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Robust hierarchic control for a population
dynamics model with missing birth rate

G. MOPHOU * M. KERE ' L. L. DJOMEGNE NJOUKOUE #
August 24, 2019

Abstract

In this paper we study the hierarchic control problem for a linear sys-
tem of a population dynamics model with unknown birth rate. Using the
notion of low regret control and an observability inequality of Carleman
type, we show that there exist two controls such that, the first control
called follower solves an optimal control problem which consist in bring-
ing the state of the linear system to desired state, and the second one
named leader is supposed to lead the population to extinction at final
time.

Mathematics Subject Classification. 49J20,92D25,93B05; 93C41.
Key-words : Population dynamics, Carleman inequality, incomplete data, op-
timal control, low-regret control, controllability, Euler-Lagrange formula.

1 Introduction

We consider a population with age dependence and spatial structure, and we
assume that the population lives in a bounded domain  C R™, n € N* | with
boundary T' of class C2. Let § = §(t,a,z) be the distribution of individuals
of age a > 0, at time ¢ > 0 and location z € Q. Let also A > 0, be the life
expectancy of an individual and the final time T, be a positive constant. Let
w and O be nonempty subsets of Q with w & O. Set U = (0, T) x (0, A),
Q=UxQ,2=UxT,Qa=(0,A)xQ Qr=0,T)xQ, Q, =U xw
and Qo = U x O. We denote by ft = i (¢,a,2) > 0, the natural death rate of
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individuals of age a at time ¢ and location x. We consider the following linear
system of population dynamics model:

0 a7y o ~ - .
Wi Aj+ig = kxe+ixe o Q
ot  Oa
y = 0 on X, (1)
:IJ(O, . ) = 0 in QA,
g('707 ) = g in QT?

where the controls ¢ and k belong to L?(Q), x., and xo denote the character-
istic functions of the control sets w and O respectively, § belongs to L?(Qr) is
unknown and represents the distribution of newborn individuals at time ¢ and
location z. We make the following assumptions:

f (tv a, 33) = [io (Cl) + 1 (t’ a, JJ) n Q,
i1 € L®(Q); 1 (t,a,z) >0 for (t,a,z) € Q,
(H) : i(t,a,x) >0 for (t,a,z) € Q,
fio > 0, fig € Lj,. (0,A), lim [ fig (s) ds = +o0.
a—A

The fourth assumption in (H) means that all individual dies before the age
A. For more literature on the signification of assumption (H) as well as on the
population dynamics equations, we refer to [1, 2, 3] and the reference therein.

The Stackelberg leadership model is a multiple-objective optimization ap-
proach proposed by H. Von Stackelberg in [6]. This model involves two com-
panies (controls) which compete on the market of the same product. The
first(leader) to act must integrate the reaction of the other firm (followers) in the
choices it makes in the amount of product that it decides to put on the market.
There are several works in the literature dealing with Stackelberg strategy for
distributed systems. J. L. Lions [7] used the Stackelberg strategy on a system
governed by a parabolic equation subjected to two controls. The follower acts
on the system in order to bring the state not far from a desired state while the
leader has to steer the state at final time to a small neighborhood of a given
state. O. Nakoulima [8] used this concept control for a backward heat equation
involving two controls to determine: one of null controllability type with con-
straint on the control, called follower, and the other of optimal control type,
called leader. The results were achieved by means of a Carleman inequality
adapted to the constraint. In [9, 10], M. Mercan revisited the notion of control-
lability in the sense of Stackelberg given by O. Nakoulima [8] by choosing the
follower of minimal norm. This new notion is then applied by O. Nakoulima
et al. in [11] on the controllability of a two-stroke problem with constraint on
the states. The results were obtained by means of Carleman inequality adapted
to the constraints. Recently G. Mophou et al. [12] considered the Stackelberg
problem for coupled parabolic equations with a finite number of constraints on
one of the states. The first control was supposed to bring the solution of the
coupled system subjected to a finite number of constraints at rest at time T
while the second expresses that the states do not move too far from a given
state.



In this paper we are interesting in the Robust hierarchic control for the
population dynamics equation with missing birth rate:

1o} 1o}
DT Ayt = kxetuvxo in Q
ot  Oa
y = 0 on X, (2)
y(O,.,.) =0 n QA,
y(~»07 ) = g in QT7
where B
y(t,a,z) = p(t,a)y(t,a,x), k(t,a,x) = p(t,a)k(t,a, x), (3)
v(t,a,x) = p(t,a)v(t,a,x), g(t, z) = p(t,0)g(t, ),
with

p(t,a) = exp (—rot + /Oa ﬂo(S)dS> ,

and p = fi; + 9. The nonnegative constant ro > 1/2 .

In view of this change of variables, assumptions (H), and the fact that
kXw, vxXo € L?(Q) and g € L*(Qr), we know that problem (1) has a unique
solution y = y(k;v,g) in L*(U, H}(2)) and % + % € LA(U; H1(Q)). (See

a
[4, 5]). Moreover the following estimation holds:

ly(T, ., -)||2L2(QA) + lly(., A4, -)\\%2(QT) <4 (||g||2L2(QT) + ||/<3H%2(Qw) + HUH%Q(QO)> )
(4a)

1913 0,z oy < 4 (191320m) + 1F 20 + IolE200)) -
(4b)

One comes across model (1) while describing the dynamic of some invasive
species( fish) in a lake for instance. This kind of species can come from ev-
erywhere including pollution. In this paper, we assume that we have some
measures, some information but we don’t have at our disposal the distribution
of newborns, which is here expressed by the unknown variable g. So, we want
to drive the distribution of the species to zero with appropriate control acting
on a sub-domain of the lake, trying meanwhile to keep the distribution of the
species to the desired state with another control acting in another sub-domain
of the lake. We thus consider the following problems.

Problem 1 Letk € L*(Q,). For any v > 0, find the best control 97 = 47 (k) €
L?(Qo) solution of

inf sup [J(k;v,g)—J(O;O,g)—vl\g\\%z@ﬂ ; (5)

vEL2(Q0) 4eL2(Qq)

where
2 2
J (k;v,9) = lly(k;v,9) = zallz2) + N 1vll72(00) - (6)

with zq € L?(Q) and N > 0.



