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29 transition with an ion-electron multi-fluid /model that considers the electron inertial
30 terms and the ion pressure gradient. By, means of a third-order accuracy time-
31 dependent finite volume scheme, wensolve the isothermal multi-fluid equations with
32 realistic ion-to-electron mass ratios., We propose a numerical procedure and boundary
2431 conditions that retrieve apsteady-state solution of a planar 1D floating sheath. The
35 classical solution to this problemimeglects the ion temperature since the model
36 equations present a singularity for a finite ion temperature. The multi-fluid simulations
37 provide a rigorous selution to the plasma-sheath transition without singularities. We
38 compare our solution tosthe classical theory, finding perfect agreement when the ion-
39 to-electron temperature tends to zero. We discuss the effect of the ion temperature,
40 the electron inertia, and the elastic collisions with neutrals in low-pressure plasmas.
41 Finally, relying’on a kinetic‘approach, we derive analytical expressions for the electron
42 macroscopic [quantities¢dinside a steady sheath that assumes a truncated Maxwellian
43 electron velocity' distribution function (EVDF) with a wall that collects the electron
44 random flux. The derived analytical expressions are beyond the classical isothermal
45 solution. withnBoltzmann electrons. The isothermal multi-fluid solution captures
46 properly the first two moments of the EVDF inside the sheath. Our analytical
j; expressions show the need for solving for higher-order moments to fully explain the
49 electron, physics inside the sheath, as opposite to the classical isothermal assumption.
50 This work demonstrates that the multi-fluid simulations are able to capture the plasma-
51 shieath transition under weakly collisional conditions with a solution that is consistent
52 with.the classical and the kinetic theory.
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1. Introduction

The study of the plasma-sheath transition is fundamental to a wide numberof
technological applications: magnetically confined fusion [1], plasma processingn|2];
plasma diagnostics [3], plasma arcs [4] or electric propulsion [5]. The transition between
the sheath and the bulk of the plasma in a simple plasma composed by pesitive ions and
electrons is a long-standing problem [6, 7, 8] that has been studied throughsanalytical
models [8, 9], Particle-in-cell (PIC) simulations [10], kinetic simulations [11], fluidmodels
[12], and hybrid models [13]. An extensive review on the different models‘and resolution
methods of a plasma sheath in laboratory and space plasmas is given by Robertson
[14]. However, the self-consistent simulations of sheaths in fluid numerical simulations
of low-pressure plasmas is still nowadays an open question due to the kinetic processes
that occur in the sheath and the boundary conditions used in the computational model
(15, 16].

The present paper is aimed at the simulation of sheaths with fluid models under low-
temperature and low-pressure conditions. In particular,swe consider fluid models that
do not neglect electron inertia nor the ion temperature. These models are commonly
referred to as multi-fluid. The electron inertia is ne-longer negligible when the electrons
are accelerated to high speeds that are companablefo theyelectron thermal speeds. In
that case, the electron fluid cannot be modelled with'a Boltzmann relation. Recent
numerical and experimental works have reported eléctron inertial effects in electron
sheaths and presheaths [17, 18, 19], plasma,sheath instabilities [20], Langmuir probes
[21], magnetized plasmas [22, 23, 24];,and Hall thrusters instabilities [25]. Similarly,
the effect of the ion temperature omnthe plasma-wall interaction has been studied
experimentally [26] and analytically [27],"showing small deviations from the classical
theory as the ion-to-electron temperature ratio increases.

Numerical simulations that are based on the fluid description, while including the
electron inertia, are rather uIprlored in low-pressure plasma discharges. Previous
works [28, 29, 30, 31] have proposed numerical schemes for the multi-fluid equations
coupled to Maxwell’s equations for different applications, ranging from nuclear fusion
and low-temperature discharges to astrophysical scenarios. However, most of these
works do not includesthe transition between the plasma and the sheath in bounded
plasmas. A recent paper.by Cagas et al. [12] shows that multi-fluid simulations are
able to reproduce the physics of collisionless plasma sheaths, with comparable results
to continuum kinetic simulations. Nevertheless, in this study, with a time-evolving
solver, the authors obtain a quasi-steady state solution for a hydrogen plasma that has
an electron-to-ion mass ratio much smaller than typical low-temperature discharges.
Furthermore, the comparison between the multi-fluid and the classical theory solution
hasinot beensprovided in the literature heretofore. For this reason, we believe that
the comparison with the classical theory as well as the study with heavier ions can be
considered as an important first step towards realistic dynamic multi-fluid simulations
of bounded plasmas.
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In this paper, we study the plasma-sheath transition of a planar 1D floating sheath
with a multi-fluid model. This work is targeted towards three main goals. First,swe
aim at benchmarking the numerical method and boundary conditions for the multi-
fluid equations in the simulation of low-pressure bounded plasmas composed by heawy
species. Multi-fluid models can be an alternative to the drift-diffusion appreximation
that fails to represent weakly-collisional plasmas, especially when the €lectrons have.a
large drift velocity caused, for instance, by a magnetic field. Similarly, the selution of
higher-order moments of the Boltzmann equation can capture kinetigseffects, being a
sound alternative that might be cheaper than kinetic simulations. Seeond, we compare
the solution with the analytical classical collisionless theory. The elassicaldeollisionless
theory [8] considers Boltzmann electrons and mono-energetic (pressureless) ions. This
classical theory has two main shortcomings: (1) the analytical solufions of the sheath
and the presheath do not join smoothly due to a singularitgn[8] and (2) the equations
are singular in the presheath when the positive-ion temperaturenis considered [27]. In
our paper, we prove that these singularities are not present when the complete time-
dependent system of partial differential isothermal equations is'solved to steady-state.
This provides a rigorous solution of the classical plasma-wall transition without the need
of matching [8] or patching both solutions [32, 33J5nor asymptotic expansions [27].

