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BETTI NUMBERS OF SHIMURA CURVES AND
ARITHMETIC THREE-ORBIFOLDS

MIKOLAJ FRACZYK AND JEAN RAIMBAULT

ABsTRACT. We show that asymptotically the first Betti number b; of
a Shimura curve satisfies the Gauss-Bonnet equality 27(b; — 2) = vol
where vol is hyperbolic volume; equivalently 2g—2 = (1+40(1)) vol where
g is the arithmetic genus. We also show that the first Betti number of
a congruence hyperbolic 3-orbifold asymptotically vanishes relatively to
hyperbolic volume, that is b1/ vol — 0. This generalises previous results
obtained by the first author, on which we rely, and uses the same main
tool, namely Benjamini-Schramm convergence.

1. INTRODUCTION

1.1. Benjamini—Schramm convergence. Let G be a semisimple Lie group,
K C G amaximal compact subgroup and X = G/K the associated symmetric
space. Benjamini—-Schramm convergence of locally symmetric orbifolds T'\ X
of finite volume was introduced in [I]. The Benjamini-Schramm convergence
of a sequence of finite volume locally symmetric spaces (I';\X);en to the
symmetric space X is equivalent to the following simple geometric condition:

. vol((I\X)<R)
(1.1) VR0, lim = Ay O
where Mg denotes the R-thin part of a Riemannian orbifold M (which we
take to include the full singular set, see below).

In addition to X there are other possible limits in the Benjamini-Schramm
topology. In order to describe them it is convenient to pass to the language
of invariant random subgroups (IRS) of the group G. These are the Borel
probability measures on the Chabauty space Subg of closed subgroups which
are invariant under conjugation by elements of G. For every lattice I’
of G there is a unique G-invariant probability measure on G/I' and its
pushforward by the map gI' — gI'g~! gives an IRS denoted pur. It was
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observed in [1] that (I';\ X') converges to X if and only if ur, converge weakly-
* to the trivial IRS d71y. In general a sequence (I';\ X') converges Benjamini-
Schramm if and only if ur converges weakly-* to some IRS v. The limit IRS
v is always supported on discrete subgroups and the Benjamini-Schramm
limit is the random locally symmetric space X/A where A is a v-random
subgroup of G.

It was proven in [I], as a consequence of the Nevo—Stiick—Zimmer theorem,
that if G is semisimple of higher rank, with all factors having property
(T) then any sequence of irreducible locally symmetric spaces converges in
the Benjamini-Schramm sense to X. This was extended to all nontrivial
products in [I7] (see also [22] for more precise results in a very specific case).

This statement is known to be false when G = SO(n, 1) or SU(n,1),
because in those cases there are lattices I' C G such that H'(T',R) # 0 (see
[23], [18], [I5]). On the other hand restricting attention to the family of
arithmetic congruence lattices in G (see below for a short description)
the first author proved in [11] that for G = SO(2,1),SO(3,1) the symmetric
space X = H?,H? is the only possible limit in the Benjamini-Schramm
topology for a sequence of torsion-free congruence lattices. Previously the
second author [25] had proven a similar result for the family of non-uniform,
not necessarily torsion-free lattices (nonuniformity makes them much easier
to deal with algebraically). In this paper we remove the torsion-free hypothesis
in general.

Theorem A. If G = PGL2(R) or PGL2(C) and I',, is a sequence of irreducible
arithmetic lattices in G, which are either all congruence and pairwise distinct,
or pairwise non-commensurable, then the sequence of locally symmetric
spaces ', \ X converges in the Benjamini-Schramm sense to X.

In [1I] the torsion free assumption was necessary because the methods
only allowed to control the volume of the subset of thin part consiting of the
collars of short geodesics. For a sequence of general arithmetic congruence
orbifolds (I'),\ X)nen it could a priori happen that the vast majority of the
thin part comes from the cusps or the conical singularities so the sequence
does not converge to X. Theorem [A] excludes this possibility. For the proof
we use the estimates developped in [11] to show that any weak-* limit of the
sequence ur, is supported on elementary subgroups. By [24] the only IRS
supported on this set is the trivial IRS, hence the theorem. We carry out
the second step of this scheme of proof in detail in Proposition which is
valid for all sequences of lattices in proper Gromov-hyperbolic spaces.

We note that because we are using a soft method our approach does not
indicate the rate of decay of vol((I';,\ X )<r)/ vol(I',\ X) as opposed to [L1].

1.2. Genus of Shimura curves. One application of Theorem [A]is to determine
the asymptotic genus of congruence surfaces of large volume. For compact
surfaces without singularities the genus and volume are essentially linearly
related by the Gauss-Bonnet formula. However for 2-orbifolds terms coming
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from cone points and cusps appear in the formula, and it is easy to see that
there exists sequences of hyperbolic orbifolds with underlying space a sphere
and volume going to infinity. This also has an algebraic interpretation: if S
is isomorphic as a Riemann surface to the C-points of an algebraic variety
defined over a number field, which is the case for orbifolds obtained from
congruence groups (so-called Shimura curves, see [26]), then its arithmetic
genus is given by the Riemann—-Hurwitz formula and essentially proportional
to the volume while its geometric genus equals the topological genus of the
underlying surface and can be arbitrarily smaller than the former.

It is known that this phenomenon cannot occur for congruence orbifolds:
using the uniform spectral gap for congruence quotients (see [7] for a more
general result) and a theorem of P. Zograf [29] it follows that there is a
lower bound of the form g > cvol for congruence subgroups (see also [19]).
As a consequence of Theorem [A] we obtain the following asymptotically
more precise result (we note that it was known for congruence covers of
the modular surface by a result of J. G. Thompson [2§]).

Theorem B. Let I';, be a sequence of congruence lattices in PSLa(R), and
let g, be the topological genus of the orbifold O,, = I';,\H?. Then, assuming

the I',, are not pairwise conjugated, we have
lim In__ _ =
n—too volOQ,, 4w

1.3. Betti numbers of 3—orbifolds. Theorem [Blis equivalent to the statement
that by(I',)/ vol(I',\H?) converges to 1/27 for a sequence of congruence
lattices. Indeed, the rank of abelianisation is essentially equal to twice the
genus in a BS-convergent sequence. This can be proven more directly by
analytical means, as 1/27 is the first L2-Betti number of the hyperbolic
plane. While more complicated, the analytic approach generalizes to the
dimension 3 and where obtain the following result.

Theorem C. Let I';, be a sequence of congruence lattices in PSLy(C). Then

b1(Ty)

li ———=0.
n—+100 vol(Tp \HB)

This was proven in [25] for non-uniform lattices, and in [I1] in the case of
all torsion-free lattices. Our proof is very similar to the proof for hyperbolic
3-manifolds appearing in [1].

