicit form of uij“, u

g0(1[w511) + go([[u5™ 1) < go(l[u]]) + 277, (8.31)

where all jumps are evaluated at Z. Recalling minv}®; = v, (zx) = my, — w(0) < 1 and v, =1
on 01,

45k

! (1 B v}ﬂljj)z in \/|2 in
(1 —my)? |1 vkj ’Uk’j) |da < — T e \(vkj)| dxg]:k(ukj,vkj;f)
IW

which gives, by the same argument, first
(1 —w(0))* + F(u", 1; 1) < Flu, 15 1y) + 27

and then 4
(1 = w(0))* + go(|[ug™]]) < go(|[u]]) +c277. (8:32)

Taking 7 — oo in (8.31) and (8.32) we obtain, with (8.30),

go(l" =27 D+go(|[ul = (=" =27)) < go(l[ull)  and  (1—w(0))*+go(|[u] = (" —=7)]) < go|[ull)-

Recalling that gg is strictly subadditive on (0,00), we see that one of the two terms in the first
inequality must vanish. The second inequality excludes the case 2T = 2z~ therefore 2T — 2~ = [u].

In order to show that 2z’ € L'(R), we prove that z is monotone. Assume for definiteness that
27 < z+. We define

Z:=2_V (24 ANz) and Z(z):= {miné([am()]) ifz <0,

max z([0,z]) ifz>0.

Then z_ <2< Zon (—00,0) and zZ < 2 < z; on (0,00), hence 2(£t) — z4 for t — co. Obviously
% is monotone. Further, 2 € H\ (R), 0 < 2’ < |7/], [ #de =2 — 27, and

/ " PP dr < / 7 P w)l P de,

with equality if and only if Z = z almost everywhere, which would imply that z is also monotone.
In particular, (572, w) € U; for 5 = [u](Z). Using (6.6), |2'| < |2’|, (8.27) and (8.29) we obtain

wlll@D < [~ (Pwie+ S5 ) a

oo 1 _ 2
< / (Pl + % + w?) da
2 d (1 — ) 12 dr < =
f Z ) I G + [w'7) dz < go(|[u](2)])-
Therefore equality holds throughout. This implies in particular Z = z, so that z is monotone,

(571z,w) € Uy, and pu = |2'|?LY, which gives strong convergence of z to z in HY (=T, T) for all T
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Step 3. In order to complete the proof it only remains to show the strong convergence of wy to
w. We have for all 7' > 0

T 2 T 2
o (1 —wy) /12 (1—w) "2
L7 > Al .
hkrggf/iT( e )dx_ 7T( v )dx (8.33)
and - .
1
lim inf — f2 (wi)| 2] do 2/ f2(w)||? dx .
k—oo J_p €k ’ -7

Then arguing as in the case w(0) = 0 and assuming by contradiction that (8.24) holds, it is easily
seen that one gets the contradiction

fe%e] —w 2
w(@) > [ (PP + S5+ ) de o,

proving that (8.33) actually holds with an equality and a limit on the left-hand side. This gives
the strong convergence of wy to w. O

Proof of Theorem 6.5. The first assertion follows from Lemma 8.8 and Lemma 8.9. We remark
that the uniqueness result of Theorem 6.2(i) implies convergence of the entire sequence (after
suitable translations).

It remains to prove the second assertion of Theorem 6.5. We fix n > 0 and we let A :=
(0, D\ U,ey, [ —n, @ +n]. We first remark that

ve = 1 uniformly on A.

Indeed, this follows by the same argument used to prove Lemma 8.6(iii). Therefore by assumption
(6.3) we can write
(1 —ve)f(ve) 2 (1 —w(e))l  on A,

for some modulus of continuity w(e¢) — 0 as ¢ — 0. We introduce the set A, := {z € A :
fe(ve)(x) < 1} and we observe that, since f.(v:) = vef(ve) on Ag,

[ (rwantp+ S aox [ (speopee+ B Yo [ popa

€

> / (1= ve) fve) | de + /A il (8.34)

€

Y

é(l—w(s))/ |u’€|dx+/ lul|? da .
A Ac

The sequence ux 4c is bounded in L?(A), and therefore, possibly passing to a subsequence, has a
weak limit p € L?(A). The sequence ulx 4, is bounded in L'(A), and analogously we can assume
that ulxa, — p and |ul|xa. — v weakly in measures, with

lul(A) < v(A) <lim inf/ lul|xa, dz.
e—0 A

Since ul = ulxa, + ulxae converges distributionally to u' € L*°(A), we have pu+ pL' = oL,

which implies that 4 = (u' — p)L£" and [p|(A) = [, | — p|dz. Thus (8.34) gives

1— 2
i [ (200 O Ytz [ plgtyanz [ 4l
e—0 A 45 A A
where in the last step we used that for any ¢ € [—g, g] and any y € R one has