Finally, the third goal of this paper is to link thesnulti=fluid solution of a collisionless
plasma sheath with the kinetic theory. The analytical expression of the electron velocity
distribution function (EVDF) in a collisionlessisheath can be obtained with the theory of
characteristics [34, 10]. By assuming that the wallicollects the random flux of electrons,
the resulting EVDF is a velocity-spacestzuncated distribution. In this work, we show
the consequences of the truncation of the distribution function on the different fluid
moments, providing analyticab expressions for the fluid quantities, and we compare
them to the multi-fluid solution.obtained by our non-linear solver.

2. Model equations N

We consider a plane, symimetric discharge that contains a constant neutral gas

background and two charged species that are treated as fluids: cold positive ions at

a temperature T; andrelectrons with a temperature T,. As in the classical theory, the

species are considered to be at constant temperature that is homogeneous in space. The

computational.domain isone-dimensional and extends from © = —L/2 to x = L/2. The

charged species are created by ionization and two-floating walls are located at x = £L/2.
The system of equations in dimensional form reads as follows
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where n, and n; stand for the electron and ion number density respeetively, u. and v;
the electron and ion velocities, and ¢ the electric potential. Theronization frequency is
denoted as v** whereas the ion-neutral and electron-neutral elasticzéollision frequency
are vy, and v, respectively. The model neglects recombisiation and Coulomb collisions.
The pressures of the electron and ion fluids are assumed, to obey the perfect gas law,
pe = nkgT. and p; = nikgTi, where kg is Boltzmann's constant.

To normalize the model, we introduce the following reference quantities:

t_:t/to, Zf':ZL'/LQ, y (6)

T = ni/ng, Me = ne/no, Td=ue/uo, G =ui/ug, ¢ = d/¢o,

Diz = 1o Viza Uen = Venlo, Vin = Vinlo,
where ng is the initial ion numbetidensity, Lo = L is the distance between plates,
uy = up = \/kpT/m; is the classical Bohm velocity, the charateristic time ty = Lo /uo
is obtained from the reference,velocity andsreference distance, Apg = (eokpT:/e?ng)/?

is the Debye length computed with the initial density, and the reference potential
¢o = kpT,/e is the electron temperature in eV. The normalized set of equations reads

%‘e + %(ﬁeﬂe)§ RV, (7)
%ﬁl + %(ﬁmi) =M., ) (8)
%(mm) 3 %[ne(uf +e Y = %% DenTle e, (9)
a%_(ﬁlaz) + (,%[ni(u? + k)] = ni% — Ui, (10)
Ao €& QW
e > &
where the electron-ion mass ratio is introduced as € = m,/m;, the ion-to-electron

temperature ratio is k = T;/T,, and the normalized initial Debye length is A = Apg/ Ly.

The proposed system of equations needs to be solved as an initial-boundary-value
problem and therefore both initial and boundary conditions need to be specified. To
obtain the stationary solution for the plasma-sheath transition, the time-dependent
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equations are evolved to steady state. A static electrically-neutral homogeneous profile
is used as initial condition, as follows,

(Re, Telle, Ty, Milly, @)i—o = (1, 0, 1, 0, 0). (12)

Concerning the boundary conditions, in order to have a well-posed problem, not all
the combinations of boundary conditions for the different variables lead to_a consistent
solution (see, e.g., [35, 36]). In the case of a floating plasma sheath, the,clectzons flow
at speeds lower than their thermal velocity at the boundary, i.e., at subsonic speeds.
Therefore, one of the characteristics of the associated Riemann problem will.propagate
from the boundary inwards the domain. For this reason, we can only specify one of the
variables at the boundary. Alternatively, the ions flow at speeds’larger than Bohm’s
speed (i.e., supersonic) and, therefore, all the information of [the ion fuid propagates
outwards the domain. This means that none of the ion vatiables can be consistently
specified at the boundaries. Consequently, we specify that the flux of electrons leaving
the domain at the wall is equal to the random flux, whichnin physical and normalized

kgT, o B 1
Nele|wall = Te|wall 5 “and  gwain= ne|wall\/ —. (13)
T, . 2me

This flux assumes that the distribution function of the electrons at the edge of the sheath

units reads,

is a Maxwellian and the wall absorbs all thelincoming electrons. No secondary electron
emission is considered in this model. For the iomfluid, as they flow at velocities faster
than Bohm’s speed at the wall, ant®eutflow boundary” (Neumann condition) is used.
Finally, we impose ¢ua = 0 for the potential.” The implementation of the boundary
conditions into the numerical, solver through the ghost cell strategy is explained in
Appendix A.

As in the classical theory; the ionization frequency is an eigenvalue of the problem
[8] in order to obtain a steady-state solution. This eigenvalue problem is a result of the
balance between the produiction of ions in the bulk of the plasma and the losses to the
walls, coupling the physies, of the sheath and the pre-sheath. In our numerical set-up,
the eigenvalue is found, by fixing an ionization frequency that balances the flux of ions
through the wall atrevery time step. Consequently, the ionization frequency is imposed
at the time step € as

(i) |z=1/2 — (M) |z=—1/2
/2 — oo\ - :
/ 12 ne(t") dz

v (") = (14)

By doing this, the'average density of the ions remains to unity during the full simulation
as the losses at the wall are compensated by the ionization.

2.1.. Differences with the classical fluid theory of floating sheath

The classical fluid model of floating sheath and its resolution method is outlined by
Riemann [8] and Robertson [14]. The system of fluid equations that we solve in this
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paper has fundamental differences compared to these references, that we would like to

highlight in this section. These differences are summarised as follows:

(1)

(iii)

The classical fluid model for the sheath solves for the steady-state system “of
equations, i.e., the time-dependent part of the simplified fluid equations is not taken
into account. This leads to a system of ordinary differential equations (ODEs) that
is solved as an initial-value problem. This resolution method is verysappropriate
to obtain an approximation of the sheath solution but has strong limitations, as it
will be explained below. Here, we consider a system of partial differential equations
(PDEs) that contain the time-dependent part and is solved as am initial-boundary-
value problem. The system is converged to steady state but, as the reader may
notice, the numerical method is also valid to study the evolutionyef ion-electron
systems in bounded domains.