1.4. Congruence lattices. For completeness we give an explicit description
of the congruence arithmetic latices in G = PGL(2,R),PGL(2,C), though
we will not directly use this structure theory in the rest of the paper. Let
K = R, C. We start by choosing a number field k£ with Archimedean places
Vi,...,vq such that k,, ~ K and k,, ~ R for ¢ > 2. In what follows A, Ay
stand for the ring of adéles, respectively finite adeles of k. We will write
k> x — (x), € k, for the embedding of k£ in its completion k,. Let
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a,b € k* be such that (a),,, (b),, are positive for i > 2 and (a),, or (b),, is
negative if K ~ R. We define the quaternion algebra A as

A =k + ik + jk + ijk,

subject to the relations i> = —a,j? = —b,ij = —ji. By our choice of a,b we

have A ® ky,, ~ M(2,K) and for i > 2 the algebra A ®y, k,, is isomorphic to
the Hamilton’s quaternions. We form an algebraic group PA* = A* /k*. Tt
is an adjoint simple group of type A; defined over k. Note that PA*(A) =
PA* (k‘ R0 R) x PA* (Af) and

PAX(k®qR) = HPAX ~ PGL(2,K) x PO(3)%!

Choose an open compact subgroup U of PA*(Ay). Let I'y = PA*(k) N
(PA*(k ®g R) x PA*(Ay)). By a classical result of Borel-Harish-Chandra
[] the group I'y is a lattice in PA*(k ®g R) x PA*(Ay) ~ PGL(2,K) x
PO(3)%! x U. The projection of I'y to the factor PGL(2,K) is a congruence
arithmetic lattice in PGL(2,K). Every congruence arithmetic lattice of
PGL(2,K) arises in this way.

1.5. Outline of the paper. In Section [2] we apply a “soft” criterion for
Benjamini—Schramm convergence, together with the estimates from [I1], to
deduce Theorem The criterion is proven, in a general form including
lattices in the isometry group of any proper Gromov-hyperbolic space, in
Appendix [A] Next, in section [3] we give a precise metric description of the
singular locus of hyperbolic 2- and 3-orbifolds, and (in the 3-dimensional
case) a way to smooth the boundary of the thick part while keeping control of
the geometry (the technical details of which are left to a second Appendix [B]).
We use this description of singularities and Theorem [A] to deduce Theorem
in section [d] In section 5] we use heat kernel methods (for which we need
the precise description of the smoothed thick part) to deduce Theorem
from Theorem [Al

2. BENJAMINI-SCHRAMM CONVERGENCE OF QUOTIENTS OF HYPERBOLIC
SPACES

2.1. A criterion for convergence. Let G be a semisimple Lie group and
7 a semisimple element of G. Let G be the centraliser in G of I', then for
any sufficiently decreasing (for example compactly supported) continuous
function on G the following integral makes sense.

(21) Os) = [ o tan)de

G Y
The following proposition is a generalisation of |25, Proposition 2.2]. We
provide a self-contained proof (along the same lines as that of loc. cit.)
of a much more general result valid for all Gromov-hyperbolic spaces in
Proposition below.
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Proposition 2.1. Let T',, be a sequence of lattices in either PGLy(R) or
PGL2(C) and d = 2,3 accordingly. Let U be the subset of lozodromic
elements in G. If for every smooth compactly supported function f on G
the limit

=0

. Z[ Ir,, CU vol((I'n )4 \G~)Op(7)
(2.2) dim =5 STOAYE)

holds, then I';,\H? is BS-convergent to H.

This is essentially tautological if the I'),, are torsion-free; the nontrivial
part is that it allows us to avoid studying the elliptic conjugacy classes (and
the parabolic classes if the T',, are noncompact) in order to establish BS-
convergence of a sequence of orbifolds.

2.2. Proof of Theorem If X is a rank-one irreducible symmetric space
such as H? or H? and G = Isom(X) then G is a simple Lie group of non-
compact type and its elliptic radical is trivial. Theorem [A] thus follows
immediately from Proposition and the following result extracted from
[11].

Theorem 2.2. Let G = PGL2(R) or PGL2(C) and let U be the set of
hyperbolic elements of G. Let I'y, a sequence of arithmetic congruence lattices

in G, such that vol(T',,\G) — +o0 or any sequence of pairwise non-commensurable
arithmetic lattices. Then for any f € C3°(G) we have :

1

(23) vol(T\G)

Z vol((T'n)y\G~) Oy (7) 2 0.
[Y]cU

Proof. If T" is an arithmetic lattice in PGLa(R) or PGL2(C) then an element
~v € I is hyperbolic if and only if it is semisimple and of infinite order. In
the proof of [I1, Theorem 1.8], starting form the lines (10.7-10.9) the author
bounds the sum

(2.4) > vol(T,\G4)O4(f)

[VIr
non torsion

for congruence arithmetic lattices. The line (10.7) of [I1], p. 67] is the adeélic
version of the last sum where we group together the classes conjugate over
PA*(k), where PA* is the group used to construct the lattice I" as explained
in Section [I.4] The passage between the adélic and classical trace formula is
explained in |11 Theorem 4.21]. Proceeding as in [I1, p. 67-69] we obtain
the bound

> vol(T\G4) O, (f) < vol(T\G)" %6,

[Vr .
non torsion

Any hyperbolic conjugacy class [y]r is non-torsion so we can deduce the
that the sum (2.3) converges to 0 as vol(I'\X) — oo and T' is a congruence
arithmetic lattice. In order to establish the convergence for sequences of
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pairwise non-commensurable arithmetic lattices (I'y,)pen we choose for each
n a maximal arithmetic lattice A,, containing I',,. It is always a congruence
arithmetic lattice. We have

1
AT | 2, UEGIOr)| <
1
ol X) hge[]vol((rn)w\ay)om) <
1
vol(A,\ X) [W]Azn:EUV()l((An)v\Gv)OV(V) =o(1).

3. STRUCTURE OF THE SINGULAR LOCUS OF CLOSED HYPERBOLIC
ORBIFOLDS

To be able to deduce from the sole Benjamini—Schramm convergence of
a sequence of orbifolds further asymptotic results on topological invariants
we need a fine metric description of the singular locus. The results in this
section provide it; they are not really original but precise statements such
as we need are not easily found in the litterature. As usual our main tool is
the Margulis lemma.

Theorem 3.1. For every n > 2 there exists ¢ = €(n) > 0 such that the
following holds. Let ' be a discrete subgroup of isometries of H', then for
any x € H" the subgroup

I.:=(yel :d(z,yz) <e¢)
is virtually abelian.

In the sequel we will only work in 2 or 3-dimensional hyperbolic space,
and we let € denote a Margulis constant which is valid for both cases. Recall
that O<. stands for the e-thin part of an orbifold O, for which we use the
following definition: if O = I'\ X where X is the orbifold universal cover and
we assume X to be CAT(0) then

(3.1) O<.=T\{Z € X: Iy e\ {ld}, d(z,7yZ) < ¢}

which includes the singular locus of O—mnote that in the litterature, e.g. in
[3], a different convention is often used where only points with large stabilisers
are included. The closure of the complement of O<. (the e-thick part) will
be denoted by O>..

In fact we need to tweak a bit the definition of the thin part around that
part of the singular locus where the cone angle is m: around these vertices
or geodesics we put a collar whose width is €/6 (instead of £/2).
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3.1. 2-dimensional orbifolds. In PGLy(R)* all the virtually abelian discrete
subgroups are given by the following list:

(1) An infinite cyclic group generated by an hyperbolic or parabolic
isometry;

(2) A finite cyclic group generated by an elliptic isometry;

(3) An infinite dihedral group generated by two elliptic isometries of
order 2.

As a first consequence we see that the singular locus of an orientable hyperbolic
2-orbifold consists only of cone points, that is all non-manifold points have a
neighbourhood which is isometric to the quotient of a disc by a finite cyclic
group.