Problem 2 Let ©7(k) be the control obtain in the first objective and §7 =
y(t,a,x;k;067(k)) be the associated state. Find the control k € L*(Q.) such
that

9(T) =y(T,a,x;k;07) =0, (0,4) x Q. (7)

The problem consider in the first problem is an optimization associated to
the problem with missing birth rate. Such problem has been study by B. Jacob
et al. in [13] for a linear population dynamic equation involving with missing
initial distribution of individuals of age a € (0, A). To solve this problem the
author used the notion of No-regret and Low-regret control introduced by J. L.
Lions [14] and obtained a singular optimality conditions which characterize the
No-regret control. More precisely, they consider for any v > 0 the optimization
problem:

inf sup [J(ug) —J(0,9) = lglZ2(0m | »
veL?(Qo) geL?*(Qr)
called Low-regret problem. Then, they proved that the Low regret control u.
converges towards the solution of the No-regret control problem:

inf sup  [J(v,9) — J(0,9)],
veL2(Qp) geL2(QT)

that they characterized assuming that the control acts on the whole domain
(O = Q). The second problem is a null controllability problem associate to a
population dynamics equations. Actually, after solving the first problem, the
second consists in solving a null controllability problem associated to a cascade of
two stroke equations. Controllability problems for an age and space structured
population dynamics model have been studied by several authors. B. Ainseba
proved in [15] the exact and approximate controllability for linear population
dynamics problem structured in age and space. In [16], S. Anita et al. showed
that if the initial distribution is small enough, one can find a control which
leads to extinction of the population. Using Kakutani fixed point theorem, B.
M. Tannelli et al. established a null controllability result for nonlinear population
dynamics model in [25]. In [17] S. Sawadogo et al. gave a null controllability
result for population dynamics model with constraints on the state when the
age of the population belongs to (v, A) for any v > 0. In [18] M. Langlais et
al. studied a population dynamics control problem with age dependence and
spatial structure. In [19], Echarroudi et al. study the null controllability of a
linear model with degenerate diffusion in population dynamics. The results is
achieved by means of an appropriate observability inequality and a fixed point
technique. In [20] M. Tucsnak et al studied the null controllability of a linear
population dynamics model with a control localized in the space variable as
well as with respect to the ages. They proved in the one hand that the age
interval in which the control needs to be active can be arbitrarily small , and
on the other hand that, that the whole population can be steered into zero in
an uniform time. In [29], N. Hegoburu et al. considered a non linear model
system describing age structured population dynamics, where the birth and the
mortality rates are nonlinear functions of the population size. They gave sharp



conditions subject to the age range and the control time horizon to get the
null controllability of the nonlinear controlled population dynamics when the
control is active on some age range. For more literature on the controllability fo
population dynamics equation we refer to [21, 22, 23, 24, 7, 25] and the reference
therein.

In this paper, we propose the Stackelberg control problem with missing
data using the notion of Low-regret control for the follower, and appropriate
Carleman for the leader. More precisely, we prove the following results.

Theorem 1 Let € be a bounded subset of R™, n > 1 with boundary I' of class
C?. Let w and O be nonempty subsets of Q with w & O. Let also k € L*(Qo)
and v > 0. Then there exists (S7, p7, q7) such that the optimization problem
(5) has a unique solution v = v7(k) € L?*(Qo) which is characterized by the
following optimality system:

Ly = v'xo+kxe i Q,
y’ = 0 on X, (8)
yW(Om.) = 0 m QA,
y’y(.?()’ ) =0 in QTa
L*S7" = 9y i Q,
ST = 0 on X, ()
SUT,...) = 0 in Qa,
SW(.,A, ) = 0 m QT;
Lp?” = 0 n  Q,
pr =0 on X,
p’y(ov ) ) =0 in QA7 (10)
1
p(.,0,.) = —S7(,0,.) in Qr,
(-.0,.) 7 (-0,.) T
1
L*q" = y'—zqg+—p” in Q,
d NGl
g = 0 on X, (11)
g (T,.,.) = 0 in  Qa,
(,A.) = 0 mn  Qr,
and
o 4 12)
v =1 i Qo, (
with the operators L and L* defined as
L = 9 + 9 A+ pl,
ot Oa (13)
L* = 99 A+ pl
N ot  da K

and I the operator identity.
Moreover there exists a constant C > 0 independent of v such that

v 22(00) < C (lIzallL2@) + Ikl L20u)) -



Theorem 2 Assume that the assumptions of Theorem 1 hold. Then there exists
a positive real weight function k (a precise definition of  will be given later on)

1
such that, for any function zq € L*(Q) with —zq € L*(Q), then there exists a
K

unique control k7 € L?(Q.,) such that (12;7,;1]7,5”7,137,(}7) is the solution of the
null controllability problem (8)-(7). Moreover

]%W:lé’YXwa (14)
where p7, qu; ¢?7 and é” are solutions of
L'y = 744" in Q,
pr =0 on %, (15)
ﬁ'y(.,A7.) = 0 m QT7
Ly = 0 in  Q,
1/37 =0 on X,
97(0,.,.) = 0 in Qa, (16)
07(.,0,.) = \;@(.,0,.) i Qr,
- -1
Ldj” = yPxo n @
o7 = 0 on X, (17)
$(0,.,.) = 0 in Qa,
$(.,0,.) = 0 in  Qr
and .
L*C:’Y = ﬁé’y in Q»
=0 on X, (18)
T,y = 0 in  Qa,
(LA = 0 in Qr.

In addition, there exists a constant C' > 0 independent of v such that

A 1
1202 < C | e

L2(Q)

The rest of this paper is organized as follows. Section 2 is devoted to the
proof of Theorem 1. In Section 3, we establish an appropriate inequality of
Carleman type and give the proof of the Theorem 2. Concluding remarks are
given in Section 4.