Ot —yl +y* > 2+ (t —y)*
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Indeed, this inequality is the same as £|t — y| > 2¢(t — y), which is true since ¢ > 2|¢t|.
Since we know that

1—v.)?
limsup/ (ff(vg)ufE? + (U)> dr < F(u,1; A) = / /|2 dw,
A de A

e—0

we conclude that p = «’. In particular
/ lu'|? dz Sliminf/ f2(v)|ul)? de < liminf/ F2(v)ul | da
A e—0 Ac e—0 A
<limsup Fe(ue,ve; A) = F(u,1; A) = / |u'|? da,
e—0 A

hence equality holds throughout and (6.24) is proven. This completes the proof. O

8.3 Proof of the statements of Section 7.2

Let g be defined as in (7.1). First, let us observe that g(s,0) = go(s) and that the characteri-
zations of g given in (7.4)—(7.6) follow by the same arguments used to prove the corresponding
characterizations of gy in (6.9)—(6.11). We collect the main properties of the function g in the
following proposition.

Proposition 8.10. The function g enjoys the following properties:
(i) g is monotone nondecreasing in both variables, g(s,s") = go(s) if s > §';

(ii) for every s1,s2,s8 >0,
g(s1+s2,5") < go(s1) + g(s2,8"); (8.35)

(iii) g(0,8") = (1 —my)?, (1 =my)? < g(s,s") STA((1—my)?+Ls);

(iv) g is continuous in both variables and, for fized s', the map g(-,s') is Lipschitz continuous
with Lipschitz constant € (in particular g is globally continuous);

9(s.5)=9(0.5) _

(v) limgroo g(s,8") =1; for s’ > 0 limg o

Proof. (i): The monotonicity of g in the first variable follows from G, (o, 8) < G, (v, ) for 81 < 52,
while the monotonicity in the second variable follows since the map s’ — my is decreasing. If
s > &', the optimal profile 3, for go(s) is admissible in the minimum problem which defines g(s, s'),
by monotonicity of mg, and therefore the values of the two functions coincide. This completes
the proof of (i).

(ii): Fix ¢ > 0 and let T > 0, (a1, B1), (az2,B2) € HY(=T,T) x H' (=T, T) be such that
a;(=T) =0, a;(T) =54, 0 < B; <1, B;(£T) =1, inf B3 < B+ (0), and

T a2
[ (Foviair + SR ) e < gotsn) o

T ERY
[ (Pomia + SR g e < glon,s) 0.
-T

according to the representation formulas (6.9) and (7.4) after rescaling . By defining

() if t € [-T,T), G ift € [-T,TY,
a(t) = {ag(t —2T) + s, ifte|T,3T), Bt = {ﬂg(t —-2T) iftelT,3T],

we have a, 3 € HY(=T,3T), with a(=T) = 0, a(3T) = 51 + s2, B(—T) = B(BT) =1,0< B < 1,
inf 8 < B4 (0). By using the pair (ﬁa,ﬁ) as a competitor in (7.4) we obtain

g(s1 + s, 8/) < go(s1) +9(5275/) + 20,
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and the conclusion follows as o is arbitrary.

(iii): The value of g(0, s’) can be computed by observing that in this case the minimum problem
(7.1) defining g is independent of «, and the optimal profile is given by the function

Bo(t):=1— (1 —my)e % . (8.36)
The lower bound on g(s, s’) follows directly by monotonicity. To derive the upper bound with the
constant 1, one can simply consider the admissible pair («, 8) € Vg given by

t41

0 if t € (—o0,—1), l—e=z  ifte(—o0,—1),
alt)=qt+1 iftel-1 ] B(t) =<0 if t € [—-1,1],
1 if t € (1,00), l—e T ifte(l,00).
The inequality g(s,s’) < ¢(0,s") 4 £s follows directly from (8.35) and go(s) < £s.

(iv): The continuity of s’ — g(s, s’) can be proved by taking into account the continuity of the
map s’ — my, proved in Theorem 6.2. The Lipschitz continuity of s — ¢(s, s’) is a consequence of
the monotonicity of this map, of the subadditivity inequality (8.35), and of the bound go(s) < ¢s.

(v): The first limit is a trivial consequence of g(s, s’) = go(s) for s > s’, and of Theorem 6.1.
To compute the slope of g(-,s") at the origin, notice that given any a such that o’ has compact
support and the pair (a, 8s/) belongs to Vs, where (¢ is the optimal profile defined in (8.36), we
have

o0 _ o , 2 _ o0 _
sy < [ (2P P+ EPE g = [ PG s (- m?,

Dividing by s and letting s — 07 we obtain the inequality limsup,_,+ M < 0. The
lower bound ¢g(s, s’) > ¢g(0,s") concludes the proof. O

The next proposition shows that the inequality (8.35) is strict.