In addition we can deduce from this classification a metric description of
the singular locus. We need the following notation: given an elliptic isometry
v with fixed point z and rotation angle 0, let £(6,¢) be the smallest ¢ such
that d(y,vy) > ¢ for d(z,y) = £. Similarly, given a hyperbolic isometry ~ of
minimal displacement ¢ we define (¢, €) to be the minimal distance from its
axis at which an hyperbolic isometry translates of at least e.

Lemma 3.2. Let O = I'\H? be an orientable hyperbolic 2-orbifold and x a
point in its singular locus. Then x is an isolated cone point and one of the
following possibilities hold:
(1) If its angle is 2w /m with m > 3 then there is no other singular point
in the ball Bo(z,l) where { = (2w /m,¢).
(2) If the angle is equal to 7 then either there is no other singular point
within distance {(7,€), or there is one (and its cone angle is also )
at distance Uy < £(m,€) but no other within distance r({z,€) of x.

Proof. Let T'z € O be as in the statement, with z € H?. Then z is a fixed
point of a non-trivial element of I', and it follows that the subgroup

I ={yel: dx,w) <<}

must be one of those described in or at the beginning of this section;
let 7o be a generator (with minimal rotation angle) of the cyclic subgroup
fixing « and m > 1 its order.

In any case z lies above a conical point in O. Assume now that m > 3;
then I';, = (y0) and by the Margulis lemma there is no other fixed point of
a non-trivial element in I within the set

C={yeH: d(y,oy) <e)}.
By definition the ball Byz(z, £(27/m,€)) is contained in C, so it contains no
other singular point.

If m = 2 and there is another elliptic fixed point 2’ € H? with d(z, ') <
{(m,e) then we might assume that z’ is the closest such point. By the
previous paragraph any nontrivial 4, € T" fixing ' must be of order 2. Let
n = Y07 It is a hyperbolic isometry with axis containing the geodesic a
joining = to 2’ and translation distance 2d(x,z’). Write T, for the setwise
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stabilizer of a in I'. For every v € T',, not fixing = we will have d(z,~vx) >
2d(x,2') as otherwise 79y would have a fixed point closer to x than z’.
We deduce that 'y = (70,7(}). The former is a maximal virtually abelian
subgroup of T" (it is an intersection of I with the normaliser of a split torus).
The Margulis lemma now implies that within the ball Byz(z, (7, <)) (resp.
Byz(z,7(l3,€))) any other elliptic fixed point must be a translate of either
x or 2’ by a power of 7, as any such point is moved by at most € by 7o (resp.
1) and hence its stabiliser in I must belong to T',. (|

3.2. 3-dimensional orbifolds.

3.2.1. Description of the singular locus. The list of discrete virtually abelian
subgroups of PGLy(C) is long enough to make us avoid giving a complete
description. Rather, we will assume that I is a cocompact lattice in PGLg(C)
and A a maximal virtually abelian subgroup of I' which contains torsion
elements (which is all we need to prove Theorem. If A contains a hyperbolic
element 7 then it must normalise (), so it is contained in the normalizer of
a maximal torus. Any such normalizer is isomorphic to C* xZ/2. Otherwise
A contains only elements of finite order and so by Burnside’s theorem it must
be a finite subgroup of the maximal compact PU(2). It follows that A is one
of the following groups:

(1) (v,n) =2 Z x Z/m where ~,n are respectively hyperbolic and elliptic

isometries sharing the same axis;

(2) (v,n,p) = (Z xZ/m) xZ/2 where 1, are as above (with n possibly

trivial) and p is an elliptic of order 2 with axis orthogonal to that of
Y or 1);

(3) One of the finitely many non-dihedral finite subgroups of PU(2).
We see from this description that the singular locus of an hyperbolic 3—
orbifold consists of closed geodesics (which we will call singular geodesics),
which can intersect each other. A singular point not on the intersection of
two singular geodesics has a neighbourhood isometric to the quotient of a
ball by a rotation; the angle of the latter we will call the cone angle of the
singular geodesic. We will call a vertex which is at the intersection of two or
more singular geodesics a vertex of the singular locus.

Together with the Margulis lemma the list above allows us to give the
following metric description of the singular locus (see also [3, Corollary
6.3] for a more geometric description, and loc. cit., Fig. 5 on p. 33 for
illustrations). This description is analogous to the situation from Lemma
[3.2} we recall that ¢ and r were defined there.

Lemma 3.3. Let O be a compact orientable 3-dimensional hyperbolic orbifold
and Y its singular locus. Let x € X be a vertex. Then one of the two following
possibilities hold.

(1) The €/2-neighbourhood of x is isometric to one of a finite list of
orbifolds, whose singular locus has only one vertex and all singular
geodesics go through x.
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(2) There is at most one other singular vertex x' within distance €/2
of x; © and x’ are joined by a singular geodesic ¢ of length £ and
cone angle 2w /m, there are two singular geodesics with cone angle
and orthogonal to c each going through one of x or x'. There are no
further components of the singular locus within distance max(¢(27/m,e),r({,¢))
of x and 7’.

Moreover if two non-intersecting singular geodesics of O are within distance
€/2 of each other then both have angle 7.

Proof. Let O = T'\H? a closed hyperbolic 3-orbifold. Let z be a vertex in
the singular locus of O and II the subgroup of I fixing a lift & of x to H?3.
Then II is either a dihedral group Z/m x Z/2 or one of finitely many finite
non-dihedral subgroups of PU(2), according to the list of virtually abelian
subgroups of I above.

If the vertex is as in and n € I', n € 11 is an elliptic isometry of order
m then as (by the Margulis Lemma) IT contains all isometries moving Z by
at most € any fixed point of 7 must be at distance at least £(27/m,e) >
l(m,e) = e/2 of Z. Similarly any hyperbolic isometry in I' must move & by
at least €. Hence the quotient I\ B(Z,¢/2) embeds into O.

If the vertex has a dihedral stabiliser as in let n be a generator of
the Z/m-subgroup and 7 a generator of the Z-subgroup commuting with
n. We might assume that either £ < /2 or m > 5 (otherwise we can add
its neighbourhood to the finite list in ([1))). Then any elliptic element of T’
which does not normalise () cannot fix a point in B(Z,¢) (otherwise it and
n would generate a subgroup moving a point by less than € but not in the
list given above, which is not possible by the Margulis Lemma). Similarly it
cannot fix a point within (¢, €) of the axis of ~. O

3.2.2. Smoothing the thick part. Let C = (Cp,Cy,...) € [0,+oo[N. As (a
slight variation of) the definition in [20] we say that a Riemannian manifold
has C-bounded geometry if its injectivity radius is at least Cy, the normal
geodesic flow up to Cy gives coordinates for a collar neighbourhood of the
boundary, and the kth derivatives of the metric tensor and its inverse (in
normal coordinates) are bounded in sup norm by Cy. In this section we
prove the following lemma.

Lemma 3.4. There exists C such that for any hyperbolic 3—orbifold O there
erists a smooth submanifold O" such that:
e O>. C O and this is an homotopy equivalence;

e O is of C-bounded geometry.