2 Study of optimization problem

In this section, k is fixed and we are concerned with optimization (5):

inf  sup [J(0,9) = T(0,9) = YgllFzom
veL2(Qo) gEL?(QT)



where J is given by (6).
Let y = y (k;v,9) =y (t,a,2z;k; v, g) be the solution of (2). Then

y(k;v,9) =y (k;v,0) +y(0;0,9),

where y(k;v,0) and y (0;0, g) are respectively solutions of

Ly (k;v,0) = wvyo+kx, in Q,
y(k;v,0) = 0 on X,
y(07.7.;kz;v,0) = 0 in Qa, (19)
y(.,O,.;k‘;v,O) = 0 in Qr,
and
Ly(0;0,9) = 0 in Q,
y(0»079) = 0 on Z,
y(0,.,.;0;0,9) = 0 in Qu, (20)
y(,,0,;0;0,9) = g in Qr.

Since g € L?*(Qr), v € L?*(Q) and k € L%*(Q), we know (see e.g. [4])
that the functions y (k;v,0) and y (0;0, g) belong to L2(U; H}(Q2)). Using this
decomposition of the state equation, we have after some calculations

J(ksv,g) = J(k;v,0)+J(0;0,9) — ll2all72(0)

+2/ y (k;v,0)y (0;0, g) dt dadz,
Q

where ) )
J (k;0,0) = |ly(k;v,0) - ZdHL2(Q) + NHUHL2(QO)7 21)
Therefore
J (ksv,9) = J(0;0,9) = J(k;v,0) = ||zall72(q)
(22)

+ 2/y(k;v,0)y(0;0,g) dt da dzx.
Q

Consider now the adjoint state S(k;v) = S (¢,a,x;k;v) € L*(U; HY(Q)),

solution of
L*S(k;v) = y(k;v,0) in Q,
Sk;v) = 0 on X,
S(T?-?') =0 in QA7
S(,A,) =0 in Q.

(23)

Multiplying the first equation in (23) by y(0;0,¢) and integrating by parts
over (), we obtain that

/ y (k;v,0)y (0;0,9) dt dadr = S (t,0,z; k;v) gdtde. (24)
Q Qr



Combining (22) and (24), we deduce that

J (k;0,9) = J (0;0,9) = J (k;0,0) — [|2all72 (g + 2/ S(t,0,z;k;v) gdtd.
Qr
(25)
On the other hand, for any v > 0 we have
sup 47 (k;v,9) = J (0;0,9) =g = J (k;0,0) — |[zall 2 () +
geLZ(QT){ L"’(QT)} L2(Q)

Y 2
> sup {/ S (0,05 k;0) gdt da — 2 lg]% }
ser2(@r) Jar 2 "WILA(Qr)

which by Legendre-Fenchel transform gives

sup J(k;v,g9) — J(0;0,9) — 2 = J7(k;v),
s {I(hivg) =T 0:0.9) =3 lolliaio | (o), (26)
where
1
IV (ks v) = J (k50,0) = || 2all72(q) + 5 IS (0, K3 0) [ 720 - (27)

Hence the Low-regret control problem (5) is equivalent to the following optimal

control problem: Let k € L?(Q,). For any v > 0, find v? = v7(k) € L*(Qo)
such that

J7 (k;v7) = inf  J7 (k;v). 28

(k;07) et (k;0) (28)

Remark 3 If we consider in problem (5), with v = 0:

inf sup  [J(k;v,9) — J(0;0,9)], (29)
veL2(Qo) gEL2(Qr)

then we deal with the No-regret control problem. Therefore in view of (25), the
No-regret control v belongs to the set

U = {v e L*(Qo)such that S (t,0,x;k;v) gdtde =0 Vg€ L*(Qr)}-
Qr
(30)

2.1 Proof of Theorem 1

Since J7(k;v) > —||zd||%2(Q), we can prove using minimizing sequence and stan-
dard arguments that there exists a unique Low-regret control v” solution to
problem (28).

To characterize the optimal control v”, we make use of the Euler-Lagrange op-
timality conditions:

T (ks 07 — I (ko
limJ (k; 07 + Av) — J7 (k;07)
A—0 A

=0, YeL*Qo). (31)



After a short calculation, (31) gives,

Q

1 _
+ 5 S (t,0,2;k;v) S (t,0,2;k;07) dtde, Yv e L*(Qo),
Qr

(32)

where 7 = %(t, a, 2;0;v,0) and S(0;v) = S(t,a,z;0;v) are respectively solution
of

Ly = wvxo in Q,
y = 0 on X,
5(0,.,5v,k) = 0 in Qa, (33)
y('voa';vv k) = 0 in QT
and .
L*S = 73 in Q,
S = 0 on X,
S(T,.,;v) = 0 in Qa, (34)
S(,A, 5v) = 0 in Qr.

To interpret (32), we use p7 and ¢7 respectively solutions of (10) and (11).
1
So if we multiply (33); by ¢” and (34); by \Tp” and integrate by parts over
Y
@ we respectively obtain that

1
/ y (y (k;v7,0) — 24 + p“’) dt da dx :/ vq” dtdadx (35)
Q val Qo

and
1 / 1
— S(t,0,z;v) S (t,0,z;07) dt de = —/ yp” dt dadx. (36)
Y JQr e

Combining (32), (35) and (36) we obtain that

/ (NvY + ¢")vdtdadr = 0,Yv € L*(Qp).
Qo

Therefore
v

v7 = _QN in Qo.