The steady-state system of ODEs of the classical theory presents some limitations
in order to be resolved, as explained in both referenges [8, 14]. First, both methods
present a singularity at the center (caused by u; =:0), andy, moreover, the system of
equations is singular for finite ion temperature (as explained in, e.g., [27]). Second,
the size of the domain cannot be specified in the simulation as the ionization source
and the length of the domain cannot be ¢hosen independently. For this reason,
in the case of Robertson, the value of the flpating potential needs to be chosen,
and in the case of Riemann [8], thé demain is'ended at the point where the ions
reach the wall flux (usually this value, is‘the random flux of electrons). Due to
these limitations, they cannotbe extended to multiple dimensions nor to be used
in unsteady problems. This canibe regarded as a fundamental difference to our
method that does not contain singularities and can be applied to unsteady problems,
being easily extended to multi-dimensions. Moreover, the floating potential is not
imposed as a boundary cenditiomand is found self-consistently in the simulations.

The system of fluid equat@s of the classical theory contains assumptions that are
not made in the present paper: the ions are considered as mono-energetic, and
the electrons follow a Béltzmann distribution. Additionally, the method shown by
Robertson [14] considers‘the ionization source as homogeneous in space. On the
other hand, therequations we solve in the paper account for the ion temperature,
the electron inertia, and the ionization source is not homogeneous in space as it
depend on.the electron density.

However, the fagt of, considering a more general system of equations results in

a physical-model that inherently contains a wide span of time and space scales and,

thus, the system becomes stiff and difficult to be solved numerically. Nevertheless,

the propoesed methodology is more general than the classical fluid sheath and therefore

can be extended to unsteady problems, to multi-dimensions, and higher-order moment

system of equations.
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3. Numerical method and simulation set-up

We propose to solve the system of equations (7)-(11) by means of an unsteady finite
volume method for the fluid equations and a finite difference method for the Poisson
equation. The proposed numerical scheme is implemented in a single dimension and uses
the Roe scheme [37] for the convective fluxes with third-order accuracyytotal variation
diminishing (TVD) reconstruction [38, 39] that is using the flux limiter propesed by [40}.
Thomas’s algorithm is used to solve Poisson’s equation, and a third-order accuraey. TVD
Runge Kutta schemes for the time integration [41]. In order to impose the boundary
conditions, as explained in the previous section, in the finite volume method; we use
the ghost cell approach. A detailed description of the numerical procedure is given in
Appendix A. ~

In order to guarantee numerical stability, the time step,of the simulation needs to
resolve the electron scales [42, 28], which means that both the electron sound waves and
the plasma waves need to be resolved, i.e.,

At < min (Am/ﬂe wljel)

with |@ | =max (|g. + e V2 i, — 8’1/20 and  wpe = ()\Za/ﬁe)_lﬂ. (15)

[4

The time-step in this paper is chosen to be At'= 049 min (’A:c Jag, wp_el).

From the previous stability conditiofijone can notice that multi-fluid solvers are a
multi-scale problem with numerical constraints,that are similar to those of PIC codes.
As discussed in [31], the numerical difficulties beéome more challenging for large ion-
to-electron mass ratios and small Debye lengths. Our numerical experiments show the
importance of using high-order schemes for both the time and space discretization in
order to avoid erroneous solutions for the electron flux. High-order TVD schemes have
low numerical dissipation while@voiding spurious numerical oscillations, which is seen to
be fundamental in low-pressure multi-fluid codes. Similarly, the mesh needs to properly
resolve the Debye length infordes te capture the sheath, even in high-order accuracy. In
our paper we use a resolution’of Ax = 0.1Apo.

We decide to startrthe simulation from a flat density profile that does not assume
any solution. This“choice is oriented to prove the robustness and stability of the
methodology to find thesheath solution. Note that an ill-conditioned numerical scheme
would diverge for initial solutions that are not close enough to the final solution. In
the simulations,; the transient until convergence evolves as explained below. In the first
time steps, the initial homoegenous quasi-neutral plasma without electric field is modified
close to the boundaries as a result of the random flux of electrons through the walls.
The loss of ele¢trons produces a charge separation in the vicinity of the boundaries
that_creates a positive potential that pushes the ions towards the walls. In this narrow
region, thespotential grows self-consistently until the ion flux equals the electron flux
at the surface, so no dc current is drawn from the plasma. The perturbation of the
initial field produces electron plasma waves that propagate towards the center. These
wavesrare eventually convected outside the domain after 0.3 — 0.5 Bohm speed crossing
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Figure 1. Example of erroneous solutions of the multi-fluid ion-electron plasma-
sheath transition that are result of a poor spatial resolution'er a/poor numerical scheme
accuracy. The simulations consider m,/m; = 1.37%107°, T} /Te= 0.025, L = 100\ py,
and DUen = Pin = 0 . Left panel: normalized densities, (top) and fluxes (bottom) at
t = 150(.0;6{] obtained by a first-order accuraey solution in space and time. Right:
converged solution with third-order accuraey in space and time solver using a poor
spatial resolution.

L

times, i.e., t = 0.3 — 0.5. The solution remains quasi-neutral in the bulk of the domain,
where the ionization evolves to compensate the losses at the walls. The full simulation
converges after approximately ¢ = 3 — 4. We setythe convergence criterion when the
residual of the unsteady part is smalleépsthan,10~%. This corresponds to 10° to 107
iterations, depending of the size of the demain and the ion-to-electron mass ratio.