We will deduce the lemma from the description of the singular locus and
the following general proposition, the proof of which we give in appendix [B]

Proposition 3.5. Let X be a Riemannian d-manifold and Hy, Hy two open
subsets whose closures have smooth boundary. Assume the following holds:
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o they intersect transversally in a compact subset; let oy such that the
dihedral angles at the intersection stay within the interval o, m— .
e Both manifolds X \ H; are of bounded geometry.

Then for any § > 0 there exists an open subset H of X such that:

(1) H D Hy U Hy and they are equal outside of the §-neighbourhood of
Hi N Hoy;

(2) the closure of H has a smooth boundary;

(3) X \ H is of bounded geometry; the bounds depend only on 0, on the
bounds on the geometry of X and X \ H; and on «y.

Proof of Lemma (3.4 Observe first that the boundary of the thin part is
smooth away from the geodesics with cone angle m and the vertices of the
singular locus, as follows from the third part of Lemma [3.3] Thus the non-
smooth part of 00>, comes from intersecting tubular neighbourhoods of
singular geodesics and short geodesics. There are finitely many possible
configurations where the geodesics are not orthogonal to each other (corresponding
to case of Lemma; we do not need to deal in detail with these, so the
only problem left to deal with is the following: at all points in the intersection
of the tubular neighbourhood N; (with varying radius) of one geodesic, and
the £/6-tubular neigbourhood Ny of another geodesic orthogonal to the first,
the dihedral angle between Ny and 0Ny stays bounded away from 0 and
from L

To prove this note that the maximum and minimum values for these angles
both are continuous functions of the radius 0 < r < +o00 of Ny. It can be
continuously extended to r = 400, the values then being those of the angle
(in a conformal model of H?) between ON; and the boundary at infinity of
H3. As N; and Nj are never tangent to each other we see by compactness
that the maximal and minimal values stay bounded away from 0 and 7. [

4. THE GENUS OF CONGRUENCE ORBIFOLDS

In this section we prove Theorem [B|l Let O be an hyperbolic orbifold of
dimension 2, which is a quotient of the hyperbolic plane H? by a lattice
of PSLy(R). Then the underlying topological space |O] is a surface of finite
type, that is it is homeomorphic to a compact surface S with a finite number
of points removed. The genus of O is defined to be the genus of S.

Suppose that O has genus g, that it has k punctures and r conical singularities
with angles 27 /my, ..., 27 /m, (the tuple (g, k, m1,...,m;) is then called the
signature of O). Then, computing the volume of a well-chosen fundamental
polygon we get the following equality (see [2, Theorem 10.4.2]):

. 1
(4.1) VolO—2ﬂ<2g—2+k+;<l—mi>>.

INote that the neighbourhoods corresponding to two geodesics orthogonal to a third
one cannot intersect each other, because we took their radius to be /3 and the distance
between the geodesics outside the e-thin part is at least /2
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From this equation we obtain the bound:
~ vol(0) < k+7“+2.
A |~ 4
We now see that Theorem [B] follows from Theorem [A] together with the
following proposition.

Proposition 4.1. Let O,, be a sequence of hyperbolic 2-orbifolds which is
Benjamini-Schramm convergent to H2. Let ky, 7, be the numbers of cusps
and conical points of Oy, respectively. Then ky, + r, = o(vol Oy,).

Proof. To prove that r, = o(volO,) we associate to each conical point z
with angle 6 the region

Q. = B(z,0(0,¢))
if there is no other singular point within distance ¢(6,¢). Otherwise let ¢,
be the distance to the nearest singular point and put

Qy = B(z,r(lg,€)).
We will check below the following facts:

(1) there exists ¢ > 0 such that volQ, > ¢ for all n and x € Oy;
(2) Any point p € O,, is covered by at most two distinct sets Q;
(3) for all conical points = € O,, we have Q, C (Op)<e.

It follows from these that:

1 2 2
n<* IQa:<* 1 Qac S* 1 n
r < Z Vo _CVO U cvo(O )<e

ZEEZOn $€Eon

and as the right-hand side is o(vol O,,) in a BS-convergent sequence we get
that r, = o(vol Oy,).
That holds follows immediately from the definitions of ¢(6,¢e) and
r(¢,e). Point follows from Margulis lemma combined with Lemma
It remains to prove [l} Let x € O,, be a singularity with cone angle 27 /m
with m > 2, let & be a lift of  to H? and ¢ = £(2m/m, ). Then we have

1 l
vdu%%@;@):;gBfow)>»%

so we need to prove that e > m. This follows easily from distance computations
in the disk model: by definition of £(6,e) we have that £(0,e) = log((1 +
r)/(1 —r)) where 0 < 7 < 1 is such that d(r,re?) = . Tt follows that

2r2|1 — )2

cosh(e) =1+ 12y
and by standard computations we get that
0
r=1-———+0(6)

V/2sinh(e)
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whence it follows that
0(0,e) = —log(f) — c+ O(0)

for some constant ¢ depending on e. We finally get that £ > €'°8(m/2™) >

Assume now that m = 2 and that there is another singular point 2’ within
0(2,¢) of x. In this case the volume of € is half that of a collar around a
closed geodesic of length r(f;,¢) < ¢; as the latter is bounded from below
(see [14]) so is that of €.

The proof that k, = o(volO,,) is similar: by the Margulis lemma the
regions of the e-thin part where a given conjugacy class of parabolic isometries
realises the injectivity radius are pairwise disjoint, and an easy hyperbolic
area computation shows that the volume of such a region is bounded below.

O

5. BETTI NUMBERS OF ARITHMETIC 3—ORBIFOLDS

Recall that € is the Margulis constant for H3. Let O be a 3-orbifold, then
we will write O’ for the manifold with boundary obtained by Lemma [3.4]
We write Al for the maximal self-adjoint extension of the Hodge-Laplace
operator on O" with absolute boundary condition. The goal of this section
is to prove the following proposition, which we do by extending the analysis
at the end of section 7 in [I] to the orbifold case.

Proposition 5.1. Let O, be a sequence of closed hyperbolic 3—orbifolds which
BS-converge to H3, and let O!, be the smoothings described in Lemma |3.4),
Then for all t > 0 we have that

T —tA; S[O%]
limsup lim M

=0.
t—4o0 M—r+00 vol O,

Before giving the proof we explain how this implies Theorem [C} let O,, =
I, \H3. By Hodge theory we have by (0/,) < Tr(e *2as[On]) for all ¢, and so
Proposition [5.1] implies that

b1(0y)

im =
n—+oo vol O,

On the other hand we have that the orbifold fundamental group I, is a
quotient of 71(0},). Indeed, the universal cover of (O,)> is a cover of the
connected subset (én)zg of those € H? which are not displaced by less than
e by some non-trivial element of I'y,, and (O, )>¢ is homotopy equivalent to
O),. Moreover H1(O)) is the abelianisation of m1(0),). From these two facts
it follows that b1(T,,) < b1(0),), so that by (T'),) = o(vol O,,) as well.

The proof of Proposition is done in four steps: first we prove an
analogue of Proposition and then deduce the convergence of the part
of the trace formula for O, coming from the e-thick part: see . The
two next steps together imply that the trace of the heat kernel on O is
asymptotically the same as that computed in : first we analyse the
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integral of the difference on the R-thick part and show that it limit superior
is o(R) (see (5.6, then we prove that the integral on the R-thin part of O,
asymptotically vanishes (see (5.7)). Altogether these three steps imply that

T‘I‘(e_tAibs [O’:l] )

lim R
n—-+oo vol O,
where we denoted tre AT = tre~tA'E (7 7) for any # € H®. The

proposition now follows from the vanishing of the first L?-Betti number of
H?3, which means that limy_, 4o tre 2T = 0 (see [21]).