Proposition 4 Let v7 = v7 (k) € L*(Qo) be the solution of (28). Let also
(y7, S7, p7, ¢7) be the unique solution of (8)-(11). Then there exists a constant



C = C(N) > 0 independent of v such that

v 2oy < Clllzallz@) + Ikl L2 (qu)): (37)
IV ez < Cllzdallz@) + 1kllz2(qu)); (38)
15"z wmi)y < Cllzalle@) + 1kllL2 @) (39)
P 2wy < Cllzdllrz@) + Ikllzz@u)): (40)

1
Vi 1S (0,502 < Cllzallzz@) + EllL2qu)), (41)
1S (50,50 p2gry < VClzdllL2@) + 1Kl L2(q.))- (42)

Proof. It is clear that from (41), we have (42). Since v¥ = v7 (k) € L?*(Qo) is
the solution of (28), we have that

JT(7) < T (v), Yo € L*(Qo)-
Hence we take v = —kx,, and since w C O, we obtain
JV(0Y) < JV(—k) = Nkl Z2q,)-

It then follows from the definition of J7 given by (27) that
1 2
J(k;07,0) + 5 15 (0, 5022 (0p) < l2dll720) + NIEI7200,),

which in view of (21) implies that

ly(k; 07, 0)ll 2@y < llzallzz@) + VNIl 220, (43a)
1
o <— |z + |k : 43b
v 22(Qo) \/N” alz2@) + 1kl 2 q.) (43b)
1
7 1S (.0, 50| 20y < N2allL2(@) + VNIEN L2 (Qu)- (43c)

Hence, we obtain from (43b) and (43c), the relations (37) and (41). In view of
(37) and (8), we deduce (38). Using (43a) and (9) we obtain (39). From (41)
and (10), we deduce (40).

1
Actually, we can have an estimation of —p? in a an appropriate space.
g

Indeed, , combining (32) and (36), we have that

0 = / g{y (k;v7,0) — z4} dtdad:L'JrN(qﬂ,v)Lz(Qo)
Q 44)
i / ) ; (
+ — | yp'ditdadz, Yve L*(Qo).
V7Y Ja
Consider the following set
E={ylv), vel’(Qo)}- (45)

10



Then € C L?(Q). Define on € x £ the inner product:

W), g(w))e = / vwdtdadx + / 7(v)g(w)dt da dz,
Qo Q (46)
Vy(v),y(w) € €.
Then £ endowed with the norm
[F)E = 1v1Z2(qo) + 17(0)I72(q), YT (v) € € (47)
is an Hilbert space.

1
We set T, (v7) = ﬁp”’. Then in view of (44), we have for any v € L?(Qo),

[ meme)dtdeds = = [ gy e7,0) - 2} dedads = N (07,0) g,
Q Q

(48)
In view of (37) and (43a), there exists a constant C' = C(N) > 0 independent
of v such that

'/ 7{y (k;v",0) — za} dtdadz — N (v7,0) 20| <

Q (49)

Cllzallz2(@) + Ikl 2@ ) F(V)]le-

Hence, we then deduce from (48) and (49) that

’/QTw(v”)y(v) dt dadz| < C(||zallL2@) + [1Fllz2 (@) 1T(V)le-
This means that
1

T, = ||—p" < C(||z + |k ) 50
I, = | 27| < Ol + ). (60

Remark 5 Note that with estimate obtained in Proposition 4 and (50), we
prove the convergence when v — 0 of the optimality system of Theorem 1,
and that, the Low-regret control converges towards the No-regret control which
belongs to set U defined in Remark 3. But No-regret control does not depend
linearly on the second control k. That is why we study the null controllability of
the state equation associated to the Low-regret control v7.

3 Resolution of the problem of controllability

In this section we are concerned with the Problem 2. More precisely, we
consider the null controllability of the state equations associated to the Low-
regret control: find k7 € L?(Q.,) such that if §7 = y(t,a,z; 1277;17770), ST =
S(t,a,z;k7;97), p7 and §7 are solutions of (8)-(12) then

§(T, ., s k7567 (k),0) =0 in Qa. (51)

11



To this end we need appropriate Carleman inequalities.

Let us recall that for any nonempty open set wy C w' C w CC N there exists
a function denote ¥ € C? (Q) such that
U(x)=0,Vzel; VU (z)#£0,VxeQ—uwg (52)
U (x)>0,Vre.

We refer to [26] for the existence of such a function ¥. For any (¢, a,x) € Q, we
set

G2 ¥ _ AU () -
t =
166t = T ha(A—a) (53)
eA\Il($) -
Let f € L?(Q) and z be the solution of
Lz = f in Q,
{ z = 0 on X. (55)

Then we have the following result

Proposition 6 (see [27])Let wy C w' Cw CC Q. Let also ¥, n and ¢ be defined
as in (52), (53) and (54) respectively. There exist positive constants Ao > 1 and
C = C (V) > 0 such that for A > Ao and s > so (\) such that for all solution of
(55) the following inequality holds:
T A
K(z) < C/ e~ |Lz|* dt dadx + C/ / / AP |2|? dt da da,
Q 0 0 w’
(56)

where so (A) = C () ZA2 Vs (# +T?A3+T3A2+ T + A) and

K(z)= / e 2 (s)«p |Vz| + s3A1p3 |z|2) dt da dx, (57)

Q

for a suitable function z.

Remark 7 By the change of variable t — T —t and a — A — a, inequality (56)
holds also if we replace Lz by L*z.

We consider the following systems

'yt = 7467 i Q

pro= 0 on X,
p’y(Tv ) ) = pT in QA) (58)
p’Y("A7.) =0 in QT7

12



LY = 0 in Q,

Y7 = 0 on X,
$7(0,.,.) = 0 in Qa, (59)
’(/J’Y(.7O,.) = \/1'>YC—Y ('70a') in QT?
L6 = oo i Q
7 =0 on X, (60)
¢7(0,.,.) = 0 in Qu,
¢7(,0,.) = 0 in  Qr
and )
L*¢r = ﬁqﬁ n @,
¢ =0 on X, (61)
¢C(T,.,.) = 0 in Qa,
¢(,A) = 0 in Qrp.

Proposition 8 Under the assumptions of Proposition 6, There ezist positive
constants \1 and sy such that for A > A1 and s > sy there exist a constant
C =C(U,N,T,A,s,\) > 0 and a positive weight k such that the following
holds true
/ K% o7 dt da dx +/ GPe 257 |2 dt da dx <
Q Q (62)
C(‘I’,N,T,A,s,)\)/ |,o'y\2 dtda dx,

for all solutions of (58)-(61).

Proof. We proceed in two steps.
Step 1. We prove that there exists a positive constant C' such that

/ ©Pe | p7? dt da dx < C’/ s*]ASpTe 251 |pV|? dt da du. (63)
Q

w

We consider as in [28], the function § € C§° (2) and such that

0<f<lonw,f=1lonw,0=00n0\w

Af o % 0o N
ﬁeL (w)7%€{L (w)}.

