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THE CANTOR RIEMANNIUM

RICARDO PÉREZ-MARCO

Abstract. The Riemann surface of a holomorphic germ is the space generated by its Weierstrass
analytic continuation. The Riemannium space of a holomorphic germ is the space generated by
its Borel monogenic continuation. Riemannium spaces are metric, path connected, Gromov length
spaces, not necessarily σ-compact. We construct an example of Riemannium space: The Cantor
Riemannium.

Figure 1. The Krueger hand: Principal sheet of the Cantor Riemannium.
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1. Introduction.

The main construction in this article is inspired from an old forgotten article of Giulio Vivanti
(1888, [16]) about the cardinal of the values taken by a multivalued1 analytic function at a given point
(i.e. the values taken by all branches at this point). At the time, the notion of analytic continuation
was not properly defined and subsequently Vivanti’s article was dismissed and misunderstood. If
one takes Weierstrass notion of analytic continuation, then the Cantor-Vivanti-Poincaré-Volterra
Theorem2 states that the cardinal of branches at a point is always countable. The first published
proof published by Vivanti (1888, [17]) was dismissed as erroneous, but it suffers from the very
same deffects on the understanding of the ramification locus as in Poincaré’s earlier articles on
general Riemann surfaces (see for example [13]). This difficulty is the essence of Hilbert’s 22nd
problem (1900, [9]), although few people nowadays have understood its meaning. Some years later,

Émile Borel discovered non-Weierstrassian analytic continuations and he introduced the notion of
monogenic functions and Borel continuation. His insightful theory is presented in his book (1917,
[4]). We recommend the reader to not miss the introduction to understand the opposition of the
Weierstrassian school, in particular by G. Mittag-Leffler, to Borel’s brilliant ideas.

We present an example that shows that the Borel extension of a holomorphic germ can have an
uncountable number of branches that take an uncountable number of values at a point, confirming
Vivanti’s intuition.

The Weierstrass analytic continuation defines the Riemann surface associated to a holomorphic
germ, and even more, a concrete Riemann surface in the original sense of Riemann, or log-Riemann
surface (see [1]). For the Borel monogenic continuation, the geometric object associated space to
the germ of a holomorphic function is a Riemannium space. This natural space is a metric and path
connected space but not in general σ-compact, nor a manifold. It is “concrete” in the sense that
it comes equipped, as log-Riemann surfaces, with a natural projection on C. It is a C space in the
sense of Bourbaki [5]. The Riemannium contains a dense open set composed by Riemann surfaces.
We construct in this article an explicit example of Riemannium: The Cantor Riemannium.

2. The Cantor tube-log Riemann surface.

2.1. Cauchy transform of a total finite mass measure. Let µ be a Borel measure on C with
total finite mass

|µ|(C) < +∞

and compact support suppµ = K ⊂ C. We consider the Cauchy transform3 of µ

(1) fµ(z) =
1

2πi

∫

C

dµ(t)

z − t
.

Proposition 2.1. Let K ⊂ C be the compact support of µ. The Cauchy transform fµ is holomorphic
on C−K.

Let (µn)n≥0 be a sequence of Borel measures with uniformly bounded total mass, i.e. there exists
M > 0 such that for all n ≥ 0,

|µn|(C) ≤ M < +∞

1Also named polydromic in the old literature.
2Nowadays unproperly named Poincaré-Volterra Theorem.
3Another normalization common in the harmonic analysis literature is Cµ(z) =

∫
C

dµ(t)
z−t

, see [15] for the current

theory.
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If µn → µ in the weak topology, and suppµn → suppµ = K in Hausdorff topology, then uniformly
on compact sets of C−K we have fµn

→ fµ.

Proof. Outside of K, since µ has total finite mass, the integral (1) defining the Cauchy transform is
absolutely convergent, and for z ∈ C−K

∂̄zfµ(z) =
1

2πi

∫

C

∂̄z

(

1

z − t

)

dµ(t) = 0

Alternatively, we can argue that atomic measures with a finite number of atoms is a weak-dense
set in the space of measures with uniformly bounded total mass. Also we can approximate µ by
such measures (µn) with support in K. The Cauchy transforms fµn

are meromorphic functions,
holomorphic on C−K, and by Lebesgue dominated convergence Theorem they converge uniformly
on compact sets of C−K to fµ, hence fµ is holomorphic on C−K.

For the second statement we observe that we have also fµn
→ fµ uniformly on compact sets of

C−K by Lebesgue dominated convergence Theorem. �

Thus the integral defines a locally holomorphic function at each point of C−K.

Proposition 2.2 (Monogenic Residue Formula). Let Ω be a Jordan domain such that γ = ∂Ω ⊂
C−K. Then we have

∫

γ

fµ(z) dz = µ(Ω)

Proof. The classical residue formula for the meromorphic functions fµn
approximating fµ with

atomic measures (µn) gives
∫

γ

fµn
(z) dz = µn(Ω)

and we pass to the limit n → +∞. �

With some extra assumptions we can extend this result to the case when γ ∩K 6= ∅.

Proposition 2.3. Let Ω be a Jordan domain and γ = ∂Ω. Let (µn) be a sequence of measure
converging to µ with uniformly bounded mass. If Vǫ(γ) is the ǫ-neighborhood of γ we assume that

lim
n→+∞

µn(Vǫ(γ)) = 0 .