Proposition 8.11 (Strict subadditivity). For every s; > 0, so >0, and s’ > 0, we have
g(s1 + s2,8") < go(s1) + g(s2,5). (8.37)

Proof. If s1 + so > &', then g(s1 + s2,8") = go(s1 + s2) and (8.37) holds since gg is strictly
subadditive by Theorem 6.1. If go(s1) = 1 the assertion follows from g(s; + s2,s’) < 1 and
g(s2,8") > 0. Analogously if g(s2,s’) = 1. Let us assume now that s; + so < 8, 851 < Sgrac
and g(SQ, s') < 1. Fixed n € (0,4(1 — g(s2,5))), let 71,72 € Wy ([0,1],]0,1]) be such that
maxyz > (1 —my)? and

1 >g() 51 / 81 fl 2 4+ hll dt, (838)

1 12
1oyl 40> [ V() + (8.39)

Notice that this is possible by the characterization (7.6) and Proposition 8.3(ii). In particular +; is
the unique minimizer of the problem defining go(s1), and (8.39) implies 0 < 72 < 2(1+g(s2, ")) <
1 as well as fol |4 dt < 2.

The function v := (71 +72) A1l is admissible for g(s;+s2,s’), being maxy > max -y, >(1—mg)?.
Therefore,

1 ’2
g(s1+s2,8") < /0 \/(51 +52)2(f1(y)2 + E e

/ \/31 )2 4 dt—i—/l \/sg(fl(ﬁ))u#dt.
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In order to estimate the first integral, we observe that v > 71 by definition and that by (6.2)
f1(1/) is strictly decreasing, hence

/01 \/s?(fl( 24 Wi dt</ \/51 A2 + Ll g, (8.40)

As for the second integral, we first assume sp > 0 and show that there exists a constant cs, 5, s> 0,
only depending on s1, s3 and s’, such that

1
/ \/S%(fl( 2+ |’Yz\ dt </ 82 fl 2+ |’Y2\ dt — Csq,s2,s"- (8'41)
0

This would lead to

1 112
g(s1+ 82,8 / \/81 (fi(vm))? + lw dH‘/ \/5§(f1(\/%))2 + Lil dt — €5, sy,
< 90(31) + 9(527 3/) 1 = Csy,50,8

and then to (8.37) as n — 0.

In order to check (8.41), we let p := #/\ 171(3) > 0. Then thereis § > 0, only depending
on s1, so and s, such that y1 > pin J := (l 5,3 +5) ThlS implies v = 1A (7 +’yz) > vo+pin J.

Convexity and strlct monotonicity of fi(1/*) 1mp1y convexity and strict monotonicity of (f1(v/))?,

and hence monotonicity of its difference quotients. Therefore

F1(VA2) = [1 V) = [i(V2) = E (Ve +p) > [F(V1—p) = fi(1) = ¢> 0 in J.

We remark that ¢ only depends on p and therefore on sy, s2, . Let I, := {t € J : |74|(t) <2571}
From fol |74 dt < 2 and L£'(J) = 25 we obtain £!(I,) > §. Since VA —¢ < VA — 5 — whenever
0<e<Aand f; <¢,

/1 \/s%(fl( )2 4 el dt</ \/32 (A(vA)2 + 2L — 2ear

|’Yz\ _ 820(5
/\/Szfl V72))? + de INEET

where the last term is nonzero and only depends on s1, s and s’. Hence (8.41) follows.

It remains to deal with the case s, = 0. In this situation we can take y2(t) = 2(¢ A (1 —1))(1 —
mg)? and 7 = 0 in (8.39), then v > ~; pointwise in (0,1) and (8.40) is a strict inequality; by
monotonicity of f1 (8.41) holds with ¢, 5,5 = 0. The proof is then concluded as above. O

Proof of Theorem 7.1. All the properties listed in Section 2 follow by combining Theorem 6.1,
Proposition 8.10 and Proposition 8.11, and observing that by definition one has g(s,0) = go(s). O

Proof of Lemma 7.2. Given T > 0 and an admissible pair (o, 3,) for gi¥)(s,s’), we construct
an admissible pair (o, ) for g(s,s’) in (=7 — 1,7 + 1) by setting o = a,(=T) in (-7 —1,-T),
a=a,in (-T,T), a = au(T) in (T, T + 1), and by setting § = , in (=7, T) and linearly linked
to the value 1 in (=7 —1,—T) and (7,7 + 1). Then by (7.4), scaling «,

T+1 a2
sos)< [ (Ponars S e a
T a2
< [ (Pl + B ) are e,

from which it follows that g(s,s’) < (") (s, s') +3u2. The other inequality follows by an analogous
construction, reversing the roles of g and g(*). O
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