We set u = s> X*p3e =25, Then it follows from the definition of the functions 7
and ¢ given by (53) and (54) that

u(t707x) :u(t,A7$) :0,
u(0,a,2) =u(T,a,2) =0

and

Vu = u(3XA+ 2sAp)VU, (64)
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ou 0w T (00 0p) L, (00 o
ot " oa “{?w (8t+8a> 25 <8t+8a (65)
Aub) = uf (145X + 4522202 + 902) [VT[2 + uAg 56)

+ub (3N 4 25Ap) AV + u (6A + 4sAp) VIE.V6.

If we multiply the first equation in (58) by Ou(¢? + ¢7), where ¢7 and ¢
are respectively solution of (60) and (59) and integrate by parts over @), we have

/u9(¢7+1/ﬂ)2 dtdadx = /u0(¢7+@[ﬂ)L*p7dtdad;g
Q

Q
1
= ¥ 0u( V2xo dt da dx
Oou Ou
SENER AN el
+ /Qaqs +9¢")p (at—l-a)dtdadx
- / (7 + 7)) p? A (Ou) dt dadx
Q
- 2/p7V(0u).V(¢"’+z/ﬂ) dt da dx
Q
= K+ Ky + K3+ Ky,
where .
K, = Ou(p?)*xo dt da dz,
No
Oou  Ou
— Yoy [ Y
K, /Qa(qs +¢7)p <8t+a)dtdadx7
K; = —/(¢7+1/)7),0"’A(0u) dt da dz,
Q
K, = —2/p“’V(0u).V(¢7+¢7) dtdadz.
Q
So,
/ / / (¢7 + ) dtdadr = Ky + Ky + K3 + Ky. (67)
1 2
K, < — u(p”)* dt da dz
N Ja.

< C’(N)/ 3N pBe™2 | p7|? dt da da.

w

Using (65), (66) and Young inequality, we obtain that

T A
%/ / /u|¢'y—i—w7|2 dtdadx—l—C’(\I/,A,T)/ SApTe™ 2 7|2 dt da dex.
0 0 w Qu

14



K3

where

IN

= —/(¢7+1/)7)pr (fu) dt da dx
Q

= —/ Ou(e” + 7)) p? (145)\2<p + 452\2p? + 9)\2) |V\I/|2 dt da dx
Q

- /u(¢7+z/ﬂ)p7A0dtdad:c
Q

— / Ou(@” +¢7)pY (3N + 2sAp) AV dt da dx
Q

- 2/ w( +17)p7 (3X + 2sAp) V.V dt da da
Q

= K31+ K3z + K33 + K3y,

7/ Ou(¢? +07)p" (14sX\%p + 45222 + 902) |V dt da dx
Q
/Q {91/2111/2((;5“’ +¢7)} {_91/2u1/2pv (145X%p + 452X2? + 9)2) |V\I/|2}

(S T A
52/ / /u|¢7+1/ﬂ|2dtdadx+0(\ll)/ sTASQTe= 21| p7 2 dt da d,
0 0 w Qu

Koy — _/u((bww)pmedtdadx
Q
_ / {91/2u1/2(¢7+¢'y)}{ 1/2p“f Ao } dt da dx
Q o

(5 T A
53/ / /u|¢"’+¢"’|2dtdadx
0 0 w

+ C X327 |2 dt da de,
Qu

IN

—/ Ou(d? +7)pY (3X + 25 @) AV dt da dz
Q
/{91/2 1/2(¢7+w7)}{ fL/21/2 7(3A+23A¢)A\I/} dt da da:

2 o o P

(\IJ)/ N8P 2 V|2 dt da du,

w

15



K3y = —2/Qu(¢"’+¢7),0"’(3>\+2s)\<p)V\IJ.V9dtdad:E
= /{91/2 1/2(¢ﬂ+w)}{ 2u'?p7 (3)\ 4 2s)p) V. Vo
o1/2
< B[ [t e
+ (\IJ)/ AP e 251 | pV|? dt da da.
Therefore

} dtdadzx

5 ¢ T pA
Ks<y % ul?+¢ 2 dt da dz+C () [ sTARQTe™ 2| pY)? dt da dx.
i—9 2 0 0 w Qu

Now we compute the term Kj. Using (64) and Young inequality, we have

Ky

and

Ky

—2/ P’V (0u) V(97 +¢7) dt dadx
Q

—2/ Oup” (3N + 2s\p) VU.V (Y + ") dt da dx — 2/ up'VO.V(¢Y + ") dt da dx
Q Q

Ka1 + Kyo,

—2/ Oup” (3N + 25Ap) VUV (¢ + ") dt da dx
Q

/ {51/2@1/291/26_57’V(¢7 + QW)} {—255/2/\4905/2(91/26_577#Y (BX + 2s)p) V\II} dt da dx
Q

1

1 / sipe 2 |V(¢7 + )| dt dade

w

C(\I/)/ STAOGT =25 )2 dt da da

w

2/ up'VO.V(¢? + 7)) dt da dx
Q

{51/2 1/291/2, —snv(¢w+w7)} {—255/2A4<p5/26_s"p

S~

/ spe” 2 |V (7 + ") dt da da

w

|
O

C/ AR 7|2 dt da dx.
Qu

16
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Thus,
K, <

N |

/ spe” 2|V (¢7 + ") |? dt da da
Qu
(¥

)/ STAG =251 | o7 dt da d.

w

+ C

Finally, in view of (67), we have that

/OT/OA/wulerwfdtdadx Z / / /UI¢7+W\2dtdadx

+ f/ spe” 2 |V (¢ + )| dt da da

IN

2
+ C(\I',N,T,A)/ sTA0 T e 28m |p’Y|2 dt da dx.

w

w

5
o; 1
Choose in this latter identity d;, 1 < ¢ < 5 such that Z 51 = 2 then using the
i=1
fact that ' C w, we obtain that

/ / / u|¢? + 7|2 dt dadx < / e BN V(7 +97)|? dt da dz+

C(¥,N,T, A)/ STAYOL 25| p7 ? dt da dux.
Qu
(68)