Then, if (µn) has no atoms on γ, we have

lim
n→+∞

∫

γ

fµn
(z) dz = µ(Ω)

In particular, if γ is rectifiable and (fµn
) converges uniformly to a continuous function fµ on γ, then
∫

γ

fµn
(z) dz = νn(Ω)

Proof. Under the previous assumptions, we have µn(Ω) → µ(Ω) and the result follows. �
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2.2. The triadic Cantor set with its equilibrium measure. We study an explicit example of
the above. Let C ⊂ [0, 1] be the usual triadic Cantor set. It can be generated by the two affine maps
A0(x) = 3x and A1(x) = 3x− 2 as the set of points

C =
⋃

n≥0

⋂

ǫ∈(Z/2Z)n

(Aǫ1 ◦ . . . Aǫn)
−1

([0, 1])

We can identify the Cantor set C to the ring of 2-adic integers Z2. The Haar measure µZ2
gives the

equilibrium probability measure µ on C. Observe that we can obtain µ as the weak limit of purely
atomic probability measures µn that are the Haar measures of Z2/2

nZ2 ≈ Z/2nZ. Considering the
standard representation of the triadic Cantor set, these are atomic measures composed by atoms
of equal mass 2−n at the 2n end-points of the removed intervals from [0, 1] at depth n ≥ 1. For
instance, we have

µ1 =
1

2
δ0 +

1

2
δ1

µ2 =
1

4
δ0 +

1

4
δ1/3 +

1

4
δ2/3 +

1

4
δ1

...

The triadic Cantor set C just described has Hausdorff dimension dimH C = log 2
log 3 . The Hausdorff

measure of this dimension coincides with µ.

2.3. Monodromy of the primitive of the Cauchy transform of the equilibrium measure.

We consider the translated Cantor set K = T−1/2(C), where Ta(z) = z + a is the translation, so

that the origin z = 0 is the center of symmetry. Let
(

T−1/2

)

∗
µ be the transported measure that we

still denote µ.

We consider the Cauchy transform

fµ(z) =
1

2πi

∫

C

dµ(t)

z − t
.

By symmetry fµ is odd and we have fµ(0) = 0. We consider the primitive

Fµ(z) =

∫ z

0

fµ(t) dt

which defines a holomorphic germ in a neighborhood of 0 and is multivalued on C−K. Given a loop
γ ⊂ C−K, With base point at 0 and homothopy class [γ] ∈ π1(C−K, 0), by analytic continuation
we associate a value of the branch of Fµ along γ that only depends on its homothopy class,

γ 7→ Monγ(Fµ) .

The monodromy map Mon : π1(C−K, 0) → C constructed in that way is a group morphism.

Proposition 2.4. The monodromy of Fµ at z = 0 is the group

Monz=0 Fµ =
⊕

k≥0

2−k
Z = 2−∞

Z
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Proof. Consider a Jordan loop 0 ∈ γ ⊂ C−K containing the base point z = 0 and not homothopic to
0. Then, taking k ≥ 1 large enough, γ encloses in its bounded component exactly 1 ≤ n(γ) ≥ 2k − 1
pieces of level k of the Cantor set K. Then, using the Monogenic Residue Formula from Proposition
2.2 we have

∫

γ

fµ(t) dt = n(γ)2−k

and this proves that the monodromy is of this form. On the other hand enclosing a single fundamental
piece at level k and winding around the appropriate number of times we can achieve any monodromy
of the form n2−k. �

2.4. The Cantor tube-log Riemann surface. The Cantor tube-log Riemann surface is the tube-
log Riemann surface associated to Fµ. The primitive Fµ is the uniformization of C − K into a
tube-log Riemann surface Sµ that we are now describing. To each rational function R ∈ C(z),
with set of poles and critical points PR (we assume 0 /∈ PR), there corresponds a unique, up to
normalization, tube-log Riemann surface (SR, z0) such that if

F (z) =

∫ z

0

R(t) dt

the germ of F at 0 extends into the uniformization F : C−PR → SR. We refer to [1] and [2] for the
definition of log-Riemann surfaces and to [3] for tube-log Riemann surfaces and a general description
of tube-log Riemann surfaces associated to primitives of rational functions.

The rational function fµn
has only simple poles of equal residues 2−n. The description of the

monodromy of Fµn
proves that the associated tube-log Riemann surface Sµn

is obtained by pasting
a sequence of copies of annuli Am, 0 < m ≤ +∞,

Am = {z ∈ C; 0 < Re z < m}/(2πi)Z

We use 1+2+ . . .+2n = 2n+1 annulus glued together as a dyadic tree, by gluing their boundary by
a translation map (the reader can find a similar construction in [12]) and we obtain the surface in
Figure 2. The first and the last annuli have infinite modulus and the others finite. All critical points
of Fµ are real and there is one critical point of Fµn

inside each interval determined by consecutive
poles.

−→

Fµn

Figure 2. Tube-log Riemann surface of Fµn
.

For the primitive Fµ, the associated tube-log-Riemann surface Sµ is constructed in a similar
way but with an infinite number of annuli. There is a critical point inside each removed interval
generating the Cantor set. The sequence of modulus along a branch that defines an end add up to
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infinite because of the self-similarity. Consider the two annuli, symmetric with respect to 0,

B0 = B(1/2, 3/4)−B(1/6, 1/4)

B1 = B(1/2, 3/4)−B(5/6, 1/4)

Then given the point zǫ ∈ K, we have a nested of essential annulus defining fundamental neighbor-
hoods of zǫ, Bǫ0 , Aǫ1(Bǫ0), Aǫ2 ◦Aǫ1(Bǫ0), . . . All these annuli have the same modulus and

+∞
∑

n=0

mod Aǫn ◦ . . . ◦Aǫ1(Bǫ0) = +∞

Using a standard criterium (see [12] Lemma 2.17) we have that C−K is in the OAD class of Riemann
surfaces. This implies

Proposition 2.5. Let z → zǫ ∈ K along a path η ⊂ C−K, then

lim
z→zǫ

ImFµ(z) = +∞

The tubular “fingers” have infinite height. This can also be established by a direct computation.

Green lines.

The lines corresponding to level lines of ReFµ are the Green lines orthogonal to the equipotentials4

that are the level lines of ImFµ. We observe that we have a parametrization of Green lines by
T = R/Z and we can normalize it so that the two Green lines hitting 0 are 1/4 and −1/4. We
denote T0 the abstract circle without the dyadic angles,

T0 = T−
⋃

k≥0

2−k
Z .