5.1. Upper bound on the total length of singular geodesics. Let ¥,
be the set of singular geodesics of O,,. To prove Proposition we will need
to control the total length ) .y, £, in terms of the volume of the thin part
of O,,. This is problematic for 3-orbifolds because of an issue with singular
geodesics corresponding to order-2 elements. For these geodesics we will need
to replace the lengths in the sum by another quantity. To make it precise
let us introduce some notations.

Let O by a finite volume hyperbolic 3-orbifold and let ¥ be the set of
singular geodesics on O. For ¢ € ¥ we will write ¢ for a lift of ¢ to H3; in
our arguments below we will clarify the choice of ¢ whenever it matters. Let
I" be the orbifold fundamental group of O. Let ¢ € ¥ and write 'z for the
pointwise stabilizer of its lift ¢. Then I'; is a lattice inside a maximal torus
of PGL(2,C), so is it is of the form Z x Z/m, for an integer m, > 2. We
write £, for the length of c.

Let M be the maximal order of a finite non-dihedral subgroup of PU(2).
The relevance of M to the arguments below comes from the fact that finite
subgroups of PGL(2, C) either stabilize a geodesic in H® or are conjugate to
a non-dihedral subgroup of PU(2). Accordingly, we divide ¥ into three sets
¥ 32 %3 defined as follows :

>t ={ce %m. =2},

Y2 ={ce%]2<m.< M},

Y3 ={ceT|IM < m.}.
The sets do not depend on the choice of ¢. Let ¢ € X!. A point p € ¢ will
be called a type I vertex if there exists a closed geodesic a € X2 on O (not
necessarily singular) such that p € cNa and ¢, < e. A point p € cis a type
IT vertex if there exists b € X3 such that p € cnb. Write T (c), T* (c) for
the sets of type I and type Il vertices. For p € TX(c), T (c) we let r, :=
max{r(ly, ), (27 /mq, )}, max{r(ly, €), £(27 /mp, €) } respectively. Define £, :
EC - ZpETII(C) 27"p.
Proposition 5.2. For any hyperbolic 3-orbifold we have

S let D (41T (0)]) < vol(O<e).

ceX\X! cext
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Proof. As in the proof of Proposition we will construct sets €, Qél cO

attached to each singular geodesic ¢ € ¥ and to p € T'/(c) for ¢ € X!
satisfying the following properties

(1) for c € ¥\ X! we have vol(Q.) > £; for ¢ € ! we have vol(Q.) > £,
and for p € T (c) vol(QT) > 1.
(2) any point x € O is covered by at most M distinct sets €, QZI)I.
(3) Qe, QII)I C OS&-
If A C H3 write [A] for the image of A in O under the covering map. The
subset ¥! is the most problematic so let us first define the sets Q. for ¢ €
»2, %3,
e For c € 33 let Q. := [Bys (&, £(27/me, €))].
e For c € X2 let Q. := [Bys(¢,£/2)].
Now let ¢ € X!, We construct sets QII), QII)I for p € T!(c), T'! (c) respectively.
o Q) = [Bys(a,(la €))]-
QH [Bys (b, )] (vecall that max{r(£y, ), £(27/mp, €)}).

Marguhs lemma and the description of nilpotent subgroups from Section
imply that QI QU are pairwise disjoint if p € T (c),q € T (c). We
deﬁne

Q.= [Bm(@Ge/2)u ) o4\ | o

peET(c) pET (c)

5.1.1. Step 1. We verify the condition (1). Recall that in the proof of
Proposition we showed that €/7/m<) > m. For ¢ € %% the formula
for integration in cylindrical coordinates [10 p. 205] yields

vol(Da\ By (&, £(27 /me, €)) > 2Pm/mes) g m=t > 4,

Using Margulis lemma and the description of nilpotent subgroups from Section
3.2.1l we can show that the map

L\ Bps (¢, £(27 /me, €)) — [Le\Bms (¢, £(2m/me, €))] = Qe

is at most 2-to-1, so vol(Q2.) > ..
For ¢ € ¥? we similarly get

vol(T'z\ Bys (¢, £(2 /me, €)) > .
By Lemma and Margulis lemma the map
I'&\Bys(¢,e/2) — [I'e\Buys(¢,/2)]

is at most M-to-one. Hence vol(£2.) > /..
Now let ¢ € ¥, Since the sets Q{,,Qél for p € T!(c),q € T (c) are
pairwise disjoint we can write

b =1+ Z 2rp and £, = 01 + Z 2rp

pET (c) peT!(c)
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where ¢ > 0. Let p € T!(c). Let v be an element of I'; translating & by £,.
Integration in cylindrical coordinates yields

Vol((Y)\ By (@, 7p) > £ > 1.

Note that we implicitly used here the fact that m, is bounded. The Margulis
lemma implies that the quotient map from the last set to [Bys(a,(4q,€))]
is at most M-to-1 so we deduce vol(€) > r,. Reasoning as in the previous
cases we get vol(Qc) > € + 37 cqr(oy 1 > L.

Finally let p € T'!(c). Integrating in cylindrical coordinates we get

- l
vol(T'p\ By (b, max{r(ly, €), £(27 /mp, €)) > b max{mj, ¢, *} > 1.
my
As before we deduce Vol(Qél ) > 1. This concludes the first step.

5.1.2. Step 2. We verify the condition (2). For ¢ € X3 the sets Q. are
pairwise disjoint. Indeed let cj,co € X3 and assume Q. N Q. # 0. By
Margulis lemma, for some lifts ¢1,c¢2 the torsion parts of the stabilizers
Iz, Tz, generate a nilpotent subgroup. By discussion in Section it
is either contained in a normalizer of geodesic or in a finite non-dihedral
subgroup of PU(2), and the definition of ¥? excludes the second option so
I'z,, 'z, both normalize the same geodesic. This can happen only if ¢; = és.

A similar argument shows that for ¢; € X2 ¢y € 33 the sets Q,, Q., are
disjoint.

By Lemma and Margulis lemma the sets Q}I,I are pairwise disjoint
or equal. It is not hard to verify that we can have at most two different
peTH(c),p' € TH() such that Q) = QZIJ By construction Q! contains

exactly one set of form Q. with ¢ € ¥3. By Lemmatogether with Margulis
lemma QII)I are disjoint from €. if ¢ € X1, ¥2. Again by Margulis lemma and
Lemma [3.3] every point © € O can be covered by at most M sets 2. with
c € X1, %2, We conclude that any point is covered by at most M distinct
sets of form Q,c € ¥ and Q{,I,p e T (c),c € ¥3.