Now, applying (56) to ¢ + 17 where ¢? and )7 are respectively solution of
(60) and (59),

/ e 2 (s)\ga V(@7 + 97|+ s°X0% [¢7 + WIZ’) dtdadz <
Q

1 T A
C(\I/)NZ/Q e 2 p7? dt da dx + C(\I/)/O /0 / S AP e 2 |37 + 7 |? di da du,
o w’

which in view of (68) and the fact that =1 € L>(Q) gives
[ e (Mo I9(67 + )]+ 5°N12 (67 + 07 ) dtdada <
Q
C’(\I/)/ spe 2 |V (¢ +")|° dt dadx + C(\IJ,N)/ s*Ate210° [p7|? dt da dx+
Q

w

C(¥,N,T, A)/ sTA T e=28m |p’Y|2 dtda dzx.
Qu

(69)
Choosing A > A\; = max{)\g, 2C(¥)} in (69), we obtain that
/ 2 (sAp [ V(67 + )] + $* M |67 + 47 %) dt dade <
Q
+C(, N)/ AP V|2 dt da da+ (70)
Q

C(U,N,T, A)/ sTA0,Te=25m |,0'V|2 dt da dz.

w

17



Taking into account the Remark 7 and applying (56) to p” solution of (58),
/ e 2 (s)\<p |Vp?| + s3X\1p? |p’y|2) dt da dx <
Q

C(\P)/ e 2 |7 + 7| dt dadx + C(\If)/ P AYpRe 2 |72 dt da d.
Q

w

Using the fact that p=! € L>(Q), we deduce that
/ e~ 25 (s)\go V| 4 s AP |p7|2) dtdadx <
Q
C(w, T, A)s2>\4/ @3e 2|7 + 7|° dt da dz+ (71)
Q

C(\I/)/ SSA3e =2 |72 dt da da.
Combining (70) and (71), then choosing s > s1 = max{sg, 2C(¥,T, A),2C(V,N,T, A)},
we deduce that

K(¢7 +¢7) + K(p7) <

C(¥,N,T, A)/ sTAGTe™25 | p7)? dt da d,

w

which in view of (57) implies that there exists a constant C = C(¥, N, T, A) > 0
such that (63) holds true.

Step 2. We prove that (62).

We set

D = {(t,a) € (0,T) x (0, A) such that t > T/2 and a > A/2}.

Let n and ¢ be respectively defined by (53) and (54). For any = € 2, we define
the functions 77 and ¢ by:

ston =] 1(550) feocnx0anD
n(t,a,xz) if (t,a) €
and o
& (t a,x) = ® (2, 50T if (t,a) € [(0,T) x (0,A)]\ D, 73)

p(t,a,x) if (t,a) € D.
Therefore, replacing respectively n and ¢ by 7 and ¢ in (63), we also have

/ @27 |? dt dadx < C(¥, N, T, A)/ sTASpTe™ 2 | p7|? dt da dzx.
Q

’ (74)
We introduce the function

i(t, a) = max7(t, a, ) (75)

z€Q
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and we set A
k(t,a) = e *1(Ha), (76)

s,
Then & is a positive function of class C! on [0, T[x[0, A[. Moreover, aﬁ(t, a)

0
and a—ﬁ(m a) are positive functions.
a

So, if we multiply the first equation in (60) by x2¢” and integrate by part over
), we have

10 10
5@“’“/9”%2(9) + 5%”'@7”%2(9) + KV (|72 () + rollke 1220y =

1
/Qﬂmzw”?dxs/ﬂgtﬁ/gwﬂzdxs/ﬂ({iﬁnzwﬂzdxN/O/izp”’qb”dx,

1

from which we deduce for rq > 3 that,

G By + ml" By < 17 [ o7
Integrating this latter inequality over (0,7), we obtain
2 d 2 1 2
[5(T, @)™ (T, a)||72(q) + %H"{(b”'L?(QT) < ﬁ”"é/ﬂHLz(QT)
because ¢7(0,a) = 0 in Q4. Hence,
R Al i Pl
This implies that
1567 (0, W qmy < 303180720y Va € (0, 4), (1)
because ¢7(¢,0) = 0 in Q. It then follows from (77) that
2 A 2
157 I220) < Jrz 1R I22(0)- (78)

In view of the definition of 7 and & given respectively by (75) and (76), we have
from (78) that

A -3 —9F
/Qn2|¢v|2dtdadx<NQ/Q<p3e 2n‘p7|2dtdad$

because p~1 € L>(Q). Combining this latter inequality with (74), we obtain
that

/ k2@ dt dadx < C(¥, N, T, A) / sIN0QTe™2 | dt dadx,  (79)
Q

w
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Adding (74) to (79), then using the fact that ¢7e =257 € L>°(Q), we have (62).
[

We set .
7= @Pe 2. (80)
Then it follows from (62) that there exists C' = C(¥, N, T, A, s, \) > 0, such

that for (p7, 7, ¢7,¢7) verifying systems (58)-(61),

2
< c/ |p? dt da dz, (81)
£2(Q)

w

1
2
15620 0 + Hgm

with x defined as in (76).
Multiplying (8); by p”, (9)1 by ¥7, (11)1 by ¢” and (10); by ¢” and integrating
by parts over @, then adding the results, we obtain that

0 = / Yy (T, a,z)p" (a, ) dadxf/ kpwdtdader/ zq®” dt dadz.
Qa

w Q
(82)
Thus, null controllability property is equivalent to the problem: find a control
k € L*(Q.,) such that for any p” € L?(Q4), we have

0 = / kp”dtdadxf/zd(bvdtdad:r.
w Q

So, to solve this problem we consider for every € > 0, the functional

1
F.(p7) = 2/@ o7 dtdada:/derb”dtdadf+€||PT||L2<QA) (83)

where p7 and ¢ verify (58), (59), (60) and (61).