The inner points Ki ⊂ K are those points in K that are not end-points of the removed intervals. To
each inner point x ∈ Ki ofK set there correspond an angle θ ∈ T0 which is not a dyadic rational such
that the Green line of θ and −θ land at x. We define the map σ : T0 → Ki, θ 7→ σ(θ) = σ(−θ) = x.

We observe that the prime-ends at infinite of Sµ correspond to the point ∞ and the points in
the Cantor set, and the inner points in the Cantor set K correspond to two prime-ends for the
lines ReFµ = ±θ. So there is a natural quotient of the prime-end compactification that gives the
Riemann sphere.

2.5. Julia Cantor sets. For those readers familiar with holomorphic dynamics, we point out that
we could construct examples of Cantor sets of the above type by taking the Julia set of a quadratic
polynomial Pc(z) = z2 + c with c /∈ M outside the Mandelbrot set, this means that the iterates of
the critical point z = 0 escapes to infinite, Pn

c (0) → ∞. In that case the Julia set is the set of points
with bounded (positive) orbit,

Jc = {z ∈ C; (Pn
c (z))n≥0 bounded}

The Julia set Jc obviously contains all periodic orbits and it is the closure of the set of periodic
orbits. It is a Cantor set and we take for µ the measure of maximal entropy that is equivalent to
the limit of equidistributed atomic measures on periodic orbits. Then the Böttcher coordinate of

4These are not the regular equipotentials of K.
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the basin of attraction at infinite is defined in the tube-log Riemann surface described before. The
reader can consult [12] and [6] for how to determine combinatorially the tube-log Riemann surface.

3. The Cauchy transform of a singular measures and its Borel monodromy.

We define now a new measure ν on K that is singular with respect to µ. By construction ν is
an atomic measure, but we could easily modify the construction to get a non-atomic measure. Let
(λn)n≥0 be a sequence of positive reals λn > 0 decreasing fast to 0, λn → 0. We assume that

(2)

+∞
∑

k=0

2kλk = 1 .

We consider the probability measure

ν =

+∞
∑

k=0

λk

2k
∑

l=1

δxk,l

where (xk,l)l are the end-points of order k ≥ 0 defining the Cantor set K.

Proposition 3.1. We assume that the sequence (λk)k≥0 decreases fast enough so that for some
constant κ > 3

+∞
∑

k=0

λk(2κ)
k < +∞ .

For a dense and Fσ set of good points G0 ⊂ K of full ν-measure, we have that for x0 ∈ G0 the
primitive of the Cauchy transform Fν is a continuous function on the vertical line x0 + iR. In
particular, there is a finite limit limy→0 Fν(x0 + iy) = Fν(x0).

Proof. Consider the set G0 ⊂ K of points badly approximated by end-points (xk,l),

G0 = K −
⋂

k0≥0

⋃

k≥k0

2k
⋃

l=1

B(xk,l, κ
−k)

Then G0 is a dense and Fσ set and of total ν-measure.

For any x0 ∈ K0, and z = x0 + iy, y ∈ R, we have for some k0 ≥ 1, for k ≥ k0, 1 ≤ l ≤ 2k,
∣

∣

∣

∣

λk

z − xk,l

∣

∣

∣

∣

≤

∣

∣

∣

∣

λk

x0 − xk,l

∣

∣

∣

∣

≤ λkκ
k

and
∣

∣

∣

∣

∣

∣

2k
∑

l=1

λk

z − xk,l

∣

∣

∣

∣

∣

∣

≤ λk(2κ)
k

thus condition (2) proves that the series

Fν(z) =
1

2πi

+∞
∑

k=0

2n
∑

l=1

λk

z − xk,l

is normally convergent and bounded, and defines a continuous function on x0 + iR. �

Proposition 3.2. The primitive of the Cauchy transform Fν is well defined, continuous and bounded
on the full Lebesgue set (C−K) ∪G0 and holomorphic in C−K.
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Proof. We only need to check continuity at points x0 ∈ G0 and this follows observing that the series
in the precedent proof converges normally in G0. �

So, we can extend continuously the function Fν on vertical lines x0+ iR with x0 ∈ G0. This holds
for any path crossing the real axes at x0 ∈ G0 with a non-zero angle. This defines the Borel extension
of Fν on this path (see section 6). We can define the larger set G1 ⊂ K where this extension holds.

Definition 3.3. Let G1 ⊂ K such that for x1 ∈ G1 we have that the restriction of Fν to (x1+ iR)−
{x1} has a continuous extension to the full vertical line x1 + iR. We have G0 ⊂ G1 ⊂ K and the
set Pν = K −G1 is the monogenic polar set.

Theorem 3.4. The values of different branches of Fν at z = 0 by Borel continuation is the Borel
monodromy

Mν = B-Monz=0 Fν ⊂ R

that is an uncountable additive sub-group. In particular, it contains the uncountable subset

{ν([0, x1]);x1 ∈ G1} ⊂ Mν

Proof. We can cross the Cantor set K in the uncountable set of points in G1, hence we can split the
total measure in two parts of mass ν([−1/2, x1]) and ν([x1, 1/2]) by a simple Jordan loop from 0
crossing K at x1 ∈ G1. If the Jordan curve crosses the real line only at one point x1 ∈ G1, and the
Jordan curve is positively oriented, then the Monogenic Residue Formula in Proposition 2.2 proves
that we have the monodromy value ν([0, x1]). �

4. The restricted Cantor Riemannium.

4.1. The Krueger hand, ramification locus and Borel topology. As for the Riemann surface
associated to Weierstrass continuation, we want to understand the space where the monogenic
function Fν is univalued (or monodromic in ancient terminology). This will be the Riemannium
space associated to Fν .