An example of the importance of high-order accurate schemes and the spacial
resolution is illustrated in Fig. d=-Imthis figure, we present a first-order and third-order
solutions accurate with Az = 0.4Apg (i-e., 2.5 points per initial Debye length). The
chosen conditions correspondtoatypical Argon discharge, i.e., ¢ = 1.37-107°, k = 0.025,
and L = 100Apg. In Fig. 1,/we present both the density and the fluxes of ions and
electrons. The first-order solution (left panel of Fig. 1) is obtained with At = 0.01w,,".
We observe that it develops spurious instabilities at the position where the ions cross
the ion thermal velocity:, These instabilities oscillate in time and grow until saturation.
Moreover, the electron flux is not equal to the ion flux due to the large numerical
dissipation of thefirst,order scheme. Alternatively, the third-order solution (right panel
of Fig. 1) has no6scillations and the electron flux equals the ion flux in the quasi-neutral
region. However, the electron flux is not properly captured in the sheath due to the poor
resolution. As asresult, these numerical problems illustrate the difficulties of solving the
electron moment equations with large ion-to-electron mass ratios. These problems are
resolved by.using highly-resolved high order accuracy discretizations, as it will be shown
in the following.

In"this paper, we propose a third-order spatial scheme for two main reasons. First,
themuse of higher-order methods in finite volume schemes is usually limited by the size

Page 8 of 29
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of the stencil used for the reconstruction. As we are interested in the sheath solution,
the high-order reconstruction becomes problematic at the boundary of the domaingas
there are not enough elements to perform the reconstruction. For this reason, second
order or the proposed third order is beneficial as it only uses a one-cell stencil to do
the reconstruction. Therefore, at the boundary we can perform the reconstruetion with
only one ghost cell.

A less obvious advantage of the third-order accuracy is that odd-order (1, 3, 5..0)
accuracy schemes are less dispersive than even-order (2, 4, 6...) aceuracy schemes.
This is because the leading order term of the numerical error is dispersive imeven-order
schemes whereas is diffusive in odd-order schemes. The electron-ion systemontains the
plasma waves that is a dispersive mode. Therefore, a third-orderseheme would add less
dispersion to the system than a second-order scheme, being miore aéeurate and having
the same reconstruction stencil.

4. Results

4.1. Comparison with the classical collisionless theory

We first study the plasma-sheath transition in a collisionlegs (Uen = Vin = 0) sheath near
a planar floating wall. Since the electron inertia'and the ion temperature are considered,
the collisionless solution depends on three parameters:(the electron-to-ion mass ratio ¢,
the ion-to-electron temperature ratio x, and the initial normalized Debye length A. In
Fig. 2, we choose characteristic values of an argon discharge with the electrons at 7T, = 2
eV and ions at T; = 0.05 eV, i.e., ¢ =1.37910-2and x = 0.025. We show the converged
density, potential, velocity, and flux for three different domains with L = 100Apo (top
of each panel), 300\pg (middle)ypand 1000Xpg (bottom). The density and the flux are
normalized to the density at 7= 0,)that is different from the initial one. The results
show only half of the domain‘as the solution is symmetric.

We compare the solution withitheé classical theory that neglects the electron inertia
and the ion temperature. The solution is obtained by solving the initial-value problem
(see Appendix of [9])«"The classical model considers the steady mass and momentum
equations for the ions, while neglecting the ion temperature, and Poisson’s equation for
the electric potential with Boltzmann electrons. In the classical theory, the solution
depends only on the parameter

_ 16
1= (16)

where \gisrthe Debye length at the center of the domain (that differs from the Apo,
which i8 the initial Debye length of the multi-fluid simulation). The parameter ¢ of
the multisfluid simulations is computed a posteriori as the 7% is part of the solution.
The three gimulations correspond to ¢ = 0.013 in the case of L = 100\pg, ¢ = 0.0038
(L"=,300Apo), and ¢ = 0.0011 in the case of (L = 1000Apg). The classical theory
does not need to define the length of the domain in order to obtain the solution to the
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initial-value (see e.g. [8]). For the present comparison, we set the position of the wall in
the classical theory results where the ion flux equals the local electron random flux.

In Fig. 2, we compare the electron and ion densities, the electric potential, theion
velocity, and the ion flux. We recall that the classical model does not solvedfor the
electron velocity as the electrons are computed by the Boltzmann density distribution.,
The multi-fluid solution agrees with the classical solution almost perfeetly both in. the
quasi-neutral region and in the sheath for the three studied domains. Oneean see a
small difference in the wall flux of the pressureless model that is slightly smaller. Despite
this small difference that will be discussed in the following section, these results validate
the proposed numerical scheme that solves for a complex non-linear timeé-dependent
multi-scale system of multi-fluid equations.

In Fig. 2, we present a zoom of the solution for the density andthe velocity inside
the sheath. The size of the sheath is delimited with a green, line that corresponds to
the position where the ion velocity is equal to the modified Bohmspeed. In the case of
finite temperature and electron inertia [17, 12], this readspin physical and normalized
units,

umot = \/kB(Te 1) = meug and _am%= \/(1+ k) — cu2. (17)
my

This definition of the edge of the sheath results im adarger sieath for lower ¢ parameters.

Nevertheless, the charge distribution as & function ofithe distance to the wall, measured

in Debye lengths, is very similar for all the cases, as previously described by Chabert

9].

A novel feature of the multi-fluid solution is that the electron velocity is self-
consistently captured by the simulation, as. the electron momentum equation is solved.
In the results, the ion and electron velocities are equal until the position where the ions
are accelerated at the Bohm speed. Am analysis of the evolution of the electron velocity
in the sheath and the link with.the EVDF is discussed in section 5.

N
4.2. Effect of the ion temperature, the electron-to-ion mass ratio, and the elastic
collisions

In Fig. 3, we present the ion‘wall flux, the sheath width, and the value of the floating
potential as a function of ¢ for three ion temperatures x = 0.0025, x = 0.025, and
k = 0.25. Notesthat, the wall flux in our normalized units is equivalent to the usual
edge-to-center density factor h;. Additionally, we plot the sheath width by using two
definitions: the position where the ions cross the modified Bohm'’s speed (pink), and the
position where the electron density is n, = 0.97; (blue). The sheath width is measured
in A\, that is the Debye length that uses the electron density at the sheath edge. The
restlts are systematically compared to the classical solution obtained with an initial
value problem, as explained previously.