5.1.3. Last Step. Property (3) holds by construction. We get

D ovol() + > Y vol(Q)f) < Mvol(O<.).

ceEY cex3 peT!(c)

By the first step we conclude that

Yool > (64T (e)]) < vol(O<).

ceX\x1 cex!
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5.2. Trace formula on the thick part. Let O, be a sequence as in
Proposition [5.I] We prove here that

(5.1) / tr e ~tA[On] (x,z)dx — tr e AET 4010, = o(vol Oy,).
(On)Zs

Let Cp e and Cy, ;, be the sets of conjugacy classes of respectively elliptic and
hyperbolic elements in I',,. For v € I" let F, be a fundamental domain for
the centraliser I'y of  in I' and .7-",y28 the part of it on which the non-trivial
elements of I' displace by at least €. The proof of the Selberg trace formula
then gives that

(5.2) / tr e—tAl[On] (l,][/,7 x)dm _ VOl(On)zs tr e_tAl[Hs]
(On)za

+ Z § tr(’y*e*tAl[Hg] (x,vx))dx.
P1ECncUCnn 7T

Because of Benjamini-Schramm convergence we have vol O,, — vol(O,,)>: =

o(vol Oy,). Then (5.1]) will follow from (5.2) together with the following limit:

(5.3) > _tr(y e A T @ a))de = o(vol O,).
[Y1€Cn,eUCH 1 F5e

We proceed to prove . The proof for the hyperbolic part is exactly the
same as in [1, Section 7].

We deal now with the elliptic part; similar computations are done in [9,
pp. 193 and following]. To simplify the computations we integrate over a
subset 5725 of F, which is slightly larger than ]-"725.

If [y] is an elliptic conjugacy class let ¢ be the singular geodesic on O,
corresponding to v and ¢ the lift of ¢ to H? which is fixed by . Let . be
the length of ¢ and m,. the order of the torsion subgroup of I'y. If m, > 2
we put

572‘5 = F, \ Bys (¢, max{r(lc,¢), (2w /me,€)}).

The definition for v with m. = 2 is bit more involved. Recall from Proposition
[.2]that we call a point p € c a type II vertex if there exists a singular geodesic
bin O, such that p € cNb and the torsion part of I'; is of order at least M (a
constant defined there). Write 771 (c) for the set of type IT vertices on c. For
each point p € TH(C) the geodesic b is unique so the values £y, m; are well
defined. To shorten notation we will write r. := max{r({.,e),4(2r/m.)}
and 7, = max{r(ly,e),l(2r/my)}. Let TH (&) C ¢ be the set of lifts of
p € T (c). Set T* (&) is I', invariant. Define

£25 =F\ | Bus(@ro)U | Bu(p,mp)
pETII(E)
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We are ready to bound the integrals in (5.3) corresponding to the elliptic
elements. For v with m. > 2 we have

2 oo
e / tr(’y*e_ml[HB](x,w:L‘))d lﬁ fo(r)dr
5>5 m,

> c max(£(2m/me,e),r(Ly,€))

where fo(r) = sinh(r) cosh(r) tr(y*e A (2, yx)) for a point x at distance
r from the axis, and e = 1 or 1/2 according to whether I', = Z x Z/m or
(Z X Z/m) xZ]2 (see for the geometric significance of this). This is a
consequence of desintegration of hyperbolic volume in cylindrical coordinates
[10, p. 205]. By the Gaussian estimate of the heat kernel of H? (which can
be seen from its explicit expression; see [27, Proposition 2.2 on P. 425] for a
more general statement) we have that

Forjm.(r) < C(t)e 0"
uniformly for r > (27 /m.,e). We get

(¢

NI S e
(5.4) /528 tr(y*e (z,yzx))dr < —

Now let v be an elliptic element of order 2. The singular geodesic ¢ can
be identified with its lift to F,. Let pr: F, — c be the "closest point
projection" to c¢. By triangle inequality, for every point y € 5725 we have
d(y,pr(y)) > max{re,m,—d(pr(y),p)|p € T (c)}. Let £, be as in Proposition
and let 7, := max{l(2m/my, €),7(lp,€)} where b is the singular geodesic
of O such that p € ¢Nb (see the definition of type II vertices). Write
co = ¢\ Uperrr) B(p,mp) and ¢1 := ¢\ co. Note that £ is the length of co.
We will split the integral over €$€ according to whether pr(y) falls into ¢
or Cq:

e-/ tr(y*e*tAl[Hg}(a;,fyx))dx
€>5

v

I
T

Fo(dly, pr(y)))dy + / f2(d(y, pr(y)))dy

1"—1(00)ﬁc€'.y25 Hen)NEx =€

+00 +°°
§7r€’c/ r)dr + E / / r)dr ds.

maX(K(QF/mCV‘E)vT(ZC:‘E)) pGTII

Using the estimate for the heat kernel we get
(5.5) /> tr(w*e_tAl[HS](x,yx))dx < 0+ |TH(c)|.
g€

Let ¥, be the set of singular geodesics in O,, (so each is the image of an
axis of an elliptic conjugacy class in I',,) with subsets X1, %2 33 defined as
in Section If v is an elliptic isometry of order m, primitive in I', there
are m — 1 elliptic elements in I'; sharing the same axis. We have ]-",YZ8 C 5726
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so by (5.4) and ( we get that
* 7tA1 H?) / 17

Z />5 (x,y2)de < Y b +Z (4T (c)]).
Y]ECn, e cex? 33 cexl

It follows that

* —tA [H ] / II
Z/>E (z,vx))dr < Z K—FZ (0, + 17" (c)]) -

[V]€Cn,e ceXp\ZL cexl

By Proposition [p.2] the right hand side is of order O(vol((On)<c)). The
sequence converges Benjamini-Schramm to H? so vol((O,,)<c) = o(vol(Oy,)).
Estimate (5.3) follows.

5.3. Comparison between heat kernels. We prove here that

(5.6) lim limsup _tAl[ nl _m;bi[oﬂ)(:c,w)dxzo.

R—+400 nytoo VOl O

To do this we let U, be the subset of H3 covering O], and choose a fundamental
domain D, for I' acting in the subset of U,, covering (O,)>r (we assume R
is large enough so that (O,)>r C O;,). Then we can write

/ tr(eftAl[On] e Ambs[ol})(x w dx — / Ztr,y 7tA1[H3} tAabs[Un])(x,fyx)dw
(On)>R ’YEF

d(;v 'yz
<Le & / dx

yel

where Aps[Uy] is the Laplacian with absolute boundary conditions on the
complete manifold Uy, and the second line follows from |20, Theorem 2.26].
By the same arguments as used above to demonstrate the integral is
O(vol Oy,) (with a constant independent of R as the domain of integration
shrinks when we take R to infinity). In the end we get that

2

R
e 1A z,x)dr K e ot

abs

lim sup [On] _ e—ml[OH)(

n——+oo VOl O

from which (5.6) follows 1mmed1ately.

5.4. Heat kernel near the boundary. Here we prove the final ingredient
for the proof of Proposition for all R > 0 we have

(5.7) / tr et Aans[On] (z,x)dx = o(vol Oy,).
2\(On)>r

By Benjamini-Schramm convergence we have that vol(O;,\(0,)>r) = o(vol Oy,).
So to prove it suffices to see that tr e~ 2ans[On] (x,2) = O¢(1) for z € O),.
Asin [I], (7.19.4)] this follows from [20, Theorem 2.35]; the latter is applicable
with a uniform constant in our context by Lemma [3.4]
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APPENDIX A. BENJAMINI-SCHRAMM CONVERGENCE IN
(GROMOV-HYPERBOLIC SPACES

A.1. Orbital integrals on hyperbolic spaces. Let X be a proper Gromov-
hyperbolic space and G = Isom(X). With the compact-open topology G is
a locally compact second countable topological group. For v € G we denote
by G, its centraliser. The following lemma is a slight generalisation of [6),
Corollary 3.10(2) on p. 463]—the latter dealing only with discrete groups.
It might be possible to straightforwrdly adapt the arguments in loc. cit. to
our case, but we give a different, mostly self-contained proof.