The Riemann surface Sν associated to Weierstrass continuation is similar to the tube-log Riemann
surface Sν (see Figure 2), but this time we have some “finger tubes” which have finite length, i.e.
where the imaginary part of Fν is bounded from above. We call this a “Krueger hand” (see Figure
1). The Krueger hand plays the role of the 0-sheet of the Riemannium space associated to Fν .
The tips of the finger tubes of finite length do correspond to the perfect subset G1 ⊂ K, so they
correspond to angles θ such that σ(θ) = x1 ∈ G1. For these points x1 ∈ G1, when we continue
upward along the vertical σ(θ) + iR− and we cross the tip finger corresponding to x1, we appear in
the corresponding upper vertical line σ(θ̄) + iR+ (note that the line orientation is reversed when we
cross). But then the monodromy changes by addition of the non-dyadic rational θ ∈ T0. Thus, we
do appear in a new copy. It would be suitable to formalize the definition of Sν by means of a sheaf
theory associated to a mixed sheaf structures of holomorphic germs at regular points z ∈ C−K and
path germs of Borel monogenic functions at points x1 ∈ G1 (eventually modulo addition of a dyadic
constant). In the example considered the construction is very concrete and we don’t need such a
general sheaf theory extension that will be developed elsewhere. The tube-log Riemann surface Sν

comes equipped with a log-euclidean metric and we can define its ramification locus as its Cauchy
completion as in [1], [3] and [10].
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Definition 4.1 (Ramification locus). The ramification locus Rν of Sν is the completion of Sν for
its log-euclidean metric. The completion S∗

ν = Sν ∪ Rν is a path connected length space extending
the monogenic metric.

Now, we can consider the monogenic metric on C−K.

Definition 4.2 (Monogenic metric). The monogenic metric on C − K is the pull-back of the log-
euclidean metric on Sν by the map Fν : C−K → Sν .

Proposition 4.3 (Monogenic completion of C−K). Recall that Pν = K −G1 is the polar set. We
can embed S∗

ν into C by extending the inverse F−1
ν : C − K → Sν to F−1

ν : C − Pν → S∗
ν . The

monogenic topology of S∗
ν defines a topology on C− Pν that is weaker that the standard topology in

the plane. The space C − Pν is exhausted by the the monogenic closed metric balls (B̄(z0, n))n≥1,
so it is an Fσ set for the monogenic topology. The closed monogenic balls are not closed for the
standard topology.

4.2. The Restricted Riemannium space associated to Fν . By pasting copies of the Krueger
hand, can define now a Restricted Cantor Riemannium Cr

ν (super-index r for “restricted”)that is
the space where the Borel extension of the monogenic function Fν along paths that intersect G1

in a finite set. The natural extension space is larger and we define it in the next section, but the
construction in this section is very concrete and worth doing it first.

Definition 4.4 (Restricted Cantor Riemannium). We construct the Restricted Cantor Riemannium
Cr

ν as follows:

• We consider an uncountable number of copies (S∗
ν (θ))θ of the completed Krueger hand S∗

ν

indexed by finite sequences θ = (θn)1≤n≤n(θ) of angles θn ∈ σ−1(G1). We include a copy
S∗
ν (∅) corresponding to the empty sequence, which is named the principal sheet. Let jθ :

S∗
ν → S∗

ν (θ) be the identification mappings.
• We glue to the copy S∗

ν (θ) all copies S∗
ν (θ

′), such that n(θ′) = n(θ) + 1 at a single point by
identifying Fν(σ(θ

′
n(θ′)

)) ∈ Sν(θ) to Fν(σ(θ̄
′
n(θ′)

)) ∈ S∗
ν (θ

′) when σ(θ′
n(θ′)

) = x0 ∈ G1. That

is, for x0 ∈ G1, x0 = σ(θ′
n(θ′)

) = σ(θ̄′
n(θ′)

)

jθ(Fν(x0)) = jθ′(Fν(x0))

The space obtained Ĉr
ν is path connected and has a well-defined continuous projection map

π : Ĉν → S∗
ν

such that for z ∈ S∗
ν (θ), π(z) = jθ(z).

• We consider a copy S∗(θ) in Ĉr
ν . It can be connected with the principal sheet S∗

ν (∅) by
a path γθ starting at j∅(0) ∈ S∗

ν (∅), ending at jθ(0) ∈ S∗
ν (θ), going through S∗

ν (θ1) =
S∗
ν (θ2), . . . ,S∗

ν (θn(θ)), where θj = (θ1, . . . , θj), and crossing the sewing points transversally
to what corresponds to the real axes in each copy.

We denote by M(θ) ∈ C the Borel monodromy of Fν along π(γθ) that is well defined by
virtue of Theorem 3.4.

• We identify the copies S∗(θ) and S∗(θ′) if and only if M(θ) and M(θ′) are equal modulo
the dyadic rationals,

(3) M(θ) ≡ M(θ′)



mod
⊕

k≥0

2−k
Z
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This defines an equivalence relation in Ĉr
ν and the topological quotient Cr

ν = Ĉr
ν/ ∼ is the

Restricted Cantor Riemannium.

Observe that the projection mapping is compatible with the equivalence relation (equivalent
classes are contained in the fibers of π) and defines a projection mapping (still denoted by π),

π : Cr
ν → S∗

ν ≈ C− Pν

Proposition 4.5. The Restricted Cantor Riemannium Cr
ν is a Hausdorff topological space that is

path connected and not σ-compact. It is a metric length space. The Restricted Cantor Riemannium
has an open dense part composed by an uncountable number of disjoint log-Riemann surfaces for the
projection π,

C0
ν = π−1(Sν) ⊂ Cr

ν

We call C0
ν the regular part of the Riemannium. The projection mapping π : Cr

ν → S∗
ν is a local

holomorphic diffeomorphism and, for the log-euclidean metric, a local isometry on the regular part,
and a contraction elsewhere.