Therresults for k = 0.025 and 0.0025 show, in general, good agreement with the
classical pressureless solution whereas the largest difference is found in the case with

Page 10 of 29
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k = 0.25. The wall flux is 10% larger in the case with x = 0.25 as compared to the
classical model. Similarly, the potential is around 2% smaller in the case with larger
temperature, as the pressure gradient contributes to accelerate the ions to the Bohm
speed. The sheath width provides similar values for the three temperatures. As seen
by Chabert [9], the sheath width defined by the position of u; = u'5°? retrieves a larger
sheath for decreasing ¢, as it was shown in Fig. 2. However, the sheath‘edge defined by
the position where n, = 0.9n; remains at the same position for all the temperatures and
values of q. As a matter of fact, the sheath width remains constant atsa value &b\,
as previously found by [9].

The case with k = 0.25 deviates for the main following reasons. 'Fhe classical
theory considers monoenergetic ions and therefore the ions areaeécelerated to Bohm’s
speed in the presheath by the electric field. However, when the temperature is taken
into account, the pressure gradient contributes to this accéleration. /For this reason,
the plasma potential is lower in the presheath in the case where the ion temperature is
considered. Inside the sheath, the pressure gradient is larger due to the steep gradient
of the density. This results in a larger flux to the wall#thamin the case of monoenergetic
ions.

In Fig. 4, we present the previous quantities for'fouridifferent plasma compositions:
helium (e = 1.37 - 1071), argon (¢ = 1.37 - 107P), krypton’ (¢ = 6.5 - 107%), and xenon
(e = 4.2-107%). The four simulations sonsider L =/100\py and x = 0.025. As it
is known from the classical theory, the ‘electron-to-ion mass ratio has an impact in
the sheath width and the floating potential, as the random flux of electrons depends
on this parameter. The results show apsimilar wall flux for the four plasmas, which
differs from the classical one that is around 1% smaller. This small difference can be
attributed to the ion temperature, as shown previously. The floating potential is similar
to the one retrieved by the classical.theory. This small difference is also due to the ion
temperature effects. The sheath width is slightly smaller for lighter plasmas in the two
definitions of sheath edge. dmithe case of the sheath edge defined by n. = 0.9n;, we see
that the classical theory retriévesqa width that is slightly smaller than the multi-fluid
simulations. The difference grows for increasing ion mass, which can be attributed as a
small effect of the eleetren inertia in the sheath width. As it will be shown in section 5,
the electron velocity aceelerates to approximately 0.4 times the electron thermal speed
in the vicinity of.the wall. The velocity gradient is larger for heavier plasmas, which can
explain a largersimpact in the result. Nevertheless, the difference is still a small fraction
of M.

The influence of elastic collisions with the neutrals is shown in Figs. 5 and
6. The simulations correspond to an argon plasma with a distance between plates
L = 100Ap. We study different collisional levels in the low-pressure and intermediate-
pressure regime. We express the collisional frequencies as a function of the ion-neutral
collisional mean-free-path A;, as follows,

L [T, |[miowm L
Uin = — d _en = - _1ﬂ_7 1
3 Ai o g T me oin Ai ( 8)
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were the ratio between the cross sections is taken to be a characteristic value for argon,
Oen/0im = 1071 (from [43]).

In Fig. 5, we present the density profiles for the three collisional levels, at k = 0.025.
We observe that the profile changes from the smooth collisionless profile to a cosinusoidal
profile as the collisions increase. In Fig. 6, we present the ion wall flux, the sheath
width, and the floating potential for L/A; = 0.1, 1 (both in the low-pressure limit)y.and
10 (intermediate-pressure). We compare the ion wall flux to the heuristic formula given
by [9]. Our results show that the heuristic formula captures properly the tendeneywith
the collisional mean-free-path. However, the practical formula underestimates the effect
of the temperature both in the low-pressure and intermediate pressure régime. The
sheath width computed from n, = 0.9n; remains constant at around 5\s. However,
in the intermediate-pressure case, the Bohm speed is crossed @aftersthe space charge is
created, as mentioned in [43]. Finally, the floating potential, significantly increases in
the intermediate pressure due to the reduction of conductivity eaused by collisions.

5. Electron fluid moments in a collisionless floating . sheath

In the previous section, we have shown that the,multi-fluid model is able to self-
consistently simulate the plasma and the sheath amder *different conditions and for
different types of ions. Furthermore, the solution for the non-linear set of equations
agrees with the simplified classical theory for low ion temperatures. However, unlike
the classical theory that considers Boltzmann ele¢trons, the multi-fluid model solves the
electron moment equations and, therefore, can capture effects that are consequence
of the deviation from the Maxwellian distribution function, as it will be shown
below. For this, we compare,the multi-fluid solution to the moments derived from
the kinetic solution for a collisionless sheath. By doing this, we will quantify how
much an isothermal fluid solution deviates from a distribution function that is no longer
isothermal. ~

5.1. Analytical expressionsyfor the electron fluid moments in a collisionless floating
sheath

The analytical solution fer the EVDF inside a collisionless steady-state sheath can be
found with the theery of characteristics [34, 10]. We summarize here the results that are
shown in thefmentioned works. We consider the Vlasov equation in one dimension at
stationary statefor the eleetron distribution function inside a collisionless sheath under
the influence of thefelectric potential, as follows

df. ¢ 960},

Um% E 0x Ovy

=0, (19)
with the boundary condition that assumes that the wall collects all the incident electrons

felr = 2yau,v,) =0 for v, <O0. (20)
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We consider the z-direction that grows from the sheath edge towards the wall. The
equation can be solved by the method of characteristics in the phase space (&,wy).
Along the characteristic curve V' (z) of the phase space, the derivative in space of the
distribution function is

d
—fa,V(a)

afe fc _0fe e 090f
ox + v, Ox * m.V 0z 0v, (21)
Consequently, Eq. (19) reduces to a trivial ODE along the characteristic line, 4ok () =
0, where Fi(z) = f.(x,V(z)).
The equation for the characteristic curve V' (z) is found in Eq. (21), asfollows
, e 0¢ V3(x) e

= s h —_— = Y 22
Vv oV 0z thus 5 megb(x) const R (22)

This relation defines the family of curves in the phase space alongwhich/the distribution
function is constant. We can observe that due to the boundary,condition of Eq. (20),
the phase space is divided into two subdomains, as shown'in Fig. 7. ‘As the wall does not
emit electrons, the distribution function is zero for velo€ities that' are v, < —y/2e¢/m,,
which is the characteristic curve that touches the z'= z, . at v, = 0. We recall that
the potential at the wall is set to zero.