Proposition 9 Let o and k be respectively defined by (80) and (76). Assume
1

that zq € L*(Q) such that —z4 € L*(Q). Then for alle > 0 there exists a unique
K

pl., € L*(Qa) such that

R = i PO ®

Moreover, there exists a positive constant C = C(V, N, T, A, s, \) such that,
if pY, WY, @Y and (¥ are respectively solutions of (58), (59), (60) and (61)
associated to pgﬂ then

1
16252 < C 1 2 (35)

L2(Q)
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Proof. It is clear F_ is strictly convex on L?(Q4). Using inequalities of energy
associated to p?, ¥2, ¢7 and (2, we prove that the functional F; is continuous
on L?(Q4). On another hand using Young inequalities, we have

1
F.(p7) = 5/ Pl dtdadm—/QZdetdade+5||pTHL2(QA)

5H1 2

1 2
> Yo Bag) + el liran = 5 | 5| = 5256 Fag),

L2(Q)

for some § > 0. Using the observability inequality (81), then choosing § = 2C
with C = C(¥,N, T, A,s,\), we deduce that

1 2

— 24
R

Ty 5 1 2 T
F. (p") > 4/@w 7" dtdadz +e||p"| 50, — C o

This allowed us to say that F. is coercive in L?(Q4). Consequently, there
exists a unique point pgﬁ € L% (Q4) where F. reaches its minimum.

To characterize the optimal control, we write the Euler-Lagrange optimality
conditions:

i T (P2 + A7) — Fe (p24)

_ T 2
lim N =0, Vo' € L*(Qa). (86)

After some calculations (86) gives

0 = / pszdtdadx—/quS”dtdadx
R e . (87)
+ o [ T " dade, VpT € L2(Qu).
HpE:’YHL2(QA) Qa

Let p.., be the solution of the problem (84) and p? be the solution of (58)

associated to pgjv. Let also y2, S7, ¢7 and pY be the solution associated to
k= kY = pYx. of problem (8), (9), (11) and (10) respectively:

Ly? = vIxo+kIxe in Q,
7 =0 on X,
20,0 = 0 i Qu, (88)
yg(.,O, ) =0 in Qr,
L*SY = ¢y in Q,
Sy = 0 on X,
SHT,.) = 0 in Qu (89)
SY(,A,.) = 0 in Qr,
* 1 :
L*q7 = yl—za+ ﬁpz in  Q,
q? 0 on X%, (90)
(T, .,.) 0 in Qa,
(., A, 0 in Qr,
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and

Ipy = 0 i Q,
pl =0 on 3,
p2(0,.,.) = 01 in Qa, (91)
p(.,0,.) = 775;“.’07.) in Qr,
with
J
7 =-%xo (92)
and
kY = pIXxw- (93)

Multiplying (88); by p?, (89); by ¥7, (90); by ¢ and (91); by ¢” and
integrating by parts over ), then adding the results, we have that

0 = / yz(T,a,x)pT(a,x)dadxf/ pg;ﬂdtdader/zddﬂdtdadx,
Qa w Q

which in view of (87) gives

epl (a,
/ <y3<T,a,x) * W) o7 (0, 2) dadz =0, V" € L(Qu)
A Hps,'yHLz(QA)

Hence,
epl (a,x
y2(Toa,z) = _%_
Hp&’YHLz(QA)
Consequently,
192 (T, @, 2) [l 12 (g.0) = & (94)
If we take p” = p!_ in (87) we obtain that
2
102720y = /deéfﬂ dtdadr — € Hpg:’YHL?(QA)
< | g7
-z K )
T e g @

which in view of (81) yields

1
2
PREL] o B TP

L2(
where C = C(¥,N, T, A,s,\) > 0. Thus,
L2(Q)

where C'= C(¥, N, T, A, s,\) > 0. This end the proof of Proposition 9. m

1
Kl = 12520y < € 2
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3.1 Proof of Theorem 2

We proceed in three steps.
Step 1. We give some a priori estimates on v, y2, S, pY and ¢q7.

Observing on the one hand that kY = pYx, because of (93), and on the
other hand that, y2, SY, p? and ¢ satisfy (88)-(91), using Proposition 4 and
the fact that k2 satisfies also (85), we deduce that

1
[v2llL2oy < C <||Zd||L2(Q) + || =24 ) ; (95a)
Kol
N 1
W2 2wsmy < C | lzdllz@) + || =24 ) (95b)
kol
. 1
1522 wimpny < O | llzallze@) + % ; (95c¢)
L2(Q)
. 1
22w gy < O Izallez(@) + || ~2a s (95d)
L2(Q)
1
H Gy <||Zd||L2(Q) + || =24 ) , (95¢)
L2(Q) Follzz @
1
la2 om0y < G <||Zd||L2(Q) + || =24 ) ) (95f)
oLz
190,500 oo < C | lzallzae) + ||~ (95¢)
= ) 2 = Rd|IL2(Q —Zd )
\F Ve )llL2(Qr) (Q) P 1)

) . (95h)
L2(Q)

where C' = C(¥,N, T, A,s,\) >0 andCy, = C(v,V,N,T, A, s,\) > 0.
Step 2 We study the convergence when € — 0 of the sequences k2, v2, y2, S7,
p and ¢7.

In view of (85), (95a)-(95f), we can extract subsequences still denoted by
kY, vY, y2, 52, p2, ¢ such that when € — 0,

1
15 (20,502l 12y SVAC (nzdnm@ + 2

kY — kY weakly in L?(Q.), (96a)
v) — 07 weakly in L?(Qop), (96b)
yY? — 7 weakly in L?(U; H} (), (96¢)
52 =87 weakly in L*(U; HL(Q)), (96d)
q? — " weakly in L*(U; H3(Q)), (96e)
p? —pY weakly in L(U; H3(Q)). (96f)
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From (92), (96b) and (96e), we obtain

g7
0T =—5 in Qo. (97)

Multiplying the first equation in (88) by £ € D(Q) and integrate by parts over
Q,

/ yJL*Edt dadx = vl dtdadz + ¢kY dt dadz,
Q QO Qu)
which passing to the limit when ¢ — 0 gives
/ YyYL*Edt dadr = &0V dt dadx + €kY dt da dx
Q Qo Qu

because of (96a), (96b) and (96¢). Integrating this latter identity by parts over
Q,