Proof. The space is not σ-compact since we attach to Sν(0) an uncountable number of copies. The
log-euclidian metric of Sν defines the length space metric in the copies that build Cν . The connections
between copies are through a single point so the length metric extends along the crossing paths and in
the resulting length space the copies are embedded isometrically. The other properties are clear. �

Observe that π : Cr
ν → S∗

ν is not a classical covering of topological spaces since for any x̃1 ∈
π−1(x1) for x1 ∈ G1 no neighborhood of x̃1 is homeomorphic to a neighborhood of x1. Even worse,
we have infinite local degree.

We recall that the Uniformization Theorem holds in the category of tube-log-Riemann surfaces.
Let S̃ν be the universal covering of the tube-log-Riemann surface Sν which means that S̃ν is a simply
connected log-Riemann surface and we have a covering p0 : S̃ν → Sν compatible with the projection
mappings π0 : S̃ν → C, which means that locally p0 ◦ π

−1
0 is a translation, and p0 is a local isometry

for their log-euclidean metrics.

Another way to understand S̃ν is to “unfold” the cylinders of Sν and it is a log-Riemann surface
that can be constructed by means of straight cuts and pastings. In Figure 3 we show a fundamental
domain with the obvious identifications (indicated by dotted lines) to get S̃ν (for S̃ν is similar,
with widths corresponding to the mass ν). The full 0-sheet with cuts is obtaining by extending
this fundamental domain by Z-periodicity. This 0-sheet corresponds to the “unfolding” of the root-
cylinder. Note that the set of cuts in this 0-sheet for S̃ν do not have a discrete set of end-points (for

S̃ν this set is discrete in the 0-sheet) .

As usual for log-Riemann surfaces we can consider its Cauchy completion for the log-euclidean
metric. Then we can start with S̃∗

ν and carry out the same Cantor Riemannium construction as
before. After the first two steps we get the space Čr

ν that is a simply connected topological space

(all loops are contractible). The pasting construction is compatible with the projection π0 : S̃∗
ν → C

in the copies and we get a projection π̌ : Čr
ν → C. The regular part of Č0

ν is defined as before.
Despite having the projection Č0

ν → C−Pν , it cannot really be identified with the universal cover of
C−Pν because the lift property for paths does not hold. We can only lift paths in C−Pν such that
when we remove its end-point have a discrete intersection with G1 transversal to R. If we consider
loops in C − Pν with base point at a regular point z0 ∈ C − Pν , for example z0 = 0, with a finite
intersection with G1 and transversal with R we have a subgroup πr

1(C − Pν , z0) of π1(C − Pν , z0).
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Figure 3. Fundamental domain for S̃ν .

The group of “deck transformations” of the map Čν → S̃∗
ν → S∗

ν ≈ C−Pν (it is not a classical cover
as observed before) is the quotient group π1(C− Pν , z0)/π

r
1(C− Pν , z0).

Then we can consider the quotient of Čν as in the last point of the construction in Definition 4.4
and get

C̃r
ν = Čr

ν/ ∼

where this time the equivalence relation S∗(θ) ∼ S∗(θ′) holds if and only if M(θ) = M(θ′).

We get in this way a restricted Riemannium space C̃ν with a projection mapping

π̃ : C̃r
ν → C

and we have a fiber-compatible mapping

p̃ : C̃r
ν → Cν

that is a sort of “universal cover Riemannium”. We have the correspondence of the regular parts

p̃(C̃0
ν ) = C0

ν

and p̃ is a local isometry on the regular part for the log-euclidean metrics. We have the commutative
diagram

Čr
ν −→ C̃r

ν −→ S̃∗
ν

↓ ↓ ↓

Ĉr
ν −→ Cr

ν −→ S∗
ν

We would like to carry out a similar construction as the classical algebraic topology construction
of the universal cover but we have several difficulties. The first one is related to the non-local simple
connectivity of C − Pν at points of G1. We can construct Hawaian earrings at each point x1 ∈ G1

by taking a bouquet of circles with base point at x1 and crossing transversally R at another point
of G1. But more importantly, we don’t have the path lift property: There are paths that cannot be
lifted to the Cantor Riemannium. For example, take a path γ that wiggles between the upper and
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lower half planes determined by R and converging to a point x∞ ∈ G1 and after reaching x∞ goes
into the upper half plane (see Figure 4).

z0 x∞

Figure 4. Wiggling path.

There is no lift of γ in Čν because there is no sheet where the end-point of the lift belongs to.

The reason for this phenomenon is related to the fact that the Riemanniums Ĉr
ν and C̃r

ν are not

complete for the log-euclidean metric, despite that the sheets S̃∗
ν and S∗

ν are complete.

Proposition 4.6. The restricted Riemanniums Ĉr
ν and C̃r

ν are not complete.

Proof. We can take a rectifiable path γ of finite length for the log-Euclidean metric as before. And a
monotone Cauchy sequence (zn) ⊂ converging in C−Pν to x1 for the log-euclidean metric in C−Pν.

There is a unique lift of γ − {x∞} in Ĉν (or C̃ν) but it has no limit point because of the discrete
topology on the fiber of x∞. �

The proof gives a hint on how to solve this problem: We must enrich the topology of Ĉr
ν and

introduce a natural non-discrete topology on the fibers of Ĉr
ν → C−G1.

To each point in a fiber z ∈ π−1(x1) with x1 ∈ G1 there corresponds a sequence θ(z) in the
construction. We define a distance on the fiber by

d0(z1, z2) = |M(θ(z1))−M(θ(z2)|

This defines a metric on each fiber that makes it complete. And the fiber is no longer discrete as
for a classical covering.