As the distribution function is constant along/thesescharacteristics in the phase
space, by knowing the solution in the sheath edge we can obtain the distribution function
inside the sheath. We assume that the distribution*function at the sheath edge is a
Maxwellian with density n.,, and temperature Ty, , as follows

1/2 2

0, mev
e\ Lsh,Vz) = Je T ¢ —/z B 3 ' >
fel@sn, va) = fe (v2) = e (27TkB esh) exp( QkBTesh) )

Here, the subscript sh is used for the value of the variables at the edge of the sheath.
This distribution function willhiave atruncated tail for v, < —+/2e¢g;/m., as explained
before. We have considered a ene-dimensional Maxwellian distribution function since,

in a planar sheath, the disfributfemsfinction only changes in this direction and remains
unmodified in the other|velocity spaces. Finally, since the value of the distribution
function is constanten each eharacteristic, we can conclude that

W8 = 1o, (102 = 20— 0m)). (1)

M

Consequently,«the distribution function reads

1/2 2
e MV e(p—dsh) : 2e¢
neSh ( # s ) P <_2kBTesh + kBT‘s: > 1f Uz Z B E (25)

fe(xavm) |V

0 otherwise.

Thesame distribution function is used in [44]. In normalized units, the distribution
function reads

_ e \1/2 ev2 TS if 5 /%

0 otherwise.
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Note that since the electron temperature is constant, the electron temperature at the
sheath edge is equal to the reference temperature.

The previous distribution function is illustrated in Fig. 7. For these results, we use
the electric potential calculated in the simulation with ¢ = 0.013, e = 1.37 - 107°, ‘and
k = 0.025. The figure shows a distribution function that is truncated in the'velocity
space, as previously explained in [34, 10].

We compute the moments of the truncated EVDF in order to compare them to the
solution of the multi-fluid code inside the sheath. The zeroth-order moment corresponds
to the electron density inside the sheath, that reads

—+00

no= [ o= n, F@) i #6) = (1- getfy/a)). en

—00

As the reader may notice, the electron density follows a distribution that is very close
to the classical Boltzmann distribution but it is modulated by the factor F(¢). This
factor varies from 1 (at the sheath edge) to 1/2 (at the wall), decreasing rapidly when
the potential is close to zero, i.e., in the vicinity of the wall, As'it will be shown below,
the variation of factor depends on the mass ratiodbetween electrons and ions, as the
potential drop depends on this parameter.

The first-order moment corresponds to the particle flilx that reads as follows

—+oco
o -\ [
Nl = /_Oo Uy fedUy = —zwgneshe Psh (28)

The particle flux is constant inside the sheath, and the expression is identical to the
classical theory. From the flux and the density, one can obtain the evolution of the
velocity inside the sheath, as follews,

_ 1 e
WS Vo) (29)

This acceleration inside the sheath is a consequence of the truncation of the distribution

function. In this case; as no electrons are reflected from the wall, the negative part of
the distribution funetion is cut as it approaches the wall. As a consequence of this
truncation, there(is a larger number of particles with positive velocity, which results in
a macroscopic positive velocity. We highlight that, in this case, the macroscopic velocity
does not indicate that the distribution function is a drifting Maxwellian.

The pressure in the #-direction can be derived from the following moment of the
distribution function, as follows,

tood o (47TF(Q_5)2 — 4\/mpe ?F(¢) — 26_2&>
P, = € / P Jdv, — e@® = 7, e(? %) _ . (30)
Y o wF Q)

As it oceurs with the expression for the density, the classical expression for pressure is
multiplied by a factor that tends to one at the edge of the sheath and to (7 —2)/27 ~
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0.181 at the wall. Note that the pressure is taken in the z-direction and due to the
truncation of the distribution function, the pressure is anisotropic.
Finally, the temperature in the z-direction inside the sheath is defined as
LD, ATF(9) —4/mde *F(¢) — 27

T.=== () . (31)

This function tends to one at the edge of the sheath whereas it is (7 —2) /7 ®0.36 at the
wall. Note that the evolution of the potential inside the sheath depends on the mass ratio

between the electrons and ions. However, the values at the sheath edge and at the wall
do not depend on the composition of the gas. This expression for thé temperature inside
the sheath, that is rigorously derived from the kinetic theory, shows that the isothermal
assumption for the electrons is in contradiction with the kinetic theory.  Furthermore,
it is in agreement with the PIC simulations [10] that show,a déerease of the electron
temperature normal to the wall. Similarly, the numerical values proposed by the present
model are in quantitative agreement with the kinetic simulations of [12] (see profile of
T,, in Fig. 8 of [12]). Note that the reference temperatire ofithé present model is the
temperature at the sheath edge, therefore, the temperature atithe wall is T, = 0.36T,°.
The expressions developed in this work are similar, torthose of [44]. However, in this
work, we have taken into account the anisotropy of the temperature inside the sheath.

5.2. Comparison between the kinetic theory and the multi-fluid solution

In Fig. 8, we show the comparison between the multi-fluid solution of a xenon, argon,
and helium plasma with k = 0.025"and £'=:1000\ ¢ and the moments of the truncated
Maxwellian inside a collisionless sheath (Egs. (27), (29),(30),(31)). The moments depend
on the potential that is taken frem the multi-fluid simulation.

The multi-fluid solution fer the,electron dynamics shows a good agreement with
the analytical moments for the density, the velocity, and the pressure. As a result, we
can conclude that the multi-fliid solution is compatible with a truncated Maxwellian
EVDF inside the sheath. Furthermore, the electron inertial terms that are seen to have
very small impact innthe global parameters of the solution, are fundamental in order to
link the fluid descriptiomwith the kinetic theory in the sheath.