/éLgf’dtdadx:/ 5@7dtdadac+/ {fﬂdtdadaz.
Q Qo

Hence,
ay” 0y
o0 o
Since § € L*(U; Hg(€2)) we have on the one hand that the traces §7 (¢, a)).
exist and belong to H'/2(I") for almost every (¢,a) € U, and on the other hand
that

— AY + pg? = 0"x0 + kX in Q. (98)

oyr  0y" R O > 2 —1
I L9 (AGY — i + 7 2 L2(U- H-1(Q)).
5 " Ba ( 9 — g +UXO+ka)E (U; H™(Q))
Hence we know ( see e.g. [3]) that the traces (§7(¢, A),§7(¢,0)) exists and
belongs to (L*(Qr))? and (§7(T, a),§”(0,a))) exists and belongs to (L*(Q4))*.
Multiplying the first equation of (8) by £ € C*°(Q) such that £ = 0 on X,
&(T,a)=01in (0,A) x Q, £(t,A) =01in (0,T) x Q, then integrate by parts over

Q, we get

§vzdtdadx+/ Ekldtdadr = /yg <—6£—8£—A£+u£) dtdadz.
Qo Qu Q ot da

Passing this latter identity to the limit when ¢ — 0, while taking into account

(96a), (96b) and (96¢), we get for all £ € C*°(Q) such that E =0 on X, {(T,a) =
0in (0,4) x Q, £(t,A) =01in (0,T) x Q,

ot Oa

w

/ fff’dtdadx+/ 512:7 dtdadr = /yw (AEJru{) dtdadzx,
Qo Q
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which integrating by parts over Q and using (98) gives for any £ € C>°(Q) such that & =
Oon X, &(T,a)=01in (0,A4) x Q, £(t,A) =0in (0,T) x Q,

0 = / 77(0,a,x) £(0, a, x) da dx
Qa

+ [ P00 dids (99)
Qr

+ / j)”g dt da dx,
b 31/

Taking in (99) successively £(0,a) = 0 in Q4 and £(¢,0) = 0 in Qp; then
£(t,0) = 0, we successively obtain
97 =0on X% (100)

and
77(0,a) =0 in Q4. (101)

Finally, we obtain from (99) that

97(-,0,.) =0in Qr. (102)

Thus, from (98), (100), (101) and (102) it follows that §7 = y (i%v;m,o)

satisfies ( 8). Proceeding as for the proof y2 in page 24-25, while using (96a)-
(961f), (95¢g) and (95e), we prove that when £ — 0, we have that

1 1
—85(.,0,5v7) — —=85(.,0,.;9") weakly in L*(Qr), 103
7 ( ) 7 ( ) y (Qr) (103)
1 1
—pl — —p" weakly in L*(Q), 104
7 Ve y (@) (104)

and finally that S$7 = S(97), 7, §7 are solution of (9)-(11). Moreover using
(94) we prove that when ¢ — 0,

§(T,.,.) =0 in Q4. (105)

It then follows that (k7,97 97 = y(k7;07,0), 87 = S(07),7,§") is solution of
the null controllability problem (8)-(11), (7).
Step 3 We study the convergence when € — 0 of the sequences p?, ¥7, ¢2,
a.
Observing that k7 = p2x., where p?, ¥, ¢7 and (7 satisfy the following
systems:

Lp? = ¢2+¢7 in Q,
pl = 0 on X,

. 106

p(T,.) = o7 in Qa (106)
pA(,A) = 0 in Qr,
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Ly = 0 i Q,
7 =0 on X,
$2(0,.,.) = 0 in  Qa, (107)
1
’(/}’EY '703- = —= g '70a' in Q )
(-,0,.) 7 (-,0,.) T
Lg? = —Fplxo in Q,
7 =0 on X, (108)
$2(0,.,.) = 0 in Qa,
$2(.,0,.) = 0 in Qr
and )
L = ﬁ 27 in Q,
J =0 on X, (109)
Q(T,.,) = 0 in Qa,
Cg(aA7) = 0 in QTa

it follows from (81) that

2
< c/ |p2 | dt da dz,
£2(Q)

1
2
w6212 0 + ngz

w

which in view of (85) gives

1

2
1562 gy + ngz

2 ’ , (110)

L?(Q)

where C = C(¥, N, T, A, s, \) > 0.

For any positive function © € L*°(Q) and any bounded domain X, we set
L?(0,X) = {¢ € L*(X), [, O]p|*dX <oo}. Then we have that L?(X) C
L?(0, X) and the canonical injection is continuous. Thus, in view of (110)

¢)  — 7 weakly in L (k, Q), .
pl — p7 weakly in L? (%, Q) , (111)
which in view of according to the definitions of U, 1, ¢, x and g given by (52),
(53), (54), (76) and (80) implies that

¢ — ¢7 weakly in L2(]0,T — B[x]0, A — 7[x€),
pl  — pY weakly in L?(]0,T — B[x]0, A — 7[xQ),

where 8,7 > 0. Consequently if we denote by D(Q) the space of infinitely
continuously differentiable functions with compact in @ and D’(Q) its dual,
then )

67 — ¢ weakly in D/(Q),

pl  — pY weakly in D'(Q)
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and then,
Y2 — 7 weakly in D'(Q),
¢7 — (" weakly in D'(Q).
Therefore, we prove by passing to the limit in systems (106)-(109) that for any
p’ € L?(Q4) and 7 > 0, the functions p?, U7, ¢ and {7 satisfy (15)-(18).
Moreover, using the weak-lower semi-continuity of the norm and (96a), we
deduce from (85),

4 Concluding remarks

1
Z 2
K

i

) = Hﬁ’YHL%Qw) <cC

L?(Qu L2(Q)

We proposed a method to control hierarchically a population dynamics model
with missing birth rate. This method consists in studying a Low-regret control
for the follower and the null controllability problem for the leader. The controls
found depend on the parameter of the Low-regret control 4. We can prove that
the Low-regret control converges to a control, called No-regret control and even
give the characterization of this control. A further work to study the linearity
of this control with respect to the follower k so as to consider a Problem 2 with
the state associated the No-regret control.
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