Now, let x∞ ∈ G1 and a path γ as before, starting at the regular base point z0 and ending at x∞

avoiding Pν , thus γ ⊂ C− Pν , and crossing transversally the real axes except at the end-point. We
can homothop γ in C−K into γ′ so that γ ∩G1 = γ′∩R, by just moving the connected components
of γ − Γ1 that intersect the real line into the upper or lower half plane. Now, for the sequence of
intersection points (xn) ∈ γ′ ∩G1, xn → x∞ we know in which sheet we are by looking at the value
of the corresponding M(θn). The limit of the sequence (M(θn))n≥1 indicated in which sheet is the
limit in the fiber π−1(x∞), and we have

lim
n→+∞

M(θn) = M(θ∞)

Then the path passes through the sheet determined byM(θ∞) and connects to the one corresponding
to M(θ̄∞). This suggests that we have to do a further quotient of Čr

ν on the fibers π−1(x∞). This
will give the unrestricted Cantor Riemannium Čr

ν .

But we would like to have this extension constructed not only for paths with a countable transver-
sal intersection with R but those with a non-discrete intersection with G1. The same procedure
works, but for this purpose we can do the general construction of the next section.
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5. The Cantor Riemannium.

5.1. Monogenic algebraic topology. We carry out a similar construction5 of the universal cover-
ing in algebraic topology but for the non-locally simply connected space X = C−P . We refer to [8],
[7], and in particular to [5] for minimal hypothesis for classical results for relation of fundamental
groups and coverings. The natural topology on the fundamental group, is the admissible topology
defined by N. Bourbaki6 in [5], Chap. III, 5.4, p.315. In our non locally simply connected situation,
the admissible topology is not discrete. Also we don’t have coverings with discrete fibers, but a
general projection with non-discrete fibers. The key property to carry out a similar construction of
the universal covering is to use projections with the path-lifting property. After figuring this out
we learned about the excellent exposition by E.H. Spanier in his classical book [14], in particular
chapter 2, where all the strength of the path-lifting property is used for Hurewicz fibrations. But
the projections we have are not a priori Hurewicz fibrations. The situation we have is closer to Serre
fibrations in one topological dimension where we have the lifting of path homothopies.

We remind that the space X = C − P (we simplify the notation in this section by removing
the reference to ν that is fixed once for all) can be endowed with the regular planar topology or
with the Borel topology, that is more natural for our purposes. For both topologies, the space X is
path-connected, hence connected, separable, and locally path-connected, but not semilocally simply
connected, not even locally simply connected. More precisely, each point x1 ∈ G1 is the base point
for a uncountable Hawaian earring as is easily seen by taking a family of circles (Cx1,x2

)x2∈G1
cutting

perpendicularly the real axes at x1, x2 ∈ G1 (See Figure 5).

x1 x2

Figure 5. Hawaian earring based on x1.

A path γ in C−P is essential or we say that γ has an essential intersection at x1 ∈ γ ∩G1 if the
point x1 does not disconnect γ into two connected components, such that the closure of one is not
a loop η such that η − {x1} ⊂ C−K (see Figure 6).

We observe that if γ1 and γ2 are two homothopic paths in X with fixed end-points, γ1 ∼ γ2, and
with essential intersections with G1, then

γ1 ∩G1 = γ2 ∩G1

because all points of G1 are inner points of the Cantor set K that are “squeezed” between a left
and right sequences of points in P . For non-essential intersections at x1, we could locally slide

5I am indebted to K. Biswas to point out this approach.
6Special thanks to André Gramain.



14 R. PÉREZ-MARCO

γ η

Figure 6. An essential loop γ and a non-essential one η.

homothopically the path to leave the intersection at x1. Hence, under these conditions, γ1 and γ2
are homothopic in X if and only if they are homothopic relative to G1. Any continuous path for
the Borel topology is also continuous or the regular topology, and Borel homothopic equivalence is
equivalent to homothopic equivalence for the regular topology.

We can define in general:

Definition 5.1. Let X be a path connected topological space and z0 ∈ X a base point. We define

X̃ = {[γ]; γ : [0, 1] → X continuous, γ(0) = z0}

where [γ] denotes the homotopy class of γ fixing its end-points.

We endow X̃ with the topology generated by the open sets

U[γ] = {[γ.η]; η([0, 1]) ⊂ U loop with η(0) = η(1) = γ(1)}

where U is an open set of X and γ is a path in X.

The topological space constructed does not depend on the base point for a path connected space
X . If z′0 ∈ X is another base point, then a path γ from z0 to z′0 defines a homeomorphism depending

only on the homothopy class of γ, h[γ] : X̃(z0) → X̃(z′0), by

h[γ]([η]) = [η.γ]

The topological space X̃ is path connected, and even locally path-connected by construction. We
will see shortly that it is simply connected.

We use this definition for X = C− P endowed with the richer Borel topology. By the precedent
remarks, we don’t really need Borel’s topology to define the set X̃. But the topology defined by
taking a bases with the (U[γ]) when U runs over Borel open sets endows X̃ with a richer topology.

Observe that since Borel topology is generated by the log-euclidean metric on C − P , we could
have taken as basis of neighborhoods

V[γ](ǫ) = {[γ.η]; η loop with η(0) = η(1) = γ(1), diam(η) < ǫ}

where diam(η) is the log-euclidean diameter. This comes down to request that dH(γ, γ.η) < ǫ for
the Hausdorff distance.

Proposition 5.2. The projection mapping π : X̃ → X defined by

π([γ]) = γ(1)

is a continuous map and has the path-lifting property, and unique path-lifting property.

The path lifting and unique path-lifting property follows almost tautologically from the construc-
tion of X̃ .
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Corollary 5.3. The space X̃ is simply connected, i.e. any loop is contractible.

This result is independent of the base point, hence we can take a loop starting and ending at z0
and carry out the same proof as in [8] p.65. The homothopy to the null loop is obtained by using
the parametrization.

The projection π makes of X̃ a X-space in the sense of Bourbaki ([5], p.1). In the non-semilocally
simply connected situation the projection π is not in general a local homeomorphism. In general,
we have:

Proposition 5.4. For an open set U ⊂ X, and [γ] ∈ X̃, with γ(1) ∈ U , we have that π : U[γ] → U
is continuous and surjective.