In our simulations as well as in the classical theory, the electron fluid is assumed
to be isothermal: However, the analytical expression for the temperature shows that
the electron temperature decreases in the last Debye lengths close to the wall. This
discrepancy causes a smallbdifference between the analytical and the multi-fluid solutions
close to theswall., The analytical temperature variation strongly depends on the electron-
to-ion mass ratio, as shown in Fig. 8. Nevertheless, the values of the temperature at
the wall'and at/the sheath edge are the same for all species. As previously seen in PIC
simulationg [10], the decrease of electron energy inside the sheath can result in a decrease
of the floating potential. For this reason, higher moments of the electron distribution
function need to be considered by multi-fluid models in order to achieve a solution that
is fullyyin agreement with the kinetic theory.
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6. Conclusions

We present high-order accuracy high-resolution multi-fluid simulations of the plasma-
sheath transition of a planar floating wall in a plasma composed by positiveriens
and electrons under low pressure conditions. As opposed to the classical theory, the
multi-fluid simulations consider the electron inertial terms and the effect of anfinite
ion temperature. Nevertheless, the resulting system of equations is very stiff due to
the multi-scale character of the solution, especially when the realistic electron mass is
considered. Additionally, the solution contains sharp gradients and speeds that range
from zero to supersonic values. The system is therefore difficult to solve mumerically
and demands high-order accuracy numerical schemes in order to reduce the error of
the numerical discretization. In this paper, we have proposed a numierical procedure
that retrieves a steady-state solution by solving the time dependent non-linear multi-
fluid equations to steady state. We have shown the importaneerof #he accuracy of the
discretization and the resolution as well as consistent béundary conditions in order to
obtain meaningful results.

We have benchmarked the multi-fluid solution against, the simplified classical
solution for different temperatures, electron-to-ien. mass ratio, and collisional levels.
The collisionless solution at low temperature shows perfectvagreement with the classical
solution, which demonstrates the accuracy and consistency of the proposed numerical
scheme and boundary conditions. Nevertheless, the multi-fluid solver is able to find
a general solution for ion finite temperatures and different levels of collisionality. The
temperature of the ions in a dischargesis typically of the order 100 times lower than the
electrons. However, as shown by Meigeet al. [45], the ions can increase their temperature
in the direction perpendicularto their motion through the presheath. Moreover, in other
plasma applications, such as magnetically-confined fusion, the ion temperature can be
comparable to the electrons./ For this reason, a fluid model that considers the ion
temperature can be regarded as a development of the classical theory. Our solution
shows that under collisionless' conditions, the impact of the ion temperature is only
significant when the ion ‘temperature is a large fraction of the electron temperature,
ie., T} ~ 0.25T,. Similarly; the combination of the ion-temperature effects and the
elastic collisions shewsa smallydifference up to 10% with the heuristic formula for the
edge-to-center demsity factor proposed by [43]. On the other hand, the effect of the
electron inertial terms has a negligible impact in the global parameters of the discharge,
as expected/ Neyertheless, the electron inertial terms are found to be fundamental in
order to link the fluid solution with the shape of the EVDF inside the sheath under
collisionless conditions.

In this paper, we have derived the expressions of the electron fluid quantities inside
a steady-state’ collisionless sheath from the kinetic theory by assuming a truncated
Maxwellian EVDF with a wall that absorbs the electron random flux. With these
assumptions, we show that the electron temperature is no longer constant inside the
sheath, as recently shown in PIC simulations [10]. The multi-fluid solution shows good
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agreement with the analytical formulas derived from the kinetic theory for the electron
density, the velocity, and the pressure.

In this paper, we have demonstrated that multi-fluid solvers are able tot self-
consistently capture the plasma-sheath transition under collisionless and low-pressuze
conditions. Even though the classical fluid theory works fine with cold ions, weshow that
a solution that is beyond the Boltzmann electrons and mono-energetic ions can generalize
the classical theory for conditions where the ions have a finite temperature. The solution
of the electron dynamics, while keeping the electron inertia, can capture phenomena
that is beyond the drift-diffusion approximation, especially under.weakly, collisional
conditions. Multi-fluid models can be of especial interest for plasmas @vith strong
electron drifts where electron inertial term is no longer negligible.” These large drifts
can be created, for instance, by a magnetic field. The present work'ean be interesting
for those simulations, while consistently including the sheaths,in the numerical domain.
Despite the numerical difficulties of multi-fluid models, we havesdemonstrated that a
high-order numerical scheme and the proposed boundary eonditions, the simulation is
able capture the plasma-sheath transition, being congistent, with both the classical and
kinetic theories. This work can be extended to mere complex multi-fluid models that
consider higher-order moments, including non-isetrepiéstensor [46] which can lead to

instabilities at high-temperature sheaths [47]. y

Appendix A. Numerical method

We propose to solve the system of equations (7)-(11) by means of a finite volume method
for the fluid equations and a finite difference method for the Poisson equation. We detail
here the proposed numerical scheme that isiimplemented in a single dimension and uses
the Roe scheme for the convective fluxes with third-order total variation diminishing
(TVD) reconstruction, Thomas’s algorithm for Poisson’s equation, and a third-order
TVD Runge-Kutta scheme for{he time integration.

In the following, we write the fluid equations, i.e., eqs. (7)-(10) in conservation form
as

with the conservative variable vector
U = U(j7t_> = (ﬁeu ﬁeaeu ﬁh ﬁiai)Tv

the flux vector
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The importance of writing the equations in conservation form, as opposed to
other methods that solve for other non-conserved magnitudes such as velocity and
temperature, is fundamental for finite volume methods. Solving for conservative
variables helps to preserve the conservation laws in the discrete solution of finite
volume schemes as well as the convergence in the representation of the weak solution
(discontinuities) of the system (see 12.9 of [48]).