Lemma A.1. Lety € G be an hyperbolic isometry. Then G~ /(v) is compact.

For the proof we use the following lemia, which should be standard but
we could not find in the literature. The proof is a bit long and technical so
we put it at the end of this appendix (see [A.3)).

Lemma A.2. Let v be an hyperbolic isometry of X. For any x € X there
exists constants C = C(x,v,0) and A = A(x,~,d) such that for any y € X
and any k sufficiently large (depending on v, x,d) we have

d(y,+*y) > Ck + 2d(y, (7)z) — A.

Proof of lemma[A.1 Let 7 = d(v) := inf{d(y,vy)|ly € X} be the minimal
displacement of . Fix z € X, let k, A, C as given by Lemma[A.2]and define:

D = {y € X|d(y,v*y) < k7 + 1}.

It is a non-empty (by definition of 7) closed G,-invariant subset of X. Given
that the action of G on D is proper, the Lemma will follow once we prove
that (y)\D is compact. The previous Lemma implies that

Dc{yeX:dy, () <(r—C)k+A+1}

so that D C ¥2B(x, R) for some sufficiently large R, and as X is proper this
in turn implies that (y)\D is compact. O

Let dg be a fixed Haar measure on G. According to the lemma above the
subgroup G, admits a lattice so it is unimodular and we have a decomposition
dg = dxdh where dx is a G-invariant measure on G/G, and dh a Haar
measure on G, both depending only on the original choice of dg. For a
function f € Cy(G) we can then define the orbital integral associated to 7
by:

(A1) Of(y) = /G P

which depends only on the G-conjugacy class [v]q.
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A.2. General criterion for Benjamini—Schramm convergence. Here
again X is always a proper Gromov-hyperbolic space and G = Isom(X). We
assume that the action of G on X is non-elementary. The elliptic radical of
G can then be defined as its unique maximal normal compact subgroup (see
[24, Proposition 3.4]; in our context, by properness of X bounded elements
are the same as compact ones). The following lemma is a special case of [24],
Theorem 1.5].

Lemma A.3. Let u be an invariant random subgroup of G. Then either u
1s supported on the elliptic radical or it has full limit set.

Recall from [12] Section 3| that there is a “Benjamini-Schramm topology”
on the set of Borel probability measures on the Gromov—Hausdorff space
of pointed proper metric spaces (up to isometry). The set of measures
supported on spaces locally isometric to X is precompact in this topology.
Moreover, if X is a locally symmetric space then is equivalent to I';\ X
converging in the Benjamini-Schramm topology to X.

There is a continuous injective map from the space of invariant random
subgroups of G to the Benjamini—Schramm space. If I'; are lattices in G
then the sequence of uniformly pointed spaces I';\ X converges to X if and
only if the IRSs pr, converge to the trivial IRS. We will use this to prove
the following criterion for convergence, which is a more general version of
Proposition 2.1]

Proposition A.4. Let U the set of hyperbolic isometries in G. Assume that
the elliptic radical of G is trivial. If Ty, 1s a sequence of lattices in G which
satisfies:
(A.2) I Z[»y}p"cU vol((I'n)y\G~)Of(7) 0

) im =

n—r+o0 vol(T',\G)

then the sequence of metric spaces I'y\X converges to X in the Benjamini—
Schramm topology.

Proof. Let u, be the invariant random subgroup of G supported on the
conjugacy class of I';,. We want to prove that any weak limit u of a subsequence
of (un) is equal to the trivial IRS .. By Lemma and the fact that a
subgroup of G containing no hyperbolic isometries has at most one limit
point (cf. [I3], Section 8.2]) it suffices to prove that any such u contains no
hyperbolic isometries.

To prove this choose a covering U = (Jpyee C of U where C is countable
and every C € C is compact. We can do this since Subg is metrizable [8]
Proposition 2]. Let W = A : ANC # (0 ; this is a Chabauty-closed subset of
Subg. If v is a nontrivial IRS then by Lemma and previous paragraph
it almost surely contains a hyperbolic element. Hence, there is C' € C such
that v(W¢) > 0. We need to prove the opposite for u, which amounts to
the following : for every C there exists a non-negative Borel function F' on
Subg which is positive on We and such that [g,  F(A)du(A) = 0.
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Let us fix C' € C and prove this. There exists an open relatively compact
subset V with C C V and V C U. Choose any f € C*°(G) such that f >0
on C' and f=0o0n G\ V and define :

Yoaea J(A) if A s discrete;
F(A) =41 if A is not discrete and intersects C;
0 otherwise.

Then F' is lower semicontinuous on Subg, non-negative and positive on We.
On the other hand we have :

1
/SUbG F(A)dpn(A) = S TiYe)) /G/Fn Z f(v)dg
1

y€Grng=!

:W Z vol((I'n )y \GH) Oy (f).

Y], CU

By the so-called “Portemanteau theorem” [I6, Theorem 13.16] the limit
inferior of the left-hand side is larger or equal to fSubG F(A)du(A). By (A.2)

we have that the right-hand side converges to 0. It follows that

/ F(A)du(A) =0
Subg
which finishes the proof. O

A.3. Proof of Lemma Let us recall the statement. We have a proper
hyperbolic geodesic space X and an hyperbolic isometry v of X. We fix
x € X and we want to show that there exists constants C' = C(z,7,d)
and A = A(x,7,d) such that for any y € X and any k sufficiently large
(depending on v, x,d) we have

(A.3) d(y,v*y) > Ck + 2d(y, (y)z) — A.

Let z,y € X. As + is hyperbolic there exists a,c such that L = (y)x is
a (¢, a)-quasi-geodesic. Regarding the conclusion of the proposition it does
not change anything if we assume that z is the approximate projection of y
on L, meaning that any point 2’ of L within distance d(y, L) of y, satisfies
d(2',z) < K (where K depends only on the hyperbolicity constant §).

Let ¢ = d(z,~vx). Note first that if k is large enough so that

(A4) k > 100ct™ K log(k) + ac
holds, and y is close enough to L so that
(A.5) d(y,x) > 20 log(k) + cK (2 + log(2 + k)) + ca

does not then we see immediately that holds, by the triangle inequality.
Thus from now on we will assume that both inequalities above hold for y
and k.

Let 2; = 7'z, y; = 7'y for 0 < i < k. Let F be the finite set

= {.’17071171, cee ,fEk} U {y()vyk};
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by [5, Proposition 7.3.1] there exists a choice of a “spanning tree” on F' (that
is, a tree whose edges are a subset of all pairs of geodesics segment between
points of F') such that

(A.6) Vp,q € F: d(p,q) > drp(p,q) — (1 +log(2 + k)) K

where K depends only on § (so we take it equal to the K introduced above
to simplify notation). One of yg, yx must be connected to one of the x; in
Tr; we may assume that [yo, x;] is an edge in T for some i. We claim that
this ¢ must be unique, and we must have

(A7) i <ct™ ((log(k+2)+2)K +a).
Indeed, let i be the smallest integer such that [z;,yo] C Tr. Then, because
dry (20, y0) < d(wo,yo) + (log(k +2) + 1)K
and )
1y (20, 90) 2 d(0, ) + (i 0) > = = a+ dlawo, o) ~ K

we see that ¢ must verify (A.7). Now assume that there is a j > i such
that [z, 0] C TF, and take it to be the smallest such; we want to reach a
contradiction. Consider ¢ < [ < j to be maximal such that the path in Tk
from z; to x; does not go through yg. Then the path in TF from z; to 41
must go through yo (otherwise we would have a path from x;1 to x; via
x; avoiding yo). We have thus dr, (z7, 141) > d(x0, yo) — K which together
with and contradicts the fact that d(z;, x;11) = £.