In our particular situation, if U ∩ G1 6= ∅ then we have that π : V → U has infinite degree
(even uncountable, as we have an uncountable number of pre-images generated by the uncountable
Hawaian earrings). We say that π has local infinite degree at x̃1 ∈ p−1({x1}).

We are particularly interested in our particular situation in the case when X is a Gromov length
space.

Proposition 5.5. If X is a Gromov length space, then X̃ is also a Gromov length space and π is
a contraction.

Proof. The path-lifting property allows to pull-back the Gromov length distance into a Gromov
length distance on X̃ . �

Also, as in the classical situation, the group π1(X, z0) acts on X̃. For a loop γ, starting and

ending at z0, the map h[γ] is a homeomorphism of X̃ that respects the fibers of π, so π1(X, z0) acts
on fibers. When we endow π1(X, z0) with Bourbaki’s admissible topology ([5], III, p.315) it becomes
a topological group and this action is continuous and faithful on the fiber π−1(z0).

Observe also that the fibers of π are all homeomorphic. For another point z1 ∈ X , consider a
path γ from the base point z0 to z1. Then h[γ] gives an homeomorphism from π−1(z0) to π−1(z1).

We observe that in our particular situation, π1(X, z0) is not generated by a countable bases, as
show the circles in a local uncountable Hawaian earrings mentioned before.

In the classical theory, for X semi-locally simply connected, to each subgroup H of π1(X, z0) it

corresponds a quotient XH = X̃/∼ and a base point z̃0 ∈ XH , such that for the resulting covering
πH : XH → X , (πH)∗(π1(XH , z̃0)) = H . We have the same type of result in our general situation:

Proposition 5.6. Let X be path connected and locally path-connected. For every subgroup H ⊂
π1(X, z0) there is an equivalence relation ∼ on X̃ respecting fibers of π, such that for the quotient

XH = X̃/∼ and the resulting projection πH : XH → X, there is a base point z̃0 ∈ XH , πH(z̃0) = z0,
such that

(πH)∗ (π1(XH , z̃0)) = H

Proof. The proof is the same as Proposition 1.36 in [8]. For [γ], [γ′] ∈ X̃, we define [γ] ∼ [γ′] if and
only if γ(1) = γ′(1) and [γ.(γ′)−1] ∈ H . This is an equivalence relation because H is a subgroup.
Note also that if γ(1) = γ′(1) we have [γ] ∼ [γ′] if and only if [γ.η] ∼ [γ′.η] for any loop η with
η(0) = η(1) = γ(1) = γ′(1). So, if two points in U[γ] and U[γ′] are identified, then the whole
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neighborhoods U[γ] and U[γ′] are identified by the equivalence relation and the open sets U[γ]/∼ are
a bases for the topology of the quotient XH . The equivalence relation respects fibers of π since
if [γ] ∼ [γ′] then γ(1) = γ′(1), thus πH : XH → X defined by πH([γ]) = π([γ]) is a well defined

continuous projection. Let z̃0 ∈ X̃ be the point corresponding to the class [z0] of the constant path
in X equal to the base point z0. Choose for the base point in XH , the image of z̃0 by the quotient
(that we still denote in the same way) . Now, the image (πH)∗ (π1(XH , z̃0)) is exactly H , because a

loop γ in X based at z0 lifts to X̃ into a path starting at [z0] and ending at [γ], thus the image of
this lifted path in XH is a loop if and only if [γ] ∼ [z0], or [γ] ∈ H . �

5.2. Construction of the Cantor Riemannium. We consider in what follows X = C − P and
we set z0 = 0 for example. We have different relevant subgroups of π1(X, 0) = π1(X).

We have a representation of π1(X) in the group of translation of C, ρ : π1(X) → C given by

[γ] 7→

∫

γ

Fν(z) dz

The image M0 = ρ(π1(X)) is an additive subgroup of R which represents the possible values of the
different branches at 0, i.e.

M0 = B-Monz=0 Fν

Let H0 = Ker ρ be the kernel of this representation. We have that H0 ⊳ π1(X) is a normal closed
subgroup of π1(X). Hence, the equivalence relation associated to H0 is closed and the quotient XH0

is separated.

Definition 5.7. The Cantor Riemannium Čν is the quotient XH0
= X̃/∼ corresponding to the

subgroup H0. It is the minimal space where the Borel extension of Fν is univalued (or monodrome
in ancient terminology).

Let H1 = πr
1(X) ⊂ π1(X) be the subgroup of loops in C−P which have an essential intersection

with G1 (we add the null loop also to have a subgroup). This subgroup is closed.

Proposition 5.8. The quotient space XH1
= X̃/∼ corresponding to the subgroup H1 is homeomor-

phic to C− P ≈ S∗
ν .

Let H2 ⊂ π1(X) be the subgroup of loops in C − P which have an essential finite non-empty
intersection with G1 (we add the null loop also to have a subgroup). This subgroup is not closed.

Proposition 5.9. The quotient space XH2
= X̃/∼ corresponding to the subgroup H2 is the restricted

Cantor Riemannium C̃r
ν .

Let H3 ⊂ π1(X) be the subgroup of loops in C − P which have an essential finite intersection
with G1 (that can be empty and we add the null loop also to have a subgroup). This subgroup is
not closed.

Proposition 5.10. The quotient space XH3
= X̃/∼ corresponding to the subgroup H3 is the re-

stricted Cantor Riemannium Cr
ν .

Another interesting closed subgroup is H4 ⊂ π1(X), the subgroup of loops contained in C −K.
The quotient space XH4

is in some sense the “universal cover” of the non-regular part.

As in the classical situations, we can study the classification of “universal projections” above X ,
Y → X , but we leave this for future work.
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6. Borel extension of a holomorphic germ.