Appendiz A.1. Finite volume scheme with Roe flux

The domain = € [—L/2, L/2] is divided into N elements of equal length Az.:We write
the integral form of Eq. (A.1) for each element ¢ € N as

d _ _ _ ~
—/ UdQ+jq§ F-ﬁda_/ Sdo. (A.2)
dt Jo, 0% o8

We approximate the value of U as a piecewise function,inside the,volume €); that we
denote as U;. The flux on the interfaces, 0€2; (with outwardmormal 77), is approximated
by a numerical flux function F(Uy, Ug) that is in generala function of the values of
the variables on the right and left of the cell interfage. The source is approximated by
a piecewise constant value denoted as S;. Afterdnaking these definitions, the resulting
finite volume discretization for the cell i reads

%Ui + Aia: (Fia—Fisis) =S5, (A.3)
where F; 11/, = F(Ur, Ug), U g are the reconstructed values at the left and right of
the cell interface ¢ + 1/2.

In order to define the numerical flux function, we first write the convective flux as

the contribution of ions and electxons F(U) = (F*(U*), Fi(Ui))T, where
F(U*) = (fla, nal@ +c2))" with o € {e, i}. (A.4)

We use the same flux schéme )’(UL,U r) for ions and electrons: the Roe scheme [37]
that reads

qu+1/2 —

(NSRS

(F*(U*") + F(UR)) — - Z IAp| apr. (A.5)

The first term is ‘a central discretization whereas the second is the so-called numerical
dissipation thatmmnakes the scheme monotonic (non-oscillatory). The eigenvalues at the
interface are’ \; = U,— €y and Ay = 1, + ¢,. We recall that the speeds of sound for the

1

electrons andhions are ¢ = ¢! and ¢? = k, respectively. The Roe-average velocity is

defined @as

+ﬁ§ ul,
— (A.6)

The right eigenvectors are

1 1
r1:<ﬁa_ca>7 and rz:(ﬂa—l—ca). (A7)

Page 18 of 29



Page 19 of 29

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PSST-103414.R1

Plasma-sheath transition in multi-fluid models with inertial terms 19
The coefficients «y, are defined as

a, =17 (U} —UY) with r' = %(ﬁa—ca, —1), and r*= %(—ﬁcﬁ—ca, 1.
* " (A8
Third order accuracy in space is achieved with a TVD MUSCL (Monotonic Upwind
Scheme for Conservation Laws) scheme [38] that is using flux limiter proposed byn[40)¢
We use the method of lines that separates the space and time integrations.
Consequently, after the computation of the fluxes, as explained above, we obtain an
ODE in time, as follows
d ) " 1
%U, =R,;, with Rz = _A_iL‘ (Fi+1/2 - Fi,l/g) +.S,. (Ag)
This ODE is resolved with a third-order TVD Runge Kutta schemegwhich, as proposed
by [41], reads

Ul = Ur + £LR7,

UP = surs Ul LR (A.10)
Ut = lur g2yl 4 ARl

i 371 37 3 Azr Tt

The numerical scheme has a Courant-Friedrichs-Iiewy (CFL) condition for numerical
stability, as explained in Eq. (15).

The Poisson equation for the electric potential is solvea at the end of each time-step
through Thomas’ algorithm.

In order to impose the boundary conditions, we use the ghost cell approach.
Accordingly, we add one cell of size Az adjacent to the boundary at both sides of
the domain, i.e., Uy and Upy,,. We don'tusolve the equations in those cells, but we
imposed their values at every time step,se the flux at the interface of the cell, i.e., Fy/o
and Fy,1/2 can be calculated."As shown in Eq. (13), the value that we want to impose
is the electron flux. Nevertheless, we still need to fulfil the continuity equation (the
gradient of the flux is zero atthe wall)."Therefore, we impose the velocity at the ghost
cell through a linear extrapolation.as

_ y _ . i 1
U =2Ue|wan — Ue|r  With  Ue|wau = \/ Dy (A.11)

where the subscript.d.stands for the cell in contact with the boundary inside the domain
and G for the ghost cell.
Therefore, thewvariables at the ghost cell are imposed as

'ﬁe|G (ﬁeﬂe>|1/ﬂe|G
madjef | D W)
nilc nilr
()| (M| 1
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Figure! 2. Comparison between the multi-fluid (lines) and the classical theory
(diamonds) solutions for a planar plasma-sheath transition with a floating wall. The
orange is used for the ion variables, the black for the electrons, and the blue for the
potential. We present the solution for the densities (top left), potential (top right),
velocity (bottom left), and flux (bottom rigth). For each panel we present ¢ = 0.013
(top), ¢ = 0.0038 (middle), and ¢ = 0.0011 (bottom). A zoom of the densities and
the velocities in the sheath is also presented as a function of the distance to the wall
in Agy. The position where 4; = a’g"d is marked in those plots as a green line. The
simulations consider an argon gas with m,/m; = 1.37 - 1075 and T,/T. = 0.025
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Figure 3. Ton wall flux (top), the sheath width (middle), and the value for the floating
potential (bottom) as a funetion of the g-parameter in an argon plasma for three ion
temperatures k =0.0025 (squares), x = 0.025 (triangles), and x = 0.25 (circles). The
multi-fluid solutions are éompared with the classical theory (diamonds). The sheath
width is computed with two criteria, the position where the ions cross Bohm’s speed
(pink)@ndrwhere the electron density is 0.9 times the ion density (blue).
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Figure 4. Ton wall flux (top), the sheath width (middle), and the value for the floating
potential (bottom) as a funetion of the electron-to-ion mass ratio for four different ions:

helium (triangles), argon (squares), krypton (circles), and xenon (stars). The multi-
fluid solutiong' are compared with the classical theory (diamonds). The sheath width
is computed with/two ¢riteria, the position where the ions cross Bohm’s speed (pink)
and wheréthe electron density is 0.9 times the ion density (blue).
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Figure 5. Deunsity profile for different collisional levels L/A; = 0.1 (top), L/Ai = 1

(middle)y’ and “L/Aiu«= 10 (lower) for an argon plasma with T}

L = 100\ po:

0.0257, and
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