We now want to prove that [yo,yk] is not an edge in Tr. To do so we
must consider two possibilities. Assume first that [y, z;] C Tp for some j.
Then reasoning as above we see that j is the only such index, and j > k —
el ((log(k + 2) + 2)K + a) > i. In this case we reach a contradiction in the
same way as in the previous paragraph: considering a maximal ¢ <[ < j such
that the path from z; to x; does not go through yo we see that dr, (x;, z41)
is too large.

If there is no edge [yx, z;] in TF then the path from xj, to y, must go first
to z;, then to yo and finally to y,. But as d(zk, z;) > (log(k + 2) + 1)K by
and we see that this contradicts d(zo,yo) = d(zk, Yk )-

So we get that there must be a unique edge [yx,z;] in TF, and the path
in Tr from yo to y; must go through z; and x;. As before we must have

j>k—ct™ ((log(k +2)+2)K +a)

and we finally get using first (A.6)), then the fact that (xo, ..., xx) is a quasi-
geodesic, and finally the above together with ((A.7)) that:

d(yo, yr) = d(yo, i) + d(zi, ;) + d(xj, yx) — K — Klog(2 + k)
> 2d(z0,y0) + ¢ 1(j — i)l —a— 3K — Klog(2+ k)
> 2d(z0,y0) + ¢ 0k — B — blog(k)

where B, b depend only on z,7,d. From the last inequality and (A.4]) we can
conclude that (A.3) holds.
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APPENDIX B. SMOOTHING CORNERS

In this appendix we prove Proposition as the argument is technical
but has no subtleties we will be quite sketchy in presenting it.

Recall that we have the following situation: X is a manifold with bounded
geometry, Hy, Ho C X such that X \ H; both have bounded geometry, meet
transversally and the dihedral angle between them is bounded away from 0
and m. We remark that constructing a smoothing of ¥ = X \ (H; U Ha)
satisfying the conclusions of Proposition is immediate in the case where
the intersection I = H; N Hy has a neighbourhood in Y which is isometric
to the product [0,5[2xI. In general we will prove the following statement:
there exists a diffeomorphism ¢ from [0, §[*xI to a neighbourhood of I in Y’
such that ¢ and ¢! have all their derivatives uniformly bounded. In view
of the preceding remark this proves the proposition.

To define ¢ we need some more auxiliary notation: for a vector field V
and t > 0 we let (F{, be its flow at time ¢; if H C Z is open with smooth

boundary we denote by N g the normal field of H in Z. We put:
_ Ht
v1(x,t,s) = (I)fol ((I)jvfl (x))
and
t
wa(x,t,5) = jvil(Q(@Nng(x))

We fix a smooth non-decreasing function h : R — [0, 1] such that A is zero on
negative numbers, and at infinity it tends to 1 and all its derivatives vanish
at all orders. Let 0 < a < 1 such that the convex hull of all p;(z,¢,s) and
@a(z,t,5) for as < t < a~'sis contained in Y. For z,y € X and u € [0, 1] let
ux + (1 —u)y denote the barycenter of x,y on the geodesic segment between
them[qd With this notation we define:

olz,t,5) = h <“t - S) o1(2,t,5) + (1 iy (“t - 5)) o, 1, 5)

as —t as —t

and we claim that ¢ has the desired properties. It is smooth as a composition
of smooth maps. To deduce the remaining properties we will use the following
lemma.

Lemma B.1. For i = 1,2 there is ¢ depending only on the bounds on the
geometry of H; such that the following properties hold.

(1) Let z € OH; and 0 <t < 6. The linear map DZ(D?V,’%. is c-Lipschitz

on angles. The same holds for x € I and Dw@i\?fli'

(2) Forallz € I and all 0 < s5,t <9, let y = q)g\fﬁz((pjva (x)). Let v be

the geodesic (in X ) from x toy, u; the parallel transport along v of the

2This is well-defined for those pairs of points in X that we consider, as long as we take
§ < inj(X)
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outward normal vector to H; at x and v; = % oo Phyx ((I)iji (x)).
=t TN TN

Then the angle between u; and v; is at most cd.

Proof. follows from the boundedness of coefficients of the metric tensor
and its inverse in normal exponential coordinates (in both I C H; and 0H; C
X). follows from , together with the fact that parallel transport along
a closed curve stays close to the identity within the §-neighbourhood. ([

Let V; be the vector fields given by the vectors v; defined in the lemma.
As for any € I we have that the angle between Vi(x) and Va(z) lies in
[, T — ap] it follows from that if we choose § < ¢ /2 we have that
the angle between Vi and V5 at any point z in the d-neighbourhood of I lies
in [ap/2, ™ — ap/2]. In particular Vi, Vo define a plane field, and we define J
to be its orthogonal.

Let m; be orthogonal projection on J. The block decomposition of Dy
according to TX = J & (V1 + Vo) is:

s JDJ;QD C
D(a:,t,s)(P - <(1 _ WJ)DxSO B) .

We need to prove that:

(1) Dy, B and C have bounded coefficients (in terms of the bounds on

the geometry);

(2) myDyp and B are everywhere invertible and their inverses are bounded;

(3) (1 — 7)) Dap < 6.
Indeed, this shows that the map ¢ has a derivative which everywhere invertible.
In particular, it is a local diffeomorphism and as it is the identity on [ it is also
a global diffeomorphism. This also implies that its derivative is uniformly
bounded in terms of the geometry of H; and «g, and so is its inverse.

We deal first with D,p. We note that

(Da) (@) = b (at - S) Dy (z,t, 5)—|—<1 —h (“t - S)) Dypa(a, t, 8)+0(5)

as —t as —t

because of bounded geometry and the fact that to obtain ¢ we move ¢ and
2 by at most . It follows that D, is bounded. By point of the Lemma
we have that at all points the angle between the image of D,y and Vj is at
most ¢d; it follows that |[(1 — m7)Dyp|| < 6. Moreover D, is everywhere
invertible with bounded inverse, because both Ay = D,y and Ay = Do
are, and for w € T, I the vectors Aj(w), A2(w) have an angle < ¢4 between

them by ().

We also have
at — s at — s
Dt‘P =h <CLS — t) Dt901<$7t7 3) + <1 —h ((IS — t>> Dt¢2(x7ta S) + 0(5)

and similarly for Dsp, so the coefficients of B, C' are bounded.
It remains to prove that B is invertible and det(B) is bounded away
from zero. At a point x € I we have D;p and Dsp belong to two disjoint
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open convex cones in T, X/J,; by and this remains true in the J-
neighbourhood and the angle between the cones remains bounded away from
zero, hence the matrix B is invertible with uniformly bounded inverse.
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