Our aim in this section is not to define the most general notion of Borel type extension, but just
one that is has the uniqueness properties for the Cantor Riemannium construction.

We consider a holomorphic germ F : U → C defined in a neigborhood U of z0 ∈ C and a
continuous path γ : [0, 1] → C without self-intersections such that

γ(0) = z0

γ(1) = z1

Definition 6.1. Let ǫ > 0. A continuous path η : [0, 1] → C without self-intersections such that

η(0) = z0

η(1) = z1

is ǫ-Jordan homothopic to γ if η([0, 1]) and γ([0, 1]) are ǫ-close in Hausdorff topology, and η([0, 1])∪
γ([0, 1]) is a Jordan domain.

Definition 6.2 (Polar measure). Let R ∈ C(z) be a rational function. The polar measure of R in
the Riemann sphere C is the atomic complex measure

µR =
∑

ρ

(ResρR) δρ

i.e. the purely atomic measure with support at the poles with complex atomic mass the residue at
this point.

Definition 6.3. For M > 0, we consider the space M(M) of rational functions with a polar measure
of total mass bounded by M > 0,

|µR|(C) ≤ M < +∞ .

Definition 6.4. Let γ be a path as before. An asymptotically holomorphic sequence (fn) on γ is a
sequence of meromorphic functions in M(M) for some M > 0, with simple poles out of γ([0, 1]),
such that for any ǫ > 0 and neighborhood Vǫ(γ([0, 1])) we have

lim
n→+∞

µfn(Vǫ(γ([0, 1]))) = 0

where Vǫ(γ([0, 1])) is the ǫ-neighborhood of the support of γ.

Definition 6.5. Let F : U → C be an holomorphic germ and a path γ as before. If we have an
asymptotically holomorphic sequence (fn) on γ such that (fn) converges uniformly on γ([0, 1]) to a
continuous function f : γ([0, 1]) → C such that f/U = F ′, then we define

F (z1) =

∫

γ

f(t) dt = lim
n→+∞

∫

γ

fn(t) dt

to be the Borel extension of F at z1 along γ for the approximating sequence (fn).

Proposition 6.6. If (γk) is a sequence of ǫk-Jordan homothopic paths to γ with ǫk → 0, then

lim
n,k→+∞

∫

γk

fn(t) dt =

∫

γ

f(t) dt
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Proof. Let Ωk be the Jordan domain with boundary γ([0, 1])∪γk([0, 1]). We have by the Monogenic
Residue Formula, Proposition 2.2, when k → +∞,

∫

γk

fn(t)(t) dt −

∫

γk

fn(t)(t) dt = µfn(Ωk) → 0

and the result follows. �

The definition in general does depend on the choice of the asymptotically holomorphic sequence.
In the case where F ′ is the Cauchy transform of a measure µ supported on a Cantor set K, more
precisely, and we approximate by a sequence (fn) of Cauchy transforms then we have the following
Theorem:

Proposition 6.7. We assume that

F ′(z) = fµ(z) =
1

2πi

∫

C

dµ(t)

z − t

i.e. ∂̄∂F = µ in the sense of distributions is a finite total mass measure supported on K = suppµ
that is a Cantor set. We also assume that µ(γ([0, 1])) = 0.

If we take an asymptotically holomorphic sequence (fn) in Definition 6.5 such that F (z1) 6= ∞,
then the extension F (z1) is independent of the chosen sequence.

More generally, we can take a sequence (fn) of Cauchy transforms of measures (µfn) ⊂ M(M),
for some M > 0, such that µfn → µ and supp(µfn) → supp(µ).

Lemma 6.8. Given a Cantor set K ⊂ C and γ a continuous non-self-intersecting path, for any
ǫ > 0 we can find an ǫ-Jordan homothopic path such that it does not intersect K except eventually
at the end-points.

Proof. We use the useful result that homeomorphisms of the plane act transitively on Cantor subsets
(see [11] Theorem 7 p.93). Note that this is false in dimension 3 as the Antoine necklace A ⊂ R3

cannot be transported a Cantor set C on a segment since π1(R
3 −A) is not trivial and π1(R

3 −C)
is trivial.

Therefore, we can find a global homeomorphism h : C → C that transforms K into the standard
triadic Cantor set on C ⊂ [0, 1] ⊂ C. Then the result is easy to prove, we first perturb h(γ) into a
Jordan equivalent path that only intersects the real line at isolated points, and then we do a second
perturbation locally at each such point that intersects C so that the new path does not intersect
C = h(K). The final observation is that Jordan small perturbation can be transported by the
homeomorphism h. �

Proof. Using the previous Lemma we are reduced to the case when γ intersects K only at its end-
point. Consider another such sequence (gn). We have

µfn−gn = µfn − µgn

thus µfn−gn → 0. By Lebesgue dominated convergence, the Cauchy transforms fµfn
and gµgn

converges pointwise to F ′ on C − K. Since they are uniformly bounded on compact subsets of
C−K, they also converge uniformly on compact sets of C−K to F ′. Again by Lebesgue dominated
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convergence on the integral along γ (we can replace γ by a Jordan homothopic rectifiable path) we
have

F (z1) = lim
n→+∞

∫

γ

fn(t) dt = lim
n→+∞

∫

γ

gn(t) dt =

∫

γ

F ′(t) dt

�

When we consider the Borel extension along a path γ with self-intersections, but intersecting C
at isolated points transversally to R where Fν1 is finite, the relative homothopy class [γ]γ∩R (the
intersections points being fixed) can be decomposed into the sum of homothopy classes of simple
loops without self-intersections with the same intersections on C.

Acknowledgements. I am grateful to K. Biswas and Y. Levagnini for remarks and corrections.
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[11] MOISE, E. E.; Geometric topology in dimension 2 and 3 , Graduate Texts in Mathematics, 47, Springer, 1